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Abstract

We establish some inequalities for the second moment

1

of a convex body K under various assumptions on the position of K.

1 Introduction

The starting point of this paper is the article [3], where it was shown that if all the
extreme points of a convex body K in R™ have Euclidean norm greater than r > 0,

then )
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where |z| stands for the Euclidean norm of  and |K| for the volume of K.

2
n+2’
with equality for the regular simplex, with vertices on the Euclidean sphere of
radius r. We also prove the same inequality under the different condition that K
is in Lowner position. More generally, we investigate upper and lower bounds on
the quantity

We improve here this inequality showing that the optimal constant is

Cy(K) = % /K |z|3dx (2)

under various assumptions on the position of K. Some hypotheses on K are neces-
sary because C3(K) is not homogeneous, one has Co(AK) = A205(K).

Let n > 2. We denote by K" the set of all convex bodies in R™, i.e. the set of
compact convex sets with non empty interior and by A™ the regular simplex in R"
with vertices in S"~!, the Euclidean unit sphere. For K € K", we denote by g,

its centroid,
1 / d
gk = — | zdzx.
K] Jk

Under these notations we prove the following theorem.



Theorem 1.1. Letr > 0, K € K" such that all its extreme points have Fuclidean
norm greater than r. Then
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Moreover, if K is a polytope there is equality if and only if K is a simplex with its
vertices on the Euclidean sphere of radius r.

In Theorem 1.1, for a general K, we don’t have a characterization of the equal-
ity case because we deduce it by approximation from the case of polytopes. We
conjecture that the equality case is still the same.

Notice that the condition imposed on K that all its extreme points have Eu-
clidean norm greater than r is unusual. For example, if K has positive curvature,
it is equivalent to either K D rBY or K NrBY = (. Moreover, this hypothe-
sis is not continuous with respect to the Hausdorff distance. Indeed, if we define
P = conv(A™, x), where x ¢ A™ is a point very close to the centroid of a facet of
A™ then the distance of A™ and P is very small but the point x will be an extreme
point of P of Euclidean norm close to 1/n, i.e. much smaller than 1, the Euclidean
norm of the vertices of A”™.

Other conditions on the position of K may be imposed. To state it, let us first
recall the classical definitions of John and Léwner position. Let K € K,,. We say
that K is in John position if the ellipsoid of maximal volume contained in K is
BY. We say that K is in Léwner position if the ellipsoid of minimal volume that
contains K is By.

It was proved by Guédon in [6] (see also [7]) that if K € K™ satisfies gx = 0 and
if KN(—K) is in Léwner position (which is equivalent to say that B is the ellipsoid
of minimal volume containing K and centered at the origin) then Cy(K) > Cy(A™).
Using the same ideas, we prove the following theorem.

Theorem 1.2. Let K be a convex body in Léwner position. Then
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Ca(By) = Co(K) = Co(A") + (

Moreover, if K is symmetric, then

5 = Ca(By) = Ca(K) = Ca(BY) = CEICES)

Let K be a convex body in John position. Then

n
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Moreover, if K is symmetric, then
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= Cy(By) < Cy(K) < Cy(BL) =
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The inequalities involving the Euclidean ball in Theorem 1.2 are deduced from
the following proposition.

Proposition 1.3. Let K be a convez body.
1. If K C BY and 0 € K then Cy(K) < Cy(BY) = -2

e
2. If K O By then Co(K) > Co(By) = 2.

We do not have uniqueness in the first case of this proposition. Take e.g. one
half of an Euclidean unit ball.

In view of Proposition 1.3, it could be conjectured that for every centrally
symmetric convex bodies K, L such that K C L one has C3(K) < C3(L). But this
is not the case. It can be seen already in dimension 2, by taking

L conv((a,0),(—a,0),(0,1),(0,-1))
K = {(z,y) e Lyl <1/2}

with a large enough. Indeed, C3(L) = 1+6’12 and Cy(K) = %

The paper is organized as follows. In §2, we gather some background material
needed in the rest of the paper. We prove Theorem 1.1 in §3, Theorem 1.2 in §4
and Proposition 1.3 in §5.

