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Abstract

Our work is a further investigation on the connection between proba-
bility and geometry. We extend several known results from convex bodies
and log-concave measures to the setting of contoured probability distri-
butions as we study the relation of several parameters of a convex body,
a profile function and the resulting contoured distribution, where log-
concavity is not required.

1 Introduction

The connection between information theory and geometry has been known
and studied since the late 70's. Lieb showed in [23] that Shannon power inequal-
ity and Brunn-Minkowski inequality can be both derived from the sharp Young's
inequality proved by Beckner [4]. Brascamp and Lieb [8] (see also Costa and
Cover [12], and later Cover, Dembo and Thomas [13]) proved an analogy be-
tween the isoperimetric inequality in geometry and an inequality for the Fisher
information and the entropy.

Our study is motivated by the work of Guleryuz, Lutwak, Yang and Zhang
[18], where they established further this connection by introducing a new class
of probability distributions, the contoured distributions. The level sets of the
probability density of such a distribution are dilates of a star-shaped set K in
R"™ that contains the origin in its interior, called the contoured body of the dis-
tribution. On the other hand, the density function f of a contoured distribution
can be expressed in the form f(x) = ¢(||z| k) where || - ||k is the Minkowski
functional of the contoured body K and the function ¢ : [0,00) — [0,00) is
the so called radial profile of the distribution. Note that contoured distribu-
tions whose contoured body is a centered ellipsoid are known as elliptically
contoured distributions.
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Based on the aforementioned density decomposition, Guleryuz, Lutwak,
Yang and Zhang showed in [18] that information theoretic invariants of a con-
toured distribution are closely related to geometric invariants of its contoured
body. Moreover, they characterized the contoured distributions with extremal
entropy in terms of its radial profile and contour body, showing a clear link
between geometric and information theoretical inequalities.

In this article we carry on the study of contoured probability distributions
on R™, along with their geometric aspects, from an asymptotic point of view as
n — oo. At the same time we show how a contoured distribution could be an
example of a non log-concave distribution with log-concave properties.

In section 3 we further investigate the relation between a contoured distri-
bution and its defining convex contoured body and radial profile function. We
examine probabilistic and geometric quantities of a contoured distribution such
as the moments, its L,-centroid bodies and its isotropic constant (see in section
2 for the precise definitions). We relate them to the corresponding geometric
quantities of the contoured convex body of the distribution and as a first appli-
cation, we prove (see Theorem 3.7) the famous Paouris large deviation inequality
[28] (a main property of log-concave distributions) for contoured distributions.

In the next sections we show how several known results for random convex
polytopes can be extended from the setting of log-concave distributions to the
setting of contoured distributions. A symmetric random polytope in R™ is the
convex hull of 2N random vectors £X7,..., =Xy in R™, where N is a positive
integer, and is denoted as Ky = conv{+X;,...,£Xy}. In earlier results,
see for example [15], [16], [24], [14], the points whose convex hull forms the
random polytope are chosen uniformly from an isotropic convex body, or more
generally have an isotropic log-concave probability distribution. Moving to the
class of contoured distributions, log-concavity is no more a necessity. The radial
profile function that defines the contoured distribution may not be log-concave
(see below for the definitions) and consequently the corresponding contoured
distribution is not logarithmically concave. We give the simple example of the
functions ¢(t) = e~ for 0 < a < 1, that define non-log-concave contoured
distributions, and (after a slight modification) satisfy the restrictions that are
required by our theorems (see the remark in Section 3.3).

In Section 4, we trace all the required restrictions needed in our setting, so
that the known results for the geometric parameters of a random polytope Ky
with NV log-concave vertices remain valid when instead we have a contoured
distribution. In particular, Theorem 4.1 asserts that, under mild assumptions,

P(chq(X) C KN> >1—exp (—esnN'F) — P (F|| >yt \/N) :
sup fy

for any ¢ < ¢ log(IN/n), where ¢o > 0 is a constant depending only on the radial

profile of the contured distribution with density fx, ci1,c3 and v are absolute

positive constants, X1,..., Xy are independent random vectors identically dis-

tributed according to the contoured probability density fx, Lx is their isotropic

constant and ||T|| is the operator norm of the random operator I' : £ — ¢ with
Tz = ((X1,2),...,(Xn,2)), z € R™



In Section 5 we investigate the relation between a contoured distribution
and its defining convex contoured body and radial profile function, in order
to provide asymptotic estimates for basic geometric parameters of a contoured
random polytope. More precisely, for the mean width of K we show that (The-
orem 5.1) E[w(Ky)] < cw(Ziogn(X)), where ¢ > 0 is an absolute constant,
and for the volume radius vr(Ky) we show that (Theorem 5.5)

1
P (vr(KN) < c\/logNIlogN(X¢)V(K)1/"LK) >1- oo
For the notation used above we refer the reader to Section 2 and Section 3 of
the paper. In our proofs, we extend a number of useful facts, in our setting,
which may be interesting on their own.
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2 Notation and background material

We work in R™, equipped with a Euclidean structure (-,-). We denote by | -
| the corresponding Euclidean norm, BZ stands for the Euclidean unit ball,
and S”~! for the unit sphere. The volume of a set A C R" is denoted by
V(A). The volume of BY is simply denoted by w,. The volume radius of A
is denoted by vr(A) and it is the radius of the Euclidean ball having the same
volume as A, i.e. vr(A4) = (V(A)/wn)l/". We write o = o, for the rotationally
invariant probability measure on S"~! and df = nw,do(f) denotes integration
with respect to the Lebesgue measure on S”~!. For any integrable function
f R - R we write f]R" f(z)dz for the Lebesgue integral of f. For any
Borel measurable subset A of R™ we denote its indicator function by 1,4 and
we write [, f(z)dx = [, f(x)1a(x)dz for the Lebesgue integral of f over A.
Integration in polar coordinates gives that

— > n—1 _ > n—1
[ f@yao - /S /O F(t0) 7Lt 6 = e, /S - /O F(t0) " dt do(0).

