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Abstract

Let p be a probability measure on R” with a bounded density f. We prove that
the marginals of f on most subspaces are well-bounded. For product measures,
studied recently by Rudelson and Vershynin, our results show there is a trade-off
between the strength of such bounds and the probability with which they hold. Our
proof rests on new affinely-invariant extremal inequalities for certain averages of f
on the Grassmannian and affine Grassmannian. These are motivated by Lutwak’s
dual affine quermassintegrals for convex sets. We show that key invariance proper-
ties of the latter, due to Grinberg, extend to families of functions. The inequalities
we obtain can be viewed as functional analogues of results due to Busemann-Straus,
Grinberg and Schneider. As an application, we show that without any additional
assumptions on y, any marginal 7g(u), or a small perturbation thereof, satisfies a
nearly optimal small-ball probability.

1 Introduction

In this paper, we discuss connections between affine isoperimetric in-
equalities in convex geometry and concentration results for high dimen-
sional probability distributions. We address the following question: if y
is a probability measure on R” with a bounded density, to what extent
are its marginal densities also bounded? Recall that if y has density f
and E is a k-dimensional subspace of R”, the density of the marginal
ng(p) on E is given by

Jreg()(X) = f(¥)dy (x€E) (1.1)

El+x
1 filx

Rudelson and Vershynin [39] recently proved that if f(x) _1 filxi),
< n and

where each f; is a bounded density on R, then for every 1 <
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k


http://de.arxiv.org/abs/1501.02048v3

1 INTRODUCTION

every k-dimensional subspace E,
Vg oll £ < Cmaxilfill (12)

where C is a numeric constant and ||-||, is the L*-norm. On the other
hand, even for products, the stronger inequality

| frep lle2F < CIFIL" (1.3)

need not hold for all subspaces E; indeed, if fi,..., f, are very peaked,
the left-hand side of (1.3) can be arbitrarily large for the coordinate sub-
space E = span{ey,..., e}, while the right-hand side can be well-behaved

since
A" < VM lleo = fulloo < rg1<an><||ﬁlloo- (1.4)

Nevertheless, we show that for an arbitrary bounded density f, most of
its marginals nearly satisfy (1.3), which we quantify with respect to the
Haar probability measure y, ; on the Grassmannian manifold G, ; of all
k-dimensional subspaces of R".

Theorem 1.1. Let p be a probability measure on IR" with a bounded density
f. Then for each 1 < k < n—1, there exists A C G,y with p, j(A) > 1—2¢7k"
such that for every E € A,

Free ()€ < CIFIS (1.5)

for all x € E, except possibly on a set of 7g(p)-measure less than e™*".

Thus given f, first sampling E € G, x according to y,, ; and then x € E
according to 7tg(p), (1.5) holds with overwhelming probability; on G, &
this is optimal (see Lemma 6.3). Furthermore, one must exclude excep-
tional sets of positive mg(y)-measure as can be seen by considering a
neighborhood of a Besicovitch set (see, e.g., [2, Chapter 9]).

As discussed in [39], bounds for marginals are connected to small-
ball probabilities, which are useful in random matrix theory e.g., [40].
If X is a random vector in R" with density f, then f; () gives the den-
sity of the orthogonal projection PrX of X onto E. When f is bounded,
Theorem 1.1 implies that for every E€ A, e >0 and any z€ E,

P(IPeX - 2 < eVk) < (Cyell f1Lm)F /), (1.6)
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where |-| denotes the Euclidean norm. In contrast, (1.2) implies that for
any z€ E

P(|PeX - 2] < e Vk) < (Cremax|lfillo)*. (1.7)

Thus if f =[], f; and ||f;||. are not identical, the base in the probability
in (1.6) is smaller than that in (1.7) (cf. (1.4)) but the exponent .75 is
slightly worse. Furthermore, for subspaces E that do not belong to A,
one can perturb them to ensure that (1.6) holds (see Corollary 6.5).

The goal of this paper is to show that a purely probabilistic statement
such as Theorem 1.1 is ultimately based on an affine-invariance property
of certain integrals on the Grassmannian G, ; and affine Grassmannian
M, r and corresponding extremal inequalities. Here M, ; is equipped
with its cannonical rigid-motion invariant measure v, ; (see Section 2).

In particular, for non-negative, bounded integrable functions f on IR”,

we consider ( )n
f(x)dx
J; Jﬁfhgwdﬂn,k@) (1.8)

where f|g is the restriction of f to E, and

n+1
f (J; f(x)dx)
My IfIEIEE
Our interest in such quantities stems from the following notion: for

1 < k < n, the dual affine quermassintegrals of a convex body K C R" are
defined by

dv, k(F). (1.9)

1/n
B, (K)= 2" (J KN E|"dﬂn,k(5)] (1.10)
wk Gn,k

where w,, denotes the volume of the Euclidean ball BY) in R" of radius
one and |-| denotes Lebesgue measure. These were introduced by Lutwak
(see [26], [27] for background) and have proved to be an indespensable
tool for quantitative questions concerning high-dimensional probabil-
ity distributions, e.g., [29], [34], [35]. In [18], Grinberg proved that
En_k(K) = 5n_k(SK) for each volume-preserving linear transformation
S. Motivated by Grinberg’s result, we prove that the quantities in (1.8)
and (1.9) are also invariant under volume preserving linear and affine
transformations, respectively. Our argument uses the structure of semi-
simple Lie groups.
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In the case when f = 1k, where K is a convex body (or compact set),
both (1.8) and (1.9) satisfy corresponding affine isoperimetric inequal-
ities. In particular, a result of Busemann-Straus [8] and Grinberg [18]
states that if K is a convex body in R” and 1 <k <n -1, then

le
| o erame < s (111)
nk Whn

when k > 1, equality holds only for origin-symmetric ellipsoids. The
k =n—1 case is Busemann’s seminal intersection inequality [7]. For the
other endpoint, i.e. when k =1, (1.11) is an equality for 1k, evident from
expressing the integral in spherical coordinates.

For the affine Grassmannian M, ;, an inequality of Schneider [41]
states that if K is a convex body in R” and 1 <k <n -1, then

n+l w;cﬂ-lw”(kH) k+1
Mk Wy a)k(n+1)

when k > 1, equality holds if and only if K is an n-dimensional ellipsoid;
when k = 1, equality holds if and only if K is a convex body, which
follows from the classical Crofton formula (e.g., [42, Theorem 5.1.1]).
While many of the latter inequalities also hold for non-convex sets,
the equality cases require additional care. Gardner [17] generalized
(1.11) and (1.12), among other related inequalities, to the class of bounded,
Borel measurable sets with a precise characterization of equality cases,
making use of results due to Pfiefer [36], [37]. In this paper, we ex-
tend such inequalities to bounded integrable functions. The analysis of
equality cases in the functional setting rests heavily on their results.

