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Abstract

The purpose of this article is to compare some classical positions of
convex bodies. We provide exact quantitative results which show that the
minimal surface area position and the minimal mean width position are not
necessarily M-positions. We also construct examples of unconditional convex
bodies of minimal surface area that exhibit the worst possible behavior with
respect to their mean width or their minimal hyperplane projection.

1 Introduction

The following theorem of Milman ([15], see also [16]) establishes the existence of
“M-ellipsoids” associated to any convex body: There exists an absolute constant
C > 0 such that for every convex body K in R™ with center of mass at the origin,
there exists an origin symmetric ellipsoid Ex such that |K| = |Ek| and for every
convex body T in R™ one has é|EK +T|1/n < ‘K +T|1/n < C|EK + T‘l/n and
ZIES + T|V/™ < |K° + T|M™ < C|E + T)/", where A° is the polar body of A.

Interchanging the roles of K and Fk, let us assume that |K| = 1 and the
previous statement is satisfied by Ex = D,, the Euclidean ball of volume 1 in
R™. This is always possible if we apply a linear transformation to K. Then, setting
T = D,, we get | K —&-Dn\l/ " < 2C. In other words, there exists an absolute constant
B > 0 such that every convex body K in R" with center of mass at the origin has
a linear image K with |K| = 1 which satisfies

(1.1) |K + D, |'™ < B.

We say that a convex body K in R™ which has volume 1, center of mass at the origin
and satisfies (1.1) is in M -position with constant 8. If Ky and K are two such con-
vex bodies, then it is easily checked that |K; + K|/ < C(8) (|K:|V/™ + | Ko |V/™)
and |K{+ K[/ < C(B) (K7 [Y/™ + |K3|Y/™), where C() is a constant depending
only on 8. This statement is the reverse Brunn-Minkowski inequality.
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Recall the definition of the covering number N (A, B) of two convex bodies A
and B: this is the least integer N for which there exist N translates of B whose
union covers A. It is quite easy to check that |A + B| < N(A, B)|2B| and if B
is symmetric, |A + B/2| > N(A, B)|B/2|. Pisier (see [20, Chapter 7]) has given
a different approach to Milman’s theorem, which provides a special M-position of
any convex body K with regularity estimates on the covering numbers N (K, tBY).
The precise statement is as follows: For every a € (0,2) and every convex body K
in R™, there exists an affine image K of K which satisfies | K| = |B¥| and

(1.2)  max{N(K,tB}), N(By,tK), N(K° tB}), N(BI, tK°)} < exp (C(to;)”>

for every t > 1, where ¢(«) is a constant depending only on «, with ¢(a) = O(ﬁ)

as & — 2. We then say that K is in M-position of order a (or a-regular M-position).

The purpose of this article is to compare some classical positions of a convex
body with the M-position. A first example is the minimal surface area position.
We say that K has minimal surface area if the surface area 9(K) of K is minimal
among those of its affine images of the same volume. Petty [19] (see also [11]) gave
a characterization of the minimal surface area position: K has minimal surface
area if and only if the surface area measure o of K is isotropic. In [8] similar
characterizations were investigated for the extremal positions which correspond to
other quermassintegrals. For example, it was proved that K has minimal mean
width if and only if the measure vk with density hx (where hg is the support
function of K) with respect to the rotationally invariant probability measure o on
5™~ is isotropic. See Section 2 for notation and background information.

The question whether minimal surface area position is an M-position was posed
in [8] and was recently answered in the negative by the third named author in [21].
We provide an alternative proof of this result in Section 4.

Theorem 1.1. There exists an absolute constant ¢ > 0 such that, for every n € N
there exists an unconditional convex body K of volume 1 in R™ which is in minimal
surface area position and

(1.3) |K + D, | > e¥/n.

We also show that, up to the value of the isotropic constant Ly of K (see §3
for background information) the exponent 1/8 in Theorem 1.1 is optimal in the
symmetric case.

Theorem 1.2. Let K be a symmetric convex body of volume 1 in R™ which has
minimal surface area. Then,

(1.4) |K + D, | < C¥/nLk,

where C > 0 is an absolute constant.



We believe that the method which is presented in this article gives a natural
explanation for this situation. Our example is the minimal surface position of the
product of two convex bodies of volume 1; both of them have minimal surface area
but of different order with respect to the dimension. In Section 3 we explain the
main idea which, in the setting of the standard isotropic position, has its origin in
a work of Bourgain, Klartag and Milman [4]. Using the same method, in Section 5
we show that the minimal mean width position is not an M-position.

Theorem 1.3. There exists an absolute constant ¢ > 0 such that, for every n € N
there exists an unconditional convex body K of volume 1 in R™ which is in minimal
mean width position and

(1.5) |K 4 D, |Y™ > ¢¥/logn.

We discuss two more questions about the geometry of convex bodies with min-
imal surface area. The first one concerns their hyperplane projections. K. Ball [2]
has proved that every convex body K has an affine image K of volume 1 such that
for every unit vector 6,

(1.6) |Pyo (K)| > 1.

In this result, K is chosen so that the ellipsoid of minimal volume containing the
polar projection body IT*(K) is a Euclidean ball. It was proved in [11] that if K
has minimal surface area and volume 1 then, with probability greater than 1 — 27"
a hyperplane projection of K has volume greater than ¢, where ¢ > 0 is an absolute
constant. Actually, the statement is stronger as it depends on the value of the
surface area of K; see Section 6 for details. In [11] it was asked if |Py. (K)| > ¢
holds true for every € S”~! in the minimal surface area position. We provide an
optimal negative answer to this question.

Theorem 1.4. There exists an unconditional convex body K of volume 1 in R™
which has minimal surface area and satisfies

c
1.7 in |Pp(K)| < —,
(L.7) ,Lain [Py (K| NG

where C > 0 is an absolute constant.

