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Abstract
For any x = (z1,...,2n) € ®IL,R"™ we denote by Tx = [z1 - - - xx] the n x N matrix whose columns are
the vectors x;. Paouris and Pivovarov showed that if N > n and fi,..., fn are probability densities on

R™ with || fi|lcc < 1 then, for any centrally symmetric convex body K in RY, the expected volume

Ficlfrre o fn) = / / (vola (T () T fiCe) dary -+

of Tx(K) is minimized when each f; is the indicator function of the Euclidean ball D,, of volume 1 in
R™. We discuss upper and lower bounds for Fx(fi,..., fn) in the case where f; are isotropic densities.
In the second part of this note, given N,n > 1 and r > 0, we discuss upper and lower bounds for
the expected volume E [voln (ﬂfilB(xi,r))] of random ball polyhedra defined by an N-tuple of i.i.d.
random points z1,...,zy in R™ whose density f satisfies || f]|oo < 1.

1 Introduction

The purpose of this note is to provide estimates on the expected volume of two classes of random convex
sets. Both of them were studied by Paouris and Pivovarov in [I8] and [20].

Let K be a centrally symmetric convex body in RY. For any N > n and x = (z1,...,7x) € O R"
we denote by Tx = [z -+ an] the n X N matrix whose columns are the vectors x;. Then, we consider the
convex set

To(K) = {itixi:t: (1. .. tN) eK}.

Two examples of obvious geometric interest are obtained if we choose K = BY or K = BY. Note that

T (BYN) = conv{+wy,...,+xN} is the absolute convex hull of x1,...,zx, and Ty (BY) = vazl[—aci,aci] is
the zonotope defined as the Minkowski sum of the line segments [—z;, x;]. Now, let p1, ..., ux be probability
measures on R™ with densities f1,..., fn, respectively. Consider the random convex set Ty (K), where z;

has distribution p; for 1 <4 < N. The next theorem from [18] asserts that if ||f;]|cc < 1 then the expected
volume of Ty (K) is minimized when each p; is the uniform measure on the Euclidean ball D,, of volume 1
in R"”.

Theorem 1.1 (Paouris-Pivovarov). Let p > 0, N > n and u1,...,un be probability measures on R™
with densities f1,..., fn, respectively, with respect to the Lebesgue measure on R™, that satisfy || filleo < 1.
Consider a centrally symmetric convex body K in RN and define

Ficlfraeoo) ) = / - / (volu (T (K)))? djune (@) - - dp (1).

Then,
Fr(fi,..., fn) 2 Fx(lp,,...,1p,).



In the first part of this note, our aim is to obtain upper and lower bounds for the expected volume of
the random convex set Ty (K') under the assumption that u; = --- = puy = p is an isotropic log-concave
probability measure in R™. We say that p is isotropic if the barycenter of y is at the origin, the density f of
p satisfies || fllooc = 1, and the covariance matrix of p is Cov(u) = L2 I,, where L, is the isotropic constant
of p. Our starting point is the formula

vol, (Tx(K)) = v/det(TxTy) vol, (Pg, (K)),

where Ey = ker(Tx)* = Range(Ty), and A* is the transpose of a matrix A. First we show that if z1,...,2x
are independent random vectors distributed according to an isotropic log-concave probability measure p on
R™, then

clLﬂ\/Ngf / (det(TxT;:))i du (x) < L,VN,

where ¢; > 0 is an absolute constant. Using this result we can give lower and upper bounds for the expected

value
/O(N) (/ / (vol,,(Tx(U (K)))) duN(X)> dvn (U)

with respect to U € O(N), which indicates what might be a “good estimate” for the volume of the random
convex set Ty (K): If p is an isotropic log-concave probability measure on R™ then for every N > n and
every centrally symmetric convex body K in RY we have that

c1L,\/N/nvrad(K) < (/

O(N)

1
n

E,.v (vol, (T (K)) dz/N(U)) "< sl /N/nw(K)

where ¢y, cy > 0 are absolute constants and vrad(K) := (voly (K)/voly (B3 )" is the volume radius of K.

Then, we study the basic examples K = BY and K = BY. Using, additionally, known results of
Bobkov and Nazarov which describe the geometry of an isotropic unconditional convex body in RY we
obtain estimates for the problem in this case. For example, in the range n < N < exp(y/n) we have:

Theorem 1.2. Let u be an isotropic log-concave probability measure on R™. For any n < N < exp(y/n)
and any unconditional isotropic convex body K in RN we have

ciV/N/nvrad(K) < E,~ (voln(Tx(K))%) < coL,\/N/n (log n)*vrad(K),
where c1,co > 0 are absolute constants.

N . . . .
In the case K = B, , 2 < ¢ < 00, we can give more precise asymptotic estimates for the expected value

of the volume of Tx(BfIV) (see Theorem . For every N > n and every 2 < ¢ < 0o we have

_ _ 1/ _
e/ N/nviad(By ) < (B vol, (T(B)))) " < eaLyy/Nnvrad(BY),

where c¢q, co > 0 are absolute constants.
We also provide a general upper bound under the assumption that both p and K are isotropic.

