
Volume radius of a random polytope ina onvex bodyA. Giannopoulos and A. TsolomitisAbstratLet K be a onvex body in Rn with volume jKj = 1. We hooseN points x1; : : : ; xN independently and uniformly from K, and writeC(x1; : : : ; xN) for their onvex hull. If n(log n)2 � N � exp(1n), weshow that the expeted volume radiusE1=n (K;N) = ZK � � � ZK jC(x1; : : : ; xN)j1=n dxN � � � dx1of this random N -tope an be estimated by1plog(N=n)pn � E1=n (K;N) � 2LK log(N=n)pn ;where 1; 2 are absolute positive onstants and LK is the isotropi on-stant of K.1 IntrodutionWe work in Rn whih is equipped with a Eulidean struture h�; �i. We denote theorresponding Eulidean norm by j � j and �x an orthonormal basis fe1; : : : ; eng.Let K be a ompat subset of Rn with volume jKj = 1. The matrix of inertiaM(K) of K is the n� n matrix with entries�M(K)�ij = ZKhx; eiihx; eji dx:The determinant of M(K) an be expressed in the formn! det�M(K)� = ZK � � � ZK [det(x1; : : : ; xn)℄2 dxn � � � dx1:(1.1)This identity goes bak to Blashke and an be easily veri�ed by expanding the de-terminant inside the integral. Sine the right hand side is invariant under SL(n), we1



see that det�M(K)� = det�M(TK)� for every T 2 SL(n). On the other hand, thereexists T1 2 SL(n) for whih M(T1K) is a multiple of the identity. Equivalently,ZT1Khx; eiihx; eji dx = L2KÆij(1.2)where LK is the isotropi onstant of K (we refer to [5℄ for the isotropi position of aonvex body). By (1), LK is well de�ned and satis�esn!L2nK = ZK � � � ZK [det(x1; : : : ; xn)℄2 dxn � � � dx1:(1.3)Assume now that K is a onvex body with entroid at the origin. We �x N � n+1 andhoose points x1; : : : ; xN independently and uniformly from K. Let C(x1; : : : ; xN) betheir onvex hull. For every p > 0 we onsider the quantityEp (K;N) = �ZK : : : ZK jC(x1; : : : ; xN )jp dxN � � � dx1�1=pn :(1.4)When N = n + 1, these quantities are exat funtions of the isotropi onstant of K.To see this, note thatAn(K) := ZK : : : ZK jo(0; x1; : : : ; xn)j2 dxn � � � dx1satis�es the identity L2nK = n!An(K) andAn(K) � E2n2 (K;n+ 1) � (n+ 1)2An(K):(1.5)It follows that 1LKpn � E2 (K;n+ 1) � 2LKpn(1.6)where 1; 2 > 0 are absolute onstants. Moreover, using Khinthine type inequali-ties for linear funtionals on onvex bodies (see the next setion) one an show thatEp (K;n+ 1) � LK=pn for every p > 0, where  > 0 is an absolute onstant.In this paper, we give estimates for the volume radius E1=n (K;N) of a randomN -tope C(x1; : : : ; xN ) in K. It turns out that a generalization of the upper bound in(6) is possible.Theorem 1.1. Let K be a onvex body in Rn with volume jKj = 1. For every N �n+ 1, we have E1=n (K;N) � LK log(2N=n)pnwhere  > 0 is an absolute onstant.The proof of this fat is presented in Setion 2. We an also obtain upper estimatesfor Ep (K;N), p > 1=n, but the dependene on p does not seem to be optimal. Ourmethod shows that if K is a  2-body then one has the stronger estimate E1=n (K;N) �LKplog(2N=n)=pn. This is optimal and might be the right dependene for everyonvex body K in Rn .Our lower bound is based on an extension of a result of Groemer [3℄.2



