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APPROXIMATE LOW-RANK DECOMPOSITION FOR REAL SYMMETRIC
TENSORS

ALPEREN A. ERGUR, JESUS REBOLLO BUENO, PETROS VALETTAS

ABsTRACT. We investigate the effect of an e-room of perturbation tolerance on symmetric tensor
decomposition from an algorithmic perspective. More precisely, we prove theorems and design
algorithms for the following problem: Suppose a real symmetric d-tensor f, a norm ||-|| on the space
of symmetric d-tensors, and € > 0 error tolerance with respect to ||-|| are given. What is the smallest
symmetric tensor rank in the e-neighborhood of f? In other words, what is the symmetric tensor
rank of f after a clever e-perturbation? We provide two different theoretical bounds and three
algorithms for approximate symmetric tensor rank estimation. Our first result is a randomized
energy increment algorithm for the case of Ly-norms. Our second result is a simple sampling-based
algorithm, inspired by some techniques in geometric functional analysis, that works for any norm.
We also provide a supplementary algorithm in the case of the Hilbert-Schmidt norm. All our
algorithms come with rigorous complexity estimates, which in turn yield our two main theorems
on symmetric tensor rank with e-room of tolerance. We also report on our experiments with a
preliminary implementation of the energy increment algorithm.

1. INTRODUCTION

Tensor decomposition-based methods were introduced in the context of independent component
analysis in the 90s [Com94], and became more widely known for learning latent variable models
after JAGH™14]. They are now broadly used in computational science with application domains
ranging from phylogenetics to community detection in networks. We suggest [Lim21] as an excellent
survey for clarifying basic concepts and for many examples of tensor computations in applied math-
ematics. Tensor decomposition-based methods are also used for a large range of tasks in machine
learning such as training shallow and deep neural nets [FKR22, [0S21], ubiquitous applications of
the moments method [Moil8|, [GeI5], computer vision applications [PKC™21|, and much more. See
[AY0S|, SDLFT17| for surveys of the vast number of results available as of 2008 and 2017, respec-
tively. As opposed to using arbitrary tensors without any structure, the usage of symmetric tensors
appears as a common thread in wide-ranging applications of tensor decomposition-based methods in
both traditional applied mathematics and in machine learning. This is the main focus of our paper:
We study the real symmetric decomposition of real symmetric tensors. Let us be more precise:

Definition 1.1 (Symmetric Tensor Rank). Let f be an n-variate real symmetric d-tensor and
St = {u € R" : |lul|a = 1}. The smallest m € N for which there exist ci,...,c, € R and
V1, .., 0m € S so that

m
f:E C ViU R QU
i=1 d times

is called the symmetric tensor rank and we denote this rank by srank(f).

Note that the symmetric tensor rank is also called CANDECOMP, PARAFAC, CP as a short for
these two names, or real-Waring rank after identification with homogeneous polynomials [CGLMOS,
BCMT10]. We emphasize that in our definition real symmetric tensors are decomposed into rank-1
real tensors, whereas in basic references such as [CGLMO8, BCMT10] the main focus is on the
decomposition of real symmetric tensors into complex rank-1 tensors. One reason for using complex
decomposition is to be able to employ tools from algebraic geometry which work better on alge-
braically closed fields, see e.g. the delightful paper [Niel7a]. Our aim in this paper is to use convex
geometric tools to take advantage of the beauties of real geometry: being an ordered field makes
the geometry over the reals (and the rank notions) intrinsically different than the complex ones.
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It is known that the tensor rank on reals is not stable under perturbation: It is typical/expected
for designers of tensor decomposition algorithms to exercise caution not to let noise obscure a low-
rank input tensor as a high-rank one. In a similar spirit to the smoothed analysis [Spi05], we suggest
viewing the inherent existence of error in real number computations as an advantage rather than
an obstacle. More formally, we propose to relax the srank notion with an e-room of tolerance.

Definition 1.2 (Approximate Symmetric Tensor Rank). Let ||| denote a norm on the space of
n-variate real symmetric d-tensors. Given a symmetric d-tensor f, we define the e-approximate
rank of f with respect to ||| as follows:

srankj.| -(f) := min{srank(h) : ||h — f| < e}

Our main results, Theorem B.1, Theorem [B.3] Theorem [3.4] Theorem [3.5] and Theorem B.§ show
that significant theoretical and algorithmic gains become possible by relaxing the symmetric tensor
decomposition with an e-room of perturbation tolerance.

From an operational perspective, one might prefer to use an “efficient” family of norms instead
of using an arbitrary norm as in definition Although some of our theorems hold for arbitrary
norms, our main focus is on perturbation with respect to L,-norms. This is due to the existence of
efficient quadrature rules to compute Ly-norms on symmetric tensors [CV22, [HT13].

The rest of the paper is organized as follows: In section 2l we introduce the vocabulary and basic
concepts, in section Bl we state our results and put them in the context of earlier work, and in section
[ we explain the ideas and intuition behind our main results. We provide clean proofs for all of our
results and technical tools in Section Bl In section [6] we report on the implementation details of

Algorithm [

2. MATHEMATICAL CONCEPTS

In this section, for the sake of clarity, we explicitly introduce all the mathematical notions used
in the statements of the main results in Section Bl

2.1. Basic Terminology and Monomial Index. We define T%(R") := R"@R"®- - -®R" to be the
set of all d-tensors. Then, we consider the action of the symmetric group on the set {1,2,3,...,d},
Sy, on T4(R™) as follows: for o € Sy and vV ® u® @ ... @ u¥ € T4R™) we have

o @u® @ .. @ u®) = W) gy @@ g ... g y@@),

The action of Sy extends linearly to the entire space T#(R™). A tensor A € T4(R") is called a
symmetric tensor if 0(A) = A for all 0 € S;. We denote the vector space of symmetric d-tensors
on R" by P, ;. Equivalently, one can think about this space as the span of self-outer products of
vectors v € R™, that is,

