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Abstract

We provide a number of new quantitative versions of Helly’s theorem. For example, we show that
for every family {P; : ¢ € I} of closed half-spaces

P, = {:L'ER” : <x,w1> < 1}

in R" such that P =(,.; P; has positive volume, there exist s < an and i1,...,is € I such that

icl
[Py N--- N P [ < (Cn)" [P,

where a, C' > 0 are absolute constants. These results complement and improve previous work of Barany-
Katchalski-Pach and Naszddi. Our method combines the work of Srivastava on approximate John’s
decompositions with few vectors, a new estimate on the corresponding constant in the Brascamp-Lieb
inequality and an appropriate variant of Ball’s proof of the reverse isoperimetric inequality.

1 Introduction

Our starting point is a quantitative version of Helly’s theorem on convex sets in Euclidean space. Helly’s
theorem states that if P = {P; : ¢ € I'} is a finite family of at least n + 1 convex sets in R™ and if any n + 1
members of P have non-empty intersection then (), ; P; # (). Bdrany, Katchalski and Pach proved in [5]
(see also [6]) the following quantitative “volume version”:

Let P = {P, : i € I} be a finite family of convex sets in R". If the intersection of any 2n or fewer
members of P has volume greater than or equal to 1, then |ﬂi6] Pi| > ¢p, where ¢, > 0 is a constant
depending only on n.

Using the fact that every (closed) convex set is the intersection of a family of closed half-spaces and a
simple compactness argument (see [5]) one can remove the restriction that P is finite and also assume that
each P; is a closed half-space. Therefore, the theorem of Barany, Katchalski and Pach is equivalently stated
as follows:

Let P ={P; :i € I} be a family of closed half-spaces in R™ such that |
and i1,...,15 € I such that

iEIPi’ > 0. There exist s < 2n

(1.1) PN NP <Oy

Ak
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where C,, > 0 is a constant depending only on n.

Note that the cube [—1,1]™ in R™ can be written as the intersection of the 2n closed half-spaces H]i =
{z : (z,%e;) < 1} and that the intersection of any 2n — 1 of these half-spaces has infinite volume; this
shows that one cannot replace 2n by 2n — 1 in the statement above. In [5] the authors offered a bound
C, < n2"" for the constant C,, and they conjectured that one might actually have C),, < n" for an absolute
constant ¢ > 0. Naszédi [I5] has recently verified this conjecture; namely, he proved a volume version of
Helly’s theorem with C,, < (Cn)?", where C > 0 is an absolute constant. In Section 3 we present a slight
modification of Naszédi’s argument which leads to the exponent 37" instead of 2n:



Theorem 1.1. Let P = {P; :i € I} be a family of closed half-spaces such that |ﬂi€] PZ-| > 0. We may find
s<2n and iy1,...,1s € I such that

(1.2) P, N---NP,| < (Cn)%
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where C' > 0 is an absolute constant.

The aim of this work is to study a natural question that arises from Theorem [I.I] Given N > 2n we
would like to estimate the quantity

x|

P,N---NP
(1.3) Cy,N = sup 1By 00 Py
Nicr Pi|

where the supremum is over all families P = {P; : i € I} of closed half-spaces with |
also like to study the same question in the case of families of symmetric strips in R”.
Starting with the symmetric case, our main result is the next theorem.

i1 Pi| > 0. We would

Theorem 1.2. Let {P; :i € I} be a family of symmetric strips

(1.4) P ={z e R": |(z,w;)] <1}
in R", such that P = (\;c; P; has positive volume. For every d > 1 there exist s < dn and iy, ..., is € I such
that
4 B
(1.5) P, N NP, < (”‘i> r(2+1)PL
T 2

Va2

where vq 1= (%) .

Note that if d > 1 then the constant C), |4, is bounded by (Cn)%. In the non-symmetric case we first
use a similar strategy (whose details are of course more delicate) to obtain an estimate comparable to the
one in Theorem [11

Theorem 1.3. Let {P; :i € I} be a family of closed half-spaces
(1.6) P, ={z eR": (z,v;) <1}

in R™, such that P = ()
i1,...,1s € I such that

ser Pi has positive volume. For every d > 1 there exist s < (d +1)(n + 1) and

(1.7) P, N---NP,| <

<Yy

[Pl <747 (Cn)= [P,
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where C > 0 is an absolute constant.

