
How small an the intersetion of a fewrotations of a symmetri onvex body be?A. Giannopoulos and V.D. Milman�
AbstratLet t � 2 be an integer. We show that the minimal irumradius of anintersetion of t rotations of a symmetri onvex body K and the \upperradius" of a random dn=f(t)e{dimensional setion of K are equivalent up toa onstant depending only on t, where f is a funtion expliitely de�ned.We also give lower and upper bounds for the diameter of a random �n{dimensional setion of K in terms of average parameters of the body.Sur le plus petit diam�etre de l'intersetion des images d'un orps onvexesym�etrique par un ertain nombre de rotationsR�esum�e { Soit t � 2 un entier. On montre que le plus petit rayon de l'intersetiondes images d'un orps onvexe sym�etrique K par t rotations et le \rayon sup�erieur" d'unesetion dn=f(t)e{dimensionnelle de K sont �equivalents �a une onstante multipliative pr�es(qui ne d�epend que de t), o�u f est une fontion expliite. On donne aussi des bornesinf�erieures et sup�erieures du diam�etre d'une setion �n{dimensionnelle de K en fontionde param�etres de K.Version fran�aise abr�eg�ee { Soit K un orps onvexe sym�etrique dans Rn .Supposons que 1bDn � K � aDn, o�u a; b > 0 et Dn est la boule unit�e eulidienne.On d�e�nit M(K) = ZSn�1 kxkK�(dx)o�u k:kK est la norme induite sur Rn par K, Sn�1 est la sph�ere eulidienne, et � estla probabilit�e invariante par rotation sur Sn�1.Pour tout entier t � 2 nous d�esignons par rt(K) le plus petit rayon de l'intersetiondes images de K par t rotations:rt(K) = minf� > 0 : il existe u1; : : : ; ut 2 SO(n) tels que u1(K)\: : :\ut(K) � �Dng:�Note pr�esent�ee par Mikhail Gromov. 1



L'�etude de la fontion rt(K) et de ses relations ave d'autres param�etres du orpsKest motiv�ee par [5℄, o�u rt(K) est alul�e pour de grandes valeurs de t: on d�emontreque si t � (b=M(K))2, on a rt(K) � 2=M(K). D'autre part, le as d'un entier tpetit (�a partir de t = 2) est totalement di��erent. Les param�etres du orps K enrapport ave rt(K) semblent d'une nature plus loale, et les tehniques utilis�ees nesont pas les mêmes.Pour tout entier k � 2 on d�e�nit le \rayon sup�erieur" d'une setion entraleal�eatoire de K de dimension dn=ke parRk(K) = minfR > 0 : Prob(� 2 Gn;dn=ke : K \ � � RD�) � 1� 1k + 1g:Il est bien onnu (voir [8℄) que r2t(K) � ptRt(K):Un des prinipaux r�esultats de ette note est la d�emonstration d'une in�egalit�e in-verse:Th�eor�eme 1. Soit t � 2 un entier. Pour tout orps onvexe sym�etrique K dansRn (o�u n � n0(t) est suÆsamment grand), une setion al�eatoire K \ � de K dedimension btn satisfait diam(K \ �) � 20Ctrt(K);o�u 0 <  < 1 et C > 1 sont des onstantes universelles.Autrement dit, il existe une onstante universelle C1 > 1 telle que pour toutorps onvexe K de dimension suÆsamment grande on aRf(t)(K) � g(t)rt(K)o�u g(t) = Ct1 et f(t) = bg(t). Il serait tr�es int�eressant d'obtenir la meilleureestimation possible de e type.La d�emonstration du Th�eor�eme repose sur une \M{borne inf�erieure ondition-nelle" nouvelle (Proposition 2) �etablie dans [3℄ o�u l'on �etudie la question d'uneborne inf�erieure du diam�etre d'une setion al�eatoire d'un orps K (de dimensionproportionnelle �n, 0 < � < 1). On utilise enore le Th�eor�eme antipodal de Borsukde fa�on essentielle.Finalement, on annone quelques r�esultats r�eents onernant la question dudiam�etre des setions al�eatoire: on donne des bornes sup�erieures et inf�erieures dudiam�etre moyen ou al�eatoire des setions b�n{dimensionnelles d'un orps K enutilisant la largeur moyenne S�K(�) des �n{setions de K. Cela nous permet ded�eduire l'in�egalit�e t� 12 r2t(K) � Rt(K) � (�)t�+1rt(K)dans le as o�u le orps K est en M{position d'ordre � > 12 .2