P,g:=span{r@uv@uv®---Qu|veR"}

d times

Now we pose the following question: Given a rank-1 symmetric tensor v ® v ® v € P, 3, what
is the difference between [v ® v ® v]121 and [v ® v ® v]1,127 Due to symmetry, these two entries
are equal. Likewise, for any element A in P, 4, two entries a;, 4,...;, and aj, j, . j, are identical
whenever {i1,19,...,iq} and {j1, j2,...,ja} are equal as supersets. This allows the use of monomial

index: A superset {i1,42,...,9q} is identified with a monomial z® := z{'x5? ... x5, where «; is
the number of j’s in {iy,i2,...,14}, and d = a1 + @2 + ... + ay,. In the monomial index, instead of

listing (g) equal entries for all the supersets identified with %, we only list their sum once.
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2.2. Euclidean and Functional Norms. For f € P, 4 and z € S™!, when we write f(z) we
mean f applied to [z, z,...,z] as a symmetric multilinear form. For r € [2,00), the L, functional
norms on P, 4 are defined as

I#i= ([ 17

where o is the uniform probability measure on the sphere S !. The Lo.-norm on P, 4 is defined

by

1/r
wuﬁ . feP

1 oo = max, |f(v)].
For all L,-norms, we use B, to denote the unit ball of the space (P, 4, | - ||»). That is,

By i=A{p € Fua:|pll- <1}
We recall an important fact about L,-norms of symmetric tensors established in [Bar02].

Lemma 2.1 (Barvinok). Let g € P, 4, then we have

¥~

kd+n—1\2
1912

< <
o < gl < ("

In particular, for k > nlog(ed) we have
lgll2r < llglloe < ¢llgll2n
for some constant c.

Definition 2.2 (Hilbert-Schmidt in the monomial index). Let p,q € P, 4 indexed using the mono-
mial notation, that is p = [ba]a and ¢ = [ca]o Where a € ZZ, satisfies |af := a1 + ... + o, = d.

Then, the Hilbert-Schmidt inner product of p and ¢ is given by

(p,q)us == Y ba#
\a|=d (a)

For simplicity, we define p, ;= v@v®@v®---®uv for a v € S*"~! then we have the following

d times

identity:

1 ma Y = ma v = .
(1) Jax (g, pous| = max [9(v)] = llgllee

2.3. Nuclear Norm and Veronese Body. We start this section by recalling the connection
between norms and the geometry of the corresponding unit balls. Every centrally symmetric convex
body K C R™ induces a unique norm, that is, for z € R"

(2) |z|| == min{\ > 0:2 € AK}.

For every v € S~ ! we have two associated symmetric tensors: p, = v @ v v ® --- @ v and —p,.
Using the terminology established in [SSS11] we define the Veronese body, V;, 4, as follows:

(3) Vi.a = conv{+p, : v € "}

The norm introduced by the convex body V;, 4, |||, 4, is called the nuclear norm and it is usually
denoted in the literature by ||.||«. It follows from (2] that for every g € P, 4 we have

m m
o = min 350 = 3 w51}
i=1 i=1
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for background material on these facts see Section 3 of the survey [Gowl0]. Considering (), one
may notice that for every q € P, 4
= max
||qHOO fGVn,d<q’ f>HS7

meaning that the norm introduced by V,, 4 on P, 4 is dual to the Lo-norm. Then, by the duality
of the norms ||.||oc and |||+, for every g € P, 4 we have

4 .= , .
(4) Il (Jlélgi(g q)HS

Formulation () suggests a semi-definite programming approach for computing |||l by approximat-
ing Bso with the sum of squares hierarchy. Luckily for us, this idea is already made rigorous by an
expert in the field and the semidefinite program is ready to use [Niel7b].

2.4. Type-2 Constant of a Norm. The type-2 constant allows us to create a sparse randomly
constructed approximation to a given vector with controlled error; the definition of the type-2
constant carries an essential idea to control the trade-off between error and sparsity. We will give
more details and intuition on this matter in section 4. To define the type-2 constant we first need
to recall that a Rademacher random variable £ is defined by

PE=-1)=P¢=1)=1/2.
Definition 2.3 (type-2 constant). Let ||| be a norm on R™. The type-2 constant of X = (R",||-|),

denoted by T5(X), is the smallest possible T' > 0 such that for any m € N and any collection of
vectors x1,...,Ty, € R™ one has

m 2 m
(5) e, || &Gim|| <T*> ||zl
i=1 i=1
where &;, i = 1,2,...,m, are independent Rademacher random variables.
Lemma 2.4 (Properties of Type-2 Constant). (1) Let A be an invertible linear map.

If |z|lp == ||A 2|k for all x € X then To(X,|.||lp) = To(X, |||lx)-
(2) Every Euclidean norm has type-2 constant 1.
(3) IfY is a subspace of X, then To(Y) < To(X).
(4) If X is n-dimensional, then To(X) < \/n, and ¢1-norm has type-2 constant \/n.
(5)

5) Let 2 <p < oc. Then, To({;) < +/min{p,logn}.
3. MAIN THEOREMS AND ALGORITHMS

3.1. Approximate Low-Rank Decomposition via Energy Increment. Energy increment is a
general strategy in additive combinatorics to set up a greedy approximation to an a priori unknown
object, see [Tao08|. Our theorems and algorithms in this section are inspired by the energy increment
method as we explain in Section Il We begin by presenting an approximate rank estimate for
L,-norms.

Theorem 3.1. Forr € [2,00], ||.||» denotes the L.-norm on P, 4. Then, for any f € P, 4 ande >0
we have

I _ IfIlEs
stanky () < =57,
where ||-||lus denotes the Hilbert-Schmidt norm.

