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SLICING /,-BALLS RELOADED: STABILITY, PLANAR SECTIONS IN /;

GIORGOS CHASAPIS, PIOTR NAYAR, AND TOMASZ TKOCZ

ABSTRACT. We show that the two-dimensional minimum-volume central section of the n-
dimensional cross-polytope is attained by the regular 2n-gon. We establish stability-type
results for hyperplane sections of £p-balls in all the cases where the extremisers are known.
Our methods are mainly probabilistic, exploring connections between negative moments of
projections of random vectors uniformly distributed on convex bodies and volume of their
sections.
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1. INTRODUCTION

Let p > 0. Let By = {(21,...,2,) € R": 37| |24]P < 1} be the ball in the standard £} norm.
The problem of determining k-dimensional sections of B) of maximal and minimal volume
has attracted significant attention over the past few decades, notably prompting development
of several important analytic, geometric and probabilistic techniques. It originated in the
context of the sections of the cube from questions in geometry of numbers (see, e.g. [20, 46]).

1.1. Known results. We begin by briefly recalling the known results. Let Hj be the hy-
perplane perpendicular to e; + ... + ey, where (ej)1<j<n is the standard basis of R"”. The
smallest hyperplane section of the cube B, is obtained by taking the hyperplane H;, which
was proved by Hadwiger in [19] and independently by Hensley in [20]. This has been gener-
alized to sections of arbitrary dimension by Vaaler in [46]. In [3] Ball showed that Ha gives
the hyperplane section of the cube with the largest volume, see also [39] for a simpler proof.
This important result led to the negative answer to the Busemann-Petty question in large
dimensions, see [4]. The article [5] contains a study of maximal lower dimensional sections of
the cube (the results are optimal if the dimension k of the subspace divides n or k > n/2). It
is shown in [40] that Hs is not a maximising subspace for the volume of hyperplane sections of
By for p < 24. For a comprehensive survey of the results for the cube, we refer to Chapter 1
of [47]. For some recent related results, we also refer to [1, 2, 22, 27, 29, 31, 32].

Meyer and Pajor studied in [35] the same problem for By with finite p. They showed
that for any dimension k, the set B;f obtained by taking the standard coordinate subspace
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span{ey,...,er} is the maximal section for 1 < p < 2 and the minimal section for p > 2. For
extensions to p € (0,1) see [7, 13]. In [35], Meyer and Pajor also found the minimal hyperplane
section of B}, which is given by taking the hyperplane H,,. Koldobsky in [24] extended this
result to p € (0,2). Later on several works treated the complex case (see [26, 41]) as well as
a further generalisation to block subspaces (see [17]). We emphasise the fact that in all of the
cases, the known extremising subspaces are also known to be unique (modulo symmetries).

We mention in passing that the analogous, dual question for extremal projections of B}
has also been considered. The problem is related to certain Khinchin-type inequalities, as
explained in [6, 9]. In particular, finding extremal projections of B} is equivalent to deriving
optimal constants in the classical Khinchin inequality, which was done by Szarek in [44],
followed up by De, Diakonikolas and Serviedo who developed a stability version in [16]. The
case p > 2 has been studied by Barthe and Naor in [9], where the authors showed that the
smallest and the largest (n — 1)-dimensional projections of By, are those onto the hyperplanes
H, and H,, respectively. Koldobsky, Ryabogin and Zvavitch in [25] developed a Fourier
analytic approach. Chakerian and Filliman in [14] found that the 2-dimensional orthogonal
projections of the cube B!, of maximal volume are attained by regular 2n-gons (the same
extremiser as in our Theorem 1) and, by McMullen’s formula from [33], this also gives (n —2)-
dimensional projections of maximal volume. See [21] for recent results on lower dimensional
projections of the cross-polytope B}. Paper [18] provides a different unified probabilistic
approach to the volume and mean-width of central sections and projections and in addition
to identifying the extremisers, also delivers Schur-convexity-type results.

1.2. Our results. It remains an open problem to determine k-dimensional sections of By of
extremal volume: the minimal ones when 2 < k <n —2, 0 < p < 2 and maximal ones when
2 < p<oo,2< k< n—1. This paper is twofold. First, we take on this question in the case of
the cross-polytope and two-dimensional sections, so for p = 1 and k = 2. Second, we establish
stability-type results for the hyperplane sections in all of the cases where the extremisers are
known. Our bounds on deficits are sharp modulo multiplicative constants.

Cross-polytope. By vol,, we denote Lebesgue measure on R", by voly, Lebesgue k-dimensional
measure on a k-dimensional subspace H of R". Often, instead of writing voly, we shall write
vol, where k is the dimension of H, if it is clear what H is.

Our first main result is the following theorem about minimal volume two-dimensional central
sections of the cross-polytope BY.

Theorem 1. Let n > 2. For every 2-dimensional subspace H of R™ one has

n? sin® (%)

CoS (%)

Moreover, if the equality holds, then BN H is isometric to a regular 2n-gon in R%. The mini-
mum is achieved for H = T(R?), with Tz = ((v1,z), ..., (vn,z)) and vy = (cos(ET), sin(£X)),

n n
k=1,...,n. The minimizing subspace H is unique, up to coordinate reflections and permu-
tations.

volg (BT NH) >
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In essence, our argument relies on convexity of certain functions which arise from the radial
function of a planar embedding of the cross-section B} N H, after leveraging the fact that it
is a polygon and breaking it up into triangles.

Stability. For a vector x = (21,...,2,) in R, |z| = (37, :v?)l/Q denotes its Euclidean
norm and recall that (e;)1<j<p is the standard basis of R™. Our second main result concerns
dimension-free refinements of the known results for hyperplane sections, providing stability

of the unique extremising hyperplanes.

Theorem 2. There is a positive constant c, which depends only on p such that for every
n > 1 and every unit vector a = (a1, ...,a,) in R™ with a1 > az > -+ > a, > 0, we have

vol,—1(By N at) (
vol,—1(By N et) —
vol,—1(B) Nat)
vol,_1(Bp N (%)H

-1/
(1) d+-adp?) ", 0<p<e,

n
(2) >1+4¢,» (a—1/n)®  0<p<2,
j=1

vol,—1(By N at)
vol,_1(BP Net)
vol,_1(B% Nat)

vol, 1 (Bz, N (22£2) 1)

> 1+ cpla—er)?, 2 <p<oo,

(3)

er +es

V2

(4)

Sl—coo‘a—

Sharpness of these results is explained in detail in the sections devoted to their proofs. Briefly,
the dependence on the right hand side of each of these inequalities on the deficit quantity
0 = d(a) (which measures how far a is from the extremiser) is best possible, modulo the value
of constants cp.

Our proofs involve several different approaches building on various analytic and probabilistic
formulae for the volume of sections in question. To a large extent, the probabilistic underpin-
ning for these new geometric results is a connection to negative moments of weighted sums of
independent random variables. To give a short overview: (1) simply follows from Schur con-
vexity, its reversal, (2) is obtained from a formula involving negative moments combined with
complete monotonicity allowing to invoke the Laplace transform to leverage independence, (3)
for 2 < p < oo relies on viewing the volume of sections as the co-norm of an appropriate prob-
ability density which is estimated using peakedness and additional probabilistic tools, e.g. the
Berry-Esseen theorem, whereas (3) for p = oo follows from a more general stability result for
an underlying Khinchin-type inequality, obtained thanks to negative moments, and, finally,
(4) is established by a careful analysis of Ball’s proof, souped-up with new insights gained
from representations via negative moments allowing for certain self-improvements of Ball’s
inequality (in the spirit of [16] which establishes an analogous stability result for Szarek’s
Ly — Ly classical Khinchin inequality, with arguments based on discrete Fourier analysis).
In a recent independent work [34], Melbourne and Roberto have addressed the stability of
maximal hyperplane sections of the cube, obtaining a similar result to (4), with explicit val-
ues of the numerical constants involved. Their approach is somewhat different and relies on
developing a stability version of Ball’s integral inequality.
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For the sake of simplicity of our arguments, we have not made any attempts to optimise the
values of the involved multiplicative constants ¢, (or for that matter even explicitly compute
some values, except for the case of (3) when p = 00).

