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Abstract

Let Z be an n-dimensional Gaussian vector and let f : R" — R be a convex
function. We prove that:

P(f(2) <Ef(2) - tyVarf(Z)) < exp(-ct?),

for all t > 1 where ¢ > 0 is an absolute constant. As an application we derive
refinements of the Johnson-Lindenstrauss flattening lemma and the random
version of Dvoretzky’s theorem.

1 Introduction

The purpose of this note is to establish a sharp distributional inequality for convex
functions on Gauss’ space (R",yn). Our goal and motivation stems from the attempt
to strengthen the classical Gaussian concentration for special cases that are of inter-
est in high-dimensional geometry. The Gaussian concentration phenomenon (see
and [14]) states that for any L-Lipschitz map f : R" — R one has

(L1) P(|f(2) - M| > t) < exp(-$t*/L?),

for all t > 0, where Z is n-dimensional standard Gaussian random vector and M
is a median for f(Z). In turn this implies bounds on the variance Varf(Z) for any
Lipschitz map f in terms of the Lipschitz constant L:

1.2) Var[f(2)] < 2L%
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One may check that the above inequalities are sharp (up to constants) for linear
functionals. However, one can easily construct examples of convex functions (see
Section 2) for which the above estimates are far from being optimal. On the other
hand it is known (see and Proposition 2.9]) that for positively homogeneous,
convex functions the estimate (L) is sharp (up to absolute constants) in the large
deviation regime t > M. Therefore, in this paper we focus on the one-sided small
deviation inequality:

1
P(f(2)-M < —t) < 5 exp(—%tz/Lz),
which holds for all t > 0 and for any L-Lipschitz map f. Our main result reads as
follows: For any convex map f € Ly(yn) one has

(1.3) P(f(Z)-M < -t) < %exp(—ﬁtZ/Var[f(Z)]),

for all t > 0. In view of ({.2) this obviously improves the one-sided concentration
inequality in the small deviation regime. We want to emphasize the fact that the
inequality we propose does not require the Lipschitz condition; instead it is valid for
any convex function f € Lo(ypn) (in fact we may even consider f € Ly o(yn)).

As a consequence of this distributional inequality one can get refined versions
of classical results such as: the Johnson-Lindenstrauss dimension reduction lemma
from [7] and the random version of Dvoretzky’s theorem due to V. Milman [16] (see
also [17]).

The rest of the paper is organized as follows: In Section 2 we present a proof
of the main result. The key ingredient in our argument is Ehrhard’s inequality [3],
inspired by the approach of Kwapien in [13]]. The applications of our main result in
asymptotic geometric analysis are presented in Section 3. We conclude in Section 4
with further comments.

2 Proof of the main result

Let @ be the cumulative distribution function of a standard Gaussian random vari-
able, i.e.

1 X 2
(I)(x):—f e?/%2dz, xeR.
Vor J-w

Our goal is to prove the next:

Theorem 2.1. Let Z be an n-dimensional standard Gaussian vector. Let f be a convex
function on R" with f € Li(yn) and let M be a median for f(X). Then, we have:

\2n
P(f(2) - M < —tE|f(2) - M|) < @(—Ft),

forallt>0.



Proof. We may assume that E|f(Z) — M| > 0 otherwise we have nothing to prove.
Note that since f is convex, the level sets {f < t}, t € R are convex sets and the
function F(t) := P(f(Z) < t) is log-concave. The latter follows by the following
inclusion:

A-f <t} +A{f < c{f <Q-Dt+as},

for t,se R and 0 < A <1 and the fact that y, is log-concave measure (see Section
1.8] for the related definition). Now, we may use Ehrhard’s inequality from [3] (see
also [, Theorem 4.2.1.]) to get that the map S+ ® 1o F(s), s€ R is concave (for a
proof see |1, Theorem 4.4.1.]). Therefore, we obtain:

2.1) (@ o F)(s+ M) =(@'oF)(s+M)—(®'oF)(M)
< (@' o F)(M) = sV27F' (M), seR.