Acknowledgment. We would like to thank B. Maurey and O. Guédon for dis-
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2 Preliminaries

As mentioned before the quantity Co(K) is not affine invariant. Let us investigate
the behaviour of Cy(K) under affine transform. We start with translations. For
a € R", and K € K", one has

1
Co(K —a) = = / & — af2dz = Co(K) — 2{gxc, a) + |al?.
K]/
Hence

Co(K — gi) = C2(K) — |9k |3 (3)

minimizes Co(K — a) among translation a € R™. Let T be a non-singular linear
transform, then

1 1
CoTE) = i [ lalide = i [ (Tl

The preceding quantity may be computed in terms of Cy(K) if K is in isotropic
position (see below).



2.1 Decomposition of identity

Let uq,...,uny be N points in the unit sphere S"~'. We say that they form a
representation of the identity if there exist cq,...cn positive integers such that

N N
1= E cu; @ u;  and E ciu; = 0.
i=1 i=1

Notice that in this case, one has, for x € R”

N N N
ch (x,u)u;, |z|3= ch-<m,ui>2 and ch- =n. (4)
i=1 i=1 i=1
Moreover, for any linear map 7T on R"”, its Hilbert-Schmidt norm is given by
N N
T3 == to(T*T Zci wi, T*Tu;) = Zcz|TuZ|§
i=1 i=1

If A is an affine transformation and T its linear part, i.e. A(x) = T(x)+ A(0), then

N
> cilAuil3 = [Tl Fs + nlA0)]3 - (5)
=1
Indeed,
N N N N
D alduls = > alTui+ A0)5 = | TlFs +2_ ci{Tui, A0)) + > el A(0)3
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2.2 John, Lowner and isotropic positions

Let K € KC,. Recall that K is in John position if the ellipsoid of maximal volume
contained in K is B and that K is in Lowner position if the ellipsoid of minimal
volume that contains K is BY. The following theorem ([8], see also [1]) characterizes
these positions.

Theorem 2.1. Let K € K,,. Then K is in John position if and only if By C K

and there exist uy,...,uy € OK N S"~! that form a representation of identity.

Also K is in Léwner position if and only if BY O K and there exist uj,...,un €
OK N S™ ! that form a representation of identity.



Let K € K,,. We say that K is in isotropic position if |[K| =1, gx = 0 and
/ (z,0)2dz = [% ¥ 0csn . (6)
K

If K is in isotropic position then Co(K) = nL?%. Note that the isotropic position
is unique up to orthogonal transformations and that for any convex body K € I,
there exist an affine transformation A such that AK is in isotropic position (see
[10] or [5]). The quantity Lk is called the isotropic constant of K.

For any non singular linear transform 7" on R",

/ (x, Tx)dx = LitrT .
K
In particular if K is isotropic and T' € GL,, then

1 T3
Co(TK) = i /K |Tx|3de = LitrT*T = %CQ(K) : (7)

From the arithmetic geometric inequality, it implies that Co(TK) > |det(T)|= Cy(K).
With (3), it gives, as it is well known, that the isotropic position minimizes C(AK)
among affine transforms A that preserve volume.

3 Proof of Theorem 1.1

We start with the following

Lemma 3.1. For everyn > 1

1
n+2°

Co(A") =

Proof: The volume of the regular simplex A™ with vertices uy,...,u,41 in S* ! is

M(Hl)? .

|A"] =
n! n

Let f(t) = |[{z € A™: (z,u1) = t}|. One has

f@)—»("“l)i;|A"Huf¢V11u;uu>—|A"(7l)nnu—wﬂﬁq7;u&y

n+1 n+1
Hence, by Fubini
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Since AA™ is in isotropic position for some A > 0 we conclude that

n 1 n 1
Ca(A )_|A"|/A |x§d;v—|An|/A (z,u1)%dx = e

(z,u1)?dx =




Lemma 3.2. Let S = conv(zy,...,2,11) C R™ be a non degenerate simplex. Then

1 = n n
Ca(8) = (Z |:ci|%> Ca(A") + 531~ Ca(A")).

i=1

n+1

In particular, if o ; |zi|2 > 72 then
+1

S 2 n n 2

Cal8) 2 rCa(A") + (23 ) losl

Remark: Notice that a non degenerate simplex S with its extreme points on the
Euclidean sphere of radius  and centroid at the origin satisfies C5(S) = Co(rA™) =
niz' In dimension 2, these conditions imply that S is regular but in dimension
n > 3, it is not the case anymore. For example in dimension 3, if one takes the
regular simplex and that one moves symmetrically two vertices along the geodesic
between them to make them closer and if one does the same to the two other op-
posite vertices then the centroid stays at 0 and the vertices stay on the sphere. In
any dimension n > 4, one chooses the north pole as the first vertex of our simplex
and the n other vertices are the vertices of a simplex in dimension n — 1, which
is not regular and satisfies the equality case, we put this simplex in an horizontal
hyperplane in such a way that the centroid is at 0.