Theorem 1.3. Let p be an isotropic log-concave probability measure on R™. For any N > n and any
isotropic convex body K in RN we have

CQLH
Ly,

1 L,N
vrad(K) < E,~ (voln(Tx(K))F) < a nﬂ Lgvrad(K),

where c1,co > 0 are absolute constants.



In the statement above, L,, := max{L¢ : C' is an isotropic convex body in R™} (see the next section for
more information and the known upper bounds for L,,).

In the second part of this note we provide estimates for the expected volume of random ball-polyhedra.
Let f be a probability density on R™ with || f]|ec < 1, fix N > 1 and an N-tuple r = (r1,...,7ry) of positive
real numbers. Consider a sequence z1, ...,z N of independent random points in R™ distributed according to
f, and define the random ball-polyhedron

N
B(x,r) := ﬂ B(zi,r;)
i=1
which is the intersection of the Euclidean balls B(z;,r;). Paouris and Pivovarov proved in [20] that the

expected volume of this random ball polyhedron is maximized when f = 1p , the density of the uniform
measure on D,,.

n?

Theorem 1.4 (Paouris-Pivovarov). Let N,n > 1 and r1,...,rn € (0,00). Consider independent random
points 1,...,xN and x3,...,x% so that x; has density f; with || fille < 1, and xf has density 1p,,, i =
1,...,N. Then, for any r1,...,rny >0,

N
E o-oux (VOIH(QB(Ii,Ti))> <E.x (Vol (m Bz}, r; ))

Let K be a centrally symmetric convex body of volume 1 in R™. Our first observation is that in the case
ry =--- =ry = r one has a very simple formula for the expectation

(vol (ﬂB T, T ))
Namely,

(Vol (ﬂB i )) :/1<+ng vol, (K — ) N rB2YN dy.

In fact, one may replace Euclidean balls by r-homethets of any centrally symmetric convex body C in R™;
the corresponding formula is

N
(vol (O x; +rC) )) /K+rc vol, (K —y) NnrC)N dy.

Using an argument, based on the Brunn-Minkowski inequality, that goes back to Rogers and Shephard, we
obtain the next lower bound, which is valid for all » > 0.

Theorem 1.5. Let K be a centrally symmetric convex body of volume 1 in R™ and x1,...,xn be independent
random points uniformly distributed in K. Then, for any centrally symmetric convezr body C in R™ we have
that

nN +n\ " N
( . ) vol, (K NrC)"vol, (K + rC) < Eu% (VOln(

)=

(z; + rC))) < vol, (K NrC)Nvol, (K + rC).

i=1

An interesting question is to determine the best constants in the inequality of Theorem [I.5] Note that
the behavior of E,~ (vol, (N2, (z; +rC))) is different for small and large values of 7. One has

=

N
rli_glo mﬂz“% (voln(g(xi +rC)>) =1 and 7_1_i>rél+ mﬂﬂuw (voln(z 1(3[:Z —i—rC)))



2 Notation and backgound information

In this section we introduce notation and terminology that we use throughout this work, and provide back-
ground information on isotropic convex bodies and log-concave probability measures in R™. We write (-, -)
for the standard inner product in R™ and denote the Euclidean norm by || - ||2. In what follows, BY is the
Euclidean unit ball and S ! is the unit sphere in R™, and ¢ is the unique rotationally invariant probability
measure on S"~!. The Lebesgue measure in R" is denoted by vol,. The letters c,c ,cj,c; etc. denote
absolute positive constants whose value may change from line to line. Sometimes we relax our notation:
a ~ b will mean “cia < b < ce2a” for some absolute constants ¢; > 0. We write w,, for the volume of BY;

direct computation shows that w,% ~1/y/n.

A convex body in R is a compact convex set C C R™ with non-empty interior. For notational convenience
we write C' for the homothetic image of volume 1 of a convex body C C R™, i.e. C := vol,(C)~/"C. We
say that C' is centrally symmetric if —C' = C. We say that C' is unconditional with respect to the standard
orthonormal basis {e1,...,e,} of R™ if x = (21,...,2,) € C implies that (e1x1,...,€e,2,) € C for any choice
ofsignse; € {—1,1}, j =1,...,n. The volume radius of C'is the quantity vrad(C) = (Voln(C)/voln(BQ))l/".
The support function of C' is defined by hc(y) := max{(z,y) : « € C}, and the mean width of C is the
average

w(©) = [ het€)do(e

of h¢ on S™~1.
A convex body C in R" is called isotropic if it has volume 1, it is centered, i.e. its barycenter is at the
origin, and its inertia matrix is a multiple of the identity matrix: there exists a constant Lo > 0 such that

1O, 0 = /C ()2 = I

for all £ € S*~1. The hyperplane conjecture asks whether there exists an absolute constant A > 0 such that
L,, := max{L¢ : C is an isotropic convex body in R"} < A4

for all n > 1. Bourgain proved in [4] that L, < c¥/nlogn; later, Klartag, in [11], improved this bound to
L,, < c{/n. Very recently, in a breakthrough work, Chen [7] proved that for any € > 0 there exists ng(e) € N
such that L,, < n€ for every n > ng(e).

