Concentration of mass on convex bodies

G. Paouris®

Abstract

We establish a sharp concentration of mass inequality for isotropic convex
bodies: there exists an absolute constant ¢ > 0 such that if K is an isotropic
convex body in R", then

Prob ({z € K : [|z]|2 > cv/nLkt}) < exp (—v/nt)

for every t > 1, where Lk denotes the isotropic constant.

1 Introduction

Let K be an isotropic convex body in R™. This means that K has volume equal
to 1, its centre of mass is at the origin and its inertia matrix is a multiple of the
identity. Equivalently, there exists a positive constant Ly, the isotropic constant
of K, such that

(1.1) /}((:}:7 0)2dx = L3

for every 6 € S"~1. A major problem in Asymptotic Convex Geometry is whether
there exists an absolute constant ¢ > 0 such that Lx < ¢ for every n and every
isotropic convex body K in R™. The best known estimate, due to Bourgain (see
[11]), is Lx < ci/nlogn, where ¢ > 0 is an absolute constant (see [30] for an
extension of this estimate to the not-necessarily symmetric case). There is a number
of recent developments on this problem; see [13], [14] and [21]. In particular, Klartag
in [21] has obtained an isomorphic answer to the question: For every symmetric
convex body K in R" there exists a second symmetric convex body 7" in R™ whose
Banach-Mazur distance from K is O(logn) and its isotropic constant is bounded
by an absolute constant: Ly < c.
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The starting point of this paper is the following concentration estimate of
Alesker [1]: there exists an absolute constant ¢ > 0 such that if K is an isotropic
convex body in R", then

(1.2) Prob ({z € K : ||z||2 > ev/nLgt}) < 2exp(—t?)

for every t > 1.

Bobkov and Nazarov (see [7] and [8]) have clarified the picture of the volume
distribution on isotropic unconditional convex bodies. Recall that a symmetric
convex body K is called unconditional if, for every choice of real numbers ¢; and
every choice of signs ¢; € {—1,1}, 1 <i < n,

||51t161 + -+ 5ntnenHK = Htlel + -+ tnen”Ka

where ||| is the norm that corresponds to K and {e,...e,} is the standard
orthonormal basis of R™. In particular, they obtained a striking strengthening of
(1.2) in the case of 1-unconditional isotropic convex bodies: there exists an absolute
constant ¢ > 0 such that if K is a l-unconditional isotropic convex body in R™,
then

(1.3) Prob ({z € K : ||z|2 > cv/nt}) < exp (—v/nt)

for every t > 1. Note that Lx ~ 1 in the case of 1-unconditional convex bodies (see
[27]). Since the circumradius R(K) of an isotropic convex body K in R"™ is always
bounded by (n + 1)Lk (see [22]), the estimate in (1.3) is stronger than Alesker’s
estimate for all ¢ > 1. It should be noted that similar very precise estimates on
volume concentration were previously given in the case of the £;-balls (see [39], [38],
[41] and [40]). Volume concentration for the class of the unit balls of the Schatten
trace classes was recently established in [19].
We will prove that an estimate similar to (1.3) holds true in full generality.

Theorem 1.1. There exists an absolute constant ¢ > 0 such that if K is an isotropic
convex body in R™, then

(1.4) Prob ({z € K : ||z|2 > cv/nLgt}) < exp (—v/nt)
for every t > 1.

The proof of Theorem 1.1 is based on the analysis of the growth of the L;-norms

(15) ()= ( [ |:c||gdx)1/q, (<q<n)

of the Euclidean norm || - ||2 on isotropic convex bodies. It was observed in [32] that
Theorem 1.1 follows from the following fact.



Theorem 1.2. There exists an absolute constant ¢ > 0 with the following property:
if K is an isotropic convex body in R™, then

(1.6) I,(K) < emax{q,v/n} Lk
for every 2 < g < n.

In fact, it was proved in [32] that Theorem 1.1 is equivalent to the fact that
(L.7) 1,(K) < ev/n Lic

for every 2 < g < y/n. An equivalent formulation of this last statement may be
given in terms of the function

(1.8) Frelt) = /Si K (6 +10)|do(8)  (t>0).

It has been conjectured that fx is close to the centered Gaussian density of variance
L. This conjecture can be stated precisely in several different ways (see [10], [3])
and has been verified only for some special classes of bodies. It was proved in [32]
that (1.7) is equivalent with the following:

Theorem 1.3. There exist absolute constants c1,co > 0 such that if K is an
isotropic convex body in R™, then

C1 t2
(1.9) fx() < Tr exp <—62E>

for every 0 <t < /nlLk.

The paper is organized as follows: In Section 2 we show how one can derive Theorem
1.1 from Theorem 1.2 (the argument appears in [32] and [33], but we reproduce it
here so that the presentation will be self-contained). Our main tool is the study of
the Lg—centroid bodies of K; the g-th centroid body Z,(K) has support function

(1.10) bz = ( [ |<m,y>qu)1/q.

Sections 3, 4 and 5 are devoted to an analysis of this family of bodies, which leads
to Theorem 1.2. In fact, our method of proof works for an arbitrary convex body
K in R™, and leads to the following estimate:

Theorem 1.4. Let K be a convex body in R™, with volume 1 and center of mass at
the origin. Write K in the form K = T(K), where K is isotropic and T € SL(n)
1s positive definite. Then,

(.11) Prob ({z € K : [lo]ls > elo(K)1}) < exp (‘ ”ﬂ'?f t)

for every t = 1, where ¢ > 0 is an absolute constant (we write | T||gs for the
Hilbert-Schmidt norm and A\ (T) for the largest eigenvalue of T).



In other words, the concentration estimate of Theorem 1.1 is stable: if K is
isotropic and if |T||gs/A1(T) is not small, then one has strong concentration for
T(K).

As a by-product of our method, in Section 6 we obtain a precise estimate for
the volume of the L4-centroid bodies of a convex body. The lower bound in the
next Theorem is a consequence of the L, affine isoperimetric inequality of Lutwak,
Yang and Zhang (see [26]).