Theorem 1.2. Let 1 <k <n—1and let f be a non-negative, bounded inte-
grable function on R". Then

dx)" " k
J Mdyn,k(li)<ﬂ( f(x)dx) ) (1.13)
Gk R”

IflEllE* w)

We also discuss the equality cases in the latter theorem under a mild
assumption on f in which case equality holds in (1.13) when k > 1 if and
only if f =alg a.e., where £ is an origin-symmetric ellipsoid and a is a
positive constant. Furthermore, we prove a more genaral statement for
q < k different functions, as well as different powers (see Section 5).

The corresponding result on M, \ is the following inequality.

4
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Theorem 1.3. Let 1 < k <n—1 and let f be non-negative, bounded inte-
grable function on R". Then

n+1
d n+1 k+1
JM (fPf(X) X) an,k(F) < w (J‘ nf(x)dx) . (1.14)

I fpllisk n Wk(n+1)

Under a mild assumption on f, we also prove that equality holds in
(1.14) when k > 1 if and only if f = alg¢ a.e., where £ is an ellipsoid and
a is a positive constant.

One can interpret Theorem 1.3 as an inequality about the k-plane
transform. Recall that the k-plane transform T, ; applied to a function
f on R" is defined by

T4 (F)(F) = Lf(x)dx (Fe M, ). (1.15)

When k =n—-1, T, is the Radon transform and when k =1, it is the X-
ray transform. The k-plane transform satisfies several key inequalites.
In particular, for each g € [1,n+1], there is a unique p € [1,(n+1)/(k+1)]
such that

1T (F)llg < Clr, ks g)lIf Ml (1.16)

for all f € L,. The latter is a special case of a result due to Christ [10],
extending work by Drury [13]; see also the article of Baernstein and Loss
[1] for related work and a conjecture about the extremal functions; for
recent research in this direction, see Christ [9], Druout [12] and Flock
[15] and the references therein. The endpoint inequality g = n+ 1 and
p=(n+1)/(k+1)in (1.16) also satisfies an affine-invariance property [9],
[12].

Organization: We close the introduction with a few words on the
main tools that we use and the organization of the paper. Section 2 is
reserved for notation and background results, including formulas from
integral geometry such as the Blaschke-Petkantschin formulas. In Sec-
tion 3, we treat affine invariance using the structure of semi-simple Lie
groups which we then specialize to the Grassmannian and affine Grass-
mannian. In Section 4, we recall a functional version of Busemann’s
random simplex inequality [7], and its variant due to Groemer [19],
[20], from [33]; the latter makes essential use of Christ’s form [10] of
the Rogers-Brascamp-Lieb-Luttinger inequality [38], [5]. The ratios in
(1.8) and (1.9) arise naturally in a suitable normalized form of the main
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inequality in [33]. In Section 5, we prove Theorems 1.2 and 1.3. We fin-
ish the paper in Section 6 with a more general version of Theorem 1.1
and we discuss connections to the Hyperplane Conjecture from convex
geometry.

2 Preliminaries

The setting is IR” with the canonical inner-product (:,-), Euclidean norm
|| and standard unit vector basis ey,...,e,. We also use |-| for Lebesgue
measure and the absolute value of a scalar, the use of which will be
clear from the context. The Euclidean ball of radius one is B} with vol-
ume w, = |B}|. We reserve D, for the Euclidean ball of volume one, i.e.,
D, = r,B}, where 1, = w, 1/” The unit sphere is S"~! and is equipped
with the Haar probablhty measure o. As mentioned, the Haar proba-
bility measure on the Grassmannian G, ; is denoted by p,, ;. The affine
Grassmannian M, ; is equipped with a measure as follows: for A C M, ,

Vok(A) = J; l{x e E+:x+E € A}|dp, i (E). (2.1)

Henceforth, we will write simply dF rather than dv, (F) for integrals
over M, ;; similarly, dE instead of dyu, ;(E) for integrals on G, . Note
that p,,  is a probability measure while v,, ; is normalized so that v, ({F €
M,k : FNB; # 0}) = w,_x. We use ¢y, ¢,,C, ... etc for positive numeric con-
stants.

We will make use of the following integral geometric identities, often
referred to as the Blaschke-Petkantschin formulas; see e.g., [42, Chapter
7.2], [13],[17, Lemmas 5.1 & 5.5], [28]; see also the generalization given
in [30, Appendix A].

Theorem 2.1. Let 1 < q < k < n. Suppose that G is a non-negative, Borel
measurable function on (R")1. Then

J G(xy,...,xg)dxy ... dx,

—anqj j (x1,..+,xg)lconv{0, xy,...,x q}ln_kdxl...dquE,
nk

where o ©
_Wn—g+1 """ Wn
Cnkg = (q)" ———. (2.2)
Wk—g+1 """ Wk
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Theorem 2.2. Let 1 < g < k < n. Suppose that G is a non-negative Borel
function on (R")41. Then

J G(xl,...,xq+1)dx1...dxqﬂ
(IR”)q“

-k
:Cn,k,qj J‘ G(x1,.- s Xge1)lconvixy,..., xg " dxy ... dxg dF,
Mn,k Fa+l

where Cik,g is defined in (2.2).

If A C R" is a Borel set with finite volume, the symmetric rearrange-
ment A* of A is the (open) Euclidean ball centered at the origin whose
volume is equal to that of A. The symmetric decreasing rearrangement
of 1, is defined by (14)*:=14.. If f : R" — IR" is an integrable function,
its symmetric decreasing rearrangement f* is defined by

f"(x)=f0 1‘{f>t}(x)dt=f0 Lifspp(x)dt.

The latter can be compared with the “layer-cake representation” of f:

f(x)=fO Lpon(x)dE; (2.3)

see [25, Theorem 1.13]. The function f* is radially-symmetric, decreas-
ing and equimeasurable with f, i.e., {f > a} and {f* > a} have the same
volume for each a > 0. By equimeasurability one has ||f||, = [|f*[l, for
each 1 < p < oo, where |||, denotes the L,(IR")-norm. We refer the reader
to the book [25] for further background material on rearrangements of
functions.

3 Affine invariance

In this section we discuss linear and affine invariance properties of the
quantities in (1.8) and (1.9), respectively, as well as generalizations. We
start with the former and prove the following theorem.