Note that Theorem [I.3] gives the same dependence on n as Theorem [I.1} In fact, Theorem [I.1]is stronger
if what matters is to use (the smallest possible number of) 2n of the half-spaces P;. On the other hand, there
is a (small) difference in the value of the constant C' involved in the two statements: the proof of Theorem

works with C' = 2/, while the proof of Theorem works with Cy = ( %)% (which is smaller than C
if d is large enough).
However, if we relax the condition on the number s of half-spaces that we use (but still require that it
is proportional to the dimension) we are able to (significantly) improve the exponent in the constant C), n
3n

from = to n:



Theorem 1.4. There exists an absolute constant o > 1 with the following property: for every family
{P; :i €I} of closed half-spaces

(1.8) P, ={z eR": (z,v;) <1}
in R™, such that P = ﬂiel P; has positive volume, there exist s < an and i1,...,ts € I such that
(1.9) [Py MNP | < (Cn)"™ [P

where C > 0 is an absolute constant.

Let us note that, in the recent paper [I4], De Loera, La Haye, Rolnick and Soberén have presented
many interesting results, both continuous and discrete, that may be viewed as quantitative versions of
Carathéodory’s, Helly’s and Tverberg’s theorems. For example, they prove that for every n > 1 and € > 0
there exists a positive integer N(n,e) with the following property: if F = {F; : i € I} is a finite family of
convex sets in R™ such that |F;, N---NF;_ | > 1 for all s < Nn and all 41,...,i5 € I, then

e

They also obtain a variant of this statement in which volume is replaced by diameter, as well as a “colorful”
volume version of Helly’s theorem. We would like to emphasize that the “philosophy” of all these results is
completely different from the one in our work. The parameter N(n,¢) is defined as the smallest integer such
that, for every convex set K C R™ of positive volume there exists a polytope P D K with at most N(n,¢)
facets such that |P| < (1 + ¢)|K|, and it is known that N(n,¢) is exponential in n and e: one has

n—1 n—1
(1.11) (@) ? gN(n,E)g(@) o
€ g

1

> .
14+¢

(1.10)

We are interested in the best lower bound that one can obtain for |ﬂle I F1| in terms of a lower bound for
the volume of the intersection of any N ~ n of the sets F; (the main point is that N is assumed proportional
to the dimension).

We close this introductory section by briefly explaining the main ideas behind the proof of our results
in the non-symmetric case. We may assume that P = [),c;{z € R" : (z,v;) < 1} has finite volume and,
since the statements are affinely invariant, that P is in John’s position, i.e. the ellipsoid of maximal volume
inscribed in P is the Euclidean unit ball BY. Then, we have John’s decomposition of the identity (see Section
2 for background information): there exists J C I such that v;, j € J are contact points of P and By and
there are positive scalars a;, j € J such that

(1.12) I, = Zajvj ®v; and Zajvj =0.
JjeJ JjeJ

Given d > 1 we would like to extract a subset o of J, of cardinality dn, which still forms an approximate
John’s decomposition of the identity with suitable weigths. To this end, for the proof of Theorem [I.3] we use
a result of Batson, Spielman and Srivastava from [7]: there exists a subset o C J with |o| < dn and b; > 0,
j € o, such that

(1.13) I, = ijajvj ® vj X Yaln,

jE€o

2
where 4 := (gi) . For the proof of Theorem we use a second, more delicate, theorem of Srivastava

from [I9] (see Section 4 for the precise statement).
Then, we would like to exploit an appropriate variant of Ball’s proof of the reverse isoperimetric inequality

in [3] in order to estimate the volume of @ := [, P; using the Brascamp-Lieb inequality (see Section 5).



The main problem now is to obtain an estimate for the constant in the Brascamp-Lieb inequality that
corresponds to an approximate John’s decomposition. To the best of our knowledge this question had not
been studied. Our main technical result is the next theorem; we feel that it is a useful tool of independent
interest.

Theorem 1.5. Lety > 1. Let uq,...,us € S" ' and cy,...,cs > 0 satisfy

(1.14) I 2 A=) cjuj@u; 29I,

J=1

and set k; = c;(A  uj,u;) >0, 1< j<s. If f1,..., fs : R = RT are measurable functions then

(115) I ﬁfff(<o:,uj>>dx <t 1_1 ([ swa)".

In Section 6 we present the proofs of the main results.

2 Notation and background

We work in R™, which is equipped with a Euclidean structure (-,-). We denote by || - ||2 the corresponding
Euclidean norm, and write By for the Euclidean unit ball and S™~! for the unit sphere. Volume is denoted
by | -|. We write w, for the volume of B} and o for the rotationally invariant probability measure on
S7=1. We will denote by Pr the orthogonal projection from R" onto F. We also define B = B} N F and
Sp = sm=lnF.

The letters c¢,c’,c1,co etc. denote absolute positive constants which may change from line to line.
Whenever we write a ~ b, we mean that there exist absolute constants ¢, cs > 0 such that cia < b < coa.
Also, if K, L C R™ we will write K ~ L if there exist absolute constants ¢y, co > 0 such that c; K C L C o K.

