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Abstract

In this paper we study the finite dimensionality of the global attractor for the
following system of Klein-Gordon-Schrédinger type

iwt"i_’ﬂbxz'i_iaw = Qm/)_’_fa

¢tt - stz + (b + )‘¢t = —R(%/Jx +9,
w(%o) = ¢0($)a ¢($70) = (;50(.%), ¢t(x70) = ¢1(l’),
P(z,t) = ¢(x,t) =0, xed, t>0,

where x € Q, t >0, Kk >0,a>0,A >0, f and g are driving terms and
Q is a bounded interval of IR. With the help of the Lyapunov exponents we
give an estimate of the upper bound of its Hausdorff and Fractal dimension.

1 Introduction

The aim of this paper is to prove the finite dimensionality of the global attractor
for the following Klein-Gordon-Schrodinger type system

¢tt - ¢x:c + ¢ + A¢t = _Rewx + 9, (12)
@/}(ZL‘, O) = ¢0(x)’ ¢($,0) = ¢0(‘r)7 ¢t(x70) = ¢1(x)7 (13)
P(x,t) = P(x,t) =0, x e, t>0, (1.4)
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wherex € Q, t >0, k>0, a >0, A >0, Qisabounded interval of IR and f and g
are the driving terms. The variable 1 stands for the dimensionless low frequency
electron field, whereas the (real) variable ¢ denotes the dimensionless low fre-
quency density. System (1.1)-(1.4) describes the nonlinear interaction between high
frequency electron waves and low frequency ion plasma waves in a homogeneous
magnetic field, adapted to model the UHH plasma heating scheme. This modeling
process appeared for first time in the work [12] (see also [15]), where for the undriven
case (f =0, g =0) the global existence and uniqueness of the solutions were proved
and necessary conditions were established for the system to manifest exponential en-
ergy decay. These results were extended by the authors to the more realistic driven
case system (1.1) - (1.4) (see, [13]), where the driving terms f, g € L*(2). Here the
existence of a global attractor is derived in the space (H}(2) N H%(Q))? x Hi(Q),
which attracts all bounded sets of (H(Q)NH?(Q))*x Hj(Q2) in the norm topology.
To this end, some useful estimates on the solutions of the system (1.1) - (1.4) are
derived in (H}(Q)NH?(Q))? x H}(Q). Then, based on a method first introduced by
John Ball in [1], the continuous dependence of the solutions on the initial data in the
space (HM(Q)NH?(2))* x HY(Q) is proved and the asymptotic compactness of the
dynamical system is shown. Finally, the existence of a global attractor is established.

Xanthopoulos and Zouraris in a recently published paper (see [16]) propose a linearly
implicit finite difference method to approximate the solution of the system (1.1) -
(1.4), the convergence of which is ensured by deriving a second order error estimate
in a discrete energy norm that is stronger than the discrete maximum norm. The
numerical implementation of the method gives a computational confirmation of its
order of convergence and recovers known theoretical results for the behavior of the
solution, while revealing additional nonlinear features.

The finite dimensionality of an attractor has been extensively studied. The dimen-
sion of an attractor is one of the few mathematical information one may have on
the geometry of such (invariant) sets. While on the physical and numerical side, the
dimension gives an idea of the necessary number of degrees of freedom of a system
and therefore the size of the computations needed for its numerical simulation.

To estimate upper bounds for the Hausdorff and Fractal dimensions various proper-
ties of local and global Lyapunov exponents are used. Both of these notions where
implemented in the study of the Hausdorff dimension of a global attractor for the
2D Navier-Stokes equations (see [2], [3]). Later on, global Lyapunov exponents be-
came the standard tools to study attractors for the dissipative partial differential
equations, see [14]. The global Lyapunov exponents measure, uniformly over the
attractor, the exponential rate of change of solutions with respect to time. In [6] the
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authors successively replaced the global Lyapunov exponents with the Local ones
which measure the exponential rate of the growth along a single trajectory which
simplifies the task of estimating the dimension of an attractor.