Theorem 3.1. Let m be a positive integer and let p;,a;, for i = 1,...,m be
real numbers. Let f; be bounded functions on R", f; € LPi(R"). Define

(oo for) = f [ sl ax.
i=1

Gn,k

7
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Whenever this quantity is finite and ) ;" % = n, for any volume-preserving
linear transformation g, we have

g firer & fu) = 1(f1,e-s fin)
where g - fi(t) = fi(g~'t).
Remark 3.2. Letting p;, «;,q;, p; satisfy Y I (ﬁ— &) = n, Theorem 3.1

pi  4j
yields the linear invariance of

J l_[ filllp! dx,

L ULl

and letting g; — oo, also of

J l_[ filllp! .

AN

Note that in the latter case there are no restriction on the f;’s.

Grinberg’s approach [18], which in turn draws on Furstenberg-Tzkoni
[16], can be adapted to our setting, although we prefer to give a more
self-contained proof using the structure of semi-simple Lie groups. For
this reason, the notation in this section differs somewhat from the rest
of the paper.

3.1 Semi-simple Lie groups

We recall some basic facts from the theory of semi-simple Lie groups
as needed for our later discussion about the Grassmannian manifold.
We follow the presentation from [31]. Further information and details
about this topic can be found for example in [24].

Let G be a non-compact connected semi-simple Lie group with a fi-
nite center. We denote its Lie algebra by g. An involution 6 : G — G is
called a Cartan involution if K = G? := {a € G : 6(a) = a} is a maximal
compact subgroup of G. In this case K is connected. We fix a Cartan
involution 6 on G and the corresponding maximal compact subgroup
K. The derived involution 6 : g — g will also be denoted by 6. We have
g =k®s, where k = g7 is the Lie algebraof Kand s = {X € g : O(X) = -X}.
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Moreover, [k, k] Ck,[s,s] Ck,[k, 5] Cs. By Ad and ad, we denote the ad-
joint representation of the Lie group G and of the Lie algebra g, respec-
tively. The Killing form on g is given by (X, Y) := Tr(ad(X)ad(Y)). And
the product

(X,Y) = —(X,0(Y))

is an inner product on g. Note that ad(X)* = —ad(6(X)). In particular, for
X € s, ad(X) is a symmetric operator and hence diagonalizable over the
reals. Let a C s be abelian. Then ad a is a family of commuting symmet-
ric transformations and thus can be diagonalized simultaneously, with
real eigenvalues. For each linear functional A on a, A € a7, let

gy={Xeg:[HX]=AMH)X for all H € a}

and set
m={Xeg:[H,X]=0forall Heaand X 1 a}.

Then gy =m®a. Let A={1ea*\ {0} : g, #{0}}. Elements in A are called

restricted roots. We have
g=moad @ g,.
AeA

For A,y € AU{0}, we have [g),0,] C 914, In particular, [m®a,9,] C g,
for all A € A. Further, let a, ={H €a: A(H) #0forall A € A}. FixH € a,
and let A* = {1l € A : A(H) > 0}. Elements in A* are called positive roots.
We have A = AT U-A*, A*N-A* =0 and (A* + A*)N A C A*. Tt follows

that
n:= @9/\

AEAT

is a nilpotent subalgebra of g normalized by the Lie algebra p := m@ao®n.
In fact, p is a parabolic subalgebra of g. It is maximal if dima = 1.

Let P:={g € G : Ad(g)p C p}. Then P is a closed subgroup of G with
the Lie algebra p. Let A:=expa and N := expn be analytic subgroups of
G with Lie algebras a and n, respectively. The groups A, N are closed. A
is abelian and N is nilpotent. Denote by M, the analytic subgroup of G
with the Lie algebra m. Let M := Zg(A)M,, where Zy(A) stands for the
centralizer of A in K. M is a closed subgroup of G with finitely many
connected components. The map M xAXx N > (m,a,n) — man € P is an
analytic diffeomorphism. We have G = KP. Further, let L := KN M and
X := K/L, then N

KNP=Land X = G/P.
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The group G acts on X. Write

G2 g=k(g)m(g)a(g)n(g) ((k(g),m(g) a(g),n(g)) € KxMxAXN).

The map g +— (a(g),n(g)) is analytic and the map g +— a(g) is right MN-
invariant. Thus we can view a(-) as a map G/MN — A. The elements
k(g),m(g) are not uniquely defined. However, the map

g k(g)LeX

is well-defined and analytic. Set x, := eL, where e denotes the identity
element of G. The action of G on X can now be described by g- (k- x,) =
k(gk)-x,. Forx =k-x, € X and g€ G, we set a(gx) := a(gk).

We normalize the invariant measure on X to have total mass one. For

f eC(X),
ﬁf(x)dx = f f(k-xq)dk.
X K

For A € a* define a homomorphism x, : P — R by
xXr(mexp(H)n) = M), where me M,Hea,neN.

The shorthand notation for x,(p) is p*. For A € A, set m, := dimg, and
p =13 year myA € 3% Note that p2f =|det Ad(p)l,l-
We shall need the following well known lemma.

Lemma 3.3. Let f € L'(X) and g € G. Then

ﬁf(g -x)a(gx)"*Pdx = ﬁf(x)dx,
X X

Proof. See Lemma 5.19 on p. 197 in [21]. This result is formulated there
in a slightly different form. However, the precise equality appears in the
proof as equation (25). O

3.2 The Grassmannian manifold

Now we apply the general structure theory of semi-simple Lie groups
discussed above to the special case of Grassmann manifolds.

Let G, x denote the Grassmann manifold of all oriented k-dimension-
al subspaces of R" and set r = n— k. Note that G, = G, ,.

Set G = SL(n), then g is the set of n x n matrices with trace zero. The
homomorphism 0 : G — G : x — x7'" is a Cartan involution on G with

10
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K = GY = SO(n). The corresponding Cartan involution on g is 0(X) =
—X'". Denote by M(n) the set of n x n matrices. We have

k={XeM(n): X" =-X and Tr(X) = 0},
s={XeM(n): X" =X and Tr(X) = 0}.

The Killing form on g is given by (X,Y) = 2nTr(XY). For | € IN, denote
by I; the I x | identity matrix. Let

I, 0 )
H,=|" €S.
° (0 ~k1, )77

We define a:= RH,, then m = {X € z,(a) : (X,H,) = 0}. Fix a € a* so that
a(H,) = 1. We choose A = {a,—a} and A" = {a}. We have

_[(x o). xeM), _
m@a—{ 0 Y)' Y € M(r) andTrX+TrY_0}

(g9l(k) x gl(r)),

8 )é):XeM(er)},

S
MA:{m(a,b)::(“ O)- a€GL(K). 1a detadetb:l}
S

0 b]" beGL(r)
(GL(k) x GL(r)),

A:{(S(I)k t(I)r):s,t>0withskt’:1},
M:{(g 2):deta,detb:il and detadetbzl},
N:{n(X)::(Ié‘ f);XeM(er)},
r
p_l(® X\ aeGL(k), detadetb=1,
~J\0 b)) beGL(r), XeM(kxr) ’
L =S(O(k) x O(r))

Let e,...,e, be the canonical basis for R". Set x, = Re; ®---® Rey € G, .
We have G, =K -x, = K/L = G/P.