A Borel measure ;. on R” is called log-concave if u(AA + (1 — A\)B) > u(A)*u(B)*~* for any compact
subsets A and B of R™ and any A € (0,1). A function f : R"” — [0,00) is called log-concave if its support
{f > 0} is a convex set in R™ and the restriction of log f to it is concave. It is known that if a probability
measure p is log-concave and p(H) < 1 for every hyperplane H in R”, then u has a log-concave density f,.
Note that if C' is a convex body in R™ then the Brunn-Minkowski inequality implies that 1¢ is the density
of a log-concave measure, the uniform measure on C.

If 1 is a log-concave measure on R™ with density f,, we define the isotropic constant of ;1 by

~(sup,ern fu(®) B L
L = (fRn?i(wfdx> [det Cov(u)] &,

where Cov(p) is the covariance matrix of 4 with entries

Cov(p)i; := fR" Lx]f“(gj) dx . fRn xif“(x) dx fRn I'jfu(l') dx
v Jon fu(@) da Jn fu(x)dz  [o. fu(z)de

We say that a log-concave probability measure p on R is isotropic if it is centered, i.e. if

/n<x’£>d“(x) = /Rn@@fu(w)dx =0
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for all £ € S™1, || fulle = 1 and Cov(u) = L2 1,,, where I, is the identity n x n matrix.
For every ¢ > 1 and every y € R™ we set

hz, () = (/R <w,y>|qdu(x)>1/q.

The Ly-centroid body Z,(u) of y1 is the centrally symmetric convex body with support function hyz,(,). Note
that p is isotropic if and only if it is centered and Zy(u) = L,B%. It was shown by Paouris [17] that if
1 < g < /nthen w(Zy(p)) = /gLy, and that for all 1 < ¢ < n one has vrad(Z,(u1)) < ¢14/qL,,. Conversely,
it was shown by B. Klartag and E. Milman in [I2] that if 1 < ¢ < \/n then vrad(Z,(u)) > c2,/qLy. This
determines the volume radius of Z,(p) for all 1 < ¢ < y/n. For larger values of g one can still use the lower
bound: vrad(Z,(u)) > c2,/q, obtained by Lutwak, Yang and Zhang in [14] for convex bodies and extended
by Paouris and Pivovarov in [I8] to the class of log-concave probability measures.

For every 1 < k < n—1 and every E € G, j, the marginal of the measure p with respect to E is the
probability measure 7g(u) on E, with density

Frool@) = [ Sulwiy

It is easily checked that if u is centered, isotropic or log-concave, then 7wg(u) is also centered, isotropic or
log-concave, respectively.

We refer the reader to the book [6] for an updated exposition of isotropic log-concave measures and more
information on the hyperplane conjecture.

We close this section with a rough description of the main ideas behind the proof of Theorem [I.1] and
Theorem The approach of Paouris and Pivovarov is based on rearrangement inequalities; in particular,
on the Brascamp-Lieb-Luttinger inequality. Let H : ®Y ;R" — RT be a non-negative measurable function
and consider the multilinear operator Fy defined by

Fu(fi,.o, fn) :/n . H(zy,...,on)fi(zy) - fy(en) day - doy,

where f1,..., fx : R® — RT are integrable functions. Assume that the function H : ®¥ ,R" — R* has the
following property: for any z € S"~1 and any Y = {y1,...,yn} C 2%, the function Hy : RY — R¥ which
is defined by

Hy(t) = H(yl +t1z,...,yn + tNZ)

is even and quasi-convex. Then,

fH(flaafN)>]:H(ff7’f;<f)a

where f* is the symmetric decreasing rearrangement of f. Moreover, if || fi]lco < 1 for all ¢ =1,..., N, then

Fu(fi,...,fn) =2 Fa(fi,... . fn) =2 Fa(p,,...,1p,),

where D,, is the Euclidean ball of volume 1 in R™. On the other hand, if for every z € S"~! and any
Y = {y1,...,yn} C 2+ the function Hy is even and quasi-concave then the above inequalities are reversed.
Theorem is a consequence of this general result. Define

H(zy,...,zN) = (voln(Tx(K)))p = (vol, ([z1 - oxN]K))p.

One can show that for any £ € S ! and yi,...,yy € 2+, if weset Y = {y1,...,yn} and define Ty (t) :=
[y1 + t1&, ..., yn + tnE] then the function Hy : RY — RT defined by Hy (t) = vol, (Ty ) (K))P is even and
quasi-convex. Theorem is again a consequence of this approach. Given rq1,...,ry > 0, define

N
H(xzy,...,xN) = voln( O B(xi,ri)).



Then, H is even and quasi-concave on its support. Moreover, for any z € S"~! and yi,...,yn € z* the
function H,y : RN — [0,00) defined by H, y(t) = vol, (ﬁfilB(yi + tiz,n—)) is even and quasi-concave on
its support. The reader will find more information in the survey article [21I] of Paouris and Pivovarov.