1.3. Organisation. In Section 2, we recall well-known and develop some new formulae for
volumes of sections which will be used throughout the paper. Our new result for the cross-
polytope, Theorem 1, is proved in Section 3. Our stability results are proved in Sections 4
and 5. First, we deal with the cube and prove (3) for p = oo in Section 4.1, as well as (4)
in Section 4.2. Then, we consider the case 0 < p < 2 and show (1) in Section 5.1.1, followed
by the proof of (2) in Section 5.1.2. Finally, we present the proof of (3) when 2 < p < oo in
Section 5.2. We gather some concluding comments and possible future directions in Section 6.

Acknowledgements. We would like to thank Fedor Nazarov for helpful discussions and for
sharing with us his proof of Theorem 1 as well as letting us include it in this paper.

2. FORMULAE FOR VOLUMES OF SECTIONS OF CONVEX SETS

2.1. Sections via linear embeddings. In what follows by a convex body we mean a convex
compact set with non-empty interior. Recall that there is a standard correspondence between
symmetric convex bodies in R and norms on R™. The Minkowski function (gauge function)
associated with a convex body K will be denoted by ||-|| k. We shall use the following standard
lemma.

Lemma 3. Let K be a convex body in R™ and let T : R¥ — R™ be a linear map. Define
Kr={zeRF: ||Tz|x <1}. Then KNT(R*) = T(Kr). Moreover, if T is of full rank then

volpry (K N T(RY)) = /det(T*T) voly (K7).

Proof. For the first part, let us show two inclusions. If y € KNT(R*), theny € K andy = Tx
for some x € R¥. Tt follows that ||Tz||x < 1, so x € Kp. Thus y = Tx € T(Kr). Now, if
y € T(Kr), then y = Tz for some z satisfying ||Tz||x < 1. Thus ||y||x <1, so y € K. Since
clearly y € T(RF), it follows that y € K NT(R").

For the second part, observe that one can treat H = T(R¥) as a manifold parametrized by
T. Since voly is volume on this manifold, we have the well-known formula for the volume
element, dvoly = /det((DT)*(DT)) dvoly, where DT stands for the derivative of 7. In our
case DT =T and so the assertion follows. g

A straightforward application of the above lemma to the case of K being the B ball yields
the following corollary.

Corollary 4. Suppose that H is an image of R* under a linear map T : RF — R™ of full

rank, given by Tx = ((v1,2),..., (vn,x)) for some vectors vy, ...,v, € R¥. Then
VOlH(Bg N H) = det <Z v; ® vZ') voly, ({x c RF Z | (vi, ) [P < 1}) .
i=1 i=1
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Here, as usual, v ® v is the matrix vo'. Let us now assume that the map 7' is an isometric
embedding. This means that (z,y) = (T'z, Ty) = (x, T*Ty), which gives the condition T*T =
I, where I« stands for the £ x k identity matrix. If the mapping is written in the form
Tz = ((v1,x),...,{vp,x)), the condition T*T = Ijxj rewrites as > - ; v; ® v; = Ixk. Thus,
finding extremal k£ dimensional sections of K is equivalent to solving the following problem.

Problem 1. Mazimize/minimize the volume of the set Kr = {x € R¥ : | Tx|x < 1} under

the constrain T*T = Igxy. In the case of K = By, maximize/minimize the volume of the set

n n
KU:{SCERk: Z|<vi,z>|p§1} over wvi,...,v, € R¥, Zvi@)vizlkxk.
i=1 i=1

Remark 5. Since the condition T*T = I« ensures that the map is an isometric embedding,
the set K7 in R¥ in the above extremization problem is isometric to the section K N T(R¥).

2.2. Sections via negative moments. The goal of this section is to connect extremal-
volume sections of convex bodies to sharp Khinchin-type inequalities for negative moments.

Lemma 6. Let X be random vector with density g in R™. Let H be a codimension k subspace
of R and let U be a k x n matriz whose rows uy, . .., uy form an orthonormal basis of H,
the orthogonal complement of H. Then f(x) = fH+Ung s the density of the random vector

UX in RF.

Proof. For x = (21,...,x}) we have U 'z = Zle wiz;. Since u; span H+, we get that y € H+
iff y = Uz for some x € R*¥. Moreover, since u; are orthonormal, we get that z — U 'z is an

isometric embedding of R* into R”, whose image is H+. By Fubini’s theorem f is measurable
on RF.

Let us now take a measurable set B C R*. Note that H = {z € R" : (z,1;) = 0,1 < i <k}
and thus H = ker U. Every point y € U~!(B) can be written as y = y; + y2, where y; € H
and yo € H- NU'(B). Since every point in H' is of the form 3y, = U'z for z € R*
and U'z € U™Y(B) iff UU"z € B, which is just z € B as UU' = Ijx, we get that
U~Y(B) = H + U"B. Thus, by Fubini’s theorem we get

P(UXeB):P(XeU*l(B)):P(XGHJFUTB) :/B</H+ng) dx:/Bf(a:)dx.
O

Corollary 7. Let A be a measurable set in R™ of volume 1 and let X be a uniform random
vector on A. Let H be a codimension k subspace of R™ and let U be a k x n matriz whose
rows form an orthonormal basis of H*, the orthogonal complement of H. Then

f(x) = vol,_w(AN(H+U"z))

is the density of the random vector UX in RF. Moreover, if A is a convex body, then on
its support the above function is the unique continuous version of the density of UX. This
continuous version satisfies

£(0) = vol,_x(A N H)
if 0 € int supp(f).



Proof. This is a special case of Lemma 6. If A is a convex body, then by Brunn-Minkowski
1
inequality f»—% is concave on the interior of its support and therefore continuous. O

Lemma 8. Let X be a random vector in R¥ with density f such that ||f||e = f(0) and f is
lower semi-continuous at 0. Let || - || be a norm on R* with closed unit ball K. We have,

. k—q -
0) = lim ——E| X%
J(0) ok k - voly (K) 1XI

Proof. We first claim that

(5) / |z~ 9dx = kkqtk‘q volg (K), for t>0, 0<g<k.
tK -

Indeed, thanks to the homogeneity of volume, we have

/ Hx\qda:—/ / qs(qH)dsdaﬁ—/ </ qs(q+1)1x||<sds> dz
tK tK J|z|| tK \JO B
= / gs~ (T ( / 1ac||<sdx> ds = / gs~ ( / 1x||<min<s,t>dfc> ds
0 tK B 0 RF B

o k
= VOlk(K)/ qs~ ) min(s, t)Fds = rtk_q volg (K).
0

Take M > 0. Using (5) with t = M, we get

k—q _ k—q / _ k—gq / _
71@ X 9= > X q X d$+ Ay X q X dx
eI () Jo I @ s [ el

k—q _ k—q _
PO q _ P74 ar—q
< ol [ el e+
= oMb 4

k - VOlk(K)

Fix e > 0. Since ||f||lco = f(0) and f is lower semi-continuous at 0, the set {z € R, f(x) >
| fllocc — €} contains a neighbourhood of 0, say 0K for some ¢ > 0. Then,

k— k—q _
71@ x> 9 “f(z)d
o B 2 s [ el @)
k—q -
> = o — ad
> o 1 ) [l s
= (Ifllsc = €)0™1.
These two bounds show that as ¢ — k—, the lim inf and lim sup of mEHX | =7 are within
€ of || flloo- O

Combining Corollary 7 and Lemma 8 yields a probabilistic formula for sections in terms of
negative moments.

