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Kef�laio 1

Isoperimetrikèc anisìthtec kai

sugkèntrwsh tou mètrou

1.1 Sugkèntrwsh tou mètrou
'Estw (X,B(X), d, µ) ènac metrikìc q¸roc pijanìthtac: o (X, d) eÐnai metrikìc q¸roc kai
to µ eÐnai èna mètro pijanìthtac sth σ-�lgebra B(X) twn Borel uposunìlwn tou (X, d).
Gia k�je A ∈ B(X) kai t > 0 orÐzoume thn t-perioq  tou A wc ex c:

At = {x ∈ X : d(x,A) ≤ t}.

Orismìc 1.1.1. H sun�rthsh sugkèntrwshc tou (X,B(X), d, µ) orÐzetai sto (0,∞) apì
thn

α(X, t) := 1− inf{µ(At) : µ(A) ≥ 1/2}.

Lème ìti up�rqei {sugkèntrwsh mètrou} sto q¸ro an h α(X, t) fjÐnei gr gora ka-
jlwc to t → ∞ (gia par�deigma, ekjetik� wc proc t). Pollèc apì tic efarmogèc thc
sugkèntrwshc tou mètrou basÐzontai sto ex c je¸rhma.
Je¸rhma 1.1.2. 'Estw (X,B(X), d, µ) metrikìc q¸roc pijanìthtac. An f : X → R
eÐnai mia sun�rthsh Lipschitz me stajer� 1, dhlad  an |f(x) − f(y)| ≤ d(x, y) gia k�je
x, y ∈ X, tìte

µ ({x ∈ X : |f(x)−med(f)| > t}) ≤ 2α(X, t),

ìpou med(f) eÐnai o mèsoc Lévy thc f .

ShmeÐwsh. O mèsoc Lévy med(f) thc f eÐnai ènac arijmìc gia ton opoÐo
µ({f ≥ med(f)}) ≥ 1/2 kai µ({f ≤ med(f)}) ≥ 1/2.
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Apìdeixh tou Jewr matoc 1.1.2. Jètoume A = {x : f(x) ≥ med(f)} kai B = {x : f(x) ≤
med(f)}. An y ∈ At tìte up�rqei x ∈ A me d(x, y) ≤ t, opìte

f(y) = f(y)− f(x) + f(x) ≥ −d(y, x) + med(f) ≥ med(f)− t

afoÔ h f eÐnai 1-Lipschitz. OmoÐwc, an y ∈ Bt tìte up�rqei x ∈ B me d(x, y) ≤ t, opìte
f(y) = f(y)− f(x) + f(x) ≤ d(y, x) + med(f) ≤ med(f) + t.

Dhlad , an y ∈ At ∩Bt tìte |f(x)−med(f)| ≤ t. Me �lla lìgia,
{x ∈ X : |f(x)−med(f)| > t} ⊆ (At ∩Bt)c = Act ∪Bct .

'Omwc, apì ton orismì thc sun�rthshc sugkèntrwshc èqoume µ(At) ≥ 1 − α(X, t) kai
µ(Bt) ≥ 1− α(X, t). 'Epetai ìti

µ ({|f −med(f)| > t}) ≤ (1− µ(At)) + (1− µ(Bt)) ≤ 2α(X, t).

2

Sthn perÐptwsh pou h sun�rthsh sugkèntrwshc fjÐnei polÔ gr gora, to Je¸rhma
1.1.2 deÐqnei ìti oi 1-Lipschitz suneqeÐc sunart seic eÐnai {sqedìn stajerèc} se {sqedìn
olìklhro to q¸ro}. IsqÔei m�lista kai to antÐstrofo.
Prìtash 1.1.3. 'Estw (X,B(X), d, µ) metrikìc q¸roc pijanìthtac. An gia k�poio t > 0
kai gia k�je 1-Lipschitz sun�rthsh f : X → R èqoume

µ ({x ∈ X : |f(x)−med(f)| > t}) ≤ η,

tìte α(X, t) ≤ η.

Apìdeixh. 'Estw A Borel uposÔnolo tou X me µ(A) ≥ 1/2. JewroÔme th sun�rthsh
f(x) = d(x,A). H f eÐnai 1-Lipschitz kai med(f) = 0 giatÐ h f paÐrnei mh arnhtikèc timèc
kai µ({x : f(x) = 0}) ≥ 1/2. Apì thn upìjesh paÐrnoume

µ({x ∈ X : d(x,A) > t}) ≤ η,

dhlad  1− µ(At) ≤ η. 'Epetai ìti α(X, t) ≤ η. 2

Skopìc autoÔ tou eisagwgikoÔ kefalaÐou eÐnai na deÐxei ìti h gn¸sh thc lÔshc tou
isoperimetrikoÔ probl matoc ston (X,B(X), d, µ) mac epitrèpei na d¸soume akrib  ek-
tÐmhsh gia th sun�rthsh sugkèntrwshc tou q¸rou. Ja suzht soume ta klasik� pa-
radeÐgmata thc EukleÐdeiac monadiaÐac sfaÐrac Sn−1 ston Rn, tou mètrou Gauss γn ston
Rn kai tou diakritoÔ kÔbou En2 .
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1.2 Isoperimetrik  anisìthta sth sfaÐra
JewroÔme th monadiaÐa sfaÐra Sn−1 ston Rn, efodiasmènh me th gewdaisiak  metrik  ρ:
h apìstash ρ(x, y) dÔo shmeÐwn x, y ∈ Sn−1 eÐnai h kurt  gwnÐa xoy sto epÐpedo pou
orÐzetai apì thn arq  twn axìnwn o kai ta x, y. H Sn−1 gÐnetai q¸roc pijanìthtac me to
monadikì analloÐwto wc proc orjog¸niouc metasqhmatismoÔc mètro σ: gia k�je Borel
sÔnolo A ⊆ Sn−1 jètoume

σ(A) :=
|Ã|
|Bn2 |

,

ìpou Bn2 eÐnai h monadiaÐa EukleÐdeia mp�la kai
Ã := {sx : x ∈ A kai 0 ≤ s ≤ 1}.

EÐnai eÔkolo na deÐ kaneÐc ìti an ρ(x, y) = θ tìte

‖x− y‖2 = 2 sin
θ

2
,

sunep¸c h gewdaisiak  kai h EukleÐdeia apìstash twn x, y ∈ Sn−1 sugkrÐnontai mèsw
thc

2
π
ρ(x, y) ≤ ‖x− y‖2 ≤ ρ(x, y).

To isoperimetrikì prìblhma sth sfaÐra diatup¸netai wc ex c:
DÐnontai α ∈ (0, 1) kai t > 0. An�mesa se ìla ta Borel uposÔnola A thc s-
faÐrac gia ta opoÐa σ(A) = α, na brejoÔn ekeÐna gia ta opoÐa elaqistopoieÐtai
h epif�neia σ(At) thc t-perioq c tou A.

H ap�nthsh dÐnetai apì to akìloujo je¸rhma:
Isoperimetrik  anisìthta sth sfaÐra. 'Estw α ∈ (0, 1) kai

B(x, r) = {y ∈ Sn−1 : ρ(x, y) ≤ r}

mia mp�la sthn Sn−1 me aktÐna r > 0 pou epilègetai ¸ste σ(B(x, r)) = α. Tìte, gia
k�je A ⊆ Sn−1 me σ(A) = α kai gia k�je t > 0 èqoume

σ(At) ≥ σ
(
B(x, r)t

)
= σ

(
B(x, r + t)

)
.

Dhlad , gia opoiod pote dosmèno mètro α kai opoiod pote t > 0 oi mp�lec mètrou α
dÐnoun th lÔsh tou isoperimetrikoÔ probl matoc.

H apìdeixh thc isoperimetrik c anisìthtac gÐnetai me sfairik  summetrikopoÐhsh kai
epagwg  wc proc th di�stash. Ac jewr soume thn eidik  perÐptwsh α = 1/2. An
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σ(A) = 1/2 kai t > 0, tìte mporoÔme na ektim soume to mègejoc tou At qrhsimopoi¸ntac
thn isoperimetrik  anisìthta:

σ(At) ≥ σ
(
B
(
x,
π

2
+ t
))

gia k�je t > 0 kai x ∈ Sn−1. Ektim¸ntac apì k�tw to dexiì mèloc aut c thc anisìthtac
odhgoÔmaste sto ex c:
Je¸rhma 1.2.1. 'Estw A ⊆ Sn+1 me σ(A) = 1/2 kai èstw t > 0. Tìte,

σ(At) ≥ 1−
√
π/8 exp(−t2n/2).

Parat rhsh. Autì pou èqei shmasÐa se sqèsh me thn ektÐmhsh tou jewr matoc 1.2.1
eÐnai ìti, ìso mikrì t > 0 ki an dialèxoume, h akoloujÐa exp(−t2n/2) teÐnei sto 0 kaj¸c
n → ∞ kai m�lista me polÔ taqÔ rujmì (ekjetik� wc proc n). Sunep¸c, to posostì
thc sfaÐrac pou mènei èxw apì thn t-perioq  opoioud pote uposunìlou A thc Sn+1 me
σ(A) = 1/2 eÐnai {sqedìn mhdenikì} an h di�stash n eÐnai arket� meg�lh.

H apìdeixh tou Jewr matoc 1.2.1 basÐzetai polÔ isqur� sth sfairik  isoperimetrik 
anisìthta. Gia tic perissìterec ìmwc efarmogèc pou èqoume sto noÔ mac eÐnai arket  mia
anisìthta thc morf c

σ(At) ≥ 1− c1 exp(−c2t2n)

kai ìqi h akrib c lÔsh tou isoperimetrikoÔ probl matoc. Ja d¸soume mia apl  apìdeixh
ektÐmhshc {autoÔ tou tÔpou} qwrÐc na per�soume mèsa apì thn isoperimetrik  anisìthta,
qrhsimopoi¸ntac thn anisìthta Brunn-Minkowski.
Orismìc 1.2.2. 'Estw A kai B mh ken� uposÔnola tou Rn. OrÐzoume

A+B := {a+ b | a ∈ A, b ∈ B}

kai gia k�je t ≥ 0,
tA = {ta | a ∈ A}.

H anisìthta Brunn-Minkowski sundèei to �jroisma Minkowski me ton ìgko | · | ston
Rn:
Je¸rhma 1.2.3 (anisìthta Brunn-Minkowski). 'EstwK kai T dÔo mh ken� sumpag 
uposÔnola tou Rn. Tìte,

|K + T |1/n ≥ |K|1/n + |T |1/n.

Parathr seic. Sthn perÐptwsh pou ta K kai T eÐnai kurt� s¸mata (kurt� sumpag  me mh
kenì eswterikì), isìthta sthn anisìthta Brunn-Minkowski mporeÐ na isqÔei mìno an ta
K kai T eÐnai omoiojetik� (dhlad , an K = aT +x gia k�poion a ≥ 0 kai k�poio x ∈ Rn).
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H anisìthta Brunn-Minkowski ekfr�zei me mia ènnoia to gegonìc ìti o ìgkoc eÐnai
koÐlh sun�rthsh wc proc thn prìsjesh kat� Minkowski. Gia to lìgo autì suqn�
gr�fetai sthn akìloujh morf : An K,T eÐnai mh ken� sumpag  uposÔnola tou Rn kai
λ ∈ (0, 1), tìte

|λK + (1− λ)T |1/n ≥ λ|K|1/n + (1− λ)|T |1/n.

Qrhsimopoi¸ntac thn teleutaÐa anisìthta se sunduasmì me thn anisìthta arijmhtikoÔ�
gewmetrikoÔ mèsou, mporoÔme akìma na gr�youme:

|λK + (1− λ)T | ≥ |K|λ|T |1−λ.

L mma 1.2.4. JewroÔme to omoiìmorfo mètro pijanìthtac µ sthn EukleÐdeia monadiaÐa
mp�la Bn2 . Dhlad , µ(A) = |A|/|Bn2 | gia k�je Borel A ⊆ Bn2 . An A,C ⊆ Bn2 sumpag ,
kai

d(A,C) := min{‖a− c‖2 : a ∈ A, c ∈ C} = ρ > 0,

tìte

min{µ(A), µ(C)} ≤ exp(−ρ2n/8).

Apìdeixh. JewroÔme to sÔnolo A+C
2 . Apì thn anisìthta Brunn–Minkowski paÐrnoume∣∣A+C

2

∣∣ ≥ min{|A|, |C|}. Sunep¸c,

µ

(
A+ C

2

)
≥ min{µ(A), µ(C)}.

Apì thn �llh pleur�, an a ∈ A kai c ∈ C, o kanìnac tou parallhlogr�mmou dÐnei
‖a+ c‖22 = 2‖a‖22 + 2‖c‖22 − ‖a− c‖22 ≤ 4− ρ2,

epomènwc
A+ C

2
⊆
√

1− ρ2

4
Bn2 .

Sundu�zontac ta parap�nw blèpoume ìti

min
{
µ(A), µ(C)

}
≤
(

1− ρ2

4

)n/2
≤ exp(−ρ2n/8).

2

Apìdeixh tou Jewr matoc 1.2.1: 'Estw A ⊆ Sn−1 me σ(A) = 1/2 kai èstw t > 0. Jètoume
C = Sn−1 \At kai jewroÔme ta uposÔnola

A1 = {ρa : a ∈ A, 1
2
≤ ρ ≤ 1} kai C1 = {ρa : a ∈ C, 1

2
≤ ρ ≤ 1}
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thc Bn2 . EÔkola elègqoume ìti

d(A1, C1) ≥ sin
t

2
≥ t

π
.

Apì to L mma 1.2.4 sumperaÐnoume ìti
|C1| ≤ exp(−d2n/8)|Bn2 | ≤ exp

(
−t2n/(8π2)

)
|Bn2 |.

'Omwc, apì ton orismì tou σ èqoume |Bn2 |σ(C) = |C̃| kai |C1| = (1− 2−n)|C̃|. 'Epetai ìti

σ(Act) = σ(C) ≤ 1
1− 2−n

exp
(
−t2n/(8π2)

)
.

Dhlad ,
σ(At) ≥ 1− c1 exp(−c2t2n)

ìpou c1 = 2 kai c2 = 1/(8π2). Aut  eÐnai h anisìthta tou Jewr matoc 1.2.1 an exairè-
soume tic akribeÐc timèc twn stajer¸n c1 kai c2. 2

1.3 H anisìthta Prékopa–Leindler

H anisìthta twn Prékopa kai Leindler eÐnai h genÐkeush thc anisìthtac Brunn-Minkowski
sto plaÐsio twn metr simwn jetik¸n sunart sewn.
Je¸rhma 1.3.1. 'Estw f, g, h : Rn → R+ treÐc metr simec sunart seic kai λ ∈ (0, 1).
Upojètoume ìti oi f kai g eÐnai oloklhr¸simec kai ìti gia k�je x, y ∈ Rn

h(λx+ (1− λ)y) ≥ f(x)λg(y)1−λ.

Tìte, ∫
Rn
h ≥

(∫
Rn
f

)λ(∫
Rn
g

)1−λ

.

Apìdeixh. Ja deÐxoume thn anisìthta me epagwg  wc proc th di�stash n.
(a) n = 1: MporoÔme na upojèsoume ìti oi f kai g eÐnai suneqeÐc kai gn sia jetikèc.
OrÐzoume x, y : (0, 1) → R mèsw twn∫ x(t)

−∞
f = t

∫
f ,

∫ y(t)

−∞
g = t

∫
g.

SÔmfwna me tic upojèseic mac oi x, y eÐnai paragwgÐsimec, kai gia k�je t ∈ (0, 1) èqoume

x′(t)f(x(t)) =
∫
f , y′(t)g(y(t)) =

∫
g.
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OrÐzoume z : (0, 1) → R me
z(t) = λx(t) + (1− λ)y(t).

Oi x kai y eÐnai gn sia aÔxousec. Epomènwc, h z eÐnai ki aut  gn sia aÔxousa. Apì thn
anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,

z′(t) = λx′(t) + (1− λ)y′(t) ≥ (x′(t))λ(y′(t))1−λ.

MporoÔme loipìn na ektim soume to olokl rwma thc h k�nontac thn allag  metablht¸n
s = z(t): ∫

h(s)ds =
∫ 1

0

h(z(t))z′(t)dt

≥
∫ 1

0

h(λx(t) + (1− λ)y(t))(x′(t))λ(y′(t))1−λdt

≥
∫ 1

0

fλ(x(t))g1−λ(y(t))
( ∫

f

f(x(t))

)λ( ∫
g

g(y(t))

)1−λ

dt

=
(∫

f

)λ(∫
g

)1−λ

.

(b) Epagwgikì b ma: Upojètoume ìti n ≥ 2 kai ìti to Je¸rhma èqei apodeiqjeÐ
gia k ∈ {1, . . . , n − 1}. 'Estw f, g, h ìpwc sto Je¸rhma. Gia k�je s ∈ R orÐzoume
hs : Rn−1 → R+ me hs(w) = h(w, s), kai me an�logo trìpo orÐzoume fs, gs : Rn−1 → R+.
Apì thn upìjesh tou jewr matoc gia tic f, g kai h èpetai ìti, an x, y ∈ Rn−1 kai s0, s1 ∈ R
tìte

hλs1+(1−λ)s0(λx+ (1− λ)y) ≥ fs1(x)
λgs0(y)

1−λ,

kai h epagwgik  upìjesh mac dÐnei

H(λs1 + (1− λ)s0) :=
∫

Rn−1
hλs1+(1−λ)s0

≥
(∫

Rn−1
fs1

)λ(∫
Rn−1

gs0

)1−λ

=: Fλ(s1)G1−λ(s0).

Efarmìzontac t¸ra xan� thn epagwgik  upìjesh gia n = 1 stic sunart seic F,G kai
H, paÐrnoume ∫

h =
∫

R
H ≥

(∫
R
F

)λ(∫
R
G

)1−λ

=
(∫

f

)λ(∫
g

)1−λ

.

2
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Qrhsimopoi¸ntac thn anisìthta Prékopa–Leindler mporoÔme na apodeÐxoume thn anisìth-
ta Brunn–Minkowski:
Apìdeixh tou Jewr matoc 1.2.3: 'Estw K,T sumpag  mh ken� uposÔnola tou Rn, kai
λ ∈ (0, 1). OrÐzoume f = χK , g = χT , kai h = χλK+(1−λ)T . EÔkola elègqoume ìti
ikanopoioÔntai oi upojèseic tou jewr matoc 1.3.1. Pr�gmati, an x /∈ K   y /∈ T tìte

h(λx+ (1− λ)y) ≥ 0 = [f(x)]λ[g(y)]1−λ,

en¸ an x ∈ K kai y ∈ T tìte λx+ (1− λ)y ∈ λK + (1− λ)T , �ra
h(λx+ (1− λ)y) = 1 = [f(x)]λ[g(y)]1−λ.

Efarmìzontac thn anisìthta Prékopa-Leindler paÐrnoume

(∗) |λK + (1− λ)T | =
∫
h ≥

(∫
f

)λ(∫
g

)1−λ

= |K|λ|T |1−λ.

JewroÔme t¸ra K kai T ìpwc sto Je¸rhma 1.3.1 (me |K| > 0 kai |T | > 0, alli¸c den
èqoume tÐpota na deÐxoume), kai orÐzoume

K1 = |K|−1/nK , T1 = |T |−1/nT , λ =
|K|1/n

|K|1/n + |T |1/n
.

Ta K1 kai T1 èqoun ìgko 1, opìte apì thn (∗) paÐrnoume
(∗∗) |λK1 + (1− λ)T1| ≥ 1.

Omwc,
λK1 + (1− λ)T1 =

K + T

|K|1/n + |T |1/n
,

epomènwc h (∗∗) paÐrnei thn morf 

|K + T | ≥
(
|K|1/n + |T |1/n

)n
kai èpetai to zhtoÔmeno. 2

1.4 Isoperimetrik  anisìthta sto q¸ro tou Gauss

Se aut  thn par�grafo, o q¸roc pijanìthtac pou ja melet soume eÐnai o Ω = Rn me thn
EukleÐdeia metrik  ‖ · ‖2 kai to mètro pijanìthtac γn pou èqei puknìthta thn sun�rthsh

γn(x) = (2π)−n/2e−‖x‖
2
2/2.
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Dhlad , an A eÐnai èna mh kenì uposÔnolo tou Rn, tìte

γn(A) = Prob(x ∈ A) =
1

(2π)n/2

∫
A

e−‖x‖
2
2/2dx.

To γn onom�zetai mètro tou Gauss kai o q¸roc pijanìthtac Γn = (Rn, ‖·‖2, γn) q¸roc
tou Gauss.

To mètro tou Gauss èqei dÔo polÔ shmantikèc idiìthtec: apì th mia pleur� eÐnai mètro
ginìmeno, piì sugkekrimèna γn = γ1⊗ · · ·⊗ γ1. Apì thn �llh pleur� eÐnai analloÐwto wc
proc orjog¸niouc metasqhmatismoÔc: an U ∈ O(n) kai A eÐnai èna Borel uposÔnolo tou
Rn, tìte

γn(U(A)) =
1

(2π)n/2

∫
U(A)

e−‖x‖
2
2/2dx =

|detU |
(2π)n/2

∫
A

e−‖Uy‖
2
2/2dy

=
1

(2π)n/2

∫
A

e−‖y‖
2
2/2dy = γn(A).

H isoperimetrik  anisìthta sto q¸ro tou Gauss eÐnai h ex c.
Je¸rhma 1.4.1. 'Estw α ∈ (0, 1), θ ∈ Sn−1, kai H = {x ∈ Rn : 〈x, θ〉 ≤ λ} ènac
hmÐqwroc tou Rn me γn(H) = α. Tìte, gi� k�je t > 0 kai k�je Borel A ⊆ Rn me
γn(A) = α isqÔei

γn(At) ≥ γn(Ht).

Pìrisma 1.4.2. An γn(A) ≥ 1/2, tìte gia k�je t > 0

1− γn(At) ≤
1
2

exp(−t2/2).

Apìdeixh. Apì to Je¸rhma 1.5.1 xèroume ìti
1− γn(At) ≤ 1− γn(Ht)

ìpouH hmÐqwroc mètrou 1/2. AfoÔ to γn eÐnai analloÐwto wc proc orjog¸niouc metasqh-
matismoÔc, mporoÔme na upojèsoume ìti H = {x ∈ Rn : x1 ≤ 0}, opìte oloklhr¸nontac
pr¸ta wc proc x2, . . . , xn blèpoume ìti

1− γn(Ht) =
1√
2π

∫ ∞

t

e−s
2/2ds.

ParagwgÐzontac deÐqnoume ìti h sun�rthsh

F (x) = ex
2/2

∫ ∞

x

e−s
2/2ds

eÐnai fjÐnousa sto [0,+∞). Apì thn F (t) ≤ F (0) prokÔptei to sumpèrasma. 2
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'Opwc kai sthn perÐptwsh thc sfaÐrac, h apìdeixh thc proseggistik c isoperimetrik -
c anisìthtac tou porÐsmatoc 1.5.2 qrhsimopoieÐ isqur� thn isoperimetrik  anisìthta tou
jewr matoc 1.5.1. MporoÔme ìmwc na apodeÐxoume apeujeÐac thn proseggistik  isoperimetrik 
anisìthta gi� to q¸ro tou Gauss.
Je¸rhma 1.4.3. 'Estw A mh kenì Borel uposÔnolo tou Rn. Tìte,∫

Rn
ed(x,A)2/4dγn(x) ≤

1
γn(A)

,

ìpou d(x,A) = inf{‖x− y‖2 : y ∈ A}. Epomènwc, an γn(A) = 1/2 tìte

1− γn(At) ≤ 2 exp(−t2/4)

gi� k�je t > 0.

Apìdeixh. SumbolÐzoume me γn(x) thn sun�rthsh (2π)−n/2 exp(−‖x‖22/2), kai jewroÔme
tic sunart seic

f(x) = ed(x,A)2/4γn(x) , g(x) = χA(x)γn(x) , m(x) = γn(x).

Gi� k�je x ∈ Rn kai y ∈ A èqoume
(2π)nf(x)g(y) = ed(x,A)2/4e−|x|

2/2e−‖y‖
2
2/2

≤ exp
(
‖x− y‖22

4
− ‖x‖22

2
− ‖y‖22

2

)
= exp

(
−‖x+ y‖22

4

)

=

(
exp

(
−1

2

∥∥∥∥x+ y

2

∥∥∥∥2

2

))2

= (2π)n
(
m

(
x+ y

2

))2

,

ìpou qrhsimopoi same ton kanìna tou parallhlogr�mmou kai thn d(x,A) ≤ ‖x − y‖2.
Parathr¸ntac ìti g(y) = 0 an y /∈ A, blèpoume ìti oi f, g,m ikanopoioÔn tic upojèseic
thc anisìthtac Prékopa-Leindler me λ = 1/2. Efarmìzoume loipìn to Je¸rhma 1.3.1 kai
èqoume (∫

ed(x,A)2/4γn(dx)
)
γn(A) =

(∫
f

)(∫
g

)
≤
(∫

m

)2

= 1.

Autì apodeiknÔei ton pr¸to isqurismì tou jewr matoc. Gi� ton deÔtero, parathroÔme
ìti an γn(A) = 1/2 tìte

et
2/4γn(x : d(x,A) > t) ≤

∫
ed(x,A)2/4γn(dx) ≤

1
γn(A)

= 2.

Dhlad , γn(Act) ≤ 2 exp(−t2/4). 2
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1.5 Anisìthta tou Ehrhard

Orismìc 1.5.1. Mia sun�rthsh f : Rn → R+ lègetai logarijmik� koÐlh an, gia k�je
x, y ∈ Rn kai gia k�je λ ∈ (0, 1) isqÔei

f(λx+ (1− λ)y) ≥ [f(x)]λ[f(y)]1−λ.

JewroÔme thn kl�sh Mn ìlwn twn Borel mètrwn pijanìthtac µ ston Rn pou èqoun
th morf 

µ(A) =
∫
A

fµ(x)dx,

ìpou fµ : Rn → R+ �rtia, logarijmik� koÐlh sun�rthsh, me∫
Rn
fµ(x)dx = 1.

Lème ìti h fµ eÐnai h puknìthta tou µ.
ParadeÐgmata mètrwn sthn Mn. (a) 'Estw K summetrikì kurtì s¸ma ston Rn, me
ìgko |K| = 1. OrÐzoume èna mètro pijanìthtac µK ston Rn, jètontac

µK(A) = |K ∩A| =
∫
A

χK(x)dx

gia k�je Borel A ⊆ Rn. Lìgw thc kurtìthtac kai thc summetrÐac tou K, h χK eÐnai
�rtia kai logarijmik� koÐlh sun�rthsh, �ra µK ∈Mn.
(b) Gia k�je c > 0, h sun�rthsh fc(x) = exp(−c‖x‖22) eÐnai �rtia kai logarijmik� koÐlh
ston Rn: ParathroÔme ìti h EukleÐdeia nìrma eÐnai kurt  sun�rthsh, kai h t 7→ ct2 eÐnai
epÐshc kurt . 'Ara h sÔnjes  touc

c‖x‖22 = − log f(x)

eÐnai mia �rtia, kurt  sun�rthsh. Autì shmaÐnei ìti, gia k�je c > 0, to mètro

γn,c(A) =
1
I(c)

∫
A

exp(−c‖x‖22)dx

ìpou I(c) =
∫

Rn exp(−c‖x‖22)dx, an kei sthn kl�sh Mn.
Orismìc 1.5.2. 'Ena Borel mètro pijanìthtac µ ston Rn lègetai �rtio kai logarijmik�
koÐlo, an gia k�je A,B mh ken� Borel uposÔnola tou Rn kai k�je λ ∈ (0, 1), isqÔoun oi

µ(−A) = µ(A)

kai
µ(λA+ (1− λ)B) ≥ [µ(A)]λ[µ(B)]1−λ.
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Prìtash 1.5.3. An µ ∈Mn, tìte to µ eÐnai �rtio kai logarijmik� koÐlo.

Apìdeixh. AfoÔ µ ∈ Mn, up�rqei f : Rn → R+ �rtia kai logarijmik� koÐlh sun�rthsh,
¸ste

µ(A) =
∫
A

f(x)dx.

AfoÔ h f eÐnai �rtia, paÐrnoume

µ(−A) =
∫
−A

f(x)dx =
∫
A

f(−x)dx =
∫
A

f(x)dx = µ(A),

dhlad  to µ eÐnai �rtio. 'Estw λ ∈ (0, 1) kai A,B mh ken� Borel uposÔnola tou Rn.
Jèloume na deÐxoume ìti

µ(λA+ (1− λ)B) =
∫

Rn
χλA+(1−λ)B(x)f(x)dx

≥
(∫

Rn
χA(x)f(x)dx

)λ(∫
Rn
χB(x)f(x)dx

)1−λ

= [µ(A)]λ[µ(B)]1−λ.

OrÐzoume w(x) = χA(x)f(x), g(x) = χB(x)f(x), kai h(x) = χλA+(1−λ)B(x)f(x). Ja
deÐxoume ìti aut  h tri�da sunart sewn ikanopoieÐ tic upojèseic thc anisìthtac Prékopa–
Leindler: gia k�je x, y ∈ Rn,

h(λx+ (1− λ)y) ≥ [w(x)]λ[g(y)]1−λ.

Pr�gmati, an x /∈ A   y /∈ B, tìte to dexiì mèloc gÐnetai Ðso me mhdèn, opìte den èqoume
tÐpota na apodeÐxoume. An p�li x ∈ A kai y ∈ B, tìte λx + (1 − λ)y ∈ λA + (1 − λ)B,
kai h anisìthta paÐrnei th morf 

f(λx+ (1− λ)y) ≥ [f(x)]λ[g(y)]1−λ,

h opoÐa isqÔei, giatÐ h f eÐnai logarijmik� koÐlh sun�rthsh.
Apì thn anisìthta Prékopa–Leindler, sumperaÐnoume ìti∫

Rn
h(x)dx ≥

(∫
Rn
w(x)dx

)λ(∫
Rn
g(x)dx

)1−λ

,

to opoÐo eÐnai akrib¸c to zhtoÔmeno. 2

Eidikìtera, to mètro tou Gauss γn eÐnai logarijmik� koÐlo. Dhlad , an A,B eÐnai
Borel uposÔnola tou Rn kai λ ∈ (0, 1), tìte
(∗) γn(λA+ (1− λ)B) ≥ [γn(A)]λ[γn(B)]1−λ.
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JewroÔme th sun�rthsh katanom c
Φ(x) = γ1((−∞, x]) =

1√
2π

∫ x

−∞
e−t

2/2dt.

H Φ : R → (0, 1) eÐnai gnhsÐwc aÔxousa kai epÐ. H anisìthta tou Ehrhard eÐnai mia
isqurìterh èkdosh thc (∗):
Je¸rhma 1.5.4. An A,B eÐnai Borel uposÔnola tou Rn kai λ ∈ (0, 1), tìte

Φ−1(γn(λA+ (1− λ)B)) ≥ λΦ−1(γn(A)) + (1− λ)Φ−1(γn(B)).

2

Prìtash 1.5.5. H anisìthta tou Ehrhard eÐnai isqurìterh apì thn (∗).