3 Estimates for the expected volume of T%(K)

Let p be an isotropic log-concave probability measure on R”. For any N > n and any centered convex body
K of volume 1 in RY we want to give upper and lower bounds for the quantity

B (o T0)) = o [ o e

where Ty is the random n x N matrix with columns N independent random vectors x1,...,xy distributed
according to p. Our starting point is the formula (see for example [19, Proposition 2.1])

(3.1) vol,, (Tx(K)) = /det(TxT%) vola (Pg, (K)),

where Ex = ker(Tyx)!t = Range(Ty), and A* denotes the transpose of a matrix A. We start with some
preliminary observations regarding the expectation of \/det(T%T%y).

3.1 Preliminary estimates

It is known that \/det(TyT%) is equal to the volume of the n-dimensional parallelotope spanned in RY by
the rows y1,...,yn of Tx. The next lemma provides some estimates for E,~ (det(TxT;)ﬁ). Note that the
assumption that p is log-concave is needed only for the lower bound.

Lemma 3.1. Let x1,...,xxN be independent random points which are distributed according to an isotropic
log-concave probability measure p on R™. Then,

(3.2) aL,VN < / (det(TxT;))ﬁduN(x) < L,VN,

where ¢; > 0 is an absolute constant.

Proof. We use the Cauchy-Binet formula: For any S = {i1,...,iy,} C [N] with |S| = n we denote by Tx|s

the n X n matrix whose columns are z;,,...,z; . Then,
(3.3) det(TyTy) = Y det((Tx|s)(Txls)")-
|S|=n

From a well-known formula that goes back to Blaschke (see [6] Proposition 3.5.5] for a proof) we see that
(3.4) E,,s (det((Tx|S)(Tx|5)*)> = n! det(Cov(n)),

where 1° := ®;cspu. Note that this identity holds true for any centered probability measure p on R™.
Assuming that p is isotropic, we have det(Cov(u)) = L2" and it follows that

(3.5) /n /n det (T, T2) du™ (x) = (:) n! det(Cov(u)) < N™ det(Cov(u)) = N”Li".

Applying Holder’s inequality we obtain the upper bound in (3.2]).



For the lower bound, using first the concavity of the function x +— 2P for p € (0,1), we write

/ﬂ / det (T 1)) ¥ ™ ( /R / S det((Tils) T|S))) N (x)

\S\ n

2() 07 2 [ e i ),

\S|—n

From [22] Corollary 1] (see also [16l Section 3.7]) we see that, for any S C [N] with |S| = n, one has
det((Tx|s)(Tx|s)*) = (@n)"LZ" for some absolute constant cg > 0, with probability greater than 1 — e™".
It follows that

/n /n det((Tx|S)(Tx|S)*)ﬁdﬂN(X) > 03L#\/ﬁ

for some absolute constant c3 > 0. Therefore,

1
1 N\
/ / det(Ty T 27 dp™Y (x) 203[/#\/7;( ) > L, VN
n n n

for some absolute constant ¢; > 0. O]

Remark 3.2. From the proof of Lemma one may easily check that, for any isotropic log-concave prob-
ability measure p on R™ and any N > n, the estimate

(3.6) e LVN < (// (det(TxT;))pduN(x)) < LVN

holds true for all p € [e™™,1].

The next proposition gives an upper and a lower bound for the average

o [ VOl (T (E)) dn () ) dow (1))
(fooy L L ) )

over all U € O(N) in terms of the mean width and the volume radius of K respectively, and shows what one
should expect as a reasonable estimate for the expected volume radius of Ty (K).

Proposition 3.3. Let pu be an log-concave isotropic probability measure on R™. For any N > n and any
centrally symmetric convex body K in RN we have

c1Ly/N/nvrad(K) < (/O(N) E,~ (vol, (Tx(K)) dz/N(U))W < oL/ N/nw(K

where c1,co > 0 are absolute constants.

Proof. Our starting point is . Let U € O(N) be independent from x and distributed according to the
Haar probability measure v on O(N). Since det((TxU)(U*Ty)) = det(TTy) and Pg, o U = Py-(g,), we
see that

vol, (TxU(K)) = /det(TxTy) vol, (Py- g, (K)),



where Ey = ker(Tx)t = Range(Ty). Note that Ey is n-dimensional with probability 1, therefore the
distribution of U*(Ex) is the Haar probability measure vy , on Gy, for almost all x. It follows that

(3.7) /O N E, v (vol (Te(U(K)))) duy (U)

)
_ / / ( /O N ol (Tu(U(K))) vy (1) ) dp™ (x)
://n (det(TxT;)l/2 /O(n) voln(PU*Ex(K)dz/N(U)))duN(x)
- (// det(TxT;)l/QduN(x))(/GMvoln(PE(K))duN,n(E)).
From Lemma [3.1] we get
(cL,)"N‘% / voln (Pg(K)) dvn.n(E) < / E,x (vol, (T (U(K)))) dun (U)
G ow)

<LIN: /G vol, (Pg(K)) dvnn(E)
N,n

for an absolute constant ¢ > 0. From Aleksandrov’s inequalities we know that
1 w1
vrad(K) < (— vol, (Pg(K)) dZ/Nm(E)) < — voly (Pe(K)) dvni(E) = w(K),
GN,n

Wn, w1 Gn.1

/

and hence,

1
n

cL,VNwl/"vrad(K) < (/

E,.v (vol,(Ty (U (K)))) duN(U))
O(N)

< LM\/Nw}/"w(K).

