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Abstract

Starting with the work of Dyer, Fiiredi and McDiarmid who established a sharp threshold for the
expected volume of random polytopes with independent vertices uniformly distributed in the discrete
cube E3 = {—1,1}", in this survey article we focus on a very general variant of the problem. Let
1 be a log-concave probability measure on R™ and for any N > n consider the random polytope
Ky = conv{Xi,...,Xn}, where X1, Xo,... are independent random points in R" distributed according
to pu. We discuss an approach to the question if there exists a threshold for the expected measure
E, ~[pw(KnN)] of Kn, based on joint works with S. Brazitikos and M. Pafis, via the Cramér transform A},
of 1. We show that, under some conditions, one has a sharp threshold for the expectation E,,~ [1(Kn)]
of the measure of Ky: it is close to 0 if In N < E,(A},) and close to 1 if InN >> E,(A};). The main
condition is that the parameter 8(u) = Var,(A};)/(E.(A}))? should be small.

1 The case of the discrete cube

Let X be arandom vector in R with independent coordinates that take each of the values +1 with probability

%. Given N > n, we consider N independent copies Xi,..., Xy of the random vector X and define the

random “0/1 polytope”
(1.1) Ky =conv{Xy,..., Xy} CQ, :=[-1,1]".

Dyer, Fiiredi and McDiarmid established in [I6] a sharp threshold for the volume of these random 0/1
polytopes.

Theorem 1.1 (Dyer-Fiiredi-McDiarmid). Let k = In2 —% and for any N > n consider the random polytope
Ky defined by (1.1)). For every ¢ € (0, k) we have that

(1.2) nll)n;o sup {27 "E|Kn|: N <exp((k —&)n)} =0
and
(1.3) nh_}n;o inf {27"E|Kn|: N 2 exp((k +¢)n)} = 1.
In the statement of the theorem we denote by |K x| the n-dimensional volume of K; since |Q,| = 2",

the ratio 27"E | K | is the “expected percentage” of @Q,, occupied by K. In this section we present the main
points of the proof of Theorem Several of the lemmas that are used will be proved in a more general
and stronger form later on.

The function ¢ : (—1,1)™ — R defined by

(1.4) ¢(z) :=inf {Prob(X € H): z € H, H is a closed half-space }
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plays a key role in the argument. Note that the infimum in (1.4)) is determined by those half-spaces H for
which z lies on the boundary 9(H) of H. Next, for any origin symmetric convex body A C (—1,1)" we
define

(15) pr(A) = suppla) and () = inf pla).
¢ A z€

Lemma 1.2. Let N > n and let A be an origin symmetric convex body contained in (—1,1)™. Then,
E(|Kn]) < [A] +2"Nep (A),

Proof. We write

(1.6) E(|Kn|) =E(Kny NA]) +E(|Kn \ A]) < [A]+E (KN \ A]).

Note that if H is a closed half-space containing x, and if z € K, then we may find ¢ < N such that X; € H
(otherwise, we would have x € Ky C H’, where H' is the complementary half-space of H). It follows that
Prob (z € Ky) < N ¢(z). Using Fubini’s theorem we see that

E (K \A) = /Q | Probl < Ky de < /Q o) < N oy (A)]Qu\ Al

where in the last inequality we use the fact that p(x) < ¢ (A) for every x ¢ A. Going back to (1.6) we get
the lemma. ]

Lemma will be useful for the proof of (1.1]). It remains to choose, if possible, suitable A (depending
on N and n) such that for all N < exp((k —¢€)n) we will have simultaneously |A| /2" — 0 and Np,(A4) = 0
as n — o0o.

A second basic observation is given by the following lemma.

Lemma 1.3. Let A be an origin symmetric convex body contained in (—1,1)". Then,

N) 9-(N=n) | o @) (1—p (4)" ™

lfProb(KN Z_)A) < <n

We skip the proof since we shall discuss a more general version of Lemma in Section (see Lemma.
What is important is that Lemma allows us to use the function ¢ in order to prove (1.2). Roughly
speaking, it remains to choose, if possible, suitable A (depending on N and n) so that for all N > exp((k+e)n)
we will have simultaneously |A| /2" — 1 and 1 — Prob(Ky 2 A) — 0 as n — oo.

Given a bounded random variable X, consider the moment generating function M(s) := E (e*X) and the
logarithmic moment generating function A(s) :=In M(s) of X. Since X is bounded, we see that M (s) < oo
for every s € R. By the symmetry of X it also follows that M and A are even. Using Hélder’s inequality we
easily check that A, and hence also M, is convex. Finally, M is C* on R; the n-th derivative of M is the
function M) (s) =E (XmesX).

Returning to our case, where X takes the values +1 with probability %, direct computation shows that

M(s) = cosh(s) and A(s) = Ilncosh(s).
Consider the Legendre transform of A: this is the function
f(z) :=sup {sz — A(s): s € R}, z e (—1,1).
Direct computation shows that
flz)=31+2)In(l+2)+3(1—2z)n(l —z)
for every x € (—1,1). Note that f is an even convex function and linfi11 f(x) =In2.
T—r

From the definition of f and Markov’s inequality we get the next upper bound for ¢(z) in terms of
Yoy f(x), for every z € (—1,1)™.



Lemma 1.4. For every x € (—1,1)" we have that p(x) < exp (— >y f(25)).

Proof. Let H be a closed half-space such that € 9(H). Then, there exists s = (s1,...,5,) € R™ such that
H=H(s)={y: (s,y —z) > 0}. From Markov’s inequality,

Prob(X € H(s)) = Prob <zn: 5i(X 0) <SE (eXp (zn:Si(Xi - 331)))

i=1
n
H exp(s;(X; Hexp — 8;x;).

By the definition of ¢(z) we have

) < sgﬁRf" Hexp — 8;x;) U exp(—sup{sz; — A(s): s€R}) = H exp(—

This proves the lemma. O

We extend f continuously on [—1,1] setting f(+1) =In2 and for every z = (x1,...,2,) € Q, we set

n

Fa)= 3" f(w).

=1

For every 0 < t < 1In2, we define
Fi={ze(-1,1)": F(z) < t}.

Since f is even and convex on (—1, 1), the set F} is an origin symmetric convex body contained in (—1,1)™.
From the definition of F; we see that Y ., f(z;) = nF(x) = tn for all x € I(F;). Therefore, Lemma and
the definition of ¢_ give us the next fact.

Lemma 1.5. Let 0 <t <1In2. For every x € (—1,1)" we have ¢(x) < exp(—nF(x)). In particular,
¢+ (F1) < exp(—tn).

Let Uy,...,U, be independent random variables, uniformly distributed in (—1,1). Then, for every
0<t<In2,

27" |Fy| = Prob((Uy,...,U,) € F) Prob( Zf )

1
k=E(f(h)) = %[1f(x)dz:1n275.

By the law of large numbers we conclude the following.

Note that

Lemma 1.6. For every t € (0,x) we have lim 27" |Fy| = 0 and, similarly, for every t € (k,In2) we have
n—oo
lim 2" |F| = 1.
n—00
Now, we can prove the first part of the theorem of Dyer, Fiiredi and McDiarmid.

Proposition 1.7. For every ¢ € (0, k),

lim sup {2_"E(|KN|): N < exp((k — g)n)} =0.
n—oo



Proof. We choose t = k — ¢/2. From Lemma we have that lim 27" |F;| = 0. On the other hand, if
n—oo
N < exp((k — €)n), then Lemma gives

N (F,) < exp(—en/2).
Applying Lemma [T.2] with A = F;, we get
27"E (|Kn]) < 27" |[F| + exp(—en/2),
and Lemma [1.6] shows that the right hand side tends to 0 as n — oc. O

For the proof of (1.2) we need to estimate ¢(z) from below in order to use Lemma The basic
technical step is the next proposition, which will be discussed, in a more general context, in Section

Proposition 1.8. For everye > 0, there exists n(e) € N, depending only on e, such that for every0 < t < In2
and every n = n(e) we have
o_(Fy) = exp(—t(1 +¢)n).

Then, the proof of (1.2)) is simple.

Proposition 1.9. For every ¢ > 0,
lim inf {27"E (|[Kn|): N > exp((k +e)n)} = 1.
n—oo

Proof. Fix e > 0 and choose t = k+¢/3. Combining Lemmawith Propositionwe see that if n > n(e)
and N > exp((k +¢)n) = exp((t + 22/3)n), then

E(|Kn|) > |Fy| Prob(Ky 2 F;) > |F,| (1 —27"1).
Since ¢ > k, Lemma shows that ILm 27" |F| = 1, and the result follows. -

Special cases of the threshold problem have been studied in various works. In addition to the case of the
discrete cube, Dyer, Fiiredi and McDiarmid established in [16] a sharp threshold for the expected volume of
random polytopes with vertices uniformly distributed in the solid cube @, = [-1,1]". If k = In(27) — vy — %,
where v is the Euler constant, then for every ¢ € (0, k) one has

. —n N < B _
n11_>1rolosup{2 E|Kn|: N <exp((k—¢e)n)} =0

and
lim inf {27"E|Ky|: N > exp((k+¢)n)} = 1.
n—00

These results were generalized in [20] to the setting where the vertices of K have independent coordinates
whose distribution is a fixed even measure with compact support in R that satisfies some mild condition (see
Section .