Apìdeixh. DeÐqnoume pr¸ta ìti h log Φ eÐnai koÐlh. Pr�gmati,
(log Φ)′(x) =

Φ′(x)
Φ(x)

,

�ra
(log Φ)′′(x) =

Φ′′(x)Φ(x)− [Φ′(x)]2

Φ2(x)
,

arkeÐ epomènwc na elègxoume thn Φ′′(x)Φ(x) ≤ [Φ′(x)]2, h opoÐa eÐnai isodÔnamh me thn
g(x) = e−x

2/2 + x

∫ x

−∞
e−t

2/2dt ≥ 0, x ∈ R.

ParagwgÐzontac thn g, paÐrnoume
g′(x) = −xe−x

2/2 + xe−x
2/2 +

∫ x

−∞
e−t

2/2dt > 0,

dhlad , h g eÐnai gnhsÐwc aÔxousa sto R. Apì thn �llh pleur�, qrhsimopoi¸ntac ton
kanìna tou L’Hospital, blèpoume ìti g(x) → 0 ìtan x → −∞. 'Ara, g > 0 kai h log Φ
eÐnai koÐlh.

'Estw t¸ra A,B Borel uposÔnola tou Rn kai λ ∈ (0, 1). Apì thn
Φ−1(γn(λA+ (1− λ)B)) ≥ λΦ−1(γn(A)) + (1− λ)Φ−1(γn(B)),

qrhsimopoi¸ntac to gegonìc ìti h Φ eÐnai aÔxousa, paÐrnoume
γn(λA+ (1− λ)B) ≥ Φ(λΦ−1(γn(A)) + (1− λ)Φ−1(γn(B))).

'Omwc h Φ eÐnai logarijmik� koÐlh, �ra
Φ(λΦ−1(γn(A)) + (1− λ)Φ−1(γn(B))) ≥ [Φ(Φ−1(γn(A))]λ[Φ(Φ−1(γn(B))]1−λ

= [γn(A)]λ[γn(B)]1−λ.

Dhlad , isqÔei h (∗). 2
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1.6 H isoperimetrik  anisìthta ston En
2

JewroÔme to sÔnolo En2 = {−1, 1}n, to opoÐo tautÐzoume me to sÔnolo twn koruf¸n tou
kÔbou Qn = [−1, 1]n ston Rn. Sto En2 orÐzoume to omoiìmorfo mètro pijanìthtac µn
pou dÐnei m�za 2−n se k�je shmeÐo. O En gÐnetai metrikìc q¸roc me apìstash thn

dn(x, y) =
1
n

card{i ≤ n : xi 6= yi} =
1
2n

n∑
i=1

|xi − yi|.

H t-perioq  enìc A ⊆ En eÐnai wc sun jwc to sÔnolo At = {x ∈ En : dn(x,A) ≤ t}. Oi
timèc pou mporeÐ na p�rei h dn eÐnai peperasmènec to pl joc: 0, 1/n, 2/n, . . . , 1. Epomènwc,
autèc eÐnai oi timèc tou t gi� tic opoÐec h t-perioq  tou A parousi�zei endiafèron, me thn
ènnoia ìti to At paramènei amet�blhto ìtan to t paÐrnei timèc se èna di�sthma thc morf c
[k/n, (k + 1)/n).

To isoperimetrikì prìblhma eÐnai loipìn to ex c. Mac dÐnoun ènan fusikì m =
1, 2, . . . , 2n kai k�poio t = k/n, k = 1, . . . , n. Gi� poiì sÔnolo A me pl joc stoiqeÐ-
wn m eÐnai h k/n-perioq  tou A h mikrìterh dunat ? H ap�nthsh eÐnai ìti to A ja prèpei
na èqei ìso to dunatìn {ligìtera ken�}. An perièqei mi� n-�da x = (x1, . . . , xn), tìte
ja prèpei na perièqei kat� seir� proteraiìthtac kai tic {geitonikèc} thc n-�dec, autèc
dhlad  pou diafèroun apì thn x se mÐa suntetagmènh, dÔo suntetagmènec, k.o.k. (efìson
to pl joc twn stoiqeÐwn tou A eparkeÐ). Autì, giatÐ h paramikr  epèktash tou A ja tic
sumperil�bei oÔtwc   �llwc. Ta piì oikonomik� sÔnola eÐnai oi dn-mp�lec (oi legìmenec
Hamming mp�lec tou En2 ). ApodeiknÔetai h akìloujh isoperimetrik  anisìthta gi� ton
En2 .
Je¸rhma 1.6.1. 'Estw A ⊆ En2 me m =

∑l
k=0

(
n
k

)
stoiqeÐa. Tìte, gi� k�je s =

1, . . . , n− l, èqoume

µn(As/n) ≥
1
2n

l+s∑
k=0

(
n

k

)
= µn(B(x, l/n)s/n) = µn(B(x, (l + s)/n))

ìpou x tuqìn stoiqeÐo tou En2 . 2

H isoperimetrik  aut  anisìthta odhgeÐ se mia proseggistik  isoperimetrik  anisìthta
gia ton En2 .
Pìrisma 1.6.2. An µn(A) ≥ 1/2 kai t > 0, tìte

µn(Act) ≤
1
2

exp(−2t2n).

To pìrisma 1.6.2 ermhneÔetai wc ex c: gia na ektim soume to µn(At) arkeÐ na jèsoume
l = n/2 kai s = tn sto je¸rhma 1.6.1. Tìte blèpoume ìti

µn(Act) ≤
1
2n

n∑
j=( 1

2+t)n

(
n

j

)
,
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to opoÐo fjÐnei ekjetik� sto 0 kaj¸c n→∞, giatÐ oi {akraÐoi} diwnumikoÐ suntelestèc
eÐnai polÔ mikroÐ se sÔgkrish me touc {mesaÐouc} ìtan to n eÐnai meg�lo.

Den ja apodeÐxoume to je¸rhma 1.6.1 (h apìdeixh eÐnai sunduastik  kai gÐnetai me
epagwg  wc proc n). Perigr�foume mia deÔterh apeujeÐac apìdeixh thc {proseggis-
tik c isoperimetrik c anisìthtac} tou porÐsmatoc 1.6.2, h opoÐa basÐzetai sto akìloujo
je¸rhma tou Talagrand.
Je¸rhma 1.6.3. 'Estw A mh kenì uposÔnolo tou En2 . JewroÔme thn kurt  j kh
conv(A) kai gi� k�je x ∈ En2 orÐzoume

φA(x) = min{‖x− y‖2 : y ∈ conv(A)}.

Tìte, isqÔei h anisìthta ∫
En2

exp(φ2
A(x)/8)dµn(x) ≤

1
µn(A)

.

'Estw A mh kenì uposÔnolo tou En2 . H sun�rthsh φA tou jewr matoc 1.6.3 kai h
sun�rthsh apìstashc apì to A

dn(x,A) = min
{

1
2n

n∑
i=1

|xi − yi| : y ∈ A
}

sugkrÐnontai sÔmfwna me to epìmeno l mma.
L mma 1.6.4. Gi� k�je mh kenì A ⊆ En2 èqoume

2
√
ndn(x,A) ≤ φA(x), x ∈ En2 .

Apìdeixh. 'Estw x ∈ En2 . Gi� k�je y ∈ A isqÔei

〈x− y, x〉 =
n∑
i=1

xi(xi − yi) = 2ndn(x, y) ≥ 2ndn(x,A).

'Epetai ìti gi� k�je y ∈ conv(A)
√
n‖x− y‖2 ≥ 〈x− y, x〉 ≥ 2ndn(x,A).

Autì apodeiknÔei to l mma. 2

Sundu�zontac ta dÔo parap�nw l mmata deÐqnoume thn proseggistik  isoperimetrik 
anisìthta gi� ton En2 :
Je¸rhma 1.6.5. 'Estw A ⊆ En2 me µn(A) = 1/2. Tìte, gi� k�je t > 0 èqoume

µn(At) ≥ 1− 2 exp(−t2n/2).



16 · Isoperimetrikès anisìthtes kai sugkèntrwsh tou mètrou

Apìdeixh. An x /∈ At, tìte dn(x,A) ≥ t kai to L mma 1.6.4 deÐqnei ìti φA(x) ≥ 2t
√
n.

Omwc, apì to Je¸rhma 1.6.3 èqoume

et
2n/2µn(x : φA(x) ≥ 2t

√
n) ≤

∫
En2

exp(φ2
A(x)/8)dµn(x) ≤

1
µn(A)

= 2,

to opoÐo shmaÐnei ìti
µn(Act) ≤ µn(x : φA(x) ≥ 2t

√
n) ≤ 2 exp(−t2n/2).

2



Kef�laio 2

Isoperimetrik  anisìthta sto

q¸ro tou Gauss

2.1 Isoperimetrik  anisìthta sto diakritì kÔbo
JewroÔme thn oikogèneia J twn sunart sewn J : [0, 1] → [0,∞) pou ikanopoioÔn ta ex c:

• J(0) = J(1) = 0.
• Gia k�je a, b ∈ [0, 1],

(∗) J

(
a+ b

2

)
≤ 1

2

√
J(a)2 +

∣∣a− b

2

∣∣2 +
1
2

√
J(b)2 +

∣∣a− b

2

∣∣2.
EÐnai safèc ìti, an h oikogèneia J eÐnai mh ken , tìte h sun�rthsh I := sup{J : J ∈ J }
an kei ki aut  sthn J . To er¸thma na brejeÐ h {mègisth sun�rthsh} thc kl�shc J eÐnai
to kleidÐ gia th lÔsh tou isoperimetrikoÔ probl matoc sto diakritì kÔbo En2 . 'Opwc ja
doÔme, mia kat�llhlh sunarthsiak  anisìthta perièqei san oriak  perÐptwsh th gnwst 
isoperimetrik  anisìthta sto q¸ro tou Gauss.

Gia x ∈ [−∞,+∞] jètoume

φ(x) =
1√
2π

exp
(
− x2/2

) kai Φ(x) =
1√
2π

∫ x

−∞
e−u

2/2du.

H Φ eÐnai gnhsÐwc aÔxousa, apì to [−∞,+∞] epÐ tou [0, 1]. JewroÔme thn antÐstrofh
sun�rthsh Φ−1 : [0, 1] → [−∞,+∞].
Prìtash 2.1.1. H sun�rthsh I = φ ◦ Φ−1 : [0, 1] → [0,∞) eÐnai megistik  an�mesa se
ìlec tic sunart seic thc oikogèneiac J .
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H apìdeixh thc Prìtashc ja dojeÐ sto tèloc aut c thc Paragr�fou.
Orismìc 2.1.2. SumbolÐzoume me En2 ton diakritì kÔbo, ton opoÐo jewroÔme efodiasmèno
me to omoiìmorfo mètro pijanìthtac µn. An f : En2 → R, tìte to (diakritì) an�delta
thc f orÐzetai wc ex c:

∇f(x) =
(
f(x)− f(s1(x))

2
, . . . ,

f(x)− f(sn(x))
2

)
,

ìpou si(x) = (x1, . . . ,−xi, . . . , xn), i = 1, . . . , n eÐnai ta n geitonik� shmeÐa tou x. To
mètro tou ∇f(x) orÐzetai fusiologik�:

|∇f(x)| = 1
2

√√√√ n∑
i=1

|f(x)− f(si(x))|2.

L mma 2.1.3. 'Estw J ∈ J . An f : E1
2 := {−1, 1} → [0, 1], tìte

J(E f) ≤ E
(√

J(f)2 + |∇f |2
)
.

Apìdeixh. Jètoume a = f(−1) kai b = f(1). Tìte, a, b ∈ [0, 1] kai E f = a+b
2 . EpÐshc,

E
(√

J(f)2 + |∇f |2
)

=
1
2

√
J(f(−1))2 + |∇f(−1)|2 +

1
2

√
J(f(1))2 + |∇f(1)|2

=
1
2

√
J(a)2 +

∣∣a− b

2

∣∣2 +
1
2

√
J(b)2 +

∣∣a− b

2

∣∣2,
afoÔ |∇f(−1)| = |∇f(1)| =

∣∣a−b
2

∣∣. Apì thn J ∈ J èpetai to L mma. 2

Je¸rhma 2.1.4. 'Estw J ∈ J . Gia k�je n ∈ N kai gia k�je f : En2 → [0, 1] isqÔei

J(E f) ≤ E
(√

J(f)2 + |∇f |2
)
.

Apìdeixh. Me epagwg  wc proc n. Sto L mma 2.1.3 exet�same thn perÐptwsh n = 1, opìte
mènei na aitiolog soume to epagwgikì b ma. 'Estw f : En+1

2 → [0, 1]. An µn+1 = µn⊗µ1

eÐnai to omoiìmorfo mètro pijanìthtac ston En+1
2 , èqoume

En+1(f) =
En(f0) + En(f1)

2
,

ìpou oi f0, f1 : En2 → [0, 1] orÐzontai wc ex c:
f0(x) = f(x, 1) kai f1(x) = f(x,−1).
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ParathroÔme ìti

|∇f(x, 1)|2 =
1
4

n∑
i=1

|f(x, 1)− f(si(x), 1)|2 +
1
4
|f(x, 1)− f(x,−1)|2

= |∇f0(x)|2 +
∣∣∣∣f0(x)− f1(x)

2

∣∣∣∣2
kai, ìmoia,

|∇f(x,−1)|2 = |∇f1(x)|2 +
∣∣∣∣f0(x)− f1(x)

2

∣∣∣∣2 .
'Ara,

En+1 := En+1

(√
J(f)2 + |∇f |2

)
=

1
2

En

√J(f0)2 + |∇f0|2 +
∣∣∣∣f0 − f1

2

∣∣∣∣2


+
1
2

En

√J(f1)2 + |∇f1|2 +
∣∣∣∣f0 − f1

2

∣∣∣∣2
 .

Jètoume

u0 =
(
J(f0)2 + |∇f0|2

)1/2
, u1 =

(
J(f1)2 + |∇f1|2

)1/2 kai v =
f0 − f1

2
,

kai qrhsimopoi¸ntac thn anisìthta
∫ √

u2 + v2 ≥

√(∫
u

)2

+
(∫

v

)2

gr�foume

En+1 =
1
2

En
(√

u2
0 + v2

)
+

1
2

En
(√

u2
1 + v2

)
≥ 1

2

√
(En(u0))2 + (En(v))2) +

1
2

√
(En(u1))2 + (En(v))2.

Apì thn epagwgik  upìjesh,
En(u0) = En

√
J(f0)2 + |∇f0|2 ≥ J(En(f0))

kai
En(u1) = En

√
J(f1)2 + |∇f1|2 ≥ J(En(f1)).
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EpÐshc,
En(v) =

En(f0)− En(f1)
2

.

An loipìn jèsoume a = En(f0) kai b = En(f1), tìte

En+1 ≥
1
2

√
J(a)2 +

∣∣∣∣a− b

2

∣∣∣∣2 +
1
2

√
J(b)2 +

∣∣∣∣a− b

2

∣∣∣∣2 ≥ J

(
a+ b

2

)
.

Dhlad ,
En+1 := En+1

(√
J(f)2 + |∇f |2

)
≥ J(En+1(f))

afoÔ En+1(f) = a+b
2 . 2

2.2 Isoperimetrik  anisìthta sto q¸ro tou Gauss

Se aut  thn par�grafo, qrhsimopoi¸ntac th sunarthsiak  anisìthta thc prohgoÔmenhc
paragr�fou kai to kentrikì oriakì je¸rhma, apodeiknÔoume thn isoperimetrik  anisìthta
sto q¸ro tou Gauss.
Prìtash 2.2.1. 'Estw f : Rn → [0, 1] mia C2-sun�rthsh me fragmènec merikèc parag¸-
gouc pr¸thc kai deÔterhc t�xhc. Gia k�je k ∈ N orÐzoume fk : Rn×· · ·×Rn = Rnk → [0, 1]
me

fk(x1, . . . , xk) = f

(
x1 + · · ·+ xk√

k

)
.

Tìte, ∫
Enk2

√
I(fk) + |∇fk|2 dµnk −→

∫
Rn

√
I(f)2 + |∇f |2 dγn,

ìtan k →∞.

Apìdeixh. Gia k�je k ∈ N jewroÔme thn gk : Enk2 → Rn me g(x1, . . . , xk) = 1√
k
(x1 + · · ·+

xk) kai to epagìmeno mètro τk sthn Borel σ-�lgebra tou Rn. Dhlad ,
τk(A) = µnk(g−1

k (A))

gia k�je Borel uposÔnolo A tou Rn. Tìte,∫
Enk2

fk dµnk =
∫

Rn
f dτk.

Isqurismìc. Gia k�je Borel uposÔnolo B tou Rn,
lim
k→∞

τk(B) = γn(B).
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Apìdeixh tou isqurismoÔ. 'Eqoume

τk(B) = µnk

({
(x1, . . . , xk) ∈ Enk2 :

x1 + · · ·+ xk√
k

∈ A
})

.

An B = (−∞, a1]× · · · × (−∞, an], tìte

τk(B) = µnk

 n⋂
j=1

{
(x1, . . . , xk) ∈ Enk2 :

(x1 + · · ·+ xk)j√
k

≤ aj

}
=

n∏
j=1

µk

(
x1j + · · ·+ xkj√

k
≤ aj

)
.

Apì to kentrikì oriakì je¸rhma,

lim
k→∞

µk

(
x1j + · · ·+ xkj√

k
≤ aj

)
= γ1((−∞, aj ]).

'Ara,
lim
k→∞

τk(B) =
n∏
j=1

γ1((−∞, aj ]) = γn(B).

AfoÔ h Borel σ-�lgebra tou Rn par�getai apì thn oikogèneia twn sunìlwn thc morf c
B = (−∞, a1]× · · · × (−∞, an], èpetai o isqurismìc. 2

'Estw t¸ra (x1, . . . , xk) ∈ Enk2 . SumbolÐzoume me sj(xi) to di�nusma pou diafèrei
(kat� to prìshmo) apì to xi sthn j-jèsh, kai jètoume

u =
x1 + · · ·+ xk√

k
kai vij =

x1 + · · ·+ sj(xi) + · · ·+ xk√
k

.

Apì to je¸rhma Taylor, qrhsimopoi¸ntac kai thn upìjesh ìti h f èqei fragmènec merikèc
parag¸gouc deÔterhc t�xhc, paÐrnoume

f(vij) = f(u) + ∂jf(u)
2√
k

+O

(
1
k

)
gia k�je i ≤ k kai j ≤ n. An t¸ra jèsoume γj = ∂jf(u), j = 1, . . . , n, èqoume

|∇fk(x1, . . . , xk)|2 =
1
4

∑
i,j

|f(vij)− f(u)|2

=
1
4

∑
i,j

∣∣∣∣2γj√
k

+O

(
1
k

)∣∣∣∣2
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=
k

4

n∑
j=1

(
4
k
γ2
j + γjO(1/k3/2) +O(1/k2)

)

=
n∑
j=1

γ2
j +O(1/

√
k)

n∑
j=1

γj +O(1/k)

= |∇f(u)|2 +O(1/
√
k)

=
∣∣∣∣∇f (x1 + · · ·+ xk√

k

)∣∣∣∣2 +O(1/
√
k),

ìpou qrhsimopoi same to gegonìc ìti h f èqei fragmènec merikèc parag¸gouc pr¸thc
t�xhc. Apì thn parap�nw anisìthta èpetai ìti∫

Enk2

√
I(fk) + |∇fk|2 dµnk −→

∫
Rn

√
I(f)2 + |∇f |2 dγn,

kaj¸c to k →∞.

Sundu�zontac to je¸rhma 2.2.1 me to je¸rhma 2.1.4 èqoume:
Je¸rhma 2.2.2. 'Estw I = ϕ ◦ Φ−1. Tìte gia k�je topik� Lipschitz sun�rthsh f :
Rn → [0, 1],

I(Ef) ≤ E(
√
I(f)2 + |∇f |2),

ìpou Ef h mèsh tim  thc sun�rthshc f wc proc to mètro Gauss γn.

Apì thn anisìthta √a2 + b2 ≤ |a|+ |b| kai apì to je¸rhma 2.2.2 prokÔptei �mesa to
ex c:
Pìrisma 2.2.3. Gia k�je topik� Lipschitz sun�rthsh f : Rn → [0, 1] isqÔei

I(Ef)− E(I(f)) ≤ E(|∇f |).

MpotoÔme t¸ra na apodeÐxoume thn isoperimetrik  anisìthta gia to γn.
Je¸rhma 2.2.4. Gia k�je A ⊂ Rn, Borel metr simo,

γ+
n (A) ≥ I(γn(A)),

ìpou

γ+
n (A) = lim inf

r→0

γn(Ar)− γ(A)
r

,

to mètro thc epif�neiac tou A kat� Minkowski kai Ar = {x ∈ Rn : d(x,A) < r}, h
r�geitoni� tou A.
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Apìdeixh. JewroÔme th sun�rthsh

fr(x) = max
{

1− 1
r
dist(x,Ar), 0

}
.

Gia thn fr isqÔei ìti χAr ≤ fr ≤ χA2r , opìte
γn(Ar) ≤ Efr ≤ γn(A2r).

EpÐshc I(fr) = 0 sto Ar ∪A2r
c
, afoÔ fr(x) = 1 sto Ar kai fr(x) = 0 sto A2r

c
. 'Etsi,

E(I(fr)) =
∫
A2r\Ar

I(fr) dγn ≤
∫
A2r\Ar

dγn

= γn(A2r)− γn(Ar)

kai
E(|∇fr|) =

∫
A2r\Ar

|∇fr| dγn ≤
1
r

(γn(A2r)− γn(Ar))

= 2
γn(A2r)− γn(Ar)

2r
− γn(Ar)− γn(A)

r
,

afoÔ |∇fr| ≤ 1/r sto A2r kai |∇fr| = 0 sto Ar. Efarmìzontac loipìn thn anisìthta
I(Ef)− E(I(f)) ≤ E(|∇f |)

gia thn fr kai af nontac to r → 0, paÐrnoume
I(γn)− 0 ≤ 2γ+

n (A)− γ+
n (A) = γ+

n (A).

2

2.3 H sun�rthsh I = ϕ ◦ Φ−1

Ja deÐxoume ìti h I = ϕ◦Φ−1 eÐnai h megalÔterh sun�rthsh pou ikanopoieÐ thn anisìthta

I

(
a+ b

2

)
≤ 1

2

√
I(a)2 +

∣∣∣∣a− b

2

∣∣∣∣2 +
1
2

√
I(b)2 +

∣∣∣∣a− b

2

∣∣∣∣2,
gia ìla ta a, b ∈ [0, 1]. 'Estw c ∈ (0, 1). Jètoume ∆(c) =

(
−min (c, 1− c),min (c, 1− c)

)
kai orÐzoume gc : ∆(c) → R me gc(x) = I(c+ x)2 + x2. An c = a+b

2 kai x = a−b
2 , arkeÐ na

deÐxoume ìti
2
√
g(0) ≤

√
g(x) +

√
g(−x).
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Parathr ste ìti a, b ∈ (0, 1) an kai mìno an x ∈ ∆(c). Uy¸nontac sto tetr�gwno thn
parap�nw anisìthta paÐrnoume

4g(0)−
(
g(x) + g(−x)

)
≤ 2
√
g(x)

√
g(−x)

 , isodÔnama,
16g(0)2 − 8g(0)

(
g(x) + g(−x)

)
≤ 4g(x)g(−x)

 , isodÔnama,
16g(0)2 +

(
g(x)− g(−x)

)2 ≤ 8g(0)
(
g(x) + g(−x)

)
.

'Omwc, g(0) = I(c)2 kai an jèsoume h(x) = g(x) − g(0) = I(c + x)2 + x2 − I(c)2, tìte
èqoume

16I(c)4 +
(
h(x)− h(−x)

)2 ≤ 8I(c)2
(
h(x) + h(−x) + 2I(c)2

)
,

dhlad  zht�me thn
(∗)

(
h(x)− h(−x)

)2 ≤ 8I(c)2
(
h(x) + h(−x)

)
.

L mma 2.3.1. (a) II ′′ = −1 kai (b) h (I ′)2 eÐnai kurt .

Apìdeixh. (a) ApodeiknÔetai eÔkola me pr�xeic an parathr soume ìti ϕ′(x) = −xϕ′(x).
(b) EÐnai (I ′2)′ = 2I ′I ′′ = −2I ′/I, opìte

(I ′2)′′ = −2
I ′′ − I ′2

I2
= 2

1 + I ′2

I2
≥ 0.

2

L mma 2.3.2. H sun�rthsh R(x) = h(x) + h(−x)− 2I ′(c)2x2 eÐnai kurt  sto ∆(c).

Apìdeixh. EÐnai R′(x) = 2I(c + x)I ′(c + x) − 2I(c − x)I ′(c − x) + 4x − 4I ′(c)2x kai
h R′′(x) = 4

[
I′(c+x)2+I′(c−x)2

2 − I ′(c)2
]
eÐnai mh arnhtik  afoÔ h (I ′)2 eÐnai kurt  kai

c = c+x
2 + c−x

2 , opìte I ′(c)2 ≤ I ′( c+x2 )2 + I ′( c−x2 )2. 2

Efìson h R eÐnai �rtia, apì to prohgoÔmeno l mma èpetai ìti R(x) ≥ R(0) gia k�je
x ∈ ∆(c), opìte

h(x) + h(−x) ≥ 2I ′(c)2x2.

'Etsi, h (∗) ja prokÔyei apì thn isqurìterh anisìthta
(∗∗)

(
h(x)− h(−x)

)2 ≤ 16I(c)2I ′(c)2x2.

Epomènwc, arkeÐ na deÐxoume ìti∣∣∣∣h(x)− h(−x)
x

∣∣∣∣ ≤ 4I(c)|I ′(c)|.
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H I eÐnai summetrik  gÔrw apì to 1/2. Pr�gmati, an Φ−1(1/2+c) = y tìte Φ(y) = 1/2+c
kai 1− Φ(y) = Φ(−y) = 1/2− c, opìte y = −Φ(1/2− c). 'Ara

I
(1
2

+ c
)

= ϕ(y) = I
(1
2
− c
) kai I(1− c) = I(c),

opìte |I ′(1− c)| = |I ′(c)| kai
|I((1− c) + x)2 − I((1− c)− x)2| = |I(c− x)2 − I(c+ x)2|.

Upojètoume ìti 0 < c ≤ 1/2 lìgw summetrÐac, kai ìti x > 0 afoÔ h h(x)−h(−x)
x eÐnai

�rtia. EpÐshc, epeid  h I eÐnai aÔxousa sto [0, 1/2] kai fjÐnousa sto [1/2, 1] èqoume ìti
I(c+ x) ≥ I(c− x) an kai mìno an 1− (c+ x) ≥ c− x, dhlad , an kai mìno an 0 < c ≤ 1

2 .'Ara telik� arkeÐ na deÐxoume ìti
I(c+ x)2 − I(c− x)2

x
≤ 4I(c)I ′(c)

ìtan 0 < x < c ≤ 1
2 . Jètoume u(x) = I(c + x)2 − I(c − x)2. Qrhsimopoi¸ntac to l mma

2.3.1 èqoume ìti u′′(x) = 2[I ′(c + x)2 − I(c − x)2] ≤ 0, �ra h u eÐnai koÐlh sto (0, c].
IsodÔnama h sun�rthsh

u(x)
x

=
∫ 1

0

u′(xt) dt

eÐnai fjÐnousa sto (0, c], opìte
u(x)
x

≤ lim
x→0−

u(x)
x

= 4I ′(c)I(c)

kai h apìdeixh eÐnai pl rhc.
To gegonìc ìti h I eÐnai h megalÔterh sun�rthsh sthn kl�sh J prokÔptei apì to

gegonìc ìti an A eÐnai hmÐqwroc, tìte γ+
n (A) = I(γn(A)). Pr�gmati, an 0 < p < 1,

tìte up�rqei a ∈ (−∞,+∞) tètoio ¸ste Φ(a) = p. Tìte, epilègontac ton hmÐqwro
A = {x ∈ Rn : x1 ≤ a} èqoume ìti p = Φ(a) = γn(A), opìte

γ+
n (A) = lim

r→0

γn(Ar)− γn(A)
r

= lim
r→0

Φ(a+ r)− Φ(a)
r

= ϕ(a) = ϕ(Φ−1(p))
= ϕ(Φ−1(γn(A))) = I(γn(A)).

Tìte an p�roume mÐa sun�rthsh J ∈ J kai p ∈ [0, 1], γn(A) = p gia k�poio hmÐqwro A,
opìte

J(p) = J(γn(A)) ≤ γ+
n (A) = I(p).

2





Kef�laio 3

Upersustaltìthta kai

logarijmik  anisìthta Sobolev

3.1 Upersustaltìthta
3.1aþ H anisìthta thc Bonami

Je¸rhma 3.1.1. Gia k�je x, y ∈ R kai 1 < p <∞ orÐzoume

Fp(x, y) =
(

1
2
|x+ rpy|p +

1
2
|x− rpy|p

)1/p

,

ìpou

rp :=
1√
p− 1

.

Tìte, h Fp(x, y) eÐnai fjÐnousa sun�rthsh tou p sto (1,∞).

Apìdeixh. 'Estw x, y ∈ R kai 1 < p < q < ∞. H anisìthta Fq(x, y) ≤ Fp(x, y) eÐnai
omogen c, opìte mporoÔme na upojèsoume ìti x = 1. DiakrÐnoume treic peript¸seic:
(a) Upojètoume pr¸ta ìti 1 < p < q ≤ 2 kai ìti 0 ≤ |rpy| ≤ 1. Qrhsimopoi¸ntac to
diwnumikì je¸rhma blèpoume ìti

1
2
|1 + rqy|q +

1
2
|1− rqy|q = 1 +

∞∑
k=1

(
q

2k

)(
y2

q − 1

)k
.

Qrhsimopoi¸ntac thn anisìthta (1 + x)α ≤ 1 + αx (h opoÐa isqÔei gia 0 < α ≤ 1 kai
x ≥ 0) me α = p/q, paÐrnoume(

1 +
∞∑
k=1

(
q

2k

)(
y2

q − 1

)k)p/q
≤ 1 +

p

q

∞∑
k=1

(
q

2k

)(
y2

q − 1

)k
.
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'Epetai ìti

Fq(1, y) =

(
1 +

∞∑
k=1

(
q

2k

)(
y2

q − 1

)k)1/q

≤

(
1 +

p

q

∞∑
k=1

(
q

2k

)(
y2

q − 1

)k)1/p

.

ParathroÔme ìti
p

q

(
q

2k

)(
1

q − 1

)k
=

p

q

q(q − 1) · · · (q − 2k + 1)
(2k)! (q − 1)k

=
p(q − 2) · · · (q − 2k + 1)

(2k)! (q − 1)k−1

=
p(2− q) · · · (2k − 1− q)

(2k)! (q − 1)k−1

≤ p(2− p) · · · (2k − 1− p)
(2k)! (p− 1)k−1

=
(
p

2k

)(
1

p− 1

)k
.

[Parathr ste ìti (q − 2) · · · (q − 2k + 1) = (2 − q) · · · (2k − 1 − q) giatÐ to pl joc twn
ìrwn sto ginìmeno eÐnai �rtio, kai ìti (2−q)···(2k−1−q)

(q−1)k−1 ≤ (2−p)···(2k−1−p)
(p−1)k−1 giatÐ p < q.]

Epistrèfontac sthn ektÐmhsh gia thn Fq(x, y) paÐrnoume

Fq(1, y) ≤

(
1 +

p

q

∞∑
k=1

(
q

2k

)(
y2

q − 1

)k)1/p

≤

(
1 +

∞∑
k=1

(
p

2k

)(
y2

p− 1

)k)1/p

= Fp(1, y).