English version { Let K be a symmetri onvex body in Rn with 1bDn � K �aDn, where Dn is the Eulidean unit ball. Consider the average parameterM(K) = ZSn�1 k�kK�(d�)where Sn�1 is the unit sphere, � is the rotationally invariant probability measureon Sn�1, and k:kK is the norm indued to Rn by K. Then, the mean width ofK is the quantity M�(K) = M(Ko) where Ko is the polar body of K. Let Gn;mbe the Grassmannian of m{dimensional subspaes � of Rn equipped with the Haarprobability measure �n;m.Let t; k � 2 be two integers. We de�ne the minimal irumradius of an inter-setion of t rotations of K byrt(K) = minf� > 0 : u1(K) \ : : : \ ut(K) � �Dn for some u1; : : : ; ut 2 SO(n)g;and the \upper radius" of a random dn=ke-dimensional entral setion of K (wheredxe denotes the least integer whih is greater than or equal to x) byRk(K) = minfR > 0 : �n;dn=ke(� 2 Gn;dn=ke : K \ � � RD�) � 1� 1k + 1g:It is proved in [8℄ that if R > Rk(K) then starting from a set of pairwise orthogonaldn=ke{dimensional subspaes �1; : : : ; �k whih satisfy K \ �i � RD�i and �P �i =Rn , one an build rotations u1; : : : ; ut 2 SO(n), t � 2k, suh that(1) 1t tXj=1 uj(Ko) � 1RpkDn:Dualizing this fat, one has that u�1(K) \ : : : \ u�t (K) � RpkDn, i.e(2) r2k(K) � pkRk(K):In this note we show that an inverse inequality holds true:Qualitative Statement: Let A = fs 2 Z : s � 2g. There exist two funtionsf : A! A and g : A! R+ suh thatRf(t)(K) � g(t)rt(K)for every t 2 A and every symmetri onvex body K in Rn with n large enough(depending on t).The ase where t or k is of the order of (b=M(K))2 has been studied in detail(see for example [5℄ where the idea of studying rt(K) omes from). It is a well{known fat related to Dvoretzky's theorem (see [6℄) that when k � (b=M(K))2,then most dn=ke-dimensional setions of K satisfy(3) 12M(K)D� � K \ � � 2M(K)D�;3



therefore, Rk(K) � 2=M(K). On the other hand, it is proved in [1℄ that if t �(b=M(K))2, then there exist u1; : : : ; ut 2 SO(n) for whih(4) M(K)2 jxj � 1t tXi=1 kui(x)kK � 2M(K)jxj ; x 2 Rn ;whih implies that rt(K) � 2=M(K). Rather surprisingly, it is observed in [10℄that if k(K) and t(K) are the smallest integers for whih (3) and (4) respetivelyhold, then k(K) ' t(K) up to an absolute onstant. The relation between k(K)and t(K) is further lari�ed in [5℄, where it is also extended to quasi{onvex bodies.However, the quantity rt(K) has not been studied for �xed small integer values oft. The ase t = 2 is already interesting: It appears that rt(K) is related to di�erentparameters of K of a more loal nature, and at the same time di�erent tehniquesneed to be invented.In this paper we are interested in a �xed integer value of t (starting with t = 2),and prove the following version of our qualitative statement:Theorem. Let t � 2 be an integer. For every symmetri onvex body K in Rn(where n is large enough depending on t), a random tn{dimensional setion K \ �of K satis�es diam(K \ �) � 20Ctrt(K);where 0 <  < 1 and C > 1 are absolute onstants.Observe that the Theorem implies that our general statement holds true withg(t) = Ct1 and f(t) = bg(t), where C1 > 1 is