Corollary 9. Let A be a symmetric convex body in R™ of volume 1 and let X be uniform on
A. Let || -|| be a norm in R* with closed unit ball K. Let H be a codimension k subspace of
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R” and let U be a k x n matric whose rows form an orthonormal basis of H-. Then

vol,_ (AN H) = lim

k—
—E||UX|
g—n—k - voli(K) Xl

Proof. Since UX is log-concave and symmetric on R¥, one gets || f|loc = f(0). O

2.3. Sections of the cube. As a first application, we sketch how to obtain a convenient
probabilistic formula for central section of the cube in terms of negative moments. It was
derived first perhaps in [28] and later appeared in [10] as well as [31]. Our argument is
different, more direct, bypassing the Fourier-analytic identities involving Bessel functions. It
was recently presented in full detail in [15]. It is more convenient to treat the cube of unit

volume, so we set
o=t o[ L]
2T 22
Lemma 10 (Konig-Koldobsky, [28]). For a unit vector a = (ay,...,ay) in R™, we have
" _
=E|) aré
k=1

)

vol,—1 (Qn N aL>

where the &, are uniform on S? in R3.

Proof. Let Uy,...,U, be iid. uniform on [—1,1]. From Corollary 9 applied with k£ = 1 one
gets
—q

vol,,_1 (Qn N aJ‘> = hm (1-¢qE

ZakUk

It is therefore enough to show that for ¢ < 1 one has

E Z akfk Z arUy
k=1

This can be shown by repeating Latala’s argument leveraglng rotational symmetry from
Proposition 4 in [30]. It has also been written in full detail in Lemma 3 in [15]. O

—q
=(1-qE

Remark 11. The following alternative Fourier-analytic formula for the volume of central codi-
mension 1 sections perhaps goes back to Pélya and is well known (see, e.g. [3])

vol, 1(Qn N ot / H sin CLJ

2.4. Sections of B) via negative moments. Let p > 0. Throughout the paper, we let

Yl(p), Yz(p), ... beii.d. random variables with density e_Bg‘gc'p,

where
Bp =2I(1+1/p)

is chosen such that fR e Ppl7”dz = 1. We shall derive the following lemma.
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Lemma 12. Let H be a subspace in R™ of codimension k such that the rows of a k X n matrix
U form an orthonormal basis of H-. Let vy,...,v, be the columns of U. Then

ol,_r(B*NH _ _
Y k( D — ) — lim k qk E’zy(p)v]’ q.
VOln,k(Bg ) q—k— kVOlk(BQ) = J

Proof. Let vy, ...,v, be the columns of U. Note that

n
T

E vjvj :Ikxk‘

j=1

We take X = (Xi,...,Xy) to be uniform on B. Then X/ voln(B;})l/” is uniform on B;} =
By/ Voln(BI’})l/ " which has volume 1. Using Corollary 9 with the Euclidean norm | - | gives

—-q

vol,_i (B N H) (k — 9N
E|> X
7=1 Y

(voln(Bg))”*k

We shall now use two important facts:

_ vol, (B™)n
=vol, ,x (ByNH)= 1 P
vol, g ( p [ ) q—l)r]?— k voly,(BY

(a) (Barthe, Guédon, Mendelson, Naor, [8]) Let Y7,...,Y, beii.d. random variables with
densities Bp_le_mp and write Y = (Y7,...,Y},). Define S = (Z?Zl ;) YP Let & be
an exponential random variable with density e_tl{t>0}, independent of the Y;. Then

the random vector is uniformly distributed on B).

Y
(Sp+g)1/p

(b) (Schechtman, Zinn, see [43] and Rachev, Riischendorf, [42]) With the above notation
S and Y/S are independent.

In [8] Barthe, Guédon, Mendelson and Naor observed that using (a) and (b) one gets
E‘Z;vaj} N ‘(SP+€)1/I’ZYU" _E‘ (SP + &) UP‘ ‘Z ‘
j=

It follows that E‘(Smr% - is finite. Thus

< 00.

el q_ q -1
E[S|0 = E|S| 1es; < E‘ e g)l/p‘

Then, again by independence of S and Y/S, we have

E|Z ”J} “E[S| q_E}ZYW‘ !
7j=1
and therefore

" —q 1 S —q i —q
E‘Z;Xj”j’ - E[S]—QE’(Serg)l/p‘ E‘nyuj’
= —

q q
_Cl(p7Qa E‘ZYU]‘ —62(]9,(], E’ZY ’U]’ ,
7j=1
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where ¢;(p, q,n) > 0 is independent of vy, ..., v,. As a result one gets

volu—i(By N H) = ea(k.p, )qgrl? kvolk B"’ ’ZY v]’

Taking v; = ej for 1 <i¢ <k and v; =0 for k +1 < j <n and using Lemma 8 we obtain

k—q
Lk (B~ F k,p,n) im —————
Vol ( ) =cs(k,p )q—lfli1 kvoly (BY)

—q

B[, )| = eath,po).

Corollary 13. Let p > 0. For a unit vector a € R™, we have

vol,—1 (B} Nat)
VOln_l (B]T)L_l)

= fa(O)a

where f, is the density of >7%_, anj(p).

Proof. This formula follows by combining Lemma 12 with Lemma 8. The correctness of the
normalization constant can be checked by plugging in a = e;. g

As an application, we show how to obtain the following theorem of Meyer and Pajor from
[35]. The main idea of exploiting Kanter’s peakedness from [23] comes from the original proof
of Meyer and Pajor. In addition to illustrating our approach via negative moments, which we
will build upon later, we hope this proof might be of independent interest.

Theorem 14 (Meyer-Pajor, [35]). Let 1 < k < n and let H be a subspace in R"™ of codimen-
sion k. Then the following function

p > vol, (B, N H)/Voln_k(B;L—k).

is nondecreasing on (0, 00).

Proof. For 8 > « the random variable Y(ﬁ ) is more peaked than Yj(a) (see [23] and [35]).

Thus for every vectors vy, ..., v, in R¥, Z] 1 Y](B)v] is more peaked than Z?:l Yj(a)vj. Con-
sequently, for a norm || - || on R¥ and 0 < ¢ < k,
—q —q
n n
(6) By )| 2By
j=1 j=1

—q
Thus, the function a — E HZ;‘ZI Yj(a)ij is nondecreasing on (0, 00). Using this together
with Lemma 12, we get that

vol,(B" N H
py SO kE\ZY oy
vol,_(Bg ")  a—k- k:volk (B

is nondecreasing. O



2.5. Sections of B, via Gaussian mixtures. In the sequel we shall need one more formula
in the special case of B} with 0 < p < 2. This formula was mentioned in [18] (a hyperplane
case) and [38] (a general case). We sketch a slightly different argument below, based again
on negative moments, for simplicity for hyperplane sections.

We first need some notation. For o € (0,1), let g, be the density of a standard positive
a-stable random variable, that is a positive random variable W, with the Laplace transform
Ee "We = %" 4 > 0. Let Vi,...,V, be iid. positive random variables with density
proportional to t_3/29p/2(t_1) and set R; = /V;/2. Take G; to be standard Gaussian random
variables, independent of the V. According to Lemma 23(a) from [18], the random variables
R;G; have densities 517_16_':0“). We also let V; = (EVj_l/z)QVj be normalised so that IEV]-_I/z =
1.