(b) Upojètoume t¸ra ìti 1 < p < q ≤ 2 kai ìti |rpy| ≥ 1. Jètoume λ = rq/rp kai
µ = 1/|rpy|. Gr�foume

Fq(1, y) =
(

1
2
|1 + λrpy|q +

1
2
|1− λrpy|q

)1/q

=
1
µ

(
1
2
|λ+ µ|q +

1
2
|λ− µ|q

)1/q

.
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Parathr ste ìti 0 < λ, µ ≤ 1. 'Ara, |λ − µ| ≤ 1 − λµ kai λ + µ ≤ 1 + λµ. MporoÔme
loipìn na gr�youme

Fq(1, y) ≤
1
µ

(
1
2
|1 + λµ|q +

1
2
|1− λµ|q

)1/q

.

'Eqoume λµ = rqz, ìpou z = 1
rp|rpy| kai |rpz| = 1

|rpy| ≤ 1. Apì to (a) sumperaÐnoume ìti
1
µ

(
1
2
|1 + λµ|q +

1
2
|1− λµ|q

)1/q

=
1
µ

(
1
2
|1 + rqz|q +

1
2
|1− rqz|q

)1/q

≤ 1
µ

(
1
2
|1 + rpz|p +

1
2
|1− rpz|p

)1/p

=
1
µ

(
1
2
|1 + µ|p +

1
2
|1− µ|p

)1/p

=
(

1
2

∣∣∣∣1 +
1
µ

∣∣∣∣p +
1
2

∣∣∣∣1− 1
µ

∣∣∣∣p)1/p

=
(

1
2
|1 + rpy|p +

1
2
|1− rpy|p

)1/p

= Fp(1, y).

Dhlad ,
Fq(1, y) ≤ Fp(1, y).

(g) Tèloc, upojètoume ìti 2 ≤ p < q < ∞. Ja qrhsimopoi soume duðsmì. JewroÔme
touc suzugeÐc ekjètec p′ kai q′ twn p kai q. Parathr ste ìti 1 < q′ < p′ ≤ 2. An
λ = rp′/rq′ =

√
q′−1√
p′−1

kai an κ(1, 1) = κ(−1,−1) = 1 + λ kai κ(1,−1) = κ(−1, 1) = 1− λ,
tìte ta (a) kai (b) deÐqnoun ìti gia ton telest  T : Lq

′
(E1

2) → Lp
′
(E1

2), 1 < p′ < q′ ≤ 2,
pou orÐzetai mèsw thc

T (f)(ε) =
∫
E1

2

κ(ε, ζ)f(ζ) dζ,

isqÔei h anisìthta
‖T (f)‖p′ ≤ ‖f‖q′ .

H κ eÐnai summetrik  ston E1
2 × E1

2 , �ra T ∗ = T , ìpou T ∗ : Lp(E1
2) → Lq(E1

2) eÐnai o
suzug c telest c tou T . Apì thn ‖T ∗‖ = ‖T‖ èpetai ìti

‖T (f)‖q ≤ ‖f‖p

gia k�je f : E1
2 → R. Parathr¸ntac ìti

q′ − 1
p′ − 1

=
p− 1
q − 1
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èqoume to zhtoÔmeno. 2

H anisìthta tou Jewr matoc 3.1.1 epekteÐnetai eÔkola sthn perÐptwsh pou ta x, y eÐnai
dianÔsmata se ènan q¸ro me nìrma.
Je¸rhma 3.1.2. 'Estw (X, ‖·‖) ènac q¸roc me nìrma. Gia k�je x, y ∈ X kai 1 < p <∞
orÐzoume

Fp(x, y) =
(

1
2
‖x+ rpy‖p +

1
2
‖x− rpy‖p

)1/p

,

ìpou

rp :=
1√
p− 1

.

Tìte, h Fp(x, y) eÐnai fjÐnousa sun�rthsh tou p sto (1,∞).

Ja qreiastoÔme to ex c L mma.
L mma 3.1.3. 'Estw (X, ‖ · ‖) ènac q¸roc me nìrma. An x, z ∈ X kai −1 ≤ λ < 1, tìte

‖x+ λz‖ ≤ 1
2
(
‖x+ z‖+ ‖x− z‖

)
+
λ

2
(
‖x+ z‖ − ‖x− z‖

)
.

Apìdeixh. Gr�foume

x+ λz =
(

1 + λ

2

)
(x+ z) +

(
1− λ

2

)
(x− z),

opìte

‖x+ λz‖ ≤
(

1 + λ

2

)
‖x+ z‖+

(
1− λ

2

)
‖x− z‖

=
1
2
(
‖x+ z‖+ ‖x− z‖

)
+
λ

2
(
‖x+ z‖ − ‖x− z‖

)
.

2

Apìdeixh tou Jewr matoc 3.1.2. 'Estw 1 < p < q <∞. Jètoume u = x+rpy, v = x−rpy
kai λ = rq/rp. Parathr ste ìti 0 < λ < 1, opìte to l mma mac dÐnei

‖x+ λrpy‖ ≤ 1
2
(
‖x+ rpy‖+ ‖x− rpy‖

)
+
λ

2
(
‖x+ rpy‖ − ‖x− rpy‖

)
=

1
2
(
‖u‖+ ‖v‖

)
+
λ

2
(
‖u‖ − ‖v‖

)
kai, entel¸c an�loga,

‖x− λrpy‖ ≤
1
2
(
‖u‖+ ‖v‖

)
− λ

2
(
‖u‖ − ‖v‖

)
.
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MporoÔme loipìn na gr�youme(
1
2
‖x+ rqy‖q +

1
2
‖x− rqy‖q

)1/q

=
(

1
2
‖x+ λrpy‖q +

1
2
‖x− λrpy‖q

)1/q

≤
(

1
2

(
1
2
(
‖u‖+ ‖v‖

)
+
λ

2
(
‖u‖ − ‖v‖

))q
+

1
2

(
1
2
(
‖u‖+ ‖v‖

)
− λ

2
(
‖u‖ − ‖v‖

))q)1/q

≤
(

1
2

(
1
2
(
‖u‖+ ‖v‖

)
+

1
2
(
‖u‖ − ‖v‖

))p
+

1
2

(
1
2
(
‖u‖+ ‖v‖

)
− 1

2
(
‖u‖ − ‖v‖

))p)1/p

=
(

1
2
‖u‖p +

1
2
‖v‖p

)1/p

=
(

1
2
‖x+ rpy‖p +

1
2
‖x− rpy‖p

)1/p

,

ìpou, gia thn deÔterh anisìthta, qrhsimopoi same to Je¸rhma 3.1.1 me x = ‖u‖+‖v‖
2 kai

y = 1
2rp

(
‖u‖ − ‖v‖

). 2

Orismìc 3.1.4. 'Estw (Ω,A, µ) q¸roc mètrou pijanìthtac, (X, ‖ · ‖X) q¸roc me nìrma
kai f : Ω → X. Tìte orÐzetai h nìrma

‖f‖Lp(X) =
(∫

Ω

‖f(ω)‖pX dµ(ω)
)1/p

.

Orismìc 3.1.5. 'Estw En2 = {−1, 1}n o diakritìc kÔboc. Tìte, gia k�je uposÔnolo
A ⊆ {1, . . . , n}, orÐzoume tic sunart seic

wA(ε) =
∏
i∈A

εi,

ìpou ε = (ε1, . . . , εn) ∈ En2 . SumfwnoÔme ìti w∅ ≡ 1. Oi sunart seic wA kaloÔntai
sunart seic Walsh. Parathr ste ìti w{i}(ε) = εi.
Je¸rhma 3.1.6. 'Estw 1 < p < q <∞ kai èstw {xA : A ⊆ {1, . . . , N}} mia oikogèneia
dianusm�twn se ènan q¸ro me nìrma (X, ‖ · ‖). Tìte,∥∥∥∥∥∑

A

r|A|q wAxA

∥∥∥∥∥
Lq(X)

≤

∥∥∥∥∥∑
A

r|A|p wAxA

∥∥∥∥∥
Lp(X)

,

ìpou wA eÐnai oi sunart seic Walsh.
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Apìdeixh. Me epagwg  wc proc N . Gia N = 1 to zhtoÔmeno eÐnai akrib¸c h anisìthta pou
apodeÐxame sto Je¸rhma 3.1.1 (jewroÔme x∅ = x, x{1} = y kai w{1}(−1) = 1, w{1}(1) =
1.)

Upojètoume ìti to apotèlesma isqÔei gia k = N − 1 kai gr�foume EN2 = EN−1
2 ×E1

2 ,
µN = µN−1×µ{N}. Gr�foume P(N−1) gia to sÔnolo twn uposunìlwn tou {1, . . . , N−1}
kai P(N) gia to sÔnolo twn uposunìlwn tou {1, . . . , N}. Gia k�je B ∈ P(N−1) orÐzoume
B+ = B ∪ {N}. Me autì ton sumbolismì, P(N) = P(N − 1) ∪ {B+ : B ∈ P(N − 1)}.
Gr�foume ∑

A

r|A|p wA(ω)xA = up(ε) + εN (η)rpvp(ε),

ìpou ε ∈ EN−1
2 , η ∈ E{N}2 = {−1,+1} kai ω = (ε, η) ∈ EN2 . OrÐzoume
up =

∑
B∈P(N−1)

r|B|p wBxB kai vp =
∑

B∈P(N−1)

r|B|p wBxB+ .

Entel¸c an�loga, ∑
A

r|A|q wAxA = uq + εNrqvq,

ìpou
uq =

∑
B∈P(N−1)

r|B|q wBxB kai vq =
∑

B∈P(N−1)

r|B|q wBxB+ .

Epìmènwc arkeÐ na deÐxoume ìti
‖uq + rqεNvq‖Lq ≤ ‖up + rpεNvp‖Lp .

Apì thn epagwgik  mac upìjesh isqÔei
‖uq + rqεNvq‖Lq =

(
EN−1(‖uq + rqεNvq‖q)

)1/q
=

EN−1‖
∑

B∈P(N−1)

r|B|q wB(xB + εNrqxB+)‖q
1/q

≤

EN−1‖
∑

B∈P(N−1)

r|B|p wB(xB + εNrqxB+)‖p
1/p

=
(
EN−1‖uq + rqεNvp‖p

)1/p
.

Se autì to shmeÐo ja qrhsimopoi soume thn parak�tw anisìthta: An (Ω1,A1, µ1), (Ω2,A2, µ2)
eÐnai q¸roi mètrou, f : Ω1 × Ω2 → [0,+∞], kai 0 < p ≤ q < +∞, tìte(∫

Ω1

(∫
Ω2

f(x, y)p dµ(y)
)q/p

dµ1(x)

)1/q

≤

(∫
Ω2

(∫
Ω1

f(x, y)q dµ1(x)
)p/q

dµ2(y)

)1/p

.
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'Ara an ε ∈ EN−1
2 , η ∈ {−1,+1}, tìte

‖uq(ε) + εN (η)rqvq(ε)‖Lq =
(
E{N}(EN−1‖uq(ε) + εN (η)rqvq(ε)‖q)

)1/q

≤
(
E{N}(EN−1‖up(ε) + εN (η)rqvp(ε)‖p)q/p

)1/q

≤
(
EN−1(E{N}‖up(ε) + εN (η)rqvp(ε)‖q)p/q

)1/p

≤
(
EN−1 E{N}‖up(ε) + εN (η)rpvp(ε)‖p

)1/p

=
(
EN‖up(ε) + εN (η)rpvp(ε)‖p

)1/p

=

∥∥∥∥∥∥
∑

A∈P(N)

r|A|p wAxA

∥∥∥∥∥∥
Lp

ìpou h teleutaÐa anisìthta proèkuye apì thn perÐptwsh k = 1. 2

3.1bþ H anisìthta tou Kahane

San mia pr¸th efarmog  tou jewr matoc 3.1.6 apodeiknÔoume mia dianusmatik  èkdosh
thc anisìthtac tou Kahane (h opoÐa antistoiqeÐ sthn perÐptwsh k = 1 tou epìmenou
jewr matoc). Gr�foume Wn gia to sÔnolo twn sunart sewn Walsh wA me |A| = n
kai Hn(X) gia thn kleist  j kh tou upìqwrou tou X pou par�goun ta dianÔsmata thc
morf c wAxA, ìpou wA ∈Wn kai xA ∈ X.
Je¸rhma 3.1.7. 'Estw (xk)mk=1 akoloujÐa sto q¸ro Banach X kai èstw (wAk)

m
k=1

akoloujÐa diakekrimènwn stoiqeÐwn tou Wn. An 1 < p < q tìte∥∥∥∥∥
m∑
k=1

wAkxk

∥∥∥∥∥
Lq(X)

≤
(
q − 1
p− 1

)n/2 ∥∥∥∥∥
m∑
k=1

wAkxk

∥∥∥∥∥
Lp(X)

.

Sunep¸c, o Hn(X) emfuteÔetai isomorfik� ston Lp gia k�je 1 < p < ∞. Eidikìtera, o
H1(X) emfuteÔetai isometrik� ston Lexp2(X) kai o H2(X) emfuteÔetai isomorfik� ston
Lexp(X).

Apìdeixh. O pr¸toc isqurismìc eÐnai �mesh sunèpeia tou jewr matoc 3.1.6.
Gia ton deÔtero, èstw Sm =

∑m
k=1 εkxk pou ikanopoieÐ thn ‖Sm‖2 ≤ 1

2
√
e
. Tìte,

qrhsimopoi¸ntac thn jj ≤ ejj!, blèpoume ìti

E
(
e‖Sm‖

2
)

=
∞∑
j=0

1
j!

E
(
‖Sm‖2j

)
≤

∞∑
j=0

(2j)j

22jejj!
≤

∞∑
j=0

1
2j

= 2.
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'Epetai ìti o H1(X) emfuteÔetai isomorfik� ston Lexp2(X).
'Omoia, an Tm =

∑m
k=1 wAkxk me |Ak| = 2 gia k�je k kai ‖Tm‖ ≤ 1/e, tìte

E
(
e‖Tm‖

)
=

∞∑
j=0

1
j!

E
(
‖Tm‖j

)
≤

∞∑
j=0

(j)j

ejj!
≤

∞∑
j=0

1
2j

= 2,

dhlad  o H2(X) emfuteÔetai isomorfik� ston Lexp(X). 2

Sth monodi�stath perÐptwsh èqoume to akìloujo pìrisma.
Pìrisma 3.1.8. O span({Hk : k ≤ n}) emfuteÔetai isomorfik� ston Lp gia k�je 1 <
p <∞.

Apìdeixh. Oi upìqwroi Hk eÐnai orjog¸nioi, �ra, an f = f0 + f1 + · · ·+ fn tìte gia k�je
q > 2 èqoume

‖f‖q ≤
n∑
i=0

‖fi‖q ≤
n∑
i=0

(q − 1)i/2‖fi‖2

≤

(
n∑
i=0

(q − 1)i
)1/2( n∑

i=0

‖fi‖22

)1/2

≤

√
(q − 1)n+1

q − 2
‖f‖2.

'Epetai to zhtoÔmeno. 2

KleÐnoume aut  thn par�grafo me èna je¸rhma twn Latala kai Oleszkiewicz to opoÐo
dÐnei thn kalÔterh stajer� sthn anisìthta tou Kahane gia th sÔgkrish thc L1(X) kai
thc L2(X) nìrmac ajroism�twn Rademacher.
Je¸rhma 3.1.9. Jètoume Sm =

∑m
i=1 εixi, ìpou ε1, . . . , εm eÐnai anex�rthtec tuqaÐec

metablhtèc Rademacher kai x1, . . . , xm dianÔsmata se èna q¸ro X me nìrma. Tìte,

‖Sm‖L2(X) ≤
√

2 ‖Sm‖L1(X).

Apìdeixh. Oi sunart seic Walsh sqhmatÐzoun orjokanonik  b�sh ston L2(Em2 ). Sunep¸c,
gia k�je f : Em2 → R,

f =
∑
A

f̂AwA = E(f) +
m∑
i=1

f̂iεi +
∑
|A|≥2

f̂AwA

kai
‖f‖22 = 〈f, f〉 =

∑
A

f̂2
A.
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Gia k�je ε = (ε1, . . . , εm) ∈ Em2 , oi {geÐtonec} tou ε eÐnai ekeÐna ta ζ = (ζ1, . . . , ζm) ∈ Em2gia ta opoÐa
|{i ≤ m : εi 6= ζi}| = 1.

An ta ε, ζ eÐnai geÐtonec, gr�foume ε ∼ ζ.
JewroÔme thn diakrit  Laplasian  L(f) thc f , h opoÐa orÐzetai apì thn

L(f)(ε) =
1
2

∑
ζ∼ε

[f(ζ)− f(ε)].

JewroÔme epÐshc thn enèrgeia E(f) thc f , h opoÐa orÐzetai apì thn
E(f) = −〈f, L(f)〉.

ParathroÔme ìti: an ζ ∼ ε kai ζi 6= εi tìte wA(ζ) = wA(ε) an i /∈ A kai wA(ζ) = −wA(ε)
an i ∈ A. 'Epetai ìti

L(wA) = −|A|wA,

dhlad  oi sunart seic Walsh eÐnai idiosunart seic thc diakrit c Laplasian c. Antika-
jist¸ntac, paÐrnoume

−L(f) =
m∑
i=1

f̂iεi +
∑
|A|≥2

|A|f̂AwA,

opìte
E(f) =

m∑
i=1

f̂2
i +

∑
|A|≥2

|A|f̂2
A.

'Epetai ìti

2‖f‖22 = 2(E(f))2 + 2
m∑
i=1

f̂2
i + 2

∑
|A|≥2

f̂2
A

≤ E(f) + 2(E(f))2 +
m∑
i=1

f̂2
i .

JewroÔme t¸ra ton Em2 san uposÔnolo tou Rm kai orÐzoume
F (t) = ‖t1x1 + · · ·+ tmxm‖.

An f = F |Em2 tìte
f(ε) = ‖Sm(ε)‖, 〈f, f〉 = ‖Sm‖2L2(X), E(f) = ‖Sm‖L1(X).
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H f eÐnai �rtia sun�rthsh, �ra f̂i = 0 gia k�je i = 1, . . . ,m. EpÐshc, h F eÐnai kurt  kai
jetik� omogen c, �ra

1
m

∑
ζ∼ε

f(ζ) ≥ F

 1
m

∑
ζ∼ε

ζ

 = F

(
(m− 2)ε

m

)
=
m− 2
m

f(ε).

'Epetai ìti
−L(f)(ε) ≤ 1

2
(mf(ε)− (m− 2)f(ε)) = f(ε).

Tìte,
E(f) = 〈f,−L(f)〉 ≤ ‖f‖22,

�ra
2‖f‖22 ≤ ‖f‖22 + 2(E(f))2.

Autì apodeiknÔei thn
‖Sm‖L2(X) ≤

√
2 ‖Sm‖L1(X)

pou eÐnai o isqurismìc tou jewr matoc. 2

3.2 Logarijmik  anisìthta Sobolev sto diakritì kÔbo
Orismìc 3.2.1. Gr�foume C(En2 ) gia to q¸ro ìlwn twn sunart sewn f : En2 → R. Gia
k�je t ≥ 0 jewroÔme ton telest  Pt : C(En2 ) → C(En2 ) me

Pt(f) = (etL)(f) =
∞∑
j=0

tjLj(f)
j!

,

ìpou Lj = L ◦ · · · ◦ L (j forèc). ParathroÔme ìti, gia k�je A ⊆ {1, . . . , n},
Lj(wA) = (−1)j |A|jwA

(autì prokÔptei epagwgik� apì thn L(wA) = −|A|wA). Sunep¸c,

Pt(wA) =
∞∑
j=0

(−1)jtj |A|jwA
j!

= (e−t|A|)(wA).

T¸ra, �mesh efarmog  tou jewr matoc 3.1.6 mac dÐnei to ex c:
Je¸rhma 3.2.2 (upersustaltìthta sto diakritì kÔbo). 'Estw 1 < p < ∞ kai
t ≥ 0. Jètoume

q(t) = 1 + (p− 1)e2t.

Tìte, gia k�je f : Em2 → R,
‖Pt(f)‖q(t) ≤ ‖f‖p.
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Apìdeixh. ParathroÔme ìti an f =
∑
A f̂awA, tìte

Ptf =
∑
A

f̂Ae
−t|A|wA =

∑
A

r|A|p e−t|A|wA
f̂A

r
|A|
p

=
∑
A

r
|A|
q(t)e

−t|A|wA
f̂A

r
|A|
p

,

afoÔ rq(t) = e−t|A|r
|A|
p . 'Ara apì thn genikeumènh anisìthta thc Bonami (je¸rhma 3.1.6)

èqoume ìti

‖Ptf‖q(t) =

∥∥∥∥∥∑
A

rq(t)wA
f̂A

r
|A|
p

∥∥∥∥∥
q(t)

≤

∥∥∥∥∥∑
A

r|A|p wA
f̂A

r
|A|
p

∥∥∥∥∥
p

= ‖f‖p.

2

Orismìc 3.2.3 (entropÐa). 'Estw f : Em2 → R+. H entropÐa Ent(f) thc f orÐzetai apì
thn

Ent(f) = E (f ln f)− ‖f‖1 ln ‖f‖1.

Parathr seic 3.2.4. (a) ParathroÔme ìti h sun�rthsh x 7→ x lnx, x ≥ 0 (sumfwnoÔme
ìti h tim  thc sto 0 eÐnai Ðsh me to lim

x→0+
x lnx = 0) eÐnai gnhsÐwc kurt . Apì thn anisìthta

tou Jensen blèpoume ìti Ent(f) ≥ 0 me isìthta an kai mìno an h f eÐnai stajer .
(b) An ‖f‖1 = 1 tìte Ent(f) = E (f ln f). EpÐshc, gia k�je r > 0,

Ent(rf) = rEnt(f).

(g) Genik�, an ν eÐnai èna mètro pijanìthtac ston Em2 tìte h entropÐa tou ν eÐnai h
posìthta

Ent(ν) = −
∑
ε∈Em2

ν({ε}) log2 ν({ε}).

An jewr soume to omoiìmorfo mètro pijanìthtac Pm ston Em2 èqoume Ent(Pm) = m kai
Ent(ν) ≤ Ent(Pm)

gia k�je �llo mètro pijanìthtac ston Em2 . K�je f : Em2 → R+ me ‖f‖1 = 1 ep�gei èna
mètro pijanìthtac νf ston Em2 mèsw thc νf ({ε}) = f(ε)/2m. Tìte, h entropÐa ent(f)
tou νf me thn ènnoia thc jewrÐac plhroforÐac isoÔtai me

ent(νf ) = −
∑
ε∈Em2

f(ε)
2m

log2

(
f(ε)
2m

)
= m− Ent(f)

ln 2
.
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Dhlad , h Ent(f) eÐnai mia sqetik  entropÐa pou metr�ei pìso apèqei h entropÐa tou νf
apì th mègisth dunat  entropÐa m.
Je¸rhma 3.2.5 (logarijmik  anisìthta Sobolev). Gia k�je f : Em2 → R isqÔei h
anisìthta

Ent(f2) ≤ 2E(f),

ìpou E(f) = −〈L(f), f〉 = −E (fL(f)) eÐnai h enèrgeia thc f .

Apìdeixh. PaÐrnoume p = 2 kai, gia k�je t ≥ 0, jewroÔme ton q(t) = 1 + e2t. Apì thn
Pt(wA) = (e−t|A|)(wA) blèpoume ìti

dPt(wA)
dt

= −|A|(e−t|A|)(wA) = (L ◦ Pt)(wA),

�ra
dPt(f)
dt

= (L ◦ Pt)(f)

gia k�je f : Em2 → R. Ac upojèsoume ìti ‖f‖2 = 1. Apì to je¸rhma 3.2.2 èqoume
‖Pt(f)‖q(t) ≤ 1,

dhlad 
d

dt

(
E
[
(Pt(f))q(t)

])
≤ 0

sto shmeÐo t = 0. 'Omwc,
d

dt
(Pt(f))q(t) = [Pt(f)]q(t)

d

dt

(
ln[Pt(f)]q(t)

)
= [Pt(f)]q(t)

d

dt
(q(t) ln(Pt(f)))

= [Pt(f)]q(t) q′(t) ln(Pt(f)) + [Pt(f)]q(t)−1q(t)(L ◦ Pt)(f)
= 2e2t[Pt(f)]q(t) ln(Pt(f)) + (1 + e2t)[Pt(f)]q(t)−1(L ◦ Pt)(f).

PaÐrnontac mèsh tim  sthn parap�nw anisìthta kai jètontac t = 0 blèpoume ìti
Ent(f2)− 2E(f) = E (f2 ln(f2)) + 2E (fL(f)) ≤ 0.

Autì apodeiknÔei to je¸rhma. 2

3.3 Mètro tou Gauss kai polu¸numa Hermite

H tupik  kanonik  katanom  ston Rn eÐnai to Borel mètro pijanìthtac γn pou orÐzetai
apì thn

γn(B) =
1

(2π)n/2

∫
B

exp(−‖x‖22)dx,
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gia k�je Borel uposÔnolo B tou Rn, ìpou ‖ · ‖2 eÐnai h EukleÐdeia nìrma. An jè-
soume gi(x) = xi, ìpou x = (x1, . . . , xn) ∈ Rn, tìte h n��da (g1, . . . , gn) eÐnai mia
akoloujÐa anex�rthtwn tupik¸n kanonik¸n tuqaÐwn metablht¸n sto q¸ro pijanìthtac
(Rn,B(Rn), γn).
Orismìc 3.3.1 (polu¸numa Hermite). Gia k�jem = 0, 1, 2, . . . tom�ostì polu¸numo
Hermite orÐzetai apì thn

hm(x) = (−1)mex
2/2

(
d

dx

)m (
e−x

2/2
)
.

Prìtash 3.3.2. H akoloujÐa {hm : m ≥ 0} twn poluwnÔmwn Hermite ikanopoieÐ thn
anadromik  sqèsh

hm(x) =
(
x− d

dx

)
(hm−1(x)) =

(
x− d

dx

)m
(1), m = 1, 2, . . .

K�je hm eÐnai monikì polu¸numo bajmoÔ m, h akoloujÐa {hm : m ≥ 0} eÐnai orjog¸nia
ston L2(γ1) kai

‖hm‖2 =
√
m!, m ≥ 0.

Apìdeixh. ParagwgÐzontac th sqèsh orismoÔ tou hm−1 blèpoume ìti
dhm−1

dx
(x) = xhm−1(x)− hm(x) =

(
x− d

dx

)
(hm−1(x)).

Apì aut n thn isìthta prokÔptoun, me epagwg , h deÔterh isìthta kai to gegonìc ìti
k�je hm eÐnai monikì polu¸numo bajmoÔ m.

'Estw m ≤ k. Oloklhr¸nontac kat� par�gontec m forèc, blèpoume ìti∫ ∞

−∞
xmhk(x) dγ1(x) =

(−1)k√
2π

∫ ∞

−∞
xm
(
d

dx

)k (
e−x

2/2
)
dx

=
(−1)k−mm!√

2π

∫ ∞

−∞

(
d

dx

)k−m (
e−x

2/2
)
dx.

To teleutaÐo olokl rwma isoÔtai me 0 an m < k kai me m! an m = k.
T¸ra, èpetai �mesa ìti to hk eÐnai orjog¸nio proc k�je polu¸numo bajmoÔ m < k.

Eidikìtera, an m 6= k tìte

〈hm, hk〉 :=
∫ ∞

−∞
hm(x)hk(x) dγ1(x) = 0.

EpÐshc,
‖hm‖22 = 〈hm, xm〉+ 〈hm, hm − xm〉 = m! + 0 = m!,

dhlad  ‖hm‖2 =
√
m! gia k�je m ≥ 0. 2
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Prìtash 3.3.3. H akoloujÐa twn poluwnÔmwn Hermite ikanopoieÐ ta parak�tw:

(i) Gia k�je m ≥ 0,

hm(x) = imex
2/2

∫ ∞

−∞
ume−iuxdγ1(x) =

1√
2π

∫ ∞

−∞
(x+ iy)me−y

2/2dy.

(ii) Gia k�je m ≥ 1,
dhm
dx

(x) = mhm−1(x).

(iii) An m 6= k tìte ∫ ∞

−∞

dhm
dx

(x)
dhk
dx

(x) dγ1(x) = 0

kai, gia k�je m ≥ 1, ∫ ∞

−∞

(
dhm
dx

(x)
)2

dγ1(x) = m(m!).

Apìdeixh. H pr¸th isìthta thc (i) prokÔptei me diadoqik  efarmog  tou telest  x− d
dx

sthn isìthta 1 = ex
2/2
∫

R e
−iuxdγ1(u), en¸ h deÔterh prokÔptei an k�noume thn allag 

metablht c y = u+ix kai efarmìsoume kat�llhla to je¸rhma tou Cauchy. H ii prokÔptei
me parag¸gish thc sqèshc (i). H iii prokÔptei apì thn (ii) kai thn prìtash 3.3.2. 2

Prìtash 3.3.4. Gia k�je 0 < p < ∞, oi poluwnumikèc sunart seic eÐnai puknèc ston
Lp(γ1).

Apìdeixh. Gia k�je s ∈ N orÐzoume

es(λx) =
s∑
j=0

(λx)j

j!
.

ParathroÔme ìti es(λx) → eλx kat� shmeÐo kai

|eλx − es(λx)|p =

∣∣∣∣∣∣
∞∑

j=s+1

(λx)j

j!

∣∣∣∣∣∣
p

≤ ep|λx|.

EÔkola elègqoume ìti ∫ ∞

−∞
ep|λx|dγ1(x) <∞

opìte, apì to je¸rhma kuriarqhmènhc sÔgklishc,∫ ∞

−∞
|eλx − es(λx)|pdγ1(x) → 0
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ìtan to s→∞. Dhlad , ‖eλx − es(λx)‖p → 0.
'Estw Zp(γ1) h kleist  j kh tou upìqwrou pou par�goun oi poluwnumikèc sunart seic

ston Lp(γ1). Upojètoume pr¸ta ìti 1 ≤ p <∞ kai ìti up�rqei f ∈ Lp(γ1)\Zp(γ1). Apì
to je¸rhma Hahn–Banach, up�rqei g ∈ Lq(γ1) (ìpou q o suzug c ekjèthc tou p) ¸ste∫ ∞

−∞
f(x)g(x) dγ1(x) = 1

kai ∫ ∞

−∞
p(x)g(x) dγ1(x) = 0

gia k�je poluwnumik  sun�rthsh q. Apì thn prohgoÔmenh parat rhsh,∫ ∞

−∞
eλxg(x) dγ1(x) = 0

gia k�je λ, ap� ìpou èpetai ìti
1√
2π

∫ ∞

−∞
e−iλxg(x)e−x

2/2dx =
∫ ∞

−∞
e−iλxg(x) dγ1(x) = 0

gia k�je λ. Autì apodeiknÔei ìti o metasqhmatismìc Fourier thc g(x)e−x2/2 eÐnai tau-
totik� mhdenikìc, �ra g ≡ 0. 'Etsi, katal goume se �topo.