Theorem 1.5. Let K be a convex body in R™, with volume 1 and center of mass
at the origin. For every 2 < q < n we have that

(1.12) e/ q/n < |Z,(K) Y™ < eav/q/n L,
where c1,co > 0 are absolute constants.

In Section 7 we apply our concentration estimate to a question of Kannan,
Lovasz and Simonovits which has its origin in the problem of finding a fast algorithm
for the computation of the volume of a given convex body: The isotropic condition
(1.1) may be equivalently written in the form

(1.13) I= L%/ @ xdx,

K /K
where I is the identity operator. Let € € (0, 1) and consider N independent random
points x1, ..., 2y uniformly distributed in K. The question is to find Ny, as small
as possible, for which the following holds true: if N > Ny then with probability
greater than 1 — ¢ one has

<e.
2

N
1
(1.14) HI—— T ® T
NIZ 2 U O

Kannan, Lovdsz and Simonovits (see [23]) proved that one can choose Ny = ¢(g)n?

for some constant ¢(g) > 0 depending only on e. This was later improved to Ny ~
c(e)n(logn)? by Bourgain [12] and to Ny =~ c(g)n(logn)? by Rudelson [36]. One
can actually check (see [17]) that this last estimate can be obtained by Bourgain’s
argument if we also use Alesker’s concentration inequality. See also [20] for an
extension of this result. In [18] it was observed that Ny > ¢(e)nlogn is enough for
the class of unconditional isotropic convex bodies. Theorem 1.1 allows us to prove
the same fact in full generality.

Theorem 1.6. Let ¢ € (0,1). Assume that n > ng and let K be an isotropic
convex body in R™. If N > c(e)nlogn, where ¢ > 0 is an absolute constant, and
if x1,...,xn are independent random points uniformly distributed in K, then with
probability greater than 1 — e we have

N
1
(1.15) (1—-¢)L Z (s, 0 (1+e)L3%,
z:l

for every § € S"~1L.



G. Aubrun has recently proved (see [2]) that in the unconditional case, only
C(g)n random points are enough in order to obtain (1 + &)—approximation of the
identity operator as in Theorem 1.6.

All the previous results remain valid if we replace Lebesgue measure on an
isotropic convex body by an arbitrary isotropic log-concave measure. In the last
Section of the paper, we briefly discuss this extension.

Notation. We work in R™, which is equipped with a Euclidean structure (-,-). We
denote by || - ||2 the corresponding Euclidean norm, and write BY for the Euclidean
unit ball, and S™~! for the unit sphere. Volume is denoted by |- |. We write w,, for
the volume of BY and o for the rotationally invariant probability measure on S™~*.
The Grassmann manifold G, 1, of k-dimensional subspaces of R™ is equipped with
the Haar probability measure fi,, .

A convex body is a compact convex subset C' of R™ with non-empty interior.
We say that C' is symmetric if € C = —x € C'. We say that C' has centre of
mass at the origin if fc<x,0>dx = 0 for every # € S"~1. The support function
he : R™ — R of C is defined by he(x) = max{(x,y) : y € C}. The gauge function
rc : R" — R of C is defined by r¢(x) = min{A > 0: € AC}. The mean width of
C is defined as 2w(C), where

(1.16) w(C) :/ hc(0)o(d).
Sn—l
The circumradius of C' is the quantity R(C) = max{||z||2 : x € C}, and the polar
body C° of C'is
(1.17) C°:={yeR": (z,y) < lforalzeC}.

Whenever we write a ~ b, we mean that there exist absolute constants c¢i,co > 0
such that cia < b < coa. The letters ¢, c’,c1,c etc. denote absolute positive
constants which may change from line to line. We refer to the books [37], [28] and
[34] for basic facts from the Brunn-Minkowski theory and the asymptotic theory of
finite dimensional normed spaces.

2 Reduction to the behavior of moments

Let K be a convex body of volume 1 in R™. For every ¢ > 1 we consider the ¢-th
moment of the Euclidean norm

(21) ) = ([ |x||3dx)l/q

and, for every ¢ > 1 and y € R™, we set

(22) L = ( [ |<x,y>qu)1/q.

Recall that, as a consequence of Borell’s lemma (see [28, Appendix III]) one has
the following Khintchine—type inequalities.



Lemma 2.1. Let K be a convex body of volume 1 in R™. For every y € R"™ and
every p,q = 1 we have that

(2.3) Lo (K,y) < c1qlp(K,y)

where ¢1 > 0 is an absolute constant. In particular, for every y € R™ and every
q = 2 we have that

Also, for every p,q = 1 we have that
(2.5) Ipg(K) < c1q1p(K).

Alesker’s concentration estimate (1.2) is equivalent to the following statement.

Theorem 2.2 (Alesker [1]). Let K be an isotropic convex body in R™. For every
q = 2 we have that

(2.6) 14(K) < c21/q12(K)
where co > 0 is an absolute constant.
We will prove the following fact.

Theorem 2.3. There exist universal constants cs,cq > 0 with the following prop-
erty: if K is an isotropic convex body in R™, then

for every q < c3y/n.

Theorem 1.2 is a direct consequence of Theorem 2.3, Lemma 3.9 and Lemma 3.11.
Also, in [32] it was proved that Theorem 1.1 is equivalent to the fact that the
g-th moments of the Euclidean norm stay bounded (and equivalent to I5(K)) for
large values of q. For completeness we show how one can derive Theorem 1.1 from
Theorem 2.3.

Proof of Theorem 1.1. Let K be an isotropic convex body in R™. Fix ¢ > 2.
Markov’s inequality shows that

(2.8) Prob(z € K : ||z]j2 = €*I,(K)) < e 3.
From Borell’s lemma (see [28, Appendix III]) we get
o )<s+1)/2

Prob(z € K : ||z]]2 = e’ I,(K)s) < (1—e %) <1 e

< e?®
for every s > 1. Choosing ¢ = ¢34/, and using (2.7), we get
(2.9) Prob(z € K : ||z|2 > cse®I1(K)s) < e 3V

for every s > 1. Since K is isotropic, we have I5(K) = \/nLg. This proves Theorem
1.1.