The letters ¢, c1, co etc, denote absolute positive constants whose value may
change from line to line. Whenever we write a ~ b, we mean that there exist
absolute constants ¢y, ce > 0 such that cia < b < coa. Similarly, if A/ B C R™
we write A ~ B if there exist absolute constants c¢1,co > 0 such that ¢ A C
B g CQA.

Let K be a subset of R™. We say that K is centered if its center of mass lies
at the origin i.e. [ (x,0)dx = 0 for every 6 € S"~', and that K is symmetric
if —x € K whenever x € K. Moreover, we say that K is a convex body if it
is a convex compact subset of R" with non-empty interior, and that K is star



shaped if Az € K whenever € K and X € [0, 1]. The Minkowski functional of
a star shaped set K C R" is the function

[z :==inf {A>0: z€ XK}, xeR™

It is not hard to see that ||T x| x = ||z|/7k for every T € GL(n), where GL(n)
is the set of all invertible linear maps on R™. The Minkowski functional of a
symmetric convex body K in R™ is a norm in R™ and, vice versa, any norm ||-|| in
R™ defines a symmetric convex body K in R, namely, K = {z € R™ : ||z| < 1}.
The support function of a convex body K in R" is defined by

hi(x) =max{{(z,y) :y € K}, z€R",

and w(K) stands for the mean width of K, that is the average of hx over the
unit sphere:

w(K) = /S hic(0) do(9).

If the origin is an interior point of K then its polar body K¢ is the convex
body in R™ defined by K° := {y € R" : (z,y) < 1 for all x € K}. Note that
hi(x) = ||z| ko and hio(x) = ||z|| x for all z € R™.

A Borel random vector X in R” is called logarithmically concave (or log-
concave) if its probability distribution pux(A) = P(X € A) is a log-concave
measure in R™, that is

px ((1=ANA+AB) > px(A)' P ux (B)*

for all compact A, B C R™ and any A € (0,1). A function f : R™ — [0,00) is
called log-concave if

F(@ =Nz +My) > f@) (),

for all z,y € R™ and any A € (0,1). C. Borell proved in [6] that every Borel
random vector X which is log-concave and satisfies px (E) = P(X € E) < 1 for
every hyperplane E of R™ is absolutely continuous (with respect to Lebesgue
measure) and its density is log-concave. Note that if K is a convex body in
R™ then the random vector X g with density fx = ﬁ]l K is log-concave. We
refer to the books [17], [31] and [30] for more details on the Brunn-Minkowski

theory and the geometry of convex bodies in R™.

For a random vector X in R™, we write X ~ f if X is absolutely continuous
with respect to the Lebesgue measure and f is its probability density function.
Moreover, we say that X is centered if EX = 0. We also use the notation X ly
to denote that the random vectors X,Y have the same distribution.

Let X be a Borel centered random vector in R™ with a probability density
function fx. The covariance matriz Cov(X) = ¢ = E[X ® X] of X is the
n X n matrix with entries

COVU(X) = E[Xsz] = /Rn sz$]fx(£€)d1‘



For any p > 1, the p-th moment of the Euclidean norm of X is defined by

() = @lxP)” = ([ lepfx(x)dx>l/p~

It is well khown that for a log-concave random vector X in R"™, one can extend
the definition of I,(X) for any p > —n.

Note that by Hoélder's inequality I,(X) is a non decreasing function of p,
and under the extra assumption that X is log-concave, a reverse estimate holds
true (see [7], [5], [10] and [27]), that is for any 1 < p < ¢ one has that

1(X) € 1,(X) € e 2 1(X). (1)

The L,-centroid body Z,(X) of X, p > 1, is the symmetric convex body in
R™ with support function

1/p
ha, 0 (y) = (EIX,y)P) " = (/Rn (2, )P fx () dw) , yeR™

The Lo-centroid body Z3(X) is the Legendre ellipsoid &z, of X, which is defined
by the covariance matrix of X by &, = ‘5)1(/ ZBQ. The formula

ZP(TX) = T(ZP(X))’ (2)

holds true for any T' € GL(n) and p > 1; this follows directly from the definition
of Z,(X). Holder's inequality shows that Z,(X) C Z,(X), for any 1 < p < g,
while, if we additionally assume that X is log-concave, then Borell's lemma (see
[25]) implies a reverse inclusion, and so in that case we have

Zp(X) € Zy(X) C e~ Z,(X), 3)

for any 1 <p <gq.
The isotropic constant Lx of X, is defined by the formula

1/n
Ly := (sup fX(x)> |detCov(X)‘1/2".

rER™
It is an affine invariant of X and does not depend on the choice of the Euclidean

structure. A random vector X in R™ is called isotropic if it is centered and there
exists a constant ax > 0 such that

Cov(X) = %1, (4)
where I, is the identity map in R™. In this case, ax = | det Cov(X)’l/%. Note

that X is isotropic and satisfies (4) if and only if the ellipsoid Z3(X) is the
Euclidean ball ax BY. Moreover, one can check that every centered random



vector X on R™ has an isotropic linear image, i.e., there exists ' € GL(n) such
that T'X is isotropic.

For any centered convex body K in R™, let X be the log-concave random
vector in R™ with density

1

fK(x) = mﬂ[{(ﬂ?), z € R". (5)

Then, (sup fx)"/™ = 1/V(K)Y™ and we write Cov(K) = Cov(Xg), I,(K) =
I,(Xk) and Z,(K) = Z,(Xk), p > 1. Thus, as a special case of (1) we have
that
1, (K) < 1(K) < ¢ 1K),
for any 1 < p < ¢g. Note also that since Xg is a log-concave random vector,
I,(K) is defined for any p > —n.
The isotropic constant of K is defined by

1/2n

Lx =Lx, = | det Cov(K)| (6)

1
V( K)l /n
We call K isotropic if and only if there exists a constant ax > 0 such that
Cov(K) = a1, (7)

where o = | det COV(K)|1/2n.