A proof of this theorem is presented in Section 4.1. One may wonder why this result is interesting
for all L,.-norms when it takes the strongest form for r = oo. The reason is, of course, the computa-
tional complexity. Symmetric tensors that are close to each other in terms of L. -distance behave
almost identical as homogeneous functions on S™~ !, but it is NP-Hard to compute L.-distance for
d > 4. For r > nlog(ed) the norms L, and Lo on P, 4 are isomorphic, see Lemma 2.1l So we only
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hope to be able to compute approximate decomposition for L, where r is not proportional to n.
Algorithm [I] and Theorem [3.3] below delineate the trade-off between the tightness of the estimate
depending on r and the cost of computation.

Now we present our energy increment algorithm. In Algorithm [ Il denotes the orthogonal
projection on the subspace W with respect to the Hilbert-Schmidt norm, and ¢, ;= v ® v ® --- ® v.

d times

Algorithm 1 Greedy Approximation via Energy Increment

1: Input f € P, 4, |||, for 2 <r < oo, and € > 0.
2: Initialize f =0, e = co, W = {0}.
3: repeat
4:  Find a v € S"~! such that 3| || < [f(v)].
5. W =span(W U{q,})
f=0w(f),e=lf = fl
6: until e < ¢
7. Output f

Details on the implementation of steps in Algorithm [I] are explained in Section [6] alongside some
experimental results. Here we present theoretical results on the number of loops before termination
and a sampling approach for the search step (4).

Theorem 3.2. Let n,d > 1 and 2 < r < nlog(ed). Let f € P, 4 and suppose vi,v2,...,vN are
vectors that are sampled independently from the uniform probability measure on the sphere S™1.
Then, we have

P (gl £0)] 2 5171, ) = 1= exp (Vo )

1
where a(n,d,r) = min{(c;r)%?, (Tdtg_l) 2} for a constant c1. In particular, if N > tla(n,d,r)]*"
we have

1
P (sl (0] 2 31711 ) 21

The proof of Theorem [B.2] is included in section Bl As a consequence of Theorem [B.2] and the
bounds obtained in the proof of Theorem [3.1] we have the following result on Algorithm [l

Theorem 3.3. For a given f € P, q and r € [2,00],

o Algorithm [l takes at most % many loops before terminating;

e for step (4) in Algorithm [ searching over a uniform sample on S"~ ' with size N >
tla(n, d, r)]*", where a(n,d,r) as in Theorem[3.2, yields av € S~ such that 1|/ f|» < |f(v)]
with probability at least 1 — e~ ¢;

e the output f of Algorithm [ satisfies the following properties:

B B 2
|f — fllr < e, srank(f) < #{loops before termination of Algorithm 1} < Hfg‘#

3.2. Approximate Low-Rank Decomposition via Sparsification. Algorithms and theorems
in this section rely on Maurey’s empirical method from geometric functional analysis which was
presented in an 80s paper by [Pis81]. We explain this beautiful idea of Maurey in Section [£.2l Note
that the type-2 constant, T5, was defined in Section 2.3

Theorem 3.4. Let ||-|| be a norm on P, g4 with type-2 constant T, ||-||« the nuclear norm, and
f € Pnq. Then, for any e >0
AT 12

srank) < (f) < —
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Algorithm 2 admits any decomposition as an input and gives a low-rank approximation via
sparsification. In the specific case of the input being a nuclear decomposition, the algorithm finds
an approximation that is a realization of Theorem [3.41

Theorem 3.5. Algorithm [ terminates in ¢ steps with a probability of at least 1 — 272
Proofs of Theorem [3.4l and Theorem are in Section

Algorithm 2 Sparsification for Low-Rank Tensor Decomposition

1: Input p(z) = XN cjv; @ vi-- @i, T = To(Prg, ||.|), and & > 0.
2: p is the measure supported on set {1,2,..., N} with u(i) = le‘l‘cz‘
3: Sample k := 4e2T%(3N | |¢;])? many elements Ay, Mg, . .., Ay from p.
4: Set qp := % Zle sign(ey, )vi @ v; -+ @ v;

5: if ||p — gi|| > € then

6:  Return to step 3

7: else

8  Set q=qg

9: end if

10: Output ¢

11: Post-condition ||p — ¢|| < e, and srank(q) < 4e72T2%(>_|ci|)?

3.2.1. Type-2 constant estimates for norms on symmetric tensors. The results of this section hold
for any norm, however, in practice we use the norms that we can efficiently compute. As mentioned
earlier, currently our collection of “efficient norms” includes the L, norms thanks to efficient quad-
rature rules [CV22]. Our estimates for the type-2 constants of L,-norms on P, 4 for 2 < r < oo,
proved in Section [ is as follows:

Theorem 3.6. Let (P, 4, L,) be the space of symmetric d-tensors on R"™ equipped with L,-norm as
defined in Section[2.3. Then, for r € [2,00] we have

To(Pp.a, Ly) S /min{r, nlog(ed)}.

3.3. An improvement of the SparSIﬁcation Estimate. The definition of the type-2 constant
considers all vectors f; € P,4 and asks for a constant that satisfies Eg, ¢ >0 ngz||2 =
T2 S fill®>. However, for our sparsification purposes, we only work with vectors of the type
fi=v®v®---®uv for some v € S"~L. Instead of using type-2 constant definition, which considers
the entire space P, 4, if we can re-do our proofs only focusing on the vectors f; =v®@v®---®v we
can improve the estimates; see Remark [4.3] following Lemma .21 We obtain such an improvement
for the case of Lo,-norm using the following Khintchine type inequality.