Tèloc, qrhsimopoi¸ntac to gegonìc ìti o L1(γ1) eÐnai puknìc ston Lp(γ1), 0 < p < 1,
sumperaÐnoume ìti oi poluwnumikèc sunart seic eÐnai puknèc ston Lp(γ1) gia k�je p > 0.
2

Pìrisma 3.3.5. Gia k�je m ≥ 0 orÐzoume h̃m = hm/
√
m!. Tìte, h kanonikopoihmènh

akoloujÐa poluwnÔmwn Hermite {h̃m : m ≥ 0} eÐnai orjokanonik  b�sh gia ton L2(γ1).
2

3.4 Kentrikì oriakì je¸rhma
Skopìc mac eÐnai na apodeÐxoume thn upersustaltik  anisìthta kai th logarijmik  anisìth-
ta Sobolev sto q¸ro tou Gauss, qrhsimopoi¸ntac to kentrikì oriakì je¸rhma gia na
{per�soume} apì ton diakritì kÔbo En2 sto plaÐsio pou mac endiafèrei.

Prin diatup¸soume to kentrikì oriakì je¸rhma sth morf  pou ja qrhsimopoi soume,
dÐnoume ènan orismì:
Orismìc 3.4.1 (poluwnumik  aÔxhsh). Lème ìti h sun�rthsh g : R → R èqei
poluwnumik  aÔxhsh an up�rqoun C > 0 kai N ∈ N ¸ste

|f(x)| ≤ C
(
1 + |x|N

)
gia k�je x ∈ R.
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Je¸rhma 3.4.2 (kentrikì oriakì je¸rhma). 'Estw (εi)i∈N akoloujÐa anex�rthtwn
tuqaÐwn metablht¸n Rademacher. Gia k�je n ∈ N orÐzoume

Cn =
1√
n

n∑
i=1

εi.

'Estw ξ tupik  kanonik  tuqaÐa metablht , me mèsh tim  µ = 0 kai diaspor� σ2 = 1.
Tìte,

lim
n→∞

P(Cn ≤ t) = P(ξ ≤ t)

gia k�je t ∈ R. Epiplèon, gia k�je suneq  sun�rthsh g me poluwnumik  aÔxhsh isqÔei

lim
n→∞

E [g(Cn)] = E [g(ξ)].

Apìdeixh. Upojètoume ìti n = 2m kai jètoume tj = j√
2m

. ParathroÔme ìti h C2m

paÐrnei tic timèc t2j , −m ≤ j ≤ m, me pijanìthta

P(C2m = t2j) =
1

22m

(
2m
m+ j

)
.

JewroÔme ta diast mata I2j = (t2j−1, t2j+1], −m ≤ j ≤ m kai orÐzoume tuqaÐa metablht 
D2m me puknìthta

p2m(t) =
√
m

2
1

22m

(
2m
m+ j

)
, an t ∈ I2j

kai p2m(t) = 0 alli¸c. Tìte,
P(C2m ∈ I2j) = P(D2m ∈ I2j), −m ≤ j ≤ m.

GnwrÐzoume ìti h C2m eÐnai upokanonik : akribèstera, isqÔei h anisìthta
P(|C2m| > R) ≤ 2e−R

2

gia k�je R > 0. An stajeropoi soume R > 0 kai upojèsoume ìti up�rqei j0 me |j0| ≤ m
¸ste R+ 1 ∈ I2j0 , tìte

P(D2m > R+ 1) =
∑
j>j0

P(D2m ∈ I2j) + P(D2m ∈ I2j0 ∩ [R+ 1,∞))

≤
∑
j>j0

P(C2m ∈ I2j) + P(C2m ∈ I2j0)

≤ P(C2m > R)

an m ≥ 2 (afoÔ, tìte, ta diast mata I2j èqoun m koc mikrìtero   Ðso apì 1). 'Epetai ìti
P(|D2m| > R+ 1) ≤ 2e−R

2
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gia k�je R > 0, dhlad  h D2m eÐnai epÐshc upokanonik .
'Estw t¸ra g suneq c sun�rthsh me poluwnumik  aÔxhsh. JewroÔme tuqìn ε > 0.

Isqurismìc. Up�rqei R > 0 ¸ste∫
{|C2m|>R}

|g(C2m| dP <
ε

3
kai

∫
{|D2m>R|}

|g(D2m| dP <
ε

3
.

Apìdeixh tou isqurismoÔ. 'Eqoume, gia R > 1,∫
{|C2m|>R}

|g(C2m)| dP ≤ C

∫
{|C2m|>R}

(1 + |C2m|N ) dP

≤ 2C
∫
{|C2m|>R}

|C2m|N dP

= 2C
∫
{|C2m|>R}

∫ ∞

0

NxN−1χ[0,|C2m|](x) dx dP

= 2C
∫ ∞

0

∫
{|C2m|>R}

NxN−1χ[0,|C2m|](x) dP dx

= 2C
∫ ∞

0

NxN−1P(|C2m| > max{x,R}) dx

= 2C
∫ R

0

NxN−1P(|C2m| > max{x,R}) dx

+2C
∫ ∞

R

NxN−1P(|C2m| > max{x,R}) dx

≤ 4CRNe−R
2
+ 4C

∫ ∞

R

NxN−1e−x
2
dx.

H teleutaÐa posìthta teÐnei sto 0 ìtan to R teÐnei sto �peiro, �ra mporoÔme na broÔme
R pou na ikanopoieÐ ton isqurismì. Gia thn D2m qrhsimopoioÔme an�logo epiqeÐrhma. 2

Isqurismìc. Apì thn omoiìmorfh sunèqeia thc g sto [−R,R] èpetai ìti up�rqei m0 ∈ N
¸ste, gia k�je m ≥ m0,

A(R) :=

∣∣∣∣∣
∫
{|C2m|≤R}

g(C2m) dP−
∫
{|D2m|≤R}

g(D2m) dP

∣∣∣∣∣ ≤ ε

3
.

Apìdeixh tou isqurismoÔ. 'Estw j ∈ [−m,m]. ParathroÔme ìti∫
C2m∈I2j

g(C2m) dP = g(t2j)P(C2m ∈ I2j) =
1

22m

(
2m
m+ j

)
g(t2j)
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kai ∫
D2m∈I2j

g(D2m) dP =
∫
I2j

g(x)p2m(x) dx =
1

22m

(
2m
m+ j

)
1
|I2j |

∫
I2j

g(x) dx.

'Ara,∣∣∣∣∣
∫
C2m∈I2j

g(C2m) dP−
∫
D2m∈I2j

g(D2m) dP

∣∣∣∣∣ =
1

22m

(
2m
m+ j

) ∣∣∣∣∣g(t2j)− 1
|I2j |

∫
I2j

g(x) dx

∣∣∣∣∣
≤ 1

22m

(
2m
m+ j

)
1
|I2j |

∫
I2j

|g(t2j)− g(x)| dx.

An epilèxoumem0 arket� meg�lo tìte gia k�jem ≥ m0 èqoume [−R,R] ⊆ [t−2m−1, t2m+1]
kai |g(y)−g(z)| < ε

3 an ta y, z an koun sto Ðdio upodi�sthma I2j . Tìte, apì ta parap�nw
blèpoume ìti

A(R) ≤
m∑

j=−m

∣∣∣∣∣
∫
I2j

g(C2m) dP−
∫
I2j

g(D2m) dP

∣∣∣∣∣
≤

m∑
j=−m

1
22m

(
2m
m+ j

)
1
|I2j |

∫
I2j

|g(t2j)− g(x)| dx

≤ ε

3

m∑
j=−m

1
22m

(
2m
m+ j

)
=

ε

3
.

'Amesh sunèpeia tou teleutaÐou isqurismoÔ eÐnai ìti:
E [g(C2m)]− E [g(D2m)] → 0

kai
P(C2m ≤ t)− P(D2m ≤ t) → 0

gia k�je t ∈ R, ìtan to m → ∞. MporoÔme loipìn, gia thn apìdeixh tou jewr matoc,
na antikatast soume tic tuqaÐec metablhtèc C2m me tic D2m.
Isqurismìc. Gia k�je t ∈ R,

lim
m→∞

p2m(t) =
1√
2π
e−t

2/2.

Apìdeixh tou isqurismoÔ. ParathroÔme pr¸ta ìti, apì ton tÔpo tou Stirling,

p2m(0) =
√
m

2
(2m)!

22m(m!)2
→ 1√

2π
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ìtan to m → ∞. 'Estw t > 0. An m ≥ 2t2 tìte t ∈ I2jt gia k�poio jt me |jt| ≤ m
2 .Gr�foume

p2m(t) = p2m(0)
(m− 1) · · · (m− jt)
(m+ 1) · · · (m+ jt)

= p2m(0)

(
1− 1

m

)
· · ·
(
1− jt

m

)(
1 + 1

m

)
· · ·
(
1 + jt

m

) .
Jètoume

r2m(t) = ln

(
jt∏
i=1

1− i
m

1 + i
m

)
=

jt∑
i=1

ln
(

1− i

m

)
−

jt∑
i=1

ln
(

1 +
i

m

)
.

Qrhsimopoi¸ntac thn anisìthta | ln(1 + x) − x| ≤ x2 gia |x| < 1/2, blèpoume ìti, an to
m eÐnai arket� meg�lo,∣∣∣∣r2m(t) +

jt(jt + 1)
m

∣∣∣∣ ≤ jt(jt + 1)(2jt + 1)
3m2

.

Apì thn t ∈ I2jt elègqoume amèswc ìti

lim
m→∞

j2t
m

=
t2

2
,

�ra
lim
m→∞

r2m(t) = − t
2

2
.

T¸ra, eÐnai fanerì ìti lim
m→∞

p2m(t) = 1√
2π
e−t

2/2, kai entel¸c ìmoia blèpoume ìti to Ðdio
isqÔei sthn perÐptwsh t < 0. 2

Gia na oloklhr¸soume thn apìdeixh tou jewr matoc, parathroÔme ìti h p2m eÐnai
fjÐnousa sto [0,∞), �ra h akoloujÐa sunart sewn (p2m)m∈N eÐnai omoiìmorfa fragmènh.
EpÐshc, an t ≥ 3 kai m ≥ 2 tìte, apì thn anisìthta tou Markov,

|t|
2
p2m(t) ≤

∫
{|t|/2≤D2m≤|t|}

p2m(s) ds ≤ P(D2m > |t|/2)

≤ 2 exp
(
− (|t|/2− 1)2

2

)
.

Dhlad ,
p2m(t) ≤ 4

3
exp

(
− (|t|/2− 1)2

2

)
.
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MporoÔme loipìn na efarmìsoume to je¸rhma kuriarqhmènhc sÔgklishc: gia k�je suneq 
sun�rthsh g me poluwnumik  aÔxhsh,

E [g(Dm)] =
∫ ∞

−∞
g(t)p2m(t) dt→ 1√

2π

∫ ∞

−∞
g(t)e−t

2/2dt = E [g(ξ)].

EpÐshc, gia k�je t ∈ R,

P (D2m ≤ t) =
∫ t

−∞
p2m(s) ds→ 1√

2π

∫ t

−∞
e−s

2/2ds = P (ξ ≤ t).

'Eqoume dhlad  ton isqurismì tou jewr matoc. 2

3.5 Upersustaltìthta sto q¸ro tou Gauss

'Estw f : Em2 → R. Gia k�je σ ∈ Sm (met�jesh tou {1, . . . ,m}) orÐzoume fσ : Em2 → R
me

fσ(ε1, . . . , εm) = f(εσ(1), . . . , εσ(m)).

JewroÔme ton q¸ro
SL2(En2 ) = {f ∈ L2(Em2 ) : f = fσ, gia k�je σ ∈ Sm}.

'Estw f ∈ SL2(Em2 ) kai f =
∑
A tAwA. ParathroÔme ìti an A,B ⊂ {1, 2, . . . ,m} me

Ðdio plhj�rijmo tìte tA = tB . Pr�gmati, an ε ∈ Em2 tìte wA(ε) = wB(σ(ε)) gia k�poia
met�jesh σ. Tìte ja eÐnai

tA =
1

2m
∑
ε∈Em2

f(ε)wA(ε) =
1

2m
∑
ε∈Em2

f(ε)wB(σ(ε))

=
1

2m
∑
η∈Em2

f(σ−1(η))wB(η) =
1

2m
∑
η∈Em2

f(η)wB(η) = tB ,

opìte h f gr�fetai

f(ε) =
∑
A

tAwA(ε) =
m∑
k=0

∑
|A|=k

wA(ε)

 tk

=
m∑
k=0

S
(m)
k (ε)ρk,

ìpou
S

(m)
k =

1(
m
k

)1/2 ∑
|A|=k

wA
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kai ρk =
(
m
k

)1/2
tk, ta opoÐa p rame ètsi ¸ste ‖S(m)

k ‖2 = 1, gia k�je k = 0, 1, . . . . 'Ara
to sÔnolo

{S(m)
0 , S

(m)
1 , . . . , S(m)

m }

apoteleÐ orjokanonik  b�sh tou SL2(En2 ). An jèsoume

Cjm = (S(m)
1 )j =

(
1√
m

m∑
i=1

εi

)j
,

parathroÔme ìti span({S(m)
0 , . . . , S

(m)
j }) = span({1, Cm, . . . , Cjm}), epomènwc to sÔnolo

{1, Cm, . . . , Cmm} apoteleÐ epÐshc b�sh tou q¸rou SL2(Em2 ). Tìte, orÐzoume ton �nw
trigwnikì pÐnaka H(m) = (hmi,j) pou ikanopoieÐ tic S(m)

i =
∑i
j=0 h

(m)
i,j C

j
m = h

(m)
i (Cm).

Prìtash 3.5.1. An 1 < p <∞, x0, x1, . . . , xN ∈ (E, ‖ · ‖) kai m ≥ N tìte∥∥∥∥∥
N∑
k=0

rkqhk(Cm)xk

∥∥∥∥∥
Lq

≤

∥∥∥∥∥
N∑
k=0

rkphk(Cm)xk

∥∥∥∥∥
Lp

Apìdeixh. Efarmìzoume to je¸rhma 3.1.6, jewr¸ntac gia k�je uposÔnoloA ⊂ {1, . . . , N}
me |A| = k ta yA =

(
m
k

)−1/2
wA, opìte

∑
A

r|A|q wAyA =
N∑
k=0

∑
|A|=k

rkqwA

(
m

k

)−1/2

xk =
N∑
k=0

rkq

(m
k

)−1/2 ∑
|A|=k

wA

xk

=
N∑
k=0

rkqh
(m)
k (Cm)xk.

'Etsi paÐrnoume thn anisìthta∥∥∥∥∥
N∑
k=0

rkqhk(Cm)xk

∥∥∥∥∥
Lq

≤

∥∥∥∥∥
N∑
k=1

rNp hk(Cm)xk

∥∥∥∥∥
Lp

2

Ja deÐxoume t¸ra ìti ta polu¸numa h(m)
k sugklÐnoun kat� shmeÐo sta polu¸numa Hermite

h̃k.

Prìtash 3.5.2. IsqÔei h
(m)
k,j → h̃k,j , kaj¸c to m → ∞, ìpou h̃k,j eÐnai o suntelest c

tou xj sto polu¸numo Hermite bajmoÔ k.

Apìdeixh. Ja to deÐxoume me epagwg . Upojètoume ìti to sumpèrasma isqÔei gia ìla
ta ` < k. Ja qrhsimopoi soume thn anisìthta tou Khintchine: gia k�je 0 < p < ∞
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up�rqoun stajerèc Ap kai Bp ¸ste, an a1, . . . , aN eÐnai pragmatikoÐ arijmoÐ kai ε1, . . . , εN
eÐnai tuqaÐec metablhtèc Rademacher, tìte

Ap‖sN‖p ≤ σ ≤ Bp‖sN‖p,

ìpou sN =
∑N
n=1 anεn kai σ2 = ‖sN‖22 =

∑N
n=1 a

2
n. Apì thn anisìthta tou Kintchine

up�rqei stajer� Mk > 0 tètoia ¸ste
E
(
|Cm|k(1 + |Cm|k)

)
≤Mk,

gia k�je m ∈ N. Pr�gmati, an efarmìsoume thn anisìthta tou Kintchine gia thn sm =
1√
m

∑m
k=1 εk = Cm, paÐrnoume tic ektim seic

E(|Cm|k) = ‖sm‖kk ≤ A−kk kai E(|Cm|2k) = ‖sm‖2k2k ≤ A−2k
2k ,

afoÔ σ2 = 1. Apì thn epagwgik  upìjesh èqoume ìti gia tuqìn ε > 0, up�rqei n` ∈ N,
¸ste gia k�je n ≥ n` kai gia k�je ` < k,

|h(m)
` (x)− h̃`(x)| ≤ max

0≤j≤`
{1, |x|j}

∑̀
j=0

|h(m)
`,j − h̃`,j | ≤

ε

Mk
(1 + |x|k)

EpÐshc, isqÔei
h

(m)
k (x) = xk −

k−1∑
`=0

E(Ckmh
(m)
` (Cm))h(m)

` (x).

Pr�gmati, oi sunart seic

S
(m)
` = h

(m)
` (Cm) =

∑̀
j=0

h
(m)
`,j C

j
m

apoteloÔn orjokanonik  b�sh, opìte

Ckm =
k∑
`=0

〈
Ckm, h

(m)
` (Cm)

〉
h

(m)
` (Cm) = h

(m)
k (Cm) +

k−1∑
`=0

〈
Ckm, h

(m)
` (Cm)

〉
h

(m)
` (Cm),

kai antÐstoiqa
h

(m)
k (x) = xk −

k−1∑
`=0

E(Ckmh
(m)
` (Cm))h(m)

` (x).

'Ara, up�rqei n` ∈ N, ¸ste gia k�je n ≥ n`,∣∣∣E(Ckm(h(m)
` (Cm)− h̃`(Cm))

)∣∣∣ ≤ E|Cm|k|h(m)
` (Cm)− h̃`(Cm)|
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≤ E
(
ε
1 + |Cm|k

Mk
|Cm|k

)
≤ ε

Mk
E
(
|Cm|k(1 + |Cm|k)

)
≤ ε.

Autì deÐqnei ìti
E(Ckmh̃`(Cm))− E(Ckmh

(m)
` (Cm)) → 0,

kaj¸c to m → +∞. Efarmìzontac to kentrikì oriakì je¸rhma tou De Moivre gia thn
sun�rthsh g(x) = xkh̃`(x) èqoume ìti

E(Ckmh̃`(Cm)) → E(ξkh̃`(ξ)),

kaj¸c to n→∞, epomènwc
E(Ckmh

(m)
` (Cm)) → E(ξkh̃`(ξ)),

kaj¸c to n→∞. Sunep¸c,

h
(m)
k (x) → xk −

k−1∑
`=0

E(ξkh̃`(ξ))h̃`(x) = h̃k(x)

gia k�je x ∈ R. 2

Apo thn prìtash 3.5.2 paÐrnoume to akìloujo je¸rhma.
Je¸rhma 3.5.3. An 1 < q < p <∞ kai β0, β1, . . . , βN ∈ R tìte∥∥∥∥∥

N∑
n=0

rnq βnh̃n

∥∥∥∥∥
Lq(γ1)

≤

∥∥∥∥∥
N∑
n=0

rnpβnh̃n

∥∥∥∥∥
Lp(γ1)

,

ìpou rq = 1/
√
q − 1 kai rp = 1/

√
p− 1.

Apìdeixh. 'Opwc sthn apìdeixh thc prohgoÔmenhc prìtashc, up�rqei n0 ∈ N ¸ste gia
k�je n ≥ n0 isqÔei∣∣∣∣∣∣∣

N∑
n=0

rnpβnh
(m)
n (x)

∣∣p − ∣∣ N∑
n=0

rnpβnh̃n(x)
∣∣p∣∣∣∣∣ ≤ ε(1 + |x|Np)

apì to opoÐo prokÔptei ìti∥∥∥∥∥
N∑
n=0

rnpβnh
(m)
n (Cm)

∥∥∥∥∥
Lp

−

∥∥∥∥∥
N∑
n=0

rnpβnh̃n(Cm)

∥∥∥∥∥
Lp

→ 0,
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kaj¸c to m→ +∞. EpÐshc, apì to kentrikì oriakì je¸rhma tou De Moivre isqÔei∥∥∥∥∥
N∑
n=0

rnpβnh̃n(Cm)

∥∥∥∥∥
Lp

→

∥∥∥∥∥
N∑
n=0

rnPβnh̃n(ξ)

∥∥∥∥∥
Lp

,

epomènwc h anisìthta prokÔptei apì thn prìtash 3.5.1. 2

Apì thn parap�nw anisìthta ex�goume anisìthta upersustaltìthtac.
Pìrisma 3.5.4. An (Pt)t≥0 eÐnai h hmiom�da Ornstein–Uhlenbeck, 1 < p < ∞, q(t) =
1 + (p− 1)e2t kai f ∈ Lp, tìte Ptf ∈ Lq(t) kai ‖Ptf‖Lq(t) ≤ ‖f‖Lp . 2

3.6 Logarijmik  anisìthta Sobolev sto q¸ro tou Gauss

Se aut  thn par�grafo ja deÐxoume p¸c pern�me thn logarijmik  anisìthta Sobolev apì
ton diakritì kÔbo sto q¸ro tou Gauss mèsw tou kentrikoÔ oriakoÔ jewr matoc tou De
Moivre. JewroÔme thn hmiom�da Ornstein–Uhlenbeck (Pt)t≥0, pou dra ston L2(γ1), ton
genn tora L thc hmiom�dac kai gr�foume D(L) gia to pedÐo orismoÔ tou L. ParathroÔme
ìti

Pth̃n − h̃n
t

=
e−nt − 1

t
h̃n → −nh̃n,

kaj¸c to t→ 0, opìte h̃n ∈ D(L) kai L(h̃n) = −nh̃n. Jètoume t¸ra

D =

{
f ∈ L2(γ1) : f =

∞∑
n=0

fnh̃n kai
∞∑
n=0

n2f2
n < +∞

}
.

Ja deÐxoume ìti D = D(L). An f ∈ D, tìte∥∥∥∥Ptf − f

t

∥∥∥∥2

2

=
〈
Ptf − f

t
,
Ptf − f

t

〉
=

〈 ∞∑
n=0

fn
e−nt − 1

t
h̃n,

∞∑
m=0

fm
e−mt − 1

t
h̃m

〉

=
∞∑
n=0

f2
n

(
e−nt − 1

t

)2

≤
∞∑
n=0

n2f2
n < +∞,

afoÔ
(
e−nt−1

t

)2

< n2 (apì to je¸rhma mèshc tim c gia th sun�rthsh gn(t) = e−nt).
'Ara, Ptf−ft ∈ L2(γ1), gia k�je t > 0, opìte apì to genikeumèno je¸rhma kuriarqhmènhc
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sÔgklishc èqoume ìti limt→0
Ptf−f
t ∈ L2(γ1), dhlad  f ∈ D(L).AntÐstrofa an f ∈ D(L),

tìte 〈
Ptf − f

t
, h̃n

〉
=

〈 ∞∑
m=0

fm

(
e−mt − 1

t

)
h̃m, h̃n

〉

= fn
e−nt − 1

t
→ −nfn = 〈L(f), h̃n〉,

kaj¸c to t→ 0, opìte L(f) = −
∑∞
n=0 nfnh̃n, �ra telik� D = D(L). Tìte

E(f) = −〈f, L(f)〉 =
∞∑
n=0

nf2
n =

∫ +∞

−∞

(
df

dx

)2

dγ1,

ìpou df
dx =

∑∞
n=1

√
nfnh̃n h par�gwgoc thc f.

'Estw Em2 o diakritìc kÔboc, Lm o genn torac thc hmiom�dac Ornstein–Uhlenbeck
pou dra ston q¸ro SL2(Em2 ), pou sumpÐptei me thn diakrit  Laplasian  thc f(Cm), kai
Em,Entm, h enèrgeia kai h entropÐa antÐstoiqa thc f(Cm).

Prìtash 3.6.1. An f eÐnai suneq c sun�rthsh poluwnumik c aÔxhshc, h opoÐa an kei
sto D(L), tìte

Entm(f(Cm)2) → Ent(f2),

kaj¸c to m→∞.

Apìdeixh. AfoÔ oi f2, f2 log f2 eÐnai poluwnumik c aÔxhshc, apì to kentriakì oriakì
je¸rhma tou De Moivre èpetai ìti

E(f(Cm)2) → E(f(ξ)2) =
∫

R
f2 dγ1

kai
E
(
f(Cm)2 log f(Cm)2

)
→ E

(
f(ξ)2 log f(ξ)2

)
=
∫

R
f2 log f2 dγ1,

kaj¸c to m→∞. 2

Je¸rhma 3.6.2. 'Estw f ∈ L2(γ1), diaforÐsimh me omoiìmorfa suneq  par�gwgo f ′.
Tìte Em(f(Cm)) → E(f).

Apìdeixh. Apì tic upojèseic prokÔptei ìti f ′ ∈ L2(γ1), afoÔ |f ′(x)| ≤ a|x| + b gia
k�poiouc a, b ∈ R, opìte

E(f) =
∫

R

(
df

dx

)2

dγ1 < +∞.
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Ja apodeÐxoume to je¸rhma mìno gia �rtiec timèc tou m. H apìdeixh gia tic perittèc timèc
tou m eÐnai an�logh. StajeropoioÔme m = 2n kai C2n(ε) = t2k. Tìte

Lm(f(Cm)) =
1
2

m∑
j=1

(f(Cm(sj(ε)))− f(Cm(ε))) .

Pr�gmati, parathroÔme ìti afoÔ C2n = t2k, tìte n + k jèseic èqoun 1 kai n − k jèseic
èqoun -1. An h j�suntetagmènh èqei -1, tìte C2n(sj(ε)) = t2k+2√

2n
= t2k+2, en¸ an eÐnai 1,

tìte C2n(sj(ε)) = t2k−2. Tìte
Lm(f(Cm))(ε) =

1
2

((n+ k)f(t2k−2) + (n− k)f(t2k+2)− 2nf(t2k)) .

EÐnai
−Em = 〈f(Cm), Lm(f(Cm))〉 = E (f(Cm)Lm(f(Cm)))

=
1

2m
∑
ε∈Em2

f(Cm(ε))Lm(f(Cm))(ε).

K�je ε ston kÔbo Em2 èqei n + k suntetagmènec Ðsec me 1 kai n − k suntetagmènec Ðsec
me −1, ìpou k = −n, . . . , n.

L mma 3.6.3. Gia k�je |k| ≤ n jètoume Ak to uposÔnolo twn ε ∈ Em2 pou èqoun n + k
suntetagmènec Ðsec me 1 kai n − k suntetagmènec Ðsec me −1. Tìte, ta Ak apoteloÔn
diamèrish tou Em2 , |Ak| =

(
2n
n+k

)
kai gia k�je ε, η ∈ Ak kai f ∈ SL2(Em2 ) isqÔei f(ε) =

f(η).

Apìdeixh. Oi dÔo pr¸toi isqurismoÐ eÐnai profaneÐc. Gia ton trÐto parathroÔme ìti an
ε, η ∈ Ak, mporoÔme na broÔme met�jesh σ ∈ Sm ¸ste ε = σ(η), opìte gia k�poia
sun�rthsh f ∈ SL2(Em2 ) ja isqÔei f(ε) = f(σ(η)) = f(η). 2

AfoÔ f(Cm) ∈ Em2 , èqoume
E(f(Cm)Lm(f(Cm))) =

1
2m

∑
ε∈Em2

f(Cm(ε))Lm(f(Cm))(ε)

=
1

2m

n∑
k=−n

(∑
ε∈Ak

f(Cm(ε))Lm(f(Cm))(ε)

)

=
1

2m

n∑
k=−n

[( 2n
n+ k

)
f(t2k)

1
2
(
(n+ k)f(t2k−2)

+(n− k)f(t2k+2)− 2nf(t2k)
)]

=
1
2

n∑
k=−n

f(t2k)
(
(n+ k)f(t2k−2)
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+(n− k)f(t2k+2)− 2nf(t2k)
)
P(Cm = t2k)

=
1
2
(J1 + J2),

ìpou
J1 =

∑
k

(
(n− k)f(t2k)(f(t2k+2)− f(t2k))

)
P(Cm = t2k)

kai
J2 =

∑
k

(
(n+ k)f(t2k)(f(t2k−2)− f(t2k))

)
P(Cm = t2k)

(prosjafairèsame touc ìrouc kf(t2k)2). MporoÔme na gr�youme to J2 sth morf 
J2 = −

∑
k

(
(m+ k + 1)f(t2k+2)(f(t2k+2)− f(t2k))

)
P(Cm = t2k),

opìte
〈f(Cm), Lm(f(Cm))〉 =

1
2

∑
k

(
(n− k)f(t2k)(f(t2k+2)− f(t2k))

)
P(Cm = t2k)

− 1
2

∑
k

(
(n− k)f(t2k+2)(f(t2k+2)− f(t2k))

)
P(Cm = t2k)

= −1
2

∑
k

(n− k)
(
f(t2k+2)− f(t2k)

)2P(Cm = t2k).

ParathroÔme ìti t2k+2 − t2k =
√

2
n , �ra (t2k+2 − t2k)2 = 2/n. Sunep¸c,

〈f(Cm), Lm(f(Cm))〉 = −
∑
k

(
n− k

n

)(
f(t2k+2)− f(t2k)

t2k+2 − t2k

)2

P(Cm = t2k).

'Estw ε > 0. Up�rqei δ > 0 ¸ste: an 0 < |h| < δ tìte∣∣∣∣f(x+ h)− f(x)
h

− f ′(x)
∣∣∣∣ < ε,

�ra ∣∣∣∣f(x+ h)− f(x)
h

+ f ′(x)
∣∣∣∣ =

∣∣∣∣f(x+ h)− f(x)
h

− f ′(x) + 2f ′(x)
∣∣∣∣

≤
∣∣∣∣f(x+ h)− f(x)

h
− f ′(x)

∣∣∣∣+ 2|f ′(x)|

< ε+ 2|f ′(x)|,
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opìte ∣∣∣∣∣ (f(x+ h)− f(x))2

h2
− (f ′(x))2

∣∣∣∣∣ ≤ ε(ε+ 2)|f ′(x)|).

EÐnai ∣∣〈f(Cm), Lm(f(Cm))〉+ E
(
(f ′(Cm))2

)∣∣
=

∣∣∣∣∣−
n∑

k=−n

(
n− k

n

)(
f(t2k+2)− f(t2k)

t2k+2 − t2k

)2

P(Cm = t2k) +
n∑

k=−n

(f ′(t2k))
2 P(Cm = t2k)

∣∣∣∣∣
≤

∣∣∣∣∣∑
k

(
n− k

n

)(
f(t2k+2)− f(t2k)

t2k+2 − t2k

)2

P(Cm = t2k)

∣∣∣∣∣
+
∑
k

∣∣∣∣∣
(
f(t2k+2)− f(t2k)

t2k+2 − t2k

)2

− (f ′(t2k))
2

∣∣∣∣∣P(Cm = t2k)

+
∑
k

|k|
n

∣∣∣∣f(t2k+2)− f(t2k)
t2k+2 − t2k

∣∣∣∣2 P(Cm = t2k).

To pr¸to �jroisma, gia arket� meg�lo m, fr�ssetai apì
ε
(
ε+ 2

∑
k

|f ′(t2k)|P(Cm = t2k)
)

= ε(ε+ 2E(|f ′(Cm)|)).