We refer to the book of Schneider [I8] for basic facts from the Brunn-Minkowski theory and to the book
of Artstein-Avidan, Giannopoulos and V. Milman [I] for basic facts from asymptotic convex geometry.

A convex body in R” is a compact convex subset K of R™ with non-empty interior. We say that K is
symmetric if z € K implies that —x € K, and that K is centered if its barycenter

1
(2.1) bar(K) = —/ xdx
K] Jx
is at the origin. The polar body K° of K is defined by
(2.2) K°:={yeR":(x,y) <1lforallz e K}.

The Blaschke-Santalé inequality states that for every centered convex body K in R” one has |K||K°| < w?

ns

with equality if and only if K is an ellipsoid. The reverse Santal6 inequality of Bourgain and V. Milman [§]
states that there exists an absolute constant ¢ > 0 such that

(2.3) (K[[K°)™ > ¢/n,

where ¢ > 0 is an absolute constant, for every convex body K in R™ which contains 0 in its interior.

We say that a convex body K is in John’s position if the ellipsoid of maximal volume inscribed in K is
the Euclidean unit ball BY. John’s theorem [I3] states that K is in John’s position if and only if B C K and
there exist u1,...,uy, € bd(K)N S"~! (contact points of K and BY) and positive real numbers cy, ..., cp,
such that

(2.4) > cju; =0
j=1
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and the identity operator I, is decomposed in the form
m

(25) I, = ZCjUj & Uyj,
j=1

where (u; ® u;)(y) = (uj,y)u;. In the case where K is symmetric, the second condition is enough (for
any contact point u we have that —u is also a contact point, and hence, having we may easily produce
a decomposition for which is also satisfied). In analogy to John’s position, we say that a convex body
K is in Lowner’s position if the ellipsoid of minimal volume containing K is the Euclidean unit ball Bf. One
can check that this holds true if and only if K° is in John’s position; in particular, we have a decomposition
of the identity similar to .

Assume that uq,...,u,, are unit vectors that satisfy John’s decomposition with some positive
weights c¢;. Then, one has the useful identities

(2.6) ch =tr(l,) =n and ch(uj,z>2 =1
j=1 j=1

for all z € S"~1. Moreover,
1 n
(2.7) conv{uy,...,un}t 2 —BY.
n
In the symmetric case we actually have

1
(2.8) conv{tuy,...,tuy,} 2 —BY.

vn

Another useful fact, which goes back to the classical article of Dvoretzky and Rogers [I1], is that we may
choose v1,...,v,, among the u;’s, which satisfy

In—k+1
(2.9) dist(vg, span(vy,va, ..., vk—1)) > %

forall k =2,...,n.
Finally, we state as a lemma a useful fact from linear algebra that will be used in Section 5.

Lemma 2.1. Let A be an n x n invertible matrixz. For any u,v € R™ we have
(2.10) det(A +u®v) = det(A)(1 + (A" u,v)).

Proof. Let u,v € R™. Starting with the identity

(2.11) <IJ (1)> (I" +8L®v ?) (f; (1)) - (I(;l 1+1<Lu,v>)

and taking determinants we see that det(I + v ® v) = 1 4 (u, v), which is the assertion of the lemma in the
case A = I,. Given any n X n invertible matrix A we write

(2.12) Atu@v=AI, + A Y (u®v)) = A, + (A lu ®@v)),
and applying the previous special case we obtain
(2.13) det(A +u®wv) = det(A) det(I, + (A 'u @ v)) = det(A)(1 + (A u,v))

as claimed. O



3 A refinement of Naszdédi’s argument

We start with a refinement of Naszdédi’s argument from [15]; our only new ingredient is the fact that every
convex body K contains a centrally symmetric convex body Kj of volume |K;| > 27"|K|. Incorporating
this in the original proof we obtain a better estimate.

Theorem 3.1. Let P = {P; :i € I} be a family of closed half-spaces such that |ﬂi€] Pi’ > 0. We may find
s<2n and iq,...,is € I such that

(3.1) P, N--NP|<(Cn)%

e

icl

)

where C' > 0 is an absolute constant.