Theorem 3.7 (Khintchine inequality for symmetric tensors). Let x1,...,x,, be vectors in R", let
d € N,d > 2, and define rank-1 symmetric tensors

im0, - ®x;
d times

fori=1,2,...,m. Then for any subset S C S™~', we have

1/2
252 @i, 2)"| < 2d (Z 13 ) :

where ; are independent Rademacher random variables.

E. sup
zeS

We prove this theorem in Section Bl As a consequence of Theorem B.7 we have:
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Theorem 3.8 (Improved sparsification for Lo-norm). For f € P, 4 and € > 0, we have
8d” || /2
g2
Observe that if f; = v®v® -+ ®v for some v € R” then we have ||[v]|$ = || fil|- Also note that
= ”z;n:l EjfjHoo- Let fi =0, @0, ®...Qv;

srank) | c(f) <

for the set S = S"~!, we have sup,cg ‘Z;n:l ejlzj, z)4

fori=1,2,...,m, then by Theorem B.7 we have

m m 1/2
D eifi|| <2d (Z”fz”i) :
i=1 o i=1

Following the proof of Theorem [3.4] line by line, but replacing the type-2 estimate from Theorem
in the proof with the estimate (@), yields Theorem [B.8] provided that || f;||cc = 1.

(6) E

Remark 3.9. Theorem [B.8 improves Theorem 3.4 if d*> < n, which is the common situation when

one works with tensors. Theorem [B.4] also immediately improves Step (3) in Algorithm 2} One can

& | fI2
£2

use k =< when working with the L,,-norm.

3.4. A Frank-Wolfe Type Algorithm. This section presents a supplementary result for the
specific case of using a Euclidean norm in Theorem B.Il We should note from the outset that
the algorithm in this section is mainly for conceptual purposes, i.e., it yields Corollary B.11l The
algorithm is based on optimizing an objective function on the Veronese body that was defined in
Section 2.3l More precisely, given ¢ € V;, 4 we consider the objective function

1
F(p) = 5llp = als,

and we minimize the objective function on V,, 4. The algorithm, in return, constructs a low-rank
approximation of ¢, and the number of steps taken by the algorithm controls the rank of its output.
Each recursive step in the algorithm is solved directly over the constraint set V, 4: So every linear

Algorithm 3 Frank-Wolfe for Approximate Low-Rank Decomposition

Require: ¢ > 0, a starting point g € V;, 4, and step-size strategy v, = kiﬂ
1: for k=0to7T —1do

2:  if ||pr — qllgs < € then

3: halt and output pg.

4: else

5: hi, = argmin(h, VF(pi))gs
hGVn’d

6: Pr+1 = Pk + k(b — P

7. end if

8: end for

function involved attains the minima at some extreme point of V;, 4 given by £v ® ... ® v for some
v € S" 1. Therefore, the h;’s produced in step 5 are always rank-1 symmetric tensors. In the end,
the number of steps of the algorithm controls the srank of the output py.

Lemma 3.10. Algorithm [3 terminates in at most [8/€%] many steps.

The proof of Lemma [3.10]is included in Section 5l Note that for any f € P, 4 we have W € Vo

Thus as a corollary of Lemma [B.10] using m, we obtain the following rank estimate.
Corollary 3.11. Let f € P, 4, then we have
81 £1I3

e2

srank|| ||yq,e(f) <
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Remark 3.12. The special case of Theorem [3.4] for Hilbert-Schmidt norm also gives Corollary B.111
The raison d’etre for Section 3.4 is that we obtain Corollary B.I1] with a deterministic and concep-
tually different algorithm than the sampling-based algorithm attached to Theorem [3.4

Remark 3.13. We should note that even though computing || ||« can be costly, computing an upper
bound ¢ > || f||« can be done quickly via linear algebra. Thus finding a ¢ such that f/c € V,, 4 is
always computationally tractable, and for any such ¢ Algorithm [B] produces an approximate rank
decomposition with rank 85%2.

Lemma [3.10l controls the number of steps in the Frank-Wolfe type algorithm. Thus, the remaining
piece in complexity analysis is to understand the computational complexity of Step 5. First, we

observe that VF(p;) = —q + pi and hy, = arg min(h, py — ¢)us. In other words, hy, = gy, for which
hEVnyd

we have (¢ — pg)(vg) = max,egn-1(q — pg)(v). Therefore, finding hy is equivalent to optimizing
q — px on the sphere S"~!. This optimization step is indeed expensive (NP-Hard for d > 4). On the
other hand, popular tensor decomposition methods, such as [KM14], report practical efficiency and
at the same time involve this same optimization step as a subroutine. This suggests there might be
room for experimentation to see if Algorithm Blis useful for particular benchmark problems. Here
we content ourselves by providing an estimate on complexity of Step 5.

Lemma 3.14. Given p € P, 4, one can find v € S™=1 with
1

p(v)]
— 2

by computing at most O((3d/n)"™) many pointwise evaluations of p on S™ .

< <
PO < max [p(:)] < 5

This lemma follows from a standard covering argument, see Proposition 4.5 of [CETC21] for
an exposition. An alternative approach to polynomial optimization is the sum of squares (SOS)
hierarchy: For the case of optimizing a polynomial on the sphere using SOS, the best current result
seems to be [FE21 Theorem 1|. This result shows that SOS produces a constant error approximation
to ||p]|co of & degree-d symmetric tensor p with n variables in its (nc, )-th layer, where ¢, is a constant
depending on n . In terms of algorithmic complexity, this means SOS is proved to produce a constant
error approximation with O(n") complexity. So, for the cases d < n the simple lemma above seems
stronger than state of the art theorems for the sum of squares approach.

Remark 3.15. The Frank-Wolfe algorithm in this section is quite natural and, to the best of our
knowledge, was not used before for symmetric tensor decomposition. We do not know the earliest
appearance of this idea in different settings; as far as we are able to locate, the beautiful paper
[CP19] deserves the credit.