The articles [35] and [4], [5] address the same question for a number of cases where X; have a rotationally
invariant density supported on the Euclidean unit ball BY. More precisely, Pivovarov proved in [35] that if the
vertices of Ky are uniformly distributed on the unit ball BY then, for any € € (0,1), if N < exp ((1 —¢)% Inn)
then E |Ky|/|By| tends to 0 and if N > exp ((1+ )% Inn) then E|Ky|/|B%| tends to 1 as n — oo. In the
same work, he studied the case where the vertices of K are distributed according to the uniform measure
on the unit sphere S”~! or according to the standard Gaussian measure 7, on R™; in the latter case, for a
large range of r = r, > 0 he established a sharp threshold for the ratio E|K NrB¥|/|rBY| as n — co. The
work [] of Bonnet, Chasapis, Grote, Temesvari and Turchi deals with the case where the vertices of K are
distributed according to the measure with density (1 — |z|?)% or (1 — |2|?/0?)™® on B, where f > —1 in



the first case and 3 > § and o > 0 in the second case. Sharper estimates for these models, describing the
phase transition as well as its shape, were obtained in [5].

Exponential in the dimension upper and lower thresholds are obtained in [I9] for the case where X; are
uniformly distributed in a simplex (then, the result can be extended to simplicial polytopes in R™). Let
Q,={z=(x1,...,2n) 21+ -+, =1, x&; = 0} be the standard embedding of the (n — 1)-dimensional
simplex in n-dimensional space. If N > C', where C > 0 is an absolute constant, then

E |conv{zy,...,zn}| = (1 — e OVP)|Q,|.

A second main result of the same paper provides an upper threshold. For every € > 0, if N < (=9,
where ~y is the Euler constant, then the convex hull of N random points z1,...,z N uniformly distributed
in Q,, satisfies E|conv{z1,...,zn}|/|2] — 0 as n — oco. To this end, the authors compute the Legendre
transform of the log-moment generating function of a random vector X uniformly distributed in the simplex.

2 Log-concave probability measures

We would like to formulate and study the question how to obtain a threshold for the expected measure of a
random polytope defined as the convex hull of independent random points with a log-concave distribution.
Consider a log-concave probability measure p on R™ and let X7, X5, ... be a sequence of independent random
points in R™ distributed according to . Then, for any N > n we may define the random polytope

Ky =conv{Xy,...,Xn}.

We are interested in the expectation E,~[u(Kn)] of the py-measure of Ky with respect to the product
measure p¥ = g ® -+ ® pu (N times). This is an affinely invariant quantity, and hence we may assume that
1 is centered, i.e. the barycenter of p is at the origin.

Given § € (0,1) we say that p satisfies a “d-upper threshold” with constant g if

(2.1) sup{E, ~ [u(Kn)] : N < exp(oin)} <0
and that u satisfies a “d-lower threshold” with constant oo if
(2.2) inf{E,~[u(Kn)] : N > exp(oon)} = 1 — 0.

Then, we define p1(p,0) = sup{e1 : (2.1)) holds true} and g2(u,d) = inf{p2 : (2.2) holds true}. Our main
goal is to obtain upper bounds for the difference

o(p,0) :== 02(p, 6) — 01(,0)

for any fixed 6 € (0, %)

One may also consider a sequence {,}°° ; of log-concave probability measures, where p, is on R, and
say that {u, }22, exhibits a “sharp threshold” if there exists a sequence {6, }22 ; of positive reals such that
9, — 0 and o(pn,d,) = 0 as n — oco.

We shall describe a general approach to the problem, that was proposed in [I1], working with an arbitrary
log-concave probability measure g on R™. We present the main ideas, the progress that has been achieved
(especially in the case of the uniform measure on a convex body) and several remaining open questions. In
the remaining part of this section we provide the necessary background information.

Throughout this article we write (-,-) for the standard inner product in R™ and denote the Euclidean
norm by ||, the Euclidean unit ball by B and the unit sphere by S"~!. Lebesgue measure in R" is denoted
by |- | and o is the rotationally invariant probability measure on S"~!. We use the letters ¢, c’, ¢;, cj etc. to
denote absolute positive constants whose value may change from line to line.

A convex body in R" is a compact convex set K C R™ with non-empty interior. We often consider
bounded convex sets K in R"™ with 0 € int(K); since the closure of such a set is a convex body, we shall



call these sets convex bodies too. We say that K is centrally symmetric if —K = K and that K is centered
if the barycenter bar(K) = ﬁ fK xdx of K is at the origin. The radial function gk of a convex body K
with 0 € int(K) is defined for all x # 0 by gk (z) = sup{A > 0: Az € K} and the support function of K is
given by hx(z) = sup{(z,y) : y € K} for all z € R™. The polar body K° of a convex body K in R" with
0 € int(K) is the convex body

K°:={yeR": (z,y) <lforallze K}.

A Borel measure p on R™ is called log-concave if u(H) < 1 for every hyperplane H in R™ and u(AA + (1 —
MNB) = pu(A) u(B)~ for any compact subsets A, B of R" and any A € (0,1). A theorem of Borell [6]
shows that under these assumptions, p has a log-concave density f,. A function f : R™ — [0,00) is called
log-concave if its support {f > 0} is a convex set in R™ and the restriction of In f to it is concave. If f has
finite positive integral then there exist constants A, B > 0 such that f(z) < Ae=Bl#l for all z € R™ (see [12
Lemma 2.2.1]). In particular, f has finite moments of all orders. We say that u is even if p(—B) = u(B) for
every Borel subset B of R™ and that p is centered if

bar() 1= [ (. €auta) = [ (2.8, (2)dz =0

for all £ € S~ 1. We shall use the fact that if 4 is a centered log-concave probability measure on R then

(2:3) | fulloo < € £,(0).

This is a result of Fradelizi from [I7]. Note that if K is a convex body in R™ then the Brunn-Minkowski
inequality implies that the indicator function 1 of K is the density of a log-concave measure, the Lebesgue
measure on K.

If 1 is a log-concave measure on R™ with density f,, we define the isotropic constant of 1 by

(e Su(®)\ n
L, = (W) [det Cov(p)]2m,

where Cov(u) is the covariance matrix of p with entries
Cov(p)s; = f]R" z;xj fru(x) dx B fR" zi fu(z) dx fRn z; fu() dx‘
! Jan fu(@) da Jon fu(@)dz [ fu() da

We say that a log-concave probability measure p on R™ is isotropic if it is centered and Cov(u) = I,,, where

1/n
0o

I,, is the identity n x n matrix. In this case, L, = || fu||ct . For every p there exists an invertible affine
transformation T such that the push forward T,u of p defined by T.u(B) = u(T~(B)) for every Borel
subset B of R" is isotropic. The hyperplane conjecture asks if there exists an absolute constant C' > 0 such
that
Ly, :=max{L, : p is an isotropic log-concave probability measure on R"} < C

for all n > 1. Bourgain [§] established the upper bound L,, < ¢/nlnn; later, Klartag, in [26], improved this
estimate to L, < ¢¢/n. In a breakthrough work, Chen [I4] proved that for any e > 0 there exists ng(e) € N
such that L, < nf for every n > ng(g). Subsequently, Klartag and Lehec [29] showed that L, < c(Inn)?,
and very recently Klartag [28] achieved the best known bound L, < ¢v/Inn.

Let i be a centered log-concave probability measure on R™. The logarithmic Laplace transform of p is

the function
M@ = ([ e, )

It is easy to check that A, is convex and A,(0) = 0. Since bar(u) = 0, Jensen’s inequality shows that
A,(€) = 0 for all & One can also check that the set A(p) = {A, < oo} is open and A, is C*° and strictly
convex on A(u). The Legendre transform of A, defined by

Aj(x) = s {2, &) = Au(©)}

6



is called the Cramér transform of p and plays a crucial role in the theory of large deviations (see [I5]). For
every t > 0 we also define the convex set

Bi(p) :={z € R" : A} (z) < t}.

A second important family of convex bodies associated to any log-concave probability measure p on R™ is
the family of Ls-centroid bodies Z;(u). For every t > 1 the body Z;(p) is the convex body with support

function
1/t
B (4) = ( / |<x,y>|tdu(:c)> .

Note that Z;(u) is always centrally symmetric, and Zy(Twp) = T(Zi(p)) for every T € GL(n) and t > 1.
A centered log-concave probability measure p is isotropic if and only if Zs(u) = B%. Paouris (see [12
Theorem 5.1.17]) established upper bounds for the volume of the L;-centroid bodies of isotropic log-concave
probability measures.

Theorem 2.1. If u is a centered log-concave probability measure on R™, then for every 2 <t < n we have
that

|Z:(1)| V™ < ev/t/nldet Cov ()27,
where ¢ > 0 is an absolute constant. In particular, if p is isotropic then |Zt(/t)|1/" < c\/% forall2 <t <n.

A variant of the L;-centroid bodies of i is defined as follows. For every ¢ > 1 we consider the convex
body Z;" (1) with support function

hyt (W) = (2 /R ) <w,y>ifﬂ(x)d:c>1/t,

where a; = max{a,0}. When f, is even, it is clear that Z; (1) = Z;(u). In any case, we easily verify that
Z () € 24 Z,(1). Moreover, if p is isotropic then Zj (1) D c¢Bj for an absolute constant ¢ > 0. One can
also check that if 1 < ¢ < s then

1
s

()

The right-hand side inequality gives

(2.4) E,u(2<zaf>3_t) = [hzgrt(#) (5)]% < Czt[hzj(#) (f)]% = CQt[Eu(2<Zaf>3-)]2»

1
s

1
2¢ — 2\t = s
ZH () € ZFH(p) C e ( . ) S 24 ()

for all £ € S"~1, where C' > 1 is an absolute constant. For a proof of all these claims see [22].
The next proposition compares B;(u) with Z;(u) (for a proof see [12, Proposition 15.3.7]).