Lemma 15 (Eskenazis-Nayar-Tkocz, [18]). Let 0 < p < 2. For a unit vector a = (a1, ...,an)
in R™, we have
~1/2

vol,_1(Bf Nat -
7 =E az;V;
( ) VOln_l(Bg 1 Z

(p)

Proof. Using Lemma 12 and the above Gaussian mixture representation for the Y;

ol,_1(B" Nat 1— "
vol, 1 ( pn_? ) _ i 7152‘2&]1/]@)‘ !
VOln_l(Bp ) q—1-— =1

_fqulg? 1qu‘Zaj\/ G‘

for a positive constant , which depends only on p (resulting from rescalings of the random

variables involved). Since Z?Zl a;j+/V;G; has the same distribution as 1/Zaszle and

(1 —¢)E|G1|77 converges to \/g (twice the density at 0) as ¢ — 1—, after further rescalings,

we obtain
—1/2
vol B Nat
i 1 = K, 'E Za2V
VOln_l(Bg

Plugging in a = e; shows that x, = 1. O

Remark 16. The above expectation is finite due to the fact that EW] < oo iff r < . Indeed,
o0 . _ o0 o 1/9
/0 19732 5 (t1)dt = /0 2, (t)dt = EW, 3 /

thus EV{ < oo as long as —¢ — 1/2 < p/2, that is ¢ > —%. The above fact can be deduced
from the asymptotic formulas (see, e.g. [36])

__2-« o
9o (t) ~t—o0 Mati(pra% Ga(t) ~io+ Kot 20-9) exp(Agt T-2).
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3. TWO-DIMENSIONAL CENTRAL SECTIONS OF THE CROSS-POLYTOPE

This proof was kindly communicated to us by Fedor Nazarov. Recall that our goal is to
minimize the volume of the set K, = {# € R? : Y | | (v;,z)| < 1} under the constraint
Yo, v @ v = Inxo. In general, the set K, is a convex symmetric 2k-gon, k < n. We point
out that some of the vectors v; might be zero, and some of them may be parallel. While
studying the geometry of K, one can assume that the vectors v; are non-parallel, since if for
some at,...,a, i1,...,% and v one has v;, = a1v,...,v; = aqv, then considering only one
vector 0 = 22:1 lai;|v instead of the vectors v;; will result in the same set. However, this

operation in general affects the constraint Z?:l v; @ v; = Iaxo.

Let p : ST — (0,00), given by p(0) = (>, | (v, 0) ™!, be the radial function of K,. One
can assume that in our configuration there are at least two non-parallel vectors (otherwise
the resulting set is an infinite strip and so its volume is infinite; in this case Y ;" v; ® v;
is of rank one, and the constraint is not satisfied). It is not hard to check that under this
assumption the vertices of K, correspond exactly to directions 6 perpendicular to v; for some
non-zero v; (that is, to the changes of sign of (v;,0)). Indeed, for points = on the boundary
of K, one has > | |(vs,x)| = 1. If in a small neighborhood of z all the signs of (v;,x)
are fixed, this is a linear equation and the set of solutions is a line. This corresponds to
1-dimensional faces of K,. If on the other hand x satisfies (v;,x) = 0 for some non-zero
v; = (a,b) (if there are vectors parallel to v; we join them together as above), then within a
small ball around = = (sg,tp) there is a part of the boundary being a subset of the line of
the form {(s,t) : as + bt + As + Bt = 1} and a part being a subset of the line of the form
{(s,t) : —as — bt + As + Bt = 1}. These two lines intersect each other at z. We shall show
that they are non-parallel. If they were parallel, they would have to coincide and thus we
would have a+ A = —a+ A and b+ B = —b+ B, which gives a = b = 0, contradiction. Thus
x is an intersection of two non-parallel parts of the boundary and thus is a vertex of K,. A
simple consequence of these observations is that K, has at most 2n vertices.

Suppose that the boundary of K, consists of segments Fj, 7 = 1,...,k. Let C; be the

corresponding segments of S, that is § € C; if p(0)0 € F}, and let T; = conv(0, F}) be the

corresponding triangle in K,. We define A; = 1 [, p? and I; = [, p~'. Suppose that the
J J

angle of T; at vertex O = 0 has measure 23;, where 3; € (0,7/2). Note that Z§:1 pj =m.
We shall need the following elementary lemma.

4sin® B;
cosfB; °

Lemma 17. We have Ajl'j2 >

Proof. Let OLR be one of our triangles T; and let 23 be the measure of the angle at vertex
O. Let h be the height of OLR perpendicular to LR and let [ be the bisector of ZLOR. The
directed angle from h to | will be denoted by «. Let 6 be the directed angle on S, where
6 = 0 corresponds to points on h. Clearly p(0) = h/cosf. We have

a+f
sz/ " €59 46 = Lisin(a + 8) — sin(a — 8],

h h
—p

A<—1h2/a+ﬁl d0—1h2[t (a+ B) — tan(a — B)]

j—2 - 00829 —2 anl« anl«o .

11



FIGURE 1. One piece of K,: triangle OLR.

Thus,
1 [sin(a+3) sin(a—B) ) . 25in(243) - sin? B cos?
AJ? = — - . — —B8)2 = .
772 [cos(a+B)  cos(a — f) [sinfa+ ) = sin(a — 5) cos(a + f3) cos(ar — fB)
B 4sin3 5 cos 5 cos? a 4 sin® 8 1 S 4sin® B
"~ cos2acos? B —sinasin® cosf 1 —tanatan?fB ~ cosf
U
Lemma 18. The function ¢(z) = (cossiifus is strictly convex on [0,7/2). In particular, the
function [0,7/2) 5 x — (x)/z is non-decreasing and thus the sequence a, = nsin(3,) is

cos!/3( )

NON-INCreasing.

Proof. Observe that ¢/ (z) = cos?/3 z + % sin? z cos 43z = % cos?/®x + % cos~4/3 z. Tt suffices

to show that this function is strictly increasing. Taking y = cos?/? z we see that this is

equivalent to showing that f(y) = 2y + y~2 is strictly decreasing (0,1). This is true since
f'ly) =201 —y~?) <0 for y € (0,1).

The second part follows from the monotonicity of the slopes of convex functions and the fact
that ¥ (0) = 0. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. We shall solve Problem 1. Assume that Z?Zl v; ® v; = Isxo and that
K, is a convex symmetric 2k-gon, where k < n. Note that

ooy 1a0=3" [ (w0 jds =4 ol < avin,| S ful? = 4v2m,
st i=1 75" i=1 i=1

12



where in the last equality we use > 1, |v;[* = tr (X, v ® v;). Moreover, using Holder’s

inequality, Lemma 17 and Lemma 18, we get

1 . 1 2 2%k 5/ o 3
Vet =il ([ o) = () (Lo
St j=1 j=1
2k & sin 3
>Y A > 45 ) J
= it = 1/3
= = cosl/3
2k
> 45 . 2k sin (3 5% ) _gogb BenGE) oy p msin(E)
> 45 - YaRT T B () T sl (1)
cos (ﬂZj:16j> 2k 2n
n? sin® 21)