To deÔtero �jroisma fr�ssetai apì
≤

∑
k

|k|
n
|f ′(t2k)|2P(Cm = t2k) =

1√
m

∑
k

|t2k||f ′(t2k)|2P(Cm = t2k)

=
1√
m

E(|Cm||f ′(Cm)|2) → 0,

kaj¸c to m→∞, giatÐ
E(|Cm||f ′(Cm)|2) → E(|ξ||f ′(ξ)|2)

apì to kentrikì oriakì je¸rhma kai �ra
1√
m

E(|Cm||f ′(Cm)|2) → 0.

EpÐshc Ef ′(Cm)2 → Ef ′(ξ)2, kaj¸c to m→∞, opìte telik�
| − Em(f) + E(f)| ≤ | − Em + E(f ′(Cm)2)|+ |E(f ′(Cm)2)− E(f ′)2|,

ap� ìpou prokÔptei ìti Em(f) → E(f), kaj¸c to m→∞. 2

Pìrisma 3.6.4. 'Estw f ∈ L2(γ1) paragwgÐsimh sun�rthsh me omoiìmorfa suneq 
par�gwgo f ′. Tìte, Ent(f2) ≤ 2E(f).



3.7 Anisìthta tou Beckner · 55

3.7 Anisìthta tou Beckner

Oloklhr¸noume autì to kef�laio me th {migadik  èkdosh} thc upersustaltik c anisìth-
tac.
L mma 3.7.1 (l mma tou Beckner). 'Estw 1 < p < 2. Jètoume s =

√
p− 1 = rp′

(parathr ste ìti 0 < s < 1). Gia k�je a, b ∈ C isqÔei h anisìthta

‖a+ εisb‖p′ ≤ ‖a+ εb‖p.

Apìdeixh. An a = 0 h anisìthta isqÔei profan¸c. An a 6= 0, epeid  h anisìthta eÐnai
omogen c, mporoÔme na upojèsoume ìti a = 1 kai b = c+ id. Tìte,

|1 + εisb|2 = |1− εsd|2 + s2c2,

�ra
‖1 + isb‖2p′ = ‖ |1 + εisb|2‖p′/2 = ‖(1− εsd)2 + s2c2‖p′/2 ≤ ‖(1− εsd)2‖p′/2 + s2c2.

Apì thn anisìthta thc Bonami èpetai ìti
‖1 + isb‖2p′ ≤ ‖1− εd‖2 + s2c2 = 1 + d2 + s2c2 = ‖1 + εsc‖22 + d2

kai, p�li apì thn anisìthta thc Bonami,
‖1 + isb‖2p′ ≤ ‖1 + εc‖2p + d2 = ‖(1 + εc)2‖2p/2 + d2.

Apì thn antÐstrofh anisìthta Minkowski (gia ton ekjèth p/2) paÐrnoume telik�
‖1 + isb‖2p′ ≤ ‖(1 + εc)2 + d2‖p/2 = ‖1 + εb‖2p,

pou eÐnai h zhtoÔmenh anisìthta. 2

Akolouj¸ntac to deÔtero mèroc thc apìdeixhc thc anisìthtac thc Bonami kai thn
apìdeixh tou jewr matoc 3.5.1 paÐrnoume to akìloujo pìrisma.
Je¸rhma 3.7.2 (anisìthta tou Beckner). 'Estw 1 < p < 2 kai s =

√
p− 1.

(i) Gia k�je akoloujÐa {zA : A ⊆ {1, . . . , n}} migadik¸n arijm¸n,∥∥∥∥∥∑
A

(is)|A|wAzA

∥∥∥∥∥
Lp′

≤

∥∥∥∥∥∑
A

wAzA

∥∥∥∥∥
Lp

.

(ii) 'Estw f =
∑n
j=0 bjhj kai Mis(f) =

∑n
j=0(is)

jbjhj . Tìte,

‖Mis(f)‖Lp′ (γ1) ≤ ‖f‖Lp(γ1).
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Qrhsimopoi¸ntac aut  thn anisìthta o Beckner upolìgise th bèltisth stajer� sthn
anisìthta Hausdorff–Young:
Je¸rhma 3.7.3. 'Estw 1 < p ≤ 2. Jètoume ap = p1/2p kai aq = q1/2q ìpou q o suzug c
ekjèthc tou p. Gia k�je f ∈ Lp(R), o metasqhmatismìc Fourier

F(f)(u) =
∫ ∞

−∞
e−2πixuf(x) dx

thc f ikanopoieÐ thn

‖F(f)‖q ≤ Ap ‖f‖p

ìpou Ap = ap/aq. H stajer� Ap eÐnai bèltisth.

Apìdeixh. An jewr soume th sun�rthsh g(x) = e−πx
2 , tìte F(g) = g. Aplìc upologis-

mìc deÐqnei ìti ‖g‖p = 1/ap kai ‖F(g)‖q = ‖g‖q = 1/aq. Sunep¸c,
‖F(g)‖q = Ap ‖g‖p.

Autì apodeiknÔei ìti h stajer� Ap eÐnai bèltisth, an bèbaia apodeÐxoume ìti ‖F(f)‖q ≤
Ap ‖f‖p gia k�je f ∈ Lp(R).

Ja qrhsimopoi soume to gegonìc ìti h apeikìnish Jp : Lp(γ1) → Lp(R) me
Jp(f)(x) = ape

−πx2
f(
√

2πpx)

eÐnai isometrÐa. Pr�gmati,

‖Jp(f)‖pp =
√
p

∫ ∞

−∞
e−pπx

2
|f(
√

2πpx)|pdx =
1√
2π

∫ ∞

−∞
e−y

2/2|f(y)|pdy

= ‖f‖pLp(γ1).

JewroÔme ton telest  Tp : Lp(γ1) → Lq(γ1) me Tp = J−1
q ◦F ◦Jp. An fn = Jp(hn) tìte,

apì thn dhn
dx (x) = xhn(x)− hn+1(x) blèpoume ìti

dfn
dx

(x) = −2πxfn(x) +
√

2πpape−πx
2 dhn
dx

(
√

2πpx) = 2π(p− 1)xfn(x)−
√

2πpfn+1(x).

Dhlad , √
2πpfn+1(x) = 2π(p− 1)xfn(x)−

dfn
dx

(x).

Jètoume vn = F(fn). QrhsimopoioÔme ta ex c: an m(x) = xf(x) tìte

F(m)(u) =
i

2π
dF(f)
du

(u)
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kai an t(x) = 2πiuF(f)(u) tìte
F(t)(u) = 2πiF(f)(u).

'Epetai ìti√
2πpvn+1(u) = i(p− 1)

dvn
du

(u)− 2πiuvn(u) = −i
(

2πuvn(u)− (p− 1)
dvn
du

(u)
)
.

ParathroÔme ìti √2πp
√
p− 1 = (p − 1)

√
2πq kai pollaplasi�zontac thn prohgoÔmenh

isìthta me √q/p paÐrnoume
√

2πqvn+1(u) = −i
√
p− 1

(
2π(q − 1)uvn(u)−

dvn
du

(u)
)
.

Apì thn f0 = ape
−πx2 èqoume

v0(u) = ape
−πu2

= Apf0(u).

SugkrÐnontac tic anadromikèc sqèseic pou ikanopoioÔn oi akoloujÐec (fn) kai (vn) sumper-
aÐnoume ìti

vn = Ap(−is)nJ−1
q (hn)

dhlad ,
Tp(hn) = Ap(−is)nhn.

'Ara, Tp = ApMis kai apì thn anisìthta tou Beckner èqoume
‖Tp : Lp(γ1) → Lq(γ1)‖ ≤ Ap.

T¸ra, h
‖Tp : Lp(R) → Lq(R)‖ ≤ Ap

prokÔptei apì to gegonìc ìti oi Jp kai Jq eÐnai isometrÐec. 2





Kef�laio 4

Hmiom�da Ornstein–Uhlenbeck

4.1 Orismìc kai basikèc idiìthtec
Orismìc 4.1.1. H hmiom�da Ornstein–Uhlenbeck orÐzetai ston Lp(γ) wc ex c. Gia k�je
f ∈ Lp(γ) kai gia k�je t ≥ 0 orÐzoume

(Ttf)(x) =
∫

Rn
f(e−tx+

√
1− e−2ty) dγ(y).

H Ttf eÐnai kal� orismènh: qrhsimopoi¸ntac to gegonìc ìti to γ eÐnai h eikìna tou γ ⊗ γ
mèsw thc

(x, y) 7→ e−tx+
√

1− e−2ty

kai qrhsimopoi¸ntac to je¸rhma Fubini blèpoume ìti: afoÔ∫
Rn
|f(x)|pdγ(x) =

∫
Rn

(∫
Rn

∣∣∣f (e−tx+
√

1− e−2ty
)∣∣∣p dγ(x)) dγ(y),

h sun�rthsh Ttf an kei ston Lp(γ) kai
‖Ttf‖Lp(γ) ≤ ‖f‖Lp(γ).

DouleÔoume sto q¸ro W 2,1(γ), o opoÐoc eÐnai h pl rwsh tou C0(Rn) wc proc th nìrma
Sobolev

‖f‖2,1 =
(∫

Rn
|f(x)|2dγ(x) +

∫
Rn
|∇f(x)|2dγ(x)

)1/2

.

Basikèc idiìthtec, oi opoÐec elègqontai �mesa apì ton orismì, eÐnai oi ex c:
(i) Gia k�je f ,

T0f = f, Tt+sf = Tt(Tsf), T∞f = lim
t→∞

Ttf ≡
∫
f dγ.
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(ii) Gia k�je t ≥ 0, ∫
Rn
Ttf dγ =

∫
Rn
f dγ.

(iii) Gia k�je t ≥ 0,
[Tt(fg) ]2 ≤ Tt(f2) · Tt(g2).

(iv) An f ≤ g tìte Ttf ≤ Ttg.
(v) Gia k�je f, g kai a, b ∈ R, Tt(af + bg) = aTt(f) + bTt(g). EpÐshc, Tt(1) ≡ 1.
(vi) An orÐsoume Tt(g1, . . . , gn) = (Tt(g1), . . . , Tt(gn)) tìte

∇Tt(f) = e−tTt(∇f).

Orismìc 4.1.2. O genn torac L thc hmiom�dac orÐzetai ston W 2,2(γ) apì thn

(Lf)(x) = lim
t→0

Ttf(x)− f(x)
t

kai ikanopoieÐ tic
d

dt
(Ttf) = LTtf = TtLf

kai
(Lf)(x) = ∆f(x)− 〈x,∇f(x)〉.

Gia thn apìdeixh gr�foume

L(Ttf) =
d

dt

(∫
Rn
f(e−tx+

√
1− e−2ty) dγ(y)

)
= −

∫
Rn
〈∇f(e−tx+

√
1− e−2ty), e−tx〉 dγ(y)

+
∫

Rn

〈
∇f(e−tx+

√
1− e−2ty),

e−2t

√
1− e−2t

y

〉
dγ(y),

kai paÐrnoume t→ 0+. O pr¸toc ìroc teÐnei sto

−
∫

Rn
〈∇f(x), x〉 dγ(y) = −〈∇f(x), x〉,

en¸ o deÔteroc gr�fetai sth morf 

−
∫

Rn
〈∇gt(y),∇h(y)〉 dy,
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ìpou
h(y) =

1
(2π)n/2

e−‖y‖
2
2/2 kai gt(y) = f(e−tx+

√
1− e−2ty),

�ra isoÔtai me∫
Rn

∆gt(y)
1

(2π)n/2
e−‖y‖

2
2/2 dy →

∫
Rn

∆f(x) dγ(y) = ∆f(x)

kaj¸c to t→ 0+. 'Epetai ìti
(Lf)(x) = lim

t→0

(
L(Ttf)

)
(x) = ∆f(x)− 〈∇f(x), x〉.

Mia �llh idiìthta tou L, h opoÐa prokÔptei apì thn prohgoÔmenh me efarmog  tou tÔpou
tou Green, eÐnai h ex c: gia k�je f ∈W 2,2(γ) kai g ∈W 2,1(γ),∫

Rn
Lf · g dγ = −

∫
Rn
〈∇f,∇g〉 dγ.

4.2 DeÔterh apìdeixh thc logarijmik c anisìthtac Sobolev

Je¸rhma 4.2.1 (logarijmik  anisìthta Sobolev). Gia k�je f ∈ W 2,1(γ) isqÔei h
anisìthta ∫

Rn
f2 log |f | dγ − 1

2

∫
Rn
f2 dγ · log

(∫
Rn
f2 dγ

)
≤
∫

Rn
|∇f |2dγ,

dhlad  ∫
|f |2 log |f | dγ ≤

∫
|∇f |2dγ + ‖f‖22 log ‖f‖2,

me th sÔmbash f2 log |f | = 0 an f = 0.

Apìdeixh. Ja upojèsoume ìti f ∈ C∞b (Rn) kai f ≥ c > 0. Jètoume φ = f2, opìte
∇f = ∇φ

2
√
φ
kai h anisìthta paÐrnei th morf ∫

Rn
φ log φdγ −

∫
Rn
φdγ · log

(∫
Rn
φdγ

)
≤ 1

2

∫
Rn

|∇φ|2

φ
dγ.

ParathroÔme ìti to aristerì mèloc eÐnai Ðso me∫
Rn
T0φ · log T0φ−

∫
Rn
T∞φ · log T∞φ,

poroÔme loipìn na to gr�youme sth morf 

−
∫ ∞

0

(
d

dt

[∫
Rn
Ttφ · log Ttφdγ

])
dt.
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'Omwc,
d

dt

[∫
Rn
Ttφ · log Ttφdγ

]
=
∫

Rn

{
LTtφ · log Ttφ+

d

dt
Ttφ

}
kai ∫ ∞

0

∫
Rn

d

dt
Ttφ =

∫
Rn
T∞φdγ −

∫
Rn
T0φdγ

=
∫

Rn

(∫
Rn
φdγ

)
dγ −

∫
Rn
φdγ = 0.

Sunep¸c, to aristerì mèloc thc (∗) eÐnai Ðso me
−
∫ ∞

0

∫
Rn
LTtf · log Ttφdγ =

∫ ∞

0

∫
Rn
〈∇Ttφ,∇ log Ttφ〉 dγ dt

=
∫ ∞

0

∫
Rn

|∇Ttφ|2

Ttφ
dγ dt.

Qrhsimopoi¸ntac thn

|Tt∂xiφ|2 =
∣∣∣∣Tt(√φ · ∂xiφ√

φ

)∣∣∣∣2 ≤ Ttφ · Tt
(

(∂xiφ)2

φ

)
,

sumperaÐnoume ìti

|∇Ttφ|2 = e−2t|Tt(∇φ)|2 = e−2t
n∑
i=1

|Tt∂xiφ|2

≤ e−2tTtφ ·
n∑
i=1

Tt

(
(∂xiφ)2

φ

)
.

'Epetai ìti ∫ ∞

0

∫
Rn

|∇Ttφ|2

Ttφ
dγ dt ≤

∫ ∞

0

e−2t

∫
Rn

n∑
i=1

Tt

(
(∂xiφ)2

φ

)
dγ dt

=
∫ ∞

0

e−2t

∫
Rn
Tt

(
|∇φ|2

φ

)
dγ dt

=
∫ ∞

0

e−2t

∫
Rn

|∇φ|2

φ
dγ dt

=
∫ ∞

0

e−2t dt ·
∫

Rn

|∇φ|2

φ
dγ

=
1
2

∫
Rn

|∇φ|2

φ
dγ,

kai h apìdeixh eÐnai pl rhc. 2
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Je¸rhma 4.2.2 (anisìthta Poincaré). Gia k�je f ∈W 2,1(γ) isqÔei h anisìthta∫
Rn
f2 dγ −

(∫
Rn
f dγ

)2

≤
∫

Rn
|∇f |2dγ.

Apìdeixh. Qrhsimopoi¸ntac thn Ðdia poreÐa me aut n thc prohgoÔmenhc apìdeixhc, gr�foume∫
Rn
f2 dγ −

(∫
Rn
f dγ

)2

=
∫

Rn
(T0f)2 dγ − (T∞f)2

=
∫

Rn
(T0f)2 dγ −

∫
Rn

(T∞f)2 dγ

= −
∫ ∞

0

d

dt

(∫
Rn

(Ttf)2
)
dt

= −
∫ ∞

0

∫
Rn

2Ttf · LTtf dγ dt

= 2
∫ ∞

0

∫
Rn
〈∇Ttf,∇Ttf〉 dγ dt

= 2
∫ ∞

0

∫
Rn
|∇Ttf |2dγ dt.

T¸ra,

2
∫ ∞

0

∫
Rn
|∇Ttf |2dγ dt = 2

∫ ∞

0

e−2t

∫
Rn
|Tt(∇f)|2dγ dt

= 2
∫ ∞

0

e−2t

∫
Rn

n∑
i=1

(
Tt(∂xif)

)2
≤ 2

∫ ∞

0

e−2t

∫
Rn

n∑
i=1

Tt(12)Tt((∂xif)2)

= 2
∫ ∞

0

e−2t

∫
Rn
Tt(|∇f |2) dγ dt

= 2
∫ ∞

0

e−2t

∫
Rn
|∇f |2dγ dt

= 2
∫ ∞

0

e−2tdt ·
∫

Rn
|∇f |2dγ

=
∫

Rn
|∇f |2dγ.

'Eqoume ètsi eujeÐa apìdeixh thc anisìthtac tou Poincaré mèsw thc hmiìm�dac Ornstein-
Uhlenbeck. 2
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H logarijmik  anisìthta Sobolev eÐnai isqurìterh apì thn anisìthta Poincaré kai
autì faÐnetai apì to gegonìc ìti h deÔterh eÐnai sunèpeia thc pr¸thc: an mac dojeÐ h f ,
jewroÔme thn

g = f −
∫

Rn
f dγ,

opìte ∇g = ∇f kai gia thn zhtoÔmenh anisìthta arkeÐ na deÐxoume ìti, an ∫ g dγ = 0
tìte ∫

Rn
g2dγ ≤

∫
Rn
|∇g|2dγ.

QwrÐc periorismì thc genikìthtac mporoÔme epÐshc na upojèsoume ìti∫
Rn
g2dγ = 1.

Efarmìzoume th logarijmik  anisìthta Sobolev gia thn 1+εg, me ε > 0 mikrì: xekin¸ntac
apì thn∫

Rn
(1 + εg)2 log(1 + εg) dγ − 1

2

∫
Rn

(1 + εg)2dγ · log
(∫

Rn
(1 + εg)2dγ

)
≤ ε2

∫
Rn
|∇g|2dγ

kai k�nontac pr�xeic, paÐrnoume∫
Rn

(1 + 2εg+ ε2g2)2(εg− ε2g2/2 dγ− 1
2

∫
Rn

(1 + ε2) log(1 + ε2) ≤ ε2
∫

Rn
|∇g|2dγ+O(ε3),

dhlad 
2ε2 − ε2

2
− 1 + ε2

2
ε3 ≤ ε2

∫
Rn
|∇g|2dγ +O(ε3).

'Epetai ìti
1 ≤

∫
Rn
|∇g|2dγ +O(ε3)

kai af nontac to ε→ 0+ paÐrnoume∫
Rn
g2dγ = 1 ≤

∫
Rn
|∇g|2dγ.

4.3 H isoperimetrik  anisìthta sto q¸ro tou Gauss

Je¸rhma 4.3.1. An U = φ ◦ Φ−1 tìte

U

(∫
Rn
f dγ

)
≤
∫

Rn

√
U2(f) + |∇f |2 dγ.
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Apìdeixh. OrÐzoume
J(t) =

∫
Rn

√
U2(Ttf) + |∇Ttf |2 dγ

kai deÐqnoume arqik� ìti J ′ ≤ 0. Tìte, h anisìthta J(0) ≥ J(∞) mac dÐnei to zhtoÔmeno:
parathr ste ìti

U

(∫
Rn
f dγ

)
= U(T∞f) =

∫
Rn

√
U2(T∞f) + |∇T∞f |2 dγ

≤
∫

Rn

√
U2(T0f) + |∇T0f |2 dγ

=
∫

Rn

√
U2(f) + |∇f |2 dγ.

UpologÐzoume thn par�gwgo thc J : an jèsoume g = Ttf , tìte

J ′(t) =
∫

Rn

(UU ′)(g)L(g) + 〈∇g,∇(Lg)〉√
U2(g) + |∇g|2

dγ.

Jètoume K(g) = U2(g) + |∇g|2 kai jewroÔme qwrist� ta

(I)
∫

Rn

(UU ′)(g)L(g)√
K(g)

dγ kai (II)
∫

Rn

〈∇g,∇(Lg)〉√
K(g)

dγ.

Gia eukolÐa sto sumbolismì upojètoume ìti n = 1. Ja qrhsimopoi soume tic
(i) ∫ αLβ = −

∫
α′β′.

(ii) Lβ = β′′ − xβ′, �ra
〈∇g,∇(Lg)〉 = g′(g′′ − xg′)′ = g′L(g′)− (g′)2.

(iii) K ′ = 2(UU ′)(g) · g′ + 2g′g′′.
(iv) UU ′′ ≡ −1. Pr�gmati, paragwgÐzontac blèpoume ìti

U ′(x) = −Φ−1(x),

ap' ìpou èpetai ìti
U ′′(x) = − 1

φ(Φ−1(x))
= − 1

U(x)
.

Gia to (I) gr�foume ∫
Rn

(UU ′(g)√
K(g)

L(g) = −
∫

Rn

(
(UU ′)(g)√

K(g)

)′
g′



66 · Hmiom�da Ornstein–Uhlenbeck

kai parathroÔme ìti(
UU ′√
K

)′
g′ =

(
(U ′)2 − 1

)
(g′)2

√
K

− (UU ′)(g′)2[UU ′ + g′′]
K3/2

,

opìte ∫
Rn

(UU ′(g)√
K(g)

L(g) = −
∫

Rn

(
(U ′)2 − 1

)
(g′)2

√
K

+
∫

Rn

(UU ′)(g′)2[UU ′ + g′′]
K3/2

.

Gia to (II) qrhsimopoi¸ntac thn
〈∇g,∇(Lg)〉√

K(g)
=
g′Lg′ − (g′)2√

K(g)

paÐrnoume
∫

Rn

〈∇g,∇(Lg)〉√
K(g)

= −
∫

Rn

(g′)2√
K(g)

−
∫

Rn

(
g′√
K(g)

)′
g′′

= −
∫

Rn

(g′)2√
K(g)

−
∫

Rn

(g′′)2√
K(g)

+
∫

Rn

g′g′′[(UU ′)(g)g′ + g′g′′]
K(g)3/2

.

Prosjètontac, paÐrnoume

J ′(t) = −
∫

Rn

(U ′)2(g′)2√
K(g)

+
∫

Rn

(UU ′)(g′)2[UU ′ + g′′]
K3/2

−
∫

Rn

(g′′)2√
K(g)

+ intRn
(g′)2g′′[(UU ′)(g) + g′′]

K(g)3/2

= −
∫

Rn

[(U ′)2(g′)2 + (g′′)2][U2 + (g′)2]− (g′)2[(UU ′) + g′′]2

K(g)3/2

= −
∫

Rn

(g′′U(g)− (g′)2U ′(g))2

K(g)3/2
dγ ≤ 0.

Dhlad , h J eÐnai fjÐnousa. 2

Orismìc 4.3.2. Gia k�je Borel uposÔnolo A tou Rn, h epif�neia tou A orÐzetai na eÐnai
h posìthta

γ+(A) = lim inf
r→0+

γ(Ar)− γ(A)
r

ìpou Ar = {x ∈ Rn : d(x,A) ≤ r}.
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Je¸rhma 4.3.3. Gia k�je Borel uposÔnolo A tou Rn me 0 < γ(A) < 1,

γ+(A) ≥ γ+(H),

ìpou H = {x ∈ Rn : x1 ≤ a} hmÐqwroc me γ(H) = γ(A).

Apìdeixh. ParathroÔme pr¸ta ìti

γ+(H) = lim
r→0

γ(Hr)− γ(H)
r

= lim
r→0

Φ(a+ r)− Φ(a)
r

= φ(a) = φ(Φ−1(γ(H))) = φ(Φ−1(γ(H)))
= U(γ(A)).

'Ara, h zhtoÔmenh anisìthta paÐrnei th morf 
γ+(A) ≥ U(γ(A)).

Gia r > 0 mikrì, orÐzoume
fr(x) =

(
1− 1

r
d(x,A)

)+

.

H fr isoÔtai me 1 sto A kai me 0 sto Arc. Dhlad , fr → χA sqedìn pantoÔ. Epomènwc,
ìtan to r → 0+ èqoume

U

(∫
Rn
fr dγ

)
→ U

(∫
Rn
χA dγ

)
= U(γ(A)).

EpÐshc, U(fr) = 0 giatÐ U(0) = U(1) = 0 kai |∇f | ≤ 1/r, ∇f = 0 sta A, Arc. 'Ara,

lim inf
r→0+

∫
Rn

√
U2(fr) + |∇fr|2 dγ ≤ lim inf

r→0+

γ(Ar)− γ(A)
r

= γ+(A)).

AfoÔ
U

(∫
Rn
frdγ

)
≤
∫

Rn

√
U2(fr) + |∇fr|2 dγ

gia k�je r > 0, èpetai h U(γ(A)) ≤ γ+(A). 2





Kef�laio 5

Anisìthta Brunn-Minkowski
kai logarijmik  anisìthta

Sobolev

5.1 TrÐth apìdeixh thc logarijmik c anisìthtac Sobolev

'Estw E = (Rn, ‖·‖) q¸roc peperasmènhc di�stashc me nìrma kai èstw E∗ = (Rn, ‖·‖∗) o
duðkìc tou q¸roc. JewroÔme èna mètro pijanìthtac µ ston E me sun�rthsh puknìthtac
thn e−V (x), ìpou V (x) kurt  sun�rthsh orismènh se èna anoiqtì kurtì uposÔnolo Ω tou
E. Epiplèon, upojètoume ìti up�rqei stajer� c > 0 tètoia ¸ste: gia k�je s, t > 0 me
s+ t = 1 kai gia k�je x, y ∈ Ω isqÔei

tV (x) + sV (y)− V (tx+ sy) ≥ cts

2
‖x− y‖2.

'Estw f ∈ C∞(Ω). H entropÐa thc f2 wc proc to µ orÐzetai wc ex c:

Entµ(f2) =
∫
f2 log f2dµ−

∫
f2dµ · log

∫
f2dµ.

Ja apodeÐxoume thn ex c anisìthta.
Je¸rhma 5.1.1. Gia k�je f ∈ C∞(Ω),

Entµ(f2) ≤ 2
c

∫
‖∇f‖2∗dµ.

Apìdeixh. MporoÔme na upojèsoume ìti f2 = eg ìpou g ∈ C∞b (Ω), dhlad  h g èqei
sumpag  forèa sto Ω kai fragmènec merikèc parag¸gouc. 'Estw t, s > 0 me t + s = 1.
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JewroÔme tic sunart seic
u(x) = eg(x)/t−V (x), v(y) = e−V (y) kai w(z) = egt(z)−V (z),

ìpou
gt(z) = sup{g(x)− [tV (x) + sV (y)− V (tx+ sy)] : z = tx+ sy, x, y ∈ Ω}.

Oi sunarthseic u, v, w : Rn → R+ eÐnai metr simec. EpÐshc, an z = tx + sy isqÔei:
w(z) ≥ u(t)tu(y)s. Pr�gmati:
ut(x)vs(y) = exp(g(x)− tV (x)) exp(−sV (y))

= exp(g(x)− tV (x)− sV (y))
= exp(g(x)− [tV (x) + sV (y)− V (tx+ sy)]− V (tx+ sy))

≤ exp
(

sup
z=tx+sy:x,y∈Ω

{g(x)− [tV (x) + sV (y)− V (tx+ sy)]} − V (tx+ sy)
)

= w(z).

Efarmìzontac thn anisìthta Prékopa–Leindler èqoume:∫
egtdµ =

∫
egt(z)−V (z)dx

≥
(∫

eg(x)/t−V (x)dx

)t(∫
e−V (x)

)s
=

(∫
eg/tdµ

)t
.

AnaptÔssontac to dexiì mèloc gÔrw apì to t = 1 paÐrnoume(∫
eg/tdµ

)t
=
∫
egdµ+ sEntµ(eg) +O(s2).

Pr�gmati, èstw h(t) = (
∫
eg/tdµ)t = et log

∫
eg/tdµ. Tìte,

h(t) = h(1) + h′(1)(t− 1) +O((t− 1)2) = h(1)− h′(1)s+O(s2).

'Omwc,
h′(t) =

(∫
eg/tdµ

)t(
log
∫
eg/tdµ−

∫
eggdµ

t
∫
egdµ

)
,

�ra h′(1) = −Entµ(eg) opìte èqoume to zhtoÔmeno.
Pern�me t¸ra sto aristerì mèloc. Apì thn upìjesh,

g(x)− [tV (x) + sV (y)− V (tx+ sy)] ≤ g(x)− cts

2
‖x− y‖2
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gia k�je x, y ∈ Ω. Apì ton orismì thc gt èpetai ìti

gt(z) ≤ sup
{
g(x)− cts‖x− y‖2

2
: z = tx+ sy, x, y ∈ Ω

}
.

Apo thn z = tx+ sy èqoume
z − y = tx+ sy − y = tx− (1− s)y = tx− ty = t(x− y),

�ra
x− y =

1
t
(z − y).

EpÐshc,
tx = z − sy = tz + sz − sy = tz + s(z − y),

�ra
x = z +

s(z − y)
t

.

An loipìn jèsoume h = z − y kai η = s
t , tìte

gt(z) ≤ sup
h∈E

{
g(z + ηh)− cη‖h‖2

2

}
.

Isqurismìc. Apì to je¸rhma tou Taylor,
g(z + ηh) = g(z) + η〈∇g(z), h〉+ η2O(‖h‖2),

ìpou O(‖h‖2) ≤ C‖h‖2 kai h C eÐnai anex�rthth tou z.
Apìdeixh. Jètoume w = ηh kai jewroÔme to upìloipo

R1(w, z0) =
n∑

i,j=1

∫ 1

0

(1− t)
∂2g

∂xi∂xj
(z0 + tw)wiwjdt

=
∫ 1

0

n∑
i,j=1

(1− t)
∂2g

∂xi∂xj
(z0 + tw)wiwjdt

=
∫ 1

0

(1− t)〈Az0+tww,w〉dt.

O Az0+tw : Rn → Rn eÐnai telest c me pÐnaka thn Essian  thc g. Apì to gegonìc ìti h
g èqei fragmènec merikèc parag¸gouc, elègqoume eÔkola ìti

‖Az0+tw : `n2 → `n2‖ ≤
√
nmax

j

n∑
i=1

∣∣∣∣ ∂2g

∂xi∂xj
(z0 + tw)

∣∣∣∣ ≤M
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ìpou M stajer� anex�rthth apì to z0 + tw. 'Ara,

|R1(w, z0)| =
∣∣∣∣∫ 1

0

(1− t)〈Az0+tww,w〉dt
∣∣∣∣

≤
∫ 1

0

(1− t)|〈Az0+tww,w〉|dt

≤
∫ 1

0

‖Az0+tww‖2‖w‖2dt

≤ Mr2‖w‖2.

ìpou r = ‖I : E → `n2‖. Jètontac C = Mr2 èqoume apodeÐxei ton isqurismì. 2

Qrhsimopoi¸ntac ton isqurismì gr�foume

gt(z) ≤ sup{g(z) + η〈∇g(z), h〉+ Cη2O(‖h‖2)− cη

2
‖h‖2}

= g(z) + η sup
{
〈∇g(z), h > −(

c

2
− ηC)‖h‖2

}
.