3.5. An application to optimization. This section concerns the optimization of symmetric d-
tensors for even d when ||p||, is small. Suppose one hasp = ). ¢;v; Qv;®. ..®v; where > |¢;| < ¢||p]|«
for some constant c. If we are given a decomposition with this property then we can approximate
Iplloo in a reasonably fast and accurate way: We first apply Algorithm 2] to p, that is, we compute
q € P, 4 such that ||[p — ¢||lps < € and

1 m
== ueue.. e,
mi:l

where wrank(q) = m < [62!—‘2”31 Also notice that

[lIplloe = llalloc] < [P = dlloc < [P — qllus < e
The next step is to compute ||¢||o and an approach is offered by Lemma 211 First, observe that

1
HQ||2k — 2k - U x 'Uz]

1<y ,22, SiE<m
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and note that there are (me _1) = O(k™) many summands in the expression of ||g/|2F. In addition,
the values of these summands are given by a Gamma-like function at the vectors vy, vs, ..., Up,.
Second, observe that for & 2 ZIn(ed/c) we have (edk/n)2 < 1 +e¢. So, for k > < n(<) using
Lemma 2] and Stirling’s estimate one has

n

edk \ 2%
lolae < el < (55) " ol < (14 2l

In return, for k£ < gln(%d) we can calculate

lallor — & < [lplloc < (1 +¢)llgllor + €

by computing O <(mr;(26d) )m) many summands. In principle, this approach gives an algorithm that
< p|12
operates in time O ( (nln(ed)) <2 ). However, one must be aware of potential numerical issues

due to integration of high degree terms.
In addition to the above, there is an alternative approach coming from [Ergl9] with advantages
in numerical computations. After we compute ¢ = % YL Ui ®U;® ... ®v;, it is possible to exploit
2 2
the fact that ¢ € W :=span{v; ® v; ® ... ®v; : 1 <i < m} and dim W < f%} The approach
Alpll2
presented in Theorem 1.6 of [Ergl9] gives a 1 — % approximation to ||¢||co using O [ n™ <2 many
pointwise evaluations. Moreover, this approach has the advantage of being simple and using only
degree-d tensors. The following theorem summarizes the discussion in this section.

Theorem 3.16. Let p =), ¢iv; Qv; ®...Qv; where Y _.|c;| < ¢||p|l« . Then using Algorithm[2 and
the results of [Ergl9):

2 2
Ul and [|[plloo — llalloo] < e,

e we compute a q € P, q such that srankq <
Alpl?
e we compute a 1 — % approzimation of ||q||co, with high probability, using O(n™ <2 ) many

pointwise evaluations of g on the sphere S™1.

3.6. Discussion on Prior Works and Our Results.

e The main of result of [BT15| combined with the celebrated Alexander-Hirschowitz Theorem,
see e.g. [BOOS|, provides a bound for the srank of real symmetric tensors. In particular, the
srank is typically between %("Jrj_l) and %(n+2l—1) for d > 2 except for the cases (n,d) €
{(37 4)7 (47 4)7 (57 4)7 (57 3)}'

This estimate coming from algebraic geometry is exact, static and it universally holds for any
symmetric d-tensor. Our estimates in Theorem Bl Theorem B.4], and Theorem B.8 are approximate,
dynamic, and give a different estimate depending on the norm of the input.

Our development is entirely self-contained. Our search to locate earlier appearance of perturbed
tensor decomposition idea in the literature yielded only the following two references:

e The main result of [dIVKKV05] used for the specific case of symmetric tensors corresponds
to our Theorem Bl for r = co: Computing with L, is generally intractable, but this nice
result was sufficient for the theoretical purposes the authors considered. Our contribution
is to prove algorithmic results that hold for all L,-norms: Algorithm [ and Theorem [3.3]
delineate the trade-off between the computational complexity (the sample size) and the
tightness of approximation for the entire range r € [2, 00].

e Theorem 5 of [DICKN21] used for symmetric tensors would roughly correspond to Theorem
B4l for Schatten-p norms. The focus of [DICKN21] is to demonstrate that separation between
different notions of tensor ranks is not robust under perturbation. We work only with srank
and impose no restrictions on the employed norm. We show that the type-2 constant and
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the nuclear norm universally govern the quality of the empirical approximation in Algorithm
for any norm.

Now we need to compare Algorithm [I]to earlier symmetric tensor decomposition algorithms such
as [KKMP21] or [Niel7al]. The main theoretical difference seems to be the existing methods assume

that the input symmetric tensor is low-rank, whereas Algorithm [ admits an input f as long as

If1l7s - ~ 1 (n+d—1 I/ 1Ifes : :
412 is relatively small compared to n( d ) The bound & can be computed efficiently while

the low-rank assumption on the input tensor cannot be certified. In terms of practical performance,
the most expensive part of Algorithm [ seems to be step (4) where we have a sampling approach
based on Theorem We elaborate on implementation details and experiments with Algorithm [II
in Section [6l Algorithm 2] is very quick but the quality of the approximation depends on the input
decomposition of the tensor. This algorithm can be useful for establishing a quick upper bound
for the rank of the input, which in turn allows deploying existing established methods that need
low-rank assumption on the input. Algorithm [B]is mostly for theoretical purposes (Corollary B.IT]).

4. TECHNICAL IDEAS AND INTUITION FOR PROOFS

4.1. Energy Increment. The energy increment method gives a general strategy to set up a greedy
procedure to decompose a given object into “structured”; “pseudorandom”, and “error” parts [Tao08|
LS07]. In what follows we apply this strategy to obtain a low-rank approximation for a symmetric
tensor.

