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IIAéypata oTov R™

1.1 IIAeéypota

Epyalbuaote otov Euxkeldeio ydpo R™, tov diavuouatixd yohpo GA0V Twv n-ddwy
T = (21,...,%n) TEOYHATIXGY opLdumy. LtodeponoloUe 10 ECWTERLXS YLVOUEVO

(x,y) = z1y1 + - .- + TpWYn-

Auto 10 eowtepd Yivéuevo endyet otov R” tnv Euxdkeldeia vopua ||z]|2 = /(, x).
YuuBoiiZouvue ue Dy, tnv Euxdeldeia uovadiado undha, ue S™1 ) wovadioda ogaipa,
xaL UE Wy, Tov n-dtdototo 6yxo e Dy,. Opilovue

D(z,r) ={y € R" : lz — yll < r},

xar 0 = (0,...,0). Tpdpovue L(R™) yia 10 OVOAO TV YPOULUXMDY UETAUTY NULATL-
ouwy tou R?, xar GL(n) v Ty oudda TV avTLoTREPLUGY YROULULXMY UETATY MU
Topoy Tov R*. Av T € L(R™), o ouluyhc tou T elvor o T* € L(R™) nou opileton
and TV

(Tz,y) = (z, T"y), z,y € R".

Optowég Eva utocivoho A tou R™, n > 2, Aéveton mAEYaL oy UTHPYOLY YRoUUL-
%S aveldptnta SlavdoudTd Uy, . . ., Uy, € R™ yia Tar ontola

A={z e Rtz =mqus + ...+ mpup,m; € Z}.

Tote Mpe 6t 10 {u,. .., u,} elvoan Bdomn tou mhéyuatog A. ‘Eva miéyua unopel vo
el meplodTepe and wio Bdoee (yia v oxpifeta, dnwe Ya dolue napauxdtw, xdde
TNy ExeL dnelpes To TAY0C SlopopeTinés BAoeLs).

Iapatnenoeig Eva vrocivoro A tou R® elvar mhéypor av xon uévo av umdpyet
T € GL(n) yw tov onolo A = T(Z™). Ilpdyuott, av to A elvar mAéyua ue Bdon to
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{u1,...,un}, ©é1e A =T(Z"™), 6mov T o ypauulxos Uetaoynuationds mov opiletan
and we T'(e;) = u;, i = 1,...,n. Avtiotpoga, av T' € GL(n), téte 10 T(Z") eivon
TAéyua we Bdon to {T'(e1),...,T(en)}-

Ocekpnua 1.1.1 Kdde mAéyua A oror R elvar duakpier} mpooBetixny vroopdda tou
R™. Aéyovtag dakpiri, evvoolue én vrdpyet r > 0 dote D(o,r) N (A\{o}) = 0.

Anédeln: Eoww A = T(Z"), T € GL(n). Eivaw povepd 6tL, av z,y € A tdte
z—y €A, dnhadh to A elvon mpocletinr unooudda tou R™.

Enione, av oploovue @ = {z € R" : |x;| < 1}, t61€¢ Z"N Q = {o}. Xpnowo-
TOLOVTOC T0 YEYOVOC 6Tt 0 T elvon éval mpog €val, BAénouue OtL

ANT(Q) =T(Z"NQ) = {o}.

‘Ouwc 10 T(Q) elvar avowtd urnosivoro tou R xou 0 € T(Q), dpa undpyet r > 0
wote D(o,r) C T(Q). Eneton 67t D(o,7) N (A\{o}) = 0. O

"Aueoeg ouvéneleg ToU 0ploUol TN BLaxELTAC TpooUeTIXhS ouddag etvon oL e€Xg:
(o) Av D(o,7) N A = {0}, t61€ yro x&¥e u € A woyder D(u,r) N A = {u}.

(B) Tw xdde R > 0, n D(o, R) neptéyer nenepaouévo 1o tAdoc onuela tou A.
Hpdrypott, av vy xdmow R > 0 unpyav Staxexpiuéva ©p,n € N, onuela tou A
oty D(o, R), t6t€ Yo unopoloapue vo Bpolue ouyxhivouoa uraxohovdia (g, ) g
(). Toéte, yio onowodfnote r > 0, Yo unopodooue va Bpodue m,n € N této
GoTE 0 # Xy, — T, € D(0,7) NA. Anhads, To A Sev Yo fitay droxprth) Tpocletixt
unooudda tou R™.

Oa yenowonothoovue Tie (o) xar (B) yior vor SOOOVUE €vay YapaxTneloud tou
TAEYHOTOC.

Ocwpnua 1.1.2 Eva vrnootrodo A tov R" elvar mAéyua av kar uovo av mepiéyer n
ypaupikas aveEdptnta diavvouata kar elvar owaxpie) tpoodetikr) vroopudda tov R™.

Anodegn: H ula xateduvon anodelydnxe oto Osdpnua 1.1.1. ot Ty dAAN xa-
tedduvor), vnodétovue 6t A elvon pio dtaxplth tpocVetixt| unooudda tou R*, nou
TEPLEYEL TAL YPOUULXWS ave€dotnta SlavOoUoTd T1,...,Ty. O XATUCHEVACOUUE
ula Bdon tou A, dnhadn éva alvoro {ug, ..., Un} YPOULUXOS oveEdpTnTwY dlovu-
oudtwy oto A ue Ty WioTnTor xdde v € A ypdpETan UOVOSHUAYTA OTN UopPY
UV =mius + ...+ Mulp, OTOL My, ..., my € 7.

Ta ug,...,u, 9o optotoly dadoyxd. Y10 mpodto Brjua, Yewpodue tov Uovo-
Sudotato undywpo Fi = (1) mou moapdyeton and TO X1, XU EMAEYOUUE WS Uy EVal
un undevixd dudvuouo Tov F1 N A mou €yel tn wixpdtepn duvaty andotoaot and To
o. Il ocuyxexpuéva, utopolbue va Tdpovue u; = txy, 6mou t > 0 o UxEOTEPOS
Suvatéde dote tzy € A, To A elvan Sroxprtd, dpa to evdiypopuo tuhua (o, z1] Ya
nepLéyel tenepacuéva 1o TARYog onueta Tou TAéyuatog. Enouévwe, to uy elvon xahd
0pLOUEVO.



Yuveyilovpe enaywywd: Ga delfovue 6Tt yia xdde k < n unopobue vo Bpodue
ULy ..., Ug € (T1,...,TE) €10 WOTE TO AN(T1, ..., Zg) Vo TopdyeTan (Ue oxépatoug
OGUVTEAECTES) altd T Ug, - - - , U

Ay = AN (z1,...,z,) = {miuy + ... + mpuy : m; € Z}.
Me ufa tTétolo xaTaoxeLy|, Ta u; elvol Yeauuixms aveldptnta xat, yia k = n, Exouvue
A={zeR" iz =mus +...+ myu,,m; € Z},

dnhad| to A elvan TAéyuoL.
Lo tnv emhoyt) ToL ug41 Yewpolue to Taparlknieninedo

P={zx=a1u1 + ...+ apug + bxp+1,0 < a; < 1,0 < b < 1},

X0l ETMAEYOUUE GV U1 €VaL oTolYEL0 Tou PN A Yo T0 omolo o cuvteleotrg b eivan
o ehdytotoc duvatéc. To obvolo PN A elvar un xevo vl 241 € PN A, xou €yel
nenepaouéva to thidoc onuela (Yol To A elvon Stoxprth) oudda). Apa, T0 Ugyq Elvor
XOAG OPLOUEVO.

To g, ..., up elvon yoouxds aveldptnTa, xou
k
Up41 = Z a;u; + brgi1
i=1
te b # 0. Autéd onuaiver 6t ugs1 & (Wi, ..., Ugk), JEO TO U, . . ., Up1 EVIL YPOUL-

xc aveldptnta. Oo delfouvue 6T

(%) Appr i =AN(21,. o Teg1) = {miuy + ...+ Mpg1Upg1 : My € Z}.
‘Eow ¢ € Apy1. Tot ug,. .., ugpr elvon Bdon tov (@1, ..., Tk+1), doa © = t1ur +
cooF trug + tpp1Uker YW XETOWUE T, ..., b1 € R Oétovue {2} = z — [#] 10

XAACUATLIXG UEPOC TOU Z, Xol VEWPOVUUE TO
x' = {tl}ul +...+ {tk}uk + {tk+1}uk+1 € A.
Tore,

k
= {tl}ul + ...+ {tk}uk + {tk+1} (Z a;u; + b$k+1>

i=1

= t'1u1 + ...+ t;cuk + {tk+1}bﬂ?k+1 € A,
dpot, av 0 < {tg4+1} téTE
2 = {t uy + ...+ {t Jurk + {tkr1}bTrer EANP,

70 omnolo elvon drono ool {try1}b < b. Enetaw 6w {tg+1} = 0, SnhadA ty1 € Z.
Téte duwg,
' = {tl}ul +... {tk}uk eAN (iL“l, ce ,$k>,
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xoL, omd TNV ETAYWYWXH o unddeoT), mpénel var EYOVUE Ly, ..., tx € Z. Autd amo-
dewevieL Ty (%) xot, EnaywyLxd, To Ye@pnuoL. |

IHapathenon H anddeién tou Yewprjuatog udg divel tawtdypova évay 1pémo vo ep-
VAUE amb v Yeouxnds aveEdptnto utoalvoro {&1,. .., 2, } evoc TAéyuatog A oe
Bdon {u1,...,up} ToU A, ue Ty WSTHTA

<U1,...,Uk>:<331,...,ﬂ?k>, ].SkSTL

1.2 Opilovoa evog TAEYULATOG

Ogiowds Eotw A éva mAéyua otov R”, xon ug,. .., u, wia Bdon tou. To mopohhn-
Aeninedo

P:{Zaiui:ogai<1}

i=1

Aeyeton Yeperi®ddeg noparAnieninedo tou tAéyuatog. O éyxoc |P| tou P Aéyeton
opifovoa tov mAéyuatog xo cuuBolileton ue det A.

H Ilp6taom nou axohouvdel Seiyver 6Tt 0 dyxog tou Veuehddoug mopahhnheminédou
elvon ave€diptnrog and v emhoyy| g Bdong.

IIpoétaoy 1.2.1 Eotw A éva mAéyua orov R*, kar P, Q) 600 Jepelicddn mapaldnhe-
nimeda tou A. Tére, |P| = |Q)|.

Anéden: ‘Eow {ug,...,un} xou {v1,...,v,} oL Bdoewc tou A nou opllovv ta
Yeuehoddn maparinienineda P xon Q. Toéte, av U,V elvon oL mivaxeg mou €youv oay
OTAAEC Ta U4, V; avTloToLya, €youue

|P| = |detU], |Q|=|detV].

[Cpdpoupe o Sravdopata g plag Bdong cuvapthoel v Stavdouatwy e dAANg,

XOlL EYOLUE
n n
U; = E m;;vj, V; = E lij’u]',
Jj=1 Jj=1

6mov M = (m;j;) xou L = (1;5) nivaxec ue oxépoues ouvtetayuéves. Tote U = VIM*
xou V =UL", dpa ML =1I. Anhadr,

|det M| -|det L| =1,
xaw apoV det M, det L € Z, naipvouue | det M| = |det L| = 1. Autd onuaiver ot

|P| = |detU| = |det M| - |det V| = [det V| = |Q|. O
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IHapatienon H anddeiln tng Hpodtaong diver 6t av U xou V' elvon 0o Bdoeg tou
Wlov TAéyuatog A, téte cuvdéovton uéow evog unimodular nivaxo. Yrdpyer Snhady
nivaxac M ue axépoes ouvietayuéves xou opllovoa det M = %1, tétolog OoTe
U = VM*. EbGxola ehéyyouue 6Tt loyVel xou to avtiotpogo: av V' elvan ula Bdon
Tou MAéyuatoc A xou M elvon évac unimodular mivoxag, T6TE oL GTHAES TOL v
VM* anoteholyv Bdon tou A.

Aol o byxog onotoudrinote Yeuehwddoug noparnientnédou tou A elvon Tdvta o
{dioc, N optlovoa det A tou A opiletar xohd. Mmropolue udhiota Ue T Bordeld tng
vou yopoxtnelcovpe T Bdoelg Tou A:

Ocdhpnua 1.2.1 Eoww A éva mAéyua orov R, kat ug,...,up € A. Ta ug,...,up
elvar Bdon tov A av ka1 pérvo av

| det(uy,...,u,)| = det A.

Anodedn: H ula xateduvor elvon mpogavic and tov opioud e det A. o Ty
avtiotpogn xatevduvan, €0tw Uy, ..., Uy, € A pe |det(ur,...,u,)| = det A. Ago0
det A > 0, ta u; elvan ypouuxde ave&dptnta. Ou dellouue otl anoteloly Bdorn tou
A

Oewpolue ula Bdon V tou A, xou ypdpouue U = VM* xau V =UL*. HV elvae
Bdom ToU TAEYUOTOS Xou TOL Uy AVIXOLY 6T0 A, dpot 0 M Eyel axépoleg CUVTETAYUEVEC.
Ouwg,

|detU| =|det V| =det A

and v undleor| uag, dea |det M| = 1. Autd ouwe udc eaoparilel 6Tt xou o
L = M~ elvar acéponog milvaxac, Suott o otouyela Tou elvon Tng uopgiic

o idet Mij

lii = Z.
E det M <

[M;; elvon o mivaxag mou mpoxdntel and tov M av «SorypdPouUey TNV i-YpoLU xow
™V j-othHAn tov]. Agod V = UL* xaw n V elvon Bdon tou A, ta u; elvar Bdomn tou A.
a

To Oebdpnua 1.2.1 udc dlvel éva xpLthpto Yo var ano@acioVUE av N YRUUULXMS
aveZdptnto drovbouata evog Théyuatog anoteloly Bdor tou. 'evixd, dev undpyouv
AMASL YEWUETEXS XELTAPLOL TTOL VoL amavToOV Ot awtd To epdTnua. H xatdotaon etvon
TévTwe oanAf oty nepintwon A = Z%:

Ipértaom 1.2.2 Ta ypauuikds aveEdptnra uy,us arotedovy Pdon tov Z2 av kar
H6vo av ato kAewtd tplywro T = {arur + asusz,0 < a; < 1, a1 +as < 1} dev vndpye
dAo onpeio tov Z* ektés tov o,ur, us.

Amnéderdn: Av ta ug, uz elvon Bdom, TOTE Tar uovaL onuelo TG LOPPNS a1ty + axts UE
a; € Z mou avixouy oto T glvon ta 0,u1,uz (6tav (ai,az) = (0,0) % (1,0) A (0,1)).

Avtiotpoga: éotw 6Tt T0 {ug,us} Sev elvar Bdomn tou Z2 O Bpolue axépono
onuelo oto T* := T\{o,u1,uz}. Trndpyet z € A mou ypdgeton oTn LOpYPH T =
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a1 U1 +asuz, xoL ot a; dev elvor xan ot 8o axépatot. Toéte, 1o ' = {ag fus+{az}us € A
avAXeEL GTO TUPUANNAGYPOUUO

P(Ul,UQ) = {t1U1 + tng :0 S tl’ S ].}

xat 3ev elvon xopu@r Tou. Av to &' avixel oto xdtwy Tplywvo T, téte Pploxetar oto
T™* xou €y0LUE TEAELWOEL. Ay TdAL aviXeL 0TO «Tdvwy Tplywvo, TOTE T0 U1 + uz — &'
avixer ato T xat, Towtdypova, oto A. |

Iapathenon H guotohoyixt, yevixevon tng lpdtaong 1.2.2 etvan 1 e€rc. To ypauut-
%W AVEEAETNTA DLUVOCUOTA U1, . . . , Uy, Elvo Bdon TOU Z™ av xou uévo av o simplex
UE XOPUPES 0, U1, ..., Uy, DEV TEQLEYEL dAAO axépono onuelo. ‘Ouwg autd dev eivon
owotéd: yia mopdderyua, o ur = (1,0,0),us = (0,1,0),us = (1,1,2) oynuotilouy
éva simplex mou Bev meptéyeL dhha oucépona onueta, ywplc vo amoteholy Bdom tou Z3.

H enduevn npdtaon e€acpariler tny Onopén TOAGY SlapopeTixdy Bdoewy yia
x&de mhéyua A otov R*, n > 2:

Ilpétaon 1.2.3 Av & = (21,...,Z,) € Z™ ka1 0 péYlotos kowds Saipétng twy
Z1,...,&, €lvar 1, Téte to x emextelverar o€ Pdon tov Z™.
Anodergn: Mnropolue vo Beolue Yo, ..., Yn € Z™ TéTOLH WOTE TA T, Y2, - -, Yn YO

elvor ypouuxade avegdptnto: apol T # o0, UTdpEYEL 19 < 1 TETOW WOTE T4, # 0, ondte
UTOPOVUE VoL TIPOLUE GAV Y; Tol DLvOCUATA €4, & 7 .
Koatéry xataoxevdlovue Bdon {uq, ..., u,}+ 6nwe oto Oedonua 1.1.2, Eexvddv-
) ) ¢ 9
ToC And TA T, Y2, - - -, Yn. Hapatnerote 6Tt up = z, yatl 1o = elvar to TAnoléotepo
Tpog 10 0 axépono onuelo tou (x). Edd ypnowonotelton n vnddeon bt oL @1, ..., Ty
€Y 0LV UEYLOTO X0WO SLanpéTn T LoVAdaL. |

IIépropa 1.2.1 KdOe nAéyua A oror R*, n > 2, éyer drepes to nApfog dragopett-
kég Pdoes.

Anddedn: Apxel va egetdoovue v meplntwon A = Z". YTndpyouv dnepeg to

TAAl0g n-ddeg Un UNSEVIXDY axepUlWY Z1, . .., Ty TOU €YOUV UEYLGTO XOWVE SLoLpETT
TN povdda. Kdde ula and autég avixel oe ula Bdon tov Z", and tnv Ilpdtaon 1.2.3.
Apa, t0 Z™ éxeL dmelpeg SlapopeTiné BAoELS. g

To tehevtaio anotéhecua auThg TS Tapayedpou diver ulo onuavtixd Widtnta
oL Yeehddoug TapolnAemiTédou (tny onola Yo YpNoyLoTOLRoOUUE dpXETES POpES
0T OLVEYELL):

Oewpnua 1.2.2 Fotw A éva mAéyua otov R™, {uy,...,uy} pla Bdon tou A, ka1
P ={aiu; +...+ anu, : 0 < a; < 1} wo avtioroyo Jepehidddes mapaAdnieninedo.
Tore,

R* =P ®A.

S . p . . n .
Anlaon, ot petapopés tov P katd ta onuela tou A, kadvmrour tov R* ywpls va
emkalvnTovTal.



13

Anodedn: Eoww v € R*. Ta u; eivan Bdon tou R, dpa unopolue va ypdpouue
n 7, ’ ’
T =), tiu; yia xdnowouc t; € R. Oewpolue to Stavbouorta

n

Yy = Z{ti}ui, z= Z[ti]u,-.

i=1

Téte, z € A,y € P, xon
r=y+z€P+A.

Kdde x € R ypdpetar ue uovadixd 1pémo ce authy T wopeh: Av yia xdrow x € R?
glyoue z =y+2z=y1 +21 yey,y1 € P, xon 2,21 € A, téte Yo elyoue y —y1 € A,
dnhadn

n
Yy — Y1 :Zbiui, b, € 7.
i=1

Ouwg, |b;] = |ai(y) — ai(y1)| < 1. Enetor 6w by = 0 vy x8de i < n. Ondte y = 1
xaL z = 21, Tou anodetxvieL To {NTolUEvo. O
Mia yprowun epapuoyr tou Ocwpruatog 1.2.2 diveton otny enduevn npdtaomn:

IMpdétaoy 1.2.4 Eoww A éva mAéyua orov R*. Ia kdle R > 0 oupforilovue pe
N(R) vo mArjfog twv onueiwy tov A N D(o, R). Tore,

lim ACON
R—oco wpR®  det A’

Anodedn: Oewpolue to Yeuehddeg naparnieninedo P tou A wg mpog ula Bdon
{u1,...,u,}. Trdpyet a > 0 tétow0 wote P C D(o,a). o xdde R > 0 opillovue
Ur = AN D(o,R). Tore,

U w+P)CD(o,R +a),
ucUr

xa, and 1o Oedenua 1.2.2, o u + P dev emxahOntovton. Apa,

N(R)(det A) = N(R) - |P| = | |J (u+P)| <wu(R+a)",

uceUr
S,
N(R) _(R+a\" 1 1
< .
() R ( R ) detA  detA

And v &M mhevpd, Yo ueydia R > 0, éyovue

U (u+ P) D D(o,R —a).
ucUr
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Mpdryuatt, av x € D(o, R — a), undpyouy u € A xou p € P (onéte ||pllz < a) tétowa
wote x = u + p. ‘Ouwg tote,

[ullz < llzll2 + lpll: < R —a+a =R,
dnhad”), u € Ur. 'Omwg mply, xatohiyouue otny

N(R) _ (R=a\" 1 1
wpR? — R det A det A’

()

Tuvdudlovtag tic (*) xan (sk) malpvouvue to {nroduevo. O

1.3 YromAéypota

Opiopds: 'Eotw A éva mhéyua otov R?, xar Ag C A Av 10 Ag elvon mAéyua, tdte
Aeue 6TL 0 Ag elvar uonAEya Tou A. Aol t0 Ay elvon uTooUEdY Uidc aBeaviic
ouddag, oplletar N opdda mniixo A @ Ag. O mAnddpududg tng Aéyeton delxtng Tou
Ap o0 A, xon ouuBoriletan e A : Agl.

Me awtov to ouuorioud, av |A 1 Ag| = s, unopodue va ypddouue to TAEYUA A
ooy Evwan s To TANY0g EEVwV GUUTAOX®Y, SNAadY

A=JAo +a),
i=1

6moL ai,...,as € A. To mpdro Yedpnuoa authc tng napaypedpou utoloyilel Tov
delxtn Tou uTomAéyuatog Ag oo A:

Ocwpnua 1.3.1 Eotw V = {v1,...,v,} pia Bdon tov Ag. Av P = {37 | a;v; :
0 < a; < 1} elvar to Oeprehicdbes mapaldnAenitedo tov Ay ws mpog tnr V., tdte

A Ao = |PNA
dmov ue |A| oupBorilovue tov mAnddpiduo evds nemepacuévov ouvddov A.

Andden: Av iy #Ay2 € PNA, t6t€ y1 + Ag # y2 + Ap. Hpdypare, av y1 + Ap =
Y2 + Ag, t61€ 0 Y1 — Y2 €lvar un undevixd xou avrixel oto Ag. Emlong, y1 —y2 €
{Z?:l a;v; : |a;| < 1}, 86t yp, y2 € P. 'Ouwg, to wovadixd onuelo tou Ay mou éxet
auThHY TNV Wiétnta elvon 1o undevixd. Emreton ot

IA:Ao| > [P N A

Loty avtiotpopn aviodtnta, delyvouue 6Tt av & € A t6te udpyet y € PNA této0
wote € y + Ag: Ilpdypart, and 1o Oewdpnua 1.2.2, undpyouy y € P xaw z € Ao
o Oote £ =y + 2. Apodz € A xow z € Ag C A, daelvar y =2 — 2 € A. "Apa
y € PNA, xouwx €y+ Ap. |

To enduevo Jedpnua Sivel éva «edindy Levydipt Bdoewy Yo tar Ag xon A (xovovixn
uop@n xortd Smith):
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Ocwpnua 1.3.2 Eoww Ay éva vronAéyua tov mAéyuaros A otov R*. Tndpyovv

Bdoag U = {uy,...,un} tov A ket V = {v1,...,v,} toU Ag, téT01€G ddoTe
v =miu;, l=14,...,n
Kat
mi|mi+1, i:l,...,n—l.

