
Probl mata paramìrfwshgia emfuteÔseipeperasmènwn metrik¸n q¸rwnse q¸rou me nìrma

Anast�sio Tsesmetz 

Sqol  Efarmosmènwn Majhmatik¸nkai Fusik¸n Episthm¸nEjnikì Metsìbio Poluteqne�oAj na 2005





Perieqìmena
Eisagwg  v

I Eukle�deie emfuteÔsei 11 Graf mata: basiko� orismo� 31.1 Apl� graf mata 31.2 Sunektikìthta kai metrik  se graf mata 41.3 GenikeÔsei th ènnoia tou graf mato 51.4 Dèntra kai d�sh 61.5 Dimer  graf mata 71.6 Tairi�smata 82 To l mma twn Johnson-Lindenstrauss 92.1 Sugkèntrwsh tou mètrou 92.2 Isoperimetrik  anisìthta sth sfa�ra 102.3 To l mma twn Johnson-Lindenstrauss 143 Eukle�deie emfuteÔsei: �nw fr�gmata 173.1 'Anw fr�gmata gia ℓ∞-emfuteÔsei 173.2 'Anw fr�gmata gia Eukle�deie emfuteÔsei 214 Hmiorismèno programmatismì kai Eukle�deia paramìr-fwsh 254.1 AnadiatÔpwsh tou probl mato 254.2 K�tw fr�gma gia ton Hamming kÔbo 285 Akribè k�tw fr�gma: expanders 335.1 Expanders 335.2 To f�sma enì graf mato 375.3 Agwgimìthta kai fasmatikì kenì 395.4 'Uparxh grafhm�twn me meg�lh agwgimìthta 456 Perifèreia graf mato kai Eukle�deia paramìrfwsh 496.1 Graf mata qwr� sÔntomou kÔklou 496.2 Perifèreia kai Eukle�deia paramìrfwsh 53



iv · Perieqomena6.2aþ Polu¸numa tou Geronimus 546.2bþ Apìdeixh twn Jewrhm�twn 57
II Fainìmena tÔpou Ramsey 617 Eukle�deia uposÔnola peperasmènwn metrik¸n q¸rwn 637.1 Eisagwg  637.2 Eukle�deia uposÔnola peperasmènwn metrik¸n q¸rwn 647.3 Mia kataskeu  698 Fainìmena tÔpou Ramsey 718.1 Eisagwg  718.2 'Anw fr�gmata mèsw th metrik  sÔnjesh 738.3 Upermetrikè kai ierarqik� kal�-diaqwrismèna dèndra 778.4 Fainìmena tÔpou Ramsey 828.4aþ Sunart sei Ramsey kai metrik  sÔnjesh 838.4bþ Lìgo ìyewn 868.4gþ Apì tou upermetrikoÔ q¸rou sta k-ierarqik� kal�-diaqwrismènadèndra 948.4dþ Apì ta k-ierarqik� kal�-diaqwrismèna dèndra sth metrik sÔnjesh 978.4eþ K�tw fr�gma gia th sun�rthsh Ramsey 988.5 Paramorf¸sei osod pote kont� sto 2 101Bibliograf�a 107



Eisagwg K�je metrikì q¸ro (X, ρ) me n shme�a anapar�statai apì ton n × n p�naka
[ρ(xi, xj)]

n
i,j=1. Tètoioi p�nake emfan�zontai, san apotelèsmata metr sewn, sedi�fore episthmonikè perioqè. 'Ena klasikì par�deigma e�nai to ex : X e�naièna meg�lo sÔnolo apì diaforetik� e�dh mikroorganism¸n, h anomoiìthta twnopo�wn d�netai apì ènan arijmì pou upolog�zetai me peiramatik  sÔgkrish k�poiouqarakthristikoÔ tou. Gia thn axiopo�hsh twn dedomènwn e�maste anagkasmènoina anagnwr�soume th dom  pou krÔbei èna meg�lo p�naka arijm¸n. H idèa e�naina anaparast soume to metrikì q¸ro X (isometrik�   per�pou isometrik�) mèsase èna q¸ro me nìrma (gia par�deigma, ston Eukle�deio q¸ro) ìpou ja {fa�netai}h gewmetr�a th ρ.Gia par�deigma, ja  tan polÔ qr simo na katafèroume na antistoiq�soume sek�je u ∈ X k�poio shme�o f(u) sto ep�pedo, me tètoion trìpo ¸ste h apìstash