Proof. We start with a family P = {P; : i € I} of closed half-spaces P, = {x : (z,u;) < 1} such that
|ﬂiel Pi| < 0o. We may assume that P is a finite family, therefore P = [,.; P; is a polytope. By affine
invariance, we may also assume that P is in John’s position. From John’s theorem there exists J C I such
that u;, j € J are contact points of P and By, and a; > 0, j € J such that

(3.2) I, = Zajuj ®wu; and Zajuj =0.
jeJ jeJ
By the Dvoretzky-Rogers lemma, we may choose n of these contact points, which we denote by vy,..., v,
so that
—k+1
(3.3) dist(vg, span(vy,ve, ..., vE_1)) = 1/ n-k+l
n
for all k =2,...,n. It follows that the simplex S = conv{vg = 0,v1,...,v,} C P has volume
(34) 151 = L ] distCo span P
. =— ist(vg, span(vy, ve, ..., Uk_1)) = ———.
ol k> SP 1, V2 k—1 i/l

T k=1

Now we use the fact (see [I, Theorem 4.1.20]) that if w is the center of mass of S then S — w contains
an origin symmetric convex body T3 of volume |T}| > 27"|S — w| = 27"|S], and hence the convex body
T =T, +w C S has a center of symmetry at w and satisfies

(3.5) 7| > 27"|9).

Consider the ray ¢ from the origin in the direction of —w. Then, ¢ intersects the boundary of conv{u;,j € J}
at a point z € conv{vp41,...,Untr} for some v, € {u;,j € J} and k < n (this follows from Carathéodory’s
theorem). Also, note that conv{u;,j € J} D 2BY, and hence ||z||> > 1. Applying a contraction with center
z and ratio

N E P = Er .
le—wle ~ Tella + ol = T+ 2z ~ n+ 1

to T, we obtain an origin symmetric convex body
(3.6) Q C conv{z,v1,...,0,} Cconv{vy,...,Vn, Upntl,---,Unik}

with volume

1 1

|S| >

27 (n +1)"nz/nl



Consider the intersection of n + k < 2n half-spaces

n+k
(3.8) R= ({zeR": (z,0;) <1}.
i=1

Using the Blaschke-Santalé inequality for ¢ and the fact that BY C P and R C Q)° we get

e} n
7| _ el B3]
NI

(3.9)

Finally, from (3.7 we see that

152" (n 4 1)"n%v/n!
L(%+1)

(3.10) |R| < | P|

and the result follows (with constant C'= 27 as one can check using Stirling’s formula) . O

4 Approximate John’s decompositions

Our first main tool is the work of Batson, Spielman and Srivastava [7] on spectral sparcification of graphs,
in which they introduced a deterministic method extracting an approximate John’s decomposition starting
from a John’s decomposition of the form (2.5). Their result is the following:

Theorem 4.1 (Batson-Spielman-Srivastava). Let v1,..., v, € S" ! and ay,...,a, > 0 such that
(4.1) I, = Zajvj R vj.
j=1

Then, for every d > 1 there exists a subset o C {1,...,m} with |o| < dn and b; >0, j € o, such that

(42) In = Z bja_]vj ® Uj = PydIna
jeo

where

2
(4.3) Va = (gfi) .

Here, given two symmetric positive definite matrices A and B we write A < B if (Az,z) < (Bz,z) for
all © € R™. Using this fact, Srivastava [19] obtained an improved version of Rudelson’s theorem [I7] on the
approximation of a symmetric convex body K by a symmetric convex body T which has few contact points
with its maximal volume ellipsoid: for any symmetric convex body K in R™ and any € > 0 there exists a
symmetric convex body T such that T C K C (1 +&)T and T has at most 32n/e? contact points with its
John ellipsoid.

In order to deal with the not-necessarily symmetric case of this question, Srivastava proved in [19] the
next variant of Theorem .1}

Theorem 4.2 (Srivastava). Let vq,...,v, € S"~! and ay,...,amy, > 0 such that
m m

(4.4) I, = Z a;v; ®v; and Z a;v; = 0.
j=1 j=1



Given ¢ > 0 we can find a subset o of {1,...,m} of cardinality |o| = Oc(n), positive scalars c;, i € o and a
vector v with

e
4.5 2L —
(4.5) [oll3 S a
such that
(4.6) I, =) civi+v)@ (v +v) 2 (A+e)I,
i€o
and
(4.7) > ci(vi +v) =0.
1€0

Using Theorem Srivastava showed that for any convex body K in R™ and any € > 0 there exists
a convex body T such that 7 C K C (v/5 +¢)T and T has at most O.(n) contact points with its John
ellipsoid. We will use Theorem in order to deal with the not-necessarily symmetric case of our problem,
which is clearly much more interesting than the symmetric one.