Taking into account the fact that w1 //n, we obtain the result. O

3.2 Two basic examples

There are two main examples of convex bodies K for which the expected volume of Ty (K) is well studied.

The first one is K = BY; then, Ty (BY) = Zf\;l[—xi,xi] is the zonotope defined as the Minkowski sum of
the line segments [—x;, z;].

Proposition 3.4. Let Eivo denote the cube of volume 1 in RN. Then,

E,y (volo(Tx(BX))*) ~ /N/nvrad(BL).

Proof. Let

m P
I,(Dy,;m ::/ / vol,, —x;, %] ) dxy, - dxy.
pDuim)i= [ e | (;[ )
Note that

—N 1
I jn(Dp; N) = E,,x (voln(Tx(Boo)) ™)

A direct computation based on the Blashcke-Petkantschin formula (see [24, Theorem 8.2.2]) shows that
n—1

1 - P Wit (n = J)wn—;
_— V01n< 0,2;]) dxy---dx1 = P J
vol,, (B3)™ / / ;[ ]) R I (

j=o (WP — F)Wntp—j’




where wj, = volg(B%). Tt follows that

n n n—1

. L p _ YWngp (n— j)wn*j
I,(Dy;n) = /Dn /D voln(Z[O,xi]) day - -+ dry = — 47

i=1 Wn j=0 (n +p— j)wn+p*j .

Choosing p = 1/n one may check that
cl\/{’; < Il/n(D'run) < 62\/7;
where c¢q, co > 0 are absolute constants. Note that
N
Voln(Z[—xi,xi]) =2" Z VOIR<Z[O,J:j]>.
i=1 ICIN],|T|=n jel
Using the inequalities

O) @y, o as( 3 < = o

n) ICIN],|I|=n ICIN],|T]=n ICINY,|T|=n

with t; = E,» (vol, (Ejel[Omcj])) we see that

N 1/n N 1/n 1 N 1/n N 1/n
Cl\/ﬁ( ) < (TL) Il/n(Dn;n) < §Il/n(Dn7N) < (n> Il/n(Dn§n) < 02\/ﬁ< > .

n n
Since (g)l/n R % and vrad(BY) ~ v/N, we obtain the result. O

As an immediate corollary of Theorem we have the following.

Proposition 3.5. Let N > n and pq,...,un be probability measures on R™ with densities f;, respectively,
with respect to the Lebesgue measure, that satisfy || fillco < 1. Then,

Egn oy, (VOln(Tx(EiVO))%) >cy/N/n vrad(?i),
where ¢ > 0 is an absolute constant.

The second well-studied example is when K = Eiv. Note that Ty (BV) = conv{+xy,...,£ax} for all
x=(x1,...,ZN).

o =N . )
Proposition 3.6. Let B, denote the multiple of the cross-polytope BY of volume 1 in RN. Then, for any
isotropic log-concave probability measure p on R™ we have that

(3.8) 1L/ N/ \/log(@N/n)vrad(By ) < By (volu(Tx(BY)) ¥ )

< caLy/N/n+/log erad(Eiv)

if n < N < exp(y/n), and

(3.9) e1/N/n v/log2N/n)viad(BY) < Eux (volu (T(By ) )
< coL,\/N/n+/log N (loglog N)erad(Fiv)

if exp(y/n) < N < exp(n).



Proof. Observe that Eiv ~ NBY . which implies that Tx(FiV) ~ N conv{+zi,...,tzy}. Therefore,
E, (Vol,L(Tx(EiV ))%) ~ NE,v (Voln(conv{:lle, o ixN})%).
It is proved in [8] that

0 Z1o
E,~ (Voln(conv{:lzgsl7 ey :l:a:N})) < Clw(l\/%N(u))

for all N < e, where Z,(p1) is the Lg-centroid body of u. Since vrad(?iv) ~ VN, this implies that

E,~ (vo1n(Tx(§jV ))%) < o /Nnvrad(By ) w(Ziog v (1))

Then, the upper bounds in (3.8)) and (3.9) follow from the known upper bounds for w(Z,(p)), where y is an
isotropic log-concave probability measure on R™. Recall that if 1 < ¢ < /n then w(Z,(n)) < ¢y/qLyu. On
the other hand, E. Milman has proved in [I5] that for all \/n < ¢ < n,

w(ZQ(:U’» < CLM log(l +m1n{q7n}) max{w \/(}}

)
n

for some absolute constant ¢ > 0. Note that this quantity is always bounded by cL,+/n(log n)2.

For the lower bound we use the fact, proved in [8] that if x is an isotropic log-concave probability
measure on R™ and if x1,...,xn are independent random points which are distributed according to u, then
forn < N K eY™ one has

log(2N/n)
Vn

with probability greater than 1 — exp(—czv/N), while in the range V™ < N < e” one has

v/log(2N,
(3.11) vol, (conv{£z1,...,£zy )" > ¢ ngf/n),
n

(3.10) vol, (conv{#x1,..., ey )" > 1L,

again with probability exponentially close to 1. This shows that

E,~ (voln(Tx(Eiv ))%) > e/N/nL,\/log(2N/n)vrad (B, )
in the range n < N < exp(y/n), and the lower bound of (3.9) follows in the same way from (3.11)). O

3.3 Some general estimates

We can give some general estimates using the following bounds for the volume radius of an n-dimensional
projection of a convex body in R¥.