Aréderdn: Eow U = {u;} xau V = {v;} 300 Bdoec wwv A xou Ay avtiotoyo.
Kde v; € V' ypdpeton povoorhuavta otr Lop

Vi = Mi1Ul + - .+ Miplp,  Myj €.

Maipvovue €tol évay oxépouo mivaxa M = M(U,V) o onolog e€optdtar and tny
emAoyY| Twv Bdoewy U xau V, yia Tov onolo toylet 1 oyéon mvdxwy

V=UM".

Oewpolue v xhdon M = {M (U, V), U Bdon tou A, V Bdon tou Ag}. H x\don
M uéver avalholwtn we Teog TN dpdoT XATOLWY UETACYNUATIOUMY TLVAXWY:

(o) Av uetadéoovue v i ue Ty j ypauun tou tivaxa M, toalpvouue Tov mivoxa
My € M nov avuotouyel ot Bdoewg U xau Vi =V (ue petddeon tov vg, v;).

(B) Av petadéoovue Ty i Pe Ty j oA Tou Tivaxa M, nadpvouue Tov mivoxa
My € M nouv avuotoryel ot Bdoewg Uy = U (ue petddeon tov u;, uj) xou V.

(v) Av morhamhaotdoovue Ty ¢ ypouh ue —1, tpoxinter o nivaxac My € M

mou avtotowyel otg Bdoec U xou Vi = {v1,..., —vi, ..., un )}
(3) Av molamhaotdoovue Ty ¢ oTHAN ue —1, mtpoxintel o wivaxag My € M nou
avtiotouyel ote Bdoew Uy = {ug, ..., =y ., up} xou V.

(e) Av mpoodécovue oTny i-ypauu TV j-yeou) ToMamhactaouévn el xdmoto
s € Z, mwpoximtel o wivaxac My € M mou avtotouyel otic Bdoewg U xou Vi =

{vi,..., 05+ svj,..., 0, }.

(o1) Av npoo¥écouue oty i-oTAAN TNV j-oTAAN Tolhamhaclaouévn el xdnoto
s € Z, mpoxOrteL o nivaxag My € M mou avtiototyel ot Bdoewe Uy = {uqg, ..., u; —
SUj, ..., Up} xou V.

Ou napartnprioets autég delyvouv ot undpyet M € M ue mir > 0. Autd gaiveton
g0xola yrartl, Eexwdvtag pe tuydvta My € M xan exTeAOYTIS XoUtdAANAa Xdmotoug
and TOUG UETACYNUATIOUOUE TIOU TEPLYPAPIUE, UTOPOVUE VO XAVOUUE OTOLOSHTOTE
un undevixd otouyelo tou M Jetxd xou vo 1o gépovue atny (1, 1) Yéon.

Oewpolue dhoug touc M € M ue myp > 0, xo xpatdue €vay UE EASYLOTO M.
(awtd 10 Pua xohotd ™y anddelln un xataoxevaotxh). Toéte, may | ma, maj
vy xdde 4,5 = 1,...n. Hpdyuatt, av oe xdnota nepintwor elyoue to avtileto, yia
TAPASELY UL Y TO M2y OEV HTaY TOMATAAOLO TOL M1, TOTE Xdvovtag Ty Siafpeon Yo
elyoe mo; = my1m 4+ v Y xdmowo 0 < v < mqy, v € Z. Toéte, tolhaniaoidlovtoc
TNV TEWTN YRUUUT HE T X0 aQatptdvTag TNy and tn debtepn, Yo nalpvoue My € M
HE M1 = v. L1 ouvéyela, avtidetodétovtog tny SelTepn UE TNV Te®Th Ypoun, Yo
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nalpvaue évay véo mivaxo My € M o omnolog otn 9éon (1,1) da elye 10 v < myy,
x4t Tou elvar dtomo and v emAoyY| Tou mivaxo M.

Aol howndy ma1|myr, maj yraxdde i, j = 1,... 1, UnopolUE, apatptvTaC XUTdA-
Anho ToAamAdoLaL ToV My and xde ypouun xow GTHAY Tou Tivaxa, va undevicouvue
TNV TEWTN YPOUUT XoL TNV TN OTARN Tou Tivaxa: v Tdpovue Snhadh My € M ue
0 my1 oty (1,1)-0¢on xaw myj; = my =0, 4, = 2,...,n. Emnhéov unopolue va
anodel&ovue 6L otov My 10 myq elvon dlanpétng Ghwy Twv mi; (GAAMGS, UE EmLTEE-
nTo0¢ HetaoynuaTiouols uropoluE va Beotue A € M tétowov bote 0 < air < mar).

Ocewpolue dhoug Toug mivoxeg M € M mou €youv TIC TOPATAV® WLOTNTES: TO
mi1 > 0 elvon to eAdiytoto Suvatd oty M, tamyr, maj =0 av e, j # 1, xou x&de my;
elvar Tohhomhdioro tou my;. Ialpvouue mivaxa awth TG LOPQPAC HE TO Mgy > 0 xon
eNdytoto, xon ouveyllovue dnwe TElv (AYVOOVTAS TNY TEADTN YPoUUUN XoL TNV TeT)
oTHAT, oL onoleg €youv optotixonoinlel). Xe n BAuota, Yo gtdoovue oty {ntoduevn
Lop@r. o

H yenowudtnta tneg xovovixhc popphc tou Smith gaiveton and to enduevo Yedpnuo.
Ocwpnua 1.3.3 Eoww Ay éva vromAéyua tov mAéyuatos A otov R*. Av U ka1 V

elvar Pdoeis twr A ka1 Ay avtiotoya, kar P elvar to Jepelicddes mapaldnienimedo
Tov Ay ws mpog Ty V', téte

det Ag
PNnA|l=|A:Ao| =|det M(U,V)| = .
| ﬂ | | 0| | € ( ’ )| det~

Anddern: H mpdtn wotnra anodelydnxe oto Oemdpnua 1.3.1, xou yio xdde Leuydipt
Bdoewv U,V twv A, Ay éxovue

_|det V| _ det Ag
©|detU]  detA”

| det M (U, V)]

Apxel howndy va detovue 6tu |det M (U, V)| = |P N A| yio kdmoto Leuydpl Bdoewy
U,V v A, Ap. Ané 10 Oedpnua 1.3.2, unopolue va emhéEouue Bdoeg U, V tétoieg
wote

v =mgt;, m; €4, t=1,...,n.

Téte, elvar @avepd 6T
det M(U,V) =mimy...my,.

Anouével va petprioovue to mARlog Twv onueiwy Tou A tou avixouy oto P. ‘Oung,

AOYw TNC oYéoEwS v; = miu; €YOLUE OTL, Yo xdde ¢ = 1,...,n, oto gudiypau-
uo AU [0,v;) undpyouv m; to mhRdog onuela tou A. ‘Apa oto P Jo €youue
mims ... my onuelo Tou A, ta tv1 + ...+ tyop, t; € {0,1,...,m; — 1}, Autd
anodewviet To {nToluevo. O

IMapathienon: To Oewdpenuo 1.3.3 éxet Tic € dUEcES, AAAS EVOLUPEPOUCES, GUVE-
TELES:

(o) Av 10 Ag elvon vomAéyua tou A, téte yia xdde Bdon V' touv Ag, to TARdoc
Twv onueiwy tou A ou avixouv oTo Veuehddeg Taparlknieninedo tou Ay wg PO
v V elvar otadepd, xon (oo ue |A 1 Agl.
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(B) Mia evdagpépovoa eldixy| neplntwon €youue av ndpovue cov A to Z". Av
Vi, .., Un elvon yoouuxos avegdptnta dtaviouata tou R® ue axépoeg ouvtetay-
Héveg, téTE 10 MopodnAeninedo P nou opllouvy mepéyel Téou axéponar onuela 660G
elvow 0 6yxog tou. Tatl, av Ag elvan To uToTAEY U TOL Z™ TTOL TPy OLY T V;, ATd
70 Oewpnua 1.3.2 éyovue

|P| = |det Ao| = |Z™: Ao| = |Z"N P).

Mia dAAn evdiagéoouvca epapuoyh elvar o TOToc touv Pick yia to tARloc twv axe-
v
palwy onuelwy Tou TEpLEYEL Eva XUPTO TOADYWYO UE AUEQOLES XOPUPES.

Ocwpnua 1.3.4 To Ao twr akepaiwy onuelwy péoa o€ éva kupté todUywro K
€ Kopupés axépara onuela, elvar (oo ue

|Z2 N bd(K)|

AE) + =

+1,
émov A(K) to epPadév tov K, kar bd(K) to odvopo tov K.

Andderln: Ilpwta arodewxviovue Tov T0mo yia éva Tplywvo T'. Xwplc meplopiousd
NS YEWXOTNTAS, UTopoUUE Vo unovécouue 6Tl 1 ula xopupy) tou T' elvon t0 0. Av

a, b elvor oL dMhec dVo xopupéc tou T', Yewpolue o mapolnhdypopo P = {ta + sb :
0 < t,s <1} nov mapdyouy ta a,b. At to Oewpnua 1.3.2,

|Z2N P| = A(P) = 2A(T).

Xwpilovue 10 P oe d0o tplywva Th = T xow T5 -T0 «Tvem» %ol TO <XATW»- PEPVOVTIS
™ Staydvo ab. Aev elvar S0oxoho va dolue ot

22N TY| = |27 N T3],
xaw av ypdpouue B yia to mhjdog twv axepolwy onuelwy oto ecwtepind tou 1" xou
C v 1o TAfdog Twv axepaiwy onuelwy oto clvopd Tou, ExoLUE
|Z*NP|=2B+C -2,
vl ta axépanar onuetor tng Staywviov Beloxovton dAa oto P, extdg and o a,b.
‘Ereton 61U
A(P)
2

C c
+ o F1=AD) + 5 +1,

B+C:%UWOH+C+@: 5

oL elvon to {NToduUEVO.
Eotw tdpa x0ptd Tohdywvo K ue n > 3 xopugéc. IIdA uropolue vo vrtodécou-

pe 6Tl Ulor and autég elvon To 0, XL oL UTOAOLTES Elvae oL ag, - - ., Gp—2. Xwpllovue
10 TOAOYWVO oe N — 2 tplywva 11, ... T _2 @€pvovtac e dlaywvioug 0ay, . . ., 00y 3.
Xpnowomowdvtag tov TOno mou woAG anodelEaue yia o Tplywva, EXouUE
5 C; .
|Z°NT;| = A(T) +—+1, i=1,...,n—2,

2
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omou C; 10 mAlog Twv axepalny onuelwy oto olvopo tou T;. Ilpocdétovtag xatd
LEAT), EYOVUE
n—2 n—2

‘ 1
Z*NTi| = AK)+ 5> Ci+(n—2).
> |20 T = AK) + 3 3 Cit (02
Ta ecwtepid onueio Twv dtaywviny éyouy uetpniel dVo Qopéc oto aploTePd UENOC,
TOL EOWTEPLX ONUELA TWV oXUWY TOL K XL OL XOPUYES a1, . . ., An—3 EYOLY HeTENIEL
300 QOpES, oL XOPUPES Qg, Gr—a Uld POPd, xou To 0 ueTEhiNXe (n — 2) gopéc. Apa,
av D elvar o TAfdog Twv ecwTepdy onueiwy Twv Slaywviwy, £youue

n—2
S IZPNTi| =|Z° N K|+ D +2(n - 3).

i=1
AvticTouya, oto de€ld uéhog €youue

n—2

Y Ci=2D+E+(n-3)+(n-3),

i=1

6mov E 1o mhjdog tov axepalnv onuelwv 6to abvopo tou K, yatl 1o o eupavileto
(n—2) gopéc, oL ag, an—1 and ula, xou oL unéhotnes (n — 3) xopupés tov K and Slo.
Apa,

E
|ZZF‘|K|+D+2(n—3):A(K)+D+§+(n—3)+(n—2),

an’ éTou éneton OTL g
|Z*N K| = A(K) + 3 +L O

1.4 Avuixo nAeypa

Opiopds Eotw A éva miéyua otov R”. To chvoro
AN :={yeR": Ve e A, (z,y) €Z}

ovoudletar dUtxd mAEYUA Tou A.

Yy enduevn npdtacT) anodetxvoovue 6Tl 1o A* elvar 6vTwe TAEYUA, oL TEQL-
yedpouue to A* cuvapTthoel Tou A:

IIpétaom 1.4.1 To A* elvar mAéyua otov R*. Av ui, ..., uy, elvar pla fdon tou A,
Tote ta Oavvouata uj,...,u) mov opilovtar and Tig

(U,‘,U;) :(5,'j, ’L,] :1,...,n

anoteloy Bdon tov A*.
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Anodedn: H anddeln Yo Paoiotel oo yeyovdg ot
(Zn)* — Zn'

Mpdryportt, av z = (z1,...,2,) € (Z™)*, t61€ ©; = (z,e;) € Z yaxdde i =1,...,n,
dpa z € Z". Avtiotpbpwe, av & € Z" tote, mpogavds (x,y) € Z v xdde y € Z™,
dnhadh x € (Z™)*.

(o) Aglyvouue mpwta 61t to A* elvon mAéyua. YTrdpyer T € GL(n) tétolog dote
A=T(Z"). Tére,

x €A Yy e A (z,y) €Z
VzeZ" (z,Tz) €L
VzeZ" (T"z,z) € Z
T*z € (Z")* = Z"

x € T*(Z").

[ A

Ouwe, T~* € GL(n). Apa, 1o A* = T7*(Z™) elvor mAéyua.

(B) T tov debtepo toyuptoud, ag utodéoovue 6Tt {uq, ..., un} elvon uia Bdon
tou A. Oewpolue tov T € GL(n) mov oplletar and e T'(e;) = ui, @ = 1,...,n.
Téte, A = T(Z"). Av 9¢oovue uj = T *(e;), t6te 0 {uf, ..., up} evor Bdon tou

T—*(Z™) = A*, xou

(U,‘,U,;) = <T€i,T7*€j> = (TflTei,ej) = <€,‘,€j) = (Sij. |
H Bdon {uf,...,u}} tou A* nou oploaue otny IHpbtaon 1.4.1 ovoudleton Sutxn
Bdom e {u1, ..., un}-

1.5 A-unoywepot

Ogiopol (o) Eotw A éva miéyua otov R™. Evac k-Sudotatog yeauuixds undyweog
F twou R" ovoudletar A-undywpog av 1o F'N A elvan mhéyua otov F. Anhadn av
LUTEPYOVY V1, . .., U, € F Tétola doTE

FNA={muv +...+mpv, : m; € Z}.
(B) Eoww F évag k-didotatog A-undywpoc tov R™. Eva cOvoho onuelwy vi, . .., v €

A ovoudleton mpwTaeytxdé yia To FFNA av o vi,...,v; anoteholdy Bdor tou
nhéyuotoc FFNA.

Ocdenua 1.5.1 Av o F elvar A-undywpos kar to {vi,...,v;} mpwtapyitkdé ya to
F N A, tére enexrelverar oe Bdon tov A.
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Anddedn: To A mepiéyer n ypouuxods aveldptnta dtavdouatd, ETOUEVWS UTO-
POVUE VA BEOVUE Upt1, ..., Uy € A TETOLL OOTE TAL U, ..., Uk, Ukt 1, - - -, Up VO ELVOL
Yoouuixws aveEdotnta. Zexvodvtac and autd o Staviouota, xotaoxeudlovue Bdon
Tou A 6nwe oto Oedpnua 1.1.2. Yo npwta k Buota, n xataoxeur) yivetow otov F,
xaw ool ToL U1, . . ., U elvon Bdom tou F N A nopouévouy auetdBAnToL. O

Oplowog Eotww F' évac A-undywpoc. Opllovue
Ft={yeR":(z,y) =0, Vo€ F}.
Oewpnua 1.5.2 O F+ efvar A*-undywpos.

Arnéderdn: O F elvar A-undywpoc, dpo untdpyet Bdon {v1, . .., vk} tou FNA. Xpnot-
uomowdvtas to Oedpnua 1.5.1, Ty enextelvouvue ot Bdon {v1, ..., Vk, Vk+1,---,Un}
Tou A. Oewpolue t duixd Bdon {u1, ..., up} Tou A*. Téte, yiaxdde k+1<j<n
€)OVUE

(vi,uj) = 0, 1= ].,...,k,

Spouj € FLj =k+1,...,n To upqr,.-., U, elvor Yoouuxde aveEdpTnTo xon
aviprouy otov B+ N A*, enouévac o FL elvon A*-unéywpoc. O



Ke:cpo’c)\ou.o 2

Kup‘co'c Go’)poc‘coc otov R"

2.1 Kuptd copata

(o) Opropot

Kuptdé odpa otov R? elvon £vo un xevo, xuptd xou cuunayéc unocbvolo K Tou
R™, mou €yel un xevé eowtepnd. Oa hAéue 6T T0 xVpTd cwua K elval CURLETELXO
HE XEVTPO GLUUETPLUC TO 0, av Yl xde x € K éyouvue xou —z € K.

[Tohhéc opég, Vo yperaoTel vor ULAACOLUE YLol AVOLXTA XVETE ST AuTd
elvon Tl €E0WTEPXE TWV xVPTWY owudTwy. loydel 6t av K elvon éva xuptd odua,
t61e 10 K ovunintel ue v xAewoth| 9rixn Tou ecwtePLKoL Tou.

To &dporopa xatd Minkowski S0o un xevdv unocuvorwv A xaw B tou R”

elvor To ohvoho
A+B:={a+b:ac A,bec B}.

EOxoha ehéyyovue 6t av tor A xou B elvon cuumory?| (avtiotorya, xuptd), TOTE xou TO
ddpotoud toug A + B elvon ouurayéc (avtiotouya, xuptd). Ewddtepa, to dpowoua
300 %xVPTHOY CLUATWY ElvaL XUPTO GO

Me tov 6po GTOLXELDBEG CUVONO AVUPEPOUACTE OE Uld TEMEPACUEVT Vo
0ploYWVIKY TOU £Y0LY TS AXUES TOUS TTUPAAANAES TGS TOUG GEOVES GUVTETAYUEVWY
(tic Seudivoels Twv optoxavovXDY DLaVUoUETWY €5), XL EYOuV ZEVo ECWTEPLXA.
Yupupohilovue ue Z tny xAAom GAWY TWY GTOLYELWIWY GUYOAWY.

Av I elvar éva 1010 0p00YOVIO, UE UAXT AXUOY a1, - . ., Gy > 0, ToTE 0pllovue
TOV 6YX0 TOU VA LoOVTOL UE

Il =a;...a,.

Av J = U I, elvon éva otouyewddeg ohvolo, t61e opllovue

m

1= 3" |1l

k=1

21
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Eotw todpa A éva un xevé, gpayuévo utoctvoro tou R™. Opilovue tov ecwtept®d
o6yxo tou A uéow g

|A] = sup{|J|: J C A, J €1},

%o Tov EEwTEPLXO O7x0 Tou A uéow Tng
|A| =inf{|J|: AC J,J € T}.

Oa Mue 6t 10 A éxer byxo (slvon Jordan petpriowo), xou Yo tov cuufBorilovue
ue |A|, av |A| = |A|. Mnropel xavelc va dellet ot

KdOe kupté odua otor R éxer dyxo.

O WBLoTnTES TOU GYXOUL TIOL YPENOLULOTOLOVUE CUY VA GTY CLVEYELXL Elvon TEAElWS QU-
OLOANOYLXEC:

(o) O byxoc napauével avohholdToC WS TPOC GTPOYES KoL UETUPORES.

(B) Av T elvon évac avtiotpéduuoc yoauuxos uetaoynuatiopnds tov R, téte yid
x&e ouumayég unochvoro Tou R™ woylet

T(K)| = |detT||K].
(v) 'Eotww K xvptéd ooua otov R”. T x&de r € N, opllovue
1
N,.=-Z"nK.
T

Ocewpolue to Yeuehddec opdoydvio @ tou (1/7)Z", xou Ty évwon

U (z+Q).

zZEN,

O byxoc tne elvan {oog we [N, |/r™. Elvow hoywd var umodécovue (xou unopolue va
anodel€ovue) 6L xodde To T — +00, TalpYOUUE GhO Xou XUADTEPT TPOGEYYLOT| TOU
6yxou tou K. Anhady, woylel to e€hc:

N,
lim [N |

r—00 |K|7"n B

(B) ZvppeTpixnd xLETA COUXTR

Oewpolue ulo vopua || - || otov R™. Tére, n povadialo undia Bx = {x € R" :
lz|| < 1} tou ydpouv ue vopua X = (R™, || - ||) elvor éva ouuueTpxd xUpTSd GOU
otov R™. To yeyovég 6t nf Bx elvon cuurnayéc ohvoho xan €yeL Un eV ECWTERLXO,
ogelieton o0 bTL 1 |- || elvan toodOvaun ue v Euxieldeia vopuo. Anhady, undpyouvy
a,b > 0 tétowol Gote

allzllz < |1zl < bllzls, = € R™.
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Iood0voua,
(l/b)Dn CBx C (l/a)Dn:

70 omolo delyvel 6t N By eivon @poryuévo oOVoro xon Tepléyel ulol avouxT umdha Ue
xévtpo 10 0. H Bx elvon xhewotd oOvoho, yratl elvon xhewoth we mpog v || - ||, o,
and TNV L16oduva{o TV VopIKOY, x8de xAeloTO 6hVolo we Tpog TV || - || elvon xhewotd
w¢ mpog TNy Ewdeldeio uetpur. Téhog, 1 xuptodtTnTar xon 1 ovuuetpla tng Bx elvon
anhés ouVETELES TV WOTHTLY TNe vépuag: 7 || - || elvar dptio, Yetixd ouoyevic
CUVERTNON), XA LXAVOTIOLEL TNV TELYWVLXY| AVLGHTNTA.

AvtioTtpoga, ag unodéoovue otL K elvon €val cupeTewd xuptd owua otov R™.
O Minkowski 6pioe tnv cuvdptnon

llz|]|xk = min{\A > 0:z € AK},

xou amédere 6L elvon vépua, yiar Ty omola oyVet ||z||x < 1 av xou ubvo av z € K.
H Onop€n tou Aeyduevou ouvvaptnooedols tov Minkowski Selyver éti, ue uta évvola,
N UEAETN) TV CLUUETOXWOY XUPTWY owUdTwv oTov R elvon loodOvourn ue tn ueAétn
TWVY YopU®Y Tdvew otov R”:

Igétaon 2.1.1 Eotw K C R" éva ovupetpikd kuptd owpa. Tote, to ovvaptn-
oo€10és tov Minkowsks

l|lz||xk = min{A>0:2z € AK}

elvar vopua, ka
K={zeR":|z|x <1}.

Anoden: To K mepiéyel ulo umdha ue x€vtpo 1o o. Ilpdyuatt, apold 1o K €yel
U xevéd ecwtepxd, undpyouy & € K xou 1 > 0 tétowa wote D(z,r) C K. Adyw
ovuuetplag éyovue D(—z,r) C K, xaw Moyw xvptétnuag, D(o,r) = [D(z,r) +
D(—z,r)]/2 CK.