General results on the dimension of attractors were proved in [8] for a weakly damped
driven Schrédinger one-dimensional equation defined in € (bounded) C R. Later
the authors of [9] followed similar arguments with the ones introduced in [3] proving
the finite dimensionality of a global attractor for a nonlinear wave equation. Based
on the results of [3] the authors of [10] derive an upper bound for the dimension
of an attractor for the Navier-Stokes equation in space dimension three as well as
improve previous results on the lower and upper bounds for the two-dimensional
case. In [7] the long time behaviour of solutions for a Zakharov system in a bounded
domain is studied and by using the linearized flow and Lyapunov exponents, the
existence of a weak global attractor with a finite fractal and Hausdorff dimension is
proved. A later work by [11] improves the previous results by showing the existence
of a strong global attractor equivalent to the weak one.

The rest of the paper is divided into three parts. In Section 2, we study the lin-
earization of the system (1.1)-(1.4) and obtain the energy estimates necessary to find
bounds for the dimension of the attractor in the space & = (Hg(2) N H?(Q2))*(Q) x
H}(Q). In Section 3, we apply the general method based on the uniform Lyapunov
exponents and find upper bounds for the Hausdorff and Fractal dimension of the
attractor X; in &;. Finally, taking into consideration the results of [11] and [13]
we prove that X} = X; Two main questions are raised a) is there any rela-
tion between the dimensions of the two sets X" and X;7 and b) is it possible to
estimate a positive lower bound for the dimensions of the attractors X}’ and/or X7

Notation: Denote by H?® both the standard real and complex Sobolev spaces.
For simplicity reasons sometimes we use H® L* for H*(Q2), L*(Q2) and ||.||, (.,.)

for the norm and the inner product of L?*(2), respectively. dx denotes the

integration over the domain €. Finally, C' is a general symbol for any positive
constant.

2 Energy Estimates
Let A be the unbounded linear operator defined by

Au= —uyy, D(A) = HX(Q) N HY(Q).
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Since the embedding of D(A) into L*(Q) is compact, A~! is a compact, self
adjoint operator on L?(2). Therefore there exists a Hilbert basis on L?(€2) made
of eigenvectors of A. Let {\;}2, denote the nondecreasing sequence of eigenvalues
counting multiplicities

0SMSXS . SN S — 400, asj— oo,

with corresponding orthonormalized eigenvectors {wj};?io The following product
spaces will be proved useful

& = Hy(Q) x Hy(Q) x L*(Q),
& = (H}(Q) N H*(2))*(Q) x Hy(Q).

It is well known that the embedding & — & is compact.

Let us introduce the transformation 6 = ¢; + d¢, where 6 is real and 0 a small
positive constant to be specified later. Then, the system (1.1)-(1.2) takes the form

¢ +09 = 0, )
O+ (AN =06)0 — ¢pue + (1 =6(A—0))¢ = —Rey +g. (2.3)

Also the initial and boundary conditions (1.3)-(1.4) become

?ﬂ(%o) = %(55)7 ¢(IL’,0) = ¢0(x)7 9('1'?0> = 90(33)7 T € (2'4)
D@ t) = o, t) =0, =€d t>0, (2.5)

The linearization of (2.1)-(2.3) is the following system

1y + KUge + 100 = ut) + v, (2.6
up + ou = F, (2.7
FoF+(AN=0)F —ug + (1 —90(A—0))u = —Re v,, (2.8

where (¥, ¢,6) = S(t)(vo, do,00), with (v, do,6o) € &1, (v, uo, Fo) € & and S(¢
is defined as in [13]. Since (¢, ¢,0) € L>*(IR;;&;), one may prove that (v,u, F
admits a unique solution in L*(IR4; &) (see [13]).

Let (U(t), u(t), F(t)) = DS(t)(lpo, ¢07 80)(1)0, Up, F0)7 where DS(t) (1/)0, qb(), 60) is the
differential of S(t) at the point (¢, ¢g,0y). The following lemma shows that S(¢)
is uniformly differentiable on bounded sets of &;. This fact is important for the
proof of the finite dimensionality of the global attractor. The proof of the lemma
may be omitted as it follows the same techniques as in [[13], Lemma 3.3]
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Lemma 2.1 Let R, T be two positive constants. Then there exists a constant
C(R,T) such that for every (b, b, 0%) with

1(d, 68, 00)|le, <R, i=1,2 for every|t| <T,

we have

2.9
S C||(¢0,¢0,90)||‘le, ( )

where
Yo =5 — Uy, o = Oy — dg, o = 05 — 0.