Remark. Usually, in the bibliography, for an isotropic random vector X it is
additionally assumed that Cov(X) = I,,, that is ax = 1, and this normalization
implies that Lx = sup,epn fx (z)'/™. Moreover, for an isotropic convex body
K it is additionally assumed that V(K) = 1, that is sup fx = 1, which gives

that Lg = ax = ’ det COV(K)|1/2n. In this paper we prefer to use the general
normalization introduced in (4) and (7), since it suits better in our case.

Paouris proved in [27] that, for any 1 < p < y/n, the p-th moment I,,(X) of an
isotropic and log-concave random vector X in R™ is equivalent to I5(X) = y/nax
up to an absolute constant. A consequence of this result is the celebrated

Paouris's deviation inequality: If X is an isotropic log-concave random vector
X in R™, then

P(|X| > c\/ﬁaxt> <e vV, (8)

for every t > 1.
A well-known open question in the theory of isotropic log-concave measures,
is the hyperplane conjecture, which asks if there exists an absolute constant

C' > 0 such that

L, :=sup {L x ¢ X is an isotropic log-concave random vector on R"} <C,



for all n > 2. Bourgain proved in [7] that L, < c¢{/nlogn and later Klartag
[19] obtain the bound L, < c#/n (see also [22]). Chen [11] in a breakthrough
work proved that for any e > 0 there exists ng(e) € N such that L, < n® for
every n > ng(e). Then, Klartag and Lehec [21] showed that L, < c(logn)?,
and the best known bound until now is due to Klartag [20], who proved that
L,, < cy/logn, where ¢ > 0 is an absolute constant.

The reader may find more details about isotropic log-concave measures in
the book [9]. We also refer to the book [3] for an exposition of the asymptotic
theory of finite dimensional normed spaces.

3 Contoured distributions

A distribution in R™ is called contoured if it is absolutely continuous and its
probability density function f admits a decomposition of the form

f(z) = cp(Ma)),

where ¢ is a positive constant, ¢ : [0, +00) — [0,400) is an integrable function

and A : R™ — [0,00) is a shape function, which means that it is positive away

from 0 and positively homogeneous i.e. A(tx) = tA(x) for any ¢ > 0 and = € R™.
Associated to any shape function X is the compact star-shaped body

Ky={zeR": \z) <1}.

Conversely, associated to any compact star-shaped body K, called a contoured
body, is the shape function defined by the Minkowski functional of the contoured
body K, i.e.

Mg(z)=inf{t >0: z € tK}.

Then, there exists an one-to-one correspondence between shape functions and
contoured bodies which leads us to the following notation.

We say that a random vector has a contoured distribution in R"™ if it has a
density function of the form

Tal@) = el @ eR®, (9)

where K is a star-shaped set in R™ and ¢ : [0, +00) — [0, 400) is an integrable
function such that ¢(|z|) is a density in R", i.e.

Nwn /oo t"Lo(t)dt = 1. (10)
0

The body K is called the contoured body of the distribution, and ¢ is called the
radial profile function of the distribution.

In the rest of the paper we only consider distributions with a contoured
body K which is a centered convex body in R". We write X 4 for a contoured



random vector with density given by (9). In the special case where K = BY,
we simplify the notation by writing X, and f, instead of Xpp » and fpy ¢
We refer to the paper [18] for more details about the definition of a contoured
distribution and the normalization (10) of its radial profile function.

3.1 Moments

First we note that the action of a linear transformation on a contoured random
vector is carried over to the contoured body of the distribution.

Proposition 3.1. Let Xk 4 ~ fx.o(x) = %MHxHK) and T € GL(n). Then,

d
TXK7¢ = XTK,¢~ (11)
Proof. For any random vector X ~ f, in R" and T € GL(n) we have that

1

_ —1
TXNfo(l‘)—meoT (CL’)
Thus,
_ 1 T1p) — 1 Wn 71
frxge,(z) = mfxmqs( z) = WV(K)M” || k)
= vyl = e, (@) 0

The next proposition is a result from [18], which describes the splitting of
the covariance matrix of a contoured distribution. For the reader's convenience,
we present its simple proof.

Proposition 3.2 ([18]). Let Xk 4 ~ fr ¢(x) = %WH%HK) Then,

n+2

Cov(Xk,4) = I5(X4)? Cov(K) =~ I5(X4)? Cov(K). (12)

Pr OOf. For every i7 j = 17 Lo, n, integration in polar coordinates 1mphes that
ov;i (X — T;x '(ﬁ T dx
ij K, V(K) . ilg K

W, n
:v / / 6:0,6(¢16 ] )" dtdd

< 0,0;
|9Hn+2

o(s) s" 1 dsdh

Sn—1

1 0:0;
Wn o(s) s" T ds 7/ s df
/ V(K) Jsnr [10]% Tl

n+ 2
EIquI Cov; (K),




since

1 00,
n+ 2) Cov;; (K :7/ r;xidr = / 2 d6. O
D) = Yy fi =@ Joo Tol

A main observation of this paper is that the same phenomenon also occurs
for the p-th moments and the L,-centroid bodies of a contoured random vec-
tor. They both split into two parts, one for the radial profile and one for the
contoured body of the distribution.