Now we give a lower bound for F/(M) in terms of the standard deviation of f(X).

Claim. We have the following:

1

F (M) > BEfoo ™I

Proof of Claim. Fix 6 > 0 (that will be chosen appropriately later). Using the log-
concavity of F we may write:

F'(M)

“Fv

> logF(M +6) — logF(M) = log (1 + 2P(M < f(Z) < M +4))

>P(M < f(Z2) <M +56)

- % _B(F(2) = M +0),
where we have used the elementary inequality log(l+ u) > u/2 for all 0 < u < 1. Now
we apply Markov’s inequality to get:

P(f(Z) > M +6) < w.

Combing the above we conclude that:

) 1(1 Ef@2)-M]

The choice ¢ = 4E|f(Z) — M| yields the assertion of the Claim.
Going back to (ZI) we readily see that (for s= —tE|f(Z) — M|):

Vor
16

as required. m|

o7 [B(f(2) - M < —tEIf(Z) - MI)| < -t



Remarks 2.2. 1. The advantage of this one-sided concentration inequality is that
it can be applied for the wide class of convex functions which are not necessarily
(globally) Lipschitz or which are not even in La(yn); e.g. the function f(t) = exptt +
t2/2) is (logarithmically) convex, belongs to Li(y;) but f ¢ La(y1). Moreover, a careful
inspection of the argument shows that it is enough to have f € L;(yn) (see e.g. [3])
and the conclusion still holds:

22) P(f(2) <M -1t|(f - M) [lL0) < D(=ct), t>0,

where € > 0 is an absolute Constantﬂ

2. Note that ) implies that the variable f(Z) is stochastically dominated by the
normal random variable { := M + a- g, where g is a standard normal variable and
1/a:= 2n)?F (M) > 0, i.e.

P(f(2) <9 <P <59,

for all s€ R. Hence one gets: Ef(Z) > E/ = M. This result is due to Kwapien [13].
In fact our proof steps on the same starting line as in [13].

3. Taking into account the fact that E|f(Z) — M| < y/Varf(Z) and that
1
2.3) 1-®d(U) = B(-u) < Ee*“z/2

for all u> 0 (for a proof see Lemma 1]) we immediately get:

2 1
P(H2) - M < -tVarf(2)) < (D(—t%] <3 exp(-itz),
for all t > 0, which is the announced estimate ([3) provided that f € L,.
Furthermore, using the fact M > Ef(Z) — 4/Varf(Z) once more, we may conclude
the following “Central Limit type” normalization in Theorem 21l For any convex
function f on R" with f € Ly(yn) one has the following distributional inequality:

_ _ l T 2 ~t2/1000
4 P(H2)-EHD) < t\/Varf(Z))SZGXp( oot 1))<e ,

for all t > 1.
4. Tt turns out that one can prove a similar inequality for the n-dimensional ex-
ponential measure but for 1-unconditional functions f, i.e. functions which satisfy
f(Xt, ..., %) = F(IXal, ..., [Xq]) for all X = (Xq, ..., X)) € R

We fix W for an n-dimensional exponential random vector, i.e. W = (&1, ..., &n),
where (&)L, are independent identically distributed according to the measure v
with density function % = %e"x‘. Note that if g;,ge are i.i.d. standard normals
and ¢ is independent exponential random variable then |£| and @ have the same

distribution (follows easily by examining the moment generating functions). Based
on this remark we have the following consequence of Theorem [2.1}

'Here and everywhere else C and ¢ stand for absolute constants whose values may change
from line to line.



Theorem 2.3. Let f be I-unconditional and convex function on R". If W is an
exponential random vector on R", then one has:

P(f(W) = M < —tE|f(W) — M|) <1 - ®(ct) < exp(-ct?),
forallt> 0.