It will be convenient to rewrite the system (2.6)-(2.8) by using the following change
of variables

p=ev, g=¢e"'u, G=¢e""F.

Then the linearized system (2.6)-(2.8) can be rewritten in the form

ipe + Kpex +ila—o)p = q + po, (2.10)
@+ (0—0)g = G, (2.11)
Gi+AN=0—-0)G —que+(1—=06(A=6))g = —Rep,. (2.12)

Let p,v be positive constants large enough to be fixed later in the proof (see
relation 2.29). Then the following energy equivalence is of basic importance for the
continuation of the discussion

Proposition 2.2  Let «,d,\ satisfy the following relations
§—2ka <0, 36—2X<0, 1—8\—208) >0, (2.13)

and introduce a new parameter o such that o < min(co/2,0/4). Then the following
enerqy estimates are valid

KX v
mm(;: 5)(||an:||2+||Gx||2+||qm||2) < Q(t) < max (i, v) (||| [P+ Gl P+ guz ),

where
_ _ 14 v
Q) = llpaal* = 20Re [ q0pes — 26Re [ ppis + 511Gl + 50l

0 2 M 2
FwllarlP+ Sl
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Proof Takein L? the scalar product of equation (2.10) by p. The imaginary part
of the resulting relation forms the first energy equation

il + (@ = o)lplP = m [ v (214)

Next, multiplying equation (2.10) by pue; + apy in L? and taking the real part
we have the second energy equation

1d
th’%prﬂcHQ —|—/€CKprxH2 = Re/Q¢ﬁxw,t+@R€/Q¢ﬁxa¢+Re/p¢]3m,t
+ aRe/pqﬁﬁm. (2.15)
But d

Substitution of the above relation (2.16) into equation (2.15) produces
1d d _ _
"i|’prz||2+’£a"pzx||2 /qum_/%wpmm_/m/}tpzm

2dt dt (2.17)
tafe [ qwpet Re [ popans+ ake [ pop.
Also, we have
“/Gwpm = /qG!¢|Q+/G¢p¢
and
d — —_ —
T PPDaz = / Pt®Paz + / POiPaz + / PODura - (2.18)
Now,

[ piépec= (0= )R [ p0pes— 1m0 [ @vopec—tm [pioPpe (219)

Hence relation (2.15) becomes

1d

5% ('I{'Qprl‘Hz — 2KkRe / q,lvz)pmc — 2KkRe /qup:ca:) + K2a||px9&||2

= Kk(2a —0)R /qupm + K(a+0)R /qum- + ﬁRe/qwtﬁm 220)
2.20

—nRe/|¢|2Gq—/{Re/Gwpgb—/dm/qwgbpm
—"i[m/p’¢‘2ﬁm+/fRe/p¢tﬁm-
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To proceed, we multiply relation (2.12) by —G,, and integrate to obtain the third
energy equation

1d )
(IGulF + gl + Sl )40 = o = DG

2t f (2.21)
(0= awl + 6 = Dllaal < ~Fe [ oG
Combination of the energy estimates in the following way
X (2.14) + 2 x (2.20) + v x (2.21),
leads to the definition of the energy functional
Q(t) =r|lpesl” — QKRe/qu - 2fﬁRe/p¢ﬁm + gHGIH2 + %qu\l2
o2l + il
which satisfies
Q)+ 26%0lpual? 4 v~ 0 = DGl + 15 — o) asel
5 (2.22)
+ 050 = Mgl + e — ) lIpll> < A,
where
A =:2k(2a — 0)Re /p¢]5zz + 2k(a + d) Re / qYPar + 2kRe / qUPas
— 2/<Re/ [V|°Gq — 2K Re / GyYpp — 2kIm / QU PPz (2.23)
~ 2wt [ poPps + 2uRe [ popas v Re [ oGt tm [ qup
Majorization of A produces the following inequality
A <L2|2a — 0| /p¢13xx +2|a+5|‘/q1ﬁﬁm +2‘/Q¢tﬁm
~2| [ wica| ~ 2| [ Guve| 2| [ awona| o [ ot 220