Proposition 2.2. Let u be a centered log-concave probability measure on R™. Then, for any t > 2 we have
Bi(p) € cZi(p)
where ¢ > 0 s an absolute constant.

Finally, if p is a log-concave probability measure on R™ then, for every ¢ > 0, we define

Kio) = K = {o e v s [T gy ar > 2O

From the definition it follows that the radial function of K;(u) is given by

(2.5) 0K, (n)(T) = <ful(0> /OOO tr'=1 f,(rz) dr)l/t

7



for  # 0. The bodies K;(u) were introduced by K. Ball [2] who also established their convexity. If p is
additionally assumed centered then, for every 0 < ¢ < s,

T(t+ 1)

2.6 LKy (1) € Ki(p) C eF 5 KL ().
(2.6) Tt )t (1) C Ki(pn) < (1)
A proof is given in [I2] Proposition 2.5.7]. It is easily checked that

(2.7) KalDIp0) = [ Sulo)ds =1

(see e.g. [12 Lemma 2.5.6]) and then we can use the inclusions (2.6) in order to estimate the volume of
K(p). For every t > 0 we have

n+t
pa

_ 141 141
(2.8) e < fu(0)7 T [ K () 717 < e

We are mainly interested in the convex body K, 11(1). We shall use the fact that K,,;1(p) is centered (see
[12, Proposition 2.5.3 (v)]) and that

(2.9) SuO) i (p)] = 1.

The last estimate follows immediately from and ( .
We conclude this section with some bamc facts about k-concave measures. Given k € [—o0,1/n] we say
that a measure p on R™ is k-concave if

(2.10) i((1 = NA+AB) > (1 - Nu(A) + A (B)) V"

for all compact subsets A, B of R™ with p(A)u(B) > 0 and all A € (0,1). The limiting cases are defined
appropriately. For x = 0 the right hand side in becomes p(A)*~*u(B)* (therefore, 0-concave measures
are the log-concave measures). In the case Kk = —oo the right hand side in becomes min{u(A), u(B)}.
Note that if p is k-concave and k1 < k then p is k1-concave.

Next, let v € [—00,00]. A function f : R™ — [0,00) is called y-concave if

FIL =Nz +Xy) = (1= N (@) + A ()Y

for all z,y € R™ with f(z)f(y) > 0 and all A € (0,1). Again, we define the cases v = 0, +00 appropriately.
Borell [7] studied the relation between k-concave probability measures and 7-concave functions and showed
that if p is a measure on R™ and the affine subspace F' spanned by the support supp(p) of 1 has dimension
dim(F) = n then for every —oo < k < 1/n we have that p is k-concave if and only if it has a non-negative
density ¢ € L (R™,dx) and ¢ is y-concave, where v = %~ € [~1/n, +00).

We refer to Schneider’s book [38] for basic facts from the Brunn-Minkowski theory and to the book [I]
for basic facts from asymptotic convex geometry. We also refer to [12] for more information on isotropic

convex bodies and log-concave probability measures.

3 Tukey’s half-space depth

Let u be a probability measure on R™. For any « € R™ we denote by H(x) the set of all half-spaces H of R"
containing x. The function

pu(@) = inf{u(H) : H € H(x)}

is called Tukey’s half-space depth. Tukey introduced the half-space depth for data sets in [40] as a measure
of centrality for multivariate data that enables efficient visualization of random samples (some form of this
notion had appeared in [23]). The term “depth” also comes from Tukey’s article. The survey article of Nagy,



Schiitt and Werner [31] provides an overview of this topic, with an emphasis on its connections with convex
geometry, and many references.

Tukey’s half-space depth plays a key role in the study of the problem that we address in these notes. In
this section we prove the basic results that we need, starting with estimates for the expectation

Bu(e) = [ oula) dn(o)

of ¢, with respect to u. The question to provide an upper bound for this quantity was asked in [30] in
connection with stochastic separability and applications to machine learning and error-correction mechanisms
in artificial intelligence systems; motivation is given in [2I] and in the references therein. More precisely,
it was asked if there exists an absolute constant ¢ € (0,1) such that E,(¢,) < ¢" for all n > 1 and all
log-concave probability measures p on R™. The next theorem from [10] provides an affirmative answer (up
to a Inn-term).

Theorem 3.1. Let p1 be a log-concave probability measure on R™, n > ng. Then, E,(¢,) < exp (—cn/Li)
where L,, is the isotropic constant of u and ¢ > 0, ng € N are absolute constants.

We shall use the next basic (and simple) lemma that generalizes Lemma

Lemma 3.2. Let p be a Borel probability measure on R™. For every x € R"™ we have ¢, (z) < exp(—A}(7)).
In particular, for any t > 0 and for all x ¢ By(p) we have that v, (x) < exp(—t).

Proof. Let x € R™. For any £ € R™ the half-space {z : (z — z,£) > 0} is in H(z), therefore
ou(@) < u{z: (2,6) = (€,6)}) e WIE, (™) = exp (— [(2,€) — Au(€)]),

and taking the infimum over all £ € R™ we see that ¢, (r) < exp(—Aj (7)), as claimed. O

Proof of Theorem[3.1l The quantity E,(¢,,) is affinely invariant and hence for the proof of Theorem we
may assume that p is isotropic. Using Lemma [3.2] we write

/Rn ou(x) dp(z) </ e M) £ () da = / (/Aoo(x) e—tdt> fula)da

Rﬂ.
= ; e’t/Rn ]lBt(“)(x)f#(x)dxdt:/O e (B (p)) dt.

Fix b € (2/n,1/2] that will be specified in the end. Since p(B:(1)) < 1 and also p(Bi(1)) < || fulloo|Be(1)]
for all ¢ > 0, we may write

&S] bn
| @ ntey < [ ety + 10 [ e B0l

n

) 2 bn
g/ et dt+LZ/ e*t|Bt(ﬂ)|dt+Lg/ e | By(u)| dt
b 0 2

n

bn
<e "+ L7 By (p)| + LZ/ e " By(p)| dt.
2

Applying Proposition [2.2] and Theorem [2.1] we get
I Be(w)|M" < er Ze(u)M™ < ean/t/n

for all 2 <t < n, where c1,co > 0 are absolute constants. It is also known that L, > c3 where c3 > 0 is an
absolute constant (see [I12, Proposition 2.3.12] for a proof). So, we may assume that coL,, > V2. Choosing
bo :=1/(caL,)? < 1/2 we write

b()n

(t/n)V2e tdt = (chu)”/2 (t/n)2e"tdt,

bo’n

bgn
L /2 e~ By(w)] dt < 5L /2



and since byn < n/2 and the function ¢ — t"/2¢~ is increasing on [0,7n/2], we get
bon
(caL)" / e~ By ()] dt < (bom — 2) (e L) B 2e 0" — (bon — 2)etom.
2

Moreover, |By ()Y < ¢21/2/n, therefore
Ly Ba(n)| < (ealiy/m)"/? < ehom,

because C4Li/n < e 2 if n > ny. Combining the above we see that

./ ou(x) dp(z) < e 47" 4 (bogn — 2)e™ %" = byne 0",
and hence
[ eul@)du(e) < nexp (=n/(caL, )
which implies the result. O

The next theorem shows that, modulo the isotropic constant L,,, the exponential estimate of T heorem
is sharp.

Theorem 3.3. Let p be a log-concave probability measure on R™. Then,

/n ou(x)dp(x) = e ",

where ¢ > 0 is an absolute constant.

The proof is based on a number of observations. First, by the affine invariance of E,(¢,,), we may assume
that u is centered. As an application of the Paley-Zygmund inequality we obtain the next lemma.

Lemma 3.4. Lett > 1 and § € (0,1). For every x € 6Z, (n) we have that
pulz) = (1-0")?%/C,

where C1 > 1 is an absolute constant.

Proof. Let x € §Z;" (). It is enough to show that

(3.1) inf p({z € R : (2,€) > (z,€}) > (1-0")?/Cy

where the infimum is over all £ € S"~1 with (x,£) > 0, because if (z,€&) < 0 then Griinbaum’s lemma (see
12, Lemma 2.2.6]) implies that pe({z : (z —z,&) > 0}) > 1/e.
Since x € 67, (11), we have (z,¢) < 6th+(u) (¢) for any such € € S~ so it is enough to show that

(3.2) iz € R < (2,6) > hp ) (O)}) > (- 8Y7/CL.
We apply the Paley-Zygmund inequality
¢ 12 [E i
Mz 0l2) > BB > (1= 8 EEO

for the function g(z) = (2,€)%. From (2.4) we see that
E.(9°) < C1 [E,u(9))?

for some absolute constant C7 > 0, and the lemma follows. O

10



For every t > 1 we consider the convex set

Ri(p) ={z e R": fu(z) > eitfu(o)}-

Since f,, is log-concave, we easily check that R;(u) is convex. Note also that R(x) is bounded and 0 €
int (R ().

Lemma 3.5. For every t > 5n we have Ry(p) 2 coKpny1(p), where cg > 0 is an absolute constant.

Proof. Lett > 5n. For any £ € S"~! consider the log-concave function k : [0,00) — [0, 00) with h(t) = f,,(£€).
Klartag has proved in [27, Lemma 5.2] that

ORy () (&) 00
/ r”_lh(r)dr >(1- e_t/8)/ r”_lh(r)dr.
0 0

The definition of K, (u) gives
oo B 0 .
|t =20 )

n
and
Ry () (&) - ORy (1) (&) _— ||f||oo .
[ e <l [ 0t = Mg @)
0 0 n
Combining the above with the inequality || f|loc < €"f,(0) from (2.3) we get

e"[0R, () (O™ = (1 — e "®) ok, () (O]™

This shows that R;(1) D co K, (1), where ¢o > 0 is an absolute constant. From (2.6) we know that K, (1) ~
K, +1(p), and the lemma follows. O

We can also compare Z; (1) with K, 1(x) when t > 5n.
Lemma 3.6. For every t > 5n we have that Z," (1) D ¢y Ky 1(it), where ¢y > 0 is an absolute constant.