Proof. Consider the function F : R?™ — R defined as:

XY, X+
=L, 2,

F(OX%5 s X Y15 -+ o> Yn) = f(

Since f is convex and 1-unconditional it follows that f is convex and coordinatewise
non-decreas'még in the octant R ={z=(z,...,z) : z > 0}. Hence F is convex on
R?". Therefore a direct application of Theorem 21 yields:

P(f(W) - M < —tB|f(W) - M|) < exp(ct’),

for all t > 1, where W = (&, ..., &) and & are i.i.d. exponential random variables.
The fact that (X, ..., %) = f(IX,...,[Xn]) completes the proof. |

5. In the above argument it is clear that we may also consider longer sums of the
form g7 +...+ 0. That is, if f : R} — R is a coordinatewise non-decreasing and
convex function, then

P (f(x) < M —tE|f(x) — M]) < ®(~t/20),

for all t > 0, where y ~ y*(K) is a chi squared random variable with k degrees of
freedom.

6. Finally, let us note that in all statements above, one can derive the reverse
distributional inequality for concave functions, i.e. if f is a concave function on R"
then,

P(f(Z) - M > tE|f(2) - M]) < O(—ct),

for all t > 0, where M is a median for f(Z).

7. Probabilistic inequalities similar to ([3), in the context of log-concave measures,
will be presented elsewhere [19].

3 Applications in asymptotic convex geometry

The concentration of measure phenomenon has two famous applications in asymp-
totic geometric analysis: the Johnson-Lindenstrauss flattening lemma [7] and the

2A real valued function H defined on U C R¥ is said to be coordinatewise non-decreasing if
it is non-decreasing in each variable while keeping all the other variables fixed at any value.



random version of Dvoretzky’s theorem due to V. Milman [16]. Being the concentra-
tion inequality a two sided estimate, provides sufficient information for low distortion
embeddings of any point-set on the Euclidean space to an arbitrary normed space.

On the other hand, if one only focus on the one-sided inequality on the iso-
morphic version of the randomized Dvoretzky then the dimension dependence can be
considerably improved. Klartag and Vershynin in [], building on ideas of Latala
and Oleszkiewicz from [13], introduced a new parameter d(A), associated with any
convex body A on R" to study this phenomenon. They showed that this parameter
replaces the critical dimension k(A) and one may still has the one-sided inclusion
(see below for the related definitions). They also proved that this parameter is at
least as big as the critical dimension. However, there was no connection with other
global, computable parameter associated with the body (or the norm); neither an al-
most isometric version of their result was available. The motivation to prove [Z1 is
to provide answers to the above questions.

In the rest of the Section we start with proving a small ball probability estimate
for norms. Then, we shall apply this result to get refined one-sided versions of the
almost isometric version of Dvoretzky’s theorem and the J-L. lemma.

3.1 Small ball probabilities

Let A be a centrally symmetric convex body on R" and let M be the median for the
map X — [|[X/|a with respect to the Gaussian measure. Recall the Klartag-Vershynin
parameter from [11:

d(A) := min{n, —logyn (%A)}

Using the main argument of Latala and Oleszkiewicz from [15], Klartag and Ver-
shynin prove in that this parameter is responsible for small ball probability esti-
mates. Namely, they show that P(||Z||a < ceE||Z||a) < (Ce)®® for all € € (0, &), where
C¢,C > 0 and 0 < gy < 1 are absolute constants and Z is an n-dimensional standard
Gaussian vector. Furthermore, they show that d(A) > ck(A) where k(A) is the critical
dimension of the body A defined as k(A) := E||Z||3/b(A)?, where b(A) = maxcsn [|6]|a.
Thus, they recover the main result of [I5]. Also, they comment that there exist convex
bodies A for which d(A) > k(A) (e.g. A being the n-dimensional cube B ; see [11])).