5 Brascamp-Lieb inequality and approximate John decomposi-
tions

The Brascamp-Lieb inequality [9] estimates the norm of the multilinear operator G : LP* (R) x - - - x LPm (R) —
R defined by

(5.1) Gfr o o) :/Rn T fi (o)) da,

where m > n, p1,...,pm = 1 with p% 4+ 1% =n, and uq, ..., U, € R". Brascamp and Lieb proved that
the norm of G is the supremum D of

5.9 G(glaagm>
(5.2) o
Hj:l ngHpj
over all centered Gaussian functions g1, ..., gm, i.e. over all functions of the form g;(t) = e’)‘ftQ, A; > 0.

If we set ¢; = 1/p; and replace f; by f; 7 then we can state the Brascamp-Lieb inequality in the following
form.

Theorem 5.1 (Bracamp-Lieb). Letm > n, and letuy, ... ,uy, € R™ and ey, ..., ¢ > 0 with e+ - +¢p = n.
Then,
(53) [ L5 twunae <o 1 ([ 1)

" =1 j=1 VR

for all integrable functions f; : R — [0, 00), where D = 1/VF and

det ™A @ u;
(5.4) Finf{ (Zﬁ}n];cj] i) :Aj>0}.
J=1"




Calculating the constant F' = F({u;},{c;}) in Theorem seems difficult. An important observation
of Ball (see e.g. [2]) is that if uy,...,u, € S""! and c1,...,¢, > 0 satisfy John’s decomposition of the
identity (2.5)) then the constant F' = F({u;},{c;}) in Theorem [5.1]is equal to 1.

The next proposition shows that we still have a Brascamp-Lieb inequality with a reasonable constant
when an approximate John’s decomposition is available.

Proposition 5.2. Let v > 1. Ifuy,...,us € S" ! and c1,...,cs > 0 satisfy

(5.5) I, <X A:= chuj ®@u; < ~I,
j=1
then
S S
(5.6) yhdet [ Y midjuy @y | = [TA)
j=1 j=1

for all Ai,...,As >0, where k; = c; (A u;,u;) >0,1<j <s.
J =G 3> Ui

Proof. For every M C {1,...,s} with cardinality |M| = n we define

(5.7) A = H A; and Up = det Z Ciuj @ uj
JjeM JEM

By the Cauchy-Binet formula we have

(58) det ZCj)\jUj@Uj = Z AU
j=1

|[M|=n

Choosing A; =1 in (5.8) we get

(5.9) Z Un = det(A).

|M|=n
By the arithmetic-geometric means inequality,

UM Y{Mm:jemy UM

5.10 A )\ZIM\ _ ) T M=n UM
(5.10) Z 1\42“\/1| H H

|M|=n |M|=

Applying the Cauchy-Binet formula again, we get

Y= Un > |=n Unt - det(A)
=1— (1= ¢;(A  uy,u5)) = (A", uy)

Lpmgerny Uv_ Djnajen Un = Lparjgrny Ut _ | det (A — cju; @ uy)

for every j = 1,...,s, where in the last equality we used Lemma [2.1] . Going back to and (| - we see
that

det (3751 cjAju; @ u
(5.11) ( detZA ’ J) /HACJ Y )




We set

(5.12) ki = ci(A g, u), j=1,...,s.

Since I, < A < ~I,, we have that det(A4) > 1 and vk, = cj'y<A_1uj, uj) = ¢; for all 1 < j < s. This implies
that, for all Ay,...,As >0,

S

(5.13) ZCj)\jUj Ru; X ZHj)\jUj & uj

Jj=1 Jj=1

Combining (5.11)) and (5.13) we get

S S
(5.14) A" det Z KiAju; @uj | = H )\;j
j=1 j=1
as claimed. O]
Remark 5.3. Setting A\; = --- = A, = A > 0 in the conclusion of Proposition we get
(5.15) A" det Z Ky @ uy | = A==,
j=1

Since this holds true for any A > 0, we must have

S
(5.16) > kj=n.
j=1

We can also check this directly: note that
S

(517) Y = (AT g ) = Y etr(uy; @ ATug) =t | Y ey © A7 y)
j=1 j=1

=1 =1
= tr ZC]‘A_l(Uj X 'U/j) = tr A_l(ch(u] X Ug)) = tI‘(A_lA> = tr([n) =n.
j=1 j=1

Having verified condition ([5.16]), we conclude from Proposition that the constant in the Brascamp-Lieb
inequality that corresponds to {u;}3_; and {r;};_, is bounded by 7"™/2. We will use this observation in the
following form:

Theorem 5.4. Let v > 1. Let uq,...,us € S" ' and ci,...,cs > 0 satisfy

(5.18) I, = A= chuj Quj 2 vlp

Jj=1

and set k; = c;(A  uy,u) >0, 1< j<s. If fi,..., fs : R = R are integrable functions then

(519) I f[lf;fux,umdx <nt 1_1 ([ swa)".
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6 Volume approximation by convex bodies with few facets

In this section we prove the main theorems of this article. We show that the intersection of any family of
closed half-spaces is contained in an intersection of N =~ n of these half-spaces whose volume is reasonably
small. This implies our quantitative versions of Helly’s theorem as explained in the introduction.