In Section 7 we give an upper bound for the mean width of a symmetric convex
body which has minimal surface area.

Theorem 1.5. Let K be a symmetric conver body of volume 1 in R™ which has
minimal surface area. Then,

n3/2
(1.8) w(K) < C—,

Ok

where O is the (minimal) surface area of K and C > 0 is an absolute constant.



Since dx > Op, = cy/n, an immediate consequence of Theorem 1.5 is the
general upper bound w(K) < Cn. We don’t know what is the optimal upper
bound for w(K) in the minimal surface area position. Nevertheless, in Section 7 we
provide an example of an unconditional convex body K of volume 1 in R™ which
has minimal surface area and mean width w(K) > en/logn, where ¢ > 0 is an
absolute constant. In other words, Theorem 1.5 is almost optimal.

In Section 7, we also give the upper bound |K + D,|"/" < ¢{/n in the case of
a symmetric convex body of volume 1 with minimal surface area: the exponent is
worse than the one in Theorem 1.2, but we avoid the appearance of the isotropic
constant Lg.

Finally, in Section 8 we show that John’s position is also not an M-position.
More precisely, we prove that there exists an unconditional convex body K in R"
which is in the “normalized John’s position”, such that |K + D, ['/" > ¢{/n, where
¢ > 0 is an absolute constant.
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2 Classical positions and isotropic measures on
the sphere

We work in R™, which is equipped with a Euclidean structure (-,-). We denote by
| - || the corresponding Euclidean norm, and write By for the Euclidean unit ball,
D,, for the Euclidean ball of volume 1 and S™~! for the unit sphere. Volume is
denoted by |-|. We write w, for the volume of B} and o for the rotationally invariant
probability measure on S"~!. The Grassmann manifold G, j of k-dimensional
subspaces of R" is equipped with the Haar probability measure ji,, ;. Let k < n
and F' € G, ;. We will denote by Pr the orthogonal projection from R" onto F'.
We also define B := BYNF and Sp := S 1NF.

The letters ¢, ¢, cq, ¢y etc. denote absolute positive constants which may change
from line to line. Whenever we write a ~ b, we mean that there exist absolute
constants c1,co > 0 such that cia < b < coa. Also, if K,L C R" we will write
K ~ L if there exist absolute constants ¢1, ¢y > 0 such that c; K C L C oK.

We refer to the books [6] and [22] for basic facts from the Brunn—Minkowski
theory and to the books [18] and [20] for basic facts from the local theory of normed
spaces. We also refer to [17] and [7] for more information on isotropic convex bodies.

A convex body in R™ is a compact convex subset K of R"™ with non-empty
interior. We say that K is symmetric if x € K implies that —x € K. We say that
K is centered if it has center of mass at the origin, i.e. [, (z,0)dz = 0 for every
6 € S"~1. Fix an orthonormal basis {e1,...,e,} in R™. In this paper, we will say
that a symmetric convex body K in R™ is unconditional if {ej,...,e,} of R" is a
1-unconditional basis for the norm || - ||x induced to R™ by K: this means that
for every choice of real numbers ¢;,...,%, and every choice of signs e; = +1 we



have H51t161 + -+ EntnenHK = Ht161 + -+ tnenHK. We will say that K is 1-
symmetric if for every choice of real numbers ¢4, ..., t,, for every permutation o of
{1,...,n} and every choice of signs ¢; = £1 we have ’|€1tg(1)61+- “+ento(n)n HK =

||t161 + -+ tnenHK.
The support function of a convex body K is defined by

(2.1) hi(y) = max{(z,y) : x € K},

and the mean width of K is
(2.2) w(K) :/ hi(0)do(0).
Snfl

The radius of K is the quantity R(K) = max{||z|2 : € K} and, if the origin is
an interior point of K, we write r(K) for the inradius of K (the largest r > 0 for
which rBY C K) and we define the polar body K° of K by

(2.3) K°:={yeR": (x,y) <1lforallz € K}.
A Borel measure p on S" ! is called isotropic if

2.4) [ w0t = 1)

for every 6 € S™~ 1. We will make frequent use of the next standard Lemma.
Lemma 2.1. Let p be a Borel measure on S?~1. The following are equivalent:
(i) p is isotropic.

(ii) For everyi,j=1,...,n,

n—1
(2.5 [ oidnto) ==,
(iii) For every linear transformation T : R™ — R"™,
T
(2.6 [ o ronue) = s,

Proof. Setting 0 = e; and 6 = e":g‘j in (2.4) we get (2.5). On observing that if

T = (tij)} =1 then (¢, T¢) = 377, tijdi¢;, we readily see that (2.5) implies (2.6).

Finally, note that applying (2.6) with T'(¢) = (¢, 0)0 we get (2.4). O

Next, we introduce the classical positions that we are going to discuss; we set
the notation and provide some background information.

§1. Minimal surface area position. The surface measure of a convex body K
is the Borel measure ok on S™ ! which is defined by

(2.7) ox(A) =v({z e bd(K): uk(x) € A}),



where ug () is the outer unit normal vector to K at z, and v is the (n — 1)-
dimensional Lebesgue measure on bd(K). The surface area of K is equal to 9(K) =
ok (S™1). We say that a convex body K of volume 1 has minimal surface area if
O(K) < 9(TK) for every T € SL(n). Petty ([19], see also [11]) gave the following
characterization of the minimal surface area position: a convex body K of volume
1 in R™ has minimal surface area if and only if ok is isotropic. Equivalently, if

(2.8) A(K) =n /S (4,00 (du)

for every § € S™"~1. Moreover, this position is uniquely determined up to orthogonal
transformations. For a convex body K of volume 1, we define the minimal surface
area parameter Ok of K by

(2.9) Ok =min{d(TK) : T € SL(n)}.