Here we suggest another global parameter S(A), associated with any convex body
A, which is defined as follows:

Var||Z||a

M2’
where Z is n-dimensional standard Gaussian vector and M stands for the median of
IZ||a. In view of (L2) and by taking into account the fact that M =~ E||Z||a we may
easily deduce the bound B(A) < c/k(A). We should mention that there exist many
classical examples (e.g. the £ balls BB for 2 < p < o) for which S is dramatically
smaller compared to 1/K (see [21, Section 3]; see also [20] for an extension of this
result for any subspace of Lp, 2 < p < c0). Below we prove that 1/3(A) serves as a
general lower bound for d(A). Namely, we have the following:

3.1 B(A) =



Theorem 3.1. Let A be a centrally symmetric convex body on R". Then, one has the
one-sided concentration estimate:

62) (12l < (1- M) < 5 exp(-ce /(M)

for all 0 < & < 1 where Z is n-dimensional standard Gaussian random vector. In
particular, one has:

3.3) d(A) > C]/,B(A) > Czk(A)

Moreover, we have the following small ball probability estimate:
1
(34) P(I12lla < eElZlla) < &%,

for all € € (0,1/2).

Proof. The bound d(A) > c/B(A) will follow by the definition of d and once we
will have proved (3.2) by plugging & = 1/2. The estimate (3.2) follows from the next
general:

Claim. Let f be a convex map with f € Li(yn) and let M = medf(Z) # 0. Then, we
have:

P(f(2) < (1- M) < % exp(-cz?/B(1)) .

for all € € (0,1), where 8(f) = Var[f(2)]/M2.
Proof of Claim. Fix € € (0,1). Apply Theorem [21 for t, := &/ B to get:

P(f(2) < (1-2)M) =P (f(2) - M < —t./Var[f(2)]) < @[—g%) < %e-cszfﬁ,

where in the last step we have used Z.3) again. This proves the claim.

In order to prove the probabilistic estimate (3.4) we may apply directly the result
from [II]. However, we prefer to present a proof which provides explicit constants
and range for &. To this end we may argue as in and apply a theorem of
Cordero-Erausquin, Fradelizi and Maurey from known as B-Theorem. The latter
states that for any centrally symmetric convex body K on R" one has:

yn(@'b'K) > [yn(@kK)]'[ya(bK)]",

for all a,b > 0 and 0 < A < 1. To the contrary of the approach in instead
of using the Gaussian isoperimetry, we use Ehrhard’s inequality which is formally
stronger. We roughly give the details: Let & € (0,1/2). We choose A € (0,1) such that

1/2=e" e 1-A= G&%. We employ B-Theorem to obtain:

7o A) 2 DnleMA [ (MAY,



or equivalently
-2 M
(35) [2yn (MA)]™ < 2y, (?A).

Now we estimate yn(% A) from above by using Ehrhard’s inequality. Set for simplicity
Fa(t) = yn({X: [IX|a £ 1}) = ya(tA), t > 0; we may write:

M Ver M
D7 o FA(M/2) < —— V27F'(M) < ——— ——,
AM/2) < - (M) 52 NVarlzl,

where we have used the same reasoning as in Theorem [Z11 It follows that:

M B \/2_71' —1/2 1 T —1
(3.6) yn(EA) = FA(M/2) < @(—gﬁ <3 exp(——looooﬂ )

Plug B.6) into B.5) and taking into account the value of 1 we obtain:

B! _ .CIB
2')/n(8MA) < exp —m =&,

as required. O

Remark. In [2]] it is also proved that any l-unconditional log-concave measure u
and l-unconditional convex body K on R" has the B-property, that is t > u(€'K) is
concave. Therefore, in view of Theorem we readily get the following:

Proposition 3.2. If K is 1-unconditional convex body on R", then one has:
n 1 c/p
Vi (emK) < 2% . € € (0,1/2),
where mis a median for X — ||X||x with respect to v'f and B = vVar||W||x/m.