ρ(u, v) na e�nai �sh me thn Eukle�deia apìstash twn f(u) kai f(v). Mèsa apìmia tètoia anapar�stash ja mporoÔsame na doÔme th dom  tou metrikoÔ q¸rou:memonwmèna shme�a  /kai pukn� sumplègmata shme�wn ja emfan�zontan sto ep�-pedo. 'Ena �llo pleonèkthma e�nai ìti gia na apojhkeÔsoume ìlh thn plhrofor�agia to metrikì q¸ro ja qreiazìmastan 2n pragmatikoÔ arijmoÔ (ti suntetag-mène twn f(u)) ant� gia (

n
2

) arijmoÔ. Ep�sh, di�fore par�metroi pou aforoÔnèna sÔnolo shme�wn sto ep�pedo upolog�zontai mèsw gewmetrik¸n algor�jmwn,en¸ ant�stoiqoi algìrijmoi den up�rqoun gia ton tuqìnta metrikì q¸ro.Den e�nai dÔskolo na skeftoÔme parade�gmata pou na de�qnoun ìti h anapa-r�stash mèsw shme�wn tou epipèdou den e�nai dunat  se pl rh genikìthta. Anjewr soume èna metrikì q¸ro me tèssera shme�a pou an� dÔo èqoun apìstash�sh me 1 pa�rnoume èna tètoio par�deigma.Up�rqoun m�lista metriko� q¸roi me tèssera shme�a oi opo�oi den mporoÔn naanaparastajoÔn (akrib¸) se kanènan Eukle�deio q¸ro. 'Ena tètoio par�deigmama d�noun oi korufè enì tetrag¸nou (me apìstash dÔo koruf¸n to mikrìterodunatì pl jo akm¸n pou prèpei na diatrèxoume gia na p�me apì th m�a sthn�llh).Me ton ìro anapar�stash ennooÔme mia isometrik  emfÔteush. Mia apeikì-nish f : X → Y apì ton metrikì q¸ro (X, ρ) ston metrikì q¸ro (Y, d) lègetaiisometrik  emfÔteush an diathre� ti apost�sei. Dhlad , an σ(f(x), f(y)) =

ρ(x, y) gia k�je x, y ∈ X. Gia pollè efarmogè ja ma arkoÔse na petÔqoumemia emfÔteush tou metrikoÔ q¸rou (X, ρ) ston metrikì q¸ro (Y, d) (gia par�deig-ma, ston Eukle�deio q¸ro) h opo�a na paramorf¸nei ti apost�sei se èna mikrì



vi · Perieqomenaposostì. 'Ena trìpo na or�soume thn ènnoia th kat� prosèggish isometrik emfÔteush e�nai o ex . 'Estw f : X → Y mia emfÔteush tou metrikoÔ q¸rou
(X, dX) sto metrikì q¸ro (Y, dY ). H paramìrfwsh th f or�zetai w ex :

dist(f) = sup
x6=y

dY (f(x), f(y))

dX(x, y)
· sup

x6=y

dX(x, y)

dY (f(x), f(y))
.Sumbol�zoume me cY (X) thn el�qisth paramìrfwsh me thn opo�a o X emfuteÔetaiston Y . An cY (X) ≤ α tìte lème ìti o X e�nai α-emfuteÔsimo ston Y .Sto pr¸to mèro th ergas�a melet�me to prìblhma th emfÔteush stonEukle�deio q¸ro. Ta basik� apotelèsmata th perioq  e�nai ta ex .(i) Bourgain [1985℄: K�je metrikì q¸ro (X, ρ) me n shme�a emfuteÔetaise k�poion Eukle�deio q¸ro me paramìrfwsh O(log n). Dhlad ,