We also set

(2.10) d(n) = |III(1\a:X1 Ok and 9(n) = ‘%131 Ok .-

The isoperimetric inequality shows that d(n) = 9(D,) = nws/™ ~ v/n. A sharp
upper bound for d(n) was given by K. Ball in [1]. The extremal bodies are the cube
C,, in the symmetric case and the regular simplex S,, in the general case. Since
dc, = 2n and ds, ~ n, we see that d(n) ~ n.

§2. Minimal mean width position. Let K be a centered convex body of volume
1 in R™. We say that K is in minimal mean width position if w(K) < w(TK) for
every T € SL(n). It was proved in [8] that K has minimal mean width if and only
if

(2.11) w(K) = n/ (1, 0)2h e (u)or(d)

Sn—1

for every # € S"~!'. Equivalently, K has minimal mean width if and only if the
measure Vg on S” ! which has density hx with respect to o is isotropic. Moreover,
this minimal mean width position is uniquely determined up to orthogonal trans-

formations. For every centered convex body K of volume 1 we define the minimal
mean width parameter wg of K by

(2.12) wg =min{w(TK) : T € SL(n)}.
We also set

(2.13) w(n) = lr}r{llale wg and w(n) = |r1?i£1 WK .

Urysohn’s inequality states that among all convex bodies which have volume 1, the
Euclidean ball D,, has the smallest mean width: it follows that w(n) = wy, Un o V.



It is also known that every centered convex body K has a linear image K of volume
1 with w(K) < eay/nlogn, where ¢, > 0 is an absolute constant. This follows
from work of Lewis, Figiel-Tomczak-Jaegermann and Pisier (see [20] and [9] for
references). Since wgi ~ v/nlogn when K = E? is the normalized ¢7-ball, we have

(2.14) esv/nlogn < w(n) < cayv/nlogn.

3 Isotropic position and the main idea

The main idea behind the construction of our examples has its origin in the work
[4] of Bourgain, Klartag and Milman about the classical isotropic position. We first
recall some basic facts. If K is a centered convex body in R™ with center of mass
at the origin, then there exists an ellipsoid Fr,(K) which satisfies

(3.1) /EL(K)<x,y>2dx=/K<x,y>2dx

for all y € R™; in other words, Er(K) has the same moments of inertia as K
(FL(K) is the Legendre ellipsoid of K). We say that K is in isotropic position if
|K| =1 and Ep(K) is a multiple of BY. This means that there exists a constant
Ly > 0 with the property

(3.2) /K<x, 0)2dr = L%

for all # € S"~1. Every convex body K has an isotropic position, which is uniquely
determined up to orthogonal transformations. Therefore, the isotropic constant
Ly of K is uniquely determined for the class {T'(K) : T € GL(n)}. The isotropic
position of K is characterized as an extremal position in the following sense: K is
isotropic if and only if

(3:3) [ laldr < [ alpda
K T(K)

for every T' € SL(n). It is easily checked that Lx > Lp, > ¢ > 0 for every convex
body K in R", where ¢ > 0 is an absolute constant. The question whether there
exists an absolute constant C' > 0 such that Lx < C for every centered convex
body K is open. Bourgain [3] proved that Lx < ci/nlogn for every symmetric
convex body K in R™. The best known general estimate is currently Ly < ci/n;
this was proved by Klartag [13] — see also [14].

If we define L(n) = max Ly and L(n) = m}%n Lk = Lp,, then the question is

whether
(3.4) L(n) < CL(n)

for some absolute constant C' > 0. An equivalent question is if the quantity

3.5 I(n) = i 3d
(35) () = max mmin [ s

7



is bounded by Cn, where C' > 0 is an absolute constant. Our starting point is the
following observation about the isotropic position (see [4], also [7]).

Lemma 3.1. Let K andT be two isotropic convex bodies in R™ and R™ respectively.
Then, W := (Lt /Ly )7+= K X (L /Lr)" = T is an isotropic convex body in R" ™,
and

m

(3.6) Lgwr =L "Ly .

Using this fact one can obtain some information on the question if the isotropic
position is an M-position. The next lemma contains a useful observation which
will be used several times in the sequel.

Lemma 3.2. Let W be a convex body of volume 1 in R*™. For any n-dimensional
subspace F of R®™ one has

(3.7) |W + Dap| 77 > c|Pe(W)| 77,

where ¢ > 0 is an absolute constant.

Proof. Since N(W, D2y,) < 2**|W + Day| and N(Pp(W), Pp(Da2y)) < N(W, Da,),
we may write

1

W+ Dogl > J[N(W, Dan) > §IN(Pp(W), Pp(Dzn))]

L

)y ¥ .
> 1 ‘Fi > | Pp(W)|27,
(rpny) e

because | Pp(Day )|z ~ 1. O

Proposition 3.3. Let K and T be isotropic convex bodies in R™ with Ly = L(n)
and Lt = L(n). Consider the isotropic conver body W = aK X bT in R2™, where

a:wL—IT( and b= /2. Then,
1
T 1
L(n

L Lt
Proof. Let E be the subspace spanned by the first n standard unit vectors in R?"
and let F' = E+. Then, Pr(W) = bT and Lemma 3.2 shows that

1

(3.8) |W + Da,

1 Lg\*
(3.9) |W + Dy |27 > C\/E:C<K)
Ly
Since Lx = L(n) and Ly = L(n), the result follows. O

Proposition 3.3 shows that if there exists a constant 5, > 0 such that every
isotropic convex body K in R™ is in M-position with constant (3, in the sense of
(1.1), then

(3.10) L(n)/L(n) < Cpy.



Therefore, if the ratio L(n)/L(n) is not bounded, 3,, cannot be bounded too (and
hence, the isotropic position is not an M-position). We will use this construction to
show that the minimal surface area position and the minimal mean width position
are not M-positions uniformly in the dimension.