3 L, centroid bodies

Let K be a convex body of volume 1 in R"™. For ¢ > 1 we define the L,—centroid
body Z,(K) of K by its support function:

(31) hzaa0(®) = L(K,y) =(/|de)

Since |K| = 1, it is easy to check that Z;(K) C Z,(K) C Z4(K) C Zo(K) for
every 1 < p < ¢ < 00, where Z(K) = conv{K, K}

Observe that Z,(K) is always symmetric, and Z,(TK) = T(Z,(K)) for every
T € SL(n) and ¢ € [1,00]. Also, if K has its center of mass at the origin, then
Zy(K) D ¢Z(K) for all ¢ 2> n, where ¢ > 0 is an absolute constant.

Lg—centroid bodies have appeared in the literature under a different normaliza-
tion. If K is a convex body in R™ and 1 < ¢ < oo, the body I';(K) was defined in

[25] by y
1 q
O e
(o cngl K| Jx
where Wnt
__ Yniq
. WonWg—1

In other words, Z,(K) = C;{qu(K) if |[K| = 1. The normalization in [25] is chosen
so that I'y(By) = By for every ¢q. Lutwak, Yang and Zhang (see [26] and [15] for a
different proof) have established the following L, affine isoperimetric inequality.

Theorem 3.1. Let K be a convex body of volume 1 in R™. For every q > 1,
with equality if and only if K is a centered ellipsoid of volume 1.

Now, for every p,q > 1 we define

(32 w710 = ([0 o)

Observe that w1 (Z,(K)) = w(Zy(K)).
The g-th moments of the Euclidean norm on K are related to the L,-centroid
bodies of K through the following Lemma.

Lemma 3.2. Let K be a convex body of volume 1 in R™. For every q > 1 we have
that

(3.3) wolZ(K)) = ang | - ()

where @ q ~ 1.



Proof. For every x € R™ we have (see [31])

(3.4) ([ worea)” = el

where a,, , ~ 1. Since
g

1/q
(3.5) wy(Zy(K)) = ( / / e, 9)|qda:a(d9)> 7
sn-1JK
the Lemma follows. O
Remark. It is not hard to check that a, 2 = /(n +2)/(2n) and
(3.6) Ih(K) = Vnwz(Zs(K)).

Definition 3.3. Let C be a symmetric convex body in R™ and let ||z|c be the
norm induced on R™ by C'. Set

M) = [ Iledn(6) and HO) = max lelc-

resSn—1

More generally, for every ¢ > 1 set

1/q
(3.7) w0 = ([ 1oizas))
Define k. (C) as the largest positive integer k < n for which
n
(3.8)  pnk (F € Gyt %M(C)Hx”g < lzlle € 2M(C)||x||2, YV € F) > s

The critical dimension k. is completely determined by the global parameters M
and b.

Fact 3.4 (Milman—Schechtman [29]). There exist ¢1,co > 0 such that

M(C)?
b(C)?

2
M(C) < ke(C) € ean

(3.9) cn L

for every symmetric convex body C' in R™.

We will make essential use of the following result of Litvak, Milman and Schechtman
[24]:

Fact 3.5. There exist c1,co,c3 > 0 such that for every symmetric convex body C
in R™ we have:

(i) If 1 < ¢ < k(C) then M(C) < My(C) < ecaM(C).
(ii) If k«(C) < g < n then cay/q/nb(C) < My(C) < c31/q/nb(C).



On observing that M (C°) = w(C) and b(C°) = R(C), we can translate Fact 3.5 as
follows:

Lemma 3.6. There exist c¢1,ca,c3 > 0 such that for every symmetric convex body
C in R™ we have:

(1) If 1 < ¢ < ki (C°) then w(C) < wy(C) < cw(C).

(il) If k. (C°) < g < n then car/q/n R(C) < wy(C) < c31/q/n R(C).
Definition 3.7. Let K be a convex body of volume 1 in R™. We define
(3.10) q:(K) = max{q € N: k. (Z](K)) > q},
where Z;(K) = (Z,(K))°.

We will need a lower estimate for ¢.(K). This depends on the “@,-behavior” of
linear functionals on K.

Definition 3.8. Let K be a convex body of volume 1 in R™ and let « € [1,2]. We
say that K is a 1,-body with constant b, if

(3.11) (/K |<x,o>|qu>l/q < bag!le (/K |<x,9>2da:>1/2

for all ¢ > 2 and all § € S"~!. Equivalently, if
(3.12) Z(K) C baq'*Zy(K)

for all ¢ > 2. Observe that if K is a ¢,-body with constant b,, then T'(K) is a
o-body with the same constant, for every T' € SL(n). Also, from (3.12) we see
that

(3.13) R(Zy(K)) < bag"/*R(Z3(K))

for all ¢ > 2.

An immediate consequence of Lemma 2.1 is that there exists an absolute con-
stant ¢ > 0 such that every convex body K in R" is a 1;-body with constant
c.

Lemma 3.9. There exist absolute constants c1,co > 0 such that if K is a convex
body of volume 1 in R™ then, for every n > q = q.(K),

(3.14) 1 R(Z,(K)) < I(K) < c2R(Z,(K).

In particular, if K is an isotropic 1, -body with constant b, then, for everyn > q >
3+ (K),

(3.15) I,(K) < cabaq*Li.



Proof. Let n > q > q.(K). By the definition of ¢.(K) we have ¢ > k.(Z7(K)), and
Lemma 3.6(ii) shows that

(3.16) eu [ LRZ, () < wn(Za() < ey LR, (50

Now, from Lemma 3.2 we have that

(3.17) ol Zy(K)) = angy | ().

This proves (3.14). For the second assertion, we use (3.13) and the fact that
R(Z3(K)) = Lk if K is isotropic. O
Remark. Let K be a convex body in R™, with volume 1 and center of mass at the
origin. If ¢ > n, one can check that R(Z,(K)) ~ I,(K) ~ R(K).

Proposition 3.10. There exists an absolute constant ¢ > 0 with the following
property: if K is a conver body of volume 1 in R™ which is ¥,-body with constant
be, then

(k. (25 (K)))*/?
ba '

[e3%

(3.18) g(K) > ¢
In particular, for every convex body K of volume 1 in R™ we have
(3.19) 0. (K) > ey/ka(23(K)).