sup
|X|=n

c2(X) ≤ c log n,ìpou c2(X) = cℓ2(X). H apìdeixh parousi�zetai sto Kef�laio 3. Qrhsi-mopoi¸nta to L mma twn Johnson-Lindenstrauss, to opo�o apodeiknÔoumesto Kef�laio 2, mporoÔme na doÔme ìti h emfÔteush mpore� p�nta na g�neise Eukle�deio q¸ro di�stash d = O(log n). Dhlad , up�rqei c > 0 me thnex  idiìthta: gia k�je n ≥ 2 mporoÔme na broÔme d ≤ c log n ¸ste
sup

|X|=n

cℓd
2
(X) ≤ c log n.(ii) Enflo [1969℄: 'Estw m ≥ 2 kai n = 2m. JewroÔme ton {kÔbo} Cm =

{0, 1}m efodiasmèno me th metrik  Hamming: h apìstash ρ(x, y) dÔo 0/1akolouji¸n x kai y e�nai to pl jo twn jèsewn sti opo�e diafèroun. An
γ <

√
m =

√

log2 n tìte den up�rqei γ-emfÔteush tou Cm ston ℓ2. Dh-lad , h fusiologik  emfÔteush tou Cm, an ton jewr soume san upìqwrotou ℓm
2 , èqei th bèltisth paramìrfwsh. To apotèlesma autì de�qnei ìti

sup
|X|=n

c2(X) ≥ c
√

log n.H apìdeixh pou parousi�zoume (sto Kef�laio 4) bas�zetai se mia anadia-tÔpwsh tou probl mato mèsw th jewr�a tou hmiorismènou programma-tismoÔ: An (X, ρ) e�nai èna peperasmèno metrikì q¸ro me shme�a ta
x1, . . . , xn, tìte

c2(X) = max

√

√

√

√

∑

pij>0 pijρ(xi, xj)2

−∑

pij<0 pijρ(xi, xj)2
,ìpou to max pa�rnetai p�nw apì ìlou tou summetrikoÔ jetik� hmiori-smènou n × n p�nake P = (pij) pou ikanopoioÔn thn ∑n

j=1 pij = 0 giak�je i = 1, . . . , n.



Perieqomena · vii(iii) Linial, London, Rabinovich [1995℄: 'Estw G = (V,E) èna gr�fhma.H agwgimìthta Φ(G) tou G e�nai h posìthta
min

{

e(A, V \ A)

|A| : A ⊂ V, 1 ≤ |A| ≤ 1

2
|V |

}

,ìpou e(A,B) e�nai to pl jo twn akm¸n tou G pou sundèoun shme�o tou Ame shme�o tou B. Genik�, lème ìti èna gr�fhma G e�nai kalì expander an hagwgimìthta Φ(G) den e�nai polÔ mikr  se sqèsh me to mèso bajmì tou G.Up�rqoun r-kanonik� graf mata me osod pote meg�lo pl jo koruf¸n nkai agwgimìthta Φ ≥ c(r), ìpou c(r) > 0 stajer� anex�rthth apì to n.Sto Kef�laio 5 parousi�zoume ta basik� apotelèsmata th fasmatik  je-wr�a twn grafhm�twn: melet�me ton p�naka sundesmolog�a kai ton p�naka
Laplace enì r-kanonikoÔ graf mato, kai sugkr�noume thn agwgimìthtatou graf mato me to fasmatikì tou kenì. Sunèpeia aut  th melèthe�nai to ex  je¸rhma twn Linial, London, Rabinovich: 'Estw G = (V,E)èna r-kanonikì gr�fhma me |V | = n kai Φ(G) ≥ β. JewroÔme th metrik 
ρ tou suntomìterou monopatioÔ sto V . An o (V, ρ) emfuteÔetai me para-mìrfwsh γ ston ℓ2 tìte γ ≥ c log n, ìpou h stajer� c = c(r, β) > 0 e�naianex�rthth apì to n.ApodeiknÔoume ep�sh thn Ôparxh mia oikogèneia (Gk) 3-kanonik¸n gra-fhm�twn (me pl jo koruf¸n |Vk| = 2k) pou e�nai expanders: Φ(Gk) ≥ c,ìpou c > 0 apìluth stajer�. 'Epetai ìti