Wn,

Proposition 3.3. Let X ¢ ~ fx.o(z) = V(K)QS(H:UHK). Then, for any p > 1

1/p
1,(Xrcp) = ( ) LX) L(K) ~ L(X)) L,(K).  (13)

n

Proof. Note that for the special contoured random vector Xy ~ fs(x) = ¢(|z]),
a direct computation in polar coordinates gives us that

1/p

1,(Xy) = (E[X )" = (nwn / ) dt) , (14)

for any p > 1. Also, integrating in polar coordinates we see that

n+p n+p ol _
(K = Py — n+p—1
(n+2) I (K) V(K)/Klm' =YK /S,/O e dudb
1 / 1
= ———df.
VI(K) Jgn1 ||0)5P
Thus,

Wn

LX) = g [ el llalx)da

w o0
=_2 ()]0 )t P Ldtdo
v [ [ et

*° 1 1
:wn/o &(s)s" TP 1ds V(K)/Sn1 ||9||}L(+pd0
_ B 4y 1, O
Proposition 3.4. Let X ¢ ~ fx.o(z) = V"E;()QS(H:UHK) Then, for any p > 1
n+p Y/
2,00 = (") LX) Z(8) = L) Z,(8). (19



Proof. We compute

(4 2) @) = 5 [ Nl ay

— n+p W p yn+p—1
- o /S/O (2, 0)[P 77~ dtdg

1 / (2, 6)|P
- df
VE) Jsnr 10II%™

Thus,
W e @ = gy | w)Pellalx) d
Zp(XK,p) - V(K) B , Y K)dy
W, 0 . -
~ V(K) /H/o [, 0)[P(t0)] ) "7 dt df
N gy L [, )1
=wn [ (s)s™TP 1d87/ e df
/0 (s) V(K) Jgn- H9||K+p
I,(X,)P
= % (n+p) h%p(K)(m)- 0

3.2 Isotropicity

Here we study the concept of isotropicity of a contoured distribution and its
relation with the isotropicity of the corresponding contoured body.

Let K be a centered convex body in R® and X = Xg 4 be a contoured
random vector with density function fx 4(z) = %(ﬁ(HxHK), x € R". We
consider the symmetric positive definite linear maps generated by the covariance
matrices of X and K,

Wn,

V(K) /R (v, 2} o (lallsc ) da

Rxy=E[(y, X)X]| =

Ry = 0 [ (e de

for any y € R™ and set Sy = R;(l/Z and Sk = Rl_(l/2. Then, Sx X and Sx K
are isotropic images of X and K respectively. We refer the reader to [9] for more
details on this well known fact about the isotropic image of a random vector or
a convex body. Moreover, by Proposition 3.2,

[ n _
Sx = mb(qu) 1SK (16)

and then, by the definition (7) of the isotropicity of convex bodies, we see that
Sx K is also isotropic and Lg, x = Lg, x = Lx. Thus, Proposition 3.1 and the
above discussion prove the following.

10



Proposition 3.5. Let Xk o ~ fro(z) = %¢(HLL’HK) There exists T €
GL(n) such that T X 4 4 X1k, 15 isotropic and TK is also isotropic.

We finally state the formula that relates the isotropic constant of a contoured
distribution with the one of the corresponding contoured body.

Proposition 3.6. Let Xk ¢ ~ fx.o(x) = %gﬂ)(HxHK) Then

. n+2 1/n
Lx,, =wy/™/ I(Xg) (Sup ¢>(t)> Lk.
n teR+

Proof. By the definition of the isotropic constant we have that

1/n
Lx,,= ( sup fK7¢(x)> ‘ det COV(XK7¢)’1/27L7
zER™
and 1
o 1/2n
Then

1/n W'rlL/n 1/n
O e e )

TER™
1/n 1/n
Wn/
= —— t
v ()

and by Proposition 3.2

n—+ 2
n

’ det COV(XK7¢)|1/2n = I(Xy) |det COV(K)|1/2" ,

which completes the proof. O

3.3 Deviation estimates

We say that a radial profile function ¢ : [0, 00) — [0, 00) satisfies the concentra-
tion condition in R™ with constant 7 = 74 > 0, that depends only on ¢, if the
random vector Xy = X By .¢ satisfies

Ip(Xg) < 7 I2(Xo), (17)

for all p > 1.

Concentration conditions like (17) are valid for several cases of distributions.
For example, if ¢ is a log-concave function then so is the density f,(x) = ¢(|z|)
of the random vector X,. Thus, estimate (1) ensures that any log-concave radial
profile satisfies the concentration condition (17) with constant 7, = cp.

11



Below we give simple examples of radial profile functions ¢ satisfying the
concentration condition (17) with a constant 74 > 0 that depends only on ¢.
Consider a > 0 and let

ba (t) = !

Wy, fol tn—le—t% d¢

eftaX[o,u (t).

It is easy to verify that ¢, is a radial profile, i.e. fy,(z) = ¢o(|z|) defines a
density on R"™, and for the random vector Xy, ~ fg,(2) we have that

Jlmr-tet g\
Jo tn=te=t dt '

Ip(de) = (
Using the fact that e} < e™*" < 1 for t € [0, 1], we easily check that I,(X,,) ~
1 for any p > 1, and hence ¢, satisfies (17) with an absolute constant ¢ > 0.
Note that clearly, if we choose a € (0,1), then ¢, is not log-concave on its
support.

However, this effect does not relate to the fact that the above radial pro-
file function ¢, has a bounded support. A small modification can provide an
alternative ¢ that is * " frequently non-log-concave'' as t — oc.

One can notice that setting ¢(t) = Ae™*", where \ is suitably chosen to make
o(||x||2) a density on R™, will not help. The tails of this function are too heavy
and fail to satisfy condition (17) for all p > 1; nevertheless, they do satisfy it,
up to p = n. Here, contrary to the case of convex bodies where I,(K) ~ I,,(K)
for p > n, this is not the case for I,,(X,). To get the promised example, we have
to lighten up the tails of e=*".