We arrive at |K,| >

We now show that this bound is achieved for K, being a regular 2n-gon. Let us consider
v = \/%(cos(l%),sin(kf)) for k = 1,...,n. It is easy to verify that > " v; ® v; = Iaxo.
As we already mentioned, the vertices of K, correspond to the directions perpendicular to
v;. Since v; are equally spaced on the upper half-circle, we get that K, is a regular 2n-gon.
Clearly ‘U1| = ... = |Un|, ﬂl = ... = ﬂgn, Il = ... = Izn and Al = ... = AQn. Thus,
one has equalities in all the inequalities in the above proof, so |K,| = n*sin® (£ ) / cos (£).
Conversely, it is easy to see that the only possibility of having equalities in all the estimates
of the proof is to have the set {v1, —v1,...,v,, —v,} equally spaced on the circle. Thus, in
the extremal case the only freedom of choosing v; is to apply rotations to all the vectors v;
(which does not change the section B} NT(R?), as it corresponds to replacing T with ToU for
some orthogonal transformation U of R?), permuting some of the vectors (which corresponds
to applying permutations of coordinates in R™, under which H changes), and reflecting some
of the vectors v; (which corresponds to applying coordinate reflections in R™ which again
changes H). Thus, up to coordinate reflections and permutations, there is only one minimal
two-dimensional section of BY. The fact that the section of minimal volume is isometric to a
regular 2n-gon in R? follows from Remark 5. U

4. CUBE SLICING

4.1. Minimal hyperplane cube sections. Prior to Vaaler’s work [46], Hadwiger in [19]
and independently Hensley in [20] established that the minimal hyperplane sections of the
cube are attained for coordinate subspaces. A different simple proof was later given in [3]
(which was based on a direct minimisation of || f||s over even unimodal probability densities
with fixed variance). Our method involving negative moments offers another simple approach
with the advantage that it is well-suited to give a stability result. First we establish a robust
version of a relevant Khinchin inequality.

Theorem 19. Let 0 < p < 2 and let &,...,&, be i.i.d. random vectors in R? uniform on
Sd=1"d > 3. For every n > 1 and real numbers ai,...,a, such that a% +ta2 =1, we
13



have
—p

. p(p+2)(2d —p —4) S
E> aig| =1+ o 1-Y a
=1 j=1

Proof. First we remark that a sharp inequality without the remainder term is a simple con-
sequence of convexity. Indeed, for any p > 0 we have

. —p . 2\ —P/2 . 2\ —P/2
(8) ED aigl =E[|D ag > ED a4 =1
j=1 j=1 j=1

To control the error in this estimate, a natural idea presents itself: we write

2
n

Z ajfj =1 + S

j=1
with

S =2 aia; (&,&)
1<J

and seek a refinement of the pointwise bound (1 + z)77/2 > 1 — Br, 2 > —1 (resulting just
from convexity) which gives (8), in view of the fact that S > —1 a.s. and ES = 0. We shall
use the following lemma, the proof of which we defer for now (for simplicity, we did not try
to optimise the numerical constants).

Lemma 20. For every p > 0 and x > —1, we have

plp+2) o pp+2)(p+4) 3
9 72 ‘

(14z)77/2 > 1fgx+

This lemma yields
—-p
- _ +2) p(p+2)(p+4)
E§j~~ =E(1+9)7?%2>1 p(p
’ a;é; (1+295) >1+4+ 5

ES3.
72 S

ES? —

To compute ES? and ES?, first note that thanks to rotational invariance and independence,
for i < j,

1

E (&, &) =E (&, e1)’ = P

and for ¢ < j < k,

E (&,&) (&, &) (& &) = E(&,&) (&, e1) (€ e1) = E (& e1)” (&, e1)” = %-

Thus, using symmetry,
S? =4 alaE (&, &) Za
1<j 1<]

and

3=-8.6 Z afaiaiE (&, &) (&5, ) (s k) = 48 Z aiasaj.

i<j<k z<]<k
14



Introducing, s; = > & a?, 1 =1,2,..., we have s; = 1 and using Newton identities for

i=14; »
symmetric functions, we express 2 a?a? =1 — s9, 62i<j<k a?ajzai = 1 — 389 + 2s3.

Moreover, s3 < s9. As a result,

1<j

2
ES? = &(1 — 59),

8 8
ES3 = ﬁu — 389 + 2s3) < ﬁ(l — 52).

Therefore,

Y ag| 214 20D, PEDOEL
j=1

_ 1+p(p+2)(92;l2—p—4)(1_82)_

O

Now we are able to deduce a stability result for minimal hyperplane sections of the cube, (3)
for p = co. For convenience, we restate this here.

Theorem 21. Let a = (aq,...,a,) be a unit vector in R™ with ay > ag > --- > 0. Then,

1
vol,_1 (Qn N aL> >1+ 5—4\a —e1]?

Proof. Note that under the assumption on a,

1 1 =
2|a—el\2—2<(1—a1)2+za?> =l-a<1l-af=1-) dafa}<1-) a.
=2 7 A

Thus the assertion follows immediately from Theorem 19 applied to p = 1 and d = 3, in view
of Lemma 10. O

Remark 22. The dependence on §(a) = 1 —E?Zl a? in Theorem 19 modulo a constant factor is
best possible: there are examples of unit vectors a with §(a) — 0 for which E| )" a;&;|™7—1 =
Op.a(6(a)). For instance, take a = (v/1 —€,1/€,0,...,0) with e < %6. Since for 0 < p < 2 and
z € [-3,1] one has (1 + )77 <1— La + 8x? (use Taylor formula with Lagrange remainder),
it follows that

BY 6| = B+ 2V/2(1 ) (6,6)) " < 148261 ~ B (61,6)* = 14 20—

Since 1 — Y7, af = 2e(1 —¢), we get B[ Y ;&P <1+ (137, af).

In particular, the same remark applies to Theorem 21 as well.
It remains to prove the point-wise inequality we used.

Proof of Lemma 20. From the Taylor formula with Lagrange reminder for the function (1 +

_p 2
x)~ 2 one gets that for x < P

plp+2) » ple+2)p+4) 5 pP+2) o pE+2)P+4) 3

8 48 ="y 72 v
15

p

(1+2)7P2% - 1+ o>




We now show how to treat the case x > 0. Define
w(x) — (1 +.1‘)_p/2 — 1+ E:D N p(p+ 2)$2 + p(p+ 2)(p+4>$3

2 9 72
Our goal is to prove that ¢ (z) > 0 for z > 0. Note that ¢(0) = ¢'(0) = 0. Thus it suffices to
show that for z > 0 we have ¢ (z) > 0. This is equivalent to (1 + a:)_% > 8 —1(p+4)z.
Define o = 1(p + 4). Our inequality reads (14 )™ > 8 — 2az. We shall verify this for
arbitrary o,z > 0. Let t = ax. Rewriting gives (1+1)7* > 8 —2¢. We have (14 L)~ > ¢~
(take the logarithm and use the inequality In(1 + y) <) and thus it is enough to show that

e >8—2¢fort>0. The functlon h(t)=e'— 5+ 2t has a minimum for ¢ = In(3). It is
enough to Verlfy that 2 > % — 2In(2). This is In(3) > £ which is true. O

4.2. Maximal hyperplane cube sections. Our goal here is to prove (4). We recall two
formulae (see Lemma 10 and Remark 11),
-1

(9) vol,_1(Qn Nat Z a;&;j

(10) / H sin aj

as well as the fact that

I
11 _

( ) HaHBus VOln_l(QnﬂaJ‘)

defines a norm on R", thanks to Busemann’s theorem (see [12], or, e.g. Theorem 3.9 in [37]).
It follows that the function a ~ vol,_1(Q, Nat) is 2-Lipschitz on the unit sphere.

Lemma 23. For every unit vectors a, b in R™, we have

vol,_1(Qn Nat) —vol, 1(QnNbY)| < 2/a —bl.

Proof. Letting F(a) = vol,_1(Q, Na™t), by the triangle inequality we have

|F'(a) — F(b)| la —b|
—_— = us — ||16]|Bus| < [la — bl|Bus = =———~.
F(G)F(b) |HCLHB S H ||B 5’ Ha’ HB F(a—b)
Using that 1 < F(z) < V2 for every vector x concludes the proof. O

We will also need the following observation.

