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Abstract

The average section functional as(K) of a centered convex body in R™ is the average volume of the
central hyperplane sections of K:

(k)= [ 1Knedoto).

We study the question if there exists an absolute constant C' > 0 such that for every n, for every
centered convex body K in R™ and for every 1 <k <n — 1,
as(K) < Ck|K\% max as(K NE).
EcGr, g

We observe that the case kK = 1 is equivalent to the hyperplane conjecture. We show that this inequality
holds true in full generality if one replaces C' by CLg or Cdovw(K,BP};), where Li is the isotropic
constant of K and dov: (K, BP}) is the outer volume ratio distance from K to the class BP}, of generalized
k-intersection bodies. We also compare as(K) to the average of as(K N E) over all k-codimensional
sections of K. We examine separately the dependence of the constants on the dimension in the case
where K is in some of the classical positions as well as the natural lower dimensional analogue of the
average section functional.

1 Introduction

Let K be a convex body in R™, with barycenter at the origin (we call these bodies centered). We denote by
as(K) the average volume of the central hyperplane sections of K:

(1) (i) = [ 1K neddn(e),

where | - | denotes volume in the appropriate dimension, £+ is the subspace perpendicular to ¢, and o is the
rotationally invariant probability measure on S"~1. More generally, for any 1 < 7 < n — 1 we define

(1.2) as, (K) :/G \K N E|dv,_(E),

Tn—r

where v, is the Haar probability measure on the Grassmannian Gr,,_,. of (n — r)-dimensional subspaces of
R™. Thus, as,(K) is the average volume of r-codimensional central sections of K; note that as(K) = as; (K).

The fourth named author proved in [I3] that if K is an intersection body in R™ (see Section [2| for
definitions and background information) then

(1.3) as(K) < bp |K|* max as(K N ¢h,
56 n—1
where w
bp1 = nfli ~1
Wn—2Wry



(and w,, denotes the volume of the Euclidean unit ball B5* in R™). Whenever we write a < b we mean that
there exists an absolute constant ¢ > 0 such that a < ¢b, and whenever we write a ~ b, we mean that a < b
and b < a. Note that is sharp: it becomes equality if K = BZ.

The purpose of this article is to discuss similar inequalities for the average volume of hyperplane sections
of an arbitrary centered convex body K in R™. More precisely, we study the following question.

Question 1.1. Let 1 < k < n and define v, as the smallest constant v > 0 for which the following holds
true: for every centered convex body K in R™ we have

(1.4) as(K) < A% K|* pmax as(K N E).

€Grn_r
Is it true that sup,,  Ynx < 00%

In Section |3| we generalize using as a parameter the outer volume ratio distance doy, (K, BP},) from
an origin-symmetric convex body K to the class BP}, of generalized k-intersection bodies. Our estimates are
based on the next more general theorem which is valid for the larger class of origin-symmetric star bodies
in R™ and for any even continuous density on R”.

Theorem 1.2. Let1 < k <n—1, let K be an origin-symmetric star body in R™, and let f be a non-negative
even continuous function on R™. Then

k
n

15) [ GO 0)0) b < e dh (KB K

max [ O 0)0) db.
Sn—1NE

EeGry, _k
In the statement above, px is the radial function of a star body K and we use the notation df for the
non-normalized measure on the sphere with density 1. The constant ¢, ; is given by

n—k
k nwn "
n7

Cnok = (n—k)wn_’

and one can check that ¢, j ~ 1.
Theorem [1.2] provides a first estimate on the constants v, , of Question Choosing f = 1 we see that
(1.5) implies the following.

Theorem 1.3. Let 1 <k <n—1, and let K be an origin-symmetric star body in R™. Then,
(1.6) as(K) < b db (K, BP}) |K|» L max as(K N E).
Tn—k

In other words, Yn i < by kdove (K, BPYL).
The constant by,  in Theorem [T.3]is given by

ko Wnp—1
bn,k - k)

Whn—k—1Wn'
and one can also check that b, , ~ 1.

In the case where the body K is convex, the distance doy, (K, BP}) was estimated in [I7]. In particular,
the available bounds for do.. (K, BP},) show that -, j is bounded by a function of n/k, and hence it remains
bounded as long as k is proportional to n. More generally, we have:

Theorem 1.4. For every origin-symmetric convex body K, for every 1 < k < n — 1 and every even non-
negative continuous function f on R"™,

an [ A0Sk 0)0) a0 < eanlo/0)" 1K max [ 50k (0)0) ab.

where ¢y > 0 is an absolute constant and h(t) = v/t - (log(et))2, t > 1. In particular,

(1.8) Yok < c1v/n/k [log(en/k)]%.



It is also known that for many classes of convex bodies the distance doy, (K, BPj) is bounded by an
absolute constant. This includes unconditional bodies, unit balls of subspaces of L,, and others. Therefore,
the restriction of Question to all these classes has an affirmative answer.