4 Minimal surface area position

We know that d(n) = lI]r(l‘ajcl O ~n and 9(n) = |Ir?|i£11 Or =~ v/n. In other words,

(4.1) d(n) = cy/nd(n),

where ¢ > 0 is an absolute constant. The next lemma will allow us to describe
the minimal surface area position of the product of two convex bodies of minimal
surface area in a case which is enough for our general construction.

Lemma 4.1. Let P be a polytope of volume 1 in R™. Let Fy,..., Fn be the facets of

P and let uy,...,uy be corresponding normal vectors. Let a,b > 0 with a™b™ =1
and define @ := aP x bC,,, where C,, = [—%, %]m is the unit cube in R™. Then,

i) Q has N + 2m facets, G1,...,GNyom, with corresponding normals v; = u; if
i< N, UNi = engi And UNypmti = —€nyq if 1 <i <m.

Rk
1
(i) |Gi) = Bl if 1 <i < N and |Gi| = L if N +1<i <N +2m.
(

iii) The surface area of @Q is given by

(4.2) Q) =

a b

Proof. For each k =1,...,m we define Q) = aP x bC}. Note that if
(4.3) P={zeR": (z,u;) <1,1<i< N},

then we can write

(4.4) QW = {(z,t) e R"* : (z,u;) < 1,1 <i < N and |t| < b/2}.

So, if v; ;= wu; for 1 <4 < N and vn41 = ept1, UN42 = —€pt1, then v, 1 < j <
N +2, are the normals of Q(!). Moreover, we can easily compute the volume of the
facets Ggl) corresponding to v;: If 1 < i < N, we have

(4.5) G| = a" | Ry,
and for i = N + 1, N 4+ 2 we have that
(4.6) IGY| = a"|P.

Using induction we see that Q%) has N facets of volume a" | F|, 1 < i < N,
and 2k facets of volume ab*~1|P|. The volume of Q) is equal to a™b*|P)|.



Setting k = m we see that the first N facets of Q = Q"™ have volume

| Fi]
a )

(4.7) G| = |G™] = a" 0| F| =

because a™b™ = 1, while Q has 2m additional facets, with normals +e;, n + 1 <
i < n+m and volume

1
(4.8) |Gi|:a"bm_1|P|:g, N+1<i<N+2m.

Using the above, we easily check that

(4.9) ZlFl zm (P)+2Tm.

This proves the Lemma. O

Lemma 4.2. Let P and @ be as in Lemma 4.1. If P is in minimal surface area
position, then Q is in minimal surface area position if and only if

ap b 2n o
4.10 == d b= =— .
aw = (G)T e o= (3)
Moreowver,
(4.11) 0o = MM gt (9t
n
Proof. Since P is in minimal surface position, for every j,k =1,...,n we have
al 0
P
(4.12) Z;(Uiaejﬂui,ekﬂm = Ok
i—
from Lemma 2.1. Then, for every j,k=1,...,n,
N+2m N |F| a
i P

(413) Y (oo en) Gil = D s, e iy e 1 = L

i=1 i=1
Ifn+1<j,k<n+m,then

N+2m n+m

2 265 k

(4.14) Z v;, €;){(vi, ex)|Gi| = 3 Z (es,€j)(es, ex) = bj’k.

i=1 s=n+1

Finally, if 1 < 7 < n <k <n+ m, we easily check that

N+2m

(4.15) > (vire;) (v, ex)|Gil = 0.

=1

10



From Lemma 2.1 we conclude that Q will be in minimal surface area position,
provided that

op 2
4.16 —_— =
( ) an b
Since a™b™ = 1, this gives a = (g—ﬁ) e . Then, we can solve the equation a”b™ = 1
to find b and, substituting into (4.9) we complete the proof. a

Lemma 4.3. Let C be a symmetric convex body in R™. Then,
(4.17) o(C) < n|C|/r(C).

In particular, if K is an isotropic symmetric convex body in R™ then
(4.18) Ok <O(K) <n/Lg.

Proof. Using the monotonicity of mixed volumes (see [22]) we have

n|C|
r(C)

(4.19) A(C) =nV(C,...,C,BY) <nV (c, O c) -

Then, (4.18) follows from (4.17) and the fact that, in the isotropic position, h3 () >
S (@,0)?dx = L3, and hence, r(K) > L. O

We are now ready to give our example. We choose P = Eif, the unit ball of
7, normalized so that it will have volume 1; in general, we set A = |A|~Y/"A for a
compact set of positive Lebesgue measure.

Theorem 4.4. Let a,b > 0 so that K = aET x bC,, is in minimal surface area
position. Then,

(4.20) |K + Doy |7 > c¥/n

where ¢ > 0 is an absolute constant.

Proof. Since E? is 1-symmetric, Lemma 2.1 implies that it is in minimal surface
area position. We know that B} D ﬁBg because ||z||1 < /n||z||2 for all x € R™.

Observe that E? ~ nB7, and hence,

(4.21) B! D ¢1v/nBj.
Then, Lemma 4.3 shows that

(4.22) a(B}) < n/r(B}) < e/,

where ¢y = 01—1_ From the isoperimetric inequality we see that 3(??) > 0(D,,) >
c3/n, and this shows that

(4.23) O(BY) ~ v/n.

11



B(B” 2n
a(BY)

(4.24) Ok = 21/2n0(B}) ~ ni.

We apply the reasoning of Lemma 3.2: If F is the subspace spanned by the first n
standard unit vectors in R?® and F = E' then,

From Lemma 4.2 we have a = and

2n )‘1‘
~ ¥/n,
o(B1)
because of (4.23). O

(4.25) |K + Doy |77 > C\[/c(

Our next result shows that, at least in the symmetric case, the estimate of
Theorem 4.4 is optimal up to the value of the isotropic constant of the body.