Lemma 3.7. Let K be a centrally symmetric convex body in RY. For any 1 < n < N and any E € Gnn
we have that
w(K)

< volu (P (K))/" < eoy/NJn= =2,

1
C“/n/N\/ﬁM(K)

where c1,co > 0 are absolute constants.
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Proof. Let N(A, B) denote the covering number of A by B, i.e. the least number of translates of B
whose union covers A. The classical Sudakov inequality (see [, Chapter 4]) states that N(K,tB3) <
exp(csNw?(K)/t?) for all t > 0. Since N(Pg(K),tPg(B3)) < N(K,tBY) for all E € G, it follows that

vol, (Pg(K))™ < exp(esNw?(K) /(t2n))vol, (tPg(BY))H/™
for all ¢ > 0, and choosing t = /N/nw(K) we get
vol, (Pe(K))Y"™ < e4n/N/nw(K)vol,(Bg)/™,

where Bp = Pp(BY) = B¥Y N E, and hence vol,,(Bg)'/™ ~ 1/,/n. This proves the right hand side inequality.
For the lower bound we use a similar argument, this time employing the dual Sudakov inequality (see [T
Chapter 4]) N(BY,tK) < exp(csNM?(K)/t%), which implies that

vol, (Pg(BY)Y™ < exp(esNM?(K) /(t*n))vol, (tPg(K))*/™
for all ¢ > 0, and then choose t = \/N/nM(K). O
Taking into account Lemma [3.1] and Lemma [3.7] we have the next general estimates.

Theorem 3.8. Let u be an isotropic log-concave probability measure on R™. For any N > n and any
centrally symmetric convezx body K in RN we have

ClLu

CQLHN w
M(K)

n

< (EHN voln(Tx(K))%) < (K),

where c1,co > 0 are absolute constants.

Proof. We may write

E,~ (Voln(Tx(K))) =E,~ ( det(ToTy) voln(PEx(K)))
< LIN™? max vol,(Pp(K)),

EeGN
by the proof of Lemma [3.I] and then the upper bound from Proposition [3.7] implies that

CQLHN
n

EMN(Voln(Tx(K))%) < LM\/N-CQ«/N/nw\(fI;) - w(K).

On the other hand, a similar argument shows that

1 1

By ((voln (T(K))) ™ ) = Buc((det(TT5)) 3 vol, (P, () ¥ )

> min vl (Pp(K))¥ By ((det(TiT3)) % ),

EeGnN,n
and combining the lower bounds from Lemma [3.1] and Lemma we get

_ esLy
) M(K)’

E,~ ( (vol, (T (K))) *) > esL, VN - ean/n/N \/HA;(K

as claimed. O

Our next result gives a general upper bound under the assumption that both p and K are isotropic.

11



Theorem 3.9. Let o be an isotropic log-concave probability measure on R™. For any N = n and any
isotropic convezx body K in RY we have

CQLIL
Ly,

viad(K) < E,~ (voln(Tx(K))%) < QLN rad(K),
n

where c1,co > 0 are absolute constants.

Proof. Starting from (3.1]) and using the Cauchy-Schwarz inequality we get

E,~ (voln(Tx(K))%> < (EuN(det(TxT;)%)) g (EuN (VOI"(PEX (K))%)>%

< L,VN (EHN (vol (Pg, (K)) %)) ’

taking into account Lemma [3.1} From a classical inequality of Rogers and Shephard (see [I, Lemma 1.5.6])
we also know that

N
vol, (K N EX) ™! < vol, (P, (K)) < ( )Voln(KﬁE)f)_1
n
for all x. Assuming that K is also isotropic, we have that

Vol (K 0 EL)/n o Lhua(meg i) o €2
Lx Lx

where g, (115 ) is the marginal of K with respect to Ex (see [6] for the definition of the family of convex bodies
{K,(v)}p>0 associated with a log-concave probability measure v and, in particular, [6, Proposition 5.1.15]
for this statement). Combining the above, we finally get

1
E,~ (voln(Tx(K))%) < L,VN (JD : ciLK,
2

and the result follows from the fact that voly(K) = 1 and hence vrad(K) ~ v/N. For the lower bound we
recall that ) . )
E,~ (voln(Tx(K))z) = E,~ (det(TxT;)moln(pEx (K))z)

by (3.1). Then, we observe that

L
Vol (P, (K)Y/™ > vol, (K N EX) "1/ ~ ﬁ > z—l
n+1(TEx (UK n

and conclude that

3=

C1 % 2L caLy,
> — n| >
E,~ (voln(Tx(K)) )/ - ENN(det(TxTxV )/ 2 vrad(K),

n n

where the last inequality follows from Lemma O

In the next theorem we assume that K is an unconditional isotropic convex body in RY and using
Theorem [B.8 and Theorem [B.9 we obtain a better estimate.