11
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We identify a* with R via A — -A(H,). The inverse of this map is

Z z%a. Since dimn = kr, we have
kr n
aFs>p=—a«— —€R. 3.1
p=Zac—3 (3.1)

. . kr
For z € R, we write p? instead of p*n“.

3.3 Linear invariance for functions on G,

For ¢ € SL(n) and x € G, x denote by J,(x) the Jacobian determinant of
the transformation x > gx. Then for f € L!(x),

ff<t>|fg<x>|dt - [ rgtoar (3.2)
x gx

Lemma 3.4. For k € SO(n) and x € G, , we have |Ji(x)| = 1.

Proof. Let K C IR” be measurable and f = 1 be the characteristic func-
tion of K. For g € SL(n), we compute

J (g t)dt = J Lok (t)dt = |gK N gx| = |g(K Nx)|.
8x gx

If g € SO(n), then [g(KNx)| = |(KNx)| = fx]lK(t)dt. And the claim follows
for characteristic functions.

By an analogous computation, the claim follows for simple functions.
For a general function f, the claim follows by approximating f from
below by simple functions. O

Recall the following multiplicative property of the Jacobian: Let T :
Z—>YandS:Y > X,thenSoT:Z — X and

Jsor(2) =Js(T(2)) J7(2) with z€ Z.
Lemma 3.5. For z€ R, x € G, and g € SL(n), we have |Jo(x)|* = a(gx)*.

Proof. Write ¢ = kp with k € K and p € P. By the multiplicative property
of the Jacobian, we have

Ug(xo)l = Ukp(xo)l = Uk(P 'xo)]p(xo)l = Up(xo)l:

where the last equality follows by Lemma 3.4.

12
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Letye Rk, then 7 =(v,0,...,0) € x,. Decompose p = m(a,b)n(X) and

Tl o - -t

Thus J,(x,) = deta.

For some m, € M and s € R, m(a,b) = m,exp(sH,). Let m, = (g 2)

il 0
0 el
r
kr
deta = ¢*n detu and so |deta| = ¢°

Next observe: exp(sH,)* = Xz%a(eXP(SHo)) _ oM

and note that exp(sH,) = ( ) It follows that a = ¢¥iu. Hence

a(sH,) kr

= ¢’n%. Thus

we have shown
kr
Ug(xo)lz Up(xo)l =|detal® = e’ n* = exp(sH,)* = a(g).

Write a general x € G, x as x = k- x,. We have |Jo(x)| = [Jo(k - x,)| = |4 (k -
xo)]k(xo)l = ng(xo)l- Hence

Ug(x)IF = gk(xo)* = a(gk)* = a(gx)”.

Substituting the result of Lemma 3.5 into (3.2) yields

o(gn) [ fioae= [ sig i (3.3)
x gx

Proof of Theorem 3.1. Fix m € N and let f;,p;, @;, g be as described in the
statement of the theorem. We compute

ey N (R
1),

= | a(gx ]_[( fi(g™" |p1dt)pi dx
J i=1 gx
Gnk
r m
= " a le |p’dt) dx
| a(gx ]_1[( gx) | Ifilt
nk

13
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- f a(gx)"a(gx)= 7 [ IRl d
i=1

Gn k
- I fll fm
The second equality follows by Lemma 3.3 and (3.1). The third equality
follows by (3.3). O

3.4 Affine invariance for functions on M, ;

The linear-invariance property from the previous section can be trans-
ferred to an affine-invariance property on the affine Grassmannian.

Theorem 3.6. Let m be a positive integer and let p;,a;, for i = 1,...,m be
real numbers. Let f; be bounded functions on IR", f; € LPi(IR"). Define

[(fureeerf f ]‘[n;aun;‘: ds.
nk

Whenever this quantity is finite and ) " | a’ = n+1, for any volume-preserving
affine transformation g, we have

Ig- firs& fon) = 1(fise o fin)

where g - fi(t) = fi(g~'t).
To prove this theorem we will need an analog of Lemma 3.3, for
which, in turn, we need a couple of simple observations.

Lemma 3.7. For x € G, and g € SL(n), we have |J(x")| = |]g(x)|‘1

Proof.
J;Rng-f(z)dz = d]Rnf(z)dz = Jlff(Hrs)dtds

- f(g 7 t+s) Ug(x) dtds

Ixt Jgx
= flg t+g7"s) g(x)l ™ dt To(xH) " ds
Jgxt Jgx
U gl [ g7t
where we applied (3.2) twice. O

14
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Lemma 3.8. Let g € SL(n). For y € M, , let x € G, and s € IR" be so that
Y =x+s. Then |Jo(y)| = |J4(x)].
Proof.

flglz) |]g(y)|_1dz: [ f(z)dz = Jf(t+s)dt
gy Jx+s x

-
= | flg7t+s) U(x) dt
Jgx
[ 1 1
= f(& 2) g(x)| " dz
Jg(x+s)
[ 1 1
= | f&g2) gx)I"dz,
v 8y
where we again employed (3.2). O

Lemma 3.9. Let g € SL(n) and f € LY(M,, ;). Then

f flgv) (@) ”“dy J f
nk nk

r r

f f(gy)dy f(g(x+s))ds dx
Mk JG e Ixt

r r

= fx+gs)ds|Jg-1(x)|"dx

Gn,k Jxl

r r )

= fx+38) [T (x ) ds [Ty (x)]"dx
J Gn,k ~ngl

r r

. £(x +5)ds g ()" dx

J Gn,k ngl

= | fo) LI dy,

J Mn,k

Proof.

C

where the second equality follows by Lemma 3.3 along with Lemma
3.5. O

Proof of Theorem 3.6. The result follows by an analogous computation to
the one in the proof of Theorem 3.1. O

For related affine invariance properties, see [9] and [12].