Lemma 4.1 (Greedy Approximation). Let (H,(-,-)) be an inner product space, 7 : H — [0,00) a
cost function, and suppose S C By = {z € H : ||z||% = (z,2) = 1} separates points in H with
respect to T, that is,

7(f) < sup [(f,w)|, fe€H.
weS

Then, given f € H and & > 0 there exist m points wy, ..., wm € S with m < || f||%/€2] and scalars
Aly-eey A Such that

T <f— Em:)\iwi) <e.
i=1

Proof of this lemma is in Section [5 however, the intuition suggested by the lemma can be readily
explained: As long as one uses a cost function 7 that is upper bounded by sup,cg |(f, w)|, Lemma
1] gives a greedy approximation to input object f with controlled distance in terms of the cost 7.

Proof of Theorem [31. We use the set S := {v®@VvRv®---®@v : v € S" '} the inner product

d times
(., .)us, and the cost function ||.||, to set up the greedy approximation outlined in Lemma [l The

proof relies on the following observations:

(1) llgllr < llglloo = supyesl{g, )us| for all g € B q and all 2 < r < oo,
(2) if one follows the proof of Lemma E.1] applied to our specific case, one observes that w; =
v; Qv - - - @ v; for some v; € S*L.

2
So, srank(>"", Niw;) <m < ”fel# [ ]
4.2. Sparsification via Empirical Approximation.

Lemma 4.2 (Empirical Approximation). Let (X, || - ||) be a normed space and a set S C Bx :=
{x € X : ||z|| < 1}. For any x € convS and m € N, there exist z1,...,zm in S (not necessarily
distinct) such that

1 & 275 (X)
- o< 2 2
T m;z] <
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The idea behind this lemma is simple and quite powerful. It at least goes back to Maurey; see
[Pis81]. Special cases of this lemma have been (re)discovered many times in recent literature, e.g.,
[Bar18| Tva21] where further algorithmic results were also obtained. We give the proof of Lemma
to explain the intuition behind our approach, and for expository purposes.

Proof. Since x € convS there exist vy,...,vp € S and Ay,...,Ap € [0,1] with A\; + -+ Xp =1

and z = Ay + -+ + Avp. We introduce the random vector Z taking values on {vy,...,vp}
with probability distribution P where P(Z = v;) = \; for ¢ = 1,2,...,¢. Clearly, E[Z] = .
Now we apply an empirical approximation of E[Z] in the norm || - ||. To this end, let Z1,...,Z,,

be a sample, that is, Z; are independent copies of Z. We set Y, = % Z;nzl Zj and note that
E[Y,,] = E[Z] = z. Now we use a symmetrization argument: introduce Z independent copies of Z;,
whence E[Y,)] = E[% >ty Zl] = x. Thus, by Jensen’s inequality we readily get

2

/ 1 <
Yo+l = ¥ ~B Y S BV~ Y = S 3207 - 2
=1

Next, Z; — Z! are symmetric, whence, if (g;) are independent Rademacher random variables, and
independent from both Z;, Z/, then the joint distribution of €;(Z; — Z}) is the same with (Z; — Z}).
Thereby, we may write
2 2 2
!
m2E 22— Z)| =—E|> ei(Zi - Z)| < —E|> &7
j=1 j=1 J=1
where in the last passage we have applied the triangle inequality and the numerical inequality
2
(a + b)? < 2(a® +b?). Using the definition of the type-2 constant, we have E Py EijH

T? > 1 Z;|I> < mT?, where we have used the fact that || Z;|| < 1 a.s. The result follows from the
first-moment method. W

Proof of Theorem[37) . Let p € P, 4 with p # 0 and set p; := p/||p[|«. Since the nuclear norm
is induced by the convex body V,, 4, we have that p; € V, 4. Hence, by Lemma we infer
that there exist v; € S™ ! for i = 1,2,....m , m = (Hi#”?ﬂ, and & € {—1,1} such that
[p1 = 5 200 &ipo,

Proof of Theorem [3.4. Using the proof of Lemma 2] it follows that E||p — gx|| < §. Moreover, we
also observe that by Markov’s inequality P{|[p — gi|| > e} < 1. Thus, the “if" statement at step 5
returns True at the ¢-th trial with probability at least 1 —272¢. W

< i If”*, which completes the proof. B

Remark 4.3. (1) Aiming for better guarantees, i.e. a higher probability estimate of the desired
event, one may work with higher moments and apply Kahane-Khintchine inequality. We
leave the details to the interested reader.

(2) We should emphasize that the key parameter in the empirical approximation is the “Radamacher

type-2 constant T5(S) of the set S” rather than the Rademacher type of the ambient space
X. This simple but crucial observation will permit us to provide tighter bounds in our
context (see Theorem [3.8)).

5. PROOFS

5.1. Type-2 constant estimates for L,-norms.

Proof of Theorem [3.4. Although the fact that To(L, (2, 1)) < +/r is well-known, see [AK06], we pro-
vide here a sketch of proof for reader’s convenience. The proof makes use of Khintchine’s inequality
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which reads as follows: Let &; be independent Rademacher random variables and «; be arbitrary
real numbers, for j € N. Then we have

r\ 1/r 1/2
E Z%fj < B, Z o | ;
J J
for some scalar B, with B, = O(y/r). Let hy,...,hx € L,, then we may write
N r r r/2
E|>gn| - [E Z@ o) dutw) < 57 Z by ] ()
Jj=1 L,

where we have applied Khintchine’s inequality for each fixed w. Now we recall the following varia-
tional argument: for 0 < p < 1 and for non-negative numbers u1,...,uy one has