Theorem also allows us to prove an analogue of Theorem for the quantities as, (K).

Theorem 1.5. Let 1 < k<n—2and 1 <r <n—k. For any origin-symmetric star body K in R™ we have
that

(1.9) as, (K) < ¢F . d¥ (K,BPY)|K|* max as.(KnNE).
o E€Gro_
Here
k o Wn—r
n,k,r k>
Wn—k—rWn
and one can check that ¢, , ~ n’jr.

In Sectionwe show that an analogue of (|1.3)) holds true in full generality, up to the value of the isotropic
constant of K. In order to state our main result we recall the definition of the isotropic position. A centered
convex body K of volume 1 in R" is called isotropic if there exists a constant Ly > 0 such that

(1.10) /K<x7€>2dw = L%

for every £ € S"~!. Every centered convex body K has an isotropic position T(K), T € GL(n), which is
uniquely defined modulo orthogonal transformations, and hence the isotropic constant L is an invariant of
the linear class of K. A well-known question in asymptotic convex geometry asks if there exists an absolute
constant C' > 0 such that Ly < C for every n and every centered convex body K in R™. The best known
upper bound

(1.11) L,, :=sup{Lk : K isotropic in R"} < cv/n

is due to Klartag [IT] (see also [6] for the history of the problem and recent developments in this area). On
the other hand, one always has Lx > L By = G where ¢ > 0 is an absolute constant. In other words, the
question is if Lx ~ 1 for all centered convex bodies.

Theorem 1.6. Let K be a centered convexr body in R™. Then, for every 1 <k <n—1,

k
n

(1.12) as(K) < (caLg)* |K

max as(KNE),
EeGry,_g

where co > 0 is an absolute constant and L is the isotropic constant of K.

It is known that for many classes of convex bodies the isotropic constant Lk is bounded by an absolute
constant (see [0, Chapter 4]). Theorem provides an affirmative answer to Question for all these
classes.

On the other hand, it is interesting to note that is essentially the best bound we can hope for. We
show in Proposition that if K is an isotropic convex body in R™ then

(1.13) as(K) =~ Lc max as(K N e |K|.
Ee n—1
This shows that the estimate of Theorem is asymptotically sharp: if v > 0 is a constant such that (1.4)

holds for k = 1 and all K then we must have v > cLg. Combining this fact with Theorem we actually
conclude that

(1.14) Yak S Vnt = Lin



for all 1 < k < n—1 (see Proposition 4.5)).

One of the tools that are used in the proof of Theorem [1.6]is a variant of Meyer’s dual Loomis-Whitney
inequality [22] that was recently obtained in [B]; see (4.2)). The second tool is a lower bound for the dual
affine quermassintegrals

1

(1.15) By (K) = —n (/G |KOE|”dunk(E)>n

Wn—k

of a convex body K in R™ in terms of the isotropic constant of K (see [7]). In fact, one can check that
the problem to obtain asymptotically sharp lower bounds for &, (K) is equivalent to the question whether
Yni = Ly ~ 1 (see Remark . When the codimension k is proportional to n the available lower bounds
are independent from the isotropic constant of K (see [7] and [6, Section 6.4]). Thus, we get a variant of
Theorem [L4

Theorem 1.7. Let 1 <k <n—1 and let K be a centered convexr body in R™. Then,

(1.16) as(K) < (csh(n/k))" |K|* Jmax as(K N E),

€Grn_k
where ¢y > 0 is an absolute constant and h(t) = /- (log(et))?, t > 1.

The methods that are used for the proof of Theorem [I.6] and Theorem [I.3] are independent. Note that
the first method allows us to work with (not necessarily symmetric) centered convex bodies while the second
method allows us to work with origin-symmetric (not necessarily convex) star bodies and to consider even
continuous densities in place of volume. Therefore, the two results complement each other. A link between
the two bounds is given by the inequality

(117) LK < CLk . dovr(K, BPZ)

which is due to E. Milman (see [23, Corollary 5.4]). However, since we only know that L, = O(vk), the
estimates of Theorem [I.6| and Theorem [T.3] are incomparable for &k >> 1.

In Section [5| we discuss the mean value of the average section functional as(K N E) over all E € Gr,,_p,

1 <k <n—1. We obtain the next general upper and lower bounds.

Theorem 1.8. Let K be a centered convex body in R™ and define p(K) := R(K)/|K|#, where R(K) is the
circumradius of K. Then, for every 1 < k < n — 1 we have that

04\/5
p(K)

>k as(K) < |K|» /Grn_k as(K N E)dv, 1(E) < <Csf/(§)>nil as(K),

(1.18) <

where c4,c5 > 0 are absolute constants.