Proof. Let q. := q.(K). From Lemma 3.6(i), Lemma 3.2, Holder’s inequality and
(3.6) we get

g«
w(Zq* (K)) = cw,, (Zq* (K)) = C10n,q. 4/ mlq* (K)

q q
> clan,q*,/n;q* L(K) = c1an,q, . Vinwa(Zy(K

(3.20) W(Z,. (K)) > ca/qew(Z5(K)).

In other words,

Since K is a ¥,-body with constant b,, we have that
(3:21) R(Zy.(K)) < bags" “R(Z(K)).

Using the definition of ¢., Fact 3.4 and the inequalities (3.20) and (3.21), we write

K 2
w1 > k(20 > an (7))

(K)
2 2 1-2/c
e3¢ w(Z2(K)) & o
> = k. (Z5(K)).
2 2T R Z:(K) e 25(K)

10



So, we get

[ (Z5 ()

bg

(3.22) g (K) =2 ¢

The second assertion follows from the fact that every convex body is a 11-body
with (an absolute) constant ¢ > 0. O

Observe that K is isotropic if and only if k.(Z5(K)) = n. So, we get the
following:

Corollary 3.11. There exists an absolute constant ¢ > 0 with the following prop-
erty: if K is an isotropic convex body of volume 1 in R™ which is 1s-body with
constant b,,, then

Cna/Q
b(x

[e3%

(3.23) 0(K) >

In particular, for every isotropic convex body K in R™ we have that

(3.24) ¢«(K) = cy/n.

4 Projections of L,-centroid bodies

Let K be a convex body of volume 1 in R". Let F' € G, be a k-dimensional
subspace of R” and let ¢ > 1. We define

1/q
(a.) L. F) = ([ Ipe@ir)
where Pr denotes the orthogonal projection onto F, and
1/q
(4.2 wF) = ([ woaoe®)
Sr

where Sp = S"7!NF is the unit sphere of F. Observe that wy (K, F) = w,(Pr(K)).
We also set

o I2(K7 F)
(4.3) L(K,F) = S
and
_ ny __ 12(K)
(4.4) L(K)=L(K,R") = N

The argument we used for the proof of Lemma 3.2 shows that

(4.5) wo(Zy(K), F) = gy [ 1 1K F)

11



Choosing ¢ = 2 and taking into account (4.3) we get

(4.6) L*(K,F) = /S hz, (k) (0)dor (0).

F

In particular, if K is isotropic then
(4.7 L(K,F)=L(K) =Lk

for every F'.

In the sequel, we fix a k-dimensional subspace F' of R™ and denote by E the
orthogonal subspace of F'. For every ¢ € Sp we define E(¢) = {z € span{FE, ¢} :

(z,¢) > 0}.

Theorem 4.1 (K. Ball, see [4], [27]). Let K a convex body of volume 1 in R™.
For every q > 0 and ¢ € F, the function

6 o™ ( / <x,¢>|de>
KNE(¢)

s a gauge function on F'.

Note. In [4] and [27], Theorem 4.1 is stated and proved for the case where K is
centrally symmetric. However, it was observed in [14] that the general case follows
easily.

We denote by By (K, F') the convex body in F' whose gauge function is defined
in Theorem 4.1. The volume of B, (K, F') is given by

(4.8) 1By(K, F)| = w /S (/K QE(¢)<x,¢>|de)q dor (@),

To see this, express the volume of B, (K, F) in polar coordinates.

Lemma 4.2. Let K be a convexr body in R™. For every q > 0 and every 6 € Sp,
we have

T Udx = kw q z kta-14, do .
(4.9) /K|< Otz =k k[SF<¢79>| /mw)u ) F1dz dop ()

Proof. For any continuous f : R" — R we may write

/Kf(x)dl" = /E/FXK(u—Fv)f(u—Fv)dvdu

> k—1
ko /E /S ) /0 Xt + pd) fu + )t~ dp dore () du

b [ F ( L " kel + p6) flu+ p¢>p“dpdu> dop(6).

12



Observe that if z = u 4+ pp € E(¢p) then p = (z,¢). It follows that

(4.10) /E/OOOXK(U+0¢)f(U+p¢)p’“1dpdu:/ F(2){z 0)" " dz.

KNE(¢)

In other words,

(4.11) /f ) dx = kwy, /SF /me (z, )Yz dop ().

Let z € KN E(¢p). Then z = u+ (¢, z)¢ for some u € E, and hence, if § € F we
have (z,0) = (¢,0)(z, ¢). If we set fy ,(x) = [(x,0)|?, then (4.11) becomes

(4.12) /K (2, 0)[9dz = ko /S G0l [ () doe().

This completes the proof of (4.9). a
If we choose ¢ = 0 in (4.9), we can express the volume of K in the following
way':

(4.13) K| = ks /S /K - (2, ) [*~1da dop(6).

Notation. If K is a convex body in R”, we set K = K/|K|'/"; this is the dilation
of K which has volume 1.

Proposition 4.3. Let K be a convex body of volume 1 in R™ and let 1 < k <n—1.
For every F' € Gy, and every ¢ 2 1 we have that

(414)  Pe(Zy(K)) = (k + )" |Burgor (K, F)1/*192,(Bry g1 (K, F)).
Equivalently, for every 6 € F,

(4.15) /K [{(z,0)|%dx = (k + q) /Bk+q e [{x,0)|%dx.

Proof. Let 8 € F. Using polar coordinates on the right hand side of (4.15) and
Lemma 4.2, we write

kw
/ @Otz = 25 [ (@065 e dor (@)
Biyq_1(K,F) +4qJsp
kwk/ k+q—1
= 0, 0)|? z, )T dop (¢
S BLCULY BN ) #(9)

1
= — q
T / |{x,0)|"dx.