sup
|X|=n

c2(X) ≥ c log n.Dhlad , to �nw fr�gma tou Bourgain e�nai (asumptwtik�) akribè.(iv) Matousek [1996℄: H perifèreia enì graf mato G e�nai to m ko tousuntomìterou kÔklou sto G. Gr�foume m(g, n) gia to mègisto dunatìpl jo akm¸n enì aploÔ graf mato me n korufè to opo�o den perièqeikÔklo me m ko g   mikrìtero apì g (dhlad  èqei perifèreia megalÔterh  �sh tou g + 1).H Ôparxh grafhm�twn G pou èqoun n korufè, perifèreia g +1 kai meg�lopl jo akm¸n m(g, n), sundèetai me to prìblhma th paramìrfwsh. StoKef�laio 6 parousi�zoume to ex  apotèlesma tou Matousek: 'Estw Zèna r-di�stato q¸ro me nìrma, gia par�deigma k�poio apì tou ℓr
p,kai a upojèsoume ìti k�je metrikì q¸ro me n shme�a emfuteÔetai meparamìrfwsh γ ston Z. 'Estw g èna akèraio me γ < g ≤ 5γ. Tìte,

r ≥ 1

log2
16γg
g−γ

· m(g, n)

n
.Pìrisma autoÔ tou apotelèsmato kai tou L mmato twn Johnson kai Lin-

denstrauss e�nai to ex : gia k�je n, up�rqoun metriko� q¸roi me n sh-me�a oi opo�oi den emfuteÔontai ston ℓ2 me paramìrfwsh mikrìterh apì



viii · Perieqomena
c log n/ log log n, ìpou c > 0 kat�llhlh apìluth stajer�. Dhlad ,

sup
|X|=n

c2(X) ≥ c
log n

log log n
.To apotèlesma autì e�nai asjenèstero tou akriboÔ k�tw fr�gmato poud�noun oi expanders. E�nai ìmw teqnik� aploÔstero kai prohge�tai qronik�(me thn �dia basik� idèa e�qe apodeiqje� apì ton Bourgain).(v) Linial, Magen, Naor [2002℄: Up�rqei apìluth stajer� C > 0 me thnex  idiìthta: an G = (V,E) e�nai èna r-kanonikì gr�fhma (r ≥ 3) me nkorufè kai perifèreia �sh me g, tìte

c2(G) ≥ C
√

g.An, epiplèon, to G èqei fasmatikì kenì ε > 0, tìte
c2(G) ≥ Cg

√

min{g, r/ε}
.H apìdeixh autoÔ tou apotelèsmato d�netai sto Kef�laio 6: qrhsimopoie�ti teqnikè twn Kefala�wn 4 kai 5 (th mèjodo tou hmiorismènou program-matismoÔ, th fasmatik  jewr�a twn grafhm�twn) kai ta polu¸numa tou

Geronimus.Sto deÔtero mèro th ergas�a melet�me jewr mata tÔpou Ramsey gia em-futeÔsei peperasmènwn metrik¸n q¸rwn se q¸rou me nìrma. Jewr mata autoÔtou e�dou perigr�foun posotik� thn ex  arq : k�je metrikì q¸ro perièqei{meg�lo} upìqwro o opo�o e�nai {kal� domhmèno}. H lèxh {meg�lo} anafè-retai ston plhj�rijmo tou upoq¸rou, en¸ h fr�sh {kal� domhmèno} shma�neiìti o upìqwro emfuteÔetai me mikr  paramìrfwsh se k�poio q¸ro apì dedomènhkl�sh metrik¸n q¸rwn (sun jw, q¸rwn me nìrma). H jewr�a aut  anaptÔsse-tai par�llhla me thn topik  jewr�a q¸rwn Banach. H el�qisth paramìrfwshantistoiqe� sthn apìstash Banach-Mazur kai ta jewr mata tÔpou Ramsey anti-stoiqoÔn se di�fore ekdìsei tou jewr mato tou Dvoretzky gia tou sqedìnEukle�deiou upoq¸rou q¸rwn (meg�lh) peperasmènh di�stash me nìrma.Perigr�foume analutik� ta ex  apotelèsmata.(i) Bourgain, Figiel, Milman [1986℄: 'Estw ε > 0. Up�rqei stajer�
c(ε) > 0 me thn ex  idiìthta: k�je metrikì q¸ro (X, ρ) me n shme�a èqeiupìqwro Y me plhj�rijmo