Theorem 3.10. Let pu be an isotropic log-concave probability measure on R™. For any n < N < exp(y/n)
and any unconditional isotropic convex body K in RN we have

17/ N/nvrad(K) < E,~ (voln(Tx(K))%) < 3L /N (logn)?vrad(K),

where c1,co > 0 are absolute constants.
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Proof. By a result of Bobkov and Nazarov from [3] we know that clgivo CKC CQEiV for some absolute

constants ¢y, co > 0. It follows that Ty (K) C C2Tx(§§v) for any x = (21,...,2n), and hence

1

E,~ (voln(Tx(K))F> < o i [Vo1n(Tx(§jV ))%).
Using Proposition [3.5 and Proposition [3.6] we conclude the proof. O

Note that combining Proposition [3.5] and Proposition [3.6] one can obtain an analogous result for the

—N
range exp(y/n) < N < exp(n). Our last result concerns the case K = B, , 2 < q < 00; we can obtain a
sharp asymptotic estimate for the expected volume of Ty (K).

Theorem 3.11. Let p be an isotropic probability measure on R™. For any N > n and any 2 < ¢ < 0o we
have

ery/N/nvrad(B, ) < B, (voln(Tx(EéV ))%) < oL/ Njnvrad(By),
where c1,co > 0 are absolute constants

Proof. In the proof of Theorem [3.8] we observed the general inequality

1

(3.12) E,v (voln(Tx(K))) < L'N"?E,x (voln(PEx(K))z) ?

where Ey = ker(Ty)* = Range(T%), which holds for any centrally symmetric convex body K in RY.
Note that if 2 < ¢ < oo then R(B)) ~ NZ7% and Voln(BéV)l/N ~ N~4. Therefore, Eév CceV/NBY. Tt
follows that N
vol,, (Pg, (B, ))1/” < clvoln(PEx(\/NBév))l/" < e/ N/n

for all x = (z1,...,znN), where c3 > 0 is an absolute constant. Taking into account (3.12)) we see that

E, (Vo1n(Tx(§§V ))%) < esLy VN /NJn < eaLyy/N/nvrad(By).

because vrad(Bq ) = V/N. For the lower bound we may apply Theorem since Eév is 1-unconditional
and isotropic. O

Remark 3.12. Note that the property of Bév that was really used in the previous argument is that Bév is

contained in a ball B such that (voly(aB3)/voly (Bév))l/N < C, for a constant C' > 0 that does not
depend on N or g. In other words, we can also state the next result: Let p be an isotropic probability
measure on R" and K be a centrally symmetric convex body in RY. If K C aBY and

(voln (aBY) /vol, (K)) /™ < 8

then for any N > n we have

E,» (Voln (TX(K))%) < L/ Nnvrad(K),

where ¢; > 0 is an absolute constant.
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4 Random ball polyhedra

In this section we prove Theorem[I.5] Our argument works in the following more general setting. We consider
two centrally symmetric convex bodies K and C in R"™; for any N > 1, rq,...,ry > 0 and z1,...,2y € K

we consider the convex body
N

m (J}i + ’I"lC)
i=1
The next result provides upper and lower bounds for the expectation of vol,, (ﬂf\]:l(x2 + riC)) with respect

to the uniform measure pug(A) = Yol (KOA) oy K.

vol,, (K)
Theorem 4.1. Let K, C be centrally symmetric convex bodies in R™ and x1,...,xN be independent random
points uniformly distributed in K. Then, for any r1,...,ry >0,

(mv + n> “vol, (K + rC) [T, vol, (K NrC)

n vol, (K)N

N N
S Euy (voln( (i + nC’))) < voln (K + TCBOEE};)‘;?M(K nriC) ,

i=1

where r = min{ry,...,ry}.
The proof is based on the next simple formula for the expectation.

Lemma 4.2. Let K,C be centrally symmetric convex bodies in R™. For any ri,...,ry >0,

N N
1
s (ol o) = e [ b=
where r = min{ry,...,rn}.

Proof. Let r1,...,ry > 0. We write

N
voln(K)N ']Eu% (voln( m(xl + TZ-C)))
i=1
N

:/K/K/” 1nf\71(w1+r10)(y)dyd$Ndl‘lz/l(/K/nll;[l]_wl_i_”c(y)dydq;]vdl‘l
N N

:/ / / Hly‘*‘ric(xi)dxl\f drydy = / H (/ 1y+7‘ic(xi)dxi> dy

"IK K’i:l Uiy K
N

- /R [T vola(K A (y +r,C)) dy.