Since R(K) is polynomial in n for all the classical positions of a convex body K (isotropic position,
minimal surface position, minimal mean width position, John’s and Lowner’s position) the right hand side
inequality of (1.18)) implies the following.

Theorem 1.9. Let K be a centered convex body in R™. If K is in one of the classical positions then
(1.19) K% / as(K 1 E) dvp_n(E) < & as(K)
Gry, g

for every 1 <k <n—1, where cg > 0 is an absolute constant.



Closing this introductory section we would like to note that the results of this article are dual to the ones
in [9). In that work, the main question was to compare the surface area S(K) of a convex body K in R"
to the minimal, average or maximal surface area of its hyperplane or lower dimensional projections. One of
the main results in [J] states that there exists an absolute constant ¢; > 0 such that, for every convex body
K in R™,

PR cr0k
(1.20) K| ger{lsgng(PgL(K)) S Un

where c; > 0 is an absolute constant and

S(K),

n

(1.21) i = min {S(T(K))/|T(K)|% Te GL(n)}

is the minimal surface area parameter of K. Another result from [9] asserts that if K is in some of the
classical positions mentioned above, then

(1.22) K [ (P (1) do(€) > xS ().

where ¢y > 0 is an absolute constant. The analogy with Theorem and Theorem is clear; the role
of the average section functional as(K) is played by the surface area S(K), and the role of the isotropic
constant is played by the minimal surface area parameter.

2 Notation and background

We work in R™, which is equipped with a Euclidean structure (-,-). We denote by || - ||2 the corresponding
Euclidean norm, and write By for the Euclidean unit ball and S™~! for the unit sphere. Volume is denoted
by |-|. We write w,, for the volume of B} and o for the rotationally invariant probability measure on S™~1.
We use the notation df for the non-normalized measure on the sphere with density 1.

If ¢ € 8771 then ¢ = {x € R : (x,£) = 0}. The Grassmann manifold Gr,, of m-dimensional subspaces
of R™ is equipped with the Haar probability measure v,,. For every 1 < m < n —1 and F € Gr,, we write
Pg for the orthogonal projection from R™ onto E, and we set By = BY N F and Sg = S" 1N E. The letters
¢, c,c1,co ete. denote absolute positive constants which may change from line to line.

We refer to the books [§] and [25] for basic facts from the Brunn-Minkowski theory and to the book [I]
for basic facts from asymptotic convex geometry.

2.1. Star bodies and convex bodies. A convex body in R" is a compact convex subset K of R™ with
non-empty interior. We say that K is symmetric if € K implies that —z € K, and that K is centered
if its barycenter ﬁ Jic ®dx is at the origin. A compact set K in R will be called star-shaped at 0 if it
contains the origin in its interior and every line through 0 meets K in a line segment. For such a set, the
radial function pg is defined on S™~! by

(2.1) pr(0) =max{\ >0: N0 € K}, 6ec St

If pi is continuous, then we say that K is a star body. Then, the volume of K in polar coordinates is given
by

(2.2) K| = wn /S  ok(0)do(0)

The radial sum K+D of two star bodies K and D is defined by

(2.3) PKiDp = PK T PD-



We equip the class S, of star bodies with the radial metric

(2.4) d.(K,D):= sup |px(§)—pp(E)]
gesn—1

The support function of a convex body K is defined by hg (y) = max{(z,y) : x € K}, and the mean width
of K is

(2.5) w(K) = /S  hc(6)do (o).

The circumradius of K is the smallest R > 0 for which K C RB%. If 0 € int(K) then we write r(K) for the
inradius of K (the largest r > 0 for which rBY C K) and we define the polar body K° of K by

(2.6) K°:={yeR": (x,y) <1lforallz € K}.

The section of a star body K with ¢+ is denoted by K N &+, and we write P¢1 (K) for the orthogonal
projection of K onto &=.

The volume radius of K is the quantity vrad(K) = (|K|/|B§L|)1/" We also define ||0||x = min{t > 0 :
6 € tK} and

(2.7) M) = [ o rdo0)= [ olcdoto)

2.2. Dual mixed volumes. Lutwak introduced dual mixed volumes in [I8]; he first considered convex
bodies, but then extended his definition to the class S,, of star bodies. Given K,..., K, € S,, their dual
mixed volume is the integral

(2.8) V(KL Ky) = wn [S o (0) o, (O)do(0).