15



4 FUNCTIONAL FORMS OF ISOPERIMETRIC INEQUALITIES

4 Functional forms of isoperimetric inequalities

We start by recalling the main result from [33]. For positive integers
k,n and vectors xq,...,x; in R”, we view the k x n matrix [x; ---x;] as an
operator from RF to IR". If C c R, then

k
[xl---xk]C:{Zc,-x,-:c:(c,-)EC}. (4.1)
i=1

For example, if C = conv{0,ey,...,¢e}, then
[x1:--xx]conv{0,eq,..., e} =conv{0,xq,...,x;}. (4.2)

Similarly, if xy,...,x,1 € R" and we consider C = conv{ey,...,ex 1} C
R we have

[x1 - Xpqe1]convieq,..., exq) = convi{xy,..., Xp1 )
If dim C denotes the dimension of the affine hull of C, then
dim ([x7 - --x£]C) = min(rank([x; - -- x]),dim C);

moreover, for almost every xi,...,x; € R”, we have rank([x;---x;]) =
min(k, n).

Let fi,..., fr be non-negative bounded, integrable functions on RR"
such that ||f;||; > 0 for each i = 1,...,k. For a compact, convex set C C R¥
and p # 0, set

Fep(firo fi)
1/p

:U e xk]C|pl_[”fZ”1 Yoodu| . (43)

Here |-| denotes m-dimensional Lebesgue measure, where m = min(k, n,dim C).
The main result from [33] (see Theorem 3.10 and Section 4.1) is the
following theorem.

Theorem 4.1. Let k and n be positive integers and C C IRK a compact convex
set. Let fi,..., fy be non-negative integrable functions such that ||f;||; > 0 for
i=1,...,k. Then for each p # 0,

]:Cp fl! ;f ]:Cp fl' fk*' (4-4)
Moreover, if ||fillo <1 =||fill; foreachi=1,...,k and p > 1, then
Feplfir-n i) 2 Fep(lp,,--- 1p,). (4.5)

16



4 FUNCTIONAL FORMS OF ISOPERIMETRIC INEQUALITIES

Under suitable assumptlons on C, the condition p > 1 can be relaxed
(e.g., when |[x; ---x4]CP is coordinate-wise increasing analogous to [11,
Lemma 4.3]).

In [33], the latter result was stated with the additional assumption
that k > n and that C ¢ R¥ is a convex body (so dim C = k). In fact, the
argument given there works for any positive integer k and any compact
convex set C ¢ RK. If k < n and dimC = k, the matrix X = [x; ---x;]
represents an embedding from RF into R” and

I[x1 -+ x¢]C| = det(X*X)?|C]; (4.6)

see, e.g., [14, Chapter 3]. In this case, the quantities fgp (fi,..., fx) are all
multiples of

Jo Jpeomviosin 'pﬂ||f||1dx1 A2

(cf. (4.2)). When k > n, the geometry of C plays a more significant role,
and choosing C suitably gives rise to a number of isoperimetric inequal-
ities (which was our main interest in [33]).

It will be useful to have a non-normalized variant of Theorem 4.1
which relaxes the assumption ||f;|lc < 1 = [|fi]l;. In fact, there are sev-
eral such variants, depending on the homogeneity properties of the in-
tegrand in (4.3).

For subsequent reference, we record two basic identities concerning
the volume of the sets [x---x;]C, where xq,...,x, € R?, and C C RF is a
compact convex set. Note first that for each a > 0,

l[ax; -+ axi JCl = a™|[x; -+~ x,]Cl, (4.7)

where m = min(rank([x; --- x]),dim C). Moreover, if k < nand dim C =k,
and ay,...,a; € R", then

[a1x1 - apx]Cl = ay -+~ agl[xy -+ x¢]C, (4.8)
which follows from (4.6).

Corollary 4.2. Let 1 <k <nand fi,..., f be non-negative, bounded inte-
grable functions on R" such that ||f;||; > 0 for each i = 1,...,k. For p e R,
set

k

A(fireeor fi) = J R Rn|conv{0,x1,...,xk}|p ]_[f,-(xi)dxl dxg. (4.9)

i=1

17



4 FUNCTIONAL FORMS OF ISOPERIMETRIC INEQUALITIES

Then for p >0,

k 1+p/n
Ifill "

0 1 0
Ap(fl"fk)>[l_[m]Ap(]lBg”]lBg) (410)
wn il

i=1

When —(n—k + 1) < p <0, the inequality is reversed. Assume additionally
that {x : fi(x) = ||fille} is a bounded subset of R" for i = 1,...,k and p # 0.
Then equality holds in (4.10) for k = n if and only if there is an origin-
symmetric ellipsoid £ and positive constants a;, b;, such that f; = a;1;, ¢ a.e.
for i =1,...,k; for k < n, equality holds in (4.10) if and only if there are
positive constants a;, b;, such that f; = ailypr a.e. fori=1,...,k.

The condition —(n —k + 1) < p is needed for integrability. Since we
treat the equality cases in the latter corollary but there is no discus-
sion of equality cases in Theorem 4.1, it will be useful to recall one step
in the proof of (4.5). The basic ingredient is the next lemma, see e.g.,
[33, Lemma 3.5], [11, Proof of Lemma 4.3]; the equality condition is not
stated in the latter articles but it is easily obtained from the proofs. Here,
as above, 1, = w;, /1 is the radius of the Euclidean ball D,, of volume one.

Lemma 4.3. Let f : R* — [0, 1] and suppose that fooof(r)r”‘ldr = Or" r"ldr.
Then for any increasing function ¢ : R* — R*, we have
(o] n
J d(r)f(r)r"tdr > J ¢(r)r"dr. (4.11)
0 0

If ¢ is strictly increasing, then equality holds if and only if f =1, ) a.e.
Proof of Corollary 4.2. Fori=1,...,k, let a; = (||filli/|fillos)"" and let

2o filaix)
= ey (412

Then ||filli = llfille = 1. Using homogeneity property (4.8) for the set
C =conv{0,eq,...,er}, we have

k
A(foonfe) = FE(frn f| I (4.13)
i=1
_ _ k 11+p/n
f£p<f1,...,fk>ﬂ”|f|(’]'('7. (4.14)
i=1 illoo

18



4 FUNCTIONAL FORMS OF ISOPERIMETRIC INEQUALITIES

Repeating the latter identities for f; = 15y and fi=1p,i=1,...,k and
applying Theorem 4.1 gives the desired 1nequa11ty forp > 1 Next for
p>0,let
F(x1,...,x;) = |conv{0,xq,...,x;}IP.
Fix xq,...,x,_1 € R" and 0 € S"1 such that X1,...,Xk_1,0 are linearly in-
dependent. Then
R" 57+ F(xq,...,Xk_1,70)

is strictly increasing (cf. (4.8)). Fori =1,. k let ]il (fi)*. One can
now extend the result to p > 0 by writing A (fi",..., fi' ) in spherical co-
ordinates and applying Lemma 4.3 1terat1ve1y (as in, e.g., [11, Lemma
4.3]).