"i=1

The lemma follows from the fact that vol, (K N (y+7;,C)) = vol,,((K —y) Nr;C) and that (K —y)Nr,C =0
for some 1 <4< N if and only if y ¢ K + rC. O

Proof of Theorem[L.1]l For each i = 1,..., N consider the function u; : K + rC — [0,00) with u;(y) =
vol, (K — y) N r;C)Y/™. Using the Brunn-Minkowski inequality and the convexity of K and C' we easily
check that u; is an even concave function. Note that

max(u;) = u;(0) = vol, (K Nr;C)Y/™

14



for every i = 1,..., N, which gives immediately the upper bound: we have

1 al 1 al
_— lL,(K—y)NrC))dy = ———— J(y)"d
voly, (K)N /I<+TC}:[1VO ~( y) NriC)) dy vol,, (K)N /KJFTCEU ()" dy

N
. vol, (K +rC) Huf(()) _ voly (K +rC) Hl L vol, (K N ’I"ZC)‘
vol, (K)N Pl vol, (K)N

For the lower bound, let ¢ denote the radial function of K +C on S®~!. Then,

N o(€) N
vol,, (K)N - E,n (voln< ﬂ(xl + TC))) = nwn/ / et Hu?(tS) dt do(§).
i=1 snetJo i=1
Since each u; is concave, we have

ui(t€) = (1 —1/0(£))ui(0) + (t/0(§))ui(e(§)§) = (1 —t/e(§))ui(0),

therefore
N
vol (K)™ - E,x (vol (ﬂ(mi +rC’)))
nwnHu / / =t 1 - L)n dt do(€)
gn—t o(&)
= nwy, Hvoln(K N riC)/ / 0"(&)s" (1 — s)"N dsdo (&)
i=1 sn=tJo
N 1
= nHvoln(K Nr,C) ~wn/ 0" (&) do(§) - / "1 —s5)"N ds
i=1 snot 0
N
=nB(n,nN + 1)vol, K—l—rCH (K Nr0)
=1
nN+n\ " N
< . ) vol,, ( K+7'Cl;[ W(K N1 C),
and the result follows. O

Remark 4.3. Note that in the case N =1 we have vol,,(z + rC) = vol,, (rC) for every x € R™, and hence
Theorem takes the following form: If K,C are centrally symmetric convex bodies in R™ then, for any
r >0,

—1
(2"> vol, (K + 7C)vol, (K N rC) < vol, (rC)vol, (K) < volu (K + rC)vol, (K NrC),
n

which is a well-known inequality of Rogers and Shephard (see [I, Chapter 4]). The constant ( ") is optimal.

Remark 4.4. An interesting question is to determine the best constants in the inequality of Theorem
The behavior of E,,~ (vol,, (NI (z; + rC))) is of course different for small and large values of r. In the case

C =DBp, Gorbov1ckls has proved in [I0] that for any n > 2 and any «1,...,2x € R" one has
N
voln< ﬂ B(z;, r)) = vol,, (rBY) — nwpw(conv(zq,...,zn))r" "t +o(r™ )
as r — 0o. The next natural analogue of this result is not hard to check:
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Proposition 4.5. Let K,C be centrally symmetric convez bodies in R™. Then,

1 e (ot (e +102)) =

=

Proof. A classical theorem of Minkowski states that the function vol, (K +rC') is a polynomial in r € [0, 00);
one has

vol, (K +1C) = ;: (;‘) Vi(K,C)rd

where V;(K,C) = V(K;n — j,C;j) is the j-th mixed volume of K and C (we use the notation C;j for
C,...,C j-times). One has V,,(K,C) = vol,(C). From Lemma [£.2] we see that

E,x (Voln( F](xi + 7«0))) - W /ch (vol (K M (y + rC))) ™ dy < vol, (K + rC).

i=1

It follows that

1 1 " (n
- m : J—
h:n sup W) E,x (VOln( (x; + T‘C))) Thln ol () E (]) Vi(K,C)r

‘132

On the other hand, let rg = min{t > 0: K C tC}. Then, if r > rg and y € (r — 19)C we easily check that
K CroC Cy+rC. It follows that

B, (VOI"( ﬁ(% + TC))) = m /K+ . (vol, (K N (y + TC)))N dy > vol,,((r —ro)C)
i=1 n r

for all 7 > r¢, and hence

1 X .
hrrglongE P (VO] (Q zi+70) )) i ol (O) L

This completes the proof. O

It is also not hard to check that the dependence on r is different as r — 0:

Proposition 4.6. Let K,C be centrally symmetric convex bodies in R™. Then,

vol,, (K)N -1 X B
ror0t vol, (rC)N By (VOIH(Q(M + TC))) B
Proof. From Lemma we see that
N
1 N vol,, (K 4 rC)vol, (rC)N
E ~ 1 ; = —— l, (K — <
uy (VO n(Q(Jsz + rC’))) Vol ()N /KJrrC (voln (( y)NrC))" dy Vol (K)N

It follows that

. vol,, (K)N—1 ~ i o +70)
imsup - (rC)N "rE (VO n ( Q(IZ * rC))) o0+ vol,, (K)
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On the other hand, let tg = max{t > 0: C C %K} Then, if 0 < r <ty and y € (1 — g—()) K we easily check
that y + rC C (1 - %) K + LK = K. It follows that

vol, (K)N~1 N 1 N
ol (rO)N (V°1’L<D(”3i +10))) = vol,, (rC) Nvol,, (K) /KMC (voln (K N (y +7C))) ™ dy

N VOln((l— %K)) _ (171>n7

vol, (K) to

for all 0 < r < tg, and hence

This completes the proof. O
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