The observation is that such integrals have properties analogous to those of mixed volumes if one replaces
Minkowski addition by radial addition. The function V is clearly non-negative, symmetric and monotone
with respect to its arguments, positive linear with respect to + in each of its arguments, and has volume as
its diagonal. A simple calculation shows that if K1,..., K, € S, and Aq1,..., A, > 0, then

(2.9) MK F A Kl = Y V(K KA

in n*

i1, yin=1

In particular, if K, D € S§,, and t > 0 then

n

(2.10) |K+tD| =" (7)%(1{, D) t/,
— \J
J
where V;(K, D) := w, Jgnos P (0)p7,(0)do(0), is the j-th dual mixed volume of K and D.
An inequality which further illustrates the analogy with the mixed volumes is the dual Minkowski’s
inequality: for every K, D € §,, an application of Holder’s inequality gives

e D)< (o [ 0w®) " (o [ ob0uro)” <k

2.3. Intersection bodies. The class of intersection bodies was introduced by Lutwak [20]. The intersection
body of a star body K in R™ with pg € C(S"~1) is the star body I K with radial function

(2.12) p1xc(€) = [K €] = way /S o P Ooe®),



where S(¢+) = S"71 N ¢t is the Euclidean unit sphere of ¢4 and o¢ denotes the rotationally invariant
probability measure on S(¢+). If K is a centered convex body then K is a symmetric convex body. It is
known that

(2.13) I(TK) = |detT| (T~1)*(IK)

for every T € GL(n). In particular, if T € SL(n) we see that |[I(TK)| = |IK|. The class of intersection
bodies Z,, is defined as the closure in the radial metric of intersection bodies of star bodies.

Zhang introduced more general classes of bodies in [26]. For 1 < k < n — 1, the (n — k)-dimensional
spherical Radon transform R,y : C(S"~1) — C(Gr,_;) is a linear operator defined by

(2.14) R,_rg9(E) :/ g(0) do, E e Gry_y
Sn—1NE

for every function g € C(S"~!). We say that an origin-symmetric star body D in R™ is a generalized k-
intersection body, and write D € BPY, if there exists a finite non-negative Borel measure pp on Gr,_j so
that for every g € C(S"1)

(2.15) | oba@ o= [ Raigl) dun().

For a star body K in R” and 1 < k < n — 1, we denote by

|.D| 1/n
dovr(K, BPZ) = inf <|[(|> : K C .D7 D e BPZ

the outer volume ratio distance from K to the class BP}. The reader will find more information on the
Radon transform and intersection bodies in the book [12].

3 Bounds in terms of the outer volume ratio distance to the class
of generalized k-intersection bodies

The main result of this section is Theorem which is valid for the larger class of origin-symmetric star
bodies in R™ and for any even continuous density on R™. By an appropriate choice of the density f we
obtain Theorem [T.3] and its generalization in Theorem

Proof of Theorem Let € > 0. For every F € Gr,,_j, we have

(31) /(KJ}aBg)mE fla)dz - /KmE fla)dz < redi, </(K5reB;)mF fla)dz - /KmF f(x)d:z:) '

Note that pg j.pn = pr + €. Expressing the integrals in polar coordinates we get

pi(-)t+e P (0)+e
(3.2) R,k / R f(r)dr | (B) < max / / R (rf)drdf |
px() FeGrnor \Jsn-1nF Jpx(0)

Let D € BP} such that K C D. Integrating the latter inequality by E over Gr,_j with the measure up
corresponding to D by ([2.14)), we get

pr(0)+e
(3.3) / o (0) / k=1 f(r0)drdd
sn=1 pic(0)

pK(0)+e
< up(Grp—g) - max / / r"_k_lf(rﬁ)drdﬁ .
FeGra—r \Jsn=1nr Jpi ()



We divide both sides by ¢ and send € to zero. Note that we can interchange the limit with the maximum,
because the convergence is uniform with respect to F. Thus, we get

B0 [ b Os T ONek000 < pp(Gra)- max ([ O xO0as).

The integral in the left hand side can be estimated from below by [, . P (0) f(px (0)0) df, because
K cD.

To estimate yp(Gr,_x) from above, we combine the fact that 1 = R,,_x1(E)/|S" *~1| for every E €
Gr,,_, with Definition (2.14)) and Holder’s inequality to write

1
(3.5) 1o (Grn—k) = 7ot
|S | Grn,k

1
= 0||" do
|Sn,k,1| /Sn,l H ”D

1

n—k %
< n—1|"n -n
< g [ (L won ao)

- ISn—lk—1| |Sn71|%kn% DI
These estimates show that
60 [ o Osex(onn
< g [P T RE D e ([ o0 o)0)as).
Skt FEGrar \Jgn-1nF
Finally, we choose D so that |D|*™ < (1 + 6)dey (K, BP})|K|*/", and then send § to zero. O

All the other results of this section are consequences of Theorem

Proof of Theorem First, we express the average section functionals as(K) and as(K N E) in terms of
the radial function of K. Using (2.2)) we write

(3.7) (i) = [ KN n© v [ o PO do(0)do()