Consider 0 < a < 1 and two sequences z; < yr < Tp41 with 2o = 0 and
yo = 1, that both diverge to +o0o. Define A = U2 | [z, yx] and let

e " xa
nwy, Z?;O ff: tr=le—t" dqt

o(t) =

Then ¢ defines a density on R™ of the form ¢(|z|), it is not eventually zero and
it is not eventually log-concave since we choose 0 < a < 1. For any p > 1,

" g\ /P
I(X)<<” )Up S (e
p\Ao) = n+p

ke (Y — ap)e v

n 1/p [e%S) 1/p
s¢ (n +p) (Z(QZH - 902“))6_”) :

k=1

By choosing =, close enough to yy, so that y; 7 — 2P < 1/k? we get again that
I,(Xy) < ¢, and hence ¢ satisfies (17) with 7 = ¢ > 0, an absolute constant.

In the following theorem we prove a deviation inequality like (8) for con-
toured random vectors, under the assumption (17) on the radial profile of their
distribution. We emphasise the fact that such random vectors, as the above
remark shows, do not necessarily need to be log-concave.

12



Theorem 3.7. Let X = Xg 4 ~ fr o) = %qﬁ(\\xﬂfg) be isotropic and
assume that the radial profile function ¢ satisfies the concentration condition
(17) in R™, with a constant 7, > 0 that depends only on ¢. Then,

P(|X| > %mx\/ﬁ) < etV (18)
for every t > 1, where cy > 0 is a constant depending only on ¢ and ax =
| det Cov(X)|V/?" = Lx/supf)l(/".

Proof. We follow the argument from [27] and [28]. Estimate (1), Proposition 3.3
and the concentration condition (17) on the radial profile ¢, imply that
1,(X) < 2 1,(X), (19)
p

for any 1 < p < q, where c;5 > 0 is a constant depending only on ¢.
Consequently, for any ¢,p,q > 1, the estimate (19) for 1 < p < pg and
Markov's inequality give

et q \P4
P(IX| > eyt I,(X)) < P (|X| > quq(X)> < (Q) .
Taking ¢ =t > 1, we conclude that
P(|X| > cjtl(X)) <e ™ (20)

for every t > 1 and p > 1.

Note that, by Proposition 3.5, the centered contoured convex body K is
also isotropic and so by Paouris's concentration result (see [28]) we have that
I,(K) ~ I,(K), for all p < \/n. Thus, by Proposition 3.3 and (17), we obtain

L(X) <IL(X) <cpla(X)  Vp<yn.
Note also that (E[(X, 9>|2)1/2 = ax = |det Cov(X)[}/?", for all § € S, and
so I5(X) = /nax. Thus, the constant moments behaviour up to p = /n
combined with the estimate (20) implies that

P(|X| > cstaxyn) <e VP

for all ¢ > 1 where c4 > 0 is a constant depending only on ¢. O

4 Geometric aspects of contoured random poly-
topes

We write Ky = conv{£+Xy,...,£Xx} for the symmetric convex hull of the
random vectors Xi,..., Xy in R”. In other words K is the random polytope
in R™ having the random points +X1,...,+ Xy, as its vertices. Applying our
results, we are able to prove an estimate for the asymptotic shape of a contoured
random polytope, similar to the one for the log-concave case (see [14], [16]).
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Theorem 4.1. Let 0 < § < %, v > 1. There exists an absolute constant ¢ > 0
such that if n, N € N with N > cyn, then if X1,..., Xy are independent copies
of the contoured random vector

X~ fyx = froz) = %mnznm, z € R"

where K is an isotropic convexr body in R™ and the radial profile function ¢
satisfies the condition

I, (X
bg := sup 20(Xo) < 00, (21)

o>1 1g(Xgp)

and if Ky = conv{xXy,...,+XxN} is the random polytope generated by the

X;'s, then for all ¢ < TTog(eaby) log % we have that

P(e12,(X) € Ky ) 2 1-exp (~esn’ N' %) P (|r|| > Lo m) , (22)
X

where c1,ca, ¢y are positive absolute constants and ||T|| is the operator norm of
the random operator T : €3 — (Y with Tx = ((Xl,m>, e (XN,x>), x € R™.

Remark. Note that the concentration condition (21) is weaker than (17), in the
sense that if a radial profile function ¢ satisfies condition (17) with a constant
74 > 0 depending only on ¢, then ¢ satisfies (21) as well, with a constant b, > 0
such that by < 7.

We need first a technical lemma from [14].

Lemma 4.2. Let 0 C{1,...,N} and 6 € S*~1. Then, under the assumptions
of Theorem 4.1,

P (max | 63,00 < 3100010 ) < e (05 ) 29

where ||(-,0)|l, = (E|(X,0)]7) Y9 and ¢ > 0 is an absolute constant.

Proof. Using the assumption that X;'s are independent and identically dis-
tributed, we have

P (max ’(Xj,9>| < ;||<'a9>|q>

j€Eo

117 (10500 < 1.0, )

jEo

lo]
P(jcol < J1eol)

To estimate the last probability, we use the Paley-Zygmund inequality

, (E[Y])”

P(Y > tE[Y]) > (1—1t) E 7]

vVt e (0,1), (24)
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for the random variable Y = |(X, 6) ’q. Note that by (21) and Proposition 3.4,

E[v2] = E[(X,0)|" = hzy,x)(0)% < (c1bs)* hz, (x)(6)*
= (Clb¢)2qE [Y]z )

o] (1- L) ol ) o]
o)< (- G3E) = (- )

o]
<exp|—5 |- O
( (261b¢)2q

Proof of Theorem 4.1. Let m := [5(N/n)?] + 1, k := [N/m] and 071,..., 05 be
a partition of {1,..., N} with |o;| > m, for all ¢ = 1,...,k. For any o C
{1,..., N} define P, to be the projection on the coordinates defined by the
index set 0. We consider the average norm in R, defined by

k
1
lullo = EZHPW( ZmaX\ugl (25)
i=1

VAST

and so

NN

P(|<X,0>|§

for any v = (u1,...,uxn) € RY. Then, since

ey o) = s | ()] 2 mae (X)) = | P, () .

for every i = 1,...,k, one has that
hiy () 2 [T()ll, VaeR™ (26)

For any « € R™ such that ||I‘( Mo < ¢, 2)|lq, there exists a set I C {1,...,k},

with || > £, and | Ps, (T H < 4|(-, )|l for every i € I. Indeed, if

r={i<k PL @) < Sl

then, |I| > k/2. Otherwise, if |I¢| > k/2 we would have

1
IT(x Z [Po: (C@)) [ = 712l > T @),

ZGIC

15



which is a contradiction. Thus, Lemma 4.2 implies that for every § € S*~!