Proof. From Lemma [3.5| we know that coK, 1(i) € Ry(p) for all t > 5n, where ¢y > 0 is an absolute
constant. Let & € S"~! and set mg 1= heyk,, ., () (€) = cohk, () (§)- Define

Ag = coKns1(1) N {o: (2,) > me/2}.
Since K,,+1(p) is centered, one can check (see e.g. [25, Lemma 2.2] or [10, Proposition 4.1]) that
|[Ae| = [eo K1 (p)]/C"

for some absolute constant C' > ¢y. Moreover, if x € A¢ then z € Ry(p) and hence f,(z) = e~*f,(0). We
write

/n@’mdﬂ(@ > Aé(x,§>idu(x)

me

t m t /e n
> (S —t > e «Q .
> (%) RO > (55) (5) Ol (0
Using also the fact that (co/C)™ > (co/C)! because t > bn, we get
[ @84 dute) > (cxme) £ (O Ko,
where ¢; > 0 is an absolute constant. Finally, f,,(0)|K,+1(x)| = 1 by (2.9)), which implies that

hZ:r(/i) (f) 2 Comg = c6hK7L+1(M) (f)a

where ¢}, = cacp. O
0

11



Proof of Theorem[3.3] Combining Lemma [3.5] and Lemma [3.6] we see that

R (1) N Z35, (1) 2 e1 K1 (1)

for some absolute constant ¢; > 0. We apply Lemma with ¢ = 5n and 6 = % For every x € %Zg;(u) we
have

90#(517) >0

for some absolute constant C7 > 1. It follows that

[ euladuto) > €7 (524,0)
Then, by Lemma we have 375 (1) 2 $Kpq1(p). Since §Kpy1(p) C Rsn(p), we know that f,(z) >
e " f,(0) for all € $ K, 41(p). Using also (2.9)), we get

b (375,0) > 1 (LK () = / o )2 ) @ Ko ()]
2 Knt1(p

= ¢ (c1/2)" fu(0)| Kni1(p)] > e e}

Combining the above we conclude that
| su@dute) = crreneg = e,

for some absolute constant ¢ > 0. O

The half-space depth plays a key role in the study of the threshold problem. Let u be a log-concave
probability measure on R". Let Xi, X5, ... be independent random points in R™ distributed according to u
and for any N > n consider the random polytope Ky = conv{Xy,..., Xny}. We shall generalize Lemma
and Lemma in this setting. To this end, for every convex body A in R™ with 0 € int(A) we define

o (A) = suppu(e) and o (A) = inf pu(z).
g A TeA

Recall that Bi(p) = {v € R" : A},(v) < t}, where A}, is the Cramér transform of p.

Lemma 3.7. Let p be a log-concave probability measure on R™. For every convex body A in R™ and every
N > n we have that

B (0(KN)) < p(A) + Ny (A).
In particular, for every t > 0,
Eun ((Kn)) < p(Bi(p)) + N exp(—t).

Proof. We write
Ev(WKN)) =E,~ (u(En NA) +E v (u(KEn \ A) < u(A) +E, v (KN \ A)).

Arguing as in the proof of Lemma we see that pu? (:c € KN) < Ny, (z) for any « € R”. Then, Fubini’s
theorem shows that

E,~ (1(Kny \ 4)) = / 1w Kn)dp() < | Neu(@)du(e) < N (A).
Rn\ A R"\ A

The last claim follows if we set A = Bi(u) because, by Lemma ou(r) < exp(—A%(z)) < e for all
z ¢ Bi(p). 0

12



For the lower threshold we shall use the next lemma which is in the spirit of Lemma

Lemma 3.8. Let i be a log-concave probability measure on R™. For every convex body A in R™ and every
N > n we have that

S 2 A <2() )1 oo ()
Therefore,
B (1)) > () (1-2(7 ) (0 ().

Proof. Note that, with probability equal to 1 the random polytope Ky has non-empty interior. For every
subset J = {j1,...,jn} of {1,..., N}, of cardinality n, note that X;,,..., X, are affinely independent with
probability 1, and define the event L ; as follows: for one of the two closed half-spaces Hy, Hs they determine,
say H;, we have simultaneously Ky C H; and M(R" \ Hi) > p_(A).

If A ¢ Ky, then there exists © € 9(A) \ Kn. Since ¢ Ky, there exists a facet F' of Ky with the
following property: one of the two closed half-spaces H; and Hs determined by F' contains Ky but does not
contain z. Thus, if H; is this half-space, we have simultaneously Ky C H; and pu(R™\ H;) > ¢, (z) > ¢_(A).
Since the hyperplane bounding H; is determined by some affinely independent vertices X, ,..., X, of Ky
which lie in F', this shows that

{AZ Ky} C ULJ.
J

It follows that

Prob(A ¢ Ky) ZProb Lj)= ( )Prob( ",

where L' := Ly 5. It is not hard to see that
Prob(L') < 2(1 — ¢_(A)N "

Indeed, Xq,...

X, determme two closed half-spaces H; = H;(X1,...,X,), i = 1,2. Let L be the event
that u(R" \ H) >

@—(A). Then, with Exp denoting expectation with respect to the measure Prob,
2
Prob(L') < ZProb({XnH, ., XyeH}nLY)

2
= Exp(Prob({Xn41,..., Xy € Hi} | X1,..., Xn)11:)
i=1

< (1= ()" 3" Prob(LY)

The second claim of the lemma follows from Markov’s inequality. O

4 Rough upper and lower thresholds

Rough upper and lower thresholds were obtained by Chakraborti, Tkocz and Vritsiou in [13] for some
general families of distributions. If p is an even log-concave probability measure supported on a convex
body K in R™ and if X5, Xs,... are independent random points distributed according to u, then for any
n < N < exp(cin/L:) we have that

Ex~(IEnD) _

T4 < exp ( czn/Li) ,

13



where cq, co > 0 are absolute constants.

We shall describe a variant of this result for log-concave probability measures. We consider independent
random points Xi, Xo,... in R™ distributed according to a log-concave probability measure p and the
expectation E,~[pu(Kn)] of the p-measure of Ky. Recall that if T : R" — R™ is an invertible affine
transformation and T, p is the push-forward of p then

B v [(Tep) (Kn)) = Epun [n(Kn)]-
So, we may assume that p is isotropic.

Theorem 4.1. Let p be an isotropic log-concave probability measure on R™, n > ng. For any N <
exp(cin/L%) we have that

E,~ (u(Kn)) < 2exp (—ean/L)

where ¢1,co > 0 and ng € N are absolute constants.

Proof. Using the estimate u(By (1)) < || fulloo| Bt ()], Proposition 2.2 and Theorem 2.1} from Lemma [3.7) we
get

By (u(K)) < (el full L7 /e/n) "+ N exp(—t)

for every N > n and 2 < t < n. Recall that p is isotropic, therefore \|f#||§£” = L2 = O(lnn). Then, if

n = ng where ng € N is an absolute constant, we see that ¢ := (616)_2n/||fu||go/n satisfies 2 < t < n and

(crl i v/erm) " < e

It follows that
E,~ (u(Kn)) < e ™+ Nexp(—con/|| f.]|2"™),

m
where ¢y = (c1e) 2. Then, if N < eXp(Cng/HfMHgén) where ¢35 = ¢3/2, we see that

Eyv (p(Kn)) < e + exp(—can/| full32")

and the result follows from the fact that ||f#||§é" =L >c O

2
”w

We pass now to the lower threshold. It was proved in [I3] that if 4 is an even k-concave measure on
R™ with 0 < k < 1/n, supported on a convex body K in R™, if X;, X,,... are independent random points
in R™ distributed according to g and Ky = conv{Xj,..., Xy} as before, then for any M > C and any
N > exp (£(Inn + 2In M)) we have that

Eu”(lKN|)

(4.1) X

1
2 1- M7
where C' > 0 is an absolute constant.
Since the family of log-concave probability measures corresponds to the case k = 0, it is natural to ask
for analogues of this result for 0-concave, i.e. log-concave, probability measures. In order to have a feeling,

we should note that in the case where X7, X5, ... are uniformly distributed in the Euclidean unit ball the
sharp threshold for the problem (see [35] and []) is

exp ((1+e)jnlnn), e>0.

We shall establish a weak lower threshold of this order.

14



Theorem 4.2. Let § € (0,1). Then,

iﬂf (inf {EMN (1((1+8)Kn)] : N > exp (C5* ln(2/6)nlnn)}> —1

as n — 0o, where the first infimum is over all centered log-concave probability measures p on R™ and C > 0
is an absolute constant.

This is a weak threshold in the sense that we consider the expected measure of (1+0) K instead of Ky,
where § > 0 is arbitrarily small. The reason for this is the dependence on § in the next technical proposition
(we omit the proof; see [10, Proposition 5.6] for the details).

Proposition 4.3. Let u be an isotropic log-concave probability measure on R™. For any 6 € (0,1) and any
t > Csnlnn we have that
W(L+6)Z, () =1 — e

where Cs = C5~11n (2/6) and cs = ¢§ are positive constants depending only on §.