|Y | ≥ c(ε) log n¸ste o (Y, ρ) na emfuteÔetai ston ℓ2 me paramìrfwsh mikrìterh apì (1 +

ε). Epiplèon, an 0 < ε < 1, mporoÔme na p�roume c(ε) = c1ε/ log(c2/ε)ìpou c1, c2 > 0 apìlute stajerè. To Je¸rhma twn Bourgain, Figiel kai
Milman parousi�zetai sto Kef�laio 7.H ex�rthsh apì to n e�nai bèltisth an endiaferìmaste gia {sqedìn isome-trikè} emfuteÔsei (0 < ε < 1): Up�rqei ε0 > 0 me thn ex  idiìthta. An



Perieqomena · ix

n ≥ s ≥ 3 + 2 log2 n, tìte up�rqei metrik  d sto sÔnolo [n] = {1, . . . , n}¸ste
c2((X, d|X)) ≥ 1 + ε0gia k�je uposÔnolo X tou [n] me plhj�rijmo |X| = s. Epiplèon, mporoÔmena epilèxoume thn d na pa�rnei mìno ti timè 0, 1 kai 2, opìte c2(([n], d)) ≤

2.(ii) Bartal, Linial, Mendel, Naor [2005℄: Sto teleuta�o Kef�laio 8 mele-t�me thn prìsfath {isomorfik  èkdosh} tou prohgoÔmenou apotelèsmato.Up�rqei apìluth stajer� C > 0 me thn ex  idiìthta: an α > 2 kai (X, d)e�nai èna metrikì q¸ro me n shme�a, tìte up�rqei upìqwro Y tou X meplhj�rijmo
|Y | ≥ n1−C log a

ao opo�o emfuteÔetai se Eukle�deio q¸ro me paramìrfwsh mikrìterh apì α.Dhlad , an xeper�soume thn tim  α0 = 2 gia th zhtoÔmenh paramìrfwsh,tìte h ex�rthsh tou |Y | apì to n g�netai poluwnumik .





Mèro IEukle�deie emfuteÔsei





Kef�laio 1Graf mata: basiko�orismo�
Se autì to sÔntomo pr¸to kef�laio eis�goume to sumbolismì kai thn orolog�apou ja qreiastoÔme apì th Jewr�a Grafhm�twn. AkoloujoÔme ti shmei¸seiDiakrit¸n Majhmatik¸n tou M. Kolountz�kh [7℄.1.1 Apl� graf mataOrismì 1.1.1 (aplì gr�fhma). 'Ena aplì gr�fhma e�nai èna zeug�ri
G = (V,E) ìpou V e�nai èna peperasmèno (mh kenì) sÔnolo kai E e�nai ènasÔnolo apì disÔnola tou V . Ta stoiqe�a tou V e�nai oi korufè tou G, en¸ tastoiqe�a tou E e�nai oi akmè tou G. An e = {u, v} ∈ E tìte lème ìti h akm  esundèei ti korufè u kai v.An u, v ∈ V kai {u, v} ∈ E gr�foume u ∼ v (oi u kai v sundèontai me akm sto G). Tele�w an�loga, an e1, e2 ∈ E kai e1 ∩ e2 6= ∅, gr�foume e1 ∼ e2 (oi
e1 kai e2 èqoun toul�qiston m�a koin  koruf ).Orismì 1.1.2 (geitoni� koruf    akm ). 'Estw G = (V,E) ènaaplì gr�fhma. An u ∈ V tìte h geitoni� tou u e�nai to sÔnolo

Γ(u) = {v ∈ V : u ∼ v}.Omo�w, an e ∈ E tìte h geitoni� th e e�nai to sÔnolo
Γ(e) = {f ∈ E : e ∼ f}.An S ⊆ V tìte Γ(S) =

⋃

u∈S Γ(u), en¸ an F ⊆ E tìte Γ(F ) =
⋃

e∈F Γ(e).Me b�sh ton orismì pou d¸same, se èna aplì gr�fhma k�je akm  e�nai ge�-tona tou eautoÔ th, all� mia koruf  den e�nai potè ge�tona tou eautoÔ th.