‘Eoww z € R*. Trdpyet A > 0 apxetd ueydho, dote (1/A)x € D(o,r) C K, dpa,
T € AK. Auté Selyvel 611, yia xdde © € R”, 10 obvoro {A > 0:x € MK} elvar un
%evé, dpa oplleton to

inf{A\ >0:2 € A\K}.

Oewpolue ula yvnolog divouoa axolovda Ay =+ A. Trdpyouv y, € K tétowa dote
T = Ag¥s, XU AOYW TG cuuTdyelag Tou K unopolue vo unodécovue 6Tt ys — y € K.
Téte, z = Ay € K. "Apa 1o infimum elvor minimum, xou 1 ||z]| x elvor xohd optouévn,.
Eniong, elvon tdpa gavepd 6t ||z]|x > 0 yia x&de x € R”, xou [|z]||x = 0 av xou
uovo av T = o.

Ané n ovppetpia tou K wg mpog 10 0, €youue £ € AK av xou udvo av —z € AK.
Auto amodewviel 6Tt

|| —z|lgk =min{A>0: —z € AK} =min{\ > 0: 2z € AK} = ||z]|k.
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Eniong, av t > 0, t6te
min{A\ >0:tx € AK} =min{A >0:z € (\/t)K}
min{tp: p >0,z € pK} =tmin{pu >0:2z € uK}

= tllzflk.

241

Ou 300 mponyoluevee oyéoelc anodewvbouy 6t ||tz||k = |t] - [|z||k, yio x&de ¢t € R
xon xde x € R™.

Cio v tptywvixy) oviedtnra, nopatneotue ot ¢ € ||z||x K xou y € ||y||x K,
onote 1 xuptéTTa Tou K pdc efaopoiilet 6t z +y € (||z]|x + ||yl x) K, dnhadn

Iz +yllx < llzllx +lyllx, =y eR".
Téhog, x € K av xow uévo av min{A > 0:z € AK} <1, dnhady ||z]|x < 1. |
(v) To mOAtx6 oOPA EVOS GLUUIETELXOV XLETOD COLATOS
‘Eotww K ouuuetpnd xuptéd cwua otov R*. To mohuxd coua tou K elvon 10
K°={yeR":Vex e K, [(z,y)| <1}.
Ocewpotue tov yweo X = (R™, ] - ||x), xar tov Suixd tou ydpo X*. Ta ypauulxd

ouvaptnooewy| f : X — R avanopiotavton and yy € R*: v xdde f € X* undpyet
uovadixd yr € R tétolo dote

flx) =(y,z), zecR",
xon avtiotpoga xdde y € R* opiler f, € X™* ue tov do tpdmo. Mnopolue Aoindy
va Tawtioouue (wg ypouutxd yopeo) tov X* ue tov R®. Metagépouue ) vopuo Tou
X* otov R?, opllovtac

il = Ifyllx- = max |fy(2)] = max{|(y,z)| : = € K}
Térte, n wovadiada udho touv (R™, || - ||«) elvar oxprBéde to K°. Ilpdyuatt,

E®={y € R* :max|(y,z)| <1} = {y € R" : [Jyl. < 1}.
‘Eyouue Aowndy anodeiéel to e€nc:

Ilpétaom 2.1.2 Eotw K ouvppetpixd kupté odua otov R? ) kar X = (R", || - || k).
Téte,to K° elvar n povadiaia purdia tov 6vikov ydpov tov X. |

Ané tov 0ploud TOU TOAXOU COUATOC, XoL ATO TOV YULAUXTNELCUS TOU Tou UdC Slvel
’ \

1 mponyoluevn Ilpbtaon, unopolue ebxola vo anodelfouue Tig Topoxdtew Bootxég

WLétntéc Tou:
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IIgoétaon 2.1.3 Eow K, K; ovupetpikd kuptd odpata ooy R*. Tdre,
(a) Av K C K, téte KY C K°.

(B) (K°)° = K.

(v) AvT € GL(n), téte (TK)° =T *K°.

() |K||K°| = ITK[|(TK)°|.

Arnédeldn: (o) Avy € K7, téte yia xdde ¢ € K; €yovue |{(x,y)| < 1, xou oot
K C K; éneton 6ty x&de © € K Vo ebvon [(z,y)| < 1, dnhadf y € K°.

(B) O X = (R, |- ||g) elvon awtoradc, dpa to K elvon 1 uovadialor undio tou
X* =R, || ||ge)*- Anhady, to K elvar 0 todxd oodua tou K°.

(v) Eyouue y € (TK)° av xou uévo av yio xdde z € TK wylbet [(z,y)| < 1,
dnhadh av, yia xdde z € K wyler [(Tz,y)| = [(z, T*y)| < 1, dnhadni, av T*y € K°.
Apa, (TK)° = (%) (K°).

(3) Eyouvue |TK|=|detT|- |K| xu |(TK)°| = |(T*)"Y(K°)| = | det T|~}|K°|.
Apa,

ITK||(TK)°| = |detT|-|K|-|detT| Y|K°| = |K|-|K°|. O

2.2 H ocw.cé*cn*coc Brunn-Minkowski

H ovicétnto Brunn-Minkowski cuvdéet tov dyxo ue tnv npdln tne npdoleons xotd
Minkowski. Qu ddcouue plo anodelln mou yenoulomoLel T GTOLYELWT GUVOAL Xou
ogeiheton otov Lyusternik (1940):

Ocdpnua 2.2.1 (Anodrnra Brunn-Minkowski). Eotw A kai B ovurayn, un
kevd vroovvola tov R™. Tdre,

|A+B|1/n > |A|1/n + |B|1/n

Anodedn: In Hepintwon: E€etdlovue npdta tnyv nepintwon mou ta A xou B efvon
0pBoY®VLYL UE TS OXUES TOUC TTOPEAANAES TTIPOS TOUG BEOVES GUVTETAYUEVWY. Yto¥é-
TOUVUE OTL A1, - . -, Gy, > 0 elvar Tor urpm v oxudy Tou A, xow by, ..., by > 0 ta urpun
Ty oxuey tou B. Téte, 10 A+ B elvon xt autd 0ploydvio UE TIg axUES TOU Topdh-
Anhec mpog Toug GEoVES GUVTETAYMEVWY, Xau avtioTolya Uixn a1 + b1, ..., ap + by.
Erouévwe, n avioétnto nodpver T wope

((ar +b1) ... (@n +b2)Y™ > (a1 an) ™ + (by ... b)Y

Iood0vaua, {ntdue va det€ouvue 6Tt

( al an >1/n+< bl bn >l/n< 1
ar +b1 ay + by, ar +b1 " a, + by, -
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‘Ouwg and Ty aviootnta aprdunTixol-YEWUETEXXO) UECOU, TO APLOTERS WENOS NG
teheutatog aviobTnTog elvon uxpdtepo 1) (oo and

1 1
e oy N (0 b =1.
n \a; +b; a, + b, n \a; +b; a, + b,

Anhadn, n aviodtnto Brunn-Minkowski woylet o authv tnv amhf teplntwon.

2n Ieptntwon: Yrodétouue 61t ta A, B elvar otouyetddn clvola, xodéva dniady
and autd elvat TENEPAGUEVT] EVWOT 0pY0YWVIWY TOU €Y0LY €V ECOTEPLXS O UXUES
TAUPAAANAES TPOS TOUS GEOVES CUYTETUYUEVWY.

OptZouue ooy mohurhoxotnta tou Levyapol (A, B) 1o cuvolwd miidoc twv
opdoywviny nov oynuatiCouy ta A, B. ©Oa anodeifovue v avicétnta Brunn-
Minkowski ue emaywy e npog v molunhoxétntam tou (A4, B). Otav m = 2, ta
A xou B elvon oploydvia xon 1 aviedtnta €xel 731 anodelyVet.

Trodétovue howndy 6t m > 3 xow 6t 0 {nroluevo woydet yid Leuydpla oToL-
YEWWIOV GLYOAWY UE Tohumhoxotnta < m — 1. Agod m > 3, xdnow and ta A xou
B (¢oww 10 A) anotelelton and toukdytotov do oploywvia. ‘Eotww I, I 300 and
autd. To Iy xou Ip éyouv Eéva ECWTEPLXA, CUVETKS UTOPOVUE VoL Ta dtaywploouue
ue éva unepeninedo napdAnho mpog xdmowov xVpo utdyweo tou R™. Xwpeic BAELN
N YEVWOTNTOC UTodETouUE OTL 0UTO TO LTEPETINEDO TEPLYPAPETAL ATO TNV Ty, = P
yié xdnowo p € R Opilovue

At =An{zeR":z,>p} , A =An{zeR":z,<p}

Ta AT xow A™ elvor otouyewddn olvoha, éyouv Eéva ecwteptxd xar xaéva Toug
oynuotileton and Mydtepa opdoyovia an’ 6t 10 A (To unepeninedo z, = p oty
XELpotER mEpinTwon yweller xdde oploydvio tou A oe dVo oploydvia, éva oTo
At éva oto A7, Opwe, 1o I nepéyeton €€ ohoxhfpou oto AT evd to I oto
A7), Hepvivtag toHpa oto B, Peloxovue urepeninedo x, = s tétowo wote av BT =
Bn{z eR":zp >s} v BT =BnN{ze€R":x, <s} vawoyle

|A*| _ |B*|
(x) 2l
|4l |B]

Ta Bt o B~ elvon ototyewddn obvola ue nhfdoc opdoywviwy tou Sev Eemepvdet
autd Tou B. Ovoudlouue A tov xowé Adyo byxuwv oty (*). Ipogavae, 0 < A < 1.
Elvow govepd ot

A+B=(AT"+BNHUMAT"+B)U(A +BHUA +B").

Ané Ty AN Thevpd, aod AT + BT C{x:x, > p+spxow A~ + B~ C{r:w, <
p+ s}, o AT 4+ BT xon AT + BT éyouv Eéva eowtepind. Emouévac,

|A+ B| > |At + BT|+|A” +B|.

Me Bdion tnv xotaoxevr| tou xdvoue, epopudletar n etaywywxr) vddeon oto de€Ld
uélog:

|At +B+|1/n > |A+|1/n + |B+|1/n , AT +B—|1/n > |A—|1/n + |B_|1/n,
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on6Te xdvovtag TpdEels, xou malpvovtog v g Ty (*) éxouue
A+ B > (AN + BDY™) + (1= V1A + (1 = N)|B)Y")
= ANA+ BT+ (L= NAM" | B = A+ B

an’ 6Tov €neton OTL
|A+B|1/n Z |A|1/n + |B|1/n

Ievikn Iepintwon: ‘Eotw A, B tuyovta un xevd cuumay unocbvoha tov R . Tndp-
youv axorovdies {Apy} xow {By,} oTouelnddv cuVOAWY UE T LdTNHTES

An CA |An| = 1A] ,BnCB , |Bul—1|Bl , meN
Totwe A, + By, € A+ B yud xdde m € N xou
|A+ B|Y" > limsup|Ay + Bp|'/"

m—00

lim sup[| A |/ + | Bm|*/"]
m—00

\Y

|A|1/n+ |B|1/n 0

H avicédtnta Brunn-Minkowski yid xuptd oduata otov R® cuyvd Statumdyveton
wc e€ng:

IIéewopa 2.2.1 Eoww K, K> kuptd odpata otov R*. Id kdOe A € (0,1) wyve
IANKL 4 (1= N > MK Y™ + (1= M) | KoY/
AnAadi, n owdptnon f:[0,1] = R pe f(A) = MKy + (1 — N K2 |'/™ etvar xoidn.

Anoden: Apxel va del€ouue 6t flad+ (1 —a)p) > af(A) + (1 —a)f(p) yd x&de
A, p € 10,1] xou a € (0,1). Eyouvue

flax+ (1 —a)p) = |(aA+ (L —a)p)Ki + (1 —aX— (1 —a)p) K"/

(@A + (1 = a)p) K1 + (a(1 = X) + (1 — a)(1 — p)) Ko |'/"
= [a(AKy + (1= M) Ey) + (1 = a)(uK7 + (1 — p)Ky)['/"
[a(AKy + (1= NEG) V™ + [(1— a) (uEy + (1 — p)Ky)["
= aAKy + (1= NEK['" + (1 — a)|uKy + (1 — p) Ko™

= af(\)+ (1 —a)f(n),

6Tou yerouwLonotjoaue To YEYovog OTL av X C R™ »uptd, un xevé xa a,b > 0 téte
aX +bX =(a+0b)X. O

vV

Mto AN ouvérela tng aviootntag Brunn-Minkowski elvon 1 axdrouvdn avicdtnta
(n omola elvon ave&dpTnTn tng Oidotaons):
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IIépiopa 2.2.2 Eoww A, B ovurayn, un kevd vrootvoda tou R™. Id kdOc A €

(0,1) éxoupe
A+ (1 - N)B| > AP B

Anodergn: H ouvdptnon log etvon xolAn, xu autd €yel cav ocuvénela Ty
2yt A <A+ (1- Ny
yid xdde z,y > 0 xow A € (0,1). And tny avioétnta Brunn-Minkowski natpvouue

IMA+(1=N)B| > A"+ (1=0)|BIY/"]" > [|AN | B|U V] = |AP B

2.3 To Yewpnua tov John

EXAevdoetdég otov R elvon éva xuptd b Tng Lopphc

0 E:{xew;i@q}

i=1 g

6mou {v; }i<n elvon oploxavovixy| Bdon tou R”, xou e, . . ., @y, elvan Yetixol mporyuo-
Txol aprduol (oL devdivoels xa To uhxn Twv NuLaEovwy Tou E avtiotouwya).

Ilpétaom 2.3.1 To E C R™ elvar eAdewpoerdés av kar puévo av vrdpyer T € GL(n)
tézowos vote E =T(D,,).

Anddeldn: Trodétovue tpodta dtL 10 E elvan ehheroedéc, opileton dnhadr and tny
(%) yia xdmota opYoxavovixd| Bdon {vi, - . ., vp} Tou R, xaw xdmowoug aa, . . ., ay > 0.
‘Eotww T o ypauuwxde petaoynuationds tou R™ nov opiletar and e T'(v;) = a;v;,
i=1,...,n. OT elvar npogavic aviiotpédruog, xou ¢ € T'(D,) ov xou uévo av
UTHEYEL Y = Z?:l tjv; € Dy ue x = Ty. Todte duwg, 1 LodoTnTaL

= (z,v)? = (D )
> =y =3

i=1 i
delyver 6 @ € T(Dy) av xou uévo av & € E, dnhadfi E = T'(Dy,).
Avtiotpoga, éotw T € GL(n) xou E = T(D,,). Tedypouue S = T, xou éyouue

t]ozjvj,vz

l2ll% = llell3-1(p,) = ISzl = (Sz, Sz) = (S* S, ).

O S§*S elvon ouuuetpxdg xon Yetixd oplouévog, doa yedgpetar otn wopery U*DU
6mou D BLarydvioc mivoxag pe Yetind Storydvia otowyela ap %, . .., a2, xou o U elvon
opdoy®vLog Tivoxag. @swpoups Tov Staydvio miivoxa Dy = VD e SLocYcovLoz oTouyela
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taal, .., apt. Agol o U eivor opdoydwiog, éyouue S*S = A2, 6nov A = U*D,U.
Anhody,

2 2 2 2 S (Ua:,ei)2 - (w,vi>2
lalfy = (4%, 2) = || ollf = | DyUalf = 32 Sr = 3 0L
i=1 i i=1 i

6mou ta v; = U*e; amoteholy oploxavovixy| Bdon tou R*. 'Eneton 6t 2 € E av
xoL Uévo av xavorotelton 1 (k) ya Tor oUYXEXPUUIEVR V; X g, dINAadh To E elvou
eMherpoedéc. O

IMapatienon: Anod tnyv anddelén etvon gavepd 61t 0 dyxog tou E toodton ue
n
|5 = |Dn| ] ] e
i=1

Oewpolue THpa €val CLUUETEWO XVPTd cwua K otov R™ xau v owoyévela
E(K) 6hwv v eMewdoetdoy tou nepéyoviar oto K. O F. John [J] (1948) €deile
ot udpyel Lovadxd elkewpoedéc E mou meptéyeton oto K xou €xel Tov UEYLOTO
duvatd dyxo. Oo héue 6Tl 1o E elvor 10 eAAerdoetdég méyiotouv oyxouv tou K.
oty amddelln), BAénovue Tawtdypova 6Tl UTdpyEL uovadixd eAlelfoedéc £ tou
neptEyeL To K xou €yel eENdyLoTo 6yxo:

Ilpétaom 2.3.2 Eoww K ouuperpikd kuptd odpa orov R, kar E'(K) n oikoyérvea
OAwv twr eAdetpoelddy mov mepiéyovy to K. Trdpyel povadiks eAdewpoeidés E €
E'(K) pe eldxioto dyxo.
Anodedn: Oewpolue tov aptiud

V =inf{|E|: E€ & (K)}>0.
Yrdpyer axohovdia Ty, € GL(n) étor wote B, = T,,1(Dy,) O K xon

| D

Ep| = ——2n
Bl = et )

- V.

Aol |T, : Xk — €3]] <1, m € N, unopobue vo Bpolue vroxohoudo {Tk,, } xou
S e L(R") ue Ty,, — S. Tére,

|det(S)| = |Dn|/V >0,
enouévwe, S € GL(n). Opllovue E = S™Y(D,,). Eyouue
IS : X = €3] = im || T}, : Xk — €3]] <1,

dpoo E D K. Agol |E| =V, 10 E elvon éva eheudoetdéc mou meptéyet to K, ue tov
ehdyLoto duvato byxo.
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Acelyvouue thpa 6TL UTdpyEL va U6V EMELPOEdES UE auThy TNy WioTnTa. Eotw
ot to By xan By mepéyouy 1o K xan €xouv eAdyioto dyxo. Xwplc meploptoud tng
yevoTnTog umopoLue va unodéoovue 6tL By = D, elvar 1 Buxeldeia povadiala

UTAaL, xou
E, = {x eER: Z(m,vi)Q/af < 1} .

i=1

Oewpolue éva Tplto ehheldoeldéc, Tov «UEao bpoy Toug
nox~ L -2 2
F:{xER :;§(I+ai )z, v;) gl}.
Etvow gavepd 6tv F' 2 B N Ey O K, enouéveg
(%) |F| > |Ey| = |Ez|.

Agol Ey = Dy, n (%) nodpver ) Lopoh

n 2
i=1 i=1 2

IA
—>
—
+
[\
&

ondte, 20; = 1+ a? youxdde i = 1,...,n. Téte buwe, a; = 1,0 =1,...,n. Apa,
E, =FE,. O

H ITpdtaon 2.3.2 uag diver v Omapln xon tn povadixétnta tou ehherdoetdoig
uéytotou dyxou tou K:

Ocsopnua 2.3.1 Eotw K ovupetpiké kupté odpa otov R*. Trdpyer povadikd
eAewpoeidés E € E(K) ue uéyoro dyko.

Andéddeln: Eldoue 6t umdpyer povadind elhewpoedéc F eNdyiotouv 6yxou mou me-
ptéyel o K°. Oewpolue 1o E = F°. Ané tny Ilpbdtaon 2.1.3(x),(B) éyovue E C K,
xaw av Ey elvan éva dhho elherpoedéc ue By C K, t6te EY DO K°, dpo |EY| > |F.
Enopévac, yenowonowwdvtag tnyv pdrtaon 2.1.3(3), BAénovue 6t

_1Dal? _ IDul? _

|Er| = T75r < = |E].
12 |F|

Iootnta unopel va woylel wévo av EY = F, dnhadh By = E. Apa, 10 E elvar 10
uovadixd erherfoeldéc uéyiotou 6yxou tou K. O

O F. John [J] édei&e 6t av n D, elvor 10 elhewfoeldéc uéytotou dyxou mou
TEPLEYETOL OTO GUUUETPLXG xVpT6 ovua K, téte K C \/nD,, (Ocdpnua tov John):
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Ocwpnua 2.3.2 Eow K ouppetpiké kupté owpa otov R*. Trobéroupe du n
EvrAeldaia povadata undra D, elvar to eAdetpoerdés uéyrotov dykov mov nepiéyetat
oto K. Tore,

K C+/nD,,.

Amnddelgn: Tnodétouue 6T To cvumépaopa dev woylel. Toéte, undpyel & oto GU-
vopo tou K 1o ornolo Peloxetar éZw and v /nDy,. ANSLovtoc cuvtETayUEVES oV
XpeELaoTel, Uunopolue vo utodécouue OTL & = aeq, 6Tou a > /n. And Tt cvuuetpla
touv K éneton o1,

K D W =co{D,, tae; }.

[ xdde v, 6 > 0 opilovue 10 eletPoetdég

|H
=i
=

Bs={se®: 3 +Y 2 <1}

2

n
=2

Ioyvptomés. Av vy > 1 xo 7?2 < a? —a?6* + 6%, t6te B, 5 CW C K.

[Mpdryuart: AMoyw tne ogatpinhic ovuuetpiog Tou Ey 5 xou tou W we npog tg (n — 1)
televtaleg petoPAntée, umopolue vo unodéoovue 6t n = 2. Téte, 1o W opileton
and g egantoueves and to (£a, 0) otov dloxo Ds, xor tov Dy. To onueia enagpic

TWV TECCHPWY EQPATTOUEVWY UE Tov dloxo elvar ta

1 P
NELE St I
a a

%ol oL EELODCELS TWY TECOHPWY EQATTOUEVKDY EIVOL OL

tatx

v= a? -1

Av v > 1, t6te 0 éNewn B, 5 Yo meptéyetor oto W av dev téuvel Tic T€ooERLS
euleleg, o, e€etdlovtac T deutepoPdiuia eZlowon mou TPOXVOTTEL, XUTUATYOVUE
otn cuvixn Tou Loyvplouo.]

Ané v & mhevpd, o bdyxoc Tou E. 5 woolton We |Ey 5| = |Dplyd™ . Av
Aoy y6" 1 > 1, 16t |Ey 5] > |Dy]. Me tny unédeon 61t a > /n, Yo detfouue 6t
urdpyovy ¥ > 1 xaw § > 0 ToL WEVOTOLVY TAVTOYEOVA TLG

"> 1 4% =a? —ad%6? + 0%

Auto eivon dromo, ot Yo €yovue Beel ehherdoedéc mou mepéyetan oo K xan €yet
6Yx0 yvAola UeyohOTEPo and tov 6yxo g D,,.