P(Ire, < ieon) s ¥ TP (I o)), < 5ieol,)

IC{1,....,k} i€l
[11>k/2

B ) ( ml1| )
exp| ——— | < eXp |\ —7—— =5,
1C{1,..., k}g ( (201b¢)2q zc;,k} (201b¢)2q
I|>k/2
km ok km
exp | ————5- | < (.)eXp -——r
,C;M ( 2(2c1b¢)2q> Z j ( 2(2c1b¢)2q>

(]

IN

A
o)
]
o
/N
N
s}
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[\]
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~_—
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VR
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@]
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©
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SN—
(]
=)
~__—

where 2¢; is the absolute positive constant ¢ from Lemma 4.2. Choosing

I} N
<gp=—" gt 927
1= log(8c1b4)? % 27)

we see that
N S N

2qg — 2 2 Nl_ﬁnﬁa
4(2e1by) ™" (8erbg) ™

and so we get

P (IT@), < G16.001,) < exp (eaV' =0 (28)

for every 6 € S"™1, where co = 1 — (log2)/5 > 0.

Now, let D = {6 € R" : 1||(-,6)||; = 1} and U be a d-net of D, with respect
to the norm %||(-,6)||4, of cardinality |U| < (3/8)" (for the existence of U, see
Lemma 2.6 in [26]). Then, (28) gives that

1 3
P (Hu eU: |T(u)l, < 2) < exp (nlog 5 cle_ﬁnﬁ) . (29)
Since K, and so also X, is isotropic,
Lx n
sup fy

Fix v > 1 and suppose that ||T'|| <~ L;( V/N. Then by the Cauchy-Schwartz

sup )1(/"

inequality we get that

1 Lx N N
'), < — |[I'(x <y—————/— ||zll2 </ —||(~,x
1T ()] \/EH (@)l supf)l(/nv = llzllz < v/ 11,2l
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for all z € R™. For every § € D there exists u € U such that 3[|(-,6 —u)|, <6
and so

IT)llo < TO)lo + IT(O = w)llo < [IT(O)]o + 075ﬁ~

Then, if § = ﬁ, / %, (29) implies that

> sup f)l(/n

_ 1
P (308 IEO < 5O, IT) <92V

1
_p (ae eD: L@ <L, Tl < vmm>
4 sup fy/

IN

1
P (3u ceU: [[T(w]o < 2 [N — \/N)

- sup f)l(/n

exp (n log (1207\/2?) - 02N1_5n6>

exp (—03N1_Bn5) ,

IA

IN

for some absolute constant c3 > 0. The last inequality is valid if we assume that
N is large enough. Indeed, for any suitable absolute constant ¢ > 0, one has

that

N , |N
log— < c'y/—
n n

if N > ¢gn for an absolute constant ¢y > 0 (depending on ¢’). Thus, since v > 1,
if ¢4 > max{cp, 12¢} and if we take

N > ¢q4yn > 12¢yn, (30)

then by the definition of k and m and the fact that 0 < § < 1/2, we have

1-p
log <120’y\/];f> < Clog% < CIC\/% <dC (JT\Z) ,

which implies that

N
nlog (1207\/ k) < ONY BB < coN1=BpP

choosing the constant ¢’ > 0 suitably small.

17



Finally, taking into account (26), we get the desired result:
P (KN 25%,0) <P (305 TO), < ;|<~7e>||q)
(39 €815 [T, < Gl T <925 V)
+ P (I 2 9 2 V)

< exp (—cgNl—ﬁnﬁ) + P <||F|| > rysupo}'(l/
X

V).
completing the proof. O

4.1 A norm estimate for contoured random matrices

We close this section providing an estimate for the probability

P (0 2 v V)

that appears in Theorem 4.1.

Proposition 4.3. Let n, N be positive integers withn < N < eV™ and K be an
isotropic convex body in R™. Let X1,..., XN be independent copies of a random
vector X ~ fx = frxqo(x) = %(ﬁ(HxHK), x € R"™, where the radial profile
function ¢ : [0,00) — [0, 00) satisfies the concentration condition (17)

I(Xg) <7512(Xy)  Vg=>1,

for some constant T4 > 0 depending only on ¢. Let I' be the N x n random
matriz whose Tows are the X;'s, which defines the random operator T : €3 — (5
with Ty = ((Xl,x>, A (XN733>), x € R™. Then, one has that

S§n—1 su

1/2
L 4 4
Tl = sup (Zle" ) < cp o AN,

with probability greater than or equal to 1 — 2exp(—cy/n), where ¢ > 0 is an
absolute constant and cy > 0 is a constant depending only on ¢.

For the proof of Proposition 4.3 we use the large deviation inequality for
contoured distributions from Theorem 3.7 along with the following strong result
for random matrices from [2] (see also [1]).