1/p

n N N
Zu? = inf ZujHj:ZH?Sl, 0; >0, q::p%l<0.
j=1 j=1 j=1

Note that, for “p = 2/r” and for “u; = |hj(w)|"”, after integration, we have
r/2

N
/Zrhw /Zu] )0, dyu(w Zeuh I,
j=1

for any choice of positive scalars ; so that 9;1 <1.
For the type-2 constant of (P, 4,] - ||oc) We combine the type-2 estimate for L, along with the
fact, which follows from Lemma 2] that ¢|| - oo < || - |lr < || - [0 for 7 > nlog(ed). W

5.2. Proof of Khintchine type inequality for symmetric tensors.

Proof of Theorem [37]. To ease the exposition we present the argument in two steps:

Step 1: Comparison Principle. Let T'C R™ and ¢; : R — R be functions that satisfy the Lipschitz
condition |p;(t) — ¢;(s)] < Lj|t —s| for all t,s € R and ¢;(0) =0 for j =1,2,...,m. If e1,...,ep
are independent Rademacher variables, then

E sup Zajcp] )| < 2E sup Z&?]L it
teT |5 teT |75

This is consequence of a comparison principle due to Talagrand [LT91, Theorem 4.12]). Indeed, let
S = {(Ljtj)j<m | t € T} and let h;(s) := @;(s/L;). Note that h; are contractions with h;(0) = 0
and

E sup Zajcp] = Esup Z&?J

teT j=1 seS =1
Hence, a direct application of [LT91, Theorem 4.12] yields
E sup Z&?J (sj)| < 2Esup ZEJSJ = 2E sup ZE]L itils
seS seS teT
Jj=1 j=1 j=1
as desired.

Step 2: Defining Lipschitz maps. In view of the previous fact it suffices to define appropriate
Lipschitz contractions which will permit us to further bound the Rademacher average from above
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by a more computationally tractable average. To this end, we consider the function ¢ : R — R
which, for ¢ > 0, it is defined by

(1) = te, 0<t<1
ATV — 1)+, b1
and we extend to R via ¢(—t) = (—1)%p(t) for all t. Note that f satisfies ||¢||Lip = d. Now we
define ; : R — R by ¢;(t) := ||z;]49¢(t) and notice that ||¢;||lLip = d||z;||4. Hence, by the the
comparison principle (Step 2) for T = {((z,2}))j<m | 2 € S*~1}, where @; = x;/||z |2, we obtain

ze8n—1 |7 zeSn—1 |7 zeSn—1

E sup ZE] (z,z;) =E sup Z&?]gpj 2,75))| < 2dE sup Z€j|]m]~|]§l<z,x—j> .
J
Lastly, we have

E sup Z‘%H%H z,Tj)| =E Z‘%H%H .

zeSn—1
2

and the result follows by applymg the Cauchy-Schwarz mequahty and taking into account the fact
that (e;)j<m are orthonormal in Lo. W

Remark 5.1. Let us point out that if d > 2 is even, then we may slightly improve the quantity of
the datum (z;)i<,, on the right hand-side at the cost of a logarithmic term in dimension. Indeed,;
let d = 2k, k € N, k > 1. We apply Step 2 for T = {({(z;,0)%);<m | 0 € S*"'} and the even

contractions ¢; : R — R which, for s > 0, are defined by ¢;(s) = mln{W, ”%”2} Thus, we

obtain

m
Z EZHx,Hg_QxZ (= xT;

i=1

< dE

m
E § eifi
i=1 o op

One may proceed in various ways to bound the latter Rademacher average. For example we may
employ the matrix Khintchine inequality [Verl8| Exercise 5.4.13.] to get

Z z:)139%2; ® 2

1/2

m
B\ eillally e @z

i=1

log n

N

op

< (S [l 1242,

5.3. Proof of sample size bound in Algorithm [l The proof of Theorem will make use of
the following reverse Holder inequality for symmetric tensors.

op

1/2

Clearly, || |27 %2; ©
op

Lemma 5.2. Let p € P, 4, then for n > 2d and k € [2,n/d] we have
Iplle < (CR)Y*2[pll2,

where C > 0 is an absolute constant.

Proof of Lemmal22. Let Z ~ N(0,I,) be a standard Gaussian vector in R". We will make use of
the following facts:

Fact 5.3. Z/||Z||2 is uniformly distributed on S™~! and || Z||2 is independent of Z/| Z||2. Thereby,
for r > 0, it follows that

Elp(Z)" = ElZ5" - llpl,-

For a proof the reader is referred to [SZ90]. The next fact is a consequence of the Gaussian
hypercontractivity, see e.g., [AS17, Proposition 5.48.].
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Fact 5.4. For any tensor @) of degree at most d and for every r > 2 one has

1/2

(EIQ(2))" < (r— 1)¥2 (EQ(2)]?)
Finally, we need the asymptotic behavior of high-moments of || Z||2.

Fact 5.5. For r > 0 we have E||Z||} = 2T/2F("TJ”")/F(%). This follows by switching to polar coordi-
nates. Therefore, for r > 0, Stirling’s approximation yields

E[Z][5)"" = Vi +r.

Finally, taking into account the above facts, we may write

kd k)2
Elp(Z)]" _ (k—1)= Elp(Z))*? _ (k= 1)% Ipl& (E[IZ]3%)

Iplli = < < S
E|| Z||5* E|| Z||5* E|| Z||5*

Using the estimate for the moments of || Z||2 we obtain

n + 2d d/2
Ipllx < (Ck)¥/? <m> Ipll2;

and the result follows. W

Proof of Theorem [3.2. First, note that we may write
1 1 N
P (e 601 < 10 ) = [P (1l < 51111 )]
1 N
- [1-p (ireai= g1 )|
< exp (~nF (170001 2 31111) )

Second, we provide a lower bound for the probability P (| f(X1)] > %H f Hr) By the Paley-Zygmund
inequality we obtain

2 LI
1£137

To bound the ratio || f||2,/|f||~, we employ Lemma 2.1l and Lemma [5.2] as follows:

P (1£0x)l 2 5111 ) = (-2

I fll2r < (C1r)2| fll2 < (C1r) 2 £]2

SO
1
rd+n—1\2"
< < )
HMw_WM_< y )umr
Therefore,
1
[1fl2r . /2 <rd+n_1>ﬁ
< min{(cy7r)*~, ’
7y, < it a )0

which completes the proof. l
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5.4. Proof of energy increment lemma.