K�je h ∈ Rn gr�fetai sth morf  h = λe ìpou λ ≥ 0 kai ‖e‖ = 1. 'Ara, an jèsoume
θ = c− 2ηC,

gt(z) ≤ g(z) + η sup
λ≥0

sup
‖e‖=1

{
λ〈∇g(z), e〉 −

( c
2
− ηC

)
λ2
}

= g(z) + η sup
{
λ‖∇g(z)‖∗ − θ

λ2

2
: λ ≥ 0

}
= g(z) + η

‖∇g(z)‖2∗
2θ

.

EÔkola elègqoume ìti
η

2θ
=

η

2c
+O(η2), |η| < c

2C

kai afoÔ h nìrma ‖∇g(z)‖∗ eÐnai omoiìmorfa fragmènh paÐrnoume
η

2θ
‖∇g(z)‖2∗ =

η

2c
‖∇g(z)‖2∗ +O(η2).

'Ara,
gt(z) ≤ g(z) +

η

2c
‖∇g(z)‖2∗ +O(η2).

Apo tÔpo tou Taylor gia thn x 7→ ex sto x èqoume
ey = ex + ex(y − x) +O((y − x)2).
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'Ara,
exp(gt(z)) ≤ exp

(
g(z) +

η

2c
‖∇g(z)‖2∗ +O(η2)

)
≤ exp(g(z)) + exp(g(z))

η

2c
‖∇g(z)‖2∗ +O(η2).

Sunep¸c, ∫
egt(z)dµ ≤

∫
eg(z)dµ+

η

2c

∫
‖∇g(z)‖2∗eg(z)dµ+

∫
O(η2)dµ

=
∫
eg(z)dµ+

η

2c

∫
‖∇g(z)‖2∗eg(z)dµ+O(η2).

Sundu�zontac ta parap�nw me thn anisìthta ( ∫ eg/tdµ)t ≤ ∫ egtdµ blèpoume ìti

sEntµ(eg) ≤
η

2c

∫
‖∇g‖2∗egdµ+O(s2),

�ra
Entµ(eg) ≤

1
2c(1− s)

∫
‖∇g‖2∗egdµ+O(s).

PaÐrnontac s→ 0 katal goume sthn

(∗) Entµ(eg) ≤
1
2c

∫
‖∇g‖2∗egdµ.

Apì thn f = eg/2 blèpoume ìti 2(∇f) = eg/2∇g, �ra 4‖∇f‖2 = eg‖g‖2. Epistrèfontac
sthn (∗) paÐrnoume

Entµ(f2) = Entµ(eg) ≤
1
2c

∫
4‖f‖2dµ =

2
c

∫
‖∇f‖2dµ.

2





Kef�laio 6

Logarijmik  anisìthta

Sobolev kai sugkèntrwsh tou

mètrou

6.1 To epiqeÐrhma tou Herbst

Se aut  thn par�grafo, qrhsimopoi¸ntac th logarijmik  anisìthta Sobolev, ja apodeÐxoume
th sunarthsiak  morf  thc {anisìthtac sugkèntrwshc gia to mètro tou Gauss}:
Je¸rhma 6.1.1. 'Estw F : Rn → R Lipschitz suneq c sun�rthsh me ‖F‖Lip ≤ 1. Tìte,
gia k�je r > 0,

γn

(
x :
∣∣∣∣F (x)−

∫
Rn
F dγn

∣∣∣∣ > r

)
≤ 2 exp(−r2/2).

Pio sugkekrimèna, an ‖F‖Lip ≤ 1 kai
∫
F dγn = 0, tìte∫

Rn
eλF dγn ≤ exp

(
λ2

2

)
gia k�je λ > 0.

Apìdeixh. Jètoume f2 = eλF , opìte
∇(f) =

∇(f2)
2f

=
λeλF∇(F )

2eλF/2
=
λ

2
eλF/2∇(F ).

Apì th logarijmik  anisìthta Sobolev,∫
Rn
eλF

λF

2
dγn −

1
2

∫
Rn
eλF dγn · log

(∫
Rn
eλF dγn

)
≤ λ2

4

∫
Rn
eλF ‖∇F‖22dγn.
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'Omwc ‖∇F‖2 ≤ 1 sqedìn pantoÔ, �ra∫
Rn
eλF ‖∇F‖22dγn ≤

∫
Rn
eλF dγn.

OrÐzoume
H(λ) :=

∫
Rn
eλF dγn.

Tìte, H ′(λ) =
∫

Rn Fe
λF dγn. 'Ara,

λ

2
H ′(λ)− 1

2
H(λ) logH(λ) ≤ λ2

4
H(λ).

An loipìn orÐsoume
K(λ) =

logH(λ)
λ

,

eÔkola elègqoume ìti K ′(λ) ≤ 1
2 . 'Epetai ìti, gia k�je λ > 0,

K(λ) ≤ K(0) +
λ

2
.

'Omwc,
K(0) = lim

λ→0

H ′(λ)
H(λ)

= lim
λ→0

∫
Rn Fe

λF dγn∫
Rn e

λF dγn
=
∫

Rn
F dγn = 0.

Sunep¸c,
1
λ

log
(∫

Rn
eλF dγn

)
≤ λ

2
kai èpetai ìti

∫
Rn
eλF dγn ≤ exp(λ2/2).

'Estw r > 0. Apì thn anisìthta tou Markov, gia k�je λ > 0 èqoume

γn

(
x : F −

∫
Rn
F dγn ≥ r

)
≤ exp

(
λ2

2
− λr

)
.

Epilègontac λ = r blèpoume ìti

γn

(
x : F −

∫
Rn
F dγn ≥ r

)
≤ exp

(
−r

2

2

)
,

kai lìgw summetrÐac (b�zontac thn F sth jèsh thc −F ) paÐrnoume thn

γn

(
x : −F +

∫
Rn
F dγn ≥ r

)
≤ exp

(
−r

2

2

)
.

'Epetai to zhtoÔmeno. 2
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MporoÔme na d¸soume mia deÔterh apìdeixh qrhsimopoi¸ntac apeujeÐac thn hmiom�da
Ornstein-Uhlenbeck: orÐzoume

G(t) =
∫

Rn
eλTtF dγn.

Tìte,
G(0) =

∫
Rn
eλF dγn kai G(∞) =

∫
Rn
eλ

∫
F dγndγn = 1.

Sunep¸c,

G(t) = 1−
∫ ∞

t

G′(s) ds

= 1−
∫ ∞

t

∫
Rn
λeλTsFLTs(F ) dγn ds

= 1 + λ

∫ ∞

t

∫
Rn
〈∇eλTsF ,∇TsF 〉 dγn ds

= 1 + λ2

∫ ∞

t

∫
Rn
eλTsF ‖∇TsF‖22 dγn ds

= 1 + λ2

∫ ∞

t

∫
Rn
eλTsF e−2s‖Ts(∇F )‖22dγn ds.

'Omwc, apì thn ‖∇F‖2 ≤ 1 èqoume ‖Ts(∇F )‖22 ≤ 1. 'Ara,

G(t) ≤ 1 + λ2

∫ ∞

t

e−2sG(s) ds.

OrÐzoume
H(t) := log

(
1 + λ2

∫ ∞

t

e−2sG(s) ds
)
.

Tìte,
H ′(t) = − λ2e−2tG(t)

1 + λ2
∫∞
t
e−2sG(s) ds

≥ −λ2e−2t,

�ra
H(t)−H(0) ≥ −λ2

∫ ∞

0

e−2tdt = −λ
2

2
.

'Omwc, lim
t→∞

H(t) = 0. Sunep¸c, H(0) ≤ λ2/2. 'Epetai ìti∫
Rn
eλF dγn = G(0) ≤ eH(0) ≤ exp(λ2/2).
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6.2 EntropÐa
'Estw (Ω,A, µ) ènac q¸roc pijanìthtac. Gia k�je mh arnhtik  sun�rthsh f ston Ω, h
entropÐa thc f wc proc to µ eÐnai h posìthta

Entµ(f) =
∫

Ω

f log f dµ−
∫

Ω

f dµ log
∫

Ω

f dµ(6.1)

an ∫ f log (1 + f) dµ < +∞, kai +∞ alli¸c. Parathr ste ìti Entµ(f) ≥ 0 apì thn
anisìthta Jensen gia th sun�rthsh f(x) = x log x kai ìti h entropÐa eÐnai omogen c
bajmoÔ 1. JewroÔme ton EukleÐdeio q¸ro Rn kai èna mètro pijanìthtac µ sta Borel
uposÔnol� tou. Lème ìti to µ ikanopoieÐ th logarijmik  anisìthta Sobolev an up�rqei
stajer� C > 0 ¸ste gia k�je arket� omal  sun�rthsh f ston Rn isqÔei

Entµ(f2) dµ ≤ 2C
∫
‖∇f‖22 dµ.

'Opwc èqoume  dh dei, apì th logarijmik  anisìthta Sobolev prokÔptoun fr�gmata Laplace,
dhlad  anisìthtec thc morf c

E(X,d,µ)(λ) ≤ eλ
2/2C , λ ≥ 0,

ìpou E(X,d,µ)(λ) eÐnai to sup
(∫
eλF dµ

) p�nw apì ìlec tic 1�Lipschitz sunart seic F :
(X, d, µ) → R pou èqoun mèsh tim  0.
ShmeÐwsh. H logarijmik  anisìthta Sobolev èqei ènnoia genikìtera se metrikoÔc q¸rouc,
an orÐsoume to mètro tou gradient miac topik� Lipschitz sun�rthshc f sto shmeÐo x ∈ X
apì thn

|∇f |(x) = lim sup
y→x

|f(x)− f(y)|
d(x, y)

Prìtash 6.2.1. 'Estw µ èna mètro pijanìthtac sta Borel uposÔnola enìc metrikoÔ
q¸rou (X, d). Upojètoume ìti gia k�poia mh arnhtik  sun�rthsh α orismènh sto R+ kai
gia k�je fragmènh 1�Lipschitz sun�rthsh F ston (X, d) isqÔei

µ

(
{F ≥

∫
F dµ+ r}

)
≤ α(r),

gia k�je r > 0. Tìte
1− µ(Ar) ≤ α(µ(A)r)

gia k�je Borel sÔnolo A kai r > 0. Eidikìtera

α(X,d,µ)(r) = sup
{

1− µ(Ar) : A ⊂ X, µ(A) ≥ 1
2

}
≤ α

(r
2

)
, r > 0.

Epiplèon, an h α eÐnai tètoia ¸ste limr→+∞ α(r) = 0, tìte k�je 1�Lipschitz sun�rthsh
eÐnai oloklhr¸simh wc proc to µ kai an eÐnai suneq c ikanopoieÐ thn parap�nw anisìthta.
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Apìdeixh: 'Estw A ⊂ X, µ(A) > 0 kai r > 0. JewroÔme th sun�rthsh F (x) =
d(x,A), x ∈ X. EÐnai fanerì ìti

‖F‖Lip = sup
y 6=x

|F (x)− F (y)|
d(x, y)

≤ 1

kai ∫
F dµ =

∫
A

F dµ+
∫
Ac
F dµ ≤ r(1− µ(A)),

opìte
r ≥

∫
F dµ+ rµ(A).

Tìte,
1− µ(Ar) = µ(Acr) = µ({F ≥ r})

≤ µ({F ≥ rµ(A) +
∫
F dµ})

≤ α(µ(A)r)

'Etsi, an p�roume opoiod pote A ⊂ X me µ(A) ≥ 1
2 , èqoume ìti

1− µ(Ar) ≤ µ

({
F ≥

∫
F dµ+ rµ(A)

})
≤ µ

({
F ≥

∫
f dµ+

1
2

})
≤ α

(r
2

)
PaÐrnontac supremum wc proc ìla ta A ⊂ X me µ(A) ≥ 1

2 , sumperaÐnoume ìti

α(X,d,µ)(r) ≤ α
(r

2

)
, r > 0.

JewroÔme t¸ra mia 1�Lipschitz sun�rthsh F ston (X, d). Gia k�je n ∈ N jètoume
Fn = min (|F |, n). K�je Fn eÐnai 1�Lipschitz kai fragmènh. Efarmìzontac thn anisìthta
µ({F ≥

∫
F dµ+ r}) ≤ α(r) gia thn −Fn èqoume ìti

µ

({
Fn ≤

∫
Fn dµ− r

})
≤ α(r), r > 0.

Epilègoume m tètoio ¸ste µ({|F | ≤ m}) ≥ 1/2 kai r0 > 0 ¸ste α(r0) < 1/2 (up�rqoun
tètoia afoÔ {|F | ≤ m} ↑ X kai 1 = µ(X) = µ(∪∞m=1{|F | ≤ m}) = limm µ({|F | ≤ m})



80 · Logarijmik  anisìthta Sobolev kai sugkèntrwsh tou mètrou

kai limr→+∞ α(r) = 0.) Tìte gia k�je n ∈ N, µ({Fn ≤ m}) ≥ 1
2 kai µ ({Fn ≤ ∫ Fn dµ− r0}

)
<

1
2 , opìte

∫
F dµ ≤ m+ r0, anex�rthta tou n, afoÔ

{Fn ≤ m}
⋂{

Fn ≤
∫
Fn dµ− r0

}
= ∅.

AfoÔ Fn ↑ |F | kat� shmeÐo, apì to je¸rhma monìtonhc sÔgklishc èpetai ìti∫
|F | dµ = lim

n

∫
Fn dµ ≤ m+ r0,

�ra h F eÐnai oloklhr¸simh.
'Estw t¸ra ìti h α eÐnai suneq c. Ja deÐxoume ìti k�je 1�Lipschitz sun�rthsh F

ikanopoieÐ th sqèsh

µ

({
F ≥

∫
F dµ+ r

})
≤ α(r), r > 0.

JewroÔme thn akoloujÐa Fn−min (max (F,−n), n). Tìte gia thn Fn èqoume ìti Fn → F
kat� shmeÐo, oi Fn eÐnai fragmènec, 1�Lipschitz kai ∫ |F | dµ < +∞.
Isqurismìc: ∫ Fn dµ→ ∫

F dµ, kaj¸c n→ +∞.

Apìdeixh. 'Eqoume

Fn(x) =

 F (x) , an |F (x)| ≤ n
−n , an F (x) ≤ −n
n , an F (x) ≥ n

'Estw n ∈ N. Tìte,
• An |F (x)| ≤ n, Fn(x) = F (x)

• An F (x) ≥ n,

Fn+1(x) =
{
F (x) , an n < F (x) ≤ n+ 1
n+ 1 , an F (x) > n+ 1

opìte se k�je perÐptwsh Fn+1(x) ≥ Fn(x).

• An F (x) ≤ −n, tìte

Fn+1(x) =
{
F (x) , an n < F (x) ≤ n+ 1
n+ 1 , an F (x) > n+ 1

opìte se k�je perÐptwsh Fn+1(x) ≤ Fn(x)
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'Ara, an jèsoume A = {F ≥ 0}, B = {F ≤ 0}, tìte h (FnχA)∞n=1 eÐnai aÔxousa kai h
(FnχB)∞n=1 eÐnai fjÐnousa. Efìson FnχA → FχA, FnχB → FχB kai ∫ F1χB dµ < +∞
apì ta prohgoÔmena èqoume ìti∫

Fn dµ =
∫
A

F dµ+
∫
B

F dµ→
∫
A

F dµ+
∫
B

F dµ =
∫
F dµ.

Gia k�je n ∈ N isqÔei
µ

({
Fn ≥

∫
Fn dµ+ r

})
≤ α(r).

'Estw r0 > 0, ε > 0. Ja deÐxoume ìti

µ

({
F ≥

∫
F dµ+ r0

})
< α(r0) + ε.

Apì th sunèqeia thc α sto r0, up�rqei δ > 0 ¸ste an r ∈ (r0 − δ, r0 + δ) tìte |α(r) −
α(r0)| < ε, dhlad  α (r0 − δ

2

)
< α(r0) + ε. 'Eqoume ìti Fn(x) → F (x) gia k�je x ∈ X

kai limFn dµ →
∫
F dµ. JewroÔme tuqìn x ∈

{
F ≥

∫
F dµ+ r0

}
, opìte F (x) ≥∫

F dµ+r0. Tìte, up�rqei n0 ∈ N, ¸ste gia k�je n ≥ n0 na isqÔoun oi Fn(x) > F (x)− δ
4kai ∫ F dµ ≥

∫
Fn dµ− δ

4 . Tìte,

Fn(x) > F (x)− δ

4
≥
∫
F dµ+ r0 −

δ

4
>

∫
Fn dµ−

δ

4
+ r0 −

δ

4

=
∫
Fn dµ+ r0 −

δ

2
.

'Ara, {
F ≥

∫
F dµ+ r0

}
⊂ lim inf

{
Fn ≥

∫
Fn dµ+ r0

δ

2

}
,

opìte

µ

({
F ≥

∫
F dµ

})
≤ µ

(
lim inf

{
Fn ≥

∫
Fn dµ+ r0 −

δ

2

})
≤ lim inf µ

({
Fn ≥

∫
Fn dµ+ r0 −

δ

2

})
≤ α(r0 −

δ

2
)

< α(r0) + ε

Autì deÐqnei ìti µ ({F ≥
∫
F dµ+ r

})
≤ α(r) gia k�je r > 0. 2
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Je¸rhma 6.2.2. 'Estw (X, d, µ) metrikìc q¸roc pijanìthtac, tètoioc ¸ste gia k�poia
stajer� C > 0 kai gia k�je topik� Lipschitz sun�rthsh f ston X isqÔei

Entµ(f2) ≤ 2C
∫
|∇f |2 dµ.

Tìte, k�je 1�Lipschitz sun�rthsh F eÐnai oloklhr¸simh kai gia k�je r > 0,

µ

({
F ≥

∫
F dµ+ r

})
≤ e−

r2
2C .

Eidikìtera isqÔei

α(X,d,µ)(r) ≤ e−
r2
8C , r > 0.

Apìdeixh. Apì to epiqeÐrhma tou Herbst isqÔei
Eµ(λ) ≤ eCλ

2/2, λ ≥ 0,

ìpou Eµ(λ) to sunarthsoeidèc Laplace wc proc to µ. 'Estw F mia 1�Lipschitz sun�rthsh.
Tìte, gia k�je r > 0 kai gia k�je λ ≥ 0, gia thn F̃ = f −

∫
F dµ èqoume

µ(F̃ ≥ r) = µ

(
F ≥

∫
F dµ+ r

)
= µ

(
eλF−

∫
F dµ ≥ eλr

)
≤ e−λr

∫
eλF̃ dµ

≤ e−λr+Cλ
2/2.

To fr�gma elaqistopoieÐtai an epilèxoume λ = r/C, opìte telik� gia k�je 1�Lipschitz
sun�rthsh F kai gia k�je r > 0 isqÔei

µ({F ≥
∫
F dµ+ r}) ≤ e−

r2
2C .

Apì thn prìtash 3.5.1 èqoume ìti
α(X,d,µ) ≤ e−

r2
2C , r > 0.

2

'Estw (Xi,Ai, µi), i = 1, . . . , n q¸roi pijanìthtac kai X =
∏n
i=1Xi, P = µ1 ⊗ . . .⊗

µn o q¸roc ginìmeno efodiasmènoc me th σ��lgebra ginìmeno kai to mètro ginìmeno. An
f eÐnai sun�rthsh orismènh ston X, sumbolÐzoume me fi th sun�rthsh pou orÐzetai, gia
stajer� x1, . . . , xi−1, xi+1, . . . , xn, ston Xi wc ex c:

fi(xi) = f(x1, . . . , xi−1, xi, xi+1, . . . , xn).
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Prìtash 6.2.3. Gia k�je mh arnhtik  sun�rthsh f orismènh ston q¸ro ginìmeno X
isqÔei

EntP (f) ≤
n∑
i=1

∫
Entµi(fi) dP.

Apìdeixh: DeÐqnoume pr¸ta ìti, gia k�je sun�rthsh f orismènh se èna q¸ro pijanìthtac
(X,A, µ),

Entµ(f) = sup
{∫

fg dµ :
∫
eg dµ ≤ 1

}
.

Epeid  h isìthta eÐnai omogen c, upojètoume ìti ∫ f dµ = 1. Apì thn anisìthta tou
Young èqoume

uυ ≤ u log u− u+ eυ, u ≥ 0, υ ∈ R
opìte an g eÐnai sun�rthsh ston X tètoia ¸ste ∫ eg dµ ≤ 1, isqÔei∫

fg dµ ≤
∫
f log f dµ−

∫
f dµ+

∫
eg dµ ≤

∫
f log f dµ.

PaÐrnontac supremum èqoume ìti

sup
{∫

fg dµ :
∫
eg dµ ≤ 1

}
≤
∫
f log f dµ = Entµ(f),

afoÔ upojèsame ìti ∫ f dµ = 1. Tèloc, afoÔ ∫ elog f dµ =
∫
f dµ = 1, èpetai ìti

sup
{∫

fg dµ :
∫
eg dµ ≤ 1

}
≥
∫
f log f dµ,

opìte isqÔei isìthta.
'ArkeÐ loipìn na deÐxoume ìti an g eÐnai mia sun�rthsh orismènh ston X pou ikanopoieÐ

thn ∫ eg dP ≤ 1, tìte ∫
fg dP ≤

n∑
i=1

∫
Entµi(fi) dP.

Gia k�je i = 1, . . . , n jètoume

gi(x1, . . . , xn) = log
(∫

eg dµ1(x1) . . . dµi−1(xi−1)∫
eg dµ1(x1) . . . dµi(xi)

)
.

Tìte g ≤∑n
i=1 g

i kai ∫ e(gi)i dµi = 1. Pr�gmati,
n∑
i=1

gi = log
(

eg∫
eg dµ1

∫
eg dµ1∫

eg dµ1dµ2
. . .

∫
eg dµ1 . . . dµn−1∫
eg dµ1 . . . dµn

)
= log

(
eg∫
eg dP

)
,
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opìte afoÔ ∫ eg dP ≤ 1 èpetai ìti

g ≤ log
(

eg∫
eg dP

)
.

EpÐshc, ∫
e(g

i)i dµi =
∫ ∫

eg dµ1(x1) . . . dµi−1(xi−1)∫
eg dµ1(x1) . . . dµi(xi)

dµi(xi)

=
∫
eg dµ1 . . . dµi∫
eg dµ1 . . . dµi

= 1.

'Ara, ∫
fg dP ≤

n∑
i=1

∫
fgi dP

=
n∑
i=1

∫ (∫
fi(gi)i dµi

)
dP

≤
n∑
i=1

∫
Entµi(fi) dP,

opoÔ h teleutaÐa anisìthta prokÔptei apì to gegonìc ìti ∫ (gi)i dµi = 1. 2

Pìrisma 6.2.4. 'Estw (Xi, di, µi) metrikoÐ q¸roi pijanìthtac. Upojètoume ìti, gia k�je
i = 1, . . . , n, up�rqei stajer� Ci ¸ste gia k�je topik� Lipschitz sun�rthsh f ston Xi

na isqÔei

Entµi(f
2) ≤ 2Ci

∫
|∇if |2 dµi,

ìpou |∇if | to mètro tou genikeumènou gradient ston Xi. Tìte gia k�je topik� Lipschitz
sun�rthsh f ston X =

∏n
i=1Xi isqÔei

EntP (f2) ≤ 2 max
1≤i≤n

Ci

∫
|∇f |2 dP,

ìpou

|∇f |2 =
n∑
i=1

|∇if |2

Apìdeixh: Apì thn prohgoÔmenh prìtash èqoume ìti

EntP (f2) ≤
n∑
i=1

∫
Entµi(f

2) dP
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≤
n∑
i=1

∫ (
2Ci

∫
|∇if |2 dµi

)
dP

≤ 2 max
1≤i≤n

Ci

∫ (∫ n∑
i=1

|∇if |2 dµi

)
dP

= 2 max
1≤i≤n

Ci

∫
|∇f |2 dP.

2





Kef�laio 7

Metafor� tou mètrou

7.1 Eisagwg 
Ac upojèsoume ìti èqoume èna swrì apì �mmo kai mia lakoÔba thn opoÐa prèpei na
gemÐsoume me aut  thn �mmo. Profan¸c, h �mmoc kai h lakoÔba èqoun ton Ðdio ìgko.
EpÐshc kanonikopoioÔme thn m�za thc �mmou kai thn jewroÔme Ðsh me 1. Gia na fti�xoume
èna montèlo tou probl matoc, jewroÔme dÔo q¸rouc pijanìthtac (X,µ) (pou antistoiqeÐ
sto swrì thc �mmou) kai (Y, ν) (pou antistoiqeÐ sth lakoÔba). 'Etsi, gia k�je zeug�ri
metr simwn uposunìlwn A kai B twn X kai Y antÐstoiqa, jewroÔme ìti µ(A) eÐnai h m�za
thc �mmou pou eÐnai topojethmènh sto A kai ν(B) eÐnai h m�za thc �mmou pou mporeÐ na
topojethjeÐ to B.

To kìstoc thc metafor�c thc �mmou apì toX sto Y montelopoieÐtai apì mia metr simh
sun�rthsh c(x, y) h opoÐa orÐzetai stonX×Y.Me �lla lìgia h sun�rthsh c(x, y) mac lèei
pìso kostÐzei h metafor� miac mon�dac m�zac apì thn topojesÐa x ∈ X sthn topojesÐa
y ∈ Y . Fusiologik�, upojètoume ìti h sun�rthsh kìstouc eÐnai mh arnhtik  kai metr simh
me timèc sto R ∪ {+∞}.

Basikì prìblhma: P¸c ja petÔqoume to el�qisto kìstoc metafor�c?
Prèpei pr¸ta na dieukrinÐsoume ti ennooÔme me th lèxh {metafor�}. Efodi�zoume ton
X×Y me èna mètro pijanìthtac π ∈ P(X×Y ) kai sumbolÐzoume me dπ(x, y) thn posìthta
m�zac pou metafèretai apì thn topojesÐa x sthn topojesÐa y. Gia na lème ìti h π ∈
P(X × Y ) prosdiorÐzei k�poia metafor� apì to X sto Y ja prèpei na isqÔei∫

Y

dπ(x, y) = dµ(x) kai
∫
X

dπ(x, y) = dν(y).

Autì isqÔei an
π(A× Y ) = µ(A) kai ν(X ×B) = ν(B),
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gia k�je zeug�ri metr simwn uposìlwn A ⊂ X kai B ⊂ Y. 'Etsi, jewroÔme to sÔnolo
Π(µ, ν) = {π ∈ P(X × Y ) : π(A× Y ) = µ(A) , π(X ×B) = ν(B)}

gia k�je zeug�ri metr simwn A ⊂ X kai B ⊂ Y kai lème ìti to π èqei perij¸ria mètra
(marginals) ta µ kai ν. Autì eÐnai isodÔnamo me to ex c: gia k�je zeug�ri metr simwn
sunart sewn ϕX → R kai ψ : Y → R isqÔei∫

X×Y
[ϕ(x) + ψ(y)] dπ(x, y) =

∫
X

ϕ(x) dµ(x) +
∫
Y

ψ(y) dν(y).

O fusiologikìc q¸roc gia to zeug�ri (ϕ,ψ) eÐnai o L1(µ) × L1(ν), ìmwc stic pio endi-
afèrousec peript¸seic mporoÔme na upojèsoume ìti (ϕ,ψ) ∈ Cb(X)× Cb(Y ).

EÐmaste t¸ra se jèsh na diatup¸soume to prìblhma, gnwstì wc prìblhma twn
Kantorovich-Monge:

Na elaqistopoihjeÐ h posìthta

I[π] =
∫
X×Y

c(x, y) dπ(x, y)

p�nw apì ìla ta π ∈ Π(µ, ν).

AxÐzei ton kìpo na anafèroume ìti autì to prìblhma melet jhke sth dekaetÐa tou '40
apì ton Kantorovich o opoÐoc brabeÔthke gia th doulei� tou me to brabeÐo Nobel sta
oikonomik�.

7.2 To je¸rhma duðsmoÔ tou Kantorovich

Ja diatup¸soume to je¸rhma sth genik  tou morf . Se ì,ti akoloujeÐ, jewroÔme dÔo
metrikoÔc q¸rouc X kai Y kai dÔo mètra pijanìthtac µ kai ν sta Borel uposÔnola twn
X,Y antÐstoiqa.
Je¸rhma 7.2.1. 'Estw X,Y dÔo PolwnikoÐ q¸roi (dhlad , pl reic kai diaqwrÐsimoi
metrikoÐ q¸roi), èstw µ ∈ P(X) kai ν ∈ P(Y ), kai c : X × Y → R+ ∪ +∞ mia k�tw
hmisuneq c sun�rthsh kìstouc. Gia k�je π ∈ P(X × Y ) kai (ϕ,ψ) ∈ L1(dµ) × L1(dν)
orÐzoume

I[π] =
∫
X×Y

c(x, y)dπ(x, y) , J(ϕ,ψ) =
∫
X

ϕ(x)dµ(x) +
∫
Y

ψ(y)dν(y).

OrÐzoume Π(µ, ν) to sÔnolo twn Borel mètrwn pijanìthtac ston X×Y me perij¸ria mètra
ta µ, ν, kai Φc to sÔnolo twn metr simwn sunart sewn (ϕ,ψ) ∈ L1(dµ) × L1(dν) pou
ikanopoioÔn thn sqèsh

ϕ(x) + ψ(y) ≤ c(x, y)
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µ-sqedìn gia k�je x ∈ X kai ν-sqedìn gia k�je y ∈ Y. Tìte,

inf
π∈Π(µ,ν)

I[π] = sup
Φc

J(ϕ,ψ).

Epiplèon, to infimum pi�netai apì èna mètro π ∈ Π(µ, ν). Tèloc, h tim  tou supremum den
all�zei an, ston orismì tou Φc, perioristoÔme stic (f,y) pou eÐnai suneqeÐc kai fragmènec.

Prin proqwr soume sthn apìdeixh ja d¸soume k�poiouc basikoÔc orismoÔc kai stoiqeÐa
thc jewrÐac pou ja qrhsimopoi soume.
(a) 'Ena Borel mètro pijanìthtac µ se ènan Polwnikì q¸ro X eÐnai autom�twc kanonikì,
dhlad  gia k�je Borel sÔnolo A èqoume:

µ(A) = sup {µ(K) | K sumpagèc,K ⊂ A}
= inf {µ(G) | G anoiqtì, A ⊂ G}.

(b) 'Ena mètro pijanìthtac µ se ènan Polwnikì q¸ro eÐnai sugkentrwmèno se èna
σ-sumpagèc sÔnolo: up�rqei èna metr simo sÔnolo S to opoÐo gr�fetai wc arijm simh
ènwsh sumpag¸n sunìlwn, tètoio ¸ste µ(S) = 1. IsodÔnama, to µ eÐnai tight, dhlad 
gia k�je ε > 0 up�rqei èna sumpagèc Kε tètoio ¸ste µ(Kc

ε) ≤ ε. Autì to apotèlesma
eÐnai gnwstì wc {l mma Ulam}.
(g) Mia oikogèneia mètrwn pijanìthtac P se ènan topologikì q¸ro X lègetai tight an
gia k�je ε > 0 up�rqei èna sumpagèc uposÔnolo Kε ⊂ X tètoio ¸ste:

sup
µ∈P

µ(Kc
ε) ≤ ε.