Theorem 4.4 (Adamczak et al.). Let N,n be positive integers and ¥,k > 1.
Let X1,...,XnN be independent random vectors in R™ satisfying the conditions

4 1/4
P <1I<nzg§VXl| > nmax{l, (N> }) <e Vv (31)
<i< n n

18



and

X <. 2
2 sup 14X O)llvs < v (32)

Then, with probability at least 1 — 2 exp(—cy/n), we have that

< C(k +v)? \/7

Note that the ¥, norm of a random variable Y, for an a > 1, is the Orlicz
norm of Y corresponding to the Orlicz function 9, () = exp(|¢t|*) — 1, defined
by

sup
968"7 1

=1

~ Z( (X:,6) — EI(X,,0)/?)

1Y |y = inf{)\ >0:E [exp ( 'Y‘) ] < 2}.

In what follows, we will use the following well known characterization of the v,
norm (see, eg, [9] Lemma 2.4.2):

(E[Y[P)!/P

D 1/« (33)

1Y l|ap = sup

Proof of Proposition 4.3. We will show that the random N-tuple X;,..., Xy
satisfies both conditions (31) and (32) with some appropriate constants.
The first condition, is an immediate consequence of Theorem 3.7

P(|X| > c;tozx\/ﬁ) <etmyi>1,

where ax = |det Cov(X)['/2" = Lx/sup f3/". Then, since N < eV™, the union
bound gives us that the N-tuple Xi,..., Xy satisfies the condition (31) with
constant x > 1 such that

k> c1(¢) ax > c1(o) ax (%)1/47 (34)

where ¢1(¢) > 0 is a constant depending only on ¢.

For the second condition (32), notice that the convex body K satisfies a 11
condition, since by (3) we have that Z,(K) C c¢p Z3(K) for all p > 1. Thus, by
(13) and the concentration condition (17) for ¢, we get that

Z,(X) CespZa(X)  Vp= 1L, (35)

where ¢, > 0 is a constant depending only on ¢. Note that since the convex
body K, and so the contoured random vector X as well, is isotropic, we have
that Zo(X) = axBY, and so (35) could be written as

(X, 0l

sup sup ———= < cgax.
fesn—1 p>1 p
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By the characterization (33) of the 1; norm, the last estimate implies that the
N-tuple X,..., Xy satisfies condition (32) with constant

Y = c2(9) ax, (36)

where c3(¢) > 0 is a constant depending only on ¢.
Finally, Theorem 4.4 combined with the estimates (34) and (36) implies that
with probability greater than or equal to 1 — 2¢~¢V™ one has

T = s (Zuxi,ew) < e(on ANV
feSn—1 i—1

where ¢(¢) > 0 is a constant depending only on ¢. O

5 Geometric invariants of random polytopes

The random polytope Ky can be weakly sandwiched between two L,-centroid
bodies Z, (X) and Z,,(X), with ¢1,¢2 ~4 log(N/n), where a ~4 b means
that there exist positive constants c¢1(¢),ca(¢) depending on the function ¢
such that ¢;1(¢)a < b < ca(d)a. This result is valid for more general sampling
distributions and this is why the results of this section are stated with more
general assumptions: Let n, N € N with n < N. Let X be any random vector
in R™ with E|X|? < co V¢ > 1, and X3,..., Xy be independent copies of X
forming the random polytope

KN :KN(X) ZCOHV{:EXl,...,:tXN}.

As an immediate consequence (see [14]) of the union bound and Markov's
inequality it follows that, for any a,q > 1, one has

P(hKN (0) > ahzq(x)(ﬁ)) < Na~9 (37)
for all @ € S*~!. Then, an application of Fubini's Theorem implies that
E[a (9 €S ey (0) > ahzq(x)(a))} < Na—v. (38)

Thus, if for example we take ¢ = e and ¢ = (k+1)log N, where k is any positive
integer, then by the above estimate we get that

E[o(6€8" " hiey(6) < ehz,x)(8))] =1~ %

that is, for a random Ky we expect that in most directions 6 € S"~1, eZ,(X)
would be outside K.
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5.1 Mean Width

The simple estimate (37) implies that the expected mean witdth of Ky, is
dominated by the mean width of Zjos v (X).

Theorem 5.1. Let X be a random wvector in R™ with E|X|? < oo, V¢ > 1.
Let Ky = conv{£X;,...,=XnN}, where N > 3 and X1,..., XN be independent
copies of X. Then

E[w(KN)} S cw(ZlogN(X))

where ¢ > 0 is an absolute constant.

Proof. Let ¢y > 1 be an absolute constant. Then, for any a > 1 and g > ¢y we
have

w(Ky) = / hic,, (6) do(6)
S’n,—l
g/ ahzq(X)( / hKN do‘(@)
{hKN<ahZ ) } {hecy>ahz, 0}

<aw( / hiy (0)do(0)
{hicy>ahz, 0}

and so
E[w(Ky)] < aw(Z,(X)) + ]E/{h oy O350
Ky >ahze(x)
Now, we use (37) to estimate the last expectation:
/ hKN da(&)
{hxy>ahz,x)}
= E(h )1 do (0
/Sn—1 |: K (0) {hKN(9)>ahzq(X)(9)}] o(0)
= /Sni1 I;)E |:hKN (9> ]]'{Qkahzq(x)(e)<hKN (a)§2k+1“hzq(x)(9)} dO’(9>

<2 /S ) 302 (i (6) > 2z, ) (6)) do(6)

< 2a (i 2<q1>k> a”INw(Zy(X)) < craa™ N w(Z(X)),

k=0

where ¢; > 0 is a constant depending on ¢y. Choosing a = e and ¢ = log N, we
finally get

E[w(Ky)] < (a+craa™N)w(Zy(X)) < cw(Z4(X)). O
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5.2 Volume Radius
Let K be a convex body in R™. For any 1 < ¢ < n define

w_y(K) = (/S h‘}j@) da(e)) o

Lemma 5.2 ([14]). For any 1 <gq<n
vr(KN) <w_4 (KN). (39)