Proof of Theorem[£.2] Let 0 < § < 1 and set € = §/3. Let u be a centered log-concave probability measure
on R™. Since the expectation E,~ [u((l +0)K N)] is a linearly invariant quantity, we may assume that p is
isotropic. From Lemma [3.4] we know that for every € (1 — ¢)Z;" (1) we have

(1-(1-9)"
oulz) > o

where C; > 1 is an absolute constant. Then, taking into account the fact that 1 —e > 2/3, we get

V(K 2 (1= 9)Zf (1) > 1- 2(11) {1 - wrn

By the mean value theorem we have 1 — (1 —¢)! = tez*~! for some z € (1 —¢,1), and hence 1 — (1 —¢)! >
te(1 — e)t~1. Taking also into account the fact that 1 —e > 2/3, we get

,uN(KN o (1 fg)zj(ﬂ)) 51 2(?{) {1 - Wr-n

o (5 o)

(4.2) (3C1)'nIn(4eN/n) < (N — n)(te)?,

This last quantity tends to 1 as n — oo if

and assuming that § € (1/n2,1) and t > Ccnlnn where C. is the constant from Proposition we check
that (4.2)) holds true if N > exp(Cat) for a large enough absolute constant Cy > 0.
Note that ¢ = §/3 implies that 1+ & > 1££. Then, if N > exp(C2C.nlnn) we see that

B b (14 00 > By | (12w )| 2 0+ 2020 () x4 (K 2 (1= 9217 )
> (1 _ e—c€t> [1 — (2enN>”eXp (—(N —n) (gfézjtﬂ —1
as n — oo. O

The next theorem provides an estimate where “d is removed”, however the dependence on n becomes
worse.
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Theorem 4.4. There exists an absolute constant C > 0 such that

iﬂf (inf {E#N [W(KN)] : N = exp(C(nlnn)Qu(n))}) —1

as n — oo, where the first infimum is over all log-concave probability measures u on R™ and u(n) is any
function with u(n) — oo as n — oo.

Proof. Let u be a log-concave probability measure on R". Since the expectation E,~ [M(K N)] is an affinely
invariant quantity, we may assume that p is centered. Note that if A C R™ is a Borel set, then

u(+5)4) = |

(146)A

ful@)dz = (1+6)" /A Fu((1+ 8)2) da.

Since f,, is log-concave, we see that

Ful(146)2) < () (f““”)f < e, (@)
8 SO T
for every € R", because f,(x) < " f,(0) by (2.3). It follows that
(43) B((1+ ) 4) < (1+6)7e pu(4) < 5 u(A).

Given a function u(n) with u(n) — oo as n — oo, choose &, = (nu(n))~!. From (4.3) we see that
E,~ [W(EKN)]| = e 2 E,w [n((1 + 6,)Kn)].

Therefore, we see that

inf (inf {Bux [1(n)] 5 N > exp (€5, n (2/8,) ninn) })

> e 200 inf (inf {E#N (1((L+6,)Kn)] : N > exp (C6, ' In(2/6,) nlnn) }) —1
o

as n — oo, using Theorem and the fact that e=2"% = ¢=2/4(") 5 1. We may clearly assume that
u(n) = O(n). Then,

6.1 (2/6,) ninn = n? InnIn(2nu(n))u(n) ~ (nlnn)?u(n),

and the result follows. O

5 Comparing half-space depth with the Cramér transform

Let u be a centered log-concave probability measure on R"™ with density f := f,. Recall that for every ¢t > 0
we consider the convex set By(u) := {x € R" : A};(x) < t}, and for any z € R" we denote by H(z) the set of
all half-spaces H of R" containing x and consider Tukey’s half-space depth ¢, (z) = inf{u(H) : H € H(z)}.
In Lemma we showed that for every x € R" we have ¢, (x) < exp(—AJ, (7)), which implies that

o (Bi(p) <e™

for any ¢ > 0. Our aim in this section is to obtain a lower bound for ¢_(B;(1)), or equivalently for ¢, (z)
when x € By(u). First, we consider the case where y = pg is the uniform measure on a centered convex
body K of volume 1 in R", and prove the following.

Theorem 5.1. Let K be a centered convex body of volume 1 in R™. Then, for every t > 0 we have that
. 1
inf{p,,(z) 7 € Bi(ux)} > 10 exp(—t — 2y/n).
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The first part of the argument works for any centered log-concave probability measure p with density f
on R™. For every £ € R™ we define the probability measure p¢ with density

fg(Z) — efAu(5)+<5’Z>f(Z).

One can compute that the barycenter of p¢ is = VA, (§) and Cov(iug) = Hess (A,)(€) (a proof is given in
[12] Proposition 7.2.1]). Next, we set

O'g = /n<z — x,&)%dpe(2) = Vary, (£, 2)).

Let t > 0. Since By(u) is convex, in order to give a lower bound for inf{y,(z) : x € By(n)} it suffices to give
a lower bound for p(H), where H is any closed half-space whose bounding hyperplane supports Bi(u). In
that case,

(5.1) u(H) = p({z: (z —2,€) = 0})

for some z € O(B()), with § = VA (z), or equivalently z = VA, ({) (see e.g. Theorem 23.5 and Corol-
lary 23.5.1 in [36]). Note that

(5.2) p({z:(z =2, >0}) = /]R Ljo,00) ({z = 2,)) f(2) dz
— Au(® /Rn 1jo.00) ({2 — z,6))e™ 8 dpe(2)
= P& (@0 /Rn Lj0,00) ({2 = $7§>)€_<2_$’€> dpe(2)

267/\‘*‘(1)/ Ugefogtlug({zzog <z—x,f> <J£t})dt.
0

Using Markov’s inequality we check that pe({z : (z — #,£) > 20¢}) < 1, and since x is the barycenter of y,

from Griinbaum’s lemma (see [I2, Lemma 2.2.6]) we get that pe({z : (z — 2,£) > 0}) > 1. Therefore,
>~ —o¢t * —o¢t 1 1 4—e —20,
(5.3) oee 7 ue({z: 0 < (2 —2,8) < oet})dt > oge % | - — — | dt > ——e7 %
0 9 e 4 4e
We would like to have an upper bound for sup, o¢. This is the point where we need to restrict ourselves to
the case where u = pg is the uniform measure on a centered convex body K of volume 1 on R™: then, we

can exploit a theorem of Nguyen [33] which was proved independently by Wang [42] (the sketch of its proof
below follows [18]).

Theorem 5.2. Let v be a log-concave probability measure on R™ with density g = exp(—p), where p : R™ —
(—o00,00] is a convex function. Then,
Var, (p) < n.

Sketch of the proof. Note that

Var, ) = Vig) o= [ otmo ([ ams)

Define F : (0,00) = R with F(s) = In ([3. ¢°(z) dz). A careful computation of F”'(s) and V(gs) shows that
F"(s) = V(gs)/s%, where g is the log-concave density

S

9o = 2
° Jon 9°
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Next, observe that the function w : R™ x (0,00) — (—o00,00] with w(z,s) = s¢(z/s) is convex. It follows
that the function G : (0,00) — R defined by

G(s) = s" / g(@)da

is log-concave. In order to check this, one can make the change of variables = z/s and use the convexity
of w as well as the fact that marginals of a log-concave measure are log-concave, therefore they have a log-
concave density. This implies that V(gs) < n for every s > 0. To see this, note that InG(s) = nlns + F(s)
and differentiate twice. In particular, for s = 1, we get V(g) < n.

In the case where g = e™P as above, and p is positively homogeneous of degree 1. one can check that
G(s) =1 for all s > 0, and hence V(gs) = n. In particular, we have that V(g) = n, which shows that the
inequality of the theorem is sharp. O

Proof of Theorem[5.1] Set p := pug. Since f(z) = Lk (2), the density fe of ue is proportional to &M g (2).
From Theorem [5.2] we get

ag =E, ({(z - x,€))? = Var, ((§,2)) = Var, (—In f¢) < n.
Then, combining (5.1)), (5.2]) and (5.3)), for any bounding hyperplane H of B;(u) we have

W(H) > e M@ / e~ e (0 < (2 — 2, ) < ogt) di
0

4—e

>
7 de

e Mul@)—20e > 1—10 exp(—t — 2v/n),
as claimed. O
Theorem shows that if K is a centered convex body of volume 1 in R" then
10, (2) > exp(—A%, (&) — 2v/7)

for all x € R™. Setting

1
(5.4) Wy () =1n <>
e L)OMK ($>
and taking into account Lemma we have the next two-sided estimate.

Corollary 5.3. Let K be a centered convex body of volume 1 in R™. Then, for every x € int(K) we have
that

(5.5) Wpre (1) = 5V < AL (2) < Wy ().

A basic question that arises is whether an analogue of holds true for any centered log-concave
probability measure g on R™. This would allow us to apply the next steps of our procedure to all log-concave
probability measures. Brazitikos and Chasapis [9] have recently obtained such a variant of Theorem [5.1
which is valid in this more general setting.

Theorem 5.4. Let p be a log-concave probability measure on R™. For every x € supp(u) and any € € (0,1)

we have that
1 4l ( € >
—_ n(——J».
eulT) 21-¢

AL(z) 2 (1—¢)ln (
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Sketch of the proof. We start with the case n = 1. Note that ¢, (y) = min{u((—o0,y]), u([y, 00))} is a log-
concave function. Then, the function g(y) = —(1 — ¢)Ing,(y) is convex, and hence we may find t,b € R
such that the £(y) = ty + b satisfies £(z) = g(x) and £(y) < g(y) for all y. Then, E,(e/®) < E,(e9W)), or
equivalently —In (E,(e9®))) < —In (E,(e“¥))) = —b — A,,(t). Since £(z) = b(z), we see that

g(z) —In (Eu(eg(y))) <U(w) —b—Au(t) = ot — Au(t) < A (2).