To je¸rhma tou Prokhorov lèei ìti mia tight oikogèneia ston P(X) eÐnai akoloujiak�
sqetik� sumpagèc sÔnolo me thn w∗�topologÐa, dhlad : gia k�je akoloujÐa (µk) ston P
up�rqei mia upakoloujÐa, thn opoÐa sumbolÐzoume p�li me (µk), kai èna mètro pijanìthtac
µ∗ ston Q ¸ste: gia k�je ϕ ∈ Cb(X),

lim
k→∞

∫
X

ϕ dµk =
∫
X

ϕ dµ∗.

To apotèlesma autì epekteÐnetai kai se mh PolwnikoÔc q¸rouc.
(d) An Q eÐnai ènac metrikìc q¸roc kai F mia sun�rthsh mh arnhtik  kai k�tw hmisuneq c
ston X, tìte gr�fetai wc supremum miac aÔxousac akoloujÐac omoiìmorfa suneq¸n mh
arnhtik¸n sunart sewn: pio sugkekrimèna,

Fn(x) = inf
y∈X

[F (y) + nd(x, y)],

ìpou d eÐnai h metrik  ston Q.
Diatup¸noume t¸ra to je¸rhma duðsmoÔ twn Fenchel–Rockafellar pou ja qrhsimopoi -

soume gia thn apìdeixh tou jewr matoc tou Kantorovich.



90 · Metafor� tou mètrou

Je¸rhma 7.2.2 (Fenchel–Rockafellar duality). 'Estw E ènac q¸roc me nìrma, E∗

o topologikìc duðkìc tou kai Θ,Ξ dÔo kurtèc sunart seic ston E me timèc sto R ∪
{+∞}. 'Estw Θ∗,Ξ∗ oi metasqhmatismoÐ Legendre-Fenchel twn Θ,Ξ antÐstoiqa, ìpou,
gia par�deigma, o metasqhmatismìc Legendre–Fenchel thc Θ orÐzetai apì thn

Θ∗(z∗) = sup
z∈E

[z∗(z)−Θ(z)].

Upojètoume ìti up�rqei z0 ∈ E tètoio ¸ste na isqÔoun oi Θ(z0) < +∞ , Ξ(z0) < +∞
kai h Θ na eÐnai suneq c sto z0. Tìte,

inf
E

[Θ + Ξ] = max
z∗∈E∗

[−Θ∗(−z∗)− Ξ(z∗)].

Apìdeixh: Autì pou èqoume na deÐxoume eÐnai ìti:
sup
z∗∈E∗

inf
x,y∈E

[Θ(x) + Ξ(y) + z∗(x− y)] = inf
x∈E

[Θ(x) + Ξ(y)].

(i) H epilog  x = y deÐqnei ìti h arister  pleur� thc anisìthtac den eÐnai megalÔterh
apì thn dexi� pleur�. 'Etsi autì pou èqoume na deÐxoume eÐnai ìti up�rqei èna
grammikì sunarthsoeidèc z∗ ∈ E∗ tètoio ¸ste gia k�je x, y ∈ E, isqÔei

Θ(x) + Ξ(y) + z∗(x− y) ≥ m ≡ inf (Θ + Ξ).

Epeid  Θ(z0) + Ξ(z0) < +∞, èpetai ìti to infimum eÐnai peperasmèno.
(ii) Jètoume:

C = {(x, λ) ∈ E × R : λ > Θ(x)} kai C ′{(y, µ) ∈ E × R : µ ≤ m− Ξ(y)}.

EÐnai eÔkolo na doÔme ìti afoÔ oi Θ,Ξ eÐnai kurtèc tìte kai ta C,C ′ eÐnai kurt�
sÔnola. Lìgw thc sunèqeiac thc Θ sto z0 èpetai ìti to (z0,Θ(z0) + 1) ∈ int(C).
AnazhtoÔme èna δ > 0 ¸ste an ‖z − z0‖ + |λ − (1 + Θ(z))| < δ, tìte λ > Θ(z).
Pr�gmati; apì th sunèqeia thc Θ sto z0 up�rqei 0 < δ < 1 ¸ste an ‖z − z0‖ < δ
tìte |Θ(z) − Θ(z0)| < 1. An ‖z − z0‖ + |λ − (1 + Θ(z))| < δ/2, tìte eidikìtera
isqÔei ‖z − z0‖ < δ kai èqoume ìti |Θ(z) − Θ(z0)| < 1/2. 'Ara, apì thn trigwnik 
anisìthta paÐrnoume
δ/2 > |λ− (1 + Θ(z))| ≥ 1− λ+ Θ(z)− |Θ(z)−Θ(z0)| > 1− λ+ Θ(z)− 1/2.

'Epetai ìti λ > Θ(z) + 1−δ
2 . 'Ara, int(C) 6= ∅. Apì autì èpetai eÔkola ìti

C = int(C). Akìma C ∩ C ′ = ∅, epeid  m = inf [Θ + Ξ]. 'Epetai loipìn apì
to diaqwristikì je¸rhma Hahn-Banach ìti up�rqei èna grammikì sunarthsoeidèc
` ∈ (E × R)∗ gia to opoÐo isqÔei:

inf
c∈C

`(c) = inf
c∈int(C)

`(c) ≥ sup
c′∈C′

`(c′).
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Me �lla lìgia, up�rqoun w∗ ∈ E∗ kai α ∈ R me (w∗, α) 6= (0, 0), ¸ste
w∗(x) + αλ ≥ w∗(y) + αµ,

me λ > Θ(x) kai µ ≤ m − Ξ(y). EÔkola elègqoume ìti α > 0. (Pr�gmati; jètontac
w∗ = z∗/a ja eÐqame 0 = z∗(z0− z0) ≤ µ− λ < m−Ξ(z0)−Θ(z0), �topo). 'Ara, èqoume

z∗(x) + λ ≥ z∗(y) + µ

gia k�je (x, λ) me λ > Θ(x) kai (y, µ) me µ ≤ m − Ξ(y). Autì shmaÐnei ìti gia k�je
x, y ∈ E èqoume ìti

z∗(x) + Θ(x) ≥ z∗(y) +m− Ξ(y).

Pr�gmati; paÐrnontac gia tuqaÐo ε > 0 ta shmeÐa (x,Θ(x) + ε) kai (y,m − Ξ(y)) kai
af nontac to ε na p�ei sto 0 paÐrnoume to zhtoÔmeno. H apìdeixh tou jewr matoc eÐnai
pl rhc. 2

EÐmaste ètoimoi t¸ra na per�soume sthn apìdeixh tou jewr matoc tou Kantorovich.
Apìdeixh tou Jewr matoc 7.2.1. H apìdeixh ja gÐnei se trÐa b mata. Se k�je b ma
exasfalÐzoume to sumpèrasma qalar¸nontac tic upojèseic mac.
B ma 1. Arqik� upojètoume ìti oi q¸roi X,Y eÐnai sumpageÐc kai h sun�rthsh kìstouc
eÐnai suneq c ston X × Y , �ra kai fragmènh. Jètoume E = Cb(X × Y ) to sÔnolo twn
(fragmènwn) suneq¸n sunart sewn ston X × Y efodiasmèno me thn ‖ · ‖∞ nìrma. Apì
to Je¸rhma tou Riesz o topologikìc duðkìc tou mporeÐ na tautisteÐ me ton q¸ro twn
(kanonik¸n) mètrwn ton opoÐo sumbolÐzoume meM(X×Y ) kai ton jewroÔme efodiasmèno
me thn nìrma thc olik c kÔmanshc. Jètoume

Θ : u ∈ Cb(X × Y ) 7−→
{

0, an u(x, y) ≥ −c(x, y)
+∞, alli¸c

kai
Ξ : u ∈ Cb(X × Y ) 7−→

{ ∫
X
ϕdµ+

∫
Y
ψdν, an u(x, y) = ϕ(x) + ψ(y)

+∞, alli¸c
Parathr ste ìti h Ξ eÐnai kal� orismènh: an ϕ(x) + ψ(y) = ϕ̃(x) + ψ̃(y) gia k�je x, y
tìte ϕ = ϕ̃ + s , ψ = ψ̃ + s gia k�poion s ∈ R. Opìte ja eÐnai ∫ ϕ̃dµ +

∫
ψ̃dν =∫

ϕdµ +
∫
ϕdµ +

∫
ψdν. Oi upojèseic tou jewr matoc 7.2.2 ikanopoioÔntai an jèsoume

z0 = 1. T¸ra, ja upologÐsoume ta dÔo mèlh thc isìthtac. To aristerì mèloc eÐnai:

inf
{∫

X

ϕ dµ+
∫
Y

ψ dν, an ϕ(x) + ψ(y) ≥ −c(x, y)
}

= − sup {J(ϕ,ψ), an (ϕ,ψ) ∈ Φc}.

Se k�je �llh perÐptwsh eÐnai +∞. UpologÐzoume touc metasqhmatismoÔc Legendre–
Fenchel twn Θ,Ξ. Kat' arq n, gia k�je π ∈M(X × Y ) èqoume:
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Θ∗(−π) = sup
u∈Cc(X×Y )

{
−
∫

u(x, y)dπ(x, y), u(x, y) ≥ −c(x, y)
}

= sup
u∈Cb(X×Y )

{∫
u(x, y)dπ(x, y), u(x, y) ≤ c(x, y)

}
.

• An t¸ra to π den eÐnai mh arnhtikì mètro, tìte up�rqei mh jetik  sun�rthsh υ ∈
Cb(X × Y ) tètoia ¸ste ∫ υ dπ > 0. An epilèxoume u = λυ, kai af soume to
λ→ +∞, blèpoume ìti to supremum eÐnai +∞.

• An to π eÐnai mh arnhtikì mètro, tìte to supremum eÐnai Ðso me ∫ c dπ.
'Etsi, èqoume

Θ∗(−π) =
{ ∫

cdπ, an π ∈M+(X × Y )
+∞, alli¸c

OmoÐwc blèpoume ìti
Ξ∗(π) =

{
0, ∀ (ϕ,ψ) ∈ Cb(X)× Cb(Y ) :

∫
[ϕ(x) + ψ(y)] dπ(x, y) =

∫
ϕ dµ+

∫
ψ dν,

+∞, alli¸c
Me �lla lìgia oi Θ∗,Ξ∗ eÐnai oi qarakthristikèc sunart seic twnM+(X×Y ) kai Π(µ, ν),
antÐstoiqa. 'Etsi loipìn, èqoume

inf [Θ + Ξ] = − sup {J(ϕ,ψ) : (ϕ,ψ) ∈ Φc ∩ Cb}

= − inf
{∫

X×Y
c(x, y) dπ(x, y) : π ∈ Π(µ, ν)

}
kai èqoume deÐxei autì pou jèlame.
B ma 2. Upojètoume ìti oi q¸roi eÐnai PolwnikoÐ kai krat�me akìma thn upìjesh ìti h
c eÐnai fragmènh kai omoiìmorfa suneq c. OrÐzoume

‖c‖∞ = sup
X×Y

c(x, y).

Epeid , to Π(µ, ν) eÐnai sumpagèc uposÔnolo tou M(X × Y ) èpetai ìti up�rqei èna
mètro π∗ ∈ Π(µ, ν) ¸ste

I[π∗] = inf
π∈Π(µ,ν)

I[π].

AfoÔ h c eÐnai fragmènh èpetai ìti to infimum eÐnai peperasmèno. Th sump�geia tou
Π(µ, ν) thn apodeiknÔoume parak�tw.

'Estw, loipìn δ > 0 osod pote mikrì. Efìson oi X,Y eÐnai PolwnikoÐ q¸roi èpetai
ìti kai o X × Y eÐnai Polwnikìc. EpÐshc to π∗ eÐnai tight afoÔ up�rqoun uposÔnola
X0 ⊂ X,Y0 ⊂ Y sumpag  tètoia ¸ste:

µ(X \X0) ≤ δ , ν(Y \ Y0) ≤ δ.
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Tìte isqÔei
π∗ ((X × Y ) \ (X0 × Y0)) ≤ 2δ.

OrÐzoume
π∗0 =

1X0×Y0

π∗(X0 × Y0)
π∗

kai parathroÔme eÔkola ìti eÐnai mètro pijanìthtac ston X0×Y0. Gr�foume µ0, ν0 gia ta
perij¸ria mètra tou π∗0 stouc X0, Y0 antÐstoiqa. EpÐshc orÐzoume Π(µ0, ν0) to sÔnolo
twn mètrwn pijanìthtac ston X0 × Y0 me perij¸ria mètra µ0, ν0 kai I0 thn posìthta

I0[π0] =
∫
X0×Y0

c(x, y) dπ0(x, y).

Jètoume π̃0 ∈ Π0(µ0, ν0) to mètro gia to opoÐo isqÔei
I0[π̃0] = inf

π0∈Π0(µ0,ν0)
I0[π0].

EpekteÐnoume to π̃0 se èna mètro π̃ ∈ Π(µ, ν) wc ex c:
π̃ = π∗(X0 × Y0)π̃0 + 1(X0×Y0)cπ∗.

EÔkola elègqoume ìti π̃ ∈ Π(µ, ν). 'Etsi èqoume

I[π̃] = π∗(X0 × Y0)I0[π̃0] +
∫

(X0×Y0)c
c(x, y) dπ∗(x, y)

≤ I0[π̃0] + 2δ‖c‖∞ = inf I0 + 2δ‖c‖∞.

T¸ra orÐzoume to sunarthsoeidèc

J(ϕ0, ψ0) =
∫
X0

ϕ0 dµ0 +
∫
Y0

ψ0 dν0,

pou orÐzetai ston L1(dµ0) × L1(dν0). Apì to b ma 1 thc apìdeixhc èpetai ìti inf I0 =
supJ0, ìpou to supremum trèqei p�nw apì ta zeÔgh (ϕ0, ψ0) ∈ L1(dµ0)× L1(dν0), pou
ikanopoioÔn thn anisìthta ϕ0(x) + ψ0(y) ≤ c(x, y) sqedìn gia k�je x, y. 'Etsi up�rqei
èna zeÔgoc sunart sewn (ϕ̃0, ψ̃0) tètoio ¸ste

J0(ϕ̃0, ψ̃0) ≥ supJ0 − δ.

To prìblhm� mac t¸ra an�getai sto na kataskeu�soume èna zeÔgoc (ϕ,ψ) kat�llhlo
gia to prìblhma megistopoÐhshc tou J(ϕ,ψ). EÐnai qr simo na anafèroume ìti h anisìth-
ta ϕ̃0(x) + ψ̃0(y) ≤ c(x, y) isqÔei gia k�je x, y. Pr�gmati mporoÔme na broÔme sÔnola
Nx , Ny ¸ste ϕ̃0(x) + ψ̃0(y) ≤ c(x, y) gia k�je (x, y) ∈ N c

x × N c
y , kai tic orÐzoume na

eÐnai −∞ sta Nx, Ny antÐstoiqa.
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QwrÐc bl�bh thc genikìthtac, upojètoume ìti δ ≤ 1. AfoÔ J0(0, 0) ≥ 0, xèroume ìti
supJ0 ≥ 0, opìte J0(ϕ̃0, ψ̃0) ≥ −1. AfoÔ eÐnai

J0(ϕ̃0, ψ̃0) =
∫
X×Y

[ϕ̃0 + ψ̃0] dπ0(x, y)

ìpou to π0 eÐnai opoiod pote stoiqeÐo tou Π0(µ0, ν0), sumperaÐnoume ìti up�rqei (x0, y0) ∈
X0 × Y0 tètoio ¸ste

ϕ̃0(x0) + ψ̃0(y0) ≥ −1.

An antikatast soume tic (ϕ̃0, ψ̃0) apì tic (ϕ̃0 + s, ψ̃0− s) gia tuqìnta pragmatikì arijmì
s, den all�zoume thn tim  J0(ϕ̃0, ψ̃0). Me kat�llhlh epilog  tou s, èqoume

ϕ̃0(x0) ≥ −1
2
, ψ̃0(y0) ≥ −1

2
.

Autì shmaÐnei ìti, gia k�je (x, y) ∈ X0 × Y0,

ϕ̃0(x) ≤ c(x, y0)− ψ̃0(y0) ≤ c(x, y0) +
1
2

kai
ψ̃0(y) ≤ c(x0, y)− ϕ̃0(x0) ≤ c(x0, y) +

1
2
.

OrÐzoume thn ex c sun�rthsh; gia k�je x ∈ X jètoume
ϕ̄0(x) = inf

y∈Y0
[c(x, y)− ψ̃0(y)].

Apì thn anisìthta ϕ̃0(x) ≤ c(x, y) − ψ̃0(y) èpetai ìti ϕ̃0 ≤ ϕ̄0 ston X0. Autì shmaÐnei
ìti J0(ϕ̄0, ψ̃0) ≥ J0(ϕ̃0, ψ̃0). Akìma perissìtero, èqoume fr�gma gia thn ϕ̄0 afoÔ

ϕ̄0(x) ≥ inf
y∈Y0

[c(x, y)− c(x0, y)]−
1
2
,

ϕ̄0(x) ≤ c(x, y0)− ψ̃0(y0) ≤ c(x, y0) +
1
2
.

Tèloc, orÐzoume gia k�je y ∈ Y,
ψ̄0(y) = inf

x∈X
[c(x, y)− c(x, y0)],

kai to (ϕ̄0, ψ̄0) ∈ Φc. 'Etsi èqoume J0(ϕ̄0, ψ̄0) ≥ J0(ϕ̄0, ψ̃0) ≥ J0(ϕ̃0, ψ̃0).Akìma perisìtero
èqoume ìti

ψ̄0(y) ≥ inf
x∈X

[c(x, y)− c(x, y0)]−
1
2

kai
ψ̄0(y) ≤ c(x0, y)− ϕ̄0(x0) ≤ c(x0, y)− ϕ̃0(x0) ≤ c(x0, y) +

1
2
.
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Eidikìtera èqoume ìti,
ϕ̄0(x) ≥ −‖c‖∞ − 1

2kai
ψ̄0(y) ≥ −‖c‖∞ − 1

2
.

Tìte èqoume
J(ϕ̄0, ψ̄0) =

∫
X

ϕ̄0 dµ+
∫
Y

ψ̄0 dν =
∫
X×Y

[ϕ̄0(x) + ψ̄0(y)] dπ∗(x, y)

= π∗(X0 × Y0)
∫
X0×Y0

[ϕ̄0(x) + ψ̄0(y)] dπ∗0(x, y)

+
∫

(X0×Y0)c
[ϕ̄0(x) + ψ̄0(y)] dπ∗(x, y)

≥ (1− 2δ)
(∫

X0

ϕ̄0 dµ0 +
∫
Y0

ψ̄ dν0

)
− (4‖c‖∞ + 1)π∗ ((X0 × Y0)c)

≥ (1− 2δ)J0(ϕ̄0, ψ̄0)− 2(4‖c‖∞ + 1)δ
≥ (1− 2δ)J0(ϕ̃0, ψ̃0)− 2(4‖c‖∞ + 1)δ
≥ (1− 2δ)(inf I0 − δ)− 2(2‖c‖∞ + 1)δ
≥ (1− 2δ) (inf I − (4‖c‖∞ + 1)δ)− 2(4‖c‖∞ + 1)δ.

AfoÔ to δ eÐnai osod pote mikrì, sumperaÐnoume ìti supJ(ϕ,ψ) ≥ inf I, �ra isqÔei h
isìthta.
B ma 3. Exet�zoume t¸ra th genik  perÐptwsh, ìpou h c eÐnai k�tw hmisuneq c. 'Opwc
èqoume  dh anafèrei, h c gr�fetai c = supn cn, ìpou (cn) eÐnai aÔxousa akoloujÐa omoiì-
morfa suneq¸n sunart sewn kìstouc. EpÐshc, epeid  mporoÔme na antikatast soume thn
cn apì thn inf (cn, n), mporoÔme na upojèsoume ìti oi cn eÐnai fragmènec.
T¸ra jètoume

In[π] =
∫
X×Y

cn dπ , π ∈ Π(µ, ν).

Apì to b ma 2 èqoume ìti
inf

π∈Π(µ,ν)
In[π] = sup

(ϕ,ψ)∈Φcn

J(ϕ,ψ).(7.1)

T¸ra epeid , gia k�je n isqÔei
sup

(ϕ,ψ)∈Φcn

J(ϕ,ψ) ≤ sup
(ϕ,ψ)∈Φc

J(ϕ,ψ)(7.2)

an deÐxoume ìti
sup
n

inf
π∈Π(µ,ν)

In[π] = inf
π∈Π(µ,ν)

I[π],(7.3)
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èqoume telei¸sei.
H (7.2) eÐnai profan c: afoÔ cn ≤ c, èpetai ìti Φcn ⊂ Φc ParathroÔme ìti h akoloujÐa

(In)n, eÐnai aÔxousa, afoÔ h (cn)n eÐnai aÔxousa. 'Ara kai h (infπ∈Π(µ,ν) I[π])n eÐnai
aÔxousa. Epomènwc to mìno pou èqoume na deÐxoume eÐnai ìti

lim
n→∞

inf
π∈Π(µ,ν)

In[π] ≥ inf
π∈Π(µ,ν)

I[π].(7.4)

ParathroÔme ìti h oikogèneia Π(µ, ν) eÐnai tight. Pr�gmati, efìson ta µ, ν eÐnai tight
èpetai ìti up�rqoun gia k�je ε > 0 up�rqoun sumpag  sÔnola Kε ⊂ X , Lε ⊂ Y, tètoia
¸ste

µ(Kc
ε) ≤ ε/2 ν(Lcε) ≤ ε/2,

opìte gia k�je π ∈ Π(µ, ν),

π ((Kε × Lε)c) ≤ π(Kc
ε × Y ) + π(X × Lcε) = µ(Kc

ε) + ν(Lcε) ≤ ε.

Apì to je¸rhma tou Prokhorov, èpetai ìti to Π(µ, ν) eÐnai sqetik� akoloujiak� sumpagèc
(h w∗�topologÐa ston M(X × Y ) eÐnai metrikopoi simh, ìtan oi q¸roi X,Y eÐnai Pol-
wnikoÐ). Autì shmaÐnei ìti, an gia k�je n, h akoloujÐa (πkn)k∈N ⊂ Π(µ, ν) eÐnai tètoia
¸ste I[πkn] → infπ∈Π(µ,ν) In[π], tìte up�rqei upakoloujÐa, pou thn sumbolÐzoume p�li me
(πkn)k∈N, kai èna mètro pijanìthtac πn ∈ P(X × Y ) ¸ste πkn w∗→ πn. Autì shmaÐnei ìti
gia k�je suneq  sun�rthsh θ ston X × Y,∫

θ(x, y) dπkn(x, y) −→
∫
θ(x, y) dπn(x, y),

kaj¸c k →∞. Apì autì èpetai �mesa ìti to πn an kei sto Π(µ, ν) kai ìti to Π(µ, ν) eÐnai
sumpagèc, afoÔ gia k�je akoloujÐa (πn)n me πn w∗→ π , π ∈ P(X ×Y ), tìte π ∈ Π(µ, ν),
eÐnai sumpagèc kai

inf In = lim
k→∞

∫
cn dπ

k
n =

∫
cn dπn,

dhlad  gia k�je n up�rqei πn ∈ Π(µ, ν) ¸ste inf In = I[πn].
'Omoia, h akoloujÐa (πn)n∈N èqei shmeÐo suss¸reushc, èstw π∗, apì th sump�geia

tou Π(µ, ν). Gia k�je n ≥ m, eÐnai In[πn] ≥ Im[πn]. Apì thn sunèqeia tou Im, èpetai ìti
lim
n→∞

In[πn] ≥ lim sup
n→∞

Im[πn] ≥ Im[π∗].

Apì to je¸rhma monìtonhc sÔgklishc èpetai ìti Im[π∗] → I[π∗], kaj¸c m→∞, opìte
lim
n→∞

In[πn] ≥ lim
m→∞

Im[π∗] = I[π∗] ≥ inf
π∈Π(µ,ν)

I[π],

kai èqoume deÐxei autì pou jèlame. Tèloc to infimum pi�netai apì èna mètro π∗ ∈
Π(µ, ν), lìgw thc sump�geiac tou Π(µ, ν). Pr�gmati, an (πk)k akoloujÐa sto Π(µ, ν)
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¸ste I[πk] → infπ∈Π(µ,ν) I[π], tìte h (πk)k èqei upakoloujÐa, thn opoÐa sumbolÐzoume
p�li me (πk)k, kai up�rqei mètro pijanìthtac π∗ ¸ste πk w

∗

→ π∗. Tìte
I[π∗] = lim

n→∞
In[π∗] ≤ lim

n→∞
lim sup
k→∞

In[πk] ≤ lim sup
k→∞

I[πk] = inf I.

2

7.3 H anisìthta tou Pinsker

Je¸rhma 7.3.1. 'Estw (X, d) metrikìc q¸roc kai µ, ν dÔo mètra Borel pijanìthtac ¸ste
ν � µ. Tìte, gia th sqetik  entropÐa

H(ν|µ) =
∫
Q

log
dν

dµ
dν =

∫
X

dν

dµ
log

dν

dµ
dµ

isqÔei h anisìthta:

H(ν|µ) ≥ 1
2
‖ µ− ν ‖2,

opou ‖ µ− ν ‖ h olik  kÔmansh tou mètrou µ− ν.

Apìdeixh. Jètoume f = dµ
dν me f ≥ 0 (dhlad  ν(A) =

∫
A
fdµ gia k�je A ∈ B(X)).

ParathroÔme ìti: ∫ (f − 1)dµ =
∫
fdµ− 1 = 0. An loipìn jèsoume u = f − 1, tìte

H(ν|µ) =
∫
X

h(u)dµ,

ìpou h(t) = (1 + t) log (1 + t)− t , t ≥ −1.
Apì to je¸rhma tou Taylor me qr sh tou oloklhrwtikoÔ upoloÐpou brÐskoume:

h(t) = h(0) + h′(0)t+
∫ t

0

h′′(0)
1!

(t− s)ds

=
∫ 1

0

1
1 + tw

(t− tw)t dw

= t2
∫ 1

0

1− tw

1 + tw
dw.(7.5)

ìpou h deÔterh isìthta proèkuye apì thn antikat�stash s = tw. Sunep¸c, èqoume

H(ν|µ) =
∫
X

h(u(x))dµ(x) =
∫
X

h(u)dµ =
∫
X

∫ 1

0

u2(1− t)
1 + ut

dtdµ

EpÐshc èqoume :
‖ν − µ‖ =

∫
X

d|ν − µ| =
∫
X

|u| dµ.
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Apì thn anisìthta Cauchy-Schwarz èqoume :

‖ν − µ‖2
(∫ 1

0

(1− t) dt
)2

=
(∫ 1

0

∫
X

|u|(1− t) dµdt
)2

≤
∫ 1

0

∫
X

u2(1− t)
1 + tu

dµdt

∫ 1

0

∫
X

(1− t)(1 + tu) dµdt

= H(ν|µ)
[∫ ∫

(1− t) +
∫ ∫

t(1− t)u
]

= H(ν|µ)
∫ 1

0

(1− t)dt

=
1
2
H(ν|µ).(7.6)

'Ara, telik�,
H(ν|µ) ≥ 1

2
‖ν − µ‖2.

2

7.4 Anisìthtec kìstouc metafor�c kai sugkèntrwsh tou mètrou
'Estw (X, d) metrikìc q¸roc kai µ, ν Borel mètra pijanìthtac ston X ¸ste to ν na
eÐnai apìluta suneqèc wc proc to µ. Tìte, orÐzetai h par�gwgoc Radon–Nikodym dν

dµ kai
orÐzoume wc sqetik  entropÐa tou ν wc proc to µ thn posìthta

H(ν|µ) = Entµ

(
dν

dµ

)
=
∫

log
dν

dµ
dν

kai thn apìstash Wasserstein

W1(µ, ν) = inf
π∈Π(µ,ν)

∫
X

∫
X

d(x, y) dπ(x, y).

An jewr soume ston X thn diakrit  metrik  tìte h apìstash Wasserstein sumpÐptei me
thn olik  kÔmansh tou µ− ν. 'Estw ìti up�rqei stajer� C > 0 ¸ste

W1(µ, ν) ≤ (2CH(ν|µ))1/2

gia k�je mètro ν apìluta suneqèc wc proc to µ. 'Estw A,B Borel uposÔnola tou X
me µ(A), µ(B) > 0,. JewroÔme ta mètra µA = µ(·|A) kai µB = µ(·|B). Tìte, apì thn
trigwnik  anisìthta isqÔei:

W1(µA, µB) ≤ W1(µ, µA) +W!(µ, µB)

≤
√

2CH(µA|µ) +
√

2CH(µB |µ)

≤

√
2C log

1
µ(A)

+

√
2C log

1
µ(B)

.
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T¸ra, epeid  ta µA , µB èqoun forèa ta A kai B antÐstoiqa, apì ton orismì thc W1

èpetai ìti
W1(µA, µB) ≥ d(A,B) = inf {d(x, y) : x ∈ A, y ∈ B}.

'Etsi an ta A,B eÐnai tètoia ¸ste d(A,B) ≥ r > 0, èqoume

r ≤

√
2C log

1
µ(A)

+

√
2C log

1
1− µ(Ar)

,

ìpou A = {x ∈ X : d(x,A) < r}, h r�epèktash tou A. 'Etsi, an A ⊂ X, tètoio ¸ste
µ(A) ≥ 1

2 , eÐnai
r ≤

√
2C log 2 +

√
2C log

1
1− µ(Ar)

,

opìte an r ≥ 2
√

2C log 2, tìte

r ≤ r

2
+

√
2C log

1
1− µ(Ar)

,

ap� ìpou èpetai ìti
1− µ(Ar) ≤ e−r

2/8C .

Dhlad , èqoume anisìthta sugkèntrwshc. Mèqri t¸ra èqoume ìti dei ìti an èqoume
anisìthta

E(X,d,µ)(λ) ≤ eCλ
2/2(7.7)

gia k�je λ > 0, kai gia k�poia stajer� C > 0, ìpou E(X,d,µ)(λ) eÐnai to sunarthsoeidèc
tou Laplace, apì to epiqeÐrhma tou Herbst sumperaÐnoume anisìthta sugkèntrwshc. Sto
parak�tw je¸rhma apodeknÔoume ìti oi dÔo autèc anisìthtec eÐnai isodÔnamec.
Je¸rhma 7.4.1. 'Estw µ èna mètro Borel pijanìthtac se èna metrikì q¸ro (X, d). Tìte

W1(µ, ν) ≤
√

2CH(ν|µ),(7.8)
gia k�poia stajer� C > 0, gia k�je ν apìluta suneqèc wc proc to µ, an kai mìno an

E(X,d,µ)(λ) ≤ eCλ
2/2, λ ≥ 0.(7.9)

Apìdeixh: Apì to je¸rhma duðsmoÔ tou Kantorovich h apìstash Wasserstein gr�fetai

W1(µ, ν) = sup
[∫

X

g dν −
∫
X

f dµ

]
,
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ìpou to supremum paÐrnetai p�nw ap' ìlec tic fragmènec metr simec sunart seic f kai
g pou ikanopoioÔn thn g(x) ≤ f(y) + d(x, y), gia k�je x, y ∈ X. Onom�zoume autì to
sÔnolo Φd ìpwc sthn apìdeixh tou jewr matoc Kantorovich. Apì thn (7.6) èpetai ìti an
(g, f) ∈ Φd, tìte, ∫

g dν −
∫
f dµ ≤

√
2CEntµ

(
dν

dµ

)
,

isodÔnama gia k�je λ > 0,∫
g dν −

∫
f dµ ≤

(
Cλ

2
λ

Entµ

(
dν

dµ

))1/2

≤ cλ

2
+

1
λ

Entµ

(
dν

dµ

)
.