= ]

+lul | [ |
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A further mazorization of A is obtained by applying Holder inequality in the right
hand side of the relation (2.24)

A <2k[20 = ol [Ipl| [|¢llso |IPzall + 26l + 6] [lgl] [l |[Pacl]
+ 26/lql] [[9d] peoll = 26[1011% G Hlall = 26119 16l 1G]] [P
= 26|19l [10lloo Mal] 1Peall = 261115 [IPI] [Pzl
+ 26 e 1PI] [paall = (V] [1Pzall 1G]+ el Hlall 1[¥]]oo [P,

where the integrals in (2.24) have been evaluated as follows

(2.25)

_ 2 1
[ 90| <l 10 ol < e P11 + 5l
_ 1 2 c? 2 2
VDo | < al] [[¥lloo [IPasl| < ellgal] 1¥lloo WPaall < SlIPaall® + S Mgl FlI¥1I
c? 1
[ 1G] < 101 1611 < el 112 16l < Sl s + 11l
1 2 ? 2 2 2
Gopo| < clldllcl[¥lloo 1G]l lpll < SG]1" + SIS eI
_ c 2 2 1 2
@ibzs| < cllgall [[Ynlloo [IPaall < S llaall” 1Wellse + SllPoall”,
_ 1 2 ¢ 2 2 2
QY OPzz| < |[@]loo [[¥]loo [gel] |[Pazl| < §||pm|| +5||¢||oo 1915 =%
2 2 1 2 c? 4 2
Pl Pz | < |95 P2 |P2z]| < §||pm|| +5||¢||oo 2%
_ 1 2 c? 2 2
PP < cllpell 10uloe 1psel| < llpecl? + S 116017 lpl”

1 1
[ | < Gl sl < 3l + G

_ 2 1
'/qu < cllaall 111l llpl] < 112l ol + 51

Here we have used the compact embeddings H!' — L% & < & and the fact
that the assumption (v, ¢o, o) € & implies that the solution (v, ¢,0) € & (see,
[13]).  Therefore |||, [|9|l, ||¢¢| ||¢e]] are time-uniform bounded. Hence there
exist some constants c¢g, ¢; > 0, where ¢y = co(k,0,a,0,||0]], |||, ||o]]) and
c1 = cr(a,o,v, |||, ||éell, ||@]]) such that relation (2.25) obtains the form

) o
A< cllapll? + eallpall + v 511G P + Onlpacl? + w5 1B (2:26)
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From the inequalities (2.21) and (2.24) we obtain

d 5
— Q(t) + k(28 = 0)||peal® + V(X = 0 = 0 = DG+ v(6 = 0)|[gual [
dt 4 (2.27)

) o
JrV;l(5—0)||%cH2 +pla—o — §)|Ip\l2 < collge|* + e1llpal]*.

Until now there has been no condition imposed on o. Considering the estimates
made for ¢ in (2.13) and taking ¢ small enough, one may choose o < min{«/2,4/4}.
Thereby, we have )\—0—5—2 = )\—a—%‘s >0, a—0-5=5-0>0,0-0>0
and 2xa — 0 > 0. Therefore it is clear that

d
= Q1) < oollaall” + eallpall” < ealgal * + [lp2 ), (2.28)

where ¢y = max{cg,c1}. For well chosen g, v it can be proven that the norm
introduced by the functional Q2 is equivalent to the norm of &£,. That is taking
into consideration the definition of Q2 the following integrals need to be evaluated

/ qYPDas
/ PPDzx

Consequently we obtain the following minorization

Q(i) > (KZ _ 85262”1?“20 o 2K2||¢Hc2>o

v

24 8|92 1Paa |
14

2K

14
< 26cllgall [[9]loo [1Pzall < Sl

and
2K

p 22 0][30|1Paa |
< 268 [l [l Ip] 1Paz|| < S1IPII” + :