Finally, one can check that E(p,(y)*™1) < (€2°71)~1, which implies that

—In (Eu(eg(y))) = —In(Eu(4u(y)°"")) = In (zis)

and the claim follows.

Next, assume that n > 1. If X is a random vector in R™ which is distributed according to u, for any
¢ € S"~! consider the random variable £ x = (X, £). Then, the distribution ¢ of £x is log-concave and from
the one-dimensional result we see that

A ((2,6) > (1-2)In <M> +1n (216_5)

for all x € R™. We observe that, for any = € R™,

Aj(z) = sup ((z,y) —Au(y) =  sup  (Hz,€) — A (1) = sup Aj ((x,€)).
yER™ (&,t)eSn—1xR gesn—1
Since
e
sup - = : _ 7
gesn-1 \Pue((2,6)) infeegn-1 p({z: (2,6) 2 (2,6)}) Pu(x)
combining the above we obtain the result. O

Note. The inequality of Theorem can be rewritten as @, ()7 > (¢/2'7%)e 2@ which gives

€

(5.6) [o-Buu))]' ™ 2 gre

for all € € (0,1). This last inequality, which is valid for all log-concave probability measures, may be viewed
as a substitute of the estimate in Theorem [E.1l

6 Moments of the Cramér transform

Our approach to the threshold problem for a given centered log-concave probability measure p on R™ requires
to know that the Cramér transform Aj, has finite variance. We can give an affirmative answer to this question
in the case where p = pug is the uniform measure on a centered convex body K of volume 1 in R™. Actually,
one can show that, for a more general class of measures, it is still true that A}, has finite moments of all
orders.

Theorem 6.1. Let K be a centered convex body of volume 1 in R™. Let r € (0,1/n] and let u be a centered
K-concave probability measure with supp(p) = K. Then,

/" exp(ky,(7)/2) du(x) < oo.

In particular, for all p > 1 we have that ]EM((AZ(QS))[)) < 0.

For the proof we need a lemma, which is proved in [I3] Lemma 7] in the symmetric case.
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Lemma 6.2. Let K be a centered convez body of volume 1 in R™. Let k € (0,1/n] and let u be a centered
k-concave probability measure with supp(u) = K. Then,

(6.1) pul@) = e Rl — ||zf|x) /"
for every x € K, where ||z|| i is the Minkowski functional of K.

Sketch of the proof. Let X be a random vector distributed according to u. Given § € S"~ ! let b = hg(6)

K

and a = hg(—0). If go is the density of (X,6) then g,™" is concave on [—a,b], therefore

N\ R
go(t) = go(0) (1 - b)
for all ¢t € [0,0]. It follows that, for every 0 < s < b,

R0 > 9= [ iz a0 [ (1- Z) at =0 (1)

Note that gy is a centered log-concave density. Therefore, go(0) = e !|golloo by (2.3) and | gollocd =
P((X,0) > 0) > e~! by Griinbaum’s lemma [12, Lemma 2.2.6], which implies that go(0)b > e=2. It follows
that

P((X,0) > 5) = /:gg(t) dt > e 2k (1 - %)7 .

Now, let x € K. Then (x,0) < ||z||xkhk(0) = ||x|| kb, therefore
1
P((X,0) > (z,0)) > P((X,0) > lzllxb) > ek (1 — |l2]lx)*
as claimed. ]

Proof of Theorem[6.1} From Lemma [3.2] we know that ¢, (z) < exp(—A;(z)), or equivalently,

exp(rA7,(2)/2) < () "2
for all z € K. Lemma shows that

ul@) > e 2R(1 — |lzf|x) "

for every = € K, and hence

<o kA* (z T 62 P K/2 ; x).
[ el @)/ duta) < (/" | )

Recall that the cone probability measure vx on the boundary 9(K) of a convex body K with 0 € int(K) is
defined by
v (B) =|{rz:x € B,0<r < 1}|/|K]

for all Borel subsets B of J(K). We shall use the identity

/Rn g(z) dz = n|K| /OOO pn1 /B(K)g(m) dvge(2) dr
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which holds for every integrable function g : R™ — R (see [32, Proposition 1]). Let f denote the density of
pwon K. We write

1 R
J e = [ gt
:n\K|/ " 1/8(K) 1— |Ty||K)1/211 K (ry) dvic (y) dr

i [ | o S ) dn

1 n—1
r
< n|K 0o dr =n|K|B(n,1/2 0o <V flloe < +o0,
‘ |Hf|| /0 1—r | | ( /)Hf” \fo”

and the proof is complete. O

In the case of the uniform measure u = px on a centered convex body K of volume 1 in R™ we see that

| i@)/zn)de < (cp [ exp(a, (0)/2m)di < ez v
K K

where cq,co > 0 are absolute constants. This shows that

A [l Lruiey < epn' ™20

for all p > 1. However, the argument that we used for Theorem [6.1] leads to sharp estimates in the cases
p = 1,2. We shall use the fact that

! 1 ! ) 1 1.1
(6.2) /Or"_lln(l—r)dr:—ﬁHn and /Or"_lln (l_r)dr:HH?‘_‘_ﬁ;ﬁ’

whereHn:1+%+...+l.

n

Theorem 6.3. Let K be a centered convex body of volume 1 in R™, n > 2. Let k € (0,1/n] and let p be a
centered Kk-concave probability measure with supp(u) = K. Then,

E. (A7) < (Eu[(A})%)
where ¢ > 0 is an absolute constant and f is the density of .

Proof. As in the proof of Theorem [6.1] we write

[ i < (S )

If f is the density of p on K and v is the cone measure of K, using the inequality In?(ab) < 2(In* a +1n? b)
where a,b > 0, we may write

s o () e = ()

[ rww? <(1> 1y (z) da

1= ||l| ) /=

n|K|/ e 1/ F(ry) I’ (U—HT;HKW) L (ry) dvic (y) dr

n

- / PP =) [ fry) dv () dr
0 A(K)

H2

1/2 clnn

— 1%,

N

1

n _

—2||f||oo/ r’ 1ln2(1—7")dr.
K 0
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Since 1 < [, f(z) dz < || f|lo0, using also (6.2)) we get

on (1 11 2
/K (A5.(@))” du(e) < (nHﬁ - k2> I£lloc + 21n* <Z>
k=1

4H? c1ln®n
< ( 12 +21n2(e2/1€)) ||f||oo < T”fHOO?

where ¢; > 0 is an absolute constant. O
In fact, for the uniform measure on a convex body, we can summarize in a sharp two sided estimate.
Theorem 6.4. Let K be a centered convex body of volume 1 in R™, n > 2. Then,
cln/LiK <Az ) S NA 22 (ug) < canlnm,

where L, is the isotropic constant of the uniform measure px on K and ci,ca > 0 are absolute constants.

Proof. For the left-hand side inequality recall that in Theorem we saw that

/n ou(x) dp(x) < exp (—cn/Li) ,

where ¢ > 0 is an absolute constant. In fact, the proof of this estimate starts with Lemma |3.2] and follows
from the next stronger result: If n > ng then

/n exp(—Aj,(z)) du(z) < exp (—cn/LZ)

where L,, is the isotropic constant of ;1 and ¢ > 0, ng € N are absolute constants. Then, Jensen’s inequality
implies that

e Bu(M) < / exp(—Aj,(z)) du(z) < exp (—cn/Li)
and the result follows. O

Both the lower and the upper bound are of optimal order with respect to the dimension. This can be
seen e.g. from the example of the uniform measure on the cube or the Euclidean ball, respectively.

An alternative approach to the question of moments of A}, may be based on the notion of affine surface
area. Let K be a convex body in R™. The affine surface area of K is the quantity

as(K) = /3(1() ﬁ(m)%ﬂdua(m(m),

where () is the generalized Gauss-Kronecker curvature at x and py(x is the surface measure on 9(K) (see
[31] and the references therein). The affine surface area of a Euclidean ball of radius 1 is equal to its surface
area and the affine surface area of all polytopes is equal to 0. The affine isoperimetric inequality states that

(aS(K) )YL"l‘l _ ( |K| )n—l

as(B3) NER

with equality if and only if K is an ellipsoid (see [38, Section 10.5]). Since as(B¥) = nw,, where w,, = |BY/|,
we see that if | K| = |B%| then as(K) < as(B%). Thus, if |K| =1 then

as(K) < c1v/n.
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For every ¢ € (0,1/2) we define the floating body
K5 = ﬂ{H"‘ : H" is a closed half-space with |[K N H™| = §},
where H ™~ is the complementary half-space of H*. We also define
Ts={z € K:p,,(x) >}

Note that Ty is convex: if z,y € Ty then for any z € [z,y] and any H € H(z) we have that either z or y
belongs to H, and hence |K N H| > 0, therefore ¢, () > ¢, In fact, it is not hard to show that

Ts = Ks.

Schiitt and Werner proved in [37] that for every convex body K in R™ one has that

2
K| - |Ks| 1 1\ #i
lim IK] — | K5] == (n—i—) as(K).

6—0 6% 2 Wn—1
In particular, if |K| = 1 then there exists dy > 0 such that if 0 < § < Jy then

1-— |K§| < ang/Q(S%‘H.

*

5 (7)) and hence, for any s > 0 we

We can exploit these results as follows. Recall that ¢, (z) < exp(—A
have that

exp(sAj,, (7)) < (Pux ()%
Then,

, S
/K exp(sAZ, (¢)) dz < /K BRI /O pic ({15, > 1)) dt

= /OOO p ({ e < 1/tY5}) dt = /00(1 — e (Tyn)n)) dt

0

= /00(1 — ILLK(Tt—l/s)) dt
0

Let tg = 0y °. Then,
oo oo 2
/ (1 — pur(Tp=1ss)) dt < 02n3/2/ t7 S dt < 400

to tO

2

provided that s < ==.