Theorem 4.5. Let K be a symmetric convex body of volume 1 in R™ which has
minimal surface area. Then,

(4.26) |K + D, |*'" < C¥/nLk,
where C > 0 is an absolute constant.

We need the following observation about the surface area of an isotropic convex
body.

Proposition 4.6. Let K be a symmetric convex body which has minimal surface
area and let T € SL(n). Then
tr(T) - 17 ls
Ok <I(T*(K)) <
O < T (K)) <
where ||T||}g = tr(T*T) is the Hilbert-Schmidt norm of T

(4.27)

aK7

Proof. Using Lemma 2.1 for the isotropic measure ok, we have that
tr(T
(4.28) o T _ / (0, 76) dok (0) < / T0]l2dok (6).
Snfl n—1

n

Since || T0]|2 = hr-(py)(#), by the integral representation of the mixed volumes and
the fact that, for every affine transformation A of R™ and any n-tuple K, ..., K,
of convex bodies we have

(4.29) V(A(KY),...,A(K,)) = |det A|V (K1, ..., K,),
(see [22]) we get

tr(T)

Ok

N

/S e (0)doxc () = nV (K, ... K, T(BS))
nV (I (T(K)),..., ( TN(K)),T(B3))
n|det T*V(T~(K), ... T~*(K), BY)

_ ATHK)).

12



This proves the left-hand side inequality. On the other hand, if we set S := T*T
then, using Lemma 2.1 and Hélder’s inequality, we get

2
O ||TT|1HS — ok tr(S)

- / (6, 56)dorc (0) = / 1 76|2do (0)
Snfl Sn—l

1 2
> o ([ 1moladono)
K Sn—1

which shows that

T
(4.30) o2 o [ 20 (0) = o7 (1)
NC
(for the last equality see [11]). This proves the right hand side inequality. O

Remark. Note that the estimates in the previous proposition are sharp (at least up
to a universal constant) as the examples of the cube and the Euclidean ball show.

We are now able to prove Theorem 4.5.

Proof of Theorem 4.5. Since both the minimal surface area position and the
isotropic position are preserved by orthogonal transformations, we may assume that
there exists a diagonal positive definite operator T = diag(A1,...,A,) in SL(n)
such that K = T(K) and K is isotropic. We may assume that Ay,..., A, > 1 and

0<Amt1s---,An <1 for some 1 < m < n— 1. Observe that
(4.31) |IC +T(Cy)| = ﬁ(1+)\i) < Q"ﬁ)\i.
i=1 i=1
Since T € SL(n) and K is isotropic, for every i = 1,...,n we have (see [17])
(4.32) LK_/|xel|dx—/|xei|dx~/\1Kmel|
It follows that
(4.33) %:meneﬂ@ L(K)|Lg < 3;\55

for every i = 1,...,n. Moreover, using Proposition 4.6 we see that 9(K) =
ANTH(K)) > =5

Ok . From Lemma 4.3 it follows that

4.34 1< < < )
( ) n a[( 6KLK

Claim. We have

m 1/n
(4.35) (H ,\i> < In.



Proof of the Claim. We write Ox Lg = n2t* for some 0 < k £ 1/2 and we
distinguish two cases. First, assume that 8(% — /i)m < n. Then,

() < (5)7 (7 (=)'

< a & =1 (n2 "% < e ¥m.
Ox Lk

Next, assume that 8(% — ﬁ)m > n. This implies that n —m < Z:SZn. Then, (4.33)
shows that

n 1 Or L n—m
(4.36) H)\i = H x < (CBKK) — (C3nr€)n—m _ ngfn“L?,Lm(n—m)7

and hence,

m 1/n
(437) (H >\z> < c4nn(”v:m> < 6477,9(f'i)7
i=1

where g : [0,1/2] — R is the function defined by g(k) = %. Since g attains its

maximum at k = 1/4, the claim follows. O

We now use the fact (see, for example, [21]) that if A, B,C are symmetric
convex bodies of volume 1 in R™ then

(4.38) |A 4 B|Y" < es|A+ C|1V™B + ¢V
Then, we can write

|K + Dy, |''" es|T(K) 4+ Co|V"|Cp 4 Do |V
K

<

< BIT(E) +T(Co)[VT(Cn) + Cul "|Cp + Dy
Observe that

(4.39) IT(K)+T(Cp) Y™ = |K + C, "™ < s Lk,

because |K + C,,|"" < ¢s[N(K, Lx D)"Y LgD,, + Cp|"/™ and N(K, LxgD,) <

exp(cn) (see e.g. [7, Theorem 1.6.4]) while |C,, + D,,|"/" < ¢z, and hence, |Lg D,, +
Cp|"/™ < egLg. Tt follows that

m 1/n
(4.40) |K 4 Dy Y™ < coLi|T(Cy) + Cu|Y™ < 2¢9 L <H /\i> :

i=1

from (4.31). Using the Claim we conclude the proof. O
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Remark. One can extend Theorem 4.5 to the not necessarily symmetric case, in
the following sense. Let K be a convex body of volume 1 in R™ which has minimal
surface area. Consider the Blaschke sum VK of K and —K: this is the convex
body whose surface area measure is ox + o_g. Then, VK is a symmetric convex
body and Lemma 2.1 shows that it has minimal surface area. Moreover, one can
check that [VK| ~ 1 and |K + D,|*/" < ¢;|[VK + D,,|*/" (we omit the details).
Applying Theorem 4.5 to VK, we conclude that

(4.41) |K + Dy |V < eo¥/nlvi.