4 · Grafhmata: basikoi orismoiOrismì 1.1.3 (bajmì koruf    akm ). 'Estw G = (V,E) ènaaplì gr�fhma. O bajmì mia koruf  u ∈ V e�nai to pl jo twn akm¸n tou Gpou èqoun thn u san �kro tou. Dhlad , o bajmì th u ∈ V e�nai o arijmì
deg(u) = |Γ(u)|.Entel¸ an�loga, an e ∈ E tìte
deg(e) = |Γ(e)|.To G lègetai kanonikì an up�rqei d ∈ N ¸ste deg(u) = d gia k�je u ∈ V . Tìtelème ìti to G e�nai d�kanonikì.Eidik� graf mata. Gr�foume [n] = {1, . . . , n}.(i) To kenì gr�fhma me n korufè e�nai to En = ([n], ∅).(ii) To pl re gr�fhma Kn me n korufè èqei san sÔnolo akm¸n ìla ta dimel uposÔnola tou [n]. Dhlad , to Kn èqei (

n
2

)

= n(n−1)
2 akmè.(iii) To pl re dimerè gr�fhma Km,n me m kai n korufè èqei sÔnolo koruf¸nto V = A∪B ìpou A = {a1, . . . , am} kai B = {b1, . . . , bn}. 'Eqei san akmèìla ta disÔnola th morf  {ai, bj} (dhlad , to pl jo twn akm¸n tou e�nai

m · n).(iv) O kÔklo me n korufè (n ≥ 3) èqei san sÔnolo koruf¸n to [n] kai akmèti {1, 2}, {2, 3}, . . . , {n − 1, n}, {n, 1}.Orismì 1.1.4 (upogr�fhma). To gr�fhma G1 = (V1, E1) lègetai upo-gr�fhma tou G = (V,E) an V1 ⊆ V kai E1 ⊆ E.Me �lla lìgia, to G1 e�nai upogr�fhma tou G an mporoÔme na to p�roumeafair¸nta apì to G k�poie korufè kai akmè (profan¸, an afairèsoumek�poia koruf , tìte prèpei na afairèsoume kai ìle ti akmè pou thn perièqoun).Mia kl�sh upografhm�twn tou G = (V,E) prokÔptei w ex : an V1 ⊆ V ,or�zoume
E1 = E1(V1) = {e = {u, v} ∈ E : u, v ∈ V1}.To G1 = (V1, E1) e�nai to upogr�fhma tou G pou ep�getai apì to V1.1.2 Sunektikìthta kai metrik  se graf mata'Estw G = (V,E) èna gr�fhma me n korufè.Orismì 1.2.1 (monop�ti). Monop�ti sto G lème mia akolouj�a e1, . . . , es−1akm¸n pou sundèoun diadoqik� k�poie korufè u1, . . . , us tou G. Dhlad ,

e1 = {u1, u2}, e2 = {u2, u3}, . . . , es−1 = {us−1, us}.To pl jo s − 1 twn akm¸n e�nai to m ko tou monopatioÔ.