Towards the equality cases, assume that equality holds in (4.10). It
follows from (4.13) and (4.14) that

Ap(fire-r i) = Ap(Lp,,..., p). (4.15)

Furthermore, it follows from Theorem 4.1 applied to C = conv{0,e¢y,..., e},
that

AS(ff, Si)=A)(1p,,..., 1p,). (4.16)

We will first argue that for each i = 1,...,k, we must have f,-* =1p, a.e.
Suppose towards a contradiction that the latter does not hold. Without
loss of generality, we may assume that

{x €eR": " (x) = Lp, (x)}| > 0.

Then h(r) := f; (r@) (r > 0) is independent of 8 € $"~! and  differs from
Ljo,,,; on a subset of positive measure. The equality condition in Lemma
4.3 implies

(ee] rn
J‘ F(xl,...,xk_l,TQ)h(T)r”_ldr>J‘ F(xl,...,xk_l,re)r”‘ldr,
0 0

Integrating in 0 € S"°!,

J f F(x1,...,%_1,70)fi (rO)r"Ldrd o (6)
Sn—l 0

Tn
>J J F(xq,...,%c_1,10)r" Ydrdo(6).
sn-1.J0
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4 FUNCTIONAL FORMS OF ISOPERIMETRIC INEQUALITIES

In other words, for linearly independent x,...,x;_;, we have

J EF(x1,0 e X1, X6) (fe) (xp ) d x> J; F(xq,..., X1, X )dxp.

By continuity of F, we have
Ap(fi'seen i) > Ap(lp,... 1)),

which contradicts (4.16).

Thus we have shown that for eachi =1,...,k, fi* =1p, ae. It follows
that ﬁ =1k, where K; is a measurable set of volume one, fori = 1,...,k.
Since each set {f; = ||f;l|l} is bounded, so too is each K;. Thus we have
reduced the equality cases in (4.10) to that of bounded, Borel measur-
able sets and we appeal to the work of Gardner [17, Corollary 4.2] which
draws on Pfiefer [36], [37]; we note that the latter articles state the equal-
ity conditions under the assumption that K; = ... = K, although it is
explained in [36, pgs 69-70] that the same techniques apply when the
bodies K; are not necessarily the same.

The case p < 0 is proved in the same way. O

Another variant of Theorem 4.1 is the following result.

Theorem 4.4. Let k and n be positive integers. Let f be a non-negative
bounded, integrable function on R" with ||f||; > 0. Let C C R be a compact
convex set and let p > 1. Set m = min(k,n,dim C). Then

111y
Wl flleo

where the arguments in Fc ,(-,...,-) are repeated k-times.

Proof. Set a = (||flh/Ilfllos) /" and let

m/n
Feplfroesf13 (0= ST L)

- ax
Flx) = _ flax) (4.17)
Jge f(ap)dy
Then ||f]l; = ||fllc = 1. Using homogeneity property (4.7), we have
A ()™
Feplfoeen ) =57 Feplfsoen f)
111l
Repeating the latter argument with f =15 and f =1p,, and applying
Theorem 4.1 gives the desired inequality. O
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4 FUNCTIONAL FORMS OF ISOPERIMETRIC INEQUALITIES

Corollary 4.5. Let 1 <k < nand let f be a non-negative, bounded integrable
function on R" with ||f||; > 0. For p # 0, set

k+1

Mylfif)= [ o Jeonv {1 P [ [ £l i (19
i=1
Then for p > 1,
||f”k+1+kp/n
1
Bplfros )2~ ALy Ty, (4.19)
ok R

Assume additionally that {f = ||f||.} is a bounded subset of R". Then equal-
ity holds in (4.19) when k = n if and only if there is an ellipsoid £ and a
positive constant a such that f = alg¢ a.e.; when k < n, equality holds if and
only if there is a positive constant a and a Euclidean ball B such that f = alp
a.e.

The proof is parallel to that of Corollary 4.2, although the equality
conditions in this case require the following additional lemma (see [33,
Lemmas 3.7, 3.8]).

Lemma 4.6. Let 1 <k <nand let xq,...,x; € R". Then for each p > 1,
R >r+— lconv {x,...,x;, rO}Pdo(6) (4.20)
gn-1
is increasing.
Here and throughout, “increasing” is used in the non-strict sense.

Remark 4.7. 1If k = n = 1, the condition p > 1 in the latter lemma is
needed. Indeed, in this case S° = {—1,1} and the function R* 3 r
%(lr—xllp +|r +x1|P) is not monotone if p< 1, p = 0 and x; = 0.

Proof of Corollary 4.5. Set C = conv{ey,..., e, 1} C R*¥*1 5o that dim C = k.

Observe that
Ap(frees )= IFIE e p(f s P,

where the arguments in fc,p(';---;') are repeated k + 1 times. The in-
equality follows from Theorem 4.4 (with k + 1 in place of k and m = k).
Assume now that equality holds in (4.19). It follows that

Ap(fss f)=A,(1p,..., 1p,), (4.21)
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4 FUNCTIONAL FORMS OF ISOPERIMETRIC INEQUALITIES

where f is defined in (4.17). In turn, we must have equality in both
inequalities in Theorem 4.1. In particular,

Ap(fs. f)=0,(1p,,..., 1p,), (4.22)

where f*:= (f)*. As above, we claim that f* = Ip, a.e. For a contradic-
tion, we assume that

l{x e R": f*(x) = 1p, (x)}l > 0.
Let
F(x1,...,Xke1) = |convixy,..., xpq }P.
By Lemma 4.6, for any xy,...,x; € R", the function

R >r+— - F(xq,...,x,10)do(0)

is increasing. By Lemma 4.3, we have

J J F(x1,...,%6,70)f*(r0)r" tdo(0)dr
0 Jsn1
> J J F(xy,...,x0r0)" ' do(0)dr.
0 Jsn1
i.e.

[ Bt P s > [ P mos . (429
Assume now that xi,...,x; are affinely independent points inside the
support of f*, and 0 € conv{xy,...,x;}. Then

F(xy,...,x5,70)YP = (1/k)|conv {x1, ..., x;}||Pe(r6),

where E = span{xy,...,x;}*. In particular, for such fixed xy,...,x;, F is a
strictly increasing function of r. Consequenlty, for such x; the inequal-
ity in (4.23) is strict by Lemma 4.3. By continuity of F, and another
application of Theorem 4.4, we get

Ap(f'see s [ f) > Ap(f o f1p,) 2 Ap(Lp,,-., 1p,),
which contradicts (4.22).