This proves the following.

2

Theorem 6.5. Let K be a convex body of volume 1 in R™. Then, for any 0 < s < N

/n exp(sA},, (7)) dp () < oo.

In particular, for all p > 1 we have that E,, ((AZK (2))P) < o0.

One can also obtain a generalization of this fact, with a similar argument, using results of Besau, Ludwig
and Werner on weighted floating bodies. More precisely, from [3, Theorem 1.1] it follows that the conclusion
of Theorem still holds if we replace ux by any probability measure with continuous and strictly positive
density v : K — (0,4+00). These ideas might prove useful in the study of the question for an arbitrary
log-concave probability measure.
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The next result concerns the one-dimensional case. Let u be a centered probability measure on R which

is absolutely continuous with respect to Lebesgue measure and consider a random variable X, on some
probability space (2, F, P), with distribution p, i.e., u(B) := P(X € B), B € B(R). We define

ay = ay(p) :=sup{z € R: p([z,00)) >0}) and a_ =a_(u):=sup{z € R: p((—o0, —x])) > 0}).

Thus, —a_, a4 are the endpoints of the support of p. Note that we may have ay = 4+o00. We define
I, = (—a_,a). Recall that

A (z) == sup{tz — A,(t): t € R}, z eR.

In fact, since tx — A, (t) < 0 for ¢ < 0 when = € [0,y ), we have that A} (z) = sup{tz — A,(t): t > 0}
in this case, and similarly A% (z) := sup{tz — A,(t): t < 0} when 2 € (—a_,0]. One can also check that
Ay (ax) = +o0o. See [20, Lemma 2.8] for the case ax < +00. In the case ax = +oo, the convexity and
monotonicity properties of A}, imply again that t_l}imoo Aj(t) = +oo.

Proposition 6.6. Let u be a centered probability measure on R which is absolutely continuous with respect
to Lebesgue measure and let I, = supp(p). Then,

[ exple)/2) dute) < 4.

“w

Proof. Let F(x) = p(—o0,z]. For any x € [0, ) and ¢ > 0 we have
min{F(z),1 - F(z)} = pu(z) < e @),

It follows that

AE@/20 (0 .
(63) e < | T

f(x)dx

T

1 1
g/}u 7?(3:)]0( >dx+/1u 7*1_F(x)f(x)dx.

Write f for the density of u with respect to Lebesgue measure. Then, (1 — F)'(x) = — f(x), which implies
that

ay 1 ot 1 , _ — xa+: —
/0 mf(a:)d:cg/o W(l—lf)(z)dx_ zm‘o 2,/1— F(0)

since F'(a4) = 1. In the same way we check that

0 1 0 1 ) o AT —o_ —
/a1_F(x)f(a:)dx</aI_F(x)(lF)(x)dx 2/T-F(o)|  =2-2/1- F(0).

This shows that
2.

1
I, s

In a similar way we obtain the same upper bound for the second summand in (6.3]) and the result follows. [

Proposition can be extended to products. Let p;, 1 < ¢ < n be centered probability measures on R,
all of them absolutely continuous with respect to Lebesgue measure. If i = p1 ® - - - @ u,, then Iy = [}, 1.,
and we can easily check that

Ax(z) = Z A% (2;)
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for all x = (x1,...,2,) € Iz, which implies that

\/I e H z)/2d‘u H (/ A (Iz /Qdul(xl)> < 4.

I3 =1

In particular, for all p > 1 we have that

/ (A% ()P dfi(z) < +oc.

I

We close this section with one more case where we can establish that Aj has finite moments of all
orders. We consider an arbitrary centered log-concave probability measure on R™ but we have to assume
that it satisfies some additional condition on the growth of its one-sided L;-centroid bodies Z;" (1); namely,
that the family of the one-sided L;-centroid bodies grows with some mild rate as ¢ — oo (note that the
assumption in the next proposition can be satisfied only for log-concave probability measures p with support
supp(y1) = R").

Proposition 6.7. Let u be a centered log-concave probability measure on R™. Assume that there exists an
increasing function g : [1,00) — [1,00) with limy . g(t)/In(t + 1) = +o0 such that Z; (1) 2 g(t)Z5 (n) for
all t > 2. Then,

/ AL (@) Pdp(z) < +oo
RTI,
for everyp > 1.

Proof. In Lemma [3.4| we saw that if ¢ > 1 then for every x € 2Z;" (1) we have

—cit

90;1,(55) ze )

where ¢; > 1 is an absolute constant. Since Ay (z) < In %@)7 this shows that A% (z) < eit for all 2 € § 2, ().
In other words,

1.
(6.4) 3250 € Bi(p),  t=c

Since lim;_, o g(t) = 400, there exists to > ¢; such that p (g(tOT/Cl)Z;(u)) > 2/3. From Borell’s lemma [12]
Lemma 2.4.5] we know that, for all ¢ > ¢,

olt/er) e
1 —,u< 9 Z;(/,L) <e 29(t/c1)/g(to/ 1)’

where ¢y > 0 is an absolute constant. We write
/R A (2)Pdp(x) = / Pt u({a s A () > t}) dt = p/ 71— p(By(p))) dt.
n 0 0
From (6.4) it follows that

1 t/c —c c c
- n(B) <1 (520,00 ) < 1= (LG22 ) < memntrenatioren

for all ¢t > to. Since lim;_,o, g(t)/In(t + 1) = 400, there exists ¢, > to such that

C2

(p - 1) hl(t) g 29(t0/01)

g(t/e1)
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for all t > t,. Assume that p > 2. Then, from the previous observations we get

p / T (1 - (B dt < p / Tt (1 g (1 2 () a

P

§p/ 12— gt :p/ =D 4t < .
t

P tp

This proves the result for p > 2 and then from Holder’s inequality it is clear that the assertion of the
proposition is also true for all p > 1. O

Note. Tt is not hard to construct examples of log-concave probability measures, even on the real line, for
which supp(p) = R™ but the assumption of Proposition is not satisfied. Consider for example a measure
won R with density f(xz) = ¢ exp(—) where 1 is an even convex function rapidly increasing to infinity,

e.g P(t)=e'.
However, this does not exclude the possibility that for every centered log-concave probability measure p
on R™ the function Aj, has finite second or higher moments.

7 Threshold for the measure: the approach and examples
Let p be a log-concave probability measure on R" such that [|A[[z2(,) < co. We define the parameter

- By = Var,, (A},)

We shall give a general estimate for the upper threshold g1 (i, ) in terms of B(u).

Theorem 7.1. Let 3,6 > 0 with 88 < 0 < 1. If p is a log-concave probability measure on R™ with S(u) = 0

and n/L?% > ca1n(2/6)\/6/B(p), then
E. (A7)
p—

01(1,8) > (1= V/85(1)/9)

Proof. Recall that By(u) = {z € R" : A, (x) < t}. We use Lemma3.7)in the following way. Let m := E,(A}).
Then, for all € € (0,1), from Chebyshev’s inequality we have that
E.|A;, — m|? _ B(u)

PN < m = emb) < p({IA; —ml > em}) < 22T = B,

Equivalently,
Bu)

€2’

:U'(B(l—a)m(/i)) <
Let 6 € (B(n),1). Since 88(u) < & < 1, choosing e = 1/25(u)/d we have that

1)
(B —eym(p)) < 3
Then, from Lemma [3.7] we see that

SUp{E,v (1(K)) - N < e 729} < (B oy () + el =2me ==

]
< 5 + e*éim < 5’
provided that em > In(2/6). Since m > ¢;n/L2, this condition is fatisﬁed if n/L2 > c31n(2/8)/6/B(n). By
the choice of € we conclude that g (u,d) > (1 - «/86(/1)/5) W. O

26



For the proof of the lower threshold we work in a similar way, using Lemma In the case of the
uniform measure on a convex body we obtain the next theorem.

Theorem 7.2. Let 5,0 > 0 with 28 < § < 1. If K is a centered convexr body of volume 1 in R™ with
Blur) =B and n/L% . > c21n(2/6)\/6/B then

02(pK,0) < (1 + \/W) W

Proof. Note that if m := [E,,(A},) then as before, for all ¢ € (0, 1), from Chebyshev’s inequality we have that

B(n)

g2’

If B(p) < 1/2 and 28(p) < § < 1 then, choosing € = 1/23(u)/d we have that

o

#Bateom(p)) 21 - 5.

H({AL > m+em}) < u{IAL — m]| > em}) <

Therefore, we will have that
02(p1,0) < (1 +2e)m/n

if our lower bound for inf,ep, .. () Pu(T) gives
N—n
N 0
7.2 2 1-— inf (@ < =
2 (n) ( st 1 )> 2

for all N > Ny := exp((1+2¢)m). Recall that in the case of the uniform measure on a centered convex body
of volume 1, Theorem shows that

1
in z) =2 —exp(—(1+e)m—2y/n).
wEB(HE)m(W)wK() 10 XP(=(1+¢) Vn)

We require that n and m are large enough so that 1/2" < /2 and 2/n < 5. Using also the fact that
(]X) <e ! (%)n we see that (7.2]) will be satisfied if we also have

2e N " _N-—n —(1+3¢/2)m
— ) e 10 <1
n

Setting 2 := N/n we see that this last is equivalent to

o(143/2)m r—1
101n(2ex)

One can now check that if N > exp((1 + 2¢)m) then all the restrictions are satisfied if we assume that

n/L2, > cIn(2/6)\/6/B(uK). O

For an arbitrary log-concave probability measure we can use the recent estimate ([5.6)) of Brazitikos and
Chasapis. Using this lower bound for ¢_ (B:(p)) instead of Theorem [5.1| we arrive at a similar conclusion.