1.3 Genikeusei th ennoia tou grafhmato · 5Ja lème ìti h koruf  v e�nai prosit  apì thn koruf  u an up�rqei monop�tisto G pou xekin�ei apì thn u kai katal gei sthn v. H sqèsh{u ≡ v an h v e�nai prosit  apì thn u}e�nai sqèsh isodunam�a sto V . Sunep¸, to V diamer�zetai se kl�sei isoduna-m�a ti opo�e onom�zoume sunektikè sunist¸se tou G.Orismì 1.2.2 (sunektikì gr�fhma). To G = (V,E) lègetai sunektikìan èqei mìno m�a sunektik  sunist¸sa. Dhlad , an k�je koruf  v e�nai prosit apì k�je �llh koruf  u.Orismì 1.2.3 (metrik ). 'Estw u kai v dÔo korufè tou G. An h v e�naiprosit  apì thn u or�zoume d(u, v) na e�nai to m ko tou suntomìterou monopatioÔpou sundèei ti u kai v (eke�nou pou èqei ti ligìtere dunatè akmè). An oi
u kai v den sundèontai (den an koun sthn �dia sunektik  sunist¸sa) jètoume
d(u, v) = +∞. H sun�rthsh d ikanopoie� thn trigwnik  anisìthta: ja th lème{metrik  tou suntomìterou monopatioÔ}.Orismì 1.2.4 (di�metro). H di�metro tou G or�zetai fusiologik� apìthn

diam(G) = max{d(u, v) : u, v ∈ V }.1.3 GenikeÔsei th ènnoia tou graf matoOrismì 1.3.1 (kateujunìmeno gr�fhma). Kateujunìmeno gr�fhmae�nai èna zeug�ri (V,E) ìpou E ⊆ V × V . To V pa�zei p�li to rìlo tou sunì-lou koruf¸n, ìmw oi akmè tou kateujunìmenou graf mato e�nai diatetagmènazeÔgh: h akm  (u, v) èqei kateÔjunsh apì thn koruf  u pro thn koruf  v.Parathr ste ìti, me ton orismì pou d¸same, èna kateujunìmeno gr�fhmampore� na èqei akmè th morf  (u, u). Autè lègontai brìgqoi (  jhleiè).'Ena gr�fhma sto opo�o {epitrèpoume} thn Ôparxh brìgqwn lègetai gr�fhma meautosundèsei.Orismì 1.3.2 (pollaplè akmè). Lème ìti èna (kateujunìmeno   mh)gr�fhma G = (V,E) èqei pollaplè akmè an mia akm  mpore� na emfan�zetaiperissìtere apì m�a forè sto E. D�netai dhlad  kai mia sun�rthsh m : E → Npou de�qnei thn pollaplìthta k�je akm .Orismì 1.3.3 (graf mata me b�rh). Gr�fhma me b�rh e�nai mia tri�da
(V,E,w), ìpou V e�nai to sÔnolo twn koruf¸n, E e�nai to sÔnolo twn akm¸n,kai w : E → R e�nai mia sun�rthsh (pou sun jw pa�rnei mh arnhtikè timè) hopo�a de�qnei to b�ro (  kìsto) th k�je akm .Se èna gr�fhma me b�ro, to m ko enì monopatioÔ e�nai fusiologik� to�jroisma twn bar¸n twn akm¸n pou to apoteloÔn. Omo�w, h apìstash an�mesase dÔo korufè pou sundèontai kai h di�metro tou graf mato or�zontai mèswautoÔ tou {genikeumènou} m kou.