A/ 6 4 6 — a2772 )\ 4 7z
0OVOVTUG WG TPOG 0, EYOVUE T XU UENETAUE TN SLVEPTNOT

9 oy 25t
a” —7

f(7)=7<a2_1> T l<q<a
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H f éyel uéyioto oto v = a/y/n, 0 onolo woltor e

flon) = 2= (%) 1

®4TL oL UnopoluE o delfouue topatnedvTac 6Tl 1 g(r) = /(2 — 1) 1/2 giva
abZovoa 6o (y/n, +00). O



Ke:cpo’c)\ou.o 3

To Ttpd)‘co ﬂsd)pv]y.oc TOV
Minkowski

3.1 To Yewpnua tou Minkowski

H T'ewuetplo tov Aptdudv aoyolelton xvplws Ue TpoPAfuata g e€rg woperc: Al-
vovtar ula cuvdptnon F: R — R ue F(0,...,0) = 0, xou évag 9etinde mporyuortinos
apuiuog A, To {nroduevo etvon va Bpedolv axéponot ai, .. ., an, oYL 6AoL undév, yia
TOLC OTolouC

(1) |F(a1,...,an)| < A

Oewpolue v TuyoLoa N-dda & = (Z1,...,%,) € R cov onueio tou Euxieldetou
yweou R™, xou cuuBorilovue ue K 10 olvolo 6Awv twv £ € R" nou wxavomowoly
™mv

2) \F(2)| = |F a1, ..., 20)| <\

Tote, 10 apyxd uag tpoBinua dwtundveton toodivoua we e&fg: Kdtw and nouég
npobnoYéoelc 10 olvoro K meptéyel onueto u € Z™\{o}; Tndpyouv d0o onuaviixéc
Wéec mlow amd avtAy T YeTdppaot Tou tpoBAfuatos. Ilpdrtov, talpvouue un’ Sy
pog T TWég e Fooe xdde x € R™, won Syt wévo T Twwég g ota u € Z". Kat’
AUTOV ToV TEOTO, elva BuVATé Vo YENOYIOTOLACOVUE avohLTXEC UeddSoug Yo TNy
avTLETOTON Tou TeoBAAuatog. Aegbtepov, 1 gpunvela tou divovue oo TEOBAnuUA
elvor YEWUETPLXY, ®dTL TTOL ELVOEL TNV ELCAYWYT| VEDY EVVOLGY xot UEYE3wY oL omtoleg
Baollovton ot Yewuetpwy wog Stalodnon.

Cewpetpinéc uédodol awtod tou tonou elyav #dn yenotuonomndel and tov Gauss
[Ga] xou tov Dirichlet [Di], ot omolot epydlovtay oe mpoBAAuato oYETXE UE TIS
Yetind oplouéves teTpaywvixés poppéc. Ilpdtog duwe o Minkowski [Mil] avéntuZe

33
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uto ouotnuatixd Yewplar, anédelée Eva yevixd Yempnua Lo n-SldoTotal XU TS CEUATA
K, xou 10 g@dpuoce oe ueydro mhidoc onuavtixwdy npoBinudtwy. H véa dewpla
OVOUAOoTNXE «YEWUETPlA TwV apuduwvy ard tov (Blo To Minkowski.

To 1850, o Hermite [Her] anédeile 61, av F elvon ulo Yeuxd opiouévn tetpo-
Yoy wopeh n UeTHBANTaY, TéTe 1 (1) éxer un Tetprupévn axépata AOon av To
A Eemepvdel ulo Tiuh mou e€optdton (ovo amd to n xow TN dwxplvovca tne £ H
anddetln tou Nrav aprunuxic boewe. O Minkowski petégpace 1o anotéhecua
tou Hermite cav éva Yedponua yior eAAewdoetdr), xou €dwoe ulo véa YEWUETELXY and-
del&n Tou. LN cuvEyELa TaPATAENCE OTL, oL WOVES WLOTNTES ToL EAAELPOELDOUS T
amatToUYTOY YLor TNV anddeLEn), HTo 1) XVETOTNTA XL 1) GUUMETELA TOL WS TTPOS TO 0.
KatéhnZe étol oo e€ic Yedpnua (mpdto Jeddpnua tov Minkowski):

Ocwpnua 3.1.1 Eotw K aroiktd, CUHNETPIKS WS TPOS TO 0, KUPTO odua otor R™.
Av |K| > 2", téte 1o K mepiéyer tovddyiotor éva u € Z™\{o}.

To anotéhecuo autd dev emdéyeton Behtiwon. Av Jewproouvue tov x0Bo Q =
{z:|z;] <1,i=1,...,n}, 161 |Q| = 2", cAN& Q@ N Z"™ = {o}.

To Oevdpnua 3.1.1 yevixelbeton ouéows yior tuydy mhéyua A otov R™. Apxel va
napatnericouue 6t A = T(Z"™) ya xdmowov T' € GL(n) ue |detT| = det A, xou va
yenowonothoouue o Oedpnua 3.1.1 yia 10 cuUUETEXS VPt owua T HK):

Ocwpnua 3.1.2 Eow A éva mAéyua otor R*, kar K éva avolktd, OUHUETPLKS wS
mpog to 0, kupté odua ovov R*. Av |K| > 2™ det A, tdre o K nepiéyer tovddyiotoy
éva u € A\{o}. O

Ieprypdipouue mptdtar Ty apyxy anddeldn tou Minkowski: Ocwpolue éva
XAELOTOH, CUUUETPXO WS TPog To 0, xVpTd odua K. INo xdde A > 0, Jewpoldue to
oouo AK. Aol to K elvar pparyuévo, yia uxpd A éxovue AKNZ™ = {o}, xow apot
t0 K mepiéyet plo umdho Ue x€vTpo 1o o, yia peydha A Do éyovue AKN(Z™\{o}) # 0.

Agol 0 € MK, and tny xuptomta tou K éneton 6t av 0 < A < X, t6te AK C
NK. Tolpvovtoc ur’ édv xou 1o yeyovéds 6t 10 K elvor xAeloT6, GUUTEPAVOLUE
otL, Yo xdde A > 0,

AK = [{NEK : X > AL
Ewwdtepa, av oploovue
A =inf{A > 0: AK N (Z™"\{o} # 0},
ToTE
(%) ME N (Z™\{o}) # 0,

urdipyeL dnAadn évag eNdylotog A1 > 0 yio Tov omofo to A K meptéyel un undevind
axépono onueto (to onolo, BéRona, Va Boloxetar oto chvopd tou). Do Ty amddeldn
e (x), otodeponotolue Ax > A1 xou Yewpolue @ivouoa axohoudia A > f1n, — Ap.
To MK mepiéyer nencpaouéva 1o mAlog un undevixd oxéponar onueia, xou, yia
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xdde n, xdmolo and autd avixel oto p, K. Tndpyouv howndv u # o, u € Z", xou
vrocohoudial py, TéTolo WoTE u € g, K yio xdde n. Tote,

we (e, K = MK,
n

Yn ouvéyewa, yio xdde A > 0, Yewpodue 1o oOvoho AK +u, u € Z™. T'iot uixpd A, ta
oUvoha AK 4-u elvon Eéva avd d0o. Me éva emiyeipnuo avdAoyo Tpog To TeoTyoUUEVO,
delyvouue OtL LTdpyeL eNdytoTtoc Ag > 0 yia Tov omolo undpyet u € Z™\{o} tétolo
WoTE )\0[( N ()\0K + U) 75 @

Aqupa 3.1.1 Ia kdOe kheotd odua K wydea n wdtnra A\ = 2X¢.

Anoden: Eotw x € MK N (MK +u), u € Z™\{0}. Téte, Moyw tne ovuuetplog
Tou K, éyovue u—x € Ao K xan € MoK, dpa u € 209 K. Enopévwc,

A < 2).

Ané v S mhevpd, av w € MK N (Z™\{o}), t61€, mapatnpdvtac 6Tt —u/2 €
(A1/2)K anb tn ovuuetpla Tou K, ypdgpouue

u U A1 A1
v__t Mgn(lk
5 2+u€ 5 ﬂ<2 +u>,

enouéves, Ag < (A1/2). m|

O Minkowski ohoxAfpwve to emyelpnud tov wg e€hg: Ta NK + u, u € Z™,
€youv Zéva ecwtepnd. Autd €yel cav cuvérelo TRy aviodtnTa | Ao K| < 1 (Afuua
tou Blichfeldt, BAéne mapoxdtw). Tougwva we 1o Afuua, avtd onuoiver ot

XK < 2n

Av vno¥éoouue 61t 1o K Sev meptéyel un undevixd axépono onueto, to6te A > 1,
dnhadn | K| < 2™. Enouéveg, xdlde xAelotd, CUUUETELXS WS TPOS TO 0 XUPTH U
K ye 6yxo |K| > 2", neptéyer un undevixd u € Z"™

[ Ty meplntwon tou avowtold K, vtodétovtac 6t |K| > 27, Bploxovue A < 1
tétot0 Hote A\ K| > 2", onéte |AK| = A"|K| > 2". Egopuéloviag To Tponyoluevo
anotéheoua, Bploxovue un undevind axépono onuelo u € AK C K. a

IMapatnehoeig: To emyelonua tou Minkowski (edixdtepa 1 eloaywyh twv napa-
Hé€Tpwy Ao, A1 xan To Afuuo 3.1.1), elvon onuoavtixd v wotopnols héyous. Tov
odhynoe oTov oplod TS vopUag Tou Endyeton and to K (tov omolo cuvavTh-
ooue oto Kegdhowo 2), xou atov oploud wwy Stadoxixdy ehayictwy tou K (1o
onola Yo cuvavticovue oto Kegdhawo 4).

H anédei&n diver 61, av 1o K unotedel xheloto, téte n avicdtnra |[K| > 2™ elvon
apxeTh yio vo e€ac@aiicouue un undevixd axépono onueio oto K.

Alvouue topa Ty anddelgn tou Afuuotog tou Blichfeldt [Bll], to omolo yen-
owonolfinxe oto emtyelpnua tou Minkowski, xau xatoény anodetxviouue 0 TEWTO
Yedenuo tou Minkowski ywplc va xdvouvue yprion Twv TapauéTpwy Ag xou Ap:
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Oedpnua 3.1.3 Eoww M éva Jordan petproipo vroodvodo tov R™, pe | M| > 1.
Yrdpyovr  #y oto M téroa dote © —y € Z™\{o}.

Anéderdn: H anhr anddeln mou Yo dddoouyue, ogeileton otov Hajos [Hal. YTrodé-
Tovue 6t |[M| > 1. Av to M Bdev elvon gpayuévo, tapatneobue 6Tt 1 Tou Tou M
UE UTdAaL XaTdAANAa UEYIANG axTivag Yo €xel dyxo ueyahbtepo and 1. YTrodétovue
romoy, ywelc meploploud tng yewxdtntag, 6T to M elvon @payuévo. Oewpolue to
Yepehddeg napodnieninedo tou Z"

P={zeR":0<z;<li=1,...,n}

To clvoro v u € Z™ vy o onola (u + P) N M # 0, elvor nenepocuévo, og
vrodéoovue 6t ebvar to {ul,...,u™}. Tw xdde r = 1,...,70, opllovue M, =
(u" + P) N M, xou naipvovue t petagopd M, = M, —u" C P. Ilopatnpolue 61,
and 10 Oevdpnua 1.2.2,

70 70 70
MAMI =DM =) (W + P)nM|= Y |(w+ P)NnM|=|M]|>1,
r=1 r=1 r=1

uezLm
door T M mpéner var emxohOntovtan.  Yrdpyouy Snhadh r # s € {1,...,r0} xou
z € Ml NM]. Téte, wwa =z+u" xwy = z+u® avixouy cto M, xow & —y =
u" —u® € Z"\{o}. O

IMopatrpnon To Bio woylel av utodécouvue 6t To M elvor PpayuUévo, XAELOTO, xon
M| > 1. Tl av mndpoupe ula @divovoo axohoudia A, — 1, éxouue |A\.M| > 1,
dpo UTPYOLY Ty, Y € A M TETOWL OOTE 0 # Ty — Yy € L™ Tote, ou (xy), (yr)
éyouv vnoxoroudiec zp, — = € M, yp, = y € M, xou ebxoha eAEYYOULUE 6TL
x —y € Z"\{o}.

Anéderdyn tov Jewphuatog 3.1.1: Oewpolue 10 M = K/2. To M elvou Jordan
UeTprolo o, and Ty unddeon wog, |M| > 1. And to Afuua tou Blichfeldt,
umdpyouy z,y € M tétowa dote 0 # x —y € Z". ‘Ouwe, and tov opoud tou M,
uTdpyoLY wi,wy € K ue & = wy/2 xow y = wa/2. To K elvon cuUUETpd WS Tpog
10 0, dpa —w2 € K, xou xuptd, dpa

wy + (—ws)

x—yszK.

Anhadf, o#Fx —y € KNZ™ |

3.2 "ANhec anodeilelg xan YEVIXELCELG TOL VEWENLA-
TOg

Alvouue thpa 300 axdua anodeilews Tou TpwTou VYewpruatoc tou Minkowski. H
npedTn Baoileton oe ula enéxtaon tou Afuuartog tou Blichfeldt, tnv onoloa anédelle
o Mordell [Mor]. H anddel& g ypnowuonotel v apyr) tou Dirichlet, etvar dnhoady
apuriunTixhc QUoERS:
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Adppa 3.2.1 Eoww k € N, kat M Jordan petprioypo vrootrvoro tov R™ ue | M| >
k. Tére, vrdpyet z € R* wérowo dore to M + z va mepiéyer tovddyiotov k + 1
duaxexkpipuérva axépaia onpela.

Anéderdn: T x&de r € N, dewpolue to mhéyua (1/r)Z". ZuuBorilouvue ue N,
Tov TAnddprduo tou cuvdrov M N (1/r)Z". And tov opioud tou Jordan yetprioyuou
ouvolou xat TG Tapatneroels otny Iopdypagpo 2.1(w), éyovue

lim 7|M| =
r—o0 Nr(]_/r)” ’

dnAad”, yior UEYAAA T LoYVEL 1) aVLGHTN T
N, >r"k.
afpvouue éva tétoto 1 € N, xa Yewpolue 10 cOVOAo
A ={ueZ": (1/r)u e M}.

To A, éye. tAnddpuduo N, > r"k, xou tor onueior Tou avixovy e 1™ 10 TOAL XAJoELS
vroroinwy modr. Emnopévwc, uropodue va Beolue ul,...,uft! € A, 1o onola
k+1

avixouy oty Bl xAdon modr. Téte, Ta onuelo -, ..., “=— avixouv oto M, xou
™
i_ gl
ut —u )
xT; = ez”, i=1,...,k+1.
r
"Apa, av 9éoovue z = (1/r)ut, to M + z nepiéyet k + 1 axépona onuela. O

Xpnowonotdvtac to Afuua tou Mordell, o van der Corput [vdC] yevixeuoe o
npaTo Yedpnuo tou Minkowski we €€rc:

Ocwpnua 3.2.1 Eoww k € N, kat K éva avoiktd, oUppEeTPIKS S TPOS TO 0, KUPTO
odpa orov R*, pe dyro |K| > 2"k. Téte, to K mepiéya toukdyrotor k Levydpla
axepaiwy onpelwy £u' # o.

Anédergn: To K/2 éye 6yxo peyardtepo and k. And to Afuuo tou Mordell,
undipyouy z € R® xan vt ... v* ! Blocexpruéva axépona onueta, tétola Hote

c 1
z+v’€§K, i=1,...k+1.

Mrogotue var unodécouye oL ta v’ elvan BratetaryuEva Aeguxoypapxd. Anhadi,
av i < i’ t6te v} < v}, 6Tou s elvor o mptdTog delxtng yia Tov omolo v # vl . Tore,
v xdde i =1,...,k éyovue

ul =0 —ol = (240" — (2 +0h) € <%K - %K) N(Z™"\{o}) = KN(Z"\{o}),
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xou, T Levydptar £uls i = 1,.. ., k, elvor Sroncexpuuéva, yiott xdde ul éyel Yetinh Ty
TROTH Un undevix| cuvtetayuévn tou (omdte, dev unopel var ouuPel ut = —ul av
i #J). m

O Siegel [Si] anédelle évav yevixd tOno and tov omolo TPOoXVUTTEL WS ToOPLOUA
0 mpwto Yedpnua tou Minkowski. H anddeiln autod tou tdnou yenotuonoel tny
TawtotnTa Tou Parseval. H Wéa elvan 1 e€nc:

'‘Eotw K avouxtd cuuuetoxd xuptd ooua otov R™, X 1 yopaxtnolotiny| cuvdp-
nom tou K/2, xou

o(a) = 3 x(u+a).

ueEL™

Téte, n d(x1,...,2,) elvon Teplodnh we mpog xdde uetafBAnty, ue meplodo 1. Av

P={z:0<ua <1li=1,...,n} evou 10 obvndec Yeuehddec naparhnieninedo
Tou Z", o timog tou Parseval udc dlve

/P Pds = Y e,

uEL™

6o
a(u) = /gzﬁ(a:)e_Q”i(“’z)da:
P
Z/X(u+x)e_2“'<“’w>dw
P

UEL™

/ X(ﬂ?)eiZﬁi(u’gE)dﬂ?,

elvow ot ouvteleotég Fourier g @.

Ocswpnua 3.2.2 Eoww K avolktd ouppetpikd kupté odpa otov R® mov dev mepié-
X€l 1N underiké axépaio onpueio, kat ¢, a énws napandvw. Tote,

n 4n
2" = |K|+ K] > ).

uweZ™\{o}

Arnéderdn: Apob K NZ" = {o}, ta cbvora u + %K, u € Z™, elvor Zéval, ETOUEVWLC
uZu = x(xr+u)x(z+u)=0.
Auté éyel oav ouvérewa Ty ¢* = ¢ otov R, dpo
a0) = [ s@is = [ F@ir=la@F+ 3 latw)l
F F ueZm\{o}

s K|
K

a(o) = [ xtwyz =,
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K K|?
P-BLy S e,
ueZ™\{o}

xau 1 anddelln ohoxAnp@veton ov ToOAAATAAGLEcOLHE Tor 800 UEAN Tne TeAeuTalag
wootnroc ue 4" /| K. m|

IIépropa 3.2.1 Eow K avoiktd ouppetpiké kupté odua ovov R*. Av KNZ" =
{0}, téte |[K| < 2. O

Eotw K x\ewotd x0ptd odua otov R?, 10 onolo nepléyel 10 0 0T0 E0WTEPLXS
Tou. O cuvteheotig acvpetplag Tou K ¢ mpog To o, elval o UXpbdTepog 0 =
o(K) > 0 yw tov onolo

re K= —reoK.

Mopatnefiote 6, 0(K) > 1y xdde K, ue wodtnro av xou uévo av o K elvon ovu-
HeTpd we Tpog to 0. O Mahler [Mahl] nopatipnoe 6t n anddelin touv Yewphiuotog
Tou Minkowski yio 1 cuuuEeTpL TEpinTWOY), OUCLACTIX YENOLULOTOLEL TO YEYOVOSG
ot o =1, xou anédelle tnyv e€Ac yevixeuor tou:

Ocwpnua 3.2.3 Eoww K kuypté odpa otov R*, nov nepiéyel to o oto eowtepikd
tou. Av K| > (1+ o(K))", tére K N (Z™\{o}) # 0.

AnéddelEn: Ocwpolue to ooua K1 = (14 0)7 K. Téte, |Ki| > 1, dpo undpyouy
z,y € Ky tétowa dote y —x € Z™\{o}. Ta K xou K; elvon ouotodetixd, dpa €youy
Tov (80 cuvteheoT acuuuEeTplag, xat agol & € K ocuurepalvouue 6t —otz € K;.
Tote, yenowwonol®vtag Ty xuptotnta tou K, BAénovue 6t

o -1

y—x:(1+0)< y+1+—a(—cr :U)>€(1+U)K1:K.

1+o
Anpadh, y —z € K N (Z™\{o}). ]

3.3 Egoapuoyvég ot Jewpla TV apLtdnmy

() Opoyevels yoourpixés Loppég

H mé yvwoti eapuoyt Tou Oewpriuatog Tou Minkowski agopd cuctiiuato ouo-
YEVOV YRUUUIXDY LOPQGV:

Ocdenua 3.3.1 Eoww &i(z1,...,%n) = anT1+...+0inTpn, i = 1,...,n, opoyevels
YPAUMIKES UOPPES, L€ TPAYUATIKOUS TUVTEAEOTES a5, Kal un unoevikn opilovoa A.
Av ty,. ...ty > 0 kat tyty...t, = |Al, tdte vndpxe (z1,...,x,) € Z™\{o} térow0
woTE

|§,‘(.’L‘1,...,$n)| S t,', 1= 1,...,n.
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Anoddeldn: Oewpolue 10 Topahhnieninedo
P=A{x:|(x1,...,zn)| < t;,i=1,...,n}.

Av T elvar o ypouunde petaoynuatiowds mou oplleton and tov nivaxa (a;j), ToTE
P =T7YP), 6mou
P ={z:|z;| <t;,i=1,...,n}.

Apa,
~ |Py| tits .. tn
|P| =T (P)| = =2"— " =2".
A A
Ané 1o Oedpnua tov Minkowski, undpyet z € P N (Z™\{o}). O
Egapuoyn Eow ay,...,a, € R. Yrdpyovr axépaiot uy,. .., Upt1 TETOLOL DOTE
[tng1a; — ug| < T t=Len
un+1
Anédeldn: Oétovue Ent1 (1, .-, Tnt1) = Tpg1, XOU
§i(T1,. o Tnq1) = Tp1ai — g, T=1,...,n.

Téte |A| =1, dpa yia xdde t > 1 undpyer (U1, - .., Unt1) € Z™\ {0} ue v WBLéTT

—1/n
ungr] <t Junsra; —ug <7
To up41 dev unopel va elvon (oo ue undéyv, yatl téte dhoL oL u;, ¢ < n Vo Aty
amoAUTWS PLxpoTeEpoL Tou 1, dnhady| (ool ue undév. Erlong, avtxadiotdvrag, av
yeelotel, dhoug Toug u; UE Toug avtidetolc Toug, Pmopolue va utodécovue OTL
Up4+1 > 0. 'Eneton 61t

1 1
[Unt1a; —us| < i/ < 1,...,n. O
un+1

(B) Tetpaywvixég oppés
Ytn ouvéyea, epapudlouvue to Oewpnua tov Minkowski oe ula Yetixd opiouén
TETPAYWVLXY| LOPQT:
Ochpnua 3.3.2 Eoww A = (a;;) ovppetpirds, Jetikd opiopévos n x n mivakag.
Ocwpotjie TNy tetpaywvikn Hopen
T(z1,...,z,) =T (z) = (Az, ).
Ay D = det(a;j) etvar n daxpivovoa tns T, pnopolue va Bpolue (ui, ..., u,) €

Z™\{o} térowo dote

4 1/n
T(uy,... un) < — (r(E + 1)20) .
T 2
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AnédelEn: YTrdpyet ovupetpde, Yetind oplouévoc B tétoloc Gote B? = A. Opl-
Covue
K,={zeR":T(z) <r},
6mou r > 0. 'Eyouue T(z) < r av xou uévo av ||Bz|i < r. Anpody, K, =
VrB~Y(D,,). Enouévac,
| | _ ,rn/2 s T.n/Z 7Tn/2
" det(B) " VDI(2+1)
Emhéyoupe ro > 0 étor wote va éyovue | K, | = 2". Tére, and 10 Oewpnua tou
Minkowski, unopolue va Bpolue (u1, ..., un) € Kyy N (Z™\{0}), dnroadn,
4 1/n

T(ur,... up) <710 = — (r(g +1)2D) .o
™

(v) T'WwoUEVD YROUAALXDY (LOPPHDY

Eotw &(1,...,%n) = @i1&1 + ... + Qin%yn, @ = 1,...,n, ouovevelc ypouuruixéc
HMOPPES, UE TROYMOTLXOUS CUVTEAETTES ay5, xou un undevixr| opillovoa A. Iafpvovtog
t1 = ... =t, = |A]"" o0 Oedpnua 3.3.1, BAérouue 6TL undpyer (T1,...,2,) €

Z™\{o} tétol0 Hote
n

[ €@, .. 20l < 1AL

i=1
Mrnopolue va dhaovue Evar XaMOTERO VW QEAYU YIOL TO YLVOUEVO TwV &;:

Ocdpnua 3.3.3 Av¢; kat A dnws napandrw, vrdpyel (1, ..., xy,) € Z™\ {0} térowo

WwoTe
n

n!

i=1

Ano6degn: To ywplo {z: [Ti, |&] <7}, r >0, dev elvon xuptd, Tepéyel duwe To
K, ={zeR": Y |&(@)] < nr'/m},
i=1

yiol, amd Ty aviedThTa apLdunTixol - YEWUETELXoL UEoou, Yia xddE T1, ..., T, € R,

n

I 1@ < (%D&(wn) .

i=1

Av T elvou 0 ypouuixds yetaoynuotiopos mov oplletor and tg &, tote K, =
T-YK}), 6mou

n
K!={x: Z |z;| < nrt/m}.
i=1



Apa,
K| = |K} _ 2"y
" |detT|  nlA]T

Autée Ya elvon (oog pe 2™ av r = 19 = n!|A|/n", o 61, T0 Oepnua Tou Min-
kowski udc e€aopariler x € Ky, N (Z™\{0}), dnhadh, z € Z™\{o} yia t0 onolo

n

[ l&(@) < (%Z@(f@l) <r= %|A|. O

i=1

(3) To Oewpnua tov Lagrange

Xpnowomowdvtag 1o Osdpnua tou Minkowski, Yo anodei€ovue 1o e€rc Oedenua
tou Lagrange:

Ocdpnua 3.3.4 Kdde puoikds apdudsn ypdpetat otn popepin = o +a3+ai+a3,
OmoU T1,Ta, X3,y € L.