14 14
Vool + 511G + Sl

Since ||¥]|%, ||¢]|% lie in a uniform in time bounded set then for large enough g, v
we may have

2 211,112 2(( 412 2
H2_8ﬁc||¢||oo_2’i||¢||ooz’€_’

v 7
This infers that Q(t) > ¢(||pae||* +1|Ga|? +||ea]|?) With ¢ = min{r/2,x*/2}. On

the other hand the following is also true

Q(t) < 1Q()| < maz{p, v}(Ilpeall* + [|Gal* + [z *)-

for all ¢ > 0. (2.29)

Hence

c(llpaol P+ 1Gol? + [1gazlI*) < Q(t) < € (pael[* + 11l * + [l gaal ), (2:30)

where ¢ = max{y,v}. Thus the functional Q(t)"/?

the norm of &,. <«

defines a norm equivalent to
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3 Upper Bounds on the Dimension of Attractor

Let us define the following bilinear form associated to the energy functional Q(t):
q(t; C1, o) =K° /Pmﬁz,z — 2K Re/Qlwﬁer — 2K RG/Q2¢ﬁxx,1

v _
_ 2/{R€/p1¢pxa:,2 — QKRe/pzébpm,l + E/GLIGJ:,Z (3.1)

+ V/ Goz2 + 0 Joo + & p
a T xx v= x x ’ )
B Qzz,19zz,2 3 dz,14z,2 9 pPip2

where (; = (p;, ¢;, Gi),i = 1,2 are the solutions of the linear system (2.10)-(2.12).
Consider an invariant set X; which is bounded in &;. Our aim is to study how
the operator DS(t)(vo, ¢o, 0o) (%o, Po,8) transforms m-dimensional volumes in &;.

Introduce the operator L € L£(&;), where the exterior product A™L is m-linear
and continuous from the space & to A™E&. Let w? (L) denote the norm of the
mth exterior product of L in A™&;:

win(L) = | A" Ll [z (ame, - (3.2)
The norm w? (L) is defined by
| A™ LlZamey) = ILE" A . A LE™([Z,, (3-3)
where
|LEY A oo A LE™||Z, = sup Gram(LE, ..., LE™). (3.4)

Gram(¢!,....6m)=1

The Gram denotes the Gram determinant, i.e.,

Gram(LE', ., LE™) = det (L€, LEY), (3.5)
<i, j<m
where the supremum is taken over all {£'}", with deti<; j<m(€, &), < 1. For a
detailed presentation of ideas related to this subject we refer to [8].

Consider next, m linearly independent elements V!,..., Vg™ € £, and denote by
V(t) the solution of the system (2.10)-(2.12). Now according to the above arguments
we set Vi(t) = L&' = DS(t)(n)Vy, where n = (¢, ¢o,0y). The Gram determinant
represents the square of m! times the volume of the m-dimensional polyhedron
defined by the vectors V1(t),...,V™(t). The next result states that, for sufficiently
large m, the volume of the m-dimensional polyhedron, decays exponentially, as
t — +00.
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Theorem 3.1 Let X; be an invariant set which is bounded in &;. There exist
two constants C7; > 0 and Cy > 0, such that for every Vo € X1, m > 1 and
t>0,

VIO A AV,

: 3.6
<V A AV, CF emp(ClSA - 20m> t, forall Vy(t) € 51,( )

where Vi(t) = DS(t)(n)Vi and 1 = (g, ¢o, 0o).

Proof  As mentioned earlier (p,q,G) = e’ (u,v, F'). We set w(t) = e (u,v, F) =
e”'V(t). Then (Vi VI) = e 2 (wi(t),w(t)) and therefore the following equality
holds

det (V5 V9) =e 2™t det  (w'(t),w’(t)).