Thus f*=1p a.e., hence f = 1, for some measurable set K of vol-
ume one. Argulng as in the proof of Corollary 4.2, we reduce the equal-
ity case in (4.19) to that of bounded Borel measurable sets and we ap-
peal again to the work of Gardner [17, Corollary 4.2] and Pfiefer [36],
[37]. O
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5 INTEGRAL INEQUALITIES ON Gy x AND My

5 Integral inequalities on G, ; and M,

In this section we prove Theorems 1.2 and 1.3. We start with a general-
ization of the former.

Theorem 5.1. Let 1 < g < k < n-—1 and let fi,..., f, be non-negative,
bounded integrable functions on R". Then for O< p <n-—k,

[T

/k
Gui izt IIfilEllcs

In particular, when q =k and p = n—k, we have

k n/k n _k
J l_[ Ifilellf <“’_I]il_[||ﬁ||1_ (5.2)

i1 ALl Wn o

Assume additionally that {f; = ||fill} is bounded and f; is continuous at 0
foreachi=1,...,k and p > 0. Then equality holds in (5.1) for k =1 if and
only if fy = alg a.e., where a> 0 and K C IR" is star-shaped about the origin;
for 1 <q<kor0<p<n—kifand only if there are positive constants a;,
b;, such that f; = ﬂi]lb,-B'Z’ a.e.; equality holds in (5.2) if and only if there is
an origin-symmetric ellipsoid £ C R" and positive constants a;, b;, such that
fi = aily¢ a.e. fori=1,...,k.

1+ /k k+p/k q
filell, ™

(k+p)/ k-
kw ]_[HﬁII PIAIETEP (5

Proof of Theorem 5.1. We will use the following well-known identity from
integral geometry: for p > —(k—q+ 1), we have

N e )= o | YRl M, (53
n,k

where; Ag is defined in (4.9); this is simply Theorem 2.1 applied to the
function

=

F(xy,...,x4) = f,-(xi)|conv{0,x1,...,xq}l_(”_k_p).

i=1
Assume now that E € G, and |[|fi|gllc > 0 for i = 1,...,9. Applying
Corollary 4.2 on E (with k in place of n and g in place of k), we have

1+p/k

]—[ Wfilelh ™" qtkepik AS(files -0 fyle)

W . (5.4)
/k k
-1 |IfilelBs Ap<]lBsnE’---’ﬂanE>
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5 INTEGRAL INEQUALITIES ON Gy x AND My

Note that Ag(]lBng;---;]lBgnE) is independent of E. Thus, integrating
over Gk, using (5.3) and Corollary 4.2 once more, we have

1+p/k Ofl fl )dE
el alkp)/k JG ApUiles-oo fyle
f VBB < o] AT P— 20
Guk i=1 |lfilElleo Gy D LB3nEs - LpsnE
A firer fy)
_ wk(k+p)/k (n—k—p) q 0

0
A%y (e L)
k+p/k q

(k+p)/ k—p)/n
< kﬂ,/n]_[nf,n PRI (57)

The equality cases follow from those of Corollary 4.2 and Gardner’s
characterizations of sets that are ellipsoids, Euclidean balls or star-shaped,
up to sets of measure zero, in [17, Section 6]. O

Theorem 5.2. Let 1 <k <n—1and f be a non-negative bounded integrable
function on R". Then

n+1
d n+1 k+1
J;VI (pr(X) Jj) JF < w,}iﬂwn(kn)( ]Rnf(x)dx) ' (5.8)

| flellns® Wi(n+1)

Assume additionally that {f = ||f|l.} is bounded. Then equality holds in
(5.8) when k =1 if and only if f = 1g, where K C IR" is a convex body; when
k > 1 if and only if there a positive constant a and an ellipsoid € such that
f=alga.e.

When f = 1k, where K is a convex body in R”, a more general result
is due to Schneider [41]: for se {1,...,n},

s+1

w
f |K N F|s+1dF < k Wh+ks |K|1+ks/n (5_9)
Mnk w(ﬂ+k5)/n a)k+ks

It is natural to try to extend Theorem 5.2 to powers 1 <s < as in (5.9).
Following the line of proof of Theorem 5.1 would require a statement
such as Corollary 4.5 for p <1 (in particular p < 0); it is unclear to us if
this is possible.

Proof of Theorem 5.2. Let F € M, ; and assume ||f|g|lcc > 0. Applying
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6 BOUNDS FOR MARGINALS

Corollary 4.5 on F with p = n -k (replacing n by k) we have

n+1
U f@dx) " Akl flr)

||f|F||ng Sk A”—k(]lB’g""']lBk)'

2
where the arguments in A,_j are repeated k + 1 times. Integrating over
M, x and applying Theorem 2.2, we get

W o, Anekfilesoo fisrlp)AF
A k(g L)
wz-rl

CnkkAn-k(pt,- L pt)

(5.10)

dF < (5.11)

J (fFf(x)dx)nH
My fIENSE

k+1
( f(x)dx) .
Ril

If f = 1py, then inequality (5.10) is an equality (as noted in [41]), hence
so is (5.11). Consequently, using the expression in the equality case in
(1.12) and rearranging terms, we get

Wk(n+1)
Ay (g, Ige) = kel 2,
n k( Bé Bé) Cink,k Wy On(ks1)
The latter also follows from results of Kingman [22] and Miles [28]. This
proves the inequality.
The equality cases follow from those of Corollary 4.5 and [17, Corol-
lary 6.8]. O

6 Bounds for marginals

In this section we state and prove a generalization of Theorem 1.1. We
also discuss marginals of log-concave measures and connections to the
Hyperplane Conjecture.

Theorem 6.1. Suppose y is a probability measure on IR" with a bounded
density f. Then for each 1 <k <n—1and s> 1, there exists A; C G, with
o i(Ag) =1 =257k such that:

(i) forevery E € Agand t > 1, there exists a set By C E such that mg(p)(B;) <
t7k1 and

Frepu(O)* < crstllfIIY (x e (E\By)U{o}); (6.1)
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6 BOUNDS FOR MARGINALS

(ii) for every E € A;, ¢ >0and any z€ E,
() ({x € E - Ix— 2l < e VE)) < (easell FIY™ D (6.2)

Proof. By Fubini’s Theorem and Theorem 1.3,

L

n n+1 kn
U J‘ ([, f@)dp) dnE(m(x)dE] i J ([, fw)dy) dF]
Gn,k E Mn,n—k

-

112 sallls £ 1l

<

n—k+1
Wy W(n—k)(n+1

~ 1.