an absolute onstant. The dependeneof f and g on t is most probably not the best possible, and it would be veryinteresting to obtain sharper estimates in this diretion.The proof of the Theorem is based on a general double sided estimate of thediameter of the random proportional setions of a symmetri onvex body K whihwas established in [3℄: We proved that the omputable funtionM�K(r) = 1rM�(K \ rDn) ; r > 0an be used to provide a \on�dene interval" for the diameter of a random �n{dimensional setion ( 12 < � < 1) of K in the following way:\ There exist two expliit funtions h1; h2 : (0; 1) ! (0; 1) suh that for every� 2 (1=2; 1) and every symmetri onvex body K, the solutions of the equationsM�K(r) = h1(�) and M�K(r) = h2(�) give an upper estimate r1 and a lower estimater2 respetively for the diameter of a random �n{setion of K."The funtion h1 is de�ned by h1(�) ' p1� �, and the upper estimate followsfrom the preise probabilisti form of the Low M�{estimate (see [2℄, [8℄):Proposition 1. Let "; � 2 (0; 1). If K is a symmetri onvex body in Rn , and ifr > 0 is the solution of the equation M�(K \ rDn) = (1� ")p1� �r, thendiam(K \ �) � 2r4



for all � in a subset L� of Gn;m with measure �n;m(L�) � 1� 72 exp(� 172a2n�m"2),where m = b�n and as = p2�( s+12 )=�( s2 ) ' ps. 2The existene of the seond funtion h2 is established through a \onditionalLow M{estimate" whih is a main new ingredient of [3℄:Proposition 2. There exist two absolute onstants 0 <  < 1 and C > 1 whihsatisfy the following: If � 2 (0; 1) and K is a symmetri onvex body in Rn with nlarge enough, and if r > 0 satis�esM�(K \ rDn) = (1�  11�� )r;then there exists a subset L� of Gn;m with �n;m(L�) � 1 � m, where m = b�n,suh that Ko \ � � 10r C �1��D�for all � 2 L�. 2Having these two fats available, we an pass to theProof of the Theorem: Assume that for some body K in Rn and for some � > 0there exist rotations u1; : : : ; ut 2 SO(n) for whihu1(K) \ : : : \ ut(K) � �Dn:We apply Proposition 2 with � > tt+1 to eah uj(K) and set m = b�n.Sine M�K is onto (0; 1℄, there exists r > 0 (learly the same for all j) satisfy-ing M�(uj(K) \ rDn) = (1�  11�� )r. We an then �nd subsets L�;j of Gn;m with�n;m(L�;j) � 1� m, suh that(5) [uj(K)℄o \ � � 10r C �1��D�for all � 2 L�;j . Assuming that n is large enough, we an �nd 0 < 1 < 1 and someL� � Gn;m with �n;m(L�) � 1 � m1 so that (5) holds for all j � t and � 2 L�.Taking polars in � 2 L� we get(6) P�(uj(K)) � r10 C� �1��D� ; j = 1; : : : ; t:Without loss of generality we may assume that K is stritly onvex. Wethen de�ne a map T : S(�) ! Rt(n�m) as follows: Given � 2 S(�) we �ndxj = aj� 2 bd(P�(uj(K))), j = 1; : : : ; t. Then, we have xj = P�(yj) for a uniqueyj 2 bd(uj(K)). We de�neT (�) = (y1 � x1; : : : ; yt � xt);where we identify (�?)t with Rt(n�k) . It is easy to hek that T is an odd ontinuousfuntion on S(�). From the hoie of �, if n is large we have t(n � m) < m.We an then apply Borsuk's antipodal theorem to �nd � 2 S(�) with T (�) = 0.5