This proves (4.15). Observe that hp,(z, (x))(0) = hz,x)(0) for every 6 € F. If we
normalize the volume of By q—1(K, F) "then (4.15) shows that

(4.16) hPF(Zq(K))(a) (k+4q) Ha |Bk+q (K, F)‘l/kJrl/qh Zg(Brtq-1(K, F))(H)

for every 6 € F'. This proves the Proposition. m]

13



Notation. If a,b are positive integers, we define

1 1!
L a . b _ a. 0.
(4.17) B(b+1,a+1) .—/0 s%(1—s)%ds [CETEShk

One may easily check that

s () < (V< (L) w=acn

and

(4.19) b < W < (a+Db)"

Let n, k,q € N, with max{k, ¢} < n. We define
Bln—k+1k+qa) "

(420) Ang = < B(n—k+1,k) ) '

Lemma 4.4. For every n,k,q € N, with max{k, ¢} < n we have that

kit op kits kg

—————— < Appg <7
(k+a@)/in+gq RS Ty gk
Proof. We first write A, i 4 in the form

(4.21)

_ (Bn—k+1,k+q\"* ~1/k
(4.22) An,,c,q_< B(nk+1,k)) (B(n—k+1,k) /%

Using (4.17) we can write

Bn—k+1,k+q) E (k+q)! n!

(423) Bn—k+ 1k _k+tqg K (n+q)!
and
(4.24) (B(n—k+1,k)"" = k(Z)

Using (4.19) into (4.23) we get

kK _B—k+lk+q) _ _k (ktg)
k+qn+q? > Bn—k+1,k) “k+q ni
Using (4.18) into (4.24) we get

(4.25)

n\k 1 en\k
. —] < — < — ) .
(4.26) k(k> < (B(n—k+1,k)) \k(k)
Inserting (4.25) and (4.26) into (4.22) we get the Lemma. O

The following lemma is standard and goes back at least to Berwald [5] (see [9] and
[27]).
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Lemma 4.5. Let C be a convez body in R™ and 0 € int(C). For every ¢ € S™1,
set

(4.27) Ci(¢):={x e C:(z,¢) >0}
If s < r are non-negative integers, we have that

4.28 Jer ) N o)rda YUY _( _Jeww w9l K
(4.28) B(myT-‘rl)‘Cﬂ(bJ-‘ X B(m, s+ 1)|CN oL .

Proposition 4.6. Let K be a convex body of volume 1 in R™ and 0 € int(K). If
F € G and E = F* then, for every integer q > 1,

Q=

1
FORYEG

»QI»—-

@29) Bk P < SR (kiq)

Proof. By (4.8) we have that

k+q
(430) ‘Bk+q,1(K7 F)| = wk/S (/KQE(@ ‘<(E, ¢>|k+q—1dx> dUF(¢)

Applying (4.28) with C = K Nspan{E, ¢}, m=n—k+1,r=k+¢q—1 and
s=k—1, we get

_ 1/(k+q) _ 1k
(4.31) ( fKnE(¢)|<x,¢>|k+q Ldx ) q . ( fKnE(¢)|<x’¢>‘k 1d3:>

B(n—k+1,k+q)|KNE| B(n—k+1,k)|KNE|
or, equivalently,
(432) ( [ e ¢>k+q1dw>m S Rl
' KAE() S (KNENY*D) Jrnpgy ’

where A,, 1. 4 is the constant defined by (4.20).
Going back to (4.30) and using (4.13) we get

kq}é(k-i-q)
Biig (K, F)| < _ kg =1y 4
Braans () < gt [ [l dor(o)
| Ak

k|K N E|a/(+a)

By Lemma 4.4 we conclude that

1.1 e(k+q) 1 \* 1
4.33 B K, F

»Q

as claimed. O
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Lemma 4.7. Let f1, fo : R¥ — R be integrable functions with compact support such
that [, fi(x)de = [o, f2(x)dz and, for every s >0, ka fi(z)dz < ka fo(z)dx.
Then, for every p > 0,

(434 [ el > [ el s

Proof. We write

[, el ) da
Rk

llll2
/ / psP L fi(x) ds dx
R’k Jo
o
/ psp_l/ fi(x) dz ds,
0 (sBf)<

and observe that f(gBk)C fi(z f(gBk)c fa(z)dz for every s > 0. a

Proposition 4.8. Let K be a convex body in R™, with volume 1 and center of mass
at the origin. Let F € G, and E := F+ Then

1

(4.35) W g cL

(K, F),

where ¢ > 0 is an absolute constant.

Proof. Let M = sup,cp |K N (E+ )|, fi(z) == |[K N (E+ z)| and fo(z) =

wak_l/kM,l/kBF (), where Bp = By N F. Then,

(4.36) /F Fulz)de =1 = /F o) da

and, from the fact that f5 is equal to M on a ball centered at the origin and equal
to zero elsewhere, we easily check that

(4.37) fi(z)dr < fa(z) dx

sBr sBr

for every s > 0. Lemma 4.7 shows that

438
/ el @) do > [ ol fala) do = 2 M = (B M
Observe that
(4.30) / 2341 (x) de = / | Pra|2de = I2(K, F) = k(L(K, F))*.
F K

A result of Fradelizi (see [16]) shows that M < e*|K N E|. This proves (4.35). 0O
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Proposition 4.9. Let K be a convex body in R™, with volume 1 and center of mass
at the origin. If F € Gy and E = F* then, for every ¢ € N we have that

c(k+ —
(4.40) Pe(2,()) € P LD LK 1) 2,(Brsgr (K. F))
where ¢ > 0 is an absolute constant.
Proof. We start from Proposition 4.3 and use Propositions 4.6 and 4.8 to estimate
the quantity |Byiq—1(K, F)|'/*+1/9 which appears in (4.14). O

Proposition 4.10. Let K be a convex body in R™, with volume 1 and center of
mass at the origin. For every k-dimensional subspace F of R™ and every integer
q = 1 there exists 0 € Sg such that

(4.41) g (0) < VBT )

where ¢ > 0 is an absolute constant.
Proof. By Proposition 4.9, taking volumes in (4.40), we have that

de(k + q)
k

(4.42) |Pr(Zq(K))[V* < L(K, F)|Zy(Bi+q-1(K, )|/,

Recall that

ZyBrsgr(K.F)) C conv{Brsgo1(K. F),~Brsyr(K, F)}

<
C Biiq-1(K,F) = Byg-1(K, F).