We also have the following reverse Holder inequality for negative moments due
to the small deviation (3.2) and the small ball probability (3.4):

Corollary 3.3. Let K be a centrally symmetric convex body on R". Then, one has:

BIZI (E1211°) " < exp(C VB + Cap).

for all 0 < q < ¢/B(K) where C,c > 0 are absolute constants and Z is n-dimensional
standard Gaussian vector.

Proof. We know that:

1 1
P(I1Zllk < &eM) < §8°1/ﬁ, P(IZllk < (1-&)M) < Qe_czgz/ﬁ,



for all € € (0,1/2), where M is the median for ||Z||x and Z ~ N(O, I,). Therefore, we
may write:

ElizZ)l % = M*qf P(lIZllk < tM)tq% dt
0

<M 9fl/ze%“q‘1 de + 1 9 p(zilk < tM)dt +1
B 2 Jo 1/2 ta+! B

1\ g3 vz Y
- _ T awEp
(2) cl—qe“‘fo TEPIEA

1/2
<M (1 +C308 + qf exp@(q+ 1)e — ¢e?/B) de),
0

<M

for all 0 < ¢ < C4/8, where we have also used the the elementary inequality 1-v > e
for 0 <v<1/2. Tt is easy to check that the last integral can be bounded as:

1/2
fo expQ(q + e — e2/B) de < VB expEsih).

fofd all 0 < q < 1/8. The result follows. o

3.2 The Johnson-Lindenstrauss flattening lemma

The J-L lemma from [7] (see also [8]) asserts that: if £ € (0,1) and X, ..., XN € {2 then
there exists a linear mapping (which can be chosen to be an orthogonal projection)
P: ¢y, — F, where F is a subspace of £; with dimF < cs72logN such that

(1= 9)lIx = Xjllz < IPx; = Pxillz < (1 + &)lIxi = Xjll2,

foralli,j=1,...,N.

This dimension reduction principle has found many applications in mathematics
and computer science, in addition to the original application in [7] for the Lipschitz
extension problem. We refer the interested reader to [6] and the references
therein for a partial list of its many applications.

Below we suggest a form of the J-L. Lemma for an arbitrary target space, as was
formulated in [24]], which exhibits an improved one-sided scaling.

Proposition 3.4 (J-L lemma). Let E = (R", || - ||) be a normed space and let T be a
finite subset of the metric space 5'2‘. Let € € (0,1) and assume that 10g|T| < &?k(E).
Then, there exists a map P : T — E with the following property:

1-s¢)-lu=Vllz <||Pu=Pv|| < (1+&) - |Ju— Vs,

for allu,ve T, where s= S(E) := VVar||Z||/b(E) <1 and b(E) = maxesn1 [16]].

3For any two quantities A, B depending on n, p, etc. we write A < B if there exists numerical
constant C > 0 - independent of everything - such that A < CB. We write A> Bif Bg A
and A= B if A< Band B< A Accordingly we write A ~, B if the constants involved are
depending only on p.



Proof. The classical Gaussian concentration estimate asserts that for any Lipschitz
map f :R" — R we have:

2

1
P(f(2)>t+ M) < 3 exp(—ﬁ

), t>0,

where L = Lip(f). Consider Zj,...,Z i.i.d. standard Gaussian vectors on R" and
define the random matrix G = [Zy, ..., Z]. Then, for any fixed 6 € Sk one has:

P(IGHI| > (1+t)M) = P(IZi]l > tM + M) < %exp(—tzk/Z), t> 0,

Ui—Uj
[lui=ujll

where k= K(E). If T = {uy,...,UN}, consider the points O = { t1<i<< N}

on S¥!. Then, by the union bound we get:

2
PO O : |G| > (1+ M) < NZ expt?k/2).

Arguing similarly and applying Theorem [3] (note that X — ||X|| is convex) we get:

P(A6€O : ||G9||<(1—ts)M)<N—Zex Bk
' 1 P\ "800/’

for all t € (0,1). Thus, for any & € (0,1) assuming that logN < £2k/4 we have with
positive probability (greater than 1/2) that there exists a Gaussian matrix G such that:

(- )M < 1G]l < (1 + &)M,

for all 8 € ®. The required map P is given by P := ﬁG. O

Following the same idea of proof, but using (3.4) instead, we derive:

Proposition 3.5 (One-sided J-L). Let X = (R",]|-||) be normed space and let T C {5 be
a finite set with T = {uw, ..., un}. Let € € (0,1) and assume that log|T| < log(l/€)/B(X).
Then, the random Gaussian matrix G = (g ])INJZI satisfies:

IGU; — Gujll 2 & - EllZllx - llui — ujll2,

foralli,j,=1,...,N, where Z ~ N(0, |,,), with probability greater than 1 — ce®/PX),

3.3 The random version of Dvoretzky’s theorem

The classical Dvoretzky theorem asserts that every centrally symmetric convex body
on R" has a linear image which in turn has a central section of relatively large
dimension which is almost Euclidean. The optimal form of the theorem, in terms
of the dimension, was proved by V. Milman in [16]. His pioneering work put forth
the concentration of measure phenomenon and established it as the main tool for
the study of high-dimensional structures. Milman’s random formulation reads as

10



follows: For any & € (0,1) there exists a ¢(¢) > 0 with the following property: For
any centrally symmetric convex body A on R", there exists k > c(e)k(A) such that the
random k-dimensional subspace F satisfies

1 1
— B CANFC—B
A+eM, "~ D

provided that the critical dimension k(A) = (El|Z||a)?/b(A)? is large enough and M; =
My (A) = fer 16lla do(6). Here the randomness is considered with respect to the Haar
probability measure on the Grassmann space Gpx of all k-dimensional subspaces.
Milman's approach yields the dependence c(g) =~ &?/log(l/€). This is improved to
c(e) > c? by Gordon in and an alternative approach is given by Schechtman in
[22]]. This dependence is known to be optimal.

Dvoretzky’s theorem can also be viewed as the “continuous version" of the J-L
principle (see [24] for a unified approach). Roughly speaking, if we consider the set
T < S*! to be dense enough then we can embed the whole sphere S¥!. Since the
mapping is linear this entails in an almost isometric embedding of 5'2‘ into X.

Next, we state our version of the randomized Dvoretzky theorem with a refined
one-sided estimate[d

Theorem 3.6 (Randomized Dvoretzky). For every € € (0,1) there exists n = n(g) with
the following property: For any centrally symmetric convex body A on R" (with K.(A) >
1) there exists a set ¥ in Gpx with K := |nk.(A)], which satisfies vax(F) = 1— g o’k
and for any E € ¥ we have

&

Jlog(l/e)

£+/B:K, e
WA [1 " Tog@/e) '09(8 N ]]

We may take n(g) ~ &*/log 1.

Be C PE(A) - (1 + ]W(A)BE

Before we proceed with the proof of the theorem we would like to illustrate its
concept in two classical cases (for the related estimates in the examples the reader is
consulted in Section 2 & 3]):

i. The £ ball (crosspolytope). We have K.(£]) = k(¢%,) = logn and B.(f]) =
B(€1) =~ (logn)~2. The above theorem yields that the random logn-dimensional
subspace E satisfies:

[1 - CM]MB?)BE € Pe(B) € 2w(E))Be,

vlogn

with probability greater than 1— Ce o9,

4The * quantities are referred to the corresponding ones for the polar body, ie. B.(A) =
B(A°), k.(A) = K(A") and W(A) = M;(A).