= Wp_1 / Pt (0) do(0).
Snfl

Similarly, for every 1 <k <n —1 and any E € Gr,_, we have
(3.8) as(KNE) =wn_j1 / PR 1(0) dop(9),
SE

where o is the rotationally invariant probability measure on S = S™ ! N E. Applying Theorem for
the density f =1 we get

(3.9) [ o6 do< i (5P IKIE e [ i) an
gn—1 ’ Ee€Grp_k Jgn-1nE
and Theorem follows from (3.7) and (3.8) and an adjustment of the constants. O

Remark 3.1. For certain classes of origin-symmetric convex bodies the distance doy, (K, BP};) is bounded by
an absolute constant. These classes include unconditional convex bodies and duals of bodies with bounded
volume ratio (see [14]) and the unit balls of normed spaces that embed in L,, —n < p < oo (see [15], [23] and
[16]). If we restrict Question to any of these classes then Theorem [1.3| provides an affirmative answer.



Proof of Theorem We combine Theorem with the following result from [I7]: For every origin-
symmetric convex body K in R”,

(3.10) Ao (K, BP}) < cy/n/k [log(en/k)]?,
where ¢ > 0 is an absolute constant. O

Proof of Theorem [1.5. We choose f(z) = ||z|;" " in Theorem [1.2]to get

(3.11) / i) 40 < chy i (KBPY) IKTE max [ gitrs) .
Sn—1 FEeGr, _x Sn—1NnE

Then, we apply the formula

(3.12) as, (K) = wp_r /S Pk (0)do(0)

which generalizes (3.7)) and is easily verified in the same way. O

4 Bounds in terms of the isotropic constant

Let K be a centered convex body in R™. In this section we compare as(K) with the corresponding average
section functional as(K N E) for any k-codimensional subspace E of R”. Our main tool will be a recent
result from [5] which is a restricted version of Meyer’s dual Loomis-Whitney inequality

n

e n!
(4.1) K| 1>n—n_1i[1|Kﬂe#|

where {ej,...,e,} is any orthonormal basis of R™ (see [22]) and in a sense dualizes the uniform cover
inequality of Bollobas and Thomason (see [4]). In order to give the precise statement, we introduce some
notation. For every non-empty 7 C [n] := {1,...,n} weset F. = span{e; : j € 7} and E, = F*. Given s > 1
and o C [n], following the terminology of [4] we say that the (not necessarily distinct) sets o1,...,0: C o
form an s-uniform cover of o if every j € o belongs to exactly s of the sets ;. Then, [B, Theorem 1.3] states
that for any centered convex body K in R", for any ¢ > 1 and any s-uniform cover (oy,...,0¢) of a subset
o of [n] we have

t ds
Cot t—
4.2 KNnE,|<|— KNE,|°IK|"?,
(42) [0 e < (2) IKnE K

where d = |o|. We will need a special case of this inequality. We consider 1 < k <n—1 and a (k + 1)-tuple
of orthonormal vectors ey, ..., ek, ex1 := & in R™. Note that the sets o1 = [k] and 02 = {k + 1} form a
1-uniform cover of the set o = [k + 1]. Applying (4.2) with ¢t =2, s =1 and d = k + 1 we obtain the next
lemma.

Lemma 4.1. Let K be a centered convex body in R™. For every 1 < k <n—1, for any E € Gr,,_; and any
€€ S" 'NE we have

(4.3) IKNE|-|[KNet| < cETHEKNENE - K|,
where cg > 0 is an absolute constant.

Using Lemma[4.1] we can compare as(K) to as(KNE) for every E € Gr,_j,. We need the next well-known
properties of the parameter M which was defined by (2.7). If D is a symmetric convex body in R™ then for
every 1 <s<m—1and F € Gry(R™) we have that

(4.4) M(DﬂF)=/S [€lp dop(§) < cry/m /S/ I€llp do(§) = c1v/m/s M(D),

m—



where ¢; > 0 is an absolute constant. It is also known that

(4.5) [ ooy = [ 015 do(0) = g

For a proof of and see [T, Section 5.2.1] and [I, Theorem 5.8.7] respectively.

Theorem 4.2. Let K be a centered conver body in R™. For every 1 <k <n—1 and E € Gr,,_j we have
(4.6) IKNE| -as(K) < chas(KNE)-|K|,

where co > 0 is an absolute constant.

Proof. We consider an orhonormal basis {ey, ..., ey} of B+ and any unit vector ¢ € E. From Lemma we
have

(4.7) IKNE|-|[KNnet| < ETHEKNENE - K|

Integrating (4.7) with respect to £ € Sg we see that

(48) |sz|-/s |KmsL|daE<£)<c’5“/S (K N E)NEYdos(e) - |K|

E

=i as(KNE)-|K|.