1<4, j<m 1<i, j<m
The next step is to introduce the Gram determinants

Gn(t) = det (w'(t), w(t))

1<i, j<m

and
Hp(t) = det q(t;w'(t),w’ (1)),

1<i, j<m

where q(t;w'(t),w?(t)) is the bilinear form which is associated to the quadratic
form Q(t) (see equation (3.1)). Hence taking into consideration the definition of
Gm(t) above and equation (3.4) concludes that

VEE) A o AVT)]]E, = e 27 Gin(). (3.7)
But also from relation (2.30) we get
"G () < Hp(t) < ™Gt (3.8)

Therefore it is equivalent to estimate the two Gram determinants H,,(t) and G,,(t).
The Gram determinant of m vectors in a Hilbert space with scalar product (.,.)
is also the determinant of the quadratic form on IR™

(@1 0oy T) — ((2 i (t), ixjwj(t))).

Taking into consideration the quantities H,,(t), G.,(t) and the fact that the above
determinant is equal to the product of the m eigenvalues of the quadratic form one

obtains
m

det (w'(t),w’(t)) = [ M(t). (3.9)

1<, j<m .
=1
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Hence for any subset G of IR™, with dimG =1 and any = € G\ {0} the relation
above becomes

m m
det (w' ) < max min t; xiwd (t xwd (t 3.10
1§z‘,j§m( 1—11 GCR™ T€G (72_; ! ()’Z; ! ()>’ (310)
T dimG=1 Y7, x2=1 J= J=

=11

where the mini-max principle is applied. For the continuation of the proof procedure the
following estimation of the Gram determinant H,,(t) is necessary

Lemma 3.2 Assume that ¥ and ¥y are two bilinear symmetric forms on R™ and
assume that W is definite and positive. Then denoting by {r;};", the ordered eigenvalues
of Wy with respect to WV, i.e.,

K| = Frga}é(m :réu% Vi)’ (3.11)
dmF =1 r#0
for every family {',..4b™}, we have
i g (]
> ot (1) =( L) ot (9(E'€)) .12
where p
W(E, &) =(1—6)0(E, &) + 5/”‘%‘1’1(5’,5]), (3.13)

in which case the symbol of Kronecker is defined by

s.=1 L J=1
MU0 AL
Proof See [8, Lemma 3.2]. <

In order to estimate the time derivative of H,,(t) one may use the classical rule of
differentiation to obtain

G0 =3 det (1= 0t (0,7 (0) + 0y ol w0, 0 (0) ). (310

dt 1<i, j<m
k=1

Due to equation (3.1) the last quantity on the right hand side of relation (3.14) becomes

Sl (6, w(0) = | S0 +wI(0) - { SQEVH) ~ WD), (315

Introduce the following quantity:

R(t; w'(t) +w(t) — R(t;w'(t) — v (t))

. = p(t;w'(t), w’ (t)),

Salt (0, w (1) =
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dQ(t)

where R(t) = o and p is the bilinear form associated to R. Therefore relations
(3.12), (3.14) and (3.15) give

(iﬂhuy—<§:m>ﬂﬁux (3.16)

=1

where

R wud (1)
K; = max min

GCR™ aeq Q)7 rjwi(l))
dimG=1 z#0

(1<1<m) (3.17)

and Q(t;> 0, z;w’ (t)) # 0. Now according to relation (2.27) we have that

R(t; (p,4,G)) < e2(llpal* + llgal ).

But the norms ||p.||? + ||gz||> can be written as (K (p,q,G), (p,q,G))e,, where K is
defined by

K(&,6,6) = (—A) 711, (—A)716,0), with € = (&4,&,&) € &L

Since 2 is bounded one may prove that K is a compact symmetric operator. Conse-
quently, using this last remark and relation (2.30) we obtain

d i (K (37, mjw? ), 3200 wjw! )g

—H,,(t) < H,,(t max min J= J= . 3.18

dt m()— m()z G cR™ rcq CHZWL: x'w]HZ ( )
= gime =1 z#£0 =t A

Notice that F' C R™, dim F' =1 is given. Then for z € F, the 7", zjw’(t) span a
space F(t) C & with dimension [ so that

(KO xw?), Y xiwd)e K
min OB ,]n ) Z.j_; e <  max min % (3.19)
zeF o[ 22521 wjw|[g, Fca cer  |[Ellg
z#0 dmF =1 &#0