Lemma 24. Let X and Y be two independent rotationally invariant random vectors in R3.
Then
EX +Y|' =Emin {|X|™,|Y[™'} < min{E|X|"" E|Y|™'}.
In particular,
vol,—1(Qn Nat) < min{|a;| ™'}

Proof. Since X and Y are rotationally invariant, their distributions can be written as | X|&;
and |Y|&, where &1, & are uniform on S?. By conditioning it suffices to verify the identity
16



E¢, 6|71 + s&|™' = min(r,s)"!. Note that by rotation invariance (£1,&2) has the same
distribution as ({1, 1), that is a uniform distribution on [—1, 1]. Therefore

1

B / (r? + s + 2rsu) " 2du

(r? + 52+ 2rsu)1/2 ‘1 _ |r 4+ s| — |r — s| _ min{r, s}
2rs

E&’g?‘r& + 8£2|_1 = E§1152(|T‘51 + 5€2|2)_1/2 =

= min{r—!, s} 71

-1 2rs TS

To prove the second part it suffices to take X = E;:ll a;&;, Y = a,§, and use the inequality
E|X +Y[|"! <E[Y|~%L O

Since the maximal section has volume /2, that is vol,,_1(Q, N (%)l) = /2, our stability

result (4) for maximal sections of the cube can be equivalently stated as follows

e] + e

V2

for every n and every unit vector a in R" with ay > as > --- > a, > 0, for some universal
constant cgp.

(12) vol,_1(Qn Nat) < V2 — ¢

a— 9

The proof involves different arguments, depending on whether a is close to the extremiser or
not and whether its largest coordinate is large or not. We assume throughout that a is a unit
vector in R™ with a; > a9 > --- > a, > 0 and set

2

€1t e :2—\/§(a1+a2).

V2

3a) = o~

For vectors a close to the extremiser, we have the following local stability result (it is to some
extent in the spirit of Lemma 3.7 from [16]).

Lemma 25. There are universal constants 6o € (0, %) and co > 0 such that (12) holds for
every a with §(a) < do.

1

For vectors a away from the extremiser with largest coordinate sufficiently close to 730 e

prove the following lemma.

Lemma 26. Let &g be the constant from Lemma 25. There are positive universal constants
Yo, c1 such that

(13) vol,—1(@Qn N aL) <V2—-¢

holds for every a with 6(a) > 0y and a1 < % + Y-

The remaining case is straightforward: taking these two lemmas for granted, it is very easy
to prove (12).

Proof of (12). In view of Lemmas 25 and 26, it remains to consider the case when a; > %—l—*yo.
From Lemma 24, we have

1 1 Y0
vol,,— nﬂaj‘ <—< ———<V2— <\[—7\/(5CL,
I(Q ) a1 1/\/5_}—’70 o \/i ()
17



because d(a) < 2, so in this case (12) also holds. O
It remains to prove the lemmas.

Proof of Lemma 25. The idea is to argue that Ball’s inequality vol,_1(Q, Nat) < /2 allows
for a self-improvement near the extremiser. We shall assume that n > 3 and a? + a3 < 1 (the

case n = 2 can be analysed directly). A starting point is formula (9), combined with Lemma
24,

vol,—1(Qn N aJ‘) = Exy min {\X|71, |Y\71} ,
where we apply it to X = a1£1 + a2 and Y = 2?23 a;&;. By Ball’s inequality,
Ey |Vt < V2(1 —a? — a2)~V/2
Thus, thanks to the independence of X and Y and the simple inequality
Ey min {|X|7, [Y|7'} < min {|X|™" Ey Y]},

we obtain

vol,_1(Qn Nat) < Ex min {|X|71, V2(1 — a2 — a%)fl/Z}

Note that | X | has the same distribution as (a3 4a3+2a1asU)'/?, where U is a random variable
uniform on [—1,1]. To evaluate Ex, observe that | X|~! < v/2(1 — a? — a3)~/? corresponds
to U > ug, where

_ 1-3(af +a3)

- 4&1@2

We need to consider two cases. Let 6 = d(a)/2, that is

Uo

a1 + ag = \@(1—5)

Case 1: ug < —1. Then
Ex min {|X|717 V2(1 — a2 — a%)flﬂ} =E|X|™' = min(ar,a2) ' = a7 .

Given aj +as = v/2(1 —§), the condition ug < —1 implies that a; > @1, where a; is the larger
of the two solutions to the quadratic equation

1-3(a2 + (V2(1 = 6) — a1)?) = —4a,(V2(1 = 6) — a1).
This yields

-1
voly_1(Qn Nat) < 1_» (1 — 0+ \/gx/z—(s) <V2— V6

a1
for a universal constant ¢y > 0, provided that ¢ is sufficiently small.
Case 2: ug > —1. It is clear that for all § sufficiently small, up < 1 (in fact since aj + az <

V2(a? + a3) < /2, the equality a3 + az = v/2(1 — §) for small § implies that both numbers
18



a1, as are close to % and thus ug is close to —1). Then

Ex min {yxyfl, V2(1—a? - ag)*m}

1 1 /1
= §(UO + 1)\/5(1 — a% — a%)*1/2 + 2/ (a% + CL% + 2a1a2u)71/2du
uo
uo + 1 a1 +az — \/a? + a3 + 2a1azug
2(1 —af — a3) 2a1as :

Plugging in ug and rewriting in terms of s = aj +ag, p = a? + a3 results with an upper bound
on vol,_1(Q, Nat) by
s n 252 —1—3p
s2—p  2V/2(s2—p)/I—p
Note that % < p < 1. We claim that for every 1 < s < /2, function p + h(s, p) is decreasing

on (%, 1). Thus,

h(s,p) =

volp_1(Qn Na™) < h(s,s?/2) = g - 1&22/2
s (1s Y e
=V2(1-9) (1 5 mm)
<\/§—Co\/g

for a universal constant ¢y > 0 and all sufficiently small §.

To prove that p — h(s,p) is decreasing on (%,1), we fix 1 < s < v/2 and compute the
derivative

op 8(1 — p)3/2(s2 — p)?
Note that the numerator
h(s,p) = 2v/2 — 3v2p(1 + p) — 8(1 — p)*/%s + 3v/2s2(1 + p) — 2v/2s*

is a concave function of p € (s2/2,1), as a sum of concave functions. It suffices to show that
the values at the endpoints are non-negative. At p = 1, we have

h(s,1) = —2v2(s* — 352 +2) = 2v/2(s? = 1)(2 = s?) > 0

Oh _ 2v2=3v2p(1+p) —8(1 — p)*/?s + 3v25*(1 4 p) — 2v/2s"

At p = 52/2, we get

~ 2 _ 2 92— 2
hs.5/2) = = i (532—1—4—83\/2—32)2 2\/; (552 —4) >0,

by 2sv2 —s2 < s2+(2—s%) =2. O

S

Proof of Lemma 26. Assume that d(a) > do. In particular,

1 ~ 2—46(a) 1 B 570
(14) as < 5(&1 + ag) = 72\/5 < \/§ 2\/5.
19



The argument is now split into two cases: when a; < %, we employ (10) and use Ball’s

approach to show that savings simply come from ao being small, whilst when a; > %,
provided a4 is close to %, we employ Busemann’s theorem to reduce this case to the previous

one.

Case 1: a1 < % For s > 2, we define

sint |’
— dt.
t

2 o0

W(s) = 25 |

™ 0

To establish his cube-slicing result, Ball showed in [3] that
U(s) < U(2) =2, s>2.