5 Minimal mean width position

We know that w(n) = ‘Ill(llaX wg = c1yv/nlogn and w(n) = Hrglin wg ~ +/n. In other
=1 =1

words,

(5.1) W(n) > ey/logn w(n),

where ¢ > 0 is an absolute constant. The next lemma will allow us to describe the
minimal mean width position of the product of two convex bodies of minimal mean
width.

Lemma 5.1. Let K and P be two convexr bodies in R™ and R™ respectively. Let
a,b >0 and define Q := aK x bP. Then,

(5.2) Vi +mw(Q) ~ avnw(K) + by/mw(P).
Proof. We will use the fact that, for every convex body V in R¥,
(5.3) VEkw(V) = ¢ /k hy (2) dvi(2),
R
where ¢ ~ 1 is a positive constant depending only on the dimension and -y is the

standard k-dimensional Gaussian measure; this is easily verified by integration in
polar coordinates. Observe that, if z = (z,y) € R™ x R™, then

ho(z) = harxer(z,y) = sup{((au, bv), (z,y)) : u € K,v € P}
= asup(u,z) + bsup(v,y) = ahk(z) + bhp(y).
ucK veEP
Therefore,

VI me(@ = v [ [ (ahicle) + 0h(w) da(e) din )

— nima / (@) () + ngmd / () dym (v)

= Cncﬂa\/ﬁw(K) + czﬂb\/ﬁw(P)

av/mw(K) + by/mw(P),

because ¢pim =~ Cp 2 Gy 2 1. O

12
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Lemma 5.2. Let K and P be two 1-symmetric convex bodies of volume 1 in R™
and R™ respectively. Assume that K and P have minimal mean width. If a,b > 0

and a™b™ =1 are chosen so that Q = aK X bP will have minimal mean width, then
m e n__ m
(5.4) ac~ (ﬁ) o) <wP> and b~ (E) ) <wK) :
m WK n wp
Moreover,
1

n+m)z _n_ _m

(5.5) wg ~ —( ) wETmwpT

m n
m 2(n+m) n 2(n+m)

Proof. Let E be the subspace spanned by the first n standard unit vectors in
R™**™_ Since K and P are l1-symmetric, there exists a diagonal volume preserving
transformation of the form algp X blg. which brings K x T' to the minimal mean
width position. Let @ = aK x bP. Then, we must have

(5.6) Crntm /1R"+m ho(2)(z, €) dYnim(z) = m:fi)l - \/17%

for all i = 1,...,2n. Working as in the proof of Lemma 4.2 we see that

aw(K) N bw(P) N w(Q)
v oVmo Vntm

From the condition a™b™ = 1 and (5.7) we see that

58) 0= () (12 e
. ~ (2 o),

Then, we can solve the equation a™b™ =1 to find b and substituting into (5.2) we
complete the proof. O

(5.7)

We are now able to give our example. We choose K = B and P = C,. Note
that

(5.9) we, ~vn  and  wgr = \/nlogn.

Theorem 5.3. Let a,b > 0 so that Q = a?? x bC,, is in minimal mean width
position. Then,

(5.10) |K + Doy |77 > c¥/logn,

where ¢ > 0 is an absolute constant.

wWe,

1 wBY 4
~_1 p~ /B~
vy~ Togn’ b~ vor = vlogn and

Proof. From Lemma 5.2 we have a ~

(5.11) wq = | /ugrwe, ~v/ny/logn.

16



We apply the reasoning of Lemma 3.2: If E is the subspace spanned by the first n
standard unit vectors in R?® and F = E' then,

2 > Vb~ ¥logn,

because b ~ v/logn. O

Remark. From Urysohn’s inequality it is clear that if K is a convex body of volume
1 in R™ which has minimal mean width, then

(5.12) |K + Ds,

K+ D, K D,
(5.13) K+ Dy |V < ey L jﬁ ) )f/ﬁw( ) < erlogn,

because w(D,,) < w(K) < w(n) < cy/nlogn.

6 Hyperplane projections in the minimal surface
area position

Let K be a convex body in R™. The projection body IIK of K is the symmetric
convex body whose support function is defined by hn () = |Py. (K)|, 0 € S™7L.
We write ITI* K for the polar projection body. It was proved in [11] that the volume
radius of IIK and IT* K are determined by the minimal surface area parameter Jx:
If |K| =1, then

1
(6.1) K|V ~ — and [OK|Y/" ~ 9K
8[{ n

Actually, the upper and lower estimates given in [11] are sharp; they become equal-
ities when K is either the cube or the Euclidean unit ball.

Recall that, from Cauchy’s formula, the area of the (n — 1)-dimensional pro-
jection Pyi(K) of K, § € S"~1, can be written in the form

1

(62) Pt =5 [ I )ldo(w.

Assume that K is in minimal surface area position. From the Cauchy—Schwarz
inequality we have

1/2
P = 5 [ lwoldoct <3 ([ HwoPdoxt) Vo
Ox

2./n
for all # € S»~1. On the other hand,

1 9 _
(6.3) Py ()| > 5 / (u,0)2dor s (u) = 2.

Sn—1 n

17



Writing the volume of II*(K) in polar coordinates and using (6.1) we get

[ et = T8 (Y
gn—1 ‘PgL(K)‘n Wn Ok

and Markov’s inequality shows that

(6.4)

Ok
6.5 — < |P(K)| < —
(6.5) <RI < 0
for all § in a subset of S"~! of measure greater than 1 — 27", where ¢ > 0 is an
absolute constant. Since Ox > c¢14/n by the isoperimetric inequality, this implies

that with high probability the projections of a convex body with minimal surface
area satisfy

(6.6) 1Py (K)| > c.

It was asked in [11] if (6.6) holds true for every € S™~'. We will show that the
answer to this question is negative.

Theorem 6.1. There exists an unconditional convex body K of volume 1 in R™
which has minimal surface area and satisfies

C
(6.7) ,Lain [Py (K| Tn

where C > 0 is an absolute constant.