Applying (4.5)) for the symmetric convex body IK N E we see that

and hence, using (4.4) with m = n and s = n — k and then applying (4.5 for the body IK this time, we
obtain

(1.10) [ netao > k= [ @ ot
SV ne e = Y as().
Therefore,
(4.11) |K N E|as(K) < %cé"‘l as(KNE)-|K|<csas(KNE)-|K|
for every E € Gry,_g. O

For the proof of Theorem [I.6] we use Theorem [£.2] and estimates for the dual affine quermassintegrals of
a centered convex body K: these are defined, for any 1 < k < n — 1, as follows:

~ 1 n

The quantities Ry, (K) were introduced by Lutwak in [T9] and [20]. More precisely, he considered the quantities
¢ (K) that were introduced in (1.15)), which clearly satisfy the identity

Wn n—k

(K|

3=

(4.13) O (K) = [Ry(K)]

Wn—k

10



Crinberg proved in [10] that the quantity Ry (K) is invariant under T € GL(n): one has

(4.14) Ri(T(K)) = Ri(K)
for every T € GL(n). He also proved that

- N
(4.15) Ri(K) < By(BY) = —i=p <%

On the other hand, it was observed by Dafnis and Paouris in [7] that
B c kn
(4.16) Ri(K) > (4> ,
Ly
where ¢4 > 0 is an absolute constant. We will use this lower bound, which is an immediate consequence

of (4.14) and of the fact that if K is isotropic then |K N E|* > 7+ for every E € Gr,_ (see [0, Proposi-
tion 5.1.15] for a proof).

Proof of Theorem Let K be a centered convex body in R™ and fix 1 < k < n — 1. From Theorem
[4:2] we know that for every E € Gr,_; we have

(4.17) |IKNE|-as(K) < csas(KNE)-|K]|,
where co > 0 is an absolute constant. Therefore,

(4.18) max |KNE| -as(K)<csi max as(KNE)-|K|
EeGry, i EcGry, g

Next, from (4.14]) we see that

1
n

k

Cq4 n—k
4.19 KnNE| > KNE™dv,_x(E 2| — K| ™.
(4.19) plmax | | </Grnk| " dvp i ( )) (LK) K]
Going back to (4.18) we see that

k

(4.20) (;Z) |K\L7_zkas(K) < K| % as(K N E),
and this proves Theorem O

The next proposition shows that if K is isotropic and if we consider the hyperplane case (where k = 1)
then the estimate of Theorem is sharp: we have an asymptotic formula.

Proposition 4.3. Let K be an isotropic convex body in R™. Then, as(K) ~ Li}l and as(K N &) ~ L;{Q for
all ¢ € S*~1. In particular,

(4.21) as(K) ~ L |K|# max, as(K N¢EL).

gesn=
Proof. Tt is a general fact (following from [6, Proposition 5.1.15]) that if K is an isotropic convex body then,
for every E € Gr,,_; we have

C1
Lk

cLy, o ca(k)

4.22 — < ,

<|KNE|F <

where ¢; > 0 is an absolute constant and cy (k) is a positive constant depending only on k& (in fact, co(k) < cvVk
by Klartag’s estimate on Ly). Applying (4.22) with & = 1 we see that all hyperplane sections K N &+ of K
have volume equal (up to an absolute constant) to Lj_(l. In particular,

(4.23) as(K) = /SH |K NEHdo(€) ~ Lt

11



Applying (4.22)) with k& = 2 we see that all 2-codimensional sections K N E of K have volume equal (up to
an absolute constant) to L}z. In particular, for every £ € S"~! we get

(4.24) as(K N¢t) = /

|K N E§,9| dO’g(@) o~ L_Q,
5(&h)

where E¢ g = [span{¢, 0}]*. This shows that

(4.25) as(K) ~ Ly as(K N &) = L as(K N &EY) | K|#

In particular, implies . O
Remark 4.4. Proposition and the definition of v, ; show that

(4.26) Lt ~as(K) < yn1 gg}q&}t& as(K NéF) ~ y, 1 L2

for every isotropic convex body K in R"™. Therefore, Lx < cyy,1 for some absolute constant ¢ > 0, which
implies that

(4.27) L, <cyna-

Note that by Theorem we can then conclude that 7, < c¢L,, < ¢¥,,1. Finally, Theorem shows that
Y1 < ¢ L,,. We summarize in the next proposition.

Proposition 4.5. For any 1 < k <n — 1 we have

(4'28) Tn,k ,S Tn,1 = Ly,

where ¢ > 0 is an absolute constant.

Propositionshows that a positive answer to Question (actually, in the case k = 1) is equivalent to
the uniform boundedness of the isotropic constants of all convex bodies in all dimensions (this is exactly the
hyperplane conjecture). It also shows that the question becomes “easier” when the codimension & increases,
in the sense that v, r < Yn,1. In fact, we can show that if k is proportional to n then ~, j is bounded (this
is precisely the content of Theorem [1.7)):

Theorem 4.6. For any 1 < k <n—1 we have
(4.29) Yk < ev/nfk [log(en/k))%,
where ¢ > 0 is an absolute constant.