. i 2 _
Moreover, since S2(YS) — 1 _ L +0(s7?) as s — oo,

t/\/s
. 6
lim ¥(s) = \/7 < V2.
§—00 v

In particular, by continuity, for every sy > 2, there is 0 < 8y < 1 such that
(15) (s) < 6pV'2, s> Sp.
As in [3], applying Holder’s inequality in (10) yields

n
vol,—1(Qr N aL) < H \I/(aj_2)a32'.
j=1
Letting so = 2 (1 — 8p/2) 2, from (14), we know that a;Q > s¢ for each j > 2, thus (15)
applied to each j > 2 and ¥(a;?) < /2 give

vol,—1(@Qn N al) < Héfa%\/i < 93/2\/5 =2 —¢.

Case 2: % < ay. We argue that there are positive universal constants g, co such that if

additionally a; < % + 70, then vol, 1(Q, Nat) < v/2 — co. To this end, we modify a and

consider the unit vector
1 1
b—(\/§7 a%+a%—2,a3,...,an>.

Note that b1 > by and since b > ag, also by > b3 > --- > b,. Moreover, crudely,

2 s 1 a%—% s 1 /
a1+CL2—§—a2: 5 5 S a1_§S 2’)/07

1
a1+a2_§+a2

thus

2
1)\? 1

—b%2 = _ 2 2 _ - < ~2 12

la ] <a1 \/§> +< ay + as 5 as Y + 2%

Lemma 23 yields

vol,—1(Qn N at) < vol,_1(Qn NbY) +24/72 + 270.

20



If 6(b) > o, then Case 1 applied to b gives
vol,_1(Qn NbY) < V2 —c1.

Otherwise, observing that

5(b):5(a)—\/§(\}§—|—wa%+ag—;—al—@)
>50—\/§<\/a%—|—a%—;—a2>

> 50 - 2\/"77
Lemma 25 applied to b gives
vol,—1(Qn N ) < V2 — cp1/0 — 2¢/70-

In any case, choosing 7 sufficiently small (depending on the values of ¢y, c1, dp), we can ensure
that

vol,—1(Qn N aJ‘) <V2— ¢

with a positive universal constant cs. O
Remark 27. The dependence on §(a (modulo the universal constant ¢) is best pos-
sible: if we consider a‘E = (\/ 5 +e, \/ — &, 0 , ) with ¢ — 0, then §(a) = €2 + O(e?*) and
vol,—1(Qn Nat) =a;! = 26(a) + o 5(@)).

5. HYPERPLANE SECTIONS OF Bg, 0<p<oo

5.1. Case 0 < p < 2. Asremarked in [18], formula (7) immediately yields the Schur-convexity

of the function
(b, bn) = Vol 1 (B2 N (v/by, ..., v/ba)b)

on R, in particular asserting that the subspaces of minimal and maximal volume cross-
section are (—- T ﬁ)l- and (1,0,...,0). Moreover, the formula allows to obtain stability
results for these extremisers, which has not been observed before.

5.1.1. Case 0 < p < 2: maximal sections. Thanks to Schur-convexity the case of maximal
sections is straightforward.

Proof of (1). By (7) and Schur-convexity,

~1/2
vol,—1(B) Na* 9 1/2
=E a;Vj aiVi + (1 — af)Vz
vol, 1 (By 1) Z E (aiVi + ( DVe)”
_ VOll(Bz N (a1, /1 —a})t)
a VOll(Bll)) ’
which is exactly the right hand side of (1). O
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Remark 28. The bound is clearly optimal as it is attained in the case of vectors with at most
two nonzero coordinates. Moreover, the right hand side of (1) in terms of § = §(a) = |a — e;]
is asymptotic to 1 — ]%57) as § — 0T,

5.1.2. Case 0 < p < 2: minimal sections. Here our goal is to establish (2). We begin with
a relevant stability result for negative moments. We rely on the fact that x — x79, ¢ >
0 is completely monotone, which allows to use simple convexity properties of log-moment
generating functions.

Lemma 29. Let Y be a nonnegative random variable and A(u) = logEe ™, u > 0. For
every nonnegative real numbers by, ..., b, with B = ZT»L_ bj, we have

(16) ZA ) > nA(B/n) +ch — B/n)?,
7j=1

where .
c== sup e PO EB_a)?’PY <a)P(B<Y <7)
4 0<a<ﬁ<’y

with L = maxj<y b;.

Proof. By Taylor’s theorem with Lagrange’s reminder,
A(bj) = A(B/n) + (bj — B/n)N'(B/n) + (b — B/n)*A"(6;),

for some 6; between b; and B/n. Adding these inequahtles over j < n gives (16) with
c = %inf(o,maxj b)) A”. Let Y1,Y2 be independent copies of Y. Crudely, Ee~*¥1 < 1, so for
O<a<pB<ny,

1

E(}/Q _ Yl)Qe—que—uYz 1{Y1<a}1{5<y2<7}

A”(’LL) _ ]E(Yé o Y1)2€—uY1 e—uYg

v
DO = M| = DO =

S
!

v

a)2e MNP (V] < )P (B < Yo <),
which proves (16). O

Theorem 30. Let ¢ > 0. LetY be a nonnegative random variable which is not constant a.s.
with EY < oco. Let Y1,Ys,... be its i.i.d. copies. For every by,...,b, > 0 with Z’;Zl bj =1,
we have

—-q —-q
n

n 1 n
(17) E(D 0] ZE[> Y| +epy ) (b—1/n)?
j=1

j=1 j=1

for some positive constant cqy which depends only on q and the distribution of Y.

Proof. Using 279 = T'(q)~! JoT et dt, x > 0, we have

—q
18 E b;Y; =T(¢q)~* exp A(tb;) | e 1de,
77 J
j=1 0 j=1
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where A(u) = logEe Y. We apply Lemma 29 to the numbers tb; which add up to t. It is
clear that under our assumptions on Y, the constant ¢ from Lemma 29 satisfies ¢ > cje™ %,
for some positive constants c¢q, co > 0 which depend only on the distribution of Y. Thus, from
(16), we get

—q

E ijYj >T(q)~? / exp (nA(t/n) + cre”2'25) ¢4~ dt
j=1 0

with 6 =37 (bj — 1/n)?. Using exp (cre=2"%§) > cre~ "6 + 1, we obtain
—q —q
n

n 1 00
E b;Y;| >E ~Y; §-al(g)™" At —eatyatl
Soom| B[S0 +oear) | e oate/m) e ta

By the convexity of A, the sequence (nA(t/n)), is nonincreasing with the limit —¢tEY", hence
© 1%
/ exp (nA(t/n)) e*CZtt(I‘i’ldt 2 / e*(CQ+EY)ttq+1dt7
0 0

which gives (17).

We are ready to establish the desired stability results for minimal sections.

Proof of (2). Let
~1/2

3

SR

Anp =E Vi
j=1
From (7) and (17) applied to the V; and ¢ = 1, we have

—~1/2
vol,—1 (BN aJ-) 1 n _
(19) 4 = E a;V;
VOlnfl(Bgﬂ (%,,ﬁ)l-) An,p ]z; 7

Cp - 2 2
21+A—Z(aj—1/n)

n,p j=1

with a positive constant ¢, which depends only on p (through the distribution of Vi). It
remains to note that thanks to Schur-convexity, the sequence A, , is nonincreasing, thus

App < Ay, =EV; 2 =1, 0

Remark 31. The sequence A, , is in fact bounded below as well, namely by

—-1/2
n
. . 1 —\—1/2
i Ay 2 B (250 )| = (V)
j:
Moreover, as n — oo, we have
& _
(20) Anp = co(p) + L2 4 0372
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for some constants co(p), c1(p) which depend only on p. This is justified by first noting that
Ap p = gn(0), where here g, (x) is the density of ﬁ > 7=1Yj (plug in @ = ey in (19) and recall
Corollary 13) and then evoking the Edgeworth expansion for g,, (see, e.g. Theorem 3.2 in [11]
and classical references therein).