Jètoume ϕ = dν
dµ , opìte∫ (

λg − λ

∫
f dµ− Cλ2

2

)
ϕ dµ ≤ Entµ(ϕ).

EpÐshc jètoume ψ = λg − λ
∫
f dµ− Cλ2

2 , opìte èqoume ìti∫
ψϕ dµ ≤ Entµ(ϕ).(7.10)

Autì isqÔei gia k�je ϕ = dν
dµ , opìte paÐrnontac thn ψ = eψ∫

eψ dµ
èqoume∫

ψeψ dµ ≤ Entµ(eψ),

afoÔ h Entµ(f) eÐnai omogen c pr¸tou bajmoÔ. Tìte∫
ψeψ dµ ≤

∫
ψeψ dµ−

∫
eψ dµ log

∫
eψ dµ

dhlad  log
∫
eψ dµ ≤ 0. Eidikìtera ∫ eψ dµ ≤ 1. Autì shmaÐnei ìti∫

eλg dµ ≤ eλ
∫
f dµ+Cλ2

2 , λ ≥ 0.(7.11)

'Estw loipìn mia 1�Lipschitz sun�rthsh F me ∫ F dµ = 0. Tìte, paÐrnontac f = g = F ,
èqoume ìti ∫

eλF dµ ≤ e
Cλ2

2 , λ ≥ 0.
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kai paÐrnontac supremum èqoume to zhtoÔmeno.
'Estw t¸ra (g, f) ∈ Φd, dhlad  gia k�je x, y ∈ X , g(y) ≤ f(x) + d(x, y). Tìte

orÐzoume
F (x) = inf

y∈X
[f(y) + d(x, y)].

Gia thn F èqoume ìti g ≤ F ≤ f kai ìti eÐnai 1�Lipschitz. Pr�gmati; èstw ε > 0 kai
x, y ∈ X, tìte apì ton orismì tou infimum up�rqei z ∈ X tètoio ¸ste

f(z) + d(x, z) < F (x) + ε.

Tìte,
F (x) ≥ f(z) + d(y, z)− d(x, y)− ε ≥ F (y)− d(x, y)− ε

opìte F (y)−F (x) ≤ d(x, y)+ε kai afoÔ isqÔei gia k�je ε > 0, èpetai ìti F (y)−F (x) ≤
d(x, y), gia k�je x, y ∈ X. 'Omoia deÐqnoume ìti F (x) − F (y) ≤ d(x, y). T¸ra paÐrnoume
thn F̃ = F −

∫
F dµ, opìte ∫ F̃ dµ = 0 kai F̃ = F −

∫
F dµ ≥ g −

∫
f dµ, �ra∫

eλg−λ
∫
f dµ dµ ≤

∫
eλF̃ dµ ≤ e

Cλ2
2 .

K�noume p�li thn Ðdia doulei�, dhlad  jètoume ψ = λg − λ
∫
f dµ − Cλ2

2 , opìte èqoume
ìti ∫ eψ dµ ≤ 1. 'Ara gia thn ϕ = dν

dµ isqÔei

Entµ(ϕ) = sup
{∫

ϕψ dµ :
∫
eψ dµ ≤ 1

}
≥
∫
ϕψ dµ.

IsodÔnama, ìpwc deÐxame parap�nw, paÐrnoume ìti∫
g dν −

∫
f dµ ≤

√
2CEntµ(ϕ).

PaÐrnontac supremum wc proc ìla ta zeÔgh èqoume ìti
W1(µ, ν) ≤

√
2CH(ν|µ).

2

H genÐkeush thc apìstashc Wasserstein gia ènan metrikì q¸ro (X, d) efodiasmèno me
mètra pijanìthtac µ, ν sta Borel uposÔnol� tou eÐnai:

Wc̃(µ, ν) = inf
{∫

X×X
c̃(x, y) dπ(x, y) : π ∈ Π(µ, ν)

}
.

H genÐkeush tou duðkoÔ qarakthrismoÔ thc anapar�stashc Monge–Kantorovich–Rubinstein
eÐnai

Wc̃(µ, ν) = sup
[∫

X

g dν −
∫
X

f dµ

]
,
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ìpou to supremum paÐrnetai p�nw apì ìlec tic fragmènec metr simec sunart seic oi
opoÐec ikanopoioÔn thn anisìthta

g(y) ≤ f(x) + c̃(x, y)

gia k�je x, y ∈ X. EpÐshc, orÐzoume thn elaqistik  sunèlixh miac sun�rthshc f ston
X wc ex c:

Qc̃f(x) = inf
y∈X

[f(y) + c̃(x, y)] , x ∈ X.

Epanalamb�nontac thn apìdeixh tou prohgoÔmenou jewr matoc èqoume thn parak�tw
prìtash.
Prìtash 7.4.2. 'Estw (X, d) metrikìc q¸roc, µ èna mètro pijanìthtac sta Borel up-
osÔnola tou X kai c̃ mia sun�rthsh kìstouc ston X ×X. Tìte,

Wc̃(µ, ν) ≤ H(ν|µ)

gia k�je ν apìluta suneqèc wc proc to µ an kai mìno an gia k�je fragmènh metr simh f
isqÔei ∫

X

eQc̃f dµ ≤ e
∫
X
f dµ.

Apìdeixh: (⇒) 'Estw f, g fragmènec metr simec ¸ste: gia k�je x, y ∈ X, isqÔei
g(y) ≤ f(x) + c̃(x, y),

kai ϕ = dν
dµ . Tìte ∫

X

g dν −
∫
X

f dµ ≤ Entµ(ϕ),

isodÔnama, ∫
X

(
g −

∫
X

f dµ

)
ϕ dµ ≤ Entµ(ϕ).

Jètoume ψ = g −
∫
f dµ kai ϕ = eψ/

∫
eψ dµ kai èqoume ìti∫

X

ψeψ dµ ≤ Entµ(eψ),

apì to opoÐo èpetai ìti ∫ eψ dµ ≤ 1. 'Ara ∫
X
eg dµ ≤ e

∫
X
f dµ. An sthn jèsh thc g

b�loume thn Qc̃f, paÐrnoume thn zhtoÔmenh anisìthta∫
X

eQcf dµ ≤ e
∫
X
f dµ.(7.12)

H antÐstrofh poreÐa thc apìdeixhc eÐnai teleÐwc an�logh. 2
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Anisìthtec thc morf c ∫
eQc̃f dµ

∫
e−f dµ ≤ 1(7.13)

kaloÔntai anisìthtec elaqistik c sunèlixhc kai lème ìti to µ ikanopoieÐ thn anisìth-
ta elaqistik c sunèlixhc wc proc thn sun�rthsh kìstouc c̃. Apì thn anisìthta Jensen
èqoume ìti ∫ e−f dµ ≥ e−

∫
f dµ, opìte èqoume ìti h (7.13) eÐnai pio isqur  apì thn (7.12).

Pìrisma 7.4.3. 'Estw µ èna mètro pijanìthtac ston Rn. Tìte,

W2(µ, ν) ≤
√
CH(ν|µ)(7.14)

gia k�poia stajer� C > 0 kai gia k�je mètro pijanìthtac ν an kai mìno an gia k�je
fragmènh metr simh sun�rthsh f ston Rn isqÔei∫

X

eQ1/Cf dµ ≤ e
∫
X
f dµ

ìpou Qcf , c > 0 eÐnai h elaqistik  sunèlixh thc f wc proc thn sun�rthsh kìstouc
c̃(x, y) = c

2 |x− y|2, dhlad 

Qcf(x) = inf
y∈Rn

[
f(y) +

c

2
|x− y|2

]
, x ∈ Rn.

kai

W2(µ, ν)2 = inf
π∈Π(µ,ν)

∫
X

∫
X

1
2
|x− y|2 dπ(x, y)

h tetragwnik  apìstash Wasserstein.

L mma 7.4.4. 'Estw X,Y metrikoÐ q¸roi, µ, ν mètra Borel pijanìthtac ston X kai
Y antÐstoiqa pou ikanopoioÔn thn anisìthta thc elaqistik c sunèlixhc me sunart seic
kìstouc c̃ kai ẽ antÐstoiqa. Tìte to mètro µ ⊗ ν ikanopoieÐ thn anisìthta elaqistik c
sunèlixhc ston X × Y wc proc thn sun�rthsh kìstouc c̃+ ẽ.

Apìdeixh: 'Estw f = f(x, y) mia sun�rthsh ston X × Y kai fy(x) = f(x, y) (y ∈ Y ).
Jètoume g(y) = log

∫
eQc̃f dµ.

Isqurismìc. IsqÔei h anisìthta ∫
X

eQc̃+ẽf dµ ≤ eQẽg.

Apìdeixh. Pr�gmati,∫
X

expQc̃+ẽf(x, y) dµ(x) =
∫
X

exp
{

inf
(s,t)

[f(s, t) + c̃(x, s) + ẽ(y, t)]
}
dµ(x)
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=
∫
X

inf
(s,t)

[exp {f(s, t) + c̃(x, s) + ẽ(y, t)}] dµ(x)

≤ inf
t

∫
X

exp
{

inf
s

[
f t(s) + c̃(x, s)

]}
eẽ(y,t) dµ(x)

= inf
t

∫
X

eQc̃f
t

dµ(x)eẽ(y,t)

= inf
t
eg(t)+ẽ(y,t)

= exp
{

inf
t

[g(t) + ẽ(y, t)]
}

= eQẽg(y)

Efarmìzontac thn (7.13) sthn fy wc proc to µ, gia k�je y èqoume ìti∫
X

eQc̃f
y

dµ

∫
X

e−f
y

dµ ≤ 1.

'Ara, ∫
X

e−f
y

dµ ≤
(∫

X

eQc̃f
y

dµ

)−1

= e−g(y)(7.15)
kai ∫

Y

eQc̃g dν

∫
Y

e−g(y) dν ≤ 1.(7.16)

Sundu�zontac tic (7.15) kai (7.16) èqoume ìti∫
X×Y

eQc̃+ẽf dµ⊗ ν

∫
X×Y

e−f dµ⊗ ν =
∫
Y

(∫
X

eQc̃+ẽf dµ

)
dν

∫
Y

(∫
X

e−f
y

dµ

)
dν

≤
∫
Y

eQẽg dν

∫
Y

e−g dν ≤ 1.

2

Prìtash 7.4.5. 'Estw (Xi, di, µi) metrikoÐ q¸roi pijanìthtac, X =
∏n
i=1Xi o q¸roc

ginìmeno efodiasmènoc me to mètro ginìmeno P = µ1 × . . . × µn. Upojètoume ìti ta
µi i = 1, . . . , n ikanopoioÔn thn anisìthta

Wc̃i(µi, νi) ≤ H(νi|µi),

gia k�poiec sunart seic kìstouc c̃i kai gia k�je mètro pijanìthtac νi ston Xi. Tìte

Wc̃(P,R) ≤ H(R|P ),

gia k�je mètro pijanìthtac R ston X wc proc thn sun�rthsh kìstouc c̃ =
∑n
i=1 c̃i.
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Apìdeixh. Me epagwg . ArkeÐ na to deÐxoume gia n = 2. Pr�gmati, douleÔontac ìpwc
sto l mma 7.4.4, jètoume g(x2) = log

∫
X1
eQc̃1 fx2 dµ1, ìpou fx2(·) = f(·, x2) h perij¸ria

sun�rthsh thc f. 'Eqoume deÐxei ìti∫
X1

eQc̃f
x2
dµ1 ≤ eQc̃2 g,

ìpou c̃c̃1 + c̃2, opìte∫
X2

∫
X1

eQc̃f dµ1 dµ2 ≤
∫
X2

eQc̃2g dµ2 ≤
∫
e
∫
X2

g dµ2

≤ e
∫
X2

∫
X1

fx2 dµ1dµ2 ,

afoÔ ∫
X1

eQc̃1f
x2
dµ1 ≤ e

∫
X1

fx2 dµ1 ,

opìte g(x2) ≤
∫
X2
fx2 dµ2.

Oi anisìthtec elaqistik c sunèlixhc exasfalÐzoun anisìthtec sugkèntrwshc. 'Estw
(X,A) ènac q¸roc mètrou. JewroÔme mia sun�rthsh kìstouc c̃ : X × X → R+. Gia
mia sun�rthsh f orismènh ston X orÐzoume kat� ta gnwst� thn elaqistik  sunèlix  thc
wc ex c:

Qc̃f(x) = inf
y∈X

[f(y) + c̃(x, y)] , x ∈ X.

'Estw epÐshc èna mètro pijanìthtac µ ston (X,A). Gia k�je fragmènh metr simh sun�rthsh
f ston X isqÔei ∫

X

eQc̃f dµ

∫
X

e−f dµ ≤ 1,

dhlad  ikanopoieÐ thn anisìthta elaqistik c sunèlixhc. Me thn paradoq  ìti −∞×0 ≤ 1,
h parap�nw anisìthta epekteÐnetai se sunart seic pou paÐrnoun timèc se ìlo to R̄. Tìte
isqÔei h parak�tw prìtash.
Prìtash 7.4.6. An to µ ikanopoieÐ thn anisìthta thc elaqistik c sunèlixhc, wc proc
thn sun�rthsh kìstouc c̃, tìte gia k�je metr simo sÔnolo A ⊂ X kai gia k�je r > 0,
isqÔei

1− µ({ inf
y∈A

c̃(·, y) ≥ r}) ≤ 1
µ(A)

e−r.

Apìdeixh: Efarmìzoume thn anisìthta elaqistik c sunèilixhc gia thn sun�rthsh f pou eÐ-
nai 0 stoA kai +∞ èxw apì toA. Tìte èqoume ìtiQc̃f ≥ r an kai mìno an infy∈A c̃(x, y) ≥
r. Efarmìzontac t¸ra thn f sthn anisìthta elaqistik c sunèlixhc èqoume ìti∫

X

eQc̃f dµ

∫
X

e−f dµ =
∫
X

eQc̃f dµ

(∫
A

e−f dµ+
∫
Ac
e−f dµ

)
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=
∫
X

eQc̃f dµ

∫
A

1 dµ+
∫
X

eQc̃f dµ

∫
Ac

0 dµ

= µ(A)
∫
X

eQc̃f dµ ≤ 1,

�ra telik� ∫
X

eQc̃f dµ ≤ 1
µ(A)

.(7.17)

Tèloc efarmìzontac thn anisìthta tou Chebyshev isqÔei

1− µ({ inf
y∈A

c̃(·, y) < r}) = µ({ inf
y∈A

c̃(·, y) ≥ r})

= µ({eQc̃f ≥ r})

≤ e−r
∫
X

eQc̃f dµ

≤ 1
µ(A)

e−r.

Endiafèron parousi�zoun oi peript¸seic ìpou h sun�rthsh kìstouc kìstouc se ènan
metrikì q¸ro (X, d) eÐnai h

c̃(x, y) =
c

2
d(x, y)2, x, y ∈ X,

gia k�poia stajer� c > 0. Apì thn anisìthta Jensen èpetai ìti gia k�je fragmènh
metr simh sun�rthsh f isqÔei ∫

X

eQc̃f dµ ≤ e
∫
X
f dµ.

An jewr soume mÐa sun�rthsh Lipschitz F ston X me stajer� Lipschitz ‖F‖Lip, tìte
stajeropoi¸ntac èna x ∈ X, èqoume gia k�je y ∈ X,

F (y) ≥ F (x)− ‖F‖Lip d(x, y),

�ra
F (y) +

c

2
d(x, y)2 ≥ F (x)− ‖F‖Lip d(x, y) +

c

2
d(x, y)2,

opìte paÐrnontac infimum wc proc y ∈ X èqoume ìti
Qc̃F (x) ≥ F (x) + inf

y∈X

[
−‖F‖Lip d(x, y) +

c

2
d(x, y)2

]
≥ F (x)− 1

2c
‖F‖2Lip,



7.4 Anisìthtes kìstous metafor�s kai sugkèntrwsh tou mètrou · 107

afoÔ gia k�je y ∈ X

−‖F‖Lip d(x, y) +
c

2
d(x, y)2 ≥ − 1

2c
‖F‖2Lip.

'Etsi èpetai ìti ∫
eF dµ ≤ e

∫
F dµ+‖F‖2Lip/2,

apì thn opoÐa ex�gontai fr�gmata Laplace, kai apì aut� paÐrnoume anisìthta sugkèn-
trwshc. Anisìthtec thc morf c (7.14) lègontai tetragwnikèc anisìthtec kìstouc
metafor�c.

'Estw µ èna mètro pijanìthtac sta Borel uposÔnola tou Rn me puknìthta e−U wc
proc to mètro Lebesque. Upojètoume ìti h U èqei thn idiìthta gia k�poia stajer� c > 0
kai gia k�je θ ∈ [0, 1] , x, y ∈ Rn, isqÔei

θU(x) + (1− θ)U(y)− U (θx+ (1− θ)y) ≥ c

2
θ(1− θ)|x− y|2.(7.18)

Je¸rhma 7.4.7. 'Estw µ èna mètro pijanìthtac sta Borel uposÔnola tou Rn tètoio
¸ste dµ = e−Udx, ìpou h U ikanopoieÐ thn (7.18), gia k�poia stajer� c > 0. Tìte gia
k�je mètro pijanìthtac ν ston Rn isqÔei

W2(µ, ν) ≤
√

1
c
H(ν|µ).

ShmeÐwsh: Prin proqwr soume sthn apìdeixh tou jewr matoc axÐzei na parathr soume
ìti perilamb�nei thn perÐptwsh tou mètrou tou Gauss gia c = 1.

Apìdeixh. 'Estw θ ∈ [0, 1] kai x, y ∈ Rn. Jètoume

Lθ(x, y) =
1

θ(1− θ)
[θU(x) + (1− θ)U(y)− U(θx+ (1− θ)y)] .

An f, g eÐnai sunart seic metr simec fragmènec pou ikanopoioÔn th sqèsh
g(y) ≤ f(x) + Lθ(x, y), x, y ∈ Rn,

tìte oi sunart seic
u(x) = e−(1−θ)f(x)−U(x), υ(y) = eθg(y)−U(y), w(z) = e−U(z),

ìpou z = θx + (1 − θ)y o kurtìc sunduasmìc twn x, y, ikanopoioÔn tic upojèseic thc
sunarthsiak c morf c tou jewr matoc tou Brunn–Minkowski. Pr�gmati afoÔ Lθ(x, y) ≥
g(y)− f(x), tìte

U(z) ≤ θ(1− θ)f(x) + θU(y) + (1− θ)U(y)− θ(1− θ)g(y),
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�ra
e−U(z) ≥

(
e−(1−θ)f(x)−U(x)

)θ (
eθg(y)−U(y)

)1−θ
,

�ra paÐrnoume
1 ≥

(∫
X

e−(1−θ)f dµ

)θ (∫
X

eθg dµ

)1−θ

.

DojeÐshc miac sun�rthshc f epilègoume gia g thn bèltisth me aut  thn idiìthta, dhlad 
thn

g = Lθf(y) = inf
x∈Rn

[f(x) + Lθ(x, y)], y ∈ Rn.

'Etsi, paÐrnoume thn anisìthta(∫
X

e−(1−θ)f dµ

)1/(1−θ) (∫
X

eθLθf dµ

)1/θ

≤ 1.

Apì thn anisìthta Jensen isqÔei∫
e−(1−θ)f dµ ≥ e−

∫
X

(1−θ)f dµ,

epìmènwc, uy¸nontac sthn 1/(1− θ) èqoume ìti ∫
X
e−(1−θ)f dµ ≥ e−

∫
X
f dµ, �ra telik�∫

X

eθLθf dµ ≤ e
∫
X
f dµ.

Apì tic upojèseic gia thn Lθ, èqoume ìti
lim inf
θ→1

Lθ(x, y) ≥
c

2
|x− y|2,

epomènwc af nontac to θ → 1 èqoume ìti∫
X

eQcf dµ ≤ e
∫
X
f dµ,

opìte èqoume to zhtoÔmeno. 2

'Eqoume dei ìti apì logarijmikèc anisìthtec Sobolev sumperaÐnoume anisìthtec sug-
kèntrwshc, ìpwc kai apì tic tetragwnikèc anisìthtec metafor�c. Sthn pragmatikìthta oi
tetragwnikèc anisìthtec metafor�c eÐnai sunèpeia twn logarijmik¸n anisot twn Sobolev.
JewroÔme èna mètro pijanìthtac µ sta Borel uposÔnola tou Rn to opoÐo ikanopoieÐ thn
logarijmik  anisìthta Sobolev, dhlad  gia k�je arket� omal  sun�rthsh isqÔei

Entµ(f2) ≤ 2C
∫
|∇f |2 dµ,
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gia k�poia stajer� C > 0. Gia aplìthta jewroÔme ìti to µ èqei puknìthta gn sia jetik 
h opoÐa gr�fetai e−U gia k�poia omal  sun�rthsh U ston Rn. JewroÔme ton telest  L
L = 4− 〈∇U,∇〉 me analloÐwto mètro µ. Oloklhr¸nontac kat� mèrh paÐrnoume ìti∫

f(−Lg) dµ =
∫
〈∇f,∇g〉 dµ,(7.19)

gia tuqoÔsec omalèc sunart seic f, g. JewroÔme thn hmiom�da (Pt)t≥0 me genn tora ton
L. Sthn perÐptwsh tou mètrou tou Gauss h (Pt)t≥0 èqei thn oloklhrwtik  anapar�stash

Ptf(x) =
∫

Rn
f
(
e−tx+

√
1− e−2ty

)
dγn(y).

DojeÐshc miac sun�rthshc f, h opoÐa an kei sto pedÐo orismoÔ tou L, tìte u = u(x, t) =
Ptf(x) eÐnai h jemeli¸dhc lÔsh tou probl matoc arqik¸n tim¸n{

∂u
∂t − Lu = 0 , sto Rn × (0,+∞)
u = f , sto Rn × {t = 0}

O L. Gross èdeixe ìti h logarijmik  anisìthta Sobolev isqÔei gia to µ an kai mìno an h
hmiom�da (Pt)t≥0 èqei thn idìthta thc upersustaltìthtac, dhlad  gia k�je 1 < p < q <
+∞ kai k�je f ston Lp isqÔei

‖Ptf‖q ≤ ‖f‖p(7.20)
gia k�je t > 0 arket� meg�lo ¸ste e2t/C ≥ q−1

p−1 , ìpou oi Lp�nìrmec eÐnai wc proc to µ.
H idèa eÐnai na jewr soume mÐa sun�rthsh q(t) gia t ≥ 0, tètoia ¸ste q(0) = p kai na
p�roume thn par�gwgo thc sun�rthshc F (t) = ‖Ptf‖q(t). Apì th sqèsh ∂

∂tPtf = LPtf
èpetai ìti h par�gwgoc eÐnai

F ′(t) =
d

dt

[
exp

(
1
q(t)

log
∫

(Ptf)q(t) dµ
)]

=
(∫

(Ptf)q(t) dµ
)1/q(t)

×

− q′(t)
q(t)2

log
∫

(Ptf)q(t) dµ+

∫
(Ptf)q(t)

[
q′(t) logPtf + q(t)LPtfPtf

]
dµ

q(t)
∫

(Ptf)q(t) dµ


epomènwc

q(t)2F (t)q(t)−1F ′(t) = q′(t)Entµ
(
(Ptf)q(t)

)
+ q(t)2

∫
(Pt(f))q(t)−1LPtf dµ

= q′(t)Entµ
(
(Ptf)q(t)

)
− q(t)2

∫ 〈
∇(Ptf)q(t)−1,∇Ptf

〉
dµ



110 · Metafor� tou mètrou

= q′(t)Entµ
(
(Ptf)q(t)

)
−2(q(t)− 1)

∫
q(t)2

2
|∇Ptf |2(Ptf)q(t)−2 dµ.

Efarmìzontac thn logarijmik  Sobolev gia thn (Ptf)q(t)/2, paÐrnoume

Entµ
(
(Ptf)q(t)

)
≤ 2C

∫
|∇Ptf |2

q(t)2

4
(Ptf)q(t)−2 dµ,

afoÔ |∇(Ptf)q(t/2)| = |∇Ptf | q(t)2 (Ptf)q(t)/2−1. Epomènwc h parap�nw anisìthta gÐnetai

q(t)2F (t)q(t)−1F ′(t) ≤
(
q′(t)C − 2(q(t)− 1)

) ∫ q(t)2

2
|∇Ptf |2(Ptf)q(t)−2 dµ,

�ra F ′(t) ≤ 0, an q′(t) = 2(q(t) − 1)/C, opìte paÐrnoume q(t) = 1 + (p − 1)e2t/C t ≥ 0.
'Etsi, gia tuqaÐa 1 < p < q < +∞, epilègontac arket� meg�lo t > 0 tètoio ¸ste
e2t/C ≥ q−1

p−1 , paÐrnoume thn anisìthta upersustaltìthtac ‖Ptf‖q ≤ ‖f‖p. O L. Gross
apèdeixe ìti autèc oi anisìthtec eÐnai isodÔnamec. EÐnai eÔkolo na doÔme ìti h (7.20)
paÐrnei thn isodÔnamh morf 

‖ePtf‖e2t/C ≤ ‖ef‖1(7.21)
gia k�je t > 0 kai f. Akìma pio genik� apì grammikìthta prokÔptei ìti

‖ePtf‖ae2t/C ≤ (antÐstoiqa ≥) ‖ef‖a

gia k�je a ≥ 0 (antÐstoiqa a ≤ 0).
JewroÔme t¸ra to prìblhma arqik¸n Hamilton–Jacobi{

∂u
∂t + 1

2 |∇υ|
2 = 0 , sto Rn × (0,+∞)
υ = f , sto Rn × {t = 0}

Oi lÔseic Qt autoÔ tou probl matoc perigr�fontai apì thn anapar�stash Hopf–Lax.
Gia k�je sun�rthsh f (suneq ,Lipschitz),

Qtf(x) = inf
y∈Rn

[f(y) +
1
2t
|x− y|2], t > 0, x ∈ Rn.

H oikogèneia (Qt)t≥0 orÐzei mÐa hmiom�da telest¸n me (mh grammikì) gen tora − 1
2 |∇f |

2.
'Etsi, υ = υ(x, t) = Qtf(x) eÐnai h lÔsh tou probl matoc arqik¸n tim¸n Hopf–Lax.
Akolouj¸ntac thn idèa tou Gross, jewroÔme th sun�rthsh F (t) = ‖eQtf‖λ(t), t ≥ 0, gia
k�poia sun�rthsh λ(t) me λ(0) = a, a ∈ R kai paÐrnoume an�logh sqèsh

λ(t)2F (t)λ(t)−1F ′(t) = λ′(t)Entµ
(
eλ(t)Qtf

)
−
∫
λ(t)2

2
|∇Qtf |2eλ(t)Qtf dµ.
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Efarmìzontac t¸ra th logarijmik  anisìthta Sobolev gia th sun�rthsh eλ(t)Qtf , sumper-
aÐnoume ìti F ′(t) ≤ 0 efìson λ′(t) = 1/C, t ≥ 0. 'Etsi, autì pou deÐxame eÐnai ìti gia
k�je t ≥ 0, a ∈ R kai gia k�je (fragmènh) sun�rthsh f , isqÔei

‖eQtf‖a+t/C ≤ ‖ef‖a(7.22)
ApodeiknÔetai antÐstrofa ìti an isqÔei h (7.22) tìte isqÔei h logarijmik  anisìthta
Sobolev. Dhlad , isqÔei to ex c.
Je¸rhma 7.4.8. 'Estw mètro µ apìluta suneqèc wc proc to mètro Lebesque, tètoio ¸ste
gia k�poia stajer� C > 0 kai gia k�je arket� omal  sun�rthsh ston Rn, isqÔei

Entµ(f2) ≤ 2C
∫
‖∇f‖22 dµ.

Tìte, gia k�je fragmènh, metr simh sun�rthsh f ston Rn, t ≥ 0 kai gia k�je a ∈ R
isqÔei

‖eQtf‖a+t/C ≤ ‖ef‖a
AntÐstrofa, an h (7.22) isqÔei gia k�je t ≥ 0 kai a 6= 0, tìte isqÔei h logarijmik 
anisìthta Sobolev.

Apì thn (7.22) t¸ra èpetai h anisìthta
‖eQ1f‖r+1/C ≤ ‖ef‖r.(7.23)

Jètontac t¸ra sthn parap�nw anisìthta r = 0, paÐrnoume∫
eQCf dµ ≤

∫
ef dµ.

Pr�gmati,
‖ef‖0 = lim

r→0
‖ef‖r

= lim
r→0

(∫
erf dµ

)1/r

= lim
r→0

exp
(

1
r

log
∫
erf dµ

)
= exp

(
lim
r→0

1
r

log
∫
erf dµ

)
= e

∫
f dµ,

afoÔ
lim
r→0

1
r

log
∫
erf dµ = lim

r→0

∫
ferf dµ∫
erf dµ

=
∫
f dµ.
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EpÐshc, epeid  isqÔei Qt(sf) = sQstf, s, t > 0, èqoume ìti tQtf = Q1(tf), opìte,

‖eQtf‖a+t/C =
(∫

(eQtf )t(r+1/C) dµ

) 1
t(r+1/C)

=
(∫

(eQ1(tf))r+1/C

) 1
t(r+1/C)

= ‖eQ1(tf)‖1/tr+1/C

≤
(∫

eaf dµ

)1/a

=
(∫

etrf dµ

)1/tr

= ‖etf‖1/tr ,

ìpou r = a/t. 'Ara telik� èqoume ìti
‖eQ1f‖r+1/C ≤ ‖ef‖r.

Tèloc, epeid  1
CQ1f = QC( 1

C g), eÐnai

‖eQ1f‖1/C =
(∫

(eQ1f )
1/C dµ

)C
=

(∫
eQC(1/C f) dµ

)C
≤ e

∫
f dµ,

dhlad  ∫
eQCf dµ ≤ e

∫
f dµ,(7.24)

gia k�je fragmènh metr simh sun�rthsh f.
'Eqoume deÐxei ìti oi anisìthtec thc morf c (7.23) eÐnai isodÔnamec me tic tetragwnikèc

anisìthtec kìstouc, �ra isqÔei to ex c.
Je¸rhma 7.4.9. 'Estw µ mètro pijanìthtac, apìluta suneqèc wc proc to mètro Lebesque
tètoio ¸ste gia k�poia stajer� C > 0 kai gia k�je arket� smooth sun�rthsh f isqÔei

Entµ(f2) ≤ 2C
∫
‖∇f‖22 dµ.

Tìte, gia k�je mètro pijanìthtac ν � µ, isqÔei

W2(µ, ν) ≤
√
CH(ν|µ).
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Antikajist¸ntac thn EukleÐdeia apìstash ‖x − y‖2 me thn Riemannian apìstash
d(x, y) paÐrnoume ta Ðdia apìtelèsmata se omalèc pl reic Riemannian pollaplìthtec.
EÐnai anoiqtì prìblhma (m�llon me arnhtik  ap�nthsh) pìte h tetragwnik  anisìthta
akìstouc eÐnai isodÔnamh me thn logarijmik  anisìthta Sobolev.
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[13] L. Leindler, On a certain converse of Hölder’s inequality, Acta Sci. Math. 33 (1972),
217-223.
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