Consider an index j0 � t for whih aj0 = jxj0 j is minimal. Sine xj0 = yj0 , we havexj0 2 uj0(K)\�, and sine aj0 = minj�t aj we see that xj0 2 u1(K)\: : :\ut(K)\�.On the other hand, xj0 is also on the boundary of P�(uj0(K)), whih givesr10 C� �1�� � jxj0 j � 12diam(u1(K) \ : : : \ ut(K) \ �) � �:This provides an upper bound for r in terms of � and t:(7) r � 10Ct�:We hoose " = 1� (1� t+1)1=2 in Proposition 1, and �nd � 2 (0; 1) suh thatM�(K \ rDn) = (1� ")p1� �r. The hoie of " gives � = t+1, and Proposition 1implies that there is a subset L0� ofGn;b�n with �n;b�n(L0�) � 1�2 exp[�3(�; t)n℄,suh that diam(K \ �) � 2r � 20Ct�for all � 2 L0�. This ompletes the proof. 2Let us desribe a seond method for obtaining upper and lower bounds on thediameter of random �n{dimensional setions of a body K. We introdue a funtionS�K : (0; 1)! R+ de�ned byS�K(�) = ZGn;m M�(K \ �) �n;m(d�);where m = b�n. The value S�K(�) gives the average mean width of the �n-setionsof K. Being a re�nement of the single number M�(K), this funtion is more likelyto give tighter bounds. On the other hand, it remains an average parameter of thebody (although it is learly more ompliated). Imposing mild restritions whihprevent the body K from being degenerated, we an give double sided inequalitiesfor the average or even the random diameter of the setions of K in terms of S�K :1. If 1bDn � K � aDn and ab is polynomial in n, then the average diameterDK(�) = ZGn;m diam(K \ �)�n;m(d�)of the �n{setions of K satis�es the bounds2S�K(�) � DK(�) � 5S�K(�=�)=(1� �)1=2for every � < � < 1, provided that n is large enough.2. If ab = o(pn), then the diameter of a random �n{setion of K satis�es1S�K(��) � diam(K \ �) � 2S�K(�=�)=(1� �)1=2for every � < � < 1, provided that n is large enough (depending on �). In partiular,with the ost of a small (e.g logarithmi in n) fator this information is availablefor every body K whose the ellipsoid of maximal (or minimal) volume is a ball.6



3. If K is in M{position of order � > 12 (that is, if K is \�{regular" in theterminology of [11℄{ see p.121), then we determine the funtion S�K up to onstantsdepending only on � and �: For every � 2 (0; 1),1��� jKjjDnj�1=n � S�K(�) � 2(1� �)��� jKjjDnj�1=n :Atually, the same estimates pass with high probability to the diameter of �n{setions of K:(8) 1��(jKj=jDnj) 1n � diam(K \ �) � 2(1� �)��� 12 (jKj=jDnj) 1n :It should be emphasized that this approah gives bounds for every � 2 (0; 1)(while the use of Borsuk's theorem in [3℄ restrits us to (1=2; 1)). Also, if K isassumed to satisfy a polynomial growth of ab, then S�K has many intervals of regularbehavior, in whih we obtain tight bounds for the average or random \diameterfuntion". The detailed proofs of the statements above will be given elsewhere (see[4℄).In the ase of a body K in M{position, the relation between the minimalradius rt(K) and the random diameter of the proportional setions of K an bedemonstrated in a more or less optimal way:Proposition 3. Let K be a symmetri onvex body in M-position of order �.For every integer t � 2 and for every � 2 (0; 1), the diameter of a random �n{dimensional setion K \ � of K satis�esdiam(K \ �) � (�)t�(1� �)��� 12 rt(K):Proof: Assume that for some � > 0 we an �nd u1; : : : ; ut 2 SO(n) suh thatu1(K) \ : : : \ ut(K) � �Dn. Taking polars we obtain(9) v1(Ko) + : : :+ vt(Ko) � 1�Dnwhere vj = u�j . The inverse Brunn{Minkowski inequality [7℄, [11℄ in the \�{order"formulation gives j1t tXj=1 vj(Ko)j 1n � 1(�)t�jKoj 1n :Then, (8), (9) and an appliation of the Blashke{Santal�o inequality show that forevery � 2 (0; 1) and for most � 2 Gn;�n,diam(K \ �) � 2(�)(1� �)��� 12 � jKjjDnj� 1n � (�)t�+1(1� �)��� 12 �: 2An immediate onsequene of the Proposition is that(10) t� 12 r2t(K) � Rt(K) � 1(�)t�+1rt(K)7
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