Theorem 1.2. Let K be a onvex body of volume 1 and B be a ball of the samevolume. Then, Ep (K;N) � Ep (B;N)for every p > 0. In partiular, the expeted volume radius E1=n (K;N) of a randomN-tope in K is minimal when K = B.Groemer proved the same fat for p � 1. Sh�opf [7℄ proved Theorem 1.2 in the aseN = n+1. Our argument is along the same lines: we show that Steiner symmetrizationdereases Ep (K;N). A di�erent extremal problem onerning the p-th moment of thevolume of Minkowski sums of intervals de�ned by random points from a onvex bodywas solved in [2℄: the solution is again given by the Eulidean ball for every p > 0.In the ase of the ball, one an give a lower bound for E1=n (K;N).Theorem 1.3. Let B be a ball of volume 1 in Rn. If n(log n)2 � N � exp(n), thenE1=n (B;N) � plog(N=n)pnwhere  > 0 is an absolute onstant.Theorems 1.2 and 1.3 are proved in Setion 3. It follows that E1=n (K;N) �plog(N=n)=pn for every onvex body K of volume 1. This bound is optimal. How-ever, an interesting question is to give lower bounds for E1=n (K;N) in terms of LK .Sine E1=n (K;N) � 1, this would lead to non-trivial upper estimates for the isotropionstant.For standard notation and de�nitions we refer to [5℄ and [6℄. We use ; 1; 0 et. forabsolute positive onstants whih are not neessarily the same in all their ourenes.2 The upper boundLet � 2 [1; 2℄. We say that a onvex body K in Rn is a  �-body with onstant b� if�ZK jhx; yijp dx�1=p � b�p1=� ZK jhx; yij dx(2.1)for every y 2 Rn and p � 1. It is lear by the de�nition that if K is a  �-body thenthe same is true for TK, T 2 GL(n) (with the same onstant b�). By Borell's lemma(see [6℄, Appendix III), every onvex body K is a  1-body with onstant b1 = , where > 0 is an absolute onstant.Assume that K has volume 1 and satis�es the isotropi onditionZKhx; yi2 dx = L2Kfor every y 2 Sn�1. Then, the fat that K is a  �-body with onstant b� is equivalentto the inequality �ZK jhx; yijpdx�1=p � b�p1=�LKfor every p � 1 and y 2 Sn�1. We shall prove the following.3



Theorem 2.1. Let K be a onvex body in Rn with volume 1. Assume that K is a �-body with onstant b�. Then, for every N � n + 1E1=n (K;N) � b�LK � log(2N=n)�1=�pn :This implies Theorem 1.1. For the proof, we will use a result of Ball and Pajor[1℄ on the volume of symmetri onvex bodies whih are intersetions of symmetristrips in Rn .Lemma 2.2. Let x1; : : : ; xN 2 Rn and 1 � q < 1. If W = fz 2 Rn : jhz; xjij �1; j = 1; : : : ; Ng, thenjW j1=n � 2 n+ qn NXj=1 1jBnq j ZBnq jhz; xjijqdz!�1=q :2Proof of Theorem 2.1: We may assume that K is isotropi. Write KN for theabsolute onvex hull of�x1; : : : ;�xNg of N random points fromK. By the Blashke-Santal�o inequality, E1=n (K;N) � EjKN j1=n � !2=nn � EjKÆN j�1=nwhere KÆN is the polar body of KN . Lemma 2.2 shows thatjKÆN j�1=n � 12  n+ qn NXj=1 1jBnq j ZBnq jhz; xjijqdz!1=q(2.2)for every q � 1. Consider the onvex body W = K � � � � �K (N times) in RNn . Weapply H�older's inequality, hange the order of integration and use the  �-property ofK: EjKÆN j�1=n � ZW 12  n+ qn NXj=1 1jBnq j ZBnq jhz; xjijq dz!1=q dxN � � � dx1� 12  n+ qn NXj=1 1jBnq j ZBnq ZW jhz; xjijq dxN � � � dx1 dz!1=q� 12  n+ qn �q1=�b�LK�q N 1jBnq j ZBnq jzjq dz!1=q :Sine !2=nn � 1=n and jzj � n1=2�1=q for all z 2 Bnq , we getE1=n (K;N) � pnb�LKq1=� �Nn �1=q �n + qn �1=q :Choosing q = log(2N=n) we omplete the proof. 2Remark The proof shows that Ep0 (K;N) � b�LK� log(2N=n)�1=�=pn, where p0 =log(2N=n)=n. Sine f(x1; : : : ; xN) = � NXj=1 ZBnq jhz; xjijqdz�1=q4