Proof. Let A be an affine map such that S = AA™ and denote by T its linear part.
One has gs = Agar = A(0), hence A =T + gs and S = gg¢ + TA™. Denote by
u; € S™~ ! the vertices of A", so that x; = gg + Tu;, for 1 < i < n + 1. Hence, by
(3) and (7)

T 2
Co(8) = los B+ Ca(TA") = lgsl3 + 1185 o3 am)

Since w1, ..., uy+1 form a decomposition of identity

n n+1
I= L ® U
n—i—léul@u“

one has
n n+1 n n+1
TN s = —— > 1Twils = —— > |Aus[3 — nlgs]3.
n+1 = n+1 p

Therefore, we get the equality. The inequality is obvious. [

Proof of Theorem 1.1 We first consider the case where K is a polytope. Let
S1,...,5n be m simplices such that the interiors of S; and S; are mutually disjoint



for i # j, K =J;~, S; and the extreme points of the S;’s are among the extreme
points of K. Then we may apply Lemma 3.2 to the S;’s and we get

)

2

Ca(K) = ‘K|Z\S|C2 2 g 218 (rFeuan + (7))

- o () e
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This proves the inequality. If there is equality then gs, = gk, for every i. Since the
S;’s have disjoint interiors, this implies that there is only one of them. Hence K is
a simplex and its extreme points have Euclidean norm r.

Let us prove the general case. Let K be a convex body such that such that all its
extreme points have Euclidean norm greater than r. Then there is a sequence of
polytopes (P,), converging to K in the Hausdorff metric in K™ such that for every
n € N, the extreme points of P, have Euclidean norm greater than r. Since Cs is
continuous with respect to the Hausdorff distance we get the inequality for K. O

+1
_ r202w>+(” )|gK|%.

4 Proof of Theorem 1.2

As in Guédon [6], our main tools are the following inequalities proved by Milman-
Pajor [10] in the symmetric case and by Kannan-Lovész and Simonovits [9] in the
non-symmetric case. Recall that if K is a convex body and u € R", the support
function of K is defined by
hic(u) = sup (. u).
rzeK
Lemma 4.1. Let K be a convex body and u € S™1.
1) If K is symmetric then

QhK( ) hK(’LL)2
n+1)(n+2) — |K|/ T u)d < 3 7

with equality on the left hand side if and only if K is a double-cone in direction u,
which means that there exists x in R™ and a symmetric convex body L in u* such
that (z,u) # 0 and K = conv(L,z, —x) and equality in the right hand side if and
only if K is cylinder in direction u, which means that there exists x in R™ and a
symmetric convex body L in u* such that (x,u) # 0 and K = L + [~x,z].

2) If gk = 0 then
hi(u / z,1)? ”hK( )
(n+2 |K\ - n+2
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with equality on the left hand side if and only if K is a cone in direction u, which
means that there exists x in R™ and a convex body L in u’ such that {(x,u) > 0,
X

gr =0 and K = conv(L,r) — % and equality in the right hand side if and only if
K is cone in direction —u.

As a matter of fact, a simple proof of the preceding lemma was also given in
[4]. We reproduce it partially here for completeness.

Proof of the left hand side of 2): With a change of variable, we may assume that
|[K| =1 and hg(u) = 1. Let f(t) = [{z € K; (x,u) = t}|. The support of f is
[~h(—u), hg (u)] and from Brunn’s theorem, f1/("=1 is concave on its support.
Moreover, from Fubini, for any continuous function ¢ on R

[ stearas= [~ owsaa

Since |K| = 1 we have [ f = 1 and since gx = 0, [¢f(t)dt = 0. Let g(t) =
%(1 - t)”_ll[_#l]. Then ¢'/("=Y is affine on its support and satisfies [ g =1
and [tg(t)dt = 0. Let h = f — g. Assume that h # 0. Since [h = [th = 0,
the function h changes sign at least twice at ¢; < t5 and because of the concavity
of /(=1 one has —hg(—u) < t; = —1/n < ty < 1 = hg(u). Moreover, h is

negative in (¢1,t2) and positive outside. By looking at its variations, one sees that

the function . .
W (t) ::/ / h(z)dzds

is non-negative on its support. Integrating by part twice and assuming that ¢ is
twice differentiable and convex one has

/sb(t)h(t)dt = /gb”(t)W(t)dt > 0.