Now, the right hand side of inequality (3.19) is the [-th eigenvalue of K, denoted by &;.
But, according to the definition of K, it can be shown that x; = (\)~!, where ); is
the [-th eigenvalue of the Laplacian operator. Hence relation (3.16) becomes

d m
—H,,(t) < N ) Ho(t), 2
im0 < G (0 )t (3:20
where Cp = & and \; = Cyl?L~2. Then Gronwall’s Lemma implies
c

)
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where Sy = >, )\l_l. Therefore inequality (3.8) gives

Gonlt) < — Hp (0)ep <015,\t>

c
and ,
Gum(t) < (‘;) Gm(0)exp (ClSAt)

But according to the definition of G, (t)

1<de‘c< (VL V) g, < CoGn(0)exp (C&S}\ - 2am>t, (3.21)

<1, j<m
where Cy = <c> . Finally using relations (3.7) and (3.21) we have

c

V) AL A Vm(t)H%1 < VB @) Ao A Vom(t)H?gng ea;p(C’lSA — 20m)t, (3.22)
for all V™ € £. Hence the proof of Theorem 3.1 is completed. <

Let

Wm (L) = sup wp (L), (3.23)
reXq

where the quantity wy,(L) is introduced in relation (3.2). Define the uniform Lyapunov
exponents on the invariant set X; by

w1 = Logwr, pj = Logw; — Logw;—1, j > 2. (3.24)
Hence we can state the following.
Theorem 3.3 If for some m >0
p1 + po 4 e+ st <0, (3.25)

then the global attractor X1 of the Klein-Gordon-Schridinger type system has finite
fractal and Hausdorff dimension in &
C15,

dg(X) <m+1, with mo > 5 a<min(%,1)

and

dp<(m+1)max<1_|_ \p1 + g2 + .o+ >

[+ o+ et |
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Proof  From relations (3.2)-(3.7) we know that

w2 (L) = sup Gram(LE!, ..., LE™) = sup det (L&', LEY).
Gram(gl,....gm)=1 Gram(€1,...¢m)=1 1<i, j<m

For fixed ¢y > 0, consider the mapping S = S(ntp), where n >1 will be chosen later.
Let

L= DS(nto)(mo,no, Eo), Uy = (mo,no,Eg), Vz(t) = DS(nto)U() X Vol
Taking into consideration relation (3.21) and (3.23) gives

@ (L((mo,no, En))) < Cgl/Qewp<<01SA - 20m> nto)

2
But the right hand side is independent of (mg,ng, Fg) € X1 hence one may deduce that
t
wm (L) < sup 021/26$p<<015)\ - 20m> nO).
reX 2

For fix m € IN such that mo > CLo)

that for S = S(no,to)

and sufficiently large n, there exists ng such

W, < 1.
Therefore hypothesis (3.25) is satisfied and the proof of Theorem 3.3 is completed. <

To complete the present work we point out two open problems, which are of independent
interest.

Remark 3.4 (Open Problem I) Flahaut [7] studied the Zakharov system in one dimen-
ston, where she succeeded to prove the existence of a Global Attractor in the weak topology.
Her results were later improved by Goubet and Moise [11], where they proved the existence
of a Global Attractor for the same system in the strong topology. Furthermore, they proved
that the Strong and the Weak Attractors are equivalent, namely

P =P =Py =Py,

where P, Py € D(AY?) x D(A) x D(A%?) and PY, Py € D(A%?)x D(A?) x D(A%?),
where A is the Laplacian operator. We conjecture that following the reasoning of the
above mentioned authors we may prove that X{" = Xy, for the system (2.1)-(2.5). It
seems that the investigation of the relationship between Hausdorff and Fractal Dimensions
of the two attractors X7, Xy is an interesting open problem.

Remark 3.5 (Open Problem II) So far we have proved the existence of an upper bound
for the Hausdorff and Fractal dimensions of the global (strong) attractor X; € &. The
study of the existence of a positive lower bound for Hausdorff and Fractal Dimensions of
the system (2.1)-(2.5) seems to be an other difficult but interesting open question.
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