is a norm on RNn , one an estimate Ep (K;N) for larger values of p by a standardappliation of Borell's lemma (see [6℄, Appendix III). When p is lose to 1, the rightdependene of Ep (K;N) on p is not lear.3 The lower boundLet H be an (n� 1)-dimensional subspae of Rn . We identify H with Rn�1 and writex = (y; t), y 2 H, t 2 R for a point x 2 Rn . If K is a onvex body in Rn with jKj = 1and P (K) is the orthogonal projetion of K onto H, thenEpnp (K;N) = ZP (K) � � � ZP (K)Mp;K(y1; : : : ; yN ) dyN � � � dy1(3.1)where Mp;K(y1; : : : ; yN ) = Z`(K;y1) � � � Z`(K;yN ) ��C�(y1; t1); : : : ; (yN ; tN )���p dtN � � � dt1(3.2)and `(K; y) = ft 2 R : (y; t) 2 Kg.We �x y1; : : : ; yN 2 H and onsider the funtion FY : RN ! R de�ned byFY (t1; : : : ; tN) = ��C�(y1; t1); : : : ; (yN ; tN)���;(3.3)where Y = (y1; : : : ; yN). The key observation in [3℄ is the following:Lemma 3.1. For any y1; : : : ; yN 2 H, the funtion FY is onvex. 2We now also �x r1; : : : ; rN > 0 and de�ne Q = fU = (u1; : : : ; uN ) : juij � ri; i =1; : : : ; Ng. For every N -tuple W = (w1; : : : ; wN ) 2 RN we setGW (u1; : : : ; uN) = FY (w1 + u1; : : : ; wN + uN );(3.4)and write GW (U) = FY (W + U):This is the volume of the polytope whih is generated by the points (yi; wi + ui).Finally, for every W 2 RN and � > 0, we de�neA(W;�) = fU 2 Q : GW (U) � �g:(3.5)With this notation, we haveLemma 3.2. Let � > 0 and � 2 (0; 1). If W;W 0 2 RN , thenjA(�W + (1� �)W 0; �)j � jA(W;�)j�jA(W 0; �)j1��:(3.6)Proof: Let U 2 A(W;�) and U 0 2 A(W 0; �). Then, using the onvexity of FY we seethat G�W+(1��)W 0��U + (1� �)U 0� = FY ��(W + U) + (1� �)(W 0 + U 0)�� �FY (W + U) + (1� �)FY (W 0 + U 0)= �GW (U) + (1� �)GW 0(U 0)� �:5



Therefore, A��W + (1� �)W 0� � �A(W;�) + (1� �)A(W 0; �)and the result follows from the Brunn-Minkowski inequality. 2Observe that the polytopes C�(yi; wi + ui)i�N� and C�(yi;�wi � ui)i�N� havethe same volume sine they are reetions of eah other with respet to H. It followsthat A(�W;�) = �A(W;�)(3.7)for every � > 0. TakingW 0 = �W and � = 1=2 in Lemma 3.2, we obtain the following:Lemma 3.3. Let y1; : : : ; yN 2 H. For every W 2 RN and every � > 0,jA(O;�)j � jA(W;�)j;(3.8)where O is the origin in RN . 2For every y 2 P (K), we denote by w(y) the midpoint and by 2r(y) the length of`(K; y). Let S(K) be the Steiner symmetral of K. By de�nition, P (S(K)) = P (K) =P and for every y 2 P the midpoint and length of `(S(K); y) are w0(y) = 0 and2r0(y) = 2r(y) respetively.Lemma 3.4. Let y1; : : : ; yN 2 P (K) = P (S(K)). Then,Mp;K(y1; : : : ; yN ) �Mp;S(K)(y1; : : : ; yN)for every p > 0.Proof: In the notation of the previous lemmata, we haveMp;K(y1; : : : ; yN ) = ZQ �GW (U)�p dU= Z 10 jfU 2 Q : GW (U) � t1=pgj dt= Z 10 �jQj � jA(W; t1=p)j� dt:By the de�nition of S(K),Mp;K(y1; : : : ; yN ) = ZQ �GO(U)�p dU = Z 10 �jQj � jA(O; t1=p)j� dt;and the result follows from Lemma 3.3. 2It is now lear that Ep (K;N) dereases under Steiner symmetrization.Theorem 3.5. Let K be a onvex body with volume jKj = 1 and let H be an (n� 1)-dimensional subspae of Rn . If SH(K) is the Steiner symmetral of K with respet toH, then Ep �SH(K); N� � Ep (K;N)for every p > 0.Proof: We may assume that H = Rn�1 . Sine P (SH(K)) = P (K), Lemma 3.4 and(9) show that 6



Epnp (K;N) = ZP (K) � � � ZP (K)Mp;K(y1; : : : ; yN ) dyN � � � dy1� ZP (SH(K)) � � � ZP (SH(K)) Mp;SH(K)(y1; : : : ; yN )dyN � � � dy1= Epnp (SH(K); N);ompleting the proof. 2Proof of Theorem 1.2: Sine the ball B of volume 1 is the Hausdor� limit of asequene of suessive Steiner symmetrizations of K, Theorem 3.1 shows that theexpeted volume radius is minimal in the ase of B. 2Remark The argument shows that a more general fat holds true.Theorem 3.6. Let K be a onvex body of volume 1 and let B be a ball of the samevolume. Then,ZK � � � ZK f���C(x1; : : : ; xN)��� dxN � � � dx1� ZB � � � ZB f���C(x1; : : : ; xN )��� dxN � � � dx1for every inreasing funtion f : R+ ! R+. 2Next, we give a lower bound for E1=n (B;N). We will atually prove that the onvexhull of N random points from K = B ontains a ball of radius plog(2N=n)=pn (ananalogous fat was proved in [4℄ for an arbitrary onvex body K, but the fat that weare dealing with a ball leads to the muh better estimate whih is needed).Lemma 3.7. Let B = rDn be the entered ball of volume 1 in Rn . If � 2 Sn�1, thenProb (x 2 B : hx; �i � "r) � exp(�4"2n)for every " 2 (1=pn; 1=4), where 1 > 0 is an absolute onstant.Proof: A simple alulation shows thatProb (x 2 B : hx; �i � "r) = !n�1rn Z 1" (1� t2)(n�1)=2dt� !n�1!n "(1� 4"2)(n�1)=2� exp � � 4(n � 1)"2�� exp(�4"2n)sine pn!n � 1!n�1 for some absolute onstant 1 > 0. 2Lemma 3.8. There exist  > 0 and n0 2 N suh that if n � n0 and n(log n)2 � N �exp(n), then C(x1; : : : ; xN ) � plog(N=n)6pn Bwith probability greater than 1� exp(�n).7