Therefore [ ¢(t)f(t)dt > [ ¢(t)g(t)dt. For ¢(t) = t?, we get the inequality. If there
is equality then h = 0, hence f = g, from the equality case in Brunn’s theorem we
deduce that all the sets {x € K; (x,u) =t} are homothetic. O

Using Lemma 4.1, we prove the following proposition.

Proposition 4.2. Let K be a convex body such that there exist vectors uy, ..., U, €
S™=1 with hi(u;) = 1 which form a representation of identity I = 2211 ci; Q u;,
with Y1 ciu; = 0.

1) If K is symmetric then

2n n
———— = (%(B}) < Cy(K) < (Cy(BY) = —.
(Tl+1)(?’l+2) 2( 1) = 2( )— 2( oo) 3
2) In general one has
1 l9x 3 2 n n 2
< Cy(K) — < —+ —— .
n+2  nn+2) " 2(K) = loxle < 775 + 5 loxl



Proof: 1) Using the decomposition of identity, we deduce that

1 s 1
MM—W/M%~Z%m/mw%.
K i=1 K

We apply the preceding lemma to the vectors u; and use that hg(u;) = 1 to get

2n n
— < (%K) < —.
m+D(n+2) — 2(K) < 3
For K = B} the vectors =*e;,...,+e, form a representation of unity. In this case

we get by Lemma 4.1 equality. The case K = B, is handled in the same way.
2) One has

1

Co(K) — gk 3 = K]

1
|z|3dx = chm (z,u;)dx.
i=1

K—gK K—QK

We apply the preceding lemma to the vectors u;

m

n N2 n ) N )2
g (i) = ;cz(hx(uz) (grc, ui))”.

m
Co(K) —lgrl3 <D e
=1

Since hg(u;) =1 and > c;u; =0

n

Cy(K) — 2 <
b(K) = lgxc 3 <

(n + lgx3)-

The lower estimate follows in the same way. [

Theorem 1.2 follows from Proposition 1.3 and Proposition 4.2.

5 Proof of Proposition 1.3

The inequalities of Proposition 1.3 follow from more general results. For the first
inequality of Proposition 1.3, we use the following theorem, due to Borell [2].

Theorem 5.1. Let K be a conver body in R™ and f : K — R* be a conver,
bounded function with infg f =0 and f # 0. Then the function

p— (p—l—n)/Kf(x)pdx

is log-convexr on (—1,+00).

Let ®(p) = (p+ n) [ |zf5dz. Since 0 € K we have infg [z] = 0. The log-

convexity of ® implies that
P(p)\*
pH(N@
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is non-decreasing. Indeed, since In ® is convex, so is ln(%). Moreover, for ¢ < p
7, @(p) q,, 2(0) ®(q)
“In—=+(1-—)In—= >1In—+=.

®(0) ®(0) (0)

which is the same as o o

a,,20) _— (@)
p ®(0) ®(0)
Hence X .
®(2)\* _ (p)\”
<1 = = .
(50) = (5i@) =t = v
Therefore

1 9 n ®(2) n 5 9
Ca(K) |K|/K|x|2d$ n+2®0) ~n+2 X C2(B3) Ric

If K C BY then Rg < 1, hence Cy(K) < C2(BF) with equality if and only if
K = B%. This proves the first part of Proposition 1.3. For the second part, we use
the following standard lemma.

Lemma 5.2. Let K be a Borel set such that 0 < |K| < 400, ¢ : R — Ry be a
non-decreasing function and \ = (|[K|/|B3|)'/™. Then

1 1 ) N
@ /K Pllzl2)de > @/B e(A|z]2)dx = n/o o(Ar)r"tdr.
2 3

Proof: One has |AB¥| = |K]|, hence |K \ (AB%)| = |(AB%) \ K| Since ¢ is non-
decreasing, we deduce that

[ ellalayde = oK\ B = WIAB\ KL= [ p(lalada,
K\(ABy) (ABZ)\K

Therefore

[otalar= [ lleldot [ plalddez [ pllelz)d
K KN(ABY) K\(ABZ) ABY

Two changes of variables finish the proof. O

Applying Lemma 5.2 to ¢(t) = 2, we deduce that
2

i) )

B3|

1
Cal) = i [ lafiae = a3 - (

If we assume that K D Bj then it follows that Cy(K) > C2(B7), with equality if
and only if K = B, which is the content of the second part of Proposition 1.3.
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