Proof. Let k,m € N with k4+m =n and a,b > 0 and define K = a?f x bCp,. From
Lemma 4.2 we know that K has minimal surface area if

m

A
O—p \ F+m F+m
B [ 2k
(6.8) a—<2k> andb-((%k) .

Moreover,

k k m
(6.9) O = " T (k)

o~

We choose m ~ ﬁ. Note that £ < n < 2k. Then, since 8§k ~ \/E7 we check that
1

(6.10) a~1, b~Vk~/nand 9x ~ Vk ~ /n.

Write z = (x,%) for a point in R* x R™. It is easily checked that
(6.11)

/(z,ei>2dz:/ / ygdydxzak/
K aB¥ JvC,, bC

18
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forall i =k+1,...,n, and similarly,

(6.12) /K<z, ei)’dr ~ a®

forall i =1,...,k. We also know that

1 1
6.13 )z ~ = .
(6.13) /K< P R AR T PR

For the first assertion, see [17]; the second equality is clear, because K is uncondi-
tional. Combining (6.11) and (6.13) we see that

(6.14) P (K)o~ ——

€;

foralli=k+1,...,n. In other words,

(6.15) B :=min{|Py. (K)|:0 € S" '} < \?ﬁ’
for some absolute constant C' > 0. |
Remark. The estimate of Theorem 6.1 is clearly optimal. From (6.3) we know that
if K has volume 1 and minimal surface area then, for every # € "1,

6K ap, W}L/n C
o > n — 2 R
2n 2n 2 Vn

(6.16) |Por (K)| =

7 Mean width in the minimal surface area position

In this Section we give an upper bound for the mean width of a symmetric convex
body K of volume 1 in R™ which has minimal surface area. Our bound is “close to
the minimal order” y/n when the minimal surface parameter dx of K is “large”.

Theorem 7.1. Let K be a symmetric convexr body of volume 1 in R™ which has
minimal surface area. Then,
n3/2

where C' > 0 is an absolute constant.

Proof. Tt is proved in [11] that every surface isotropic convex body is the limit of a
sequence of surface isotropic polytopes in the Hausdorff metric. Therefore, we may
assume that K is a polytope with facets F; and normals u;, j = 1,...,m, which
has isotropic surface measure. Then, the isotropic condition for ok is equivalent to
the representation of the identity

= n|Fj|
7.2 I= J
(72) >

Uj Q Uj-
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The fact that |K| = 1 can be expressed in the form
(7.3) > hi(u)|Fj| = n.
j=1

For every 6 € R™ we have

n m
(7.4) 0 = pp ; [ F5 (0, wj)uj,
and hence,
n m
(7.5) hi(0) < E D 1F 10, ug)| b ().
j=1

We integrate (7.5) over the sphere. Using (7.3) and the fact that, for some constant
cn >~ 1, we have

Cn

(7.0 | Heanto) =

for every v € S"1, we write

m

wE) = [ (O d0(0) < 503 I () [ 10u)1da0)

Cn

VI n
= Filhg(u;) =cov/n—.
= ;‘ J| K( J) \/>8K

0

This proves our claim. O

Corollary 7.2. Let K be a symmetric convex body of volume 1 in R™ which has
minimal surface area. Then,

(7.7 w(K) < Cn,
where C > 0 is an absolute constant.

Proof. 1t is an immediate consequence of the isoperimetric inequality and Theorem
7.1: we know that O > 0p,, > cv/n. O

Remark. Tt is well-known that if K is a symmetric convex body of volume 1 in R™,
then

(7.8) |K N6t hi(h) <

|3

for all # € S"~!. Using the idea of the proof of Proposition 7.1, we can check that
the expectation of |Py. (K)|hi () satisfies the same bound when K has minimal
surface area.
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Proposition 7.3. Let K be a symmetric convex body of volume 1 in R™ which has
minimal surface area. Then,

(7.9) | 1P ) (0 do(d) < .

Proof. We write

/ Py (K)| hic(6) do(6) = / hic (0)1{6, 7)) o () dor(9)
Sgn—1 n—1Jgn—1

= N

o~ o

< /S hi (0)1(0, z)]| da(ﬁ)) dog (),

and using (7.5) we get
@10) [ hil0)0.2)]do(0) < B 22 bt | 1eali.u)ldoto).

A simple application of the Cauchy—Schwarz inequality shows that
(7.11)

[ eaieuiao < ( [ n_1<9,x>2do(0)>é ([ wwpan) -1

Therefore, using (7.3) we can write

(7.12) /S e (0)/6. )] do(6) < 5= Y W -z

Going back, we see that

(7.13) / Ppe ()| hic(0) do(8) < 2 | dorge(a) = 2.
gn—1 20K gn—1 2

and the result follows. O

Using the results of Sections 4 and 5 we can give an example of a convex body
K of volume 1 in R™ which has minimal surface area and mean width as large as
n/logn. In other words, Corollary 7.2 is almost optimal.

Theorem 7.4. There exists an unconditional convex body Q of volume 1 in R™
which has minimal surface area and satisfies

cn

(7.14) w(@Q) >

~ logn’

where ¢ > 0 is an absolute constant.
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Proof. Let k,m € N with k +m = n and a,b > 0 and define Q := agf X bChy,.
Working as in Lemma 4.1 and Lemma 4.2 we check that ¢ has minimal surface
area if

m k
a & k+m 2]{: k+m
BY _
(7.15) a= <2k> and b= ( k) .

Moreover,

(7.16) dg = “Tma%fm(zk)kfm.

We choose m ~ @. Note that £ < n < 2k. Then, since 8§k ~ \/k, we get that
1

(7.17) azl,bz\/gz\/ﬁandan\/Ez\/ﬁ.