Remark 32. The dependence on d,(a) = >/ 1( —1/n)? in (2) modulo a constant factor is
best possible, in the following two scenarios.

1) As n — oo, there are unit vectors a in R™ with d,, = d,(a) — 0 such that the left hand

side of (2) is in fact of the order 1 + ¢(p) - 6, + 0(dp,). Consider a = (\/%, e \/nlfl,()) in
2
R, Then 6, = d,(a) = (n = 1) (5 — 1) + & = 5 + 0 (%) and, using (20),
B ) ey ) o 1)
vol,—1(Bp N (f,...,%)l-) App 2 5/2 )"

2) For a fixed n, there are unit vectors a in R™ with § = d,(a) — 0 such that the left hand
side of (2) is of the order 1+ ¢(p,n)d 4+ o(9). For simplicity, let n be a fixed even integer. Let
e — 0" and consider

oifie e

n/2

Then 6. = §,(a:) = ne? and with
X Vit o4 Ve Y = Vipoy 404 T

which are i.i.d., we have

vol,— 1(B”ﬂa§-) 1 <X+y >1/2
- "R Le(X—Y
Vol 1(Br N (X,..., o)1)~ Any n e )

Vi Ua
X+Y\ V2 X v\ V2
( - ) <1+5nX+Y> .

Since ’6n§j§’ <en < %, for sufficiently small ¢, using (1 4+ )" /2 <1 — %w + 2% x> —%,

1
= E
Anp

we can thus upper bound the right hand side by

X+v\ 2 1 X-Y 4 ,(X-V\?
1——en +e'n
n 27X +Y X+Y
X-Y
X4Y

symmetry to conclude that term linear in € vanishes.

1
App

).

E =1+ c(p,n)e?,

where we use that ‘ ) < 1 to guarantee the existence of the expectations involved and

5.2. Case 2 < p < oo. Here we prove (3). We use the formula from Corollary 13, that for a
unit vector a € R”, we have
vol,_1(By Na't)

vol,_1(By~1)
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where f, is the density of 27:1 a;Y;, Y1,Yo,... areii.d. random variables, each with density
exp(—fp|z|P), where 3, = 2I'(1 4+ 1/p).

Lemma 33. Let 2 < p < co. For every ug > 0, there is ¢ > 0 depending only on ug and p
such that for every 0 < u < ug, we have

(21) (1+u)1/2/exp{—,@é’upﬂmp—wxz}dx > 1+ cu.
R
Proof. Fix 2 < p < oo and ug > 0. Using exp(—t) > 1 — ¢, we obtain

/Rexp {fﬁgu”ﬂ |zP — 7T:U2} dz > 1— AyuP/?

with A, = g5 fR \:U|pe*”2d:v. Thus it is clearly possible to choose sufficiently small u; > 0
and ¢ > 0 which depend only on p such that (21) holds for all 0 < u < uj. Moreover, a change
of variables z = u~1/2y yields

/ exp {—Bgupﬂ |z|P — 7T:132} dz = u '/ ?Eexp {—mu'Y?},
R

where Y is a random variable with density exp(—/h|z|P) which is more peaked than a Gaussian
random variable G with density exp(—m2?). Thus, for every u > 0,

/RGXP {—ﬁgupﬂ |zP — 7rx2} dz > u "?Eexp {—mflG?} =(1+u)"V2

Thus, by continuity, the infimum of left hand side of (21) over u; < u < g is strictly larger
than 1. Decreasing c if necessary allows to finish the argument. O

Proof of (3). We use different arguments, depending on whether the vector a is close or not
to the minimising one e;. With hindsight, fix 6, to be a positive sufficiently small constant
which depends only on p such that

(27EY) ™12 exp(—0.286, (B[ [*) (BY?) /?)

22) — (0.560,(E[v1*)(EY2)~3/2)1/2 > 1.

Such a choice is possible since 2rEY < 1 for p > 2, as explained later in the proof.

Case 1: ay > 0,. Here the starting point is a formula obtained from writing f,(0) as the con-
volution of the densities % exp(—fBb|z;/a;j|P) and changing the variables y; = z;/a;, leading
to

p
1 n
fa(O):a—lEexp AN IRY
j=2

with b; = 2. Let

2
_ b2_1—a1
u—E ;= 5 -
ay




Note that our assumption a; > 6, is equivalent to u < 0, 2 1. Since Y; is more peaked than
a Gaussian with density exp(—mz?), we get

p/2

P
n n

Eexp { =35 ijYj Z/Rexp B Zb? 2P — waz? } da.
=2 j=2

Note that chl = +/1 +u. Lemma 33 applied with ug = 9;2 — 1 thus yields
1—a?
fa(0) > 14+ cpu=1+¢, = > 14 cp(l—ar).
1

with a positive constant ¢, which depends only on p.

Case 2: a1 < 6. Since in this case

n n
p=> Ela;Y;]’ <aEYi[* Y af < ,E|V1],
p j=1

we can use the Berry-Esseen theorem to argue that f,(0) is large. Let
op = (EY2)2.

We have (see, e.g. [45] which provides the current best value of the numerical constant in the
Berry-Esseen theorem),

n
sup |P a;Y; <z | —-P(Z,<z) < 0.560_3p,
»cR Z A ( p ) p

j=1
where Z,, is a Gaussian random variable with variance o,. Let ¢, denote the density of Z,.
Crucially, peakedness yields

V2moy, \V2mos

since p > 2. Thanks to the symmetry and monotonicity of the densities involved, in particular
we obtain that for every é > 0,

¢P(O) 17

0 4
(5fa(0)2/0 fa(:z)de/O op(x)de — ¢

with €, = 0é566p0p_3E\Y1|3. Letting, say 6 = 521,/2 and using 6! fO(S dp(x)de > ¢p(0) =
%(O)e“s /(295)  we see that 6, chosen sufficiently small according to (22) guarantees that

1/2

p

fa(0) > 5p1/2/ ¢p(z)dz — 5]13/2 > ¢p(0)e’sp/(2”§) — 511/2 =1+¢
0

with a positive constant ¢, which depends only on p. This gives f,(0) > 1+ ¢,, which finishes
the proof. O

Remark 34. Tt can be seen again by taking vectors with exactly two nonzero coordinates
that the dependence on d(a) = |a — e1]? in (3) modulo a constant factor is best possible.
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For instance, take ¢ — 0 and consider a. = (v/1 —¢e,4/£,0,...,0). Then 6. = d(a.) =
2(1—v1—¢) =e+ O(g?) and
vol,—1(By N at)
vol,_1(By~1)

since p > 2.

-1/ 1 1
- <(1 —e) ¢ 6p/2> =1y Ch O@EP?) =1+ 50 +0(%),

6. CONCLUSION

Our result of Theorem 1 confirms the intuition that the (unknown) extremal subspaces for
minimal-volume central sections of B, 0 < p < 2, are conceivably as symmetric as possible.
Note that in the case of the corresponding question for maximal-volume sections and p > 2,
the situation is more delicate, at least for large p, as suggested by Ball’s results (even in the
hyperplane case).

It has been elusive how to extend the arguments from Section 3 to other values of p than
p = 1, or higher dimensions k& than £ = 2. We conjecture that when k£ = 2, the minimising
subspace H is the same as in Theorem 1 for all 0 < p < 2.

Theorem 2 deals only with the case of hyperplane sections. It would be of interest to ask for
corresponding stability results for lower dimensional sections. We believe that (at least some
of) our methods are robust enough to yield satisfactory answers. Another challenging and
intriguing question is that of a sharp dependence on p of the constants ¢, in Theorem 2.
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