We start with the symmetric case.

Theorem 6.1. Let {P; :i € I} be a family of symmetric strips
(6.1) P, ={x eR":|(z,v;)] <1}

in R™, and let P = (\;c; P;. For every d > 1 there exist s < dn and iy, ...,is € I such that
2 Vd + 1>n r (
VT Vd -1

Proof. We may assume that P is in John’s position. From John’s theorem there exists J C I so that the
vectors vj, j € J are contact points of P and S"~! and there exist a; > 0, j € .J, such that

(6.3) I=) av; ®v;.
jeJ

(6.2) P, m---mPis|<< o +1)|P|

2

Theorem shows that there exists a subset o C J with |o| = s < dn and b; > 0, j € o, such that

(64) In j Z bjajvj X ’Uj j ’YdIna
j€Eo
Vi) 2
where v4 = (\/gi) . We rewrite the vectors v;, j € 0, as wy, ..., ws and we set ¢c; = a;b;. Now, we apply

Theoremﬂto find xk; > 0, 1 < j < s such that 2;21 kj =n and

S n S K)j
(6:5) [ L5 e <o TT( [ 50ae)
" j=1 j=1 R
for any choice of non-negative integrable functions fi,..., fs on R™. Note that
S
(6.6) Praenpl = [ ] teew)yds
R
Jj=1

Since [ 1(_1,1)(t)dt = 2, from Theorem 5.4 we get

(6.7) PN NP <22,

Since BY C P, we also have

(6:5) Pl > 1By = o
: >BY=——

(2 41)
and the result follows. O
Remark 6.2. The proof of Theorem shows that if K is a symmetric convex body in John’s position
then for every d > 1 there exist s < dn and wy,...,ws € S"~! such that
(6.9) KCP:= ﬂ{weR”:Kx,ijgl}

j=1

11



and

Vid+1
Vd—-1
This estimate should be compared to well-known lower bounds for the volume of intersections of strips,

due to Carl-Pajor [I0], Gluskin [I2] and Ball-Pajor [4]. If we fix d > 1 and set N = |dn| then for any
choice of vectors wy,...,wy spanning R”, with |lw;]ls < 1 for all 1 < ¢ < N, we know that the body

P = ﬂ;vzl{x € R™: [(z,wj)| < 1} satisfies

(6.10) |P|7 <2

2
Vey/log(1+d)

which is of the same order (up to the dependence on d).

On the other hand, even if we ask that N = n (which corresponds to d = 1), one may find upper estimates
of the form in the literature: for example, if K is a symmetric convex body in John’s position and if
v1,...,V, are the vectors in then the parallelepiped

(6.11) |P|% >

(6.12) P={zeR": |[(z,v;)|<1,j=1,...,n},
satisfies K C P and

1 2y/n ~2Ve.

1
n = 2| det(vy,va,...,v,)| " < +
(n!)2n

(6.13) P

This result is due to Dvoretzky and Rogers, and an estimate of the same order (but improving in a sense the

constants involved) was obtained by Pelczynski and Szarek in [16]. Comparing 21/e with 2 gi we see that

our estimate provides a better bound if we allow a larger, but still proportional to the dimension, number
of strips.

Next, we pass to the not-necessarily symmetric case; we consider a family {P; : ¢ € I} of closed half-
spaces and ask for a collection of s half-spaces P; such that [Py N --- N Ps| < ¢y |ﬂi€] PZ-|. We give two
arguments. The first one is based on the ideas of Theorem and establishes (for any d > 1) a choice of
s < (d+1)(n + 1) half-spaces and a bound of the order of n3"/? for the constant c,, s.

Theorem 6.3. Let {P; :i € I} be a family of closed half-spaces
(6.14) P={zeR": (z,u;) <1}

in R™, such that P = )
i1,...,15 € I such that

ser i has positive volume. For every d > 1 there exist s < (d +1)(n + 1) and

nt1 pn/2 1 3(n+1)/2 nt1 "
(6.15) T P U L (5+1) 1PI<q,” (Cn)¥ (P,

7
m2n!

where C' > 0 is an absolute constant.

Proof. We may assume that P is in John’s position. From John’s theorem there exists J C I so that the
vectors uj, j € J are contact points of P and S7~1 and there exist aj >0, j € J, such that

(616) In = Zajuj [ Uj and Zajuj = O
jeJ JjEJ
Set
n 1 n+1
(617) vV = n+ 1 (Uj, \/ﬁ> and bj = TCLJ'.