Theorem 7.3. Let 3,6 > 0 with 1288 < 6 < 1. If n > no(3,0) then for any log-concave probability measure
w on R™ with () = B we have that

03(1,6) < (1+ev/B()/0) w

where ¢ > 0 is an absolute constant.
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From the discussion in this section it is clear that our approach is able to provide good bounds for the
threshold o(u,d) if the parameter S(u) is small, especially if (i) = 0,(1) as the dimension increases. We
illustrate this with a number of examples starting with the uniform measure on the cube. Let uc, be the
uniform measure on C,, = [—3, l] Since pc, = peo, @ -+ @ pe, we have

Var,. (A,

e, ) = nVar,. (A,

ney ) and EHCn (A;cn ) NCI (A* )

27e8

Therefore,
Va‘ruc" (A;;cn ) _ /B(lucl)

C (Bue, (A )2 n
as n — oo. Then, Theorem and Theorem show that for any ¢ € (0,1) there exists ng(d) such that,
for any n > ng,

— 0.

Bpc,

C
0) < ——,

where ¢ > 0 is an absolute constant. This estimate provides a sharp threshold for the measure of a random
polytope K with independent vertices uniformly distributed in C,. It provides a direct proof of the result
of Dyer, Fiiredi and McDiarmid in [16] with a stronger estimate for the “width of the threshold”.

Next, let is considzer the example of the standard n-dimensional Gaussian measure -y, with density
fon(z) = (2m)~"/2e~1217/2 2 € R™. Note that 7, = 71 ® - - ® 71, and hence we may argue as in the previous
example. We may also use direct computation to see that A, (£) = [£[*/2 for all ¢ € R™ and A% (z) = |z]*/2

for all 2 € R™. Tt follows that B;(,) = v/2tBY. We check that if z € O(B;(7,)) then

—u2/2du i —t
o2 (@ r/ NG

forall ¢ > 1 (see [24), p. 17] for a refined form of the lower bound that we use). By the standard concentration
estimate for the Euclidean norm with respect to «,, (see |41, Theorem 3.1.1]), for all s > 0 we have that

Y{z € R™ | |z| — /1 | = sv/n}) < 2exp(—cs®n),

where ¢ > 0 is an absolute constant. This shows that

max{7n((1 = 8)vnBy),1 = (1 + 5)vnB3)} < 2exp(—cs’n)

or every s € (0, rom Lemma we see that 01(vn,d) = 5 — ————, and applying Lemma [3.8| we
f 0,1). From L 3.7 h 6) > § — VI and applying L 3.8
ca4/1n(4/6)

get 02(Vn,0) < % + f Combining the above we get

C'\/In(4/3)
—

0(vn,0) <

where C' > 0 is an absolute constant.

Finally, we discuss the example of the uniform measure on the Euclidean ball. It was proved in [4] that
ife € (0,1) and Ky = conv{zy,...,zy} where z1,...,zy are random points independently and uniformly

chosen from Bj then
E|K 1
nli_{r;osup{ |B£LA|I| : N <exp ((1—5) (n; >lnn)}:O

.. ]E|KN| n+1 B
nhﬁn;(} mf{ Bl N > exp <(1 +¢€) <2> lnn>} =1.
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We shall obtain a similar conclusion with the approach of this work.
For any centered convex body K of volume 1 in R™ recall the definition of w,, =In(1/¢,, ) in (5.4) and
consider the parameter

_ VarMK (WMK )
(7:3) ") = T, ()

From (.5) we know that w,, (z) —5v/n < Aj, () < wy, (v) for every x € int(K). This allows us to compare
B(ux) with 7(uk); some simple calculations show that

(7.4) Blux) = (T(nx) + 0Ly, /vn)) (1+ O(L,. /Vn))

Note also that if K is a centered convex body in R™ and r > 0 then Ay , (z) = Aj (z/r) for all z € R",
where i,k is the uniform measure on 7K. It follows that

! N P Jc:L ¥ (x)|Pdx
i [ Wi @rde = o [ @

for every p > 0 and r > 0. This shows that if D,, is the centered Euclidean ball of volume 1 in R™ then in
order to compute ﬁ(an) it suffices to compute the ratio

@ fB; A*(x)?%dx
1 2

where A* := A7, =~ and, because of (7.4), it is enough to compute 7(upy). Set w := Wypy - Then, w(z) =

HBY

In(1/¢(z)) where p(x) = F(|z|),

B(pp,) +1=

1
Fo)=co [ 1-8)Fat re ol
and ¢, = 7~ Y/2T(2 + 1)/T(2). From [ Lemma 2.2] we know that

F(r)=(1~-1*)"= h(r,n),

where
(7.5) B S < h(r,n) < !
’ T V21T

2r(n+2)
for all r € (0,1]. We assume that n is even (the case where n is odd can be treated in a similar way). Using
polar coordinates we compute

1 ~n+1

7.6 — w(z)dr = H» +O(lnn
(76) g1 [, @@ e = "5 H + O(nn)
and
2
(7.7) L[ (w@rde =" g2 4 om),
|B3| Jpy 4 2

From (7.6)) and (7.7)) we finally get
7(upg) = O(1/(Inn)?).
Then, (7.4) and a simple computation show that

Blup,) = (r(usg) + OLE, . V) (14 O(L,, /vVn)) = O(1/(mn)?),
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because L, sy N 1. Finally, note that by the estimate (5.5 in Corollary W we have
E,, (A},) = 7|B"| w(z)dr + O(y/n) = 5 Hz + O(v/n)
21 JBp

as n — oo. Combining the above we see that 3(up,) = 0,(1) but o(up,,8) = O(1//9).
Note. The above discussion leaves open the following question: to estimate

Br = sup{B(uk) : K is a centered convex body of volume 1 in R"}
or, more generally,

Bn :=sup{B(n) : pis a centered log-concave probability measure on R"}.

8 Product measures

In [20] a threshold for E,~|Kx|/(2c)" was established for the case where X; have independent identically
distributed coordinates supported on a bounded interval, under some mild additional assumptions (see below
for a more precise description). This result was generalized by Pafis in [34] as follows. Let u be an even Borel
probability measure on the real line and let X1,..., X,, be independent and identically distributed random
variables, defined on some probability space ({2, F, P), each with distribution p. Consider the random vector

—

X = (Xy,...,X,) and, for a fixed N satisfying N > n, consider N independent copies )?1, . ,)ZN of X. The

distribution of X is p,, :== p#®--- @ p (n times) and the distribution of (X1,..., Xn) is puY =, @ -+ @ pt,

(N times). The goal is to obtain a sharp threshold for the expected u,-measure of the random polytope
Ky = conv{fl, o ,XN}.

Assume that p is non-degenerate, i.e. Var(X) > 0. Let

¥ =x"(u) :=sup{z € R: u([z,00)) > 0}

be the right endpoint of the support of p and set I, = (—z*,2*). Note that since p is non-degenerate and
even, we have that z* > 0. As usual, let

M, (t) :=E(e"¥) = /Retx du(z), teR

denote the moment generating function of X, and let A, (t) := In M,,(¢) be its logarithmic moment generating
function. Finally, consider the Legendre transform Aj, : I, — R of A,.
We say that p is admissible if it is non-degenerate, i.e. Var,(X) > 0, and satisfies the following conditions:

(i) There exists r > 0 such that ]E(etX) < oo for all t € (—r,r); in particular, X has finite moments of all
orders.

(ii) One of the following holds: (1) 2* < 400 and P(X = 2*) =0, or (2) 2* = 400 and {A, < oo} =R,
or (3) z* = 400, {A, < oo} is bounded and p is log-concave.

Finally, we say that p satisfies the A*-condition if

g 020,29

=1.

Theorem 8.1. Let pu be an admissible even probability measure on R that satisfies the A*-condition. Then,
for any 6 € (0,%) and any € € (0,1) there exists no(p,6,¢) such that
01(pn,8) = (1 —e)Eu(Ay)  and  03(pn,8) < (14 €)ELu(A))

for every n = no(u,d,€). In particular, {p,}52, exhibits a sharp threshold, i.e. lim o(u,,d) = 0, with
n—oo
“threshold constant” E,(A},).
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An application of Theoremis also given to the case of the product p-measure v}, := 1/}‘?". Foranyp > 1
we denote by v, the probability distribution on R with density (27,)!exp(—|z|P), where v, = (1 + 1/p).
We show that v, satisfies the A*-condition.

Theorem 8.2. For any p > 1 we have that

A TTA ()
Note that the measure v, is admissible for all 1 < p < oo; it satisfies condition (ii-3) if p = 1 and
condition (ii-2) for all 1 < p < co. Therefore, Theorem implies that if Ky is the convex hull of N > n
independent random vectors X1, ..., Xy with distribution vy, then the expected measure Eq,ny~ (v (Kn))
exhibits a sharp threshold at N = exp((1 £¢)E,, (A} )n).
The variant of this question that was studied in T20] dealt with the case where y is an even, compactly
supported, Borel probability measure on the real line, u, (Kx) is replaced by the volume of Ky, and

1o,
k= k(p) = 2x*/ *Au(x)dx.

If 0 < k(@) < oo then one has that, for every € € (0, ),

(8.1) lim sup {(2z")"E(|Ky|): N <exp((k—¢&)n)} =0

n—oo

and if the distribution p satisfies the A*-condition then one also has

(8.2) lim inf {(22*)"E(|Kn|): N > exp((k +¢)n)} = 1.

n—oo
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