By the Rogers—Shephard inequality (see [35]) we have that

(4.43) 1Z(Bsqr (I, F)[1* < 4.
Therefore,
(4.44) Pe(zy (KN < EED i )

Assume that

(4.45) p(B§ N F) C Py(Z,(K))

for some p > 0. The Proposition will be proved if we show that
(4.46) p<cevk %L(K, F).

From (4.44) and (4.45) we get

(4.47) pur/* < 4<kk4+q)

Since wi/k ~1/Vk we get (4.41). a

L(K,F).
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Corollary 4.11. Let K be a convex body in R™, with volume 1 and center of mass
at the origin. For every integer ¢ > 1 and every F € G, 4 there exists 0 € Sg such
that

(4.48) hizy(0)(0) < ey LUK, F),

where ¢ > 0 is an absolute constant.

5 Proof of the main result
We are now ready to give the proof of Theorem 2.3. The precise formulation of our
result in the isotropic case is the following.

Theorem 5.1. There exists an absolute constant ¢ > 0 with the following property:
if K is an isotropic convex body in R™, then

(5.1) I(K) < cla(K)
for every q < ¢.(K).

Proof. Set q. = q.(K). By the definition of ¢.(K) and k.(Z7 (K)) we have
k.(Z5 (K)) > g, and hence, there exists a g.-dimensional subspace F' of R™ such
that

(5:2) hz,.(x)(0) = 3w(Z,, (K))

for every 6 € Sp.
On the other hand, Corollary 4.11 shows that there exists 8y € Sr such that

(5.3) hz,.x)(00) < 1@ L(K, F) = ¢1/q: Lk,

where ¢; > 0 is an absolute constant (here, we are using the fact that K is isotropic;
we have L(K, F) = Lk for every subspace F' of R™). It follows that

(5.4) w(Z,. (K)) < 261+/@: L.

Since ¢. < k.(Z; (K)), from Lemma 3.5 and Lemma 3.2 we have

(5.5) W(Zg, (K)) 2 cawy. (2. (K)) > g\ 31, (K.

Combining (5.4) and (5.5) we see that

(5.6) I, (K) < ev/nL,

for some absolute constant ¢ > 0. Since v/nLx = I2(K), the result follows. a

Proof of Theorem 2.2. We have assumed that K is isotropic. Then, Corollary 3.11
shows that ¢.(K) > ¢y/n, where ¢ > 0 is an absolute constant. Then, Theorem 2.2
is an immediate consequence of Theorem 5.1. O

In fact, the method which has been developed in the previous Sections provides
a similar result for an arbitrary convex body that has its center of mass at the
origin:

18



Theorem 5.2. Let K be a convex body in R™, with volume 1 and center of mass
at the origin. If q. = q.(K), then

(5.7) 14 (K) < clh(K),
where ¢ > 0 is an absolute constant.
For the proof of Theorem 5.2 we need one more Lemma.

Lemma 5.3. There exists a constant ¢ € (0,1) with the following property: if C is
a symmetric convez body in R™ and if m < k.(C°) < cn, then

(5.8) w(C) <2 /B /S e (6) do(0) ditn i (F),
where
(5.9) B={F€Gyum:3w(C) < hc(d) <2w(C) for allf € Sp}.

Proof. Since m < k.(C°), we have that i ., (B°) < nfm, where B¢ = G,,.;m \ B.
Then, using the fact that

(5.10) wo(C) < cw(C)

which can be easily checked from Lemma 3.6, we can write

/n . /Sp hic(0) dor(6) dpty m (F)
= //Sic ) dog(0) dpi,m (F /c/thC ) do(0) dynm (F)

/B /SF he(0) dop(0) dppn,m (F)

+(u(B))? (/Gn (/SF ho(6) dUF(9)>2dun’m(F)>
/B /SF he(0) dop(0) dpinm (F)

1/2
+(/’L(BC))1/2 </G s h%’(e) dUF(G) dﬂfn,m(F)>

/ / hC dO'F d,UJn m 1 / o
Sk n m

m
he(0) do g (6) dpi, 1 (F
[ e®doe @)+ e[ e

/ he(6) dop(8) dn(F) + Su(C),
B JSEg

w(C)

N

1/2

N

N

+

N

N
Q
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provided that ¢ € (0,1) is chosen small enough. o
Proof of Theorem 5.2. We define

(5.11) q = min{q., [cn|}

where ¢ € (0,1) is the constant from Lemma 5.3. By Lemma 3.2 and Lemma 3.6
we get

_ +n
(5.12) I,(K) = a; qq wo(Zy(K)) < erapyy [

Set
(513) B ={F € Gnq: 5w(Zy(K)) < hz,x)(0) < 2w(Zy(K)) for all 6 € Sp} .
From Lemma 5.3 we have that

(5.14) W(Z,(K)) < 2 /B /S iz, 10) (6) o (6) dpin o (F).

Now, Corollary 4.11 and the definition of B show that, for every F' € B, there exists
0y € Sr such that

(5.15) w(Z,(K)) < 2z, 1) (00) < 2021/ L(E, F).

Using again the definition of B, we now see that for every F' € B and for every
0 € Sp we have that

(5.16) hz,x)(0) < 2w(Zy(K)) < 4cav/q L(K, F).
In view of (4.6) this means that, for every F' € B and for every 6 € S,

1/2
(.17) g (8) < 20(Z,(K)) < 4ch(/ i, K><¢>dap<¢>) .

Going back to (5.14) we may write

w(Zy(K))

N

seav | [ F ( [ <¢>daF<¢>)1/2 40w (0) djin,q(F)

8¢ay/d / ( / W0 ¢>>do—F<¢>)U2dun,q<F>

1/2
802f< / / W0 daF<¢>dun,q<F>>

862\/_L(

N
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Then, (5.12) becomes

qg+n
q

Since v/nL(K) = I1(K) by definition (see (4.4)), we finally get

(5.18) I,(K) < ca,t

n,q

- (8¢2/GL(K)) < es/n L(K),

(5.19) Iq(K) < CgIQ(K).