It is well-known (see e.g. [18]) that, for every symmetric convex body V' in R™ and
every F' € Gy m,

(7.18) w(V) = ev/m/nw(Pr(V)).
So, we choose F' := R and we conclude that

119) 0@ > eVmnu(Pe(@) > SEmulbCn) > (G,

Since w(Ch,) = cy/m, we see that w(Q) > <= O

logn*

Using Theorem 7.1 we can also complement Theorems 4.4 and 4.5 by showing
that, at least in the symmetric case, one has the upper bound |K + Dn|1/” <cyn
for a convex body of volume 1 in R™ which has minimal surface area (note that in
in this estimate, the parameter Ly does not appear).

Proposition 7.5. Let K be a symmetric convex body of volume 1 in R™ which has
minimal surface area. Then,

(7.20) |K + D, |*" < CV/n,
where C > 0 is an absolute constant.

Proof. We know that ¢1y/n < 9(K) = 0k < can. We distinguish two cases.

Case 1. Assume that 9(K) < n%/4. Then, using the fact that R(D,) ~ \/n, we
write

V(K+Dy,K,...,K) = |K|+V(Dy,K,...,K)
1
g4l / ho, () dog ()
n Sn—1
1 C3
< 1+—-R(D,)0(K) <1+ —=0(K
+nR( JO(K) +\/ﬁf)( )
< 64%7
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where ¢4 > 0 is an absolute constant.
Case 2. Assume that n3/* < 9(K) < con. Urysohn’s inequality shows that

w(K + Do) w(K) +w(Dy)
vn ' vn '

We know that w(D,,) < c21/n and Theorem 7.1 shows that

(7.21) K + Dol < ey

3/2

(7.22) w(K) < B2 < egnd/,

Ox
by our assumption on Jk. It follows that

3/4
(7.23) K+ Dat/n < @tV o
Vn

in this case as well. m|

8 John and Lowner position

We say that a symmetric convex body K is in John’s position if B is the ellipsoid
of maximal volume inscribed in K. John’s theorem [12] states that this holds true
if and only if BY C K and there exist uy,...,uy € bd(K)NS" ! and positive real

numbers ¢y, ..., cy such that the identity operator can be decomposed in the form
N
(81) I= ZCJ"LL]' & Uj,
j=1

where (u; ® u;)(y) = (u;,y)u;. From this representation of the identity we get
N

(82) D eifuy,0)° =1
j=1

for all @ € S™~!. Therefore, if we consider the measure p on S”~! which is supported
by {u1,...,un} and gives mass ¢; to {u;}, j=1,..., N, then p is isotropic.

We will give an example of a zonoid, which is unconditional and its John’s
position fails to be an M-position. See also [23] for a comparison of John’s position
with ¢-position, which plays an important role in the asymptotic theory of finite
dimensional normed spaces.

Lemma 8.1. Let K be a symmetric convex body in R™ which is in John’s position.
Let Qi = [—1,1]F be the cube in R* which is also in John’s position. Then K x Q,
is also in John’s position.
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Proof. We will use induction on k. Note that it is enough to show that K; := K x
[—1,1] is in John’s position. To this end, first note that By'™ C By*x[-1,1] C K.
Moreover, for every x = (y,t) € R™*! we have that

N
(83) r=Yy + t€m+1 = ch <£U,Uj>uj' + <$, €m+1>6m+1,
7j=1

using the decomposition of identity (8.1) of K. Note that e,,11 is also a contact
point for K;. So, the proof is complete by John’s theorem. O

It will be convenient to say that K is in the normalized John’s position if
|K| =1 and there exists A > 0 such that AK is in John’s position.

Proposition 8.2. There exists an unconditional convexr body K in R™ which is in
the normalized John’s position, such that

(8.4) |K + D, |V > e¥/n,
where ¢ > 0 is an absolute constant.

Proof. Let K := |BJ* x Qi|™# (B x Qi), where m + k = n. Lemma 8.1 shows
that K is in normalized John’s position; it is also clear that K is an unconditional
body. Note that

(8.5) o= By x Qul'/" = (2Fwn) "
Let F := R*. Then,
N(K,D,) > N (Pp(K),Pr(Dy,)) =N (2Qk, c1v/nBf)

N (Qk,%ﬁ(cl\/ﬁBg)) > <C2\/E>k.

ayn

It follows that

k
m) = c3 (\/771) " > eqv/n,

if we choose m =k =n/2. O

(8.6) |K + Dy|* > N(K, D,)/" > (

We say that a symmetric convex body K is in Lowner’s position if By is the
ellipsoid of minimal volume which contains K. We also say that K is in the nor-
malized Lowner’s position if |K| = 1 and there exists A > 0 such that AK is in
Lowner’s position.

Corollary 8.3. There exists an unconditional convex body W in R™ which is in
the normalized Lowner’s position and satisfies

(8.7) W + D, |V > ¢¥/n,

where ¢ > 0 is an absolute constant.

24



Proof. Let K be the unconditional body from Proposition 8.2. We choose W :=
|K°|~Y/"K°. Then, W is in the normalized Lowner’s position. We will use the
fact that |[W + D,|Y/™|W N D,|'/" ~ 1, which is an immediate consequence of
[10, Proposition 3.6(2)] (applied with C; = W, Cy = D,, a = b =1 and ¢ = n).
Since K° = |K °|1/ "W o~ %W, using the Blaschke-Santalé inequality and its reverse
together with some elementary entropy estimates, we have that

1 1
W + D, |/ o~
W+ D W A D, 7n ~ Jfeonv(We, Dg)J°[/n
~  nleonv(W°, D)V = n |conv (1K, 1D,,)|""
~| conv(K, Dn)|1/" o~ |K+Dn|1/n
> cVn,
by (8.4). =
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