Lo v anddetgn Yo ypetootolue €vo Mo

Aqupa 3.3.1 Eotw cy,...,cm €LY, KAL K1, . .., km € N. Optlovue
A={x€Z": (z,¢;) =0(modk;),i =1,...,m}.
Tére, to A elvar mAéyua, kat detA < Ky ... Kp,.

Anddeln: EOxola ehéyyouvue 6t 10 A elvan mpoodetixs) unooudda tou Z", dpa
elvor xon Sraxptth urtooudda tou R®. Av 9éoouue Kk = Ky .. . Ky, TOTE TO TAEYHA

KZ" = {kz :z € Z"}

nepéyeton oo A, xon awtd delyver 6L 10 A mepEyEl N YpoxdS aveEdpTnTa Sua-
voouoto:  ylor topddetyua, o ke, ¢ = 1,...,n. Apa, to A elvar unomAéyua tou
™.

Eniong, detA = |Z™ : A|, dpa, yio va ddoovue @pdyua yo Ty detA, opxel va
nepLypdpovue tar chumAoxa Tou Z" ws tpog To A. Oswpolue T0 GUVOAO

A={a=(a1,...,a,) €Z™0<a; < K;i}.

To A éyet mnddpuduo K1 ...kp. Do xdde a € A, otadeponoobue z, € Z™ (av
UTdPYEL), TETOLO DOTE

(Ta,c;) = a;(modk;),i =1,...,m.

Tote,
2" = J@. + ),
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enouéves, |Z™: Al < |A| =K1 ... Em. a

Anodedn tov BOewpruatog: Efetdlovue mpodta tnv mepintwon mouv o n eivon
eheldlepog TETPAYWVWY, SNAASH, 7 = D1 ... Dy, OTOU Pj SLOXEXEUIEVOL TIPWTOL.

Ioyveropog: Av p TpdTog, UTRYOLY ap, by € Z tétolol hote ay+b2+1 = 0(modp).

Anéoaén: Av p = 2, nalpvouue az = 1 xou by = 0. Av o p elvar mepitdg npwtog,
ehéyyouue 61t oL a?, 0 < a < p/2 elvon avioobndhoitor modp, o To (3o oylet Yo
toug —1 —b%, 0 < b < p/2. Agol to TARdoc Twv a xou b elvon p + 1, undpyouy S0o
and autole oL avixouy oty o ¥Adon modp. Autd onualvel uToypEWTIXS OTL
undpyouvy 0 < ap, by, < p/2 ye Ty WBLotTa

a; = —1 - b’ (modp),
Smhad, a2 + b2 + 1 = 0(modp). O
Optlovue
A={z€Z*: 21 = ap,x3 + bp,xs(modp;), xa = by, x5 — ap,x4(modp;), i < m}.
Yougova ye 1o Afuua 3.3.1, to A elvon TAéypa, xou
detA < (p1...pm)* =n’.
Oewpolue ™ undha B = {z : 27 + 23 + 2} + 27 < 2n}. O dyxoc 1rg elvor (oog e
|B| = 2n°7? > 16n? > 2*detA.

Ané o Oedpnua tou Minkowski, undpyet (1,2, T3, %1) € A €010 BGOTE

(%) 0 <} +a3+a3+a; <2n.
‘Ouog,
i+ a3 +as+a; = (apas +bp,wa)® + (bpiws — ap,x4)? + 23 + 23 (modp;)
= (a, +b + )3+ (a, + b5, + 1] (modp;)
= 0(modp;)
v x&de i = 1,...,m, dpa n|z? + 23 + 235 + x5, And my (x) cuurepalvouue 6T

n=z?+ 23+ 2%+ 3.

Y1 Yevu Teplntwon, Yed@ouue Tov guoxd aprdud n oty popwl n = 1*m émou
o m elvar eEAelUEPOC TETPAYWOVOVY, Xot EQUPUSLOVUE TO TEONYOVUEVO Yial VoL YRSpoUUE
ToV ™ O Uop@h m = Y3 +y3 + y3 + yi, yi € Z. Tére,

n = (ly1)? + (ly2)* + (lys)* + (lya)®>. O

(e) To Oedenua tpocéyyiong tou Dirichlet

Oa epapudoouue 10 Oedpnua tou Minkowski oto mpdBinua tne npocéyyiong
TeOLYATIX@Y aptduy and pntols (Yedpnuo tou Dirichlet):
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Ocwpnua 3.3.5 Trdpyel otalepd ¢ > 0 pe tnr didenra: ya kde a € R, vndpyovr
q € N oooonnote peydlog, kar p € Z, tétrolol vote

p C
la — =] < —.
q ¢

Anddelgn: Xpnowonotolue Ty (dia Wéa ue avthyv tne Egoapuoyrc 3.3.1. Mropolue
va utodéoouue 6Tt 0 a elvon dpentoc (av o a etvon pntde, TéTE To TEGBANUA dev ExEL
xaulo duoxoiia). Eotw M > 0. Aol a ¢ Q, undpyet @ > 1 tétotoc wote

1
tayr ;= min{lag—p|:q < M,qeN,p € Z} > 0

Op(louue
. 1
K ={(z,y) €R* :]az —y| < a,lfﬂl <Q}.

To K eivar napahknhoypouuo, ue eufadév |K| = (2Q)(2/Q) = 4. And 1o Oedpnua
tou Minkowski, undpyet (¢,p) € K N (Z?\{o}). Exovue ¢ # 0, ywoutl odode Yo
elyaue |p| < 1/Q, dnhadh p = 0. Eniong, Moyw g ouuuetplog tou K, unopolue
va utodéoovue 6tL ¢ > 0 (Snhadh, ¢ € N). Autéd onuaiver 611 0 < ¢ < @ xou
|(Lq _p| S ]-/Q; d(pO(

Télog, and tov oploud Tou tar, Eyovue

1
lag — p| < 0 <twm,

dpat, g > M. O
To Oedpnua 3.3.5 yevixeleton we e€hg:

Ocwenua 3.3.6 Yrdpyer otalepd ¢ > 0 pe tnr 1diéTna: av ay, .. .,a, € R, vndp-

xouvr q € N ogodnrote peydlog, kat p1,...,pn € Z, tétool cote
bi c
2t < .
Ja q q1+%

Anddedn: Eotw M > 0. H anddeln eivon eviehde avdhoyn ue authy tou Ocw-
pfuartog 3.3.5: unopolue vo uToYEGOUUE OTL OL a1, . .., @, dev elvon 6ot pntol. To
napaAAnAeninedo oto onofo epapudlovue 1o Oewpenua tou Minkowski, etvor to

1
K= {(xayla"'ayn) € Rn+1 : |aix_yi| S W:kﬂ S Q};

6mov ) > 1 1600 UeYdAog WaTE

1
ty = min{m<ax{|a,-q—pi| :q< M,qgeN,p; € Z}} > 0 O
i<n



Ke:cpo’c)\ou.o 4

To Beétepo ﬁed)pv]poc TOL
Minkowski

4.1  ALaboyLxd EAAYLOTA CULUUETELXOD XUETOD CW-
AOLTOG

Y10 Kegdhowo autd Yewpolue €va avolxtd, CUUUETEIXG WG TEOS TO 0 XVPTH CWUA
K otov R*. O Minkowski éploe ta dadoyikd eAdyiora tov K w¢ e€hic: Ta xdde
A > 0 Yewpodue 10 odua AK. To K elvon gpayuévo, av hotmdv 1o X elvon apxetd
e, tote AK NZ™ = {o}. And tny dhAn mhevpd, to K mepiéyet ulo undha ue
%€VTpo 10 0. Av Aolndy 1o A elvan apxetd ueydho, TOTE T0 AK TEPLEYEL N YPOUULXMS
ave&dptnta dwaviouata tou Z". Enouévwe, v xdde i = 1,...,n, undpyouv A > 0
Tétola WoTE 10 AK v TEPLEYEL TOLAGYLOTOY © Ypoxeds avedotnta Staviouota
Tou Z". Optlovue

Ai =inf{A > 0:dim(AK NZ") >i}, i=1,...,n,

6mou dim(AK N Z™) elvon 1 SLAGTAGT TOL UTOYWEOL TOU TOPAYETAUL UG TOL UXEPOLOL
onueta Tou AK.

Aupa 4.1.1 Ioxve

A :={A>0:dim(AK NZ" >i} = (N, 00).
Anodedn: Elvow ovepd 6t ov A € A; xow p > A, t6te p € A;. Apa, 0 A; elvan
dudotnua. Méver howndv va Sobue 6t Ay ¢ A;. Av 1o MK meptelye ¢ ypouuuinds

ave&dptnta axépara onuela, toTe To (8o Ya loyue xou Yo xdmoto AK ue to A Aiyo
HixpdTEPO amd To A, yiatl to K €yel unotedel avouxto. O
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Ou aprduol A; ovoudlovtar Sradoyixd eAdytota tov K (¢ mpog o mhéyua
Z™). Elvow govepd ot
O<Ah <L . <A

Mropel vor cLUBEl xdmota amd tar A; va ebvan (oo Tuor mopdderyua, av K = {z @ |z;] <
1}, tbte Ay =... =\, = 1.
Ipétaon 4.1.1 Eotw K avoiktd, ouupetpikd kupté owpa otov R*. Trdpyovv
ypauuikas aveEdptnta Sarvopata ui, . .., U, € Z" wov wkavomoolv ta €€ng:

(a) u; & (u1,...,ui—1),i=1,...,n.

(ﬁ) Ujg ¢ /\ZK, 1= 1,...,n.

(y)ui € NK,i=1,...,n.

Anédelgn: Opllovue enaywyd uy, . . ., Uy € Z™ 10U avoroloLy ta (a)-(y): Yro-
Yétouue 6Tl €xouy OploTEL T U1, ..., Uj, XU OTL A; < Ajp1 (O€touue Ao = 0 xou
uo = 0). Téte ur,...,u; € Aj41 K, xou 1o Auua 4.1.1 udc eZaoparilel 6T

dim()\j_HK N Zn) = ]

Aelyvouue tpdTo 6T T0 Aj+1 K EpLéyEL TouNdyLoTov j+1 ypouuixnde aveldptnTa
axépona onueto: Oewpolue X' > Ajp1. To NK nepiéyel nenepoouéva 1o mhdog
axépona onueto. ‘Eotw B’ 10 60volo twy axepalwy onuelwy tou X' K mou dev avixouy
oto Aj+1 K. To B’ elvow un xevo, yiatt X' > Ajp1. ‘Ol ta u € B' mou dev avixouy
070 \j+1 K éyouv Yetund ambotaon and to Ajr1 K, xou elvon menepacuéva 1o TAdoc,
dpar umopolue va Bpolue X € (Ajr1,N) ue ty Wiotnte AK NZ" = \j1 K N Z™
Ouwe A > Ajy1, dpo dim(AK NZ™) > j + 1. ‘Enetou 6t

dim(A\j 1 K NZ") =k > j.
Trdpyouy NOLTOV YRUUULXDS AVEESRTNTA Ujt1, - - -, Uk OTO GOVOPO TOL Ajy1 K,

Ta onola dev avixouy otov LTdYwEo (Aj41 K NZ™). To ug,...,u; wovornolody o
(o0)-(v), ou amd THY XATAGKELH,

A]’+1 — ... :Ak.
Yuveyilouvue ue tov Do tpémo, opllovtas T u; xotd ouddec. |
IMopatAenon To A; opllovton uovoohuavta and o K, evdd 1o {ui, ..., us} unopel

vou uny emhéyetan xotd wovadixd tpdémo. To Siaviouota u; tng Hpdtoong 4.1.1
ovoudlovtor ehaytotixd Stavioupata touv K (g npoc to Théyua Zm).

Tougwva ue to tptto Yewpnua tou Minkowski, agod M K NZ™ = {0}, 10 MK
TEETEL VoL EXEL 6YX0 To oAU (0o ue 2™:

Ocedpnua 4.1.1 Eoww K ouupetpikd kuptd odua otov R™. Tdre, AT |K| < 2™. O
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Mafpvovtag v’ 6w tou dha tar dtadoyixd eNdytota Ag, ..., A, T0U K, o Min-
kowski [Mi2] anédetZe xdtt toyvpbdtepo (1o devtepo Jeddpnua tov Minkowski):

Ocwpnua 4.1.2 Eotww K ouupetpicé kuptd odua otov R*. Tore,
)\1)\2)\n|K| SQn O
‘Aueon yevixevon tou Oewprjuatog 4.1.2 yio Tuydy TAéyua A otov R eivon 1o
e&ie:

Ocopnua 4.1.3 Eoww A mAépua ovov R*, kar K ouvppetpikd kuptd odua otov
R™. Tére,

)\1A2 .. An|K| S 2" detA,
émou

A = inf{A>0:dim(AKNA)>i}, i=1,...,n O

Y1 endueveg 800 mapaypdpoug Ya dodue 800 apxetd diapopeTinés anodeiielg
oL Oewpruartog 4.1.2.

4.2 Ilpwtn anédel&n Touv Yewpruotog

H Wéa e npdtne anddeing Yo yiver méd xodoph and tny e€hc (havdaouévn) omd-
netpa: Alvetor T0 avoxtd cLUUETEG xLpTd owua K otov R™, unoldétovue 6T
Ui, - .-, Uy elvor Ul ETAOYH EAUYLOTINDY SLOYUOUTWY TOU, XoL OTL

A2 ... )\n|K| > 27,

Oewpolue tov Ypopuuxd uetaoynuatioud T nou oplleton and e T'(u;) = Aju;,
i=1,...,n. Tote, 1o W = T(K) éyer 6yxo |[W| = A ... A\|K]| > 27", ondte 10
TpTo Yetdpnua tou Minkowski udg Sivet aq, ..., a, € R tétola dote

0 w=a1Auy + ...+ aAuy, € WNZ™
Agob w # o, undpyel k < n ue Ty WLOTHTA
ar #0, ap41=...=ay =0.
Fpdpovue 10 w oty e€hc Lopern:
(x) w=A(a1us+...+agug)+(A2—A1)(asus+. .. +agug)+. ..+ (Ap—Ap—1)arug-

Agob w = T(ajuy + ... + aguy), yvwpilovue 6t ajug + ... + apur, € K. Ac
LOYECOVUE PGS oTLYURY OTL Tal SlavdoUdTd sty + ... + AUy, . . ., Gpy Elvon OAa
péoa oto K. Téte, and ty xvptdétnta tou K xou tny (x), cuunepalvouue 6t

we MK+ ()\2 — )\1)K+ et ()\Ic — /\kfl)K =\ K.
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Auté buwcg elvon drono. Oa elyoue
w e AkK\<u17 B 7uk—1>7

dnradhy o w VYo ftay oxéparo onuelo tou AR K ypauuwodg aveEdptnto mpog Ta
UL, .., Ug—1, XUTL TOL AVTLYACKEL TPOS TOV OPLOUO TOU A XL TWV U;.

O Minkowski ypnowuonoinoe autiv oxplfdc TNy Lo TOU UETAGYNUATIOUOVY
Tov ouatog K

Anddeln tov Oewpruatog 4.1.2: Onwg xar mpw, Yewpolue xdmola eNoytoTixd

dravdouota ug, ..., U, 0L K, xou ypdpouue to tuydv ctoyelo tou K otn uopey
a=aiU; + ...+ aQpUpy-
lNaxdde a = ajug + ...+ apu, €ER* xaw k=1,...,n — 1, opilovue
n
n . — —
L(ak+17--->an) = {x = E ziu; €R” 1 xpq1 = apyr, ..., T = an},
i=1

TOV CUOYETIGUEVO UTIOYWPO TWY ONUELWY TTOL CUUTITTOVY UE TO @ OTLC CUVTETAYUEVEC
[y [y [y

Tht1,---, Ty (WS TPOC TN Bdon {u1,...,u,}). T a € K opllovue blagti,--.,an)
70 év1p0 Bdpouc Tov K N L(ak+1,---,an). [Hpogavae, b(ai,. .., a,) = a.] Anhadi,
n i ouvtetoryuévn (i < k) tou b(ag+1,-. ., ay,) dlvetar amd To
ci(@pgry--,an) ::/ zidxy, . ..dT.
KNL(ak+1,---,an)
To blakt1,---,an) avixer 610 K N L(apt1,---,a0n), Xou OAES oL anewxovice a —
b(agt1,--.,a,) elvor Tapaywylowes we npoc a; oto K.

Aqupa 4.2.1 O petaoynuatiopds T : K — K rov opiletar ané tnr
a=(ay,...,a,) = Atb(ay,...,a,)+ (A2 —A1)b(az,...,a,)+. ..+ (A —An_1)b(ay)

efvar éva mpog éva.

Arnéderdn: To b(agy1, ... ,a,) YdgeTon 0T LopPh

k

n
b(ak+17"'7an):ch(ak+17"'7an)uj+ Z a;ug,
j=1 j=k+1

6TV ¢ GUVAPTAHTELS TV EEUPTAOVTOL LOVO ATd T Gfy1,---,0n, § = 1,..., k.
‘Eoww a=Y,_, apup € K. Téote, T'(a) =Y ;_, dpuy, 6mov

n—1

(*)  dr = Apag + Z()‘jJrl = Aj)ci(ars1y .-y an) = Apag + h(agss, ..., a,).
i=k
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Do va det€ouue 6L o T elvan Eva mpog €var, apxel var EAEYEOLUE OTL OL GUVTETAYHEVES
dr, mpoadlopilouv uovoohuavta Ti¢ ouvtetayuéves ag. Lo k = n, n (x) divel d,, =
Anln, 800 ap = dp/Ay,. Tote,

dnfl = )\nflanfl + h(dn/)‘n)a

an’ 6mou TPocdloplleTon TO ap—1, xat TNyalvovTag Tpoc To Tlow mpoodopllovuEe
LOVOCHUOVTA T Gp—2, - . -, 41 Yo T omola T'(a) = 22:1 drpug. O

Aqupa 4.2.2 O petaoynuatiopds T «noAdandaoidlery tov éyko tov K e tov ma-
pdyovta Aq ... \p:
IT(K)| = A ... A\ K.

Anodedn: Agol o T elvon éva mpog éva xou SLapoploLluog, apxel Vo TapatneioOUUE
ot 1 optlovoa tng LoxwBraviic tou T' elvon otodepr) xan lon e Ay ... A, 010 K. Auto
elvow ouvémeia Tou optouol tou T'. H TaxwBiovh tou T elvar dvew Tetywvinds mivaxag

(to dj, eZaptdton wévo and T ag, ..., ay), XoL
odi(ag,...,a
W:Ak, k:].,...,n,
and ™y (*). O

Ac unodéoovue tHpa 6TL Ap ... Ap | K| > 27, And to Auua 4.2.2 xou 1o Yeddpnua
avtlotpogne anewdvione, 1o T(K) elvar avouxtd xou ppayuévo, xou |T(K)| > 27,
ondte, epapudlovrac 1o Afuua tou Blichfeldt yio to T(QK), Boloxouue y* # y? €

T(K) tétow dote

1,2
Q_TZEL_E Z™{o}.

Oewpolue to (Lovadxd) al # a? € K yw 1o omota T'(at) = y* xou T'(a?) = 42, o

Ypdpoupe

n n

a' = Za;uj, a’ = ZG?U/]’.

j=1 =1
Agol a* # a®, utdpyel k < n tétolo dote ay £ ai, xoL aj = a3, j =k+1,...,n.
Tore,

1,2
— 1
Q—T;E— = Mgl a) =ba,..,a2) + ..
1
+ (A — )\k_l)i(b(ak, ceey a;) — b(ai, ey afl))

And v xvptéTTA X0 TN cuuueTplo Tou K, xou amd To yeyYovos OTL Oheg ot b
nodpvouy TLéc oto K, ouunepalvouue ot
1,2
y -y

B 6/\1K+...+(/\k—)\k,1)K:)\kK.
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Anhody, L
y —y
2

€ MK N (Z™ {o}).

‘Ouwc, N k-oth ouvtetayuévn tou (y' — y?)/2 (¢ npoc tn Bdon {ui,...,u,}) evor

1 1
3 (Akay, + h(ags,- .- an) — Aeag — h(ap iy, ..., a2)) = iAk(ak —a3) #0,
dnhady to (y' — y?)/2 etvon ypouuxde aveldpnto amd To ug, - . ., ug—1. AuTé elvon
dtomo, ool 1o A\ K Sev umopel va tepléyet k ypauuixms avegdptnta axépata onuela.
a

4.3 AcOtepn anodely Tov Jewpruatog

H 3eltepn anddelin nou Yo dwoouue opelleton otov Estermann [Es], xow Booileton
otV TATEN exuetdAevon tng Texvixfc tou Blichfeldt. Ovoudlovue ki, ..., K, Ta
dradoyxd eNdytota tov D(K) = K — K. Av 1o K elvor ouppetpxd, téte D(K) =
2K, onbte éyouvue k; = Ai/2,i=1,...,n. Apxel howndy vo del&ouue bt

(%) KiK2 ... kn K] < 1.

Oewpolue ula EMAOYR U1, ..., U, EAXYLOTXGY Slovuoudtwy tou D(K). Tao
UL, .., Uy EWVOL YPOUUULX®SG aveEdpTnTa, ETOUEVELS, amd To Osdpnua 1.1.2 undpyel
Bdon {w1, ..., wy} TOL Z™ uE TNV WBLOTHTA

U,‘€<w1,...,wi>, 1=1,...,n.