From Lemma 2.1 we know that

(5.20) I (K) < es—Ip(K)

for all s > p > 1, where ¢4 > 0 is an absolute constant, and hence, we can compare
I,. (K) with I,(K). This completes the proof. O

Corollary 5.4. Let K be an isotropic convex body in R™, which is 14-body with
constant b,. Then,

(5.21) I,(K) < cmax{baq"/®, vn} L

for every 2 < q < n, where ¢ > 0 is an absolute constant. In particular, for every
isotropic convex body K in R™ we have that

(5.22) I,(K) < ey max{q,vn} Lk
for every 2 < g < n, where ¢y > 0 is an absolute constant.

Proof. Direct consequence of Theorem 5.1 and Lemma 3.9. O

It is interesting to note that the Euclidean ball and the ¢7-ball B} are the
extremal bodies in Theorem 5.2, in the following sense:

Proposition 5.5. Let K be a conver body of volume 1 in R™. For every 0 < p <
q < oo we have that

_Q’\c
~

3|

(K) _ L,(B3)

(523 1,(K) ~ 1,(B5)’

Proof. We follow an argument of Bobkov—Koldobsky from [6]. Let 0 < p < ¢ < oo.
A simple computation shows that

—1/n
ke

(5.24) Ig(B_gL) = nwn/o PPl = - +pwgp/".
Therefore,
Bn _n_\1/q
I,(B% m
(5.25) "(_fl) _ ;fq)l/ :
I,(By) ()7
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For every ¢ > —n we have that
e 1
(5.26) IHK) = wn/ ptils (—K> dr.
0 T

The function g(r) = wyo (LK) is non-increasing on (0,00) and can be assumed
absolutely continuous. So, we can write

(5.27) g(r) = n/oo &i)ds, (r>0)

S

for some non-negative function p on (0,00). Then,

OO n—1 > n—1 p(S) >
(5.28) 1= / " g(r)dr = n/ / r'Tr——=drds = / p(s)ds.
0 0 Jo<r<s $ 0

Hence, p represents a probability density of a positive random variable, say, £&. We
now write

(5.29) Jg(K):/O P10 dp — n:ﬁq/o Sp(s) ds = - B(E").

Applying Holder’s inequality for 0 < p < g < 0o, we see that
(5.30) (E(E)Y > (E(€")"”.

So,

(5.31) =

as claimed. O

We now pass to the £7-ball; the results of [39] show that
(5.32) I,(B}) ~ max{q, Vn}Lgz
for every 2 < ¢ < n. We will prove something more general:

Lemma 5.6. Let K be an isotropic convex body in R™. Then, for every 1 < qg<n
we have

(5.33) 1,(K) > < R(K),

where ¢ > 0 is an absolute constant.
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Proof. From the Remark after Lemma 3.9 we know that for every convex body K
of volume 1 with center of mass at the origin, R(K) < ¢;1,(K), where ¢; > 0 is an
absolute constant. Also, Lemma 2.1 shows that, for every p,q > 1,

(5.34) Ipq(K) < coply(K)

where ¢o > 0 is an absolute constant.
Let 1 < ¢ < n. Then,

(5.35) R(K) < e11(K) < clcggfq(K).

This proves the Lemma, with ¢ := 61102. O

Remark. Since R(B}) ~ nlpy, Lemma 5.6 and (5.22) prove (5.32).

Corollary 5.7. There exists an absolute constant ¢ > 0 such that for every isotropic
convex body K in R™ and for every 2 < q < oo,

LD _ 1,09) _ 10D
) L5 < L) <L)

Proof of Theorem 1.4. Let K be an isotropic convex body in R™. If T € SL(n) is
positive definite, then

(5.37)  B(T(K)) = A . el = /K (. (T*T)(x)) dir = tx(T"T) L,

by the isotropicity of K. Since Is(K) = \/nw2(Z2(T(K))) and tr(T*T) = ||T||% g,
we get

(5.39) wa(Za(T () = S Ly
On the other hand,
(5.39)
R(Z:(T(K))) = R(T(Z2(K))) = R(T(Lk By)) = Lk R(T(B3)) = Lx M (1),

where A1(T) is the largest eigenvalue of T'. It follows that

) w(Zo(TENN? (1T llms \
s ey =n(FREE) = (5

From Proposition 3.10 we know that ¢.(T(K)) > c¢\/k«(Z5(K)), and hence, Theo-
rem 5.2 and the reduction scheme of Section 2 show that

(5.41) Prob ({z € K : [Jz[]y > cla(K)t}) < exp (_ H;CQ?; t)

for every t > 1, where ¢ > 0 is an absolute constant, which is the assertion of
Theorem 1.4.
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6 Volume of L,-centroid bodies

The L,-affine isoperimetric inequality of Lutwak, Yang and Zhang (see Theorem
3.1) can be written in the following form.

Proposition 6.1. Let K be a convex body in R™, with volume 1 and center of mass
at the origin. Then,

(6.1) |Zg(E)|V™ > 1 Zy(BE)'™ > ev/a/n
for every 1 < g < n, where ¢ > 0 is an absolute constant. O

Our goal in this Section is to show that the reverse inequality holds true (up to
the isotropic constant).

Theorem 6.2. Let K be a convex body in R™, with volume 1 and center of mass
at the origin. For every 2 < q < n we have that

(6.2) | Zy(K)[M™ < ev/q/n L,
where ¢ > 0 is an absolute constant.

For the proof we will use the Aleksandrov—Fenchel inequalities for the quermassin-
tegrals of a convex body C'. From the classical Steiner’s formula we know that

(6.3) |C+tBy|=> (Z) Wiy (C)F

k=0

for all t > 0, where Wy, (C) is the k-th quermassintegral of C; Wi (C') is the mixed
volume V,,_;(C) =V (C;n — k, BY; k).