12



Then

(6.18) L1 =Y bjv; ®uvj.
JjeJ

Theorem shows that there exists a subset ¢ C J with |o| = s < d(n+ 1) and §; > 0, j € o, such that

(619) In+1 j A= Z(Sjijj X Vj j '-YdIn-&-la
Viste
2
where 4 = (ﬁi) . We fix the vectors vj, j € 0, and set ¢; = d,;b;. We also consider the vector

1
2 N .
(6.20) w Y P jgea Kjuj,

where r; = ¢;(A7 uj,uj) > 0, j € o are the scalars provided by Proposition Recall that, by John’s
theorem, conv{u;,j € J} 2 1 BY, and ||w||> < 2 by the triangle inequality and the fact that Yjes iy =n+l.
From Carathéodory’s theorem we get that there exists 7 C J with [7| <n+1 and p; > 0 with >~ p; =1
so that

(6.21) w=Y" pu.

ier
We define
(6.22) Q={zeR": (z,u;) <1 foralljeo}
and
(6.23) Q =Qn{zeR": (x,u;) <1 forallier}.

From Theorem we know that if f; : R — R™, j € o are integrable functions, then

(6.24) /R MH 59 (g, o))y < 7p % 6 ( / £t dt>
jco

€o

For j € 0 we define f;(t) = e "1jg oo)(t). Let y = (x,7) € R"*1. We easily check that if 7 > 0 and z € 7@
then (z,u;) < 5 for all j € 0. This implies that (y,v;) > 0 for all j € o, and hence nga "((y,vj)) > 0.
It follows that

(6.25) /RMHf’“J Y, v;)) / / 177 (o))

V9 jeo
/ / exp Z/i] x,7),v5) | dedr
j€Eo
:/0 /} 1/n+121{] L Uj) W;/@ dzx dr

= / / e "Vt exp (—n?’/zvn + Uz, w>) dx dr

/ / —rvntl exp <fn3/2\/n +1 <x,w>> dx dr,

13



where, in the last step, we use the fact that Q' C Q. Now, observe that if z € ﬁQ’ then
(6.26) (z,w) = ;pi@;,w < %
So, we get
(oo}
(6.27) / H F7 (s v5))dy > / / e~ rVrHlmrnYnE g dye
Rn+1 0 T Q
Jj€o N
0o Jq
1 > n_—r(n 3/2
10 ok [
1 n!
= Q- n/2 3(n+1)/2"
n"/2 (n + 1)3(n+1)/
Note that
(6.28) 11 </ fi (t)dt> =1,
jECT R
and hence (6.24) gives us
ﬂnn/2 n+1 3(n+1)/2
(6.20) Q) <y T

n!

Since @' is an intersection of at most (d+1)(n+ 1) half-spaces and B C P C @', the result follows as in the

symmetric case. Using Stirling’s formula one can check that the statement holds true with Cy = (

Our next argument provides (for an absolute constant a > 1) a choice of s < an half-spaces and a much

better bound of the order of n™ for the constant c,, s.

Theorem 6.4. There exists an absolute constant o > 1 with the following property: for every family

{P; :i €I} of closed half-spaces

(6.30) P, ={x e R": (z,u;) < 1}
in R", such that P = (\,c; P; has positive volume, there exist s < an and i1, ...,is € I such that
(6.31) [Py 0N P | < (Cn)™ P,

where C > 0 is an absolute constant.

Proof. As in the proof of Theorem we assume that P is in John’s position, and we find J C I so that
the vectors u;, j € J are contact points of P and S"~! and there exist a; > 0, j € J, such that

(6.32) I, = Zajuj ®u; and Zajuj =0.
jed jeJ

We apply Theorem [4.2] to find a subset o C J with || < aq(e)n, positive scalars c;, j € o and a vector u

such that

(6.33) I, = ch (uj+u) @ (uj+u) X (4d+e)l,

it

14



and

(6.34) D ejuj+w) =0 and [ull} < Z%
JjET j€o 7
Note that
(6.35) tr ch(uj +u) ® (u; +u) ZC]”U] + 3
jeo j€Eo
=D cillugls +2Y (ucyup) + | D¢ | lull3
jEOT JjEOT jEo
= ch +2<U7_(ZC]')U> + ch l|ul|3
JjEOT jEo jEo
=> = Do | luliy
jEo Viste

and hence from ([6.33) we get that

n<ch— ZCJ lull3 < (4 +&)n.

jeo JjE€o
Now, using we get
(6.36) n< Y ¢ < (4+2)n
j€o
In particular,
9 € €
(6.37) Jullz < m < o

Recall that conv{u;,j € J} 2 1BJ. Then, for the vector w = & we have wlls < 1 and hence w €

conv{u;,j € J}. Carathéodory’s theorem shows that there exist 7 C J with |7| <n+1and p; >0,i €7
such that

(6.38) w = Zpiui and Zpi =1.