Iapathenon: Ocwpolue Tov Ypouuxd uetaoynuatiopd I' mov opileton and Tig
T(e;) = w;, 6mou {e;}i<n N ouviAdng Bdon tov Z™ Téte, |detT| = 1 xou o T
agphver avelholwto to Z™, dpa T T (K) xon K €youv Tov 8o dyxo xon To (8ot
Sradoynd eNytota, ool u € AK NZ™ av xou uévo av T=H(u) € THAK NZ") =
AT HK)NZ" X > 0. Emnhéov, woyber T H(D(K)) = D(TY(K)), apxel hotmdy vo

delZoupe v (%) ue v emmiéov unddeon otL w; = €5, i =1,...,n.

Téte, av a = (a,...,a,) € & D(K)NZ", wylet 61t a; = ... = a, = 0 (10
a TEETEL VoL AVAXEL OTOV UTOYWEO TOU TUPAYETL oM T U, - . - , Uj—1, HEA YEAPETOL
oay YPUULUXOS GUYDUUOUOS TV €1, ..., ei—1). Zuvopiloviag OAES aUTEC TIC Tapo-

tneNoele, BAénouue Ot ywelc mEploploud TN YevotTnTag, o {nToduevo elvon To
egnc:

Oewpnua 4.3.1 Eotw K (ouppetpikd) kupté odua, kart0 < k1 < ... <k, € R ta
dradoyikd eddyrota tov D(K). Trobérouvue dtr, av a = (a1, ...,an) € k;D(K)NZ",

wre a; = ... = a, = 0. Tdre,

K1...kp|K| <1



ol

H cvuuetplo tou K Bev elvon amapaltntn yio Ty anddelén touv Ocwpruortog 4.3.1.
Optowog INa xdde i =1, ..., n, opllovue p; : R* = R™, ue
pi(T1,. . iy ) = (@1, {Ti}, ., Th)-

Enfong, opilovue Py = pio...0p;, xou Py = Id.
Afupa 4.3.1 TNa kdOe z € R, wyde |Py (K + 2)| = | Py (K)].

Anodedn: o xdde u € Z" xou z € R, woyler Py(K + 2z +u) = Pp(K + 2).
Mrnopolue hotév var uTOUECOLUE OTL TO 2 = z1€1 +. . . + 2,6y AVIXEL OTO VEUEALODES
TapahAnAentinedo touv Z" wg mpog T cuvidn Bdon. Andadr, 611 0 < z; < 1, j =
1,...,n.

Enfong, opxel vo anodelfouue to {nroduevo otny neplntwon z = z;e;. Lol to1e,

|Po(K +2)| = |Py(K+z1€1 4+ ...+ zpey)]
= |Pn(K-|—Zl€1 +... +anlen71)| =...= |Pn(K+21€1)|
= [Pa(K)|.

Trodétovue howndy, ywelc Teploploud tng yevuotntag, 6t 2 = zeg, 0 < z1 < 1.

OptZlouue
A=P,(K)N{z:0<z1 <1—2%}, B=P,(K)N{z:1—2z <z <1}.

Tore,
Pn(K+ Z) = (A +21€1) U (B + (Zl - 1)61) = A1 U Bl,

xow ool Ay N By = 0, BAénouue ét
|P.(K + 2)| = |A1| + |B1]| = |A| + |B| = |P.(K)|. O
Adppa 4.3.2 Avt > 1, tdote |P,(tK)| > | P (K)].

Anodedn: Av o € K, tdHte and tny xuptétnia tou K éneton o1t K C K, ondte to
{ntoluevo elvor tpogavés. Av oy, emhéyouue z € R™ tétoo daote o € (K + 2), xou
epapuolovue 0 Afuua 4.3.1:

|Po(tK)| = |P(tK +t2)| = [P (t(K + 2))| 2 [Po(K + 2)| = |[Po(K)|. O

II6 yevxd, ywo xdde ¢ = 1,...,n nalpvouuse:

Adupe 4.3.3 Av t > 1, téte |P;(tK)| > t" | Pi(K)|.
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Anédedn: Ttadeponowolue @ < n — 1. Lo xdde 2 € R* ypdpovue ¢ = (', 2"),
omov &’ = (z1,...,%;), 2" = (Tit1,...,2n). Av M CR", opllouue

(M;2"y ={z' e R : (2/,2") € M}, 2" € R"".
Ioyvpiomog: Avt >0, tote
(Pi(tM);ta") = Py((tM;ta")) = Pi(t(M,z")).
Anodergn: H delteprn wétnta elvar mpogavic. Do Ty mpdtr, Yewpodue Tuydv
y € (P(tM);tz"). Tote, (y,ta’) € Pi(tM), dnhadh vndpyer (z,w) € tM tétowo
dote Pi(z,w) = (y,tz"). Aol o yetaoynuatiouds P unopel vo uetodhhel uovo

TS TPAOTES § CUVTETAYMEVES TOU (2, w), énetan 6Tt w = tz' xou Pi(z) = y. Anhadn,
z € (tM;tx"), dpay € P;((tM;tz")). 'Etor, anodelydnxe n

(Pi(tM);tz") C P;((tM;tz")).
O avtilotpogog eyxieloude anodexvietal avdloya. O
Ou YENOULOTOLACOLUE TOV LoYLELOUS, Xou TNV Tapathenon otL, av t > 1 téte
|P; (K ")) | > [P (K5 2™))],

1 onola elvon ouvéneta Tou Afupotos 4.3.2, agod xde (K; z'") elvon xuptd uTocbvoro
Tou R":

Ohoxhnpdovovtag mpwta we Tpos &' € R xon uetd weg npog 2" € R™ ™, ypdpouue
oV 6Y%0 ToL P;(tK) otn uopyh

PG = [ PRl
Rn—i
Kdvovtag v adhayh uetahnic '’ = ty" xau ypnoyonoudvtag g napatneioets
Lo, EYouue

P(K)| = / (P sty dy”
Rn—i

T / P )y

n—i

> i / P ") ldy”

= t"7|P(K)I.

H neplntwon ¢ = n xohOnteton and 1o Afuuoa 4.3.2. O

Appa 4.3.4 Eorw W kyptd odpa otov R”. Av D(W)NZ™ = {o}, tdre |p;(W)| =
|[W| yia kdlei=1,...,n.
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Anodedn: H anddeiln elvon eviehds avdloyn pe autrhyv tou Afuuatog tou Blich-
feldt. Av Yewprioovue ta obvora (u + P) N W 6nouv u € Z™ xou P 1o olvndec
Yepehiddec toapodnieninedo tou Z", t6te 1 pi((u + P) N W) Sev emxollntovton,
alide o D(W) Yo meptelye un undevixd axéparo onuelo, napdhhnho mpog 1o e;.
"Apa,

i) = I+ P)NW)[ =) |(u+P)NW|=[W|. O

u

Anodedn tov Oewpfuuartog 4.3.1: H anddeiln Yo Boaoiotel otov axdroudo toyu-
ploud:

Ioyveiowos: Iaxdde i =1,...,n, éyouvue
|Pi(ki K)| = [Py (ki K)|.
Anodedn: Apod P = p;jo Pi_q, obugwva ue to Ajuua 4.3.4 apxel va del&oupe 6Tt
(Pic1 (ki K) — Py (5 K))NZ" = {0}, i=1,...,n.

‘Eotww 6t undpyowy z,y € k; K tétow wote 0 # Pi_1(z) — Pi_1(y) € Z". Tore,
z—y € (kD(K))NZ"™ xou and v unédeon tou OewpUatog TEETEL VoL Loy VEL
zj =y, J=1,...,n. Ouwg t6t, Pi_1(x) = P;,_1(y), dtomo. O

Egapuélovrag topoa to AMupa 4.3.4 yioto P (k; K) ue t = k;/ki—1 > 1, nolpvouue

Ki

n+l-—12
|Pz(I€zK)| = |PZ,1(I<.§1K)| Z ( > |Pi,1(l<.}i,1K)|, 1= 2,. Y (B

Ki—1
i = 1 ypdgpouue amhidg

|PL (k1 K)| = [k1 K| = K7 |K].
Molomhaotdlovtog xotd e, BAémovue dTu

Ki

n n+l—1:
|P, (kK| z;a;]‘[( > |K| = Kiks ... 6n|K].
=2

13
Ki—1
Ouws P, (knK) C P, dpa |Pp(kpK)| < 1. 'Enetor 61t

Kika ... ko K| < 1. O

Aev elvar d0ox0NO Vo BOCOVUE XATW GEAYUA YLOL TO YIWWOUEVO Af...Ap TWVY
dadoywdv ehaylotwy tou K. O Minkowski anédetée to e€c:

Ocopnua 4.3.2 Eotw K ovupetpikd kupté odpa otor R, kat A1, ..., A\, ta dwa-
doyikd eldyiota tov K. Tdre,

n

2
n.
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Anddergn: Trdpyouv ypauuixos avegdptnta Siovoouota u; € Z"™ tétola HoTe xdde
u; Vo avixeL oto obvopo tou N K. Opilovue

Tére, +v; € K yio %8¢ 4, dpa 1 xupth Whxn A = co{xvy, ..., v, } tov £v; éxe
6yxo 10 ol (oo ue |K|. 'Ounc,

2™ det .., U
JA] = el v, .., 0, = 21900 00)]

?

n!
det N, 1
et(uy,...,Un
det(vy, ..., = > ,
[detlvn, o)l = e A 2 Ae .
yeatl To u; elvon axépona Staviouata, ondte det(uq, . .., uy,) € Z\{0}. Tuvdudlovtoc

TOL TIOPATIAV®, EYOVUE

2”|det(u1,...,un)| 2m
n! n!

Ao - Al K] > Mds .. Al Al >



Ke:cpo’c)\ou.o 5

To ﬂso')pv]poc twv Minkowski
xo.. Hlawka

5.1 To Yewpnua emtAoyyg tov Mahler

Yxonbde yog oe quThY T Topdypapo elvar var amodelEovue to Oempnuo emAoyrg
tou Mahler, to onolo e€aopaiilel v Ooapln «ouyxAlvouoacy umaxolovdiog yio
x&de «pporyuévny axoloudio theyudtwy. Lo tn dtatdnwor tov Oewprjuatoc, npénet
Tp®Ta Vo oploovue awotned Tt elvan €va PpayUEVo GUVONO TAEYHATODV, XS XoL
v évvola Tng oYX oL Yo YeNoULOTOLACOUUE.

Ogiopol (o) Eow K ouupetpixd xuptéd ooua otov R*. ‘Eva mAéyuo A Aéyeton

anodextd Yo 10 K, av 1o uévo onuelo tou A mou avixel 6to eowtepxd Tou K

elvon 10 0. To A Méyeton awotned anodextéd yia to K av K N A = {o}.

(B) T x&de p > 0, cuuBorilovue ue pDy T UNGAA UE XEVTPO TO 0 Xa axTivar p:
pDy = {z € R" : [|z]]> < p}.

‘Eva oOvoho £ mheyudtwy Tou R” Aédyeton ppayévo, av undpyouy Yetixég otadepéc
p AL O TETOLEC DOTE:

(i) Kdde A € L elvon anodextéd yia v pD,,.

(ii) T xde A € L, woylel det A < 0.

(v) Tw x8de n x n nivaxe B, opllovue ||B|| = max; ; |bij|. H || - || elvow vépua otov
YWPO TV TvixwY (ovolaoTxd, N || - |l oTOV R )- O Baowéc Widtnres authc g
vopuac teptypdpovion oo e€hg Afuua:
Adppa 5.1.1 (a) Fotw Ay, A € L(R"). Tdre, ||An — Al = 0 av ka1 pévo av
ai;n — a;j ya kdOei,j <n.

(B) I'a kdde A, B € L(R"), ||AB|| < n||A]| - | B]|.

(v) I'a kd%e¢ A € L(R™) kat kdOe x € R", ||Az||2 < n||4]| - ||z]|2-

95
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Anéderdn: To (o) elvon povepd, apol
14 — Al = max Ja}j") — oy,

Tw 7o (B), napatnpodue 6t (AB);j = Y1, airbrj. Ouwe, yio xdde i,j < n,

n n n
> qubigl <3 laugllbil < STIAL- 18] = nllAll - 18]
k=1 k=1 k=1

dpar,
n
|AB]] g};gﬁl;ambml_nllflll 18]l

[ o (), yenoiuonolotue v avicdtnta Cauchy-Schwarz:

2\ 1/2
n n
Azl = Z Zaijxj
i=1 \j=1
1/2
n n n
SN DI DI N DI
i=1 \j=1 j=1
1/2
n
= llzll2 | D ai
i,j=1
: o 1/2
< lzlla (2 1417)
Snhadi, [|Azllz < nf[All - [|zl2. o

Me ™ Bordeio awtic Tng vopuag opllovue ulo évvolo <Teptoy Ay yiar Tar TAEY T
Tou R™:

‘Eoww A éva miéyua tou R?, xou A = {u1,...,u,} ula Bdon tou A, tnv onola
tavtilovue ue tov mivaxo A;; = (uj,e;). [o xdde € > 0, 1 (A4, €)-yertovid tou A
elvon 10 6UVORO OV TwY Theyudtwy A’ Tou R” T onola €youv xdmowa Bdon A" g
omolag o mivaxac avoroel Ty ||A — A'|| < e.

(3) H évvoa tne (A4, €)-vertovdc udc emtpénel va oploouue oOYXALoT oxohouddy
mheyudtov. Aéue 6t 1 oxohouda mheyudtwy {Ay,} cuyxhivelr oto TAéyua A Tou
R™ wc npog ) Bdon A tou A, av yia xde € > 0, undpyet mo(e) € N tétoloc Gote:
v xdde m > my, 10 Ay avixer oty (A4, €)-yvertovd tou A, Aéue bt 1 axoroudia
mheyudtov {An,} ovyxhiver oto TAéyua A tou R™, av cuyxhivel oto A wg mpog
x&e Bdon A Tou A.

YOppova Ue auTtov Tov 0plous, Yo va ehéyEovue 6Tt A, — A, mpénel var ehéy-
Eouue ) oOYxAom Yo TuyoLoa emhoyr g Bdong A tou A. Onwe Yo Sodue dung,
apxel va ekeyydel n obyxhion we tpog xdmote Bdon A tou A:
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Aqupa 5.1.2 Eow du A, =+ A wg npog kdnowa Bdon A wov A. Tére, A, — A.

Anéderdn: Agol A, — A wg mpog v A, undpyel axoloudio {A.,} Bdoewy twy
Ay, avtlotowya, ye
lAm — A|| = 0.

‘Ectw B ula &N Bdorn tou A. Trdpyer oxéparog nivoxac U ye det U = £1, tétowog
wote B = AU. Opilovue B, = A, U. Térte, xdde B, elvon Bdon tou Ay, xon

1B — Bl = [|AmU — AU|| = [|(Am — AU < nf|U]] - | A — All = 0.

Apa, Ay, = A ¢ npoc v B. O

To enduevo Yedpnua delyvel 6Tt auTdE 0 OpLloUGS CUYXALOTC ElVAL KOWOTHCH: v
A — A, t67e, v ueydho m, to onueto Tov Ay, Beloxovtaw «xovtdy oto onueia
Tou A:

Ocwpnua 5.1.1 Eoww Ay, A tAéyuara otov R*, pe Ay, — A Tore,

(a) INa kd0e x € A, vndpyer akodovlia onuelwy Ty, € Ay, pe Ty — T

(B) Av ya kdnow x € R™ vrndpyer akodovBia onuelwv T, € Ay, pe Ty — ,
tote x € A.

Anéderdn: (o) Eow x € A. Av A elvon ulo Bdon tou A, to & ypdpetor ot Lopph
x = Au, omov u € Z"™. Apob Ay, — A, undpyouv Bdoewc Ay, v Ay, avtiotouya, Ue
[|Anm, — A|| = 0. Opllovue , = Apu. Tote, x4y € Ay, %o

|xm —zll2 = [|(Am — A)ullz < nl|Ap — Al - [lullz = 0.

Anhod", £, — .

(B) Etadepomoloue Bdoelc Ap, A v Ay, A. Kdde x4, vpdpeton T = Aptm
OTOU Uy, € Z". Aol 1 Bdon A tou A elvan Bdorn tou R, 10 © ypdpetar = Ay vy
xdmowo y € R™*. Yxonds uag elvon va del€ovue 6t y € Z™.

O A elvar avtiotpéduuog, xou n z = [|Az||s elvon cuveyhc oty S™L. ‘Apa,
natpvel ehdiylotn yviola Vet Tiun a. Anhady,

|4z2]2 > a, zesS"h
Agol A, = A, undpyer mg € N ue v Wbdtnra: yia xdde m > mo, ||An — 4| <
a/2n. Téte, ypnowonowwvtoag o Afuua 5.1.1, BAémoupe 6t yioe xdde m > mg xou
xdde z € S*L,
a
[Amzll2 2> |4z]l2 = [|(Am = A)2ll2 2 a =2l Am = Al - [[2]l2 > 5.

Anhadn, av m > myg, €youvue

a
[Amzll2 > Sllell2, 2z € R
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And e Apty, = Ty = = Ay xou Apy — Ay, énetan 6t Ay (U — y) = 0. ‘Apa,
ylow m > mo,

2
llum = yllz < —llAm(wm = y)llz = 0,

INAadh, U, = Y. Aol Uy, € Z™ Yo x&e m, ouunepaivovue 6t y € Z". ‘Enetow
oz = Ay € A. m|

[ v anddeén touv Oewpruatog tou Mahler Yo ypetaotolue eniong to e€hc:

Oehdpnua 5.1.2 Ia kdle n € N vrndpyea otalepd C(n) > 0 pe tnr axdlovdn
wistnta: Av A elvar éva tAéyua otov R™, téte undpyer fdon A = {us,...,up} T0U
A térowa dore

[T lluill2 < C(n) det A.
H Omopén tétoiwv «avnyuévov Bdoewvy, xadog xat dLdpopa Qedyuata Yo T
otadepd C'(n), Yo culnindoldy Aentoueptds oto Kepdhowo 7.

Ocswpnua 5.1.3 Kdle ppayuévn axolovdia mheyudrwr éyer ovykdivovoa uvrako-
AovOia.

Arnéderdn: Eotw {An} peayuévn axohoudia mheyudtwy otov R”. Anhady, urndp-
youv Yetixée otadepéc p xor o tétoleg wote: v xde m € N, (pDy)° N Ay, = {o}
xon det Ay, < 0. Iapatnpodue 6t

|pDy| = wpp™ < 2™ det Ay,
and 1o TpwTto Yewpnua tou Minkowski, Sniady

inf det A,,, =a > 0.

meN

Twa xdde m, emhéyouue Béon Ay, = {ud™ .. ul™} tou Ay, ue Ty BiéTro

H [ut™ |2 < C(n) det Ay, < C(n)o.

Agol xdde Ay, elvon emitpentd yia tnv pD,,, cuunepalvovue OTL ||u§m)||2 > p Y
xemeN, i=1,...,n. Apa,

m C
)y < €7 e N =1,

Ané 10 Yedpnuo Bolzano-Weierstrass, undpyouv adZovoa axoloudiar Quoxdy kpy,
oL Ug, ..., U, € R, tétowa dote

(km) -
u; —u;, t=1,...,n.
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To A = {uy,...,un} evon ypouuwxds aveZdptnro, yotl det A = limdet Ay, =
limdet Ag,, > a. Oewpolue 10 TAéyua A mou mapdyeton and o A. Téte, det A =
limdet Ag,, <o, xou |Ju;||z = lim ||ul(-k"‘)||2 > p, dnradn to A elvar anodextoé yia Ty
pD,,. Télog,
14k, — Al < max[luf™ —uills =0,
i<n

enouévwg, Ag,, — A. O

5.2 H xplowun opllovoa

‘Eoww K ouupetpxd xupté odua otov R*. H xplowun opifovoa A(K) tou K
elvar 7o inf det A, émou to infimum nofpveton ndvew and dho ta TAEyuaTa A Tou etvon
anodextd (toodhvapua, avotned arodextd) yia to K.

To mpwto Yedpnua tou Minkowski udg dlvel auéowg éva xdtw Qedyua yiar Ty
xplowun opllovoa touv K:

IMpoétaoy 5.2.1 Ia kdle ovppetpixs kuptd oodpa K ovor R, éyovue

A(K) > 27"|K].

Anodedn: Eoww A éva miéyua, anodextd yio to K. Aol 1o K 3ev neptéyel un
Hndevixd otolyelo Tou A, to TewTto Yewpnuo tou Minkowski udg Aéet ot

|K| < 2™det A.

Iafpvovtag infimum wg mpog dhar tor K-omodextd mhéyporta, xatahfyovue oto {n-
TOUMEVO. o

IMapatienon Aniéc cuvéneies Tou oplouol e xplowung optlovoag etvon oL e€ig:

(o) Av K CW, t6te A(K) < A(W).

(B) T xdde t > 0, A(tK) = t"A(K).

(v) Av A € GL(n), t6te A(AK) = |det AJA(K).

O Mahler anédetZe 6t yia xde cuuueTpnd xVpTd ooua K undpyel TOLAdYLOTOY
évor K-amodextd mhéyuo Ue Ty eNdytotn Suvath opilovoa (dniadn, To infimum ctov
optoud e A(K) elvor minimum). Autde rav xon évag and toug AGyYous yia Toug
onoloug anédetée to Yewpnua emhoyrc tng Hopaypdpou 5.1:

IMpétaoy 5.2.2 Eoww K ouppetpiké kuptd odpa otov R*. Trdpyer mAéyua A to
omolo elvar arodextd ya to K kar éer opilovoa

det A = A(K).
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Andden: To K mepiéyet plo undio ue x€vtpo to o xou axtive p > 0. ‘Eneton 61,
x&de mAéyua mou etvon anodextod yia to K elvar amodextéd yio v pD,,. Oewpolue
axohovdio Ay, amodextdv yio 1o K mheyudtwy, Ue

det A — A(K).

H {An} elvon gpoyuévn axorovdior: xdde Ap, elvon amodextd yia tny pDy, xou n
{det A} elvar ouyxhivovoa axohoudia, dea peayuévn. Amd to Oewpnua emtho-
vhc tou Mahler, nepvidvtog oe unaxohoudia, unopolue va unodécouvue 6Tl UTHPYEL
mhéyua A otov R?, tétowo dote Ay — AL Hpogava,
det A = lim det A, = A(K).
m—r 00

Méver va del€ovue 61t to A elvar amodextd yw 1o K. Trodétouue to aviiderto.
Tote, undpyer € A, 10 onolo elvon ecwtepxd onueio tou K. And 10 Oedpnua
5.1.1, undpyet axoroudio {@m, }, T € A, HE T = 2. Aol T0 T elvor EoWTEELXS
onueio tou K, Yot UeYGAA m TO Ty, Yot elvor ecwtepind onuelo tou K. Autd duwcg
elvaw dtomo, yiatl Oha tar Ay, elvar K-amodextd. |

To gpdua to onolo mpoxdnteL and ta Tapamdvw, elvar av o Aéyog A(K)/| K|
elvon dvw @payuévoc. O Minkowski [Mil] woyuplotnxe 6t yior x&de ovuueteixd
%0pt6d ovua K e 6yxo |K| < 2((n) =2(1+27"+37"+4...), undpye. K-anodextd
mhéyua A pe opilovoa det A = 1. Aniady,

AK) _ 1
K|~ 2¢(n)’

Auth n ewxaoior tou Minkowski anodelydnxe 1o 1944 anéd tov Hlawka [HI]. Trnv ano-
3e1Zn awtol Tou Yewpruatog (to onolo avagpépeton ws Oewenua Minkowski-Hlawka),
Yo culnTioovuE oTNY ENOUEVT TapdYPUPO.