Proof. For any and 1 < g < n and the symmetric convex polytope Ky =
conv{ + Xq,...,£X N}, Blaschke-Santalé inequality and integration in polar
coordinates give that

i) = <V$N)>l/n : <V(Lf’;§’v)>l/n = (e da<9>>_l/n

< (/S hil (0) da(0)> o = w_g(Kn). =

In order to provide an upper bound for the volume radius with " high"
probability we need first to provide a bound for the w_g-width of the random
polytope Ky

Proposition 5.3. Let X be a random vector in R™ with E|X|9 < oo, and
assume that there exists a constant B > 1, depending only on the distribution of

X, such that
ZQ(X) - Z2q(X) - BZq(X)a (40)

forallg > 1. Let N € N, N < e"/2, let X1,...,Xn be independent copies
of X and consider the random polytope Ky = conv{ + Xl,...,iXN}.
log2N < g < n then we have that

(KN) = 9 25 —Q/2(Zq/2(X)) (41)
with probability > 1 — e~ 9.
Proof. Notice that for any a,q > 1,
hi (6
/ L() do(6)
Sn—1 hz (X)(G)
hi hi (0
:/ KN / 7{11(1\7( ) da(@)
{hKN <ahz (x)} hZ (X) {hKN>ath(X)} th(X)(e)
hi (0
< a4 +/ L() do(0).
{hKN>ahZ (X)} hZ (X)(e)
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Then, by (40) and (37) we have
/ Wiy (0) (9)
{hKN>ahz (x)} hZ (X)
P (9)
/snfl lhqzq(x)w) ]l{ahzq<X>(9><hKN(9)} 4o (®)

o~ | ey (0)

/S"II;) 1y, () {Qkahzq(x)(€)<hKN(9)§2k+1ahzq(x)(0)}] a(0)

dU(Q)

o0

< (2a)1 /S . > 295 P (hiey (0) > 2Fahz,(x)(0)) do(0)
k=0

< oy | >oop (100 (00> 25 iz, 0)) o0
- E
282\ 1 [ 1\" [ 28%\*

<N — | <[ — .

(25 (2) = ()

k=0
ﬁ2
Thus, for a = e8? and ¢ > log2N, we get that < ) 2N =29¢7912N < 21

and so

h (0) - .
]E/Sn_l Wda(g) < (ef?)T 429 < (2¢p%).

Therefore, Markov's inequality implies that

ier (0) ) ot
P getemzpamy)zien

Moreover, for any 1 < ¢ < n or N < e™/2, by the Cauchy-Schwartz inequality

we get
w_g2(Ze(X)) " = (/Sn ) hq/glw)da(o))

Z4(X)

1 h . (0)

= /S o) 7 /S W%, o0 ®
—q h4 (@)

= w_q(Kn) /Sw1 m do(6)

and so by (42)
1
P (wq(KN) = qu/z(zq(X))> >1-e™
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Finally, by (40) we conclude that

1 1
wg(Kn) < 5 a5 wq/2(Ze(X)) < 5555 w-q/2(Zy/2(X))

with probability > 1 — e~ 9, and the proof is complete. O

For the next step, we make use of Paouris' formula from [29]: Let K be a
centered convex body in R” and ¢ € N with ¢ < n. Then

q
w_g(Z4(K)) =~ Ef,q(K). (43)
Lemma 5.4. Let X = X ¢y ~ frg(z) = V"(’;()gb(HxHK), where K is a centered
convex body in R™. If 1 < q <n, then
q
w,q/z (Zq/2 (XK7¢)) S C\/;Iq/g(Xd,) IQ(K) (44)

where ¢ > 0 is an absolute constant.

Proof. By (15) we have that

2n+q 2/a
Z‘]/z (XK#’) = ( 2TL )

Lyj2(Xo) Zgja(K) = 1)2(Xg) Zg2(K)

and the result follows from (43), Proposition 3.4 and Hélder's inequality:
q
wog/2 (Zg/2(Xrc.0)) = Lgja(Xo) w_g2(Zg/2(K)) =~ \/;IQ/2(X¢)I—q/2(K)

C\/gjq/Q(X¢) IQ(K) O

IN

Theorem 5.5. Let X = Xk 4 be a contoured random vector in R™ with density
fr¢(x) = Vf(“;() ¢(||x||K), where K is a centered convex body in R™, and assume

that Lon(X.)
by = sup 20290 < .
g>1 1q(Xg)
Let 1 < N < €e"/2 and X1,..., XN be independent copies of X. Then, for the
random polytope K = conv{ +Xq,..., :I:XN} we have that

vi(Ky) < ey/log N Tiog n(Xg)V (K)Y" L (45)

with probability greater than or equal to 1 — ﬁ
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Proof. Without loss of generality we may assume that X = Xg 4 is isotropic
or equivalently that K is isotropic. Then, by (3) and Proposition 3.4, we have
that

Z2q (XK7¢)

<n+2q

n

1/2q
) I2q(X¢>) ZQq(K)

n+ 2q 1/2q

Qc( n ) Ing(Xg) Z4(K)
nt2q\1/20 s

=C ((’nilq;l/q ‘[qu((‘X;)) Zq(XK7¢) g Cl b¢ Zq (XK7¢)~

Thus, for any N € N with N < ¢"/2 and for any log 2N < ¢ < n, we can apply
Lemma 5.2 and Proposition 5.3 to get that

1/n c
(V(j(nN)> < i Wq/2 (Z4/2(Xk.0)) (46)

with probability greater than or equal to 1 —e~? > 1—1/2N. Now, by Lemma
5.4, and since K is isotropic, we get that

a2 (B (X)) < o) L1060 (R

- c\/z I,/2(X4)v/n | det Cov(K)|'/"
= cy/q12(Xy) V(E)Y" L. (47)
We finish the proof, by combining the above estimates (46) and (47). O
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