1
‘1 =
W Wp(n—k+1) ]"”
)

By Markov’s inequality, for each s > 1, the y,, ,-measure of the set A(sl) of
E € G,k such that

f (Journ f9))"
E

1flp2 sl

is at least 1 —s™*". For E € Agl) and t > 1, we apply Markov’s inequality
once more to get that the mg(y)-measure of the set B; of x € E such that

([poy f)p)
1z el

is less than t7%". Note that for every x € E \ B;,

dreg(p)(x) < (cs)™" (6.3)

> (cst)" (6.4)

1/k
( f(zf)dzf) < estllflprallel” < estllflIRS"
Et+x

Applying now Theorem 1.2, we have

( (O dE]'fk[ [ (Jo fp)ay) dE]""g(wgk)nkNL
Gk

Gux IflE2llE £ 1 1l&

By Markov’s inequality, for each s > 1, the y,, ,-measure of the set A(sz) of
E € G,k such that

1
<csllflglls

>

Srpw(0)
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6 BOUNDS FOR MARGINALS

is at least 1 — sk, For every E € Aﬁz), we have that

1 1
<esllflelléo < esllf lleo-

~—

fﬂE(F)(O)

Setting A, := Al U .A(sz), we conlude that (6.1) holds.
Towards (6.2), lets,t >1, E € A, z€ E and € > 0. Then

nE(,u)({x €E:|x—2z|< e\/%})

= d
L(um free()(¥)dy

iy | y
L(z,ax/ﬁ)ﬂ&fnls(ﬂ)y 4 B(z,e\/E)mggan(” Py

= 1tp (1) (B) + sup fr,((v)1B(z, e Vk)|
yeE\B;

— 1 k
<t 4 (eqstl I (coe)F.

We choose t := (62€s||f||¥”)_ﬁ and we get (6.2). O

Remark 6.2. If A, is the set in Theorem 1.1, E € A, and ¢ > 0, then we
have the stronger small-ball probability

g (p)({x € E : x| < eVE}) < (essell FIL")-. (6.5)

The proof is analogous to that of (6.2) (use Theorem 1.2).

The next lemma shows that the probability estimate for the p,, x-
measure in Theorem 6.1 is sharp in each dimension k.

Lemma 6.3. Let 1 <k < n—1 and set o = (211)"/ %), Let f be the Gaus-
sian density with law y = N(0,D), where D is the diagonal matrix D =

diag(c?,...,0%,1,...,1), with 0 repeated k times. Then for each 1 <s < o7},

P ({E € Guu : | frey I > s}) > (25) 700, (6.6)

The proof relies on the following proposition, which is a direct conse-
quence of a result of Szarek [43]; this formulation is from [35, Corollary
2.2]; here we equip G, with the metric d(E, E;) which is the operator
norm ||Pg, — Pg, : €5 — 5]
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6 BOUNDS FOR MARGINALS

Proposition 6.4. Let 1 <k<n-1,Ee€ G, and € € (0,2). Then
puk (IF € Gy : d(E,F) <)) > (ce) "0,
where ¢ is a numeric constant.

Proof of Lemma 6.3. Let g be a standard Gaussian vector in IR”. Let E be
the span of first k coordinate unit vectors and note that

Il = (2720%)/2(2m) 7072 =1,
while
g, (olloo = (270)" 972,
Let € > 0 and assume that E; € G, satisfies d(Ey, E;) < €. Write

PE D = GPElpEO + PEIPEOL.

1

Using singular value decomposition, there exist orthonormal bases u, ...
of Ey and vy,...,v; of E; such that

M»

PElpEO = a;u; ®v;,
i=1

where 0 < a; = (u;,v;) < 1. Since Py, Py = Pg, (I - Pg,), we can write

>

M»

PElPEOL:Zv,-@v,- au; ®v; = Z 1-a: f,®v,,

i=1 i=1 ita;#1

Vi—a;u;

\/1—@2 )

orthogonal, y; and y/ are independent. Note that

where f; = Set y; = (g,u;) and y; = (g, f;). Since u; and f; are

P, Dg = Z oyivit (fm vit 1—0127’1)7/1

ita;=1 ira;#1

Sicne /1 — a < ||Pg, — P, |l = d(Eg, E1) < € for each i = 1,..., k, the covari-
ance matrix A of Pg Dg satisfies

k
(det(A))l/k %ZG a; +1—a <ol+é?
i=1
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6 BOUNDS FOR MARGINALS

It follows that for any E; with d(Eg, E;) < €, we have

1 1
”fTCE (F)||(1x<k = k 1/(2k > .
! ((2m)k det(A)V2R) = 2 (a? + €2)
We now apply Proposition 6.4 with € = 1/(cs) to obtain (6.6). O

6.1 Concluding remarks

In light of Theorem 6.1, a natural question arises here: under what addi-
tional condition(s), can one guarantee that all marginal densities of such
functions f are suitably bounded, i.e.,

1 1
I frplloo < Clif I, VE € Gy (6.7)

as in the case of Rudelson and Vershynin’s result (1.2). The example
of independent Gaussians with different variances in Lemma 6.3 shows
that one needs a type of non-degeneracy condition. For instance, one
may assume that p is isotropic, namely,

(x,0)du(x) =0 and J (x,0)du(x)=1 YO eS" . (6.8)
R" R"

If p is an isotropic, subgaussian, log-concave probability measure then
(6.7) holds as a consequence of a result of Bourgain on the isotropic
constant of such measures [4]. If y is isotropic and log-concave, the
isotropic constant of y is defined by L,, := [|f,[|1". A major open problem
known as the Hyperplane Conjecture asks if there exists an absolute
constant C (independent of n and p) such that L, < C. The best known

bound (of order n'/4) is due to Klartag [23], improving an earlier result
of Bourgain [3]. For detailed discussion on this conjecture, see [6]. Thus
in the class of isotropic log-concave probability measures y, inequality
(6.7) amounts to asking if

Luyu) < CLy, VE € G (6.9)

It is not difficult to show that the above question is just another equiva-
lent formulation of the Hyperplane Conjecture. (For a proof of this fact
see [32]). The inequality of Busemann-Straus and Grinberg (1.11) has
been used recently in [35] to show that the marginals that satisfy the
Hyperplane Conjecture form a 1-net in G, for k < y/n. One of the main
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ingredients in the proof is entropy numbers on the Grassmanian estab-
lished by Szarek (Proposition 6.4 above). Using these estimates along
with Theorem 1.1, we get the following corollary.

Corollary 6.5. Let u be a probability on R" with a bounded density f. Then
for every 1 <k <n-1, E € G, and n > 0, there exists Ey € G, with
d(Eo, E) < 1 such that for any z € E,

kn

e 1< Bzl < ¥R < (017 (610

In other words, given any E € G, ;, there exists E, close to E such
that Ej has a nearly optimal small-ball probability estimate.
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