5.3 To VJewpnua twv Minkowski xow Hlawka

Oa anodeiZovue 0 Oewpnua twv Minkowski-Hlawka, yio cuuuetpid xuptd oduota.
To B0 anotéheoua toyler yior pior eLPOTERT HKAAOT] CUUUETELXWY UTOGUVOAWY TOU
R™ (to Aeybuevo actpduoppa yweio).

Ocwenua 5.3.1 Eow K ovupetpikd kupté odua otov R*. Tdre,

(K|~ 2((n)’

H anédeign 9o Baoctotel oe d0o yevixdtepa AMjuuota yio Riemann-ohoxinpedotueg
ouvopThoelg ue ouurayr gopéa. To mpwto ogelleton otoug Davenport xow Rogers
[DR], eve t0 debtepo elvan o Boowxd AMuua tou Hlawka [HIJ:

AK) _ 1
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Aqupa 5.3.1 Eow f:R* = R pia ovrexrs ovvdptnon mov undevilerar é€w and
éva ppayuévo olvodo (éxel ovurayr gopéa). Ia kdde v € R, optlovue

:/ / flzy,. .. zp_1,y)dzy ... dT) 1.

Eotw N éva nAéyua otov R1 e optlovoa det A', kar éotw & > 0. Ia kdOe
Y= (Y1, Yn—1) € R" 1, oupPorilovpe pe Ay to tAéypa mov mapdyetar and ta A’
kat (y,0). AnAadn,

Ay={z+m(y,d):z € N ,mel}

Téve, vndpyer z = (21,...,2n—1) HE TNV 1016TNTA
(¥ Y f@<n X Vi),
TEA;, x5, #0 iez\{0}

AnédelEn: Yrdpyer avtiotpédruoc ypouuxde uetaoynuotionés Ty tou R -
toog Gote A = To(Z"Y). Tov enextelvouue oe évav T € GL(n), optlovtag
T(en) = ep. Hopatnpolue ot

Vi(y) = (det A")Vyor(v)

xauw

Yo fl@)= > (foT)(z)

TENy,x,F#0 ze(Zn—1,T-1y),x, #0

6mou (Z" 1, T (y)) to TAéyua mou mapdyeton and Tov Z" 1 xou to T7(y). Av
Aowmdv utodécovue 6Tt To Afuua oyler oty Teplntwon AN = Z") nepvdue ot
yevu meplmtwon e e€fc: av udc dwoouvy f 1 R" — R cuveyy|, ue ocuunoyy gopéa,
Beloxouue w € R*! tétolo0 wote

S (oD@ < Y Vier(id),

2 E(Ln—1,(w,0)),2n 20 iez\{0}

xaw Vétovrag z = Tp(w) €xovue

Y f@) = > (foD)(x)

TEA:, T, F#0 z€(Z" N w),z,#£0

Z VfoT (7/5)

iGZ\{O}

= det > V(i)
zEZ\{O}

IN

Mropolue hotréy va urodécovue 61t A’ = Z" L,
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Ioyvpiomog: Ioylel 1 wotnTa

/ / f@) |y dyny = Y Vi(id).

J:GAy,azn;éO 1€Z\{0}
Anodelgn tou LoyveLtool: ‘Eyovue unodécel 6t
N ={(mi,....,mp_1) :mi,...,mpu_1 €ZL}.

Apa,

Yo f@=d Y flmitiy,. macy Fiya-,id).

TEAy,xn#0 i£0 my,...,mpy_1€Z

Keatdue otadepd 1o i € Z\{0}, xou Yewpodue to

J(i,0) / / Z flmy+iyr,...,mp_1 +iy,_1,90)dys ... dyp—_1.

Mn—1€Z

To ohoxhfpwuo autd umdpyet, yatl 1 f elvon cuveyhc xon €xel ouumayy Qopéa,
onoTe T0 G¥poloUa TOU OAOXANEOVOLUE ElVal OLCLACTIXG AYPOLOUN TENEPAUCUEVWY
0 mAflog cuveyy cuvopthcewy. Kdvovtag v odhayr uetoBAntic 2, = Yk,
k=1,...,n—1, éyouvue

in— 1 / / Z f(m1 +Zl,...,mn,1 +Zn,1,i6)d21...dzn,1.

My _1EZ

J(i,0) =

‘Ouwe, 1 mpoc ohoxhpwor cuvdptnon elvar TepLodixf wg mpog xde ulor and Tig
npdhtec (n — 1) ouvtetayuévee, ue neplodo 1 (yiotl, Toe my, ..., mp_1 datpéyYouy 10
Z , xou adpollovue we mpog Oheg Tic emhoyeéc toug). ‘Enetor 41u

1 1
J(l,(s) = /0 /0 Z f(m1 -f—Zl,...,mn,l-f—Zn,l,Z'(S)le...dZn,l

LyeeMn—1€Z
= / / flz1,. o 2n-1,i0)dzy .. .dzp 1
= V;(id).
Adpollovtac we npoc i € Z\{0}, nalpvouue to {nrolduevo. O
Ané tov woyuptoud éneton dueca TL UTEPYOLY 21, .. ., 2p—1 € [0, 1] Tétowx WoTe
Yo fl@)< Y Vo),
zEA;,xn, Z£0 1€Z\{0}

xo 1) amdIELEn) Tou AMuUaTog elval TARENS, CUUPWVIL UE TG AR YLXES UG TIORATNENOEL.
O
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Aqupa 5.3.2 Eow g : R* = R Riemann-odoxAnpdowun ovvdptnon, pe ovunayn
popéa, kat éotw € > 0. Tore, vndpyet mtAéyua A ovor R*, pe opilovoa det A = 1,

T€TO0 DOTE
Z g(x) </ g(x)dz + €.

zeA\{o} "

Anéden: Mnopolue va Bpolue cuveyn f : R® — R ue ovumayr @opéa, tétola
wote: f > g mavtol, xo

. fz)dz < /n g(x)dz + %

Ioyveromodg: Av 10 § > 0 elvon apxetd uLxpo, tote

€
62/ / flzy,...,zp_1,i0)dzy ... deH_1 < Rnf(a:)da:—l—i.

i#0

Anéderdn tou woyuprtopob: Trdpyel xOBoc Q = [—M, M]™ tétotoc wote f(x) =0
av z ¢ Q. H f elvar ouveyhc oto Q, dpo ouotduoppa ocuveyhc. Ymdpyet homdy
do > 0 tétowo wote: av 0 < § < &g, toTE

9

||;U —:U’Hz <0 = |f($) - f(w,)| < 2(2M)”_1(2M+ 2)'

‘Eotw 0 < § < min{dy, 1}. Oétovue Q1 = [-M, M]"~t C R* 7, xou k = [M/] + 1
Torte,

flx)de = /f:cl,..., Ydxy . ..dx,

Rn

Z/ flzy,...,xp_1,x,)dzy .. .dz,
(i-1)0 J Q1

+

(i4+1)0
/ f(xla -7$n—1,$n)d$1 d.’I,'n,
2

i=—k /10 Q1

o)

5> Vi(is) = 52/ / f@y, . an ,i0)day . dey

i#0 z;éO

= Z f xl,...,xn_l,i(S)dxl ...d.’L‘n_l

+ Z f :Ul, . ,iL“nfl,Z'(S)déUl N d$n71
i=—k
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k 0
= Z/ fl@, .., xn_1,id)dzy ... dzy,
o Ji-ns Jon

—1 (i+1)6
+ Z / flzy,...,xp_1,i0)dz .. .dz,.
i=—k /10 @

Agapdvtag, Bhénovue ot

5 ZVf(i(S)—/Rnf(:v)d:c

i#£0

k
= 2

i=1

—1 (i+1)8
+ Z [f(z1,...,2p-1,90) — f(@1,...,Tn_1,%y)]|dz1 ... d2y
i6 1

i=—k
2kde(2M )L <€
22M)y"1(2M 1+ 2) "2

i

/ [f(z1,. .., Zpn-1,10) — f(Z1, .., Tp_1,Tp)]dTy ... dT)s
(i-1)5 J Q1

a

Emiéyouue 10 § < dp va elvon 1600 Uixpd Gote, Tautdypova, va toylel 6t f(z) =0
av |z| > 1/6Y(D Qewpolue to Théyua

r_ 1 n—1
T 51/ (n—1)
otov R*™1. Téte, vy xdde 2 = (21, .-, 2n—1) € R*™1 éyovue det A, = 1.
Mopatnpodue 6t ©p, # 0 yia x&e © € A \{o} uve f(z) # 0. And to Auua
5.3.1, umdipyeL z = (21, .., 2p—1) ME TNV WBLOTNTA
Y. fo o= > f@
zeA\{o} ZTEA.,xn#0
1
< 1 .
= detA’ > Vi)
1€Z\{0}
= 5 > Vi),
1€Z\{0}

XOL, YENOUIOTIOLOVTAS TOV LOYUELOUGS, GUUTEPALVOUUE OTL
€
Z f(z) < (z)dx + 3
2€A.\{o} Rr
Hafpvovtog v’ 6duv Tov TpdTO optouol e f, BAénovue 6Tt

Z g(:c)</ g(x)dx + €.

zeh:\{o} "
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Ané v xataoxevr), det A, = 1. Apa, nofpvovtag A = A, éyouue anodeléel to
Ao 0

Ano6delln tov Oswpruatog Minkowski-Hlawka: Apxel va det€ouue 1 ouve-
YWY
|K| < 2((n) = A(K) <1

OcwpoluEe TN cLVdPTNON
9(@) = Y n(i)xx (iz),
i=1

omou 1 elvai 1 ouvdpTnon tou Mdbius, n onolo opileton wg e€hc: (i) =1 av i =1,
p(i) = 0 av undpyeL mpdrog p ue p2li, xou p(i) = (=) av i = p1...p, 610U p;
drapopetixol avd dVo mpwToL.

[ x8de miéypa A, ovoudZovue éva z € A\{o} mpwTtaeytxd yia to A, av 10
avoLy to eVdUYPUUUO TUHA TTOL CUVBEEL Tt 0 xat & dev TepLéyel onueio tou A. Tore,
av M elvor 10 6OVORO TV TEWTUPYIXOY GNUElwY Tou A, éyouue

Y 9@ YD glin)

zeA\{o} zEM j=1

= D YD wlixx(ijz)

zeM j=1 i=1

= S k) Y uli)

€M k=1 i|k

= > xk(),

zeEM

OTIOU YPTOULOTOLACUE TO YEYOVOS OTL

> uk)=0, k>2.

ilk

H tavtétnro auth elvon dueon ouvéneta tov oplouol g p: av k = pit ... p%e, téte
oL un undevixol 6poL 6To TopaTdvew dtpoloua TEogpyovTaL UdvVo and Toug eEAeliepoug
TETPAYOVWY dlonpéteg Tou k. IId ocuyxexpuuéva,

izll;u(i) = (1) + <1> (—1)! + (2> e (D(_I)s ey

To K elvar cupuetpxd, dpa to

> gl@) =) xx(@)

z€A\{o} zeM
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elva dpTLog puoxdg 1 0. And v dhAn mAeupd, amd Ty unddeon uag Yo Tov 6yxo
wou K,

/ng(a:)da:: Zu(i)/ Xk (iz)d Z |K| = I:;') <2,

=1

OTIOL Y PTOULOTOLACOUE TNV

/ Xk (iz)dz = z_n/ Xk (y)dy = T i €N,

xoL TNV TVTOTNTA

i=1

> u(i 1
u

Ané 1o Afuua tou Hlawka, yior xotdAAnio uwxpo € > 0, undpyet mhéypoa A tou R®
ue opilovoa det A = 1, tétolo ote

Z xk(z) = Z g(z) < /ng(x)dx-i—s < 2,

zeM zeA\{o}

0 onolo onualvel 61t M N K = . Agol to K 8ev neptéyet tpwtopyind onueia tou
A, ovunepaivouue 6t AN K = {o}. Apa,

A(K)<detA=1. O



Ke:cpo’c)\ou.o 6

Packings tng coaipgag

6.1 Ogplopol

Youpohifovue ue £, Ty xAdoT OhwY Twv ENeLPoeddY Tou R™ Tou dev teptéyouv oTo
eowtepLXd ToUG xavéva onueio tou Z™\{o}. To mpdfinua mou Yo udc anacyolioel
oe aut6 to Kegpdhono elvar va Sodo0v axpiBelc extiunoes yia tny nocdtnta

ap, =sup{|E|: E € &,}.

Aev elvon dboxohro va Sel xavelc 6Tt t0 TEOBAnUa auTtd elvon L1odLYIUO UE TO TRO-
BAnue Tou unohoytouol e xplowune opilovoas A(D,,) tng urdhag (to onolo ouln-
TAOQUE YLaL YEVIXO GUUUETPXO XVpT6 o@ua K oto tponyoluevo Kepdhowo).

IIpétaom 6.1.1 A(Dy)a, = wpy.
Anoden: Yrdpye nhéyua A = T(Z™) 1o omolo elvor Dp-amodextd, xou ExeL opi-
Couoa det A = det T = A(D,,). Tére, 10 ehhewoedéc T7H(Dy,) € &y, dpo

Wn Wn

an 2 |17 (D)l = 25 = AD,)

Loty avtiotpogn avicdtna, topatnpolue 6t av E = S(D,,) elvor éva elerfoetdée
mou wavornowel Ty S(Dy) N Z™ = {o}, 161 T0 TAéYUa A = STHZ") elvar D,,-
anodextd. ‘Apa,

w w w
IE] = det g’*l - detnA = A(Dnn)
‘Ereton 611 w
ap =sup{|E|: E € &} < A(l;n)’
70 0molo OAOXANPWOVEL TNV ATOBEEN. ad

67
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Mio évvola mou cuvdéeton otevd ue to mpoBAnua, elvon 1 évvola tou packing
ané undhec otov R*. Mia owoyévewn P = {z; +rDy, : i € I} anbd undhec axtivog
r > 0, Méyetou packing av ou x; + D), €youv Eéva ecwtepxd.

Oplloupe dvw xon xdte TuXveTNTR 0L P 0 e€hg: Yo xde R > 0, Yewpolue
v RD,, xou ¢ x; + rDy, ol onoleg téuvouy v RD,. Av N(R) elvoar 10 mhfidog
Twv otowyelwy touv {i € I : (z; +rDy) N (RD,,) # 0}, opllovue

~ . N(R)wy,r™

press ()
.. N(R)wpr™
o) =l it =

Ou aprduot 0(P) xou §(P) eivor 1 dve o xdtw muxvétnta tou P, aviiotolyo. Av
O(P) = d(P), t6te auth 1 xown tun elvan ) tuxvétna 6(P) tou P.

‘Eotw A éva tiéyua otov R". ‘Eva packing ue xévtpa oto A elvon éva packing
™S Hopgric

P={z+rD,:x €A}

Ilpétaom 6.1.2 Eotw P = {x +rD, : x € A} éva packing je xévipa oto tAéyua
A. Tére,

wpr™

oP) = Fer i

Arnédetin: 'Eotw R > 0. To mifdoc N(R) wwv  + 7Dy, x € A, Tou téuvouy tny
RD,,, wavorolel Ty aviebtnTa

|[RD, NA| < N(R) < |(R+7)Dp NAJ.

Apa,
|[RD,NA] N(R) < [(R+7)Dyp NA]
[RDn| = |RDy| ~ |RD,|

[afpvovtag dpro xodie R — 00, xou yenouuomowdviag tny Hpdtaon 1.2.4, BAénovue
ot

I i N(R)

det A  R=oo wpR™’

"Apa, undpyeL To
. NR)w,r"  w,r"
d(P)=1 = .
(P) e wp, R™ det A

Oploupe d,, t0 supremum twv 0(P), 6nov P packing ue umdheg oxtivag 1 xou
x€vtpa oe xdmoto mhéyua A tov R*. Térte,

8, = sup —2
=su ,
" Ap det A
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6mou To sup elvar Tdvw amd Gha tar TAéyuota A yia o omola 1 owxoyévelr P =
{z + D,, : x € A} elvar packing. ITapatnpolue étL éva mhéyua A emdéyeton packing
and undhes axtivag 1 av xou u6vo av elvoe 2D,-anodexto. ‘Apa,

Wn

(%) = SA(D

H (%) xow n Hpdtaon 6.1.1 udc Sivouv to e€ig:

Ocwpnua 6.1.1 a, = 2"6,. |

6.2 H uédodog tou Blichfeldt

Yy nponyoluevn nopdypapo eldaue 6t a,, = 2"6,. Qo neptypddouue tny uédodo
tou Blichfeldt [BI2] yio v extiunon tng d, and ndvw. e cuvduooud ue tny
Tapamdve wétnTa, To amotéleoua tou Blichfeldt Sivel to e€xc:

Ocwpnua 6.2.1 Ia kdle n € N, wyve n aviodrnta

2
an < %2”/2.

H anédeln autrc e aviodtntog Pactleton oe d0o AMjuuota.

Afupa 6.2.1 Eotw D : [0,+00) — [0,4+00) ouvexris ouvvdptnon, kat tg > 0 ue
v bitnta: D(t) = 0, ya kdde t > tg. Trobérovue 6t ya kdle packing P =
{z; + Dy, :i € N} tou R and undles axtivag 1, kar yra kdde y € R, wyvel

ZD(HZ/ —zill2) < 1.
i1

Tore,
1

o & ——————.

n [,° tn=1D(t)dt
Anddelln: 'Eotw P éva packing tou R? and undheg oxtivag 1. Oewpodue tuydv
(Heydro) R > 0. Ou undhec tou P nou téuvouy tny RD, elvar nenepoouéves to
mhog, xan ywelc TeploploUud Tng YEVXSTNTAS UTopoUuE Vo utodéoovue 6t elvar o
xi+D,,i=1,...,N.

Oewpolue v (R + 1)D,,. Agot (z; + D,,) N RD,, # 0, i < N, cvunepoivovue
ot

zi€ (R+1)D,, i=1,...,N.
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Enopévwe, arnd tnv unddeor| uag bt D(t) = 0 av t > to, Brénovue 6t yiow xdde
i=1,...,N, éovue D(|ly — zil]2) =0 avy ¢ (R +to+ 1)Dy,. Anhadn,

Dy — zill2)dy = / D(ly - ill)dy, i=1,...,N.

Rn (R+to+1)D,,

Xenowuonowvtag xou Ty Yooy D(||ly — @i]]2) < 1, éyouue

wp(R+to+1)" = / 1dy
(R+t0+1)Dn

\Y

N
> / S D(|ly - will2)dy
(R+to+1)D

n =1
N

-3 / D(lly = ill2)dy
- (R+to+1)D,,

i=1

N
- / D(ly - zill2)dy
=1 R»

= N [ D(||lw]z)dw.
R~

Troloyllouue 10 TEAELTAO OAOXAPWUA GE TOAXEC CUVTETAYUEVES: Y PNOLUIOTOL)V-
Tag 0 Yeyovog 6t n D(||w|]2) e€aptdton ubvo amd o uixoc tou w, xou Undevileton
av ||w]lz > to, nodpvouue

to tO
/ D(||w||2)dw:/ / t”*lD(t)dtdoznwn/ t" "L D(t)dt,
R™ Sn—=1.Jo 0

yioth To «eufBoadovy e ST elvan (oo e nwy,. Tuvdudloviac to Topamdve, modp-
YOUUE

to
(R+to+1)" > Nn/ t" 1 D(t)dt.
0
Trodétovue tdpa 6Tt T0 P €yl xévipa oe éva mhéypa A. Tore,

N(R)w, . R+ty+1\" 1
— — < lim 7
R n [,° tv=1D(t)dt

0(P) = lim

Ané tov oproud oL Iy,

1
o< ————— O
n [, t"=LD(t)dt

O Blichfeldt enéie€e xatddhhnin cuvdptnon D, yenoytonowwdvtag Ty &g Topo-
wenon (avioétnta tou Blichfeldt):
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Aupa 6.2.2 Av y,z,...,z, € R?, tdte

ZZ llo: — ;5 < sz lly = will3-

i=1 j=1

Anodedn: Hopatnpolue mpdta 6Tt apxel vo anodelfovue Ty aviobtnTa oTny nep(-
ntwon y = O:

(%) ZZ [l — ;I3 < 2mz [lill3-

i=1 j=1

(Kot egapudlovue authy tny edxr TEpinTwon Yiod T8 0,y — T1,...,Y — Tm.)
[ Ty anddelZn e (x), ypdpouue

m m m  m
YD Mwi—aills = D (lwlls — 2@i, z5) + lljll3)
i=1 j=1 =1 j=1

m
= 2m ) [l - Z%Z%
i=1 =1
m
2m Y |lzill3. O
=1

IN

Ochpnua 6.2.2 §, < 22277/,
Anodeln: Oewpolue TN cuvdpTnoN

1-t 0<t<+2
D(t) = z » JSES
®) {0 . t>2.

‘Eow P ={z;+ D, :i € I} éva packing tov R". T'a xdde y € R, Yewpolue o z;
yio ta omola |ly — x| < V2. Eivon gavepd 61t to mhidoc toug eivor tenepaouévo,
HTopOUUE AOLTOV var To optIUNCOUUE GOV L1, . - ., Ty, OOV M = m(y). [ dho Tt
urélowna &, €xovue D(||ly — z;]|2) = 0, and tov opioud e D. Apa,

=zl _, 1§
S Dy =l) Z (v~ zll) Z( 2) — o LSy
icl = =1 =1

Ané v aviodtnta tou Blichfelds, ypnouuonowdvac xat 1o Yeyovée ot ||z —x||2 > 2
av i # j, molpvouue

Z ly — will3 > Z 5 ZZ i = ;13 > —4m( —1) =2(m—1).

1111



Apa,
1
S D(lly — ills) < m — 32(m —1) = 1.
i€l
Troloyilovue o0

V2 n n+2 V2 n/2 n/2
t t 2 2 2 .
[ epas [ T2 2T 22,
0 n o 2n+2)], n n+2 n(n+2)

Agol n D wavonotel tig unodéoelg Tou Afuuatog 6.2.1, cuunepaivouue 6Tt

]. - n+227n/z

Sn O

<
n [ -2yt 2

Agol ay, = 2"6,, n anddelin Tou BOewpriuatog 6.2.1 eivor TARENG.

6.3 EM\etdoedn ywpls axépona onueia

Ye authv v mapdypago eEetdlovue To avtiotpopo medlAnuo: vo Beedel elhet-
Poewdéc ue 600 yivetar ueyalbtepo dyxo, To omolo dev meptéyel axépara oNUElo GTO
eowtepx6 tou. To xahltepo Yvwotd anotéheoua opelheton otov K. Ball [Bal, xou
xenowonotel to Ajuua tou Bang [Banl:

Adupa 6.3.1 Eoww 1, ..., T, povadiaia otavvouata ovov R”, kat wy, ..., w,y, Oe-
kol mpaypatikol apiduol. Trdpyer emAoyr mpooiuwy €1,...,em € {—1,1}, térowa
boTE TO U =Y, £;wix; va tkavomolel Tig

[u, )| > w;, i=1,...,m.

Anodeidn: Do xdde € = (e1,...,6m) € {—1,1}™, ¥étovue u(e) = D10, iw;w;.
Emléyouue exelvo 1o u = u(e*) mou €xel 10 UeYOAUTEPO UHXOS (atv LTIEPYOLY TEPLD-
obtepa amd €va Tétola u(€), EmAEYOUUE omolodnnote and auTd).