Proof. We repeat the proof of Theorem using the estimate (see [7, Theorem 1.3])

(430) Ry, (K > ‘

kn
)/<wwmmwwg
instead of . O

Remark 4.7. Let o, ;, be the largest constant o > 0 with the property that Ry (K) > o™ for every centered
convex body K in R™. Repeating the proof of Theorem [I.6] or Theorem [£.6] we see that

(4.31) Yok < —2,
Qo k

12



where ¢; > 0 is an absolute constant. In particular,

(4.32) Yok S~ Lo Sap ]
On the other hand, (4.16)) shows that a,, x > ¢/L,, for all 1 < k < n — 1, and hence a;ll < L. Therefore,
(4.33) Yo =~ Ly >~ 0‘;,11-

In other words, the question whether

(4.34) R(K) > ¢k

for all 1 < k < n—1 which is studied in [7] (see also [8, Section 9.4]) is equivalent to the hyperplane conjecture
and to Question

5 Reverse inequalities in the classical positions

Next, we pass to estimates for the mean value of the average section functional of hyperplane sections of K.
We start by expressing as(K) in terms of dual mixed volumes. Note that by (3.7)) we have

Wn—1

V(K,...,K,BY),

(5.1) as(K) = wn,l/ Pt (0)da(0) =

Sn—1 Wn,

and using (3.8) we see that

(5.2) /G

where A [s] means A, ..., A repeated s-times.

as(K N E) dv,_i(E) :wn_,H/ PR 0) do(0) = ALV (K [n— k— 1), BY [k+ 1)),

Sn—1 wn

n,n—k

Theorem 5.1. Let K be a centered conver body in R™. Then,

(5.3) as(K)F 1 < ok |K|F / as(K N E)dvy,_,(E)
Gry,_k
and
(5.4) / as(K N E) dv,_1(F) < c* as(K) T
Gry,

where ¢ > 0 is an absolute constant.

Proof. From Holder’s inequality we see that

55) ([ town) <([_wowo) ([ atowen),

which can be equivalently written as
(5.6) V(K,...,K,BH)"' <|K|*V(K [n— k-1, By [k +1]).
Taking into account (5.1)) and (5.2)) we rewrite (5.6)) in the form

k+1
5.7 as(K)FH < |K|F —n=t as(K N E) dv,_n(E).
k
Grp_g

WpWn—k—1

13



k+1
A simple computation shows that kwniflil < cF for an absolute constant ¢ > 0, and (5.3)) follows.

WrEWn

On the other hand, by Hélder’s inequality,

1
(5.8) / as(K 1 E) duy_p(E) = / 7 1(60) dor(9)
Wn—k—1 JGr,_p Sn—1
n—k;l (K) n—k;l
e n— as n=
<([ @) T = (EE) T
gn—1 Wn—1
therefore
(5.9) / as(K N E) dvy_(E) < onas(K) "1,
Gl‘nfk
n—k—1

where g, = Wp—k—1 W, 1 = < c¥ for an absolute constant ¢ > 0, which gives (5.4). O]

Let K be a convex body in R™ with 0 € int(K). Recall that the radius R(K) of K is the smallest R > 0
for which K C RBZ. Using the monotonicity and homogeneity of dual mixed volumes and (5.1)) we may
write

Wn—1 v Wn—1
1 K) = K,... K,B))> """\ V(K . . K RK)B
(5.10) os(K) = LUK, K B) > R(K)BY)
Wn—1 &~ Wn—1
> Ul g K K) = -2l k.
wnR(K)V( ) wnR(K)‘ |

In this way we obtain the following general lower bound for as(K).
W then

Lemma 5.2. Let K be a centered convex body in R™. If we define p(K) = R(K)/|K

N o as(K)
FIS TS

(5.11)

n

where ¢ > 0 is an absolute constant.

Proof. From (5.10) we see that

as(K) Wn—1 1 evno o
5.12 > KVm > Y| KM
(5:12) K| wnR(K)| | R(K)| |

and the lemma follows by the definition of p(K). O

Going back to Theorem [5.1] we immediately get the following.

Theorem 5.3. Let K be a centered convex body in R™. Then, for every 1 < k <n — 1 we have that

cap(K)
\/ﬁ

(5.13) <Clﬁ>k as(K) < |K|* /G as(K N E) dvy_1,(E) < ( ) as(K),

p(K)
where c1,co > 0 are absolute constants.