1



il. The {p ball; p = 4/3. We have k.(Bp) = k(B}) = n'/2 and g, (Bp) = B(BY)) =
1/n. Then Theorem [3.6] shows that the random n'2-dimensional subspace F
satisfies:

(1 - c'034 )W(B )Br C Pr(BD) C 2W(BD)Bx

with probability greater than 1 — Ce oV,

For the proof of Theorem[3.6] we focus on the lower inclusion (the upper inclusion
follows by the work of Gordon — see Schechtman for an alternative proof).
To this end we shall need several auxiliary results. The first lemma, which can be
proved by using integration in polar coordinates, goes back to [9]:

Lemma 3.7. Let A be symmetric convex body on R™. Then, for any p > 0 we have:

[v.rad(A)]™ IB(A) = pM_(‘n’tg;(A),

where Jp(A) = (& J,| |x||pdx) and MZJ(A) = [, 161, dor(6).

Next lemma is essentially from [9]. The proof we present here is due to Rudelson
(see Lemma 2.4]):

Lemma 3.8. Let K be symmetric convex body on R". Then, for all > 0 we have:

1 va :
3= (g [ patex] > R, = Je@ns

where R(K) := maXek [Xll2.

Proof. Let R= R(K). Then we have the following:
Claim. For any 0 < & <1 we have:

lix e K :[IXl2 > eR}| > (1-&)"K|/2.

Proof of Claim. (M. Rudelson). Let Xy € K such that R = ||Xg|l2. Then, there exists
Xy € S™! such that (X, Xy = Xollz = R We easily check that:

eXo+(1-e){xe K:(xx5) >0} C{xeK:|Xl>eR}.
Taking volumes we obtain:
l{xe K:|IXllc > &R} > (1-¢&)"K*| = (1-¢&)"K|/2,

where K* = {x € K : (X, X;) > 0}. This proves the claim.
Now we may write:

00 1
Jq(K) = Ef t4{x € K : [|X|p > tR}| dt > Ef t91(1 - t)"dt,
Kl Jo 2 Jo

12



where we have used the Claim. The proof is complete. m|

Remark. Let us note that by using standard asymptotic estimates for the Beta func-
tion we have:

cn eq
3.7 Ang < exp(a Iog(F))

for all g > n.

Proposition 3.9. Letr A be a centrally symmetric convex body on R". For any matrix

T = (tij):f’jn:l € R*" we define the map T — y(T) := W(TA). Then, ¢ enjoys the

following properties:

i. The map  is Lipschitz on (R, || - |lus) with:

(38) W(T) — w(S)l < cl%)m ~ Sls,

for all T = (t;j),S = (sj) € RFN,

il. IfG=(gj e R*M has i.i.d. standard Gaussian entries, then
(3.9 E[¢(G)] = E[ha(2)] = W(A)EIIZ]|2,
where Z is an N-dimensional standard Gaussian vector.

iii. For G = (g;j) as before we have:

E(GIN Cor
(3.10) “EWG S 1+ (A’

foranyr > 1.

Proof. (i) Note that for any matrix T = (tj;) we may write:
Y(T)EIYIl2 = E[hra(Y)] = E[ha(T*Y)],
where Y ~ N(O, lx). Thus, we get:

ElIYllp(T) = ¢(S)] < BIha(T*Y) = ha(S*Y)| < RIAEI(T = S)°Yll;
< R(A) - (T = S)*|ls.

The assertion follows once we recall that E||Y]|s = Vk.

(ii) Follows by the invariance of the Gaussian measure under orthogonal transfor-
mations and integration in polar coordinates.

(iit) Follows by Lemma 2.6] and the assertion (i). O
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Proof of Theorem Let p>0and 1 <k<n-1with K+ p<n-1 Using Lemma
and Lemma [37 we may write:

E[r(GA)] P2 < p/zE[JS/Z((GA)")]
p/2

- Ll GA - rad(GAY)]

IA

aE/Z (E[W’g:g; GA1)" - (Elvrad((GA) ™)

1/2
< o2 (EIha@1 7)) (BIw(GAY )
< af? (E[ha@)] )" @Iha @) &%
where we have applied the inequality W(K)vrad(K®) > 1 (following by Hélder’s in-

equality) and Proposition Using Corollary and restricting ourselves in the
case 1 <k < p<¢/B. we obtain:

—p/2 2/p A.p i
(E[r(GA)] P ) < En@) exp( oK +CB. + cp,B*)
1 ep c
Eh D ex p( Iog( " ) K + C/B: + cpﬁ*),

where in the last step we have also used the estimate (3.7). Given ¢ € (0,1) we choose

p = Cie ypB.K./B. and K := peyB.K./10g £ to get:
_p\p_ €°
(BElrGA] ™) < B

ceyBk

log(e/e)

where D = log( \/_) Markov’s inequality shows that the set:

Fi =[G = (@), : r(GA) = ePEma(2)},
with k ~ g%k, / IOgé satisfies
P(7Y) < exp(-c;pD) < exp(-cze’k.).

In order to translate the above conclusion to the Grassmann space Gk we need one
more step: First recall the fact that the random Gaussian matrix G = (g; j):(‘jn:l satisfies

for any t € (0,1), with probability greater than 1 — e %", that
(1= B)lIXl2 < (BlIZllz) NG X2 < (1 + t)lIX]l2,
for all x € RK. Apply this for t = D we find that the set

Fs 1= {G = (@), : IG"Xl2 < (1+ D) - E|IZIlz - IXll2 ¥x € R¥}
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satisfies
P(F5) < exp(-c;D?n) < exp(-cse’k.).
Moreover, we can easily see that:
FinFa € (G = (@), : ha@ = e*PWA) 2], Yz € ImG"}.

Finally, the fact that the InG* = G*(R¥) = F is distributed over the Gk with respect
to the Haar probability measure vpk (generated by the action of the orthogonal group
O(n) onto Gpk), completes the proof. O

4 Further remarks

We end this note with some concluding comments that arise from our work.

1. We should stress the fact that in the statement of Theorem [Z1 we refer to con-
vex functions in Lj.. Thus it is pointless to ask about a similar upper estimate
other than the weak L; estimate. However for all applications presented in Section
3 the functions under consideration are norms or more generally Lipschitz functions
which are known to belong in Ly, (yn). In fact ||f — Mly, < Lip(f). Moreover we have
mentioned that there are many examples of norms for which 8 is much smaller than
K. Therefore, it is natural to ask if there is one-sided concentration estimate (in the
large regime) which takes into account both the parameter S and the Lipschitz con-
stant. A naive approach which puts these remarks together is to combine Chebyshev’s
inequality with the concentration estimate in terms of the Lipschitz constant:

P(/f(2) - M| > t) < exp(—3 max{log(t/ y/Varf(2)),t*/L?}).

Even in the case of a norm with k =~ log(1/B8) this bound depends continuously on
t > 0 and seems to be the right one. Example of such a norm is the £, norm on R"
with p = ¢y logn, for sufficiently small absolute constant ¢y > 0 (see Section 3]).

2. (Non-optimality in £0.). Note that Theorem 31l for the case of A= B only yields:
[ log? n
P(IZlls < (1-£)M) < g€ ,

for all 0 < & < 1. This estimate is far from being the sharp one: It is known (see
Claim 3]) that one has:

expCe”e'9") < P(||Z|lw < (1 - £)M) < Cexp(-ce™'9"),

forall 0 < e <1/2.

3. (Optimality in £f, 1 < p < c0). In [2]] it is proved that for any 1< p < co one has
B(€p) Sp 1/n (see also for an extension of this result to any finite dimensional
subspace of Lp). On other hand, for any norm || - || on R" we can deduce that:

P(IIZIl < (1 - &)El|Z|)) > cexp(-Ce’n),

15



for all 0 < £ < 1. Therefore, we obtain:

P(I1Zllp < (1 - £)Mpn) > ¢ exp(-Cpe8(B})).

where Mp,, is a median for [|Z]],.

Acknowledgments. We are grateful to Ramon van Handel for useful discussions.
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