D xdde j =1,...,m, opllovue

u; = u(e") — 2ejw;z;.
Kde u; elvon tne popgic u(e), ue &; = &} av i # j, xou g = —}. Apa,
lu@E@) > lluslls = llu(e”) — 2ejwja;ll3

lu(e)3 — 4w;je;(u(e”), z;) + 4wj|z;]3-

"Ereton 6t

. o s 4w?||z;3
[(u(e”), )] 2 ej(u(e™), 2j) 2 —p ===
w;
yiaxde j=1,...,m. |

H axpBrc dratdnwon tou Yewpruatog tou Ball etvon ) e€xg:
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Ocwpnua 6.3.1 I'a kde ¢ > 0 vndpyel eAewpoerdés E ooy R™ nov dev mepiéyet
onueta tov Z™\{o}, kar éyer dyko

|E|>2(n—1)—e.

Anoden: Oewpolue Ty XAdon OAwY TV EANELPOEDDY TNg Loppic
Er={z € R" : (u,z)* + ||z||3 < R*}, ue€R",R>0.

[ xdde R > 0, tpoonodolue apyixd va feodue u = ug € R*, tétolo bote 10 Eg va
Unv TEpLéyeL axépona onueia extoc and to 0. Anhady, Intdue yia xdde z € Z™\{o}
VoL Loy VgL

(u,2)” +[|2113 > R*.

H avicétnto auth icavorotelton npopove av ||z]|2 > R. Ieproplbuacte howndy ot
0 < ||z]l2 < R, xou {ntdue

RZ
[, ——)| > -1
EE 212

O¢touue w, = v/ (R/||z]|2)? — 1, xpatdue éva ubvo Z amd to £z yra xdde 0 < ||z]|2 <
R, xou epapudélovue to Afjuua tou Bang: undpyouv €5 € {—1,1}, tétola wote

z
(S esws 2, 2
— Izl (|2

IS 3

| >Z’LU§, 0<||Z||2<R
2

Iood0vaua, undpyouy €, € {—1,1}, tétowa MoTe T0 ddvuoua

1 z
u= U,(R) = 5 Z 8zwzm

0<||zll2<R

VoL LXOLVOTIOLEL TLC

z
|(u,m)| >w,, 0<|z]2 <R.

[V authv v emhoyr tou u éyouue efacpolioel 6t Eg NZ"™ = {o}. T tov
UTOAOYLOUO TOL 6YX0UL Tou ER, ypewalbuaote ulo extiunon yio to unixoc tov u. I
10 oxond autd, Yewpolue To Lovadiato Sidvuopa 6 otn diebluvon tou u. Av K(R)
elvow o urxog tou u, €youue

KR =l =(wt) = 5 ¥ et
0<||z[l2<R
< Loy [&O I RR).

-
2, T TR
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O¢tovue v = z/R. Tére,

Km=s 3

vELZ™ND,\{o}

ol [1

ol \/ lloll3

Koo 1o R — 00, o Topandvew ddpotoua (todamhactacuévo enl R™™) elvon éva

d¥poroua Riemann yio to
1 0 1
_/ |<U7 >| 5 _].dU.
2 Jp, llollz \ llvll3

K 1 6 1
llm (R) - |<’U7 >| 5 _ ].d'U
R—oo wp R 2wy, Jp o [v]l2 l|vll3

Anhody,

['iat Tov uTohoyloud Tou TEAELTALOU OAOXATEWUATOS, TAEVOUUE TOMXES CUVTETOYUE-

VEC:
. IN((R) _ nwn n 1 /
Rh—r)noo wan o 2wn /Sn 1/ | QS, ldpcr(dd))

7 UL / p"*mdp.

2

Hopotneolue 6Tt To TEMTO ohoxMpwua elvon aveZdptnto Tou § € S~ Mropolue
houndy va unodécouue 6Tl § = e;. I'pdpouue

1
[ flaz =, [ fenlotdn)- [ prap= T2 [ jeniotas)

n

%ol )
/ 21 |dz = 2/ wn_1t(1 — £2)=D/2gy.
n 0
onoTE,
Qop_ L (1 — 2) (D 2y
| lebotds) = Jy
gn-1 (nwp)/(n+ 1)
1
— 2(” + ]‘)wnfl _ 1 (1 _ tQ)(’n+1)/2
nWny n+1 0
_ 2wn71
T nwy
Téloc,

1 1
. 1 n—
/P”*Zx/l—pzdp 5/ (-
0 0

['((n - 1)/2)L'(3/2)
2T ((n+2)/2)




0]

Hodpvovroc un’ 6w ty wy = 78/2 /T ((k/2) + 1), xatohfyouue oTny

b KB 200 D
R—o0 wy, R™ nw, (%)
_ 27D 4 )T
n w/20(25L +1)  20(%)
B 1
2(n—1)"
Avuté onualver 6T, ya peydia R,
n
B o1y £
K(R) 2

Mopatnpolyue entone 6t lim K(R) = 400, olhude Do elyoue

- K(R) _
R}l—{noo wan =0

Ané v &M mhevpd, o 6yxog tou Eg eivar {oog ue tov dyxo tou
2 2 2
Ep ={z e R" : (K(R)ey,z)* + |||z < R},
0 ornotoc unoloyiletar edXOAA: TO E},—i éyel (n — 1) nuidovec looug ue R, xou €évay

{oo ue R/y/1+ K2(R). Apa,

wpR™ wpR™
|Er| =

1+ K2(R) — 1+K2(R)

?

70 omolo yia ueydia R elvon peyaldtepo amd

w,R™ €

e —=>2(n-1)—e.

R@®) 2 (n—1)
‘Etot, éyoupe anodelel 6t undpyouy ehhetgoeldn ywplc un TetpuuUéva oxépata on-
weta, o omola €xouv 6yxo ocodinote xovtd oto 2(n — 1). ad

"Aueon ouvéneta elvar 10 axdAoulo XATw PEAYUL YL TO iy

Oebdpnua 6.3.2 Ia kdden €N, a, > 2(n —1). |

IMapatnehoeig (o) Mehetdvtog udvo ta mpwtapyLxd onueia Tov Z™ xou Yenoto-
TOLOYTAS T1) oLVdETNoT Tou Mobius 6nwg oty anddegn tou Oewprjuatog Minkowski-
Hlawka, umopel xavels vo anodeléel xdtt Alyo toyvpdtepo:

ay, > 2(n —1)¢(n).
(B) v xatetuvon touv Oewphuatos tou Blichfeldt, to xahdtepo yvwotd anoté-
Aeoua efvor autd twv Kabatjanskii xaw Levenstein [KL]:

a, < (1.32)" ~ 2(0-40140n(D)]n
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Ke:cpo’c)\ou.o 7

AVNYUEVES BAOELS

7.1 To npdfBinua

Yy anddeln tou Oewpruatoc Emhoyhc tou Mahler, ypnowonomooue 1o €€rg
Yewpnuo:

Ocdenua 7.1.1 Ia kdden € N vrdpyer oralepd C(n) > 0 mou tkavorotel to €£ng:
Av A elvar éva tAéppa otov R™, tére vndpyer Pdon A = {us,...,u,} tov A pe tnv
éTnTa

[T lwill: < C(n) det A.
i=1

Téroec Bdoewg ovoudlovtar avnyéves. To yevixnd mpdBinuo tne «avaywynicy
dratundvetan we e€Xc: Alveton éva mhéyua A otov R?, xow {ntdue évav alydprduo
o ornolog va mpoodiop{let ula Bdon {u1, ..., up} o0 A (avnyuévn Bdon), n onola va
EYEL <XOAECY YEWUETEIXES 1 apLdunTuixég WLoTnTES.

To mpoBinua autéd anacydinoe toug Lagrange, Seeber, Gauss, Dirichlet, Her-
mite, Korkin xow Zolotarev, xow dAoug. Luvidng 1 npoonddeia fay va Bpedet Bdon
Tou A 7 omolo va txavorotel QEdyua TN Uop@rc

[T luill: < C(n) det A,
i=1

yio ploe 600 yivetonw xahbtepn otadepd C(n). AZiler vo avagépouue d0o tétoloug
«ohy6pLduoue avaywYRCy:

(o) Avaywyh xatd Minkowski. ITalpvouue cav ug to ddvuoua u € A\{o} tou
EYEL TO UXPOTEQO UHXOC:

llullz = min{[Julls : u € A\{o}}.

7
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Av 1o ug,. .., up €xouv emAEYELl, TO Upt1 EMAEYETOL €TOL OOTE TO {U1,. .., Ug41}
va elvon mpwtopyxd abvoro (BAéne Kegdhato 1), xot T0 Upy1 VoL EYEL TO ULXPOTEQO
duvatd uixog. Me autédy Tov TpoT0 0pLoUo) TWVY Ui, UTopel xavels vo anodelfet ot

4\"? (n+1) (3

Cn) < (= r =
m=(5) (7))
(B) Avaywyn xatd Korkin-Zolotarev. ‘Onwg mplv, ui elvon un undevixd did-
vooua tou A mou éyel eENdytoTo URXoc. AV To Ui, .., U, EYOUV EMAEYEL, TO Ugt1
emAéyeTon €101 WOoTE Vo ehaytoTonoLel TNV TpoBohf oTov (U1, ..., uk)t avdueca oe

6ot v € A ya o omola T {ua, - .., ug, v} elvon mpwtopyxd obvoro. O Schnorr
[Sc] anédelle ot oe aTAY TV TEpinTwoN,

(n—=1)(n—2)
2

C(n) <n®,

70 onolo elvor xat To xahUTEPO amotérecua Yo TNV C'(n) (v and GAeS T YVWOTES
uedbddouc avarywyhe).

Aev elvar yvwotd av o akybdprduoc twv Korkin xow Zolotarev [KZ] extehelton
OE TOANUWYLULXO YEOVO. LNV ENOUEYT TOpAYPa(po Vo TUPOUCIACOVUE TOV JAY6pLdUOo
Twv Lenstra, Lenstra xou Lovész: o ahydprduoc awtdg Eexwvdel ue tuyoloo Bdon
Tou TAéYUOTOS Xa TN petaoynuatilel oe avnyuévr. Aev divel 16o0 LoyLueh extiun-
on yw Ty C(n), elvon buwe Tohd ypRowoc ot epapuoyéc, yiatt aroutel O(ns)
aprdunuxéc mpdiel, 6tou s To PéyoTo Uunxoc (oe Pnela) TwWY CUVTETAYUEVLY TWY
Sravuoudtwy Tne apyxnc Bdong.

7.2 O alyopuiuog twy Lenstra, Lenstra xow Lovasz

Ye autrv NV Topdypapo mopouctdlouue Tov ohydprduo avaywyhc twv Lenstra,
Lenstra xow Lovasz [LLL]. Twa v meptypagr Tou olyoptduou Yo ypetaotodue tny
opYoywvionoinon Gram-Schmidt:

‘Eotww u1, ..., u, yeouuxee aveldptnta Staviouata otov R™. Opilovue oplo-
YOVLOL DOVOOUATO W1, - - . , Wy, AVODPOMIXE, we eENc: OETouUE w1 = w1, Xou
k-1
{u, w;)

(*) wk:Uk_ZW’LUj, k=2,...,n.
j=1

EOxoho eNéyyouue 6TL To Wy, - . ., Wy Elvor avd 300 xdeTa, xon
(wi,...,wgy = (ur,...,ur)y, k=1,...,n.

Ewwotepa, wdde u; yedpeton ot Uopen

i—1

U; = wW; + E QijW;
Jj=1
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vl xdmowoug a;; ER, j=1,...,i— 1.
Iogatnehoerg (a) Ta naparnhenineda mou opllovion and tor {ur,...,un} xou
{w1,...,wp} &ypovv tov dlo byxo:

n
| det(us, ..., un)| = |det(wy, ..., w,)| = [] llwll2-
j=1

(B) Avj <ixout € R, T6TE Tl SLVOOUATO U1, - - - , Ui 1, Ui — T, - - ., Up ELVOL YOO
(s aveldpTnTa, xon T0 GUVOAO SLavuoudtwy Tou TpoxVTTEL Ue oploywvionolnon
Gram-Schmidt ané avtd, elvor éht to {wy,...,w,}.

() Av avtiuetadécoVUE Ta Uy, Uit1, oV INAASH VEWpPHoOVUE TO GUVONO BLavuoUdTLY

! ! ! ! !
UL = UL, UG = U1, U = U1, Uiy = Uiy e ey Uy = U,
t61€ 10 00VOAO dlavuoudtwy {wi, ..., w)} Tou tpoxdnTEL UE TNV oploywvionolinon

Gram-Schmidt aré Ta u;. IXOVOTIOLEL TIC

I / _ ! _ '
Wy =W1y---, W1 = Wi—1,W;49 = Wi42,...,W

n = Wn.

Anhadn, av xdmota and tor wy HeTaAnoly, auvtd Yo elvon UbGVO To Wi, Wit .
Ou woyvpiouol (a)-(y) mpoxdntouy dueoa and Ty (x).

Opiomog Eotww A éva mhéyua otov R?, {uq, ..., up} Bdon tou A, xou {ws,...,wp}
n opdoywvionoinon Gram-Schmidt tng Bdone. T xdde u € R™, ypdgouue u(i) yio
v opdoydvio Teoolf Tou u otov utdywpo (w; : j > i). Elxbtepa, u;(i) = wj,
1=1,...,n.

Aéue 6t n Bdon {u1, ..., u,} eivor LLL-avnyWwévn av wavornowel ta e€hc:
(o) T x&e i < m, oty avdhuon

i—1
U; = wW; + E aijw;

i=1
0L U; €YoLUE |a;;| <1/2,j=1,...,i—1
B) T xdde i =1,...,n,
N s 4 NP 2
lui@llz = llwillz < glluiv1(@Dllz = gllwivs + aivywillz-

Ocevpnua 7.2.1 Kdle mAéyua A orov R éyer uia LLL-aviyyuévn Bdon.
Amnéderdn: Zexwdue ue tuyoloo Bdomn {ug,. .., un} T0U A, xou extehobuE To e€RG
BrAuaTo

BAua 1: Oewpolue tnv opdoywvionoinon Gram-Schmidt {w1,...,wn} xou eréy-
YouuEe av Loy Vel 1 cuvirxn (o).
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L > 1/2 oty (¥), emthéyouvue Levydpl (i, )
ue |aij| > 1/2 xon 10 § uéyloto. Oewpoliue TOV TANCLECTERD TPOS TOV Ajj OXEPOLO
t;j, xou tpomomoloVuUE T Bdon, TalpvovTag Tor StavdouaTa

Av urndpyouy cuvteheotés a;j UE |ag;

I
Uryeeoy Uj—1,U; = Uy —tijuj,ui+1,...,un.

7 ! ’ ’,
H Opl()OY(DVLOTEOL‘qOY] TWY U,j Elvall T Wy, XL TWEA
i—1
P + i i
U; = Wy ai]-wj,
j=1

ue aj; = aij — tij, Snhadn |aj;] < 1/2. Enavohaufdvovtac authiv ) Saduacta to
Tohd (1) gopée, malpvouue ula véa Bdon {u1, ..., u,} Tou A, n opdoywvionolnon tne
ornolag wavoroLel To (o).

BAua 2: 'Eotw i < n (1o ehdytoto duvatd) yia to onolo dev ixavomote(ton 1 cuviixn
(B). MetafBdrhovue T Bdon avTULETHIETOVTAS TO U; XA Uiyt

' ’ ’ ’ ’ '
Up ZUryeee Uy = Uj—1,U; = Ujp1, Uy = Uiy Ujy o = Ujp2,...,U

n = Un.

Tore, yio Ty opdoywvionolnon wj wwv uj €youue
u;(z) = Uj+1 (Z)a u;—i—l (Z) = ui(i)a
dnhadry ueavoroeiton 1 (B).

Yoveyilovue v extéleon autdy Twv 800 Brudtwy 600 glivor duvatdy. Av xdmota
oTiyur| dev umopolue vo exTEAEGOLUE xavéva amd To 800, TOTE awTd onualvel 6T
€youvue xotarigel oe LLL-ovnyuévn Bdon tou A. Autd nou npénet vo del€ouue elvan
6Tt 0 ahyopLiog Tou meptypddoue Yo TepUATIoEL OTWOINTOTE.

I to oxond autd, Yewpolue TNy TocoHTNTA

n
D(ul, e ,un) = H ||w,-||;‘_’+1,
i=1

émou {wy, ..., w,} elvor 1 opdoywvionoinon tne Bdong otnv onola Beloxduacte ™
dedouévn otyur. To BAua 1 dev uetofdiher tny moodtnta D(uq, ..., uy) yrotl
aprver avolholwtn v oploywwionolnon tne Bdone. Apxel howndy vo egetdoovue
TN YeTaBoAn Tou mpoxakel 1 extéleon Tou Bruatog 2. To BrAua autd uetaBdhier Ta
Stavbouato w;, Wit 1, GEo

D(uf, . yup)  lwills™  llwg [l

D(ur,-un)  Jwglly ™ fJwig [l

Ioyvelowog: Ioybouy ol aviedtnteg

[will: _ flwisill2 _ V3

lwilla — [lwillz ~ 2
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Anodedn tov woyvplopmod: T'a v mpdtn aviooTnTa TAPATEOVUE OTL, ApoU
exteloluE to Brua 2, éyovue

N ,_ 4 e 4 ‘
i (@I3 = lwills > Slluisr (I = Fllwiss + aipriwills.

Me v avtwetdieon 6UOS TV u;, Uiy, Vo €xovue w; = ujy (0 + 1) = ui(i + 1),
dipot

2
4
Lo T dedtepn aviobtnta, Yewpolue 1o didtdotato undywpo H = (w;, wit1). Ho-
patneolue 6t ta Sraviouata w; = u; (1) = uj, (i), wip1, w; = wip1(i), xon wi,
avrixouy otov H. To opdoydvia tplywva ow;qw; xon ow;wi, | eivon duoLa, dpa

lwill3 = [l (0 + DS = flus(i + DI < 5 llwill3-

||w§+1||2 _ lwii1l2
llwill2 lwilla
ar’ éou érneton OTL ,
[wipallz _ [lwill
lwitallz  [Jwill2

Xpnowonoldvtag tov Loyuptoud, BAénouue 6Tt

D(uy, - yup) _ Mwills ™ Hlwi l37°  [lwjll: _ V3
D(uy, ... un)  |lwil|2F w370 lwill 27
dInhadn, xdde popd Tou exterolue To BAua 2, 1 D(u, ..., Up) UELDOVETOL KYEWUETPL-

>3y

Ioyveiowodg: Oétovue A = min{|lullz : v € A\{o}}. Xe xdde BAua, woylel 7
avioéTnTa
D(uy,...,un) > c,

6mou ¢ = ¢(A,n) > 0.

Am68el&n Tou Loyvptomol: Eotw Ay 1o mAéyUa TOL THPAYETAL OO TA U1, . . - , U
H unddo oxtivag A otov undywpo (ui, ..., ug) dev meptéyel un undevixd onueio tou
Ay, ondte 1o npdTo Yedpnuo tou Minkowski udic Stvel

k
Wk < 2 det Ay = 2 T llwsll-

i=1

IMolomhaoidlovtog xotd YA, TolpvoulUEe

n -
I lwillz =
i=1

= ﬁ det Ak
k=1

Dlur, .., un)
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. wk)\’“
> [ 5
k=1

by n(n+1)/2 n
k=1

Auto onualver 6t dev umopel var cuuel en’ dmelpov enavdindn tou BAuartog 2.
Av Dy elvon n apywf i e D(ua, ..., up), TOTE YET and m enoavaliPers Tou
Bruatog 2, Ya €yovue

3 m
D(u1,...,up) < Do (%_) <c

av 1o m unepBel xdmoto mg. Aedouévou 6tL Exovue xor Evar dvw QedyUa Yo TO
TARYog Twv ahhay oy Bdorng ot xdie epapuoyr Tou BAuatog 1, unopolue va dhoovue
dved ppdryua yior To TAY0g Twv ahhary @y Bdong mou amontodVTaL Yol TOV TEPUATIONO
Tou ahyoplduou. Autd ohoxhnpdvel TNy anddelln Tou YewprjuaTog. g

Actyvouue topa 61t xde LLL-avnyuévn Bdon txavonotel aviodtnta e Lop@hc
H [|uill2 < C'(n)det A.
i=1

Ou ypelaotolUE Eva AfuuaL:

Appa 7.2.1 Eoto A éva nAépua otov R™, {uy, ..., up} tuyovoa Pdon tou A, ka
{wy,...,wy} n oploywrioroinon Gram-Schmidt tng Bdons. Tdre,

min{|lul| : w € A\{o}} > minf|lwilz, ..., lwall2}-

Anédedn: Eow u € A\{o}. To u ypdyeton otn popen

k
u = E )\iui
i=1

omov A, € Z\{0} xou k < n. Dvwpilovue ot
i1
u; = w; + Zaijwj, 1 <m,
j=1

k
U= Z Biwia
i=1

xou B € Z, Br, # 0. And tnv xadetotnta wwyv w; nolpvouue
lulls = BEllwill3 + .. + Bellwrll3 > [Jwk 13,

Srhad,

llulls > min{[jwi[fs, . ., [Jwnll2}. B
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Ocdpenua 7.2.2 Eotww A mAépua ovov R*, kat {ui,...,u,} pia LLL-avnyuérn
Bdon tou A. Tére,

(@) flusll> < 207D/ min{|lullz : w € A\{o}}.
(B) lurllz < 20717 (det A)/7.
) Nl - - Mluall < 243 det A
Anéderdn: (o) Oua delCouue 6L
() lluillz < 207 D72||will2, i=1,...,n.
Torte,
lurllz < min{207D72 lwil|z,i < n} < 207D min{jJwil2, i < n},

xoL 0 oyvptoude éneton and to AMuua 7.2.1. Tty anddelln e (*), Topatnpolue
6tL 1 Bdon pog weavorotel T ouvdxes (o) xan (3) tou oplouod e LLL-ovnyuévng
Béone, doot

[Jws I3

IN

§||wz'+1 + ag1iwgl[3

4 ‘
= Sllwinallf 4+ ga2 il

4 1 .
< Sl + gllwil,

emouéves, |lwiri]]3 > (1/2)]|wi]|3- HoMamhoowdlovtog xatd wéhn xon TolpvovTog

ur’ 6dv TV Wy = U, TolpvouuE
() Jwill3 > 21 flwr I3 = 2! lua 3.

7

(B) HoMamhaordlovtoc TV (k) xotd UENT, €YOVUE

n n
Jua][3™ < H 21 H |lws]|? = 27" D/2(det A)?
i1 =1

yrotd

det A = [det(ur, ..., un)| = [det(wr, ..., wn)| = ] lwill.-
i=1

Auté amodewviet to (B).

() Xenowonowdvtag tn ouvidien (o) Tou oplouold tne LLL-avnyuévne Bdong, éxoupe

i—1 i—1
. . 1
luill3 = IIwiII§+Za?jlle||§SIIwiII§+ZZIij||§
Jj=1 j=1

i—1
llwill3 + > 27 Hlwill3 = 2 Hwill3,
=1

IN
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%0, TOAATAAGLALOVTOC XATd UEAT), TalpVOLUE

[T luil3 < 270072 T Ilwill? = 25) (det ). O
=1 =1
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