Proof of Lemma[].1] To begin with we assume that for the given f € H and ¢ > 0 we have 7(f) > .
Then, by the separation property there exists wy € S so that |(f,w1)| > . Now, let W7 := span{w; },
p1 = Pw, (f) be the orthogonal projection of f onto Wi, and note that

e < (w1, f)| = [{w1,p1)| < [Ip1lla-
If 7(f —p1) < e the process stops. If 7(f — p1) > € then, by the separation property again, there
exists wy € S so that
e <|(f = p1,w2)| = [(p2 — p1,w2)| < [|p2 — p1llm,

where py := Py, (f) and Wy := span{wy,wa}. If 7(f — p2) < e the process stops. If 7(f —p3) > ¢
we repeat. After m steps we have extracted wi,...w, € S, built the flag of finite-dimensional
subspaces

{0} =WoCcWy C...C Wy,

Wy = spanf{wy,...,ws}, s=1,...,m,
and the lattice of their corresponding orthogonal projections Py, s = 1,...,m with ||ps —ps—1|l g >
e, where p; = Py, (f) for s =1,...,m (here py = Py, = 0).
Claim. This process terminates after at most m steps where m < || f||%; /2, that is 7(f — pn) < €.

Proof of Claim. Indeed; we may write

m

Z(ps - ps—l)

s=1

£ = IpmliE =

2 m
= Z ||ps _ps—IH%Ia
H s=1

where we have used that (pp — pr—1,p¢ — pr—1) = 0 for k < £. Since ||ps — ps—1||g > € the claim is
proved. To complete the proof of the lemma notice that p,, € Wy, hence p,, = > 7" | Ajw; for some
scalars Aq,..., Ap. A

5.5. Proof of the step count for Algorithm [3l

Proof of Lemma[310. Recall that F(p) = %Hp — q||%, so we have that VF(p) = —q + p for all p.
Therefore, for every g; and go we have

1
F(g2) — F(g1) = §||92 — g1llks + (92 — 91, VF(q1)) s

This gives the following:

1
F(pr+1) — F(p) = (Prt+1 — P VF(pr)) + §Hpk+1 — il

= o VE () + 522 I = pils
w{hw — P, VF(pr)) + 297
k{a — o, VF(pr)) + 293
< W(F(q) — F(pr)) + 27
Setting 6x = F(px) — F(q) the inequality reads
Spy1 — O < =k + 27

IN

~
~
v

IN

that is
Srr1 < (1 —7k)6k + 297
Using v = kl-i-l we obtain
8

F(pr+) — Flg) < Pl
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Hence, given a desired level of accuracy € > 0 the algorithm terminates in at most (gsﬂ steps. W

6. IMPLEMENTATION DETAILS AND EXPERIMENTS WITH ALGORITHM [1I

We note from the outset that our current implementation is in a preliminary form to get a sense
of Algorithm [Il It was run on a Windows 11 PC, with processor AMD Ryzen 5 3400G with Radeon
Vega Graphics 3.70 GHz, and 32.0 GB installed ram. Here are the details of our humble experiment.

(1)

We computed L,-norms by (re)implementing (with authors’ kind permission) the quadrature
rules from [CV22] in Python. We preferred Python to make it eventually accessible to a wider
community. However, we must note that Julia seems to very much outperform Python for
computing L,-norms of symmetric tensors. The cost of Python quadrature implementation
limited the scale of the experiment.

Theorem provides a bound on the sample size for step (4). In practice, as long as one
finds a vector that satisfies the requirement in step 4 of Algorithm [] the computation is
correct. For experiments we fixed a sample size of 100,000 and loop in case a vector with
such characteristics is not found. We observe that even with this fixed sample size a vector
with the characteristics is always found.

The projection step (5) of Algorithm [I] was surprisingly fast.

A practical improvement for Algorithm [I] came from the following observation: If the con-
dition on step 4 held for a vector, it also held for vectors close to them, resulting in an
inappreciable improvement of the approximation. In the implementation we put the extra
constraint of the new vectors for step 4 should have an angle bigger than arccos(0.8) with
the older ones. This practical trick observably improved the performance. In future work,
this idea needs to be improved and analyzed.

For the experiment, we consider the high rank randomly generated n-variate 2d-tensors of
the type

m

3

f= E C; vi®vi®~'®vi+§ E €1 ey Ve, Ve, ... e, Xe,
=1

2d times 11,02,0+51d

where ¢q, ..., ¢, € Runiformly distributed according to a standard Gaussian, and v1, ..., vy
are uniformly distributed on the n-dimensional sphere. We get the following results:
e Considering m = 10, n = 4, 2d = 4 and r = 4, the algorithm, for which the dimension
of the space is 35, finds an f of rank 7 for which ||f — f]|, < 0.092 in 5.91 seconds.
o Considering m = 10, n = 8, 2d = 6 and r = 8, the algorithm, for which the dimension
of the space is 1716, finds an f of rank 16 for which ||f — f||, < 0.099 in 4 minutes and
46 seconds.
e Considering m = 10, n = 8, 2d = 8 and r = &, the algorithm, for which the dimension
of the space is 6435, finds an f of rank 18 for which ||f — f]|, < 0.0125 in about 3 hours.
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