The Aleksandrov—Fenchel inequality implies the log-concavity of the sequence
(W[O] (C), ceey W[n] (C)) In other WOI"dS7

(6.4) WEH(C) 2 W (CWEH(C), (0<i<j<k<n).
Choosing k = n we see that

<W[i] (C) ) 1/(n—1) _ <WU] (C) > 1/(n—j)

Wn Wn

(6.5)

foralll1 <i<j<n.
We will also use Kubota’s integral formula which connects the i-th quermass-
integral with the average of the volumes of the (n — i)-dimensional projections of

C:

(66)  Wy(C) ="

/ Pr(O)dptnni(F), (1<i<n—1).
Gn,n—i

Wn—i
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Proof of Theorem 6.2. We may assume that K is isotropic. It is enough to prove
(6.2) forge Nand 1< ¢g<n—1
Taking k = ¢ in (4.45) we see that

(6.7) |Pr(Zy(K))|[M < e1 L,

where ¢; > 0 is an absolute constant. Applying (6.6) we get

(6.8) Wi (Z4(K)) € 2 (e1 L)

q
Now, we apply (6.5) for C = Z,(K) with j =n — ¢ and i = 0; this gives
(6.9) Win_q(Ze(K)) 2 1 Z4(K)|"w), ™
or, equivalently,

1 n —1/n
(6.10) W4 (Zy(K) > | Zq (K| mwl/a=1/m,

Combining (6.8) and (6.10) we get

1/n
Wn
(6.11) | Zy(K)|M™ < aclx.
Wq
Since w,i/k ~ 1/vk, the result follows. a

7 Random points in isotropic symmetric convex
bodies

For the proof of Theorem 1.6 we follow the argument of [18] which incorporates the
concentration estimate of Theorem 1.1 into Rudelson’s approach to the problem.
The main lemma in [36] is the following.

Theorem 7.1 (Rudelson). Let x1,...,zx be vectors in R™ and let e1,...,en be
independent Bernoulli random variables which take the values +1 with probability
1/2. Then, for allp > 1,

N o\ 1P N 1/2
(7.1) <E > e @ ) < ev/p+logn - max [l - i@
1 )
=1 =1
where ¢ > 0 is an absolute constant. O

Proof of Theorem 1.6. Let ¢ € (0,1) and let p > 1. We first estimate the
expectation of max;<y ||#]|37, where xy,...,zx are independent random points
uniformly distributed in K.
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Lemma 7.2. There exists ¢ > 0 such that for every isotropic convex body K in
R™, for every N € N and everyp > 1,

1/p
(7.2) (]E max ||:cl||’2)) < cLg max{y/n,p,log N}.
Proof. From Theorem 1.1 we have
(7.3) Prob(z € K : ||z||2 = ¢qLk) < exp(—q)

for every ¢ > y/n, where ¢ > 0 is an absolute constant. We set A := max{p, /n,log N'}.
Since A > /n, we may write

[ — p—1 Ao >
By = [ o0 Prob(m e > 1) d
A oS

< ch’;(/O ptp_ldt—i-pch’;(N/A tP~1Prob(||x|ls = ctLg) dt
< chﬁ(Aerpch’;(N/A tP e tat
< PLE AP +pchII)(Ne_A+1Ap
< PLE AP(1 4 epNe ™)
< PLEAP(1 +ep)

where we have used the fact that

(7.4) / tPlemtdt < e AL AP
A
forallA>p>1. O
Following Rudelson’s argument (see also [18], page 10) we see that if /,..., 2y

are independent random points from K which are chosen independently from the
x;’s, then
(7.5)

1 log n)P/? bz
sP ::EHI—in@xi < (4cyp P F1oe)"” (]E rg%nxini”) V5P + 1.

2
NP2 LE,

If we choose p = logn, Lemma 7.2 and (7.5) show that

27\ P/2
(7.6) 57 < (Cl(logn) ma;cv{n, (log N) }) e

From this inequality we see that if N > ¢(e)nlogn then

(7.7)

c1(log n) max{n, (log N)?} P/2 - gptl
N 2’
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and hence,

N
(7.8) EHI—NL@(;%Q@% p:SP<5P+1.
An application of Markov’s inequality shows that
1 X
(7.9) Prob (HI— N—L%(;xi(@xi >€) <e,
which is exactly the assertion of Theorem 1.6. O

8 Concluding Remarks

All the main results of this paper remain valid if we replace Lebesgue measure
on an isotropic convex body by an arbitrary isotropic log-concave measure. In
our discussion, the fact that K is a convex body was only used through the log-
concavity of the function ¢ — [{z € K : |(z,0)| = t}|. Also our assumption that
K has centre of mass at the origin was needed in order to use Fradelizi’s Theorem
which is also valid for any log-concave probability mesure. One way to extend our
results to the case of a log-concave probability measure in R™ is to introduce the
relevant parameters and follow the proofs of the previous Sections:

Let u be a log-concave probability measure in R™. We say that p has its center
of mass at the origin if [, (z,60) du(z) = 0 for all @ € S*~*. For ¢ > 1 we define

I(p) i= (fgn ||ngd,u(x))1/q and we consider the symmetric convex body Z,(p) in
1
(w, 0)|tdp(x)) ",

R™ which has support function hz_(,)(0) := ( Jgn
Next, we define

(8.1) g+ (1) = max{q € N: k.(Z; (1)) = q}.
Then, one can prove the following analogue of Theorem 5.2:

Theorem 8.1. Let p be a log-concave probability measure in R™ with center of
mass at the origin. Then, for every q < g.«(u),

(8:2) L) < el ()
where ¢ > 0 is an absolute constant.

The proof of Theorem 8.1 is similar to the proof of Theorem 5.2; only a few
straightforward modifications are needed.

Let p be a log-concave probability measure in R”. We say that p is isotropic
if Z5(p) is a multiple of the Euclidean ball. An inspection of the proofs in Section
3 makes it clear that Proposition 3.10 and Corollary 3.11 remain true in the “log-
concave” case. This implies immediately a reformulation of Theorem 2.3 for log-
concave measures.
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ADDED IN PROOFS: B. Klartag has recently proved that for every convex body K
in R™ and for every € > 0 there exists a second convex body T in R™ whose Banach-
Mazur distance from K is bounded by 1+ ¢ and and its isotropic constant satisfies
Lt < C/y/e. This almost isometric answer to the slicing problem, combined with
Theorem 1.1 of our paper, leads to the estimate Ly < c/n for every convex body
K. Klartag’s work will appear in this Journal.

30