1ET 1ET
Note that
(6.39) Do | (Fu) =D e,
jEo Viste

and this shows that —u € conv{w; : j € o}. It follows that the segment

(6.40) Cconv{u; : j€ocUT}.

8

15



For j € 0 we set

[ n 1 n+1

We also set —v =, /25 (u, 0). Then, using (6.34) we get

(6.42) > bi(vj+v) @ (

jEo

vj+v) = (Eje" ¢ (uy +0u) ® (uj +u) 0

n

which implies, with the help of (6.36]), that

(6.43) Inp1 = bi(v; +0) @ (vj +v) X (44 26) g1

JjE€o

We rewrite the last one as follows:

(6.44) InH—ijvj@U—Zv@ijj— ij VRV

j€o j€o j€o

j ij’l)j@’(}j jBInJrl—ij’Uj@’U—ZU@bj’Uj—

j€o je€o jEOoT
Note that
fn+1 e 1
(6.45) E bjv; = nt E g, Je _ ./t E ¢ | u,
n
JjE€Eo jEOT

SO

(6.46) by | o= (e ) w2229 | o (uo)
jEo jET \F
_(ZJEG' )u®u 0

_(Eieoei)u
67\/5 0

Computing in a similar way we finally have that

%4
(6.47) T::ijvj®v+2v®ijj+ ij v®v(z S)

jeo jEo j€o

ZanC

)

]Eo’

Db

jeEo

3

where V = — (ZjeU cj) u®u and z = ,M Now, for every (x,t) € S™ we have

NG
(6.48) (T(x,t), (z,0)) = (Va, ) + 2(z,t) < V]| +2||2]
2ul2
S | luld+ D ¢
jEO jECT \/ﬁ

2
<e+ (4+2e)n$ =+ 2V/e(4 + 2).
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Choosing £ = 1072 we get
1
6.49 v; v, : <=,
(6.49) Zb]v]®v+2v®b]v]+ Zb] VRV 5
JjEo JjEo j€Eo
and going back to (6.44) we get

1
(6.50) S lnt1 = > bjv; @ v X514

jEOoT

Now, we apply Proposition to find k; > 0, j € o such that if f; : R — R are measurable functions, then

(6.51) /]Rn+1 llff"(@,vj))dy 0 [ (/ fi(t dt>

b

For j € o we define f;(t) = 6—7?1[0700)@). Then,

(6.52) /]Rn+1 T 7 (wvidy < 107 T (/R fj(t)dt) 10 1 (,;]) "<

€o JjE€o JjEOo

recalling from the proof of Proposition that % = (A7 uj,uj) < 2 (the last inequality is a consequence
J :
of %In-&-l < A= ZjeU bjUj X Uj).
Let

(6.53) Q={zeR": (z,u;) <1, jeoUrt}

We write y = (x,7) € R"™! and assume that 7 > 0 and z € \%Q Then, we have (z,u;) < 75 forall j € o.

This implies that (y,v;) > 0 for all j € o, and hence HJE(7 "({y,v;)) > 0. We also have

(6.54) (Zl) <Z Cjuja$> = (—u,z) = Ven(—w,x) = \/671< ZP¢U¢,I>

jEOT 1ET
7\/57"7
where the last inequality holds since x € ﬁQ. It follows that
(6.55) <Z cjuy, x> > —by/ern.
jEOT

Using the above (and recalling our choice of € = 1073 < 1) we see that if y = (z,7) € 2=Q x (0,0) then

vn
(6.56) 1T #7 (. v5)) = exp Zb< \/z@,uj))

jeo j€o
r
= exp 7% ij exp <I,ijUj>
Jj€o j€o
1
> exp (—57“71\;% —5yer(n + 1)) exp (—10r(n+1)).

17



Now, (6.52) gives us

(6.57)

‘QJ rre=10r(nt D) gy :/ / e 10r (D) g dr < / H f;j(@,vj»dy
0 ﬁQ Rn+1

nz "
0 Jjeo

ntl
<4072

Direct computation and then Stirling’s approximation show that

(6.58)

3n

n
n!

w3

Q< Cr

< Cgn

and @ is the intersection of at most |o| + |7| < @1(1073)n+n+1 < an half-spaces, where o = a; (1073) + 2.
Since BY C P C @, the result follows as in the symmetric case. O
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