Proof: By Lemma 3.7, for every � 2 Sn�1 we haveProb�(x1; : : : ; xN ) : maxj�N hxj ; �i � "r� � �1� exp(�4"2n)�N� exp ��N exp(�4"2n)�for every " 2 (1=pn; 1=4). Let N be a �-net for Sn�1 with ardinality jN j �exp � log(1 + 2=�)n�. Ifexp �n log(1 + 2=�) �N exp(�4"2n)� � exp(�n);(3.9)we have maxj�N hxj ; �i > "r for all � 2 N with probability greater than 1� exp(�n).For every u 2 Sn�1 we �nd � 2 N with j� � uj < �. Then,maxj�N hxj ; ui � maxj�N hxj ; �i �maxj�N hxj ; � � ui � ("� �)r:We hoose " = 2a�(log(N=n)=n�1=2 (a > 0 is an absolute onstant to be determined)and � = "=2. Then,n log(1 + 2=�) + n � 2n log(3=�) � n log� 9na2 log(N=n)� � n log n;if a2 � 9= log(N=n). Therefore, (17) will be a onsequene ofexp �16a2 log(N=n)� � Nn log n ;(3.10)whih an be written equivalently in the form�Nn �1�16a2 � log n:(3.11)If N � n(log n)2 and a = 1=6, then (19) is learly satis�ed. The restrition we hadposed on a was a2 � 9=2 log log n, whih is also satis�ed when n � n0, for a suitable(absolute) n0 2 N. 2Theorem 3.9. Let B be the ball of volume 1 in Rn . If n(log n)2 � N � exp(n), thenE1=n (B;N) � plog(N=n)pnwhere  > 0 is an absolute onstant.Proof: Let f(N;n) =plog(N=n)=6pn andA = f(x1; : : : ; xN ) : C(x1; : : : ; xn) � f(N;n)Bg:By Lemma 3.8, Prob(A) � 1� exp(�n), and heneE(B; N) � ZA jC(x1; : : : ; xN)j dx1 � � � dxN� �1� exp(�n)�f(N; n)jBj� f(N;n)=2;8



ompleting the proof. 2This ompletes the proof of Theorem 1.3.Remarks (a) The argument shows that if Æ > 0 and 1n(log n)1+Æ � N � exp(2n),then E1=n (B;N) � pÆplog(2N=n)pn :(3.12)(b) The estimate of Lemma 3.8 implies thatEp (B;N) � plog(2N=n)pn(3.13)for every p � exp(�n). However, it is not lear if (21) holds true for every p > 0.Referenes[1℄ K. Ball and A. Pajor, Convex bodies with few faes, Pro. Amer. Math. So. 110(1990), 225{231.[2℄ J. Bourgain, M. Meyer, V. Milman and A. Pajor On a geometri inequality, LetureNotes in Mathematis 1317, Springer, Berlin (1986{87), 271{282.[3℄ H. Groemer, On the mean value of the volume of a random polytope in a onvexset, Arh. Math. 25 (1974), 86{90.[4℄ A.A. Giannopoulos and V.D. Milman, Conentration property on probabilityspaes, Advanes in Math. 156 (2000), 77{106.[5℄ V.D. Milman and A. Pajor, Isotropi position and inertia ellipsoids and zonoidsof the unit ball of a normed n-dimensional spae, Leture Notes in Mathematis1376, Springer, Berlin (1989), 64{104.[6℄ V.D. Milman and G. Shehtman, Asymptoti Theory of Finite DimensionalNormed Spaes, Leture Notes in Mathematis 1200 (1986), Springer, Berlin.[7℄ P. Sh�opf, Gewihtete Volumsmittelwerte von Simplies, welhe zuf�allig in einemenkonvexen K�orper des Rn gew�ahlt werden, Monatsh. Math. 83 (1977), 331{337.A. Giannopoulos: Department of Mathematis, University of Crete, Iraklion, Greee.E-mail address: apostolo�math.uh.grA. Tsolomitis: Department of Mathematis, University of the Aegean, Samos, Greee.E-mail address: atsol�iris.math.aegean.gr
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