Proof. The left hand side inequality follows from Lemma and (5.3). We have

k
K| (Cl\/ﬁ) as(K) < as(K)Ft! < ck|K|k/ as(K N E) dvy_i(E),
p(K) Gry, g

14



which implies that

Next,

(5.14)

Cl\/’rl k i " ‘
(cp(K)) as(K) < |K|» /Grn,_k as(K N E) dvy,_,(E).

we observe that

K| = (IK ’)% < (P(K%“S(K)>“’

which implies that

(5.15)

Then,

1 as(r0) 7 < (22 )

the right hand side inequality of (5.13) follows from (/5.4]) in Theorem O

Remark 5.4. We will discuss the estimates that one can get from Theorem if the centered convex
body K in R™ is assumed to be in some of the classical positions; we introduce these below. For a detailed
presentation and references see [IJ.

(i)

(i)

We say that K is in minimal mean width position if w(K) < w(T(K)) for every T € SL(n). It was
proved by V. Milman and the second named author that K has minimal mean width if and only if

(5.16) w(K) = n/sw1 hK(0)<§79>2d0(9)

for every £ € S"~1. From results of Figiel-Tomczak, Lewis and Pisier (see [I, Chapter 6]) we know that
if a convex body K in R™ has minimal mean width then w(K) < c|K\%\/ﬁlog n. From the general
fact that R(K) < ey/nw(K) for every centered convex body, we conclude that R(K) < ¢|K|wnlogn
in the minimal mean width position.

We say that K is in John’s position if the ellipsoid of maximal volume inscribed in K is a multiple
of the Euclidean unit ball BY and that K is in Lowner’s position if the ellipsoid of minimal volume
containing K is a multiple of the Euclidean unit ball BY. One can check that this holds true if and
only if K° is in John’s position. The volume ratio of a centered convex body K in R™ is the quantity

(5.17) vr(K) = inf { (||5K|) : € is an ellipsoid and £ C K} .

The outer volume ratio of a centered convex body K in R™ is the quantity ovr(K) = vr(K°). K. Ball
proved in [2] that vr(K) < vr(C,,) ~ y/n in the symmetric case and vr(K) < vr(A,) ~ y/n in the
not necessarily symmetric case, where C,, = [—1,1]" and A,, is a regular simplex in R™. Assume
that K is in John’s position. Then, from a theorem of Barthe [3] we know that if A, is the regular
simplex whose maximal volume ellipsoid is By and rBj is the maximal volume ellipsoid of K we have
wr'K) <w(A,) < cy/logn. Since |K|V/™ = r|BY Y™ > cr/y/n, we get

(5.18) R(K) < ev/nw(K) = ery/nw(r ' K) < ery/nlogn < ¢|K|7#n+/log n.

Next, assume that K is in Lowner’s position; we know that R(K)BY is the minimal volume ellipsoid
of K, and hence

(5.19) R(K)|By|V" = |K|wovr(K) = |K|#vr(K°) < ev/n| K|,

which implies that R(K) < en| K| .

15



(iii) We say that K has minimal surface area if S(K) < S(T(K)) for every T' € SL(n). Recall that the
area measure o of K is the Borel measure on S”~! defined by

(5.20) ok (A) = A({z € bd(K) : the outer normal to K at z belongs to A}),

where A\ is the usual surface measure on K. Petty proved in [24] that K has minimal surface area if
and only if ok satisfies the isotropic condition

(5.21) S =n [ (60Pdo(6)
Snfl
for every &€ € S"'. Tt is known that if K has minimal surface area then w(K) < en|K|= (this was

observed by Markessinis, Paouris and Saroglou in [21]). Therefore, R(K) < en?|K|w.

(iv) Finally, if K is in the isotropic position then we know that R(K) < |K|= (n 4 1)Lg. This estimate is
due to Kannan, Lovdsz and Simonovits (the asymptotically sharp bound R(K) < enLk |K
obtained with an elementary argument).

1
= can be

Since R(K) is polynomial in n for all the classical positions of a convex body K, from the right hand
side inequality ([5.13]) of Theorem we obtain the next result.

Theorem 5.5. Let K be a centered convex body in R™. If K is in any of the classical positions that we
discussed in Remark[5.4], then

(5.22) |K|*" / as(K N E) dvy_i(E) < C* as(K)
Gry,_g

forall1 <k <n—1, where C > 0 is an absolute constant.

Remark 5.6. Similarly, from the left hand side inequality (5.13) of Theorem [5.3| we see that if K is in some
of the classical positions that we discussed in Remark [5.4] then

(5.23) e Fas(K) < |K|" / as(K N E) dvyp_i(E)

Grp
for every 1 < k < n—1, where ¢, ~ y/n if K is in Léwner’s position, ¢, ~ y/nlogn if K is in John’s position,
cn = y/n(logn) if K is in the minimal mean width position, ¢, ~ n if K is in the minimal surface area
position, and ¢,, ~ y/nLk if K is in the isotropic position.
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