6 · Grafhmata: basikoi orismoi1.4 Dèntra kai d�shOrismì 1.4.1 (dèntro, d�so). Dèntro e�nai èna sunektikì gr�fhmapou den èqei kÔklou. D�so e�nai èna gr�fhma (sunektikì   mh) pou den è-qei kÔklou. Parathr ste ìti k�je d�so diamer�zetai se asÔndeta dèntra (tisunektikè sunist¸se tou).Orismì 1.4.2 (spanning tree). 'Estw G = (V,E) èna gr�fhma kai èstw
T èna dèntro pou e�nai upogr�fhma tou G kai èqei san sÔnolo koruf¸n to V .Tìte lème ìti to T par�gei to G (e�nai spanning tree tou G).Je¸rhma 1.4.3. K�je sunektikì gr�fhma G perièqei dèntro T pou par�geito G.Apìdeixh. 'Estw ìti to G perièqei k�poion kÔklo me korufè u1, u2, . . . , un−1,
un = u1 kai akmè e1, e2, . . . , en−1. ParathroÔme ìti an diagr�youme opoiad poteapì ti akmè tou kÔklou, gia par�deigma thn e1, tìte to gr�fhma paramèneisunektikì: an u kai v e�nai dÔo korufè tou G pou sundèontai me monop�ti toopo�o perièqei thn e1, tìte met� thn diagraf  th e1 oi u kai v exakoloujoÔnna sundèontai (mporoÔme ant� na p�me apì thn u1 sthn u2 na akolouj soume thdiadrom  u1 → un−1 → · · · → u2).Aut  h pr�xh {diagraf  mia akm } lègetai sp�simo tou kÔklou sthn akm 
e1. Epanalamb�noume thn �dia diadikas�a ìso exakoloujoÔn na up�rqoun kÔkloisto gr�fhma pou prokÔptei k�je for�. Met� apì k�je sp�simo kÔklou, to nèogr�fhma èqei mikrìtero pl jo akm¸n, to �dio pl jo koruf¸n kai paramèneisunektikì. 'Ara, met� apì peperasmèno pl jo bhm�twn katal goume se ènadèntro pou par�gei to G.Je¸rhma 1.4.4. 'Ena sunektikì gr�fhma me n korufè e�nai dèntro an kaimìno an èqei n − 1 akmè.Apìdeixh. Me epagwg  w pro n. 'Estw G èna dèntro me n korufè. De�qnoumepr¸ta to ex :Isqurismì: To G èqei toul�qiston m�a koruf  u me bajmì deg(u) = 1.Apìdeixh. A upojèsoume ìti ìle oi korufè tou G èqoun bajmì megalÔtero  �so tou 2 (to gr�fhma e�nai sunektikì, �ra den èqei korufè mhdenikoÔ bajmoÔ).MporoÔme tìte na broÔme sto G monop�tia osod pote meg�lou m kou sta o-po�a den emfan�zetai potè tm ma th morf  · · ·u → v → u · · · , giat� mporoÔmep�nta na fÔgoume apì k�poia koruf  qrhsimopoi¸nta �llh akm  apì aut n pouqrhsimopoi same gia na mpoÔme se aut n, kai na kinoÔmaste ètsi gia p�nta. Anp�roume èna monop�ti arket� meg�lou m kou, prèpei se autì k�poia koruf  naemfan�zetai perissìtere apì m�a forè. JewroÔme mia tètoia koruf  u pou è-qei thn idiìthta h apìstash an�mesa se dÔo diadoqikè emfan�sei th na e�naiel�qisth. Tìte to monop�ti perièqei kÔklo pou xekin�ei apì thn u kai katal geisthn u. Autì e�nai �topo, afoÔ to G e�nai dèntro. 2Sunèpeia tou isqurismoÔ e�nai ìti to upogr�fhma G1 pou ep�getai apì to V \{u}e�nai dèntro: den èqei kÔklou giat� e�nai upogr�fhma dèntrou, kai paramènei



1.5 Dimerh grafhmata · 7sunektikì giat� h koruf  pou afairèjhke e�qe bajmì 1. Apì thn epagwgik upìjesh to G1 èqei n − 2 akmè, �ra to pl jo twn akm¸n tou G e�nai �so me
n − 1.Ant�strofa, èstw G èna sunektikì gr�fhma me n korufè kai n − 1 akmè.Apì to Je¸rhma 1.4.3 up�rqei dèntro T pou par�gei to G. To T èqei n korufèkai e�nai dèntro, �ra èqei n − 1 akmè. Sunep¸, T = G. 21.5 Dimer  graf mataOrismì 1.5.1 (dimerè gr�fhma). 'Ena gr�fhma G = (V,E) lègetaidimerè an mporoÔme na gr�youme to V sth morf  V = A∪B me A∩B = ∅ ètsi¸ste k�je akm  e ∈ E na perièqei akrib¸ m�a koruf  apì to A kai m�a koruf apì to B (dhlad , na mhn up�rqoun akmè apì to A sto A   apì to B sto B).Je¸rhma 1.5.2. K�je dèntro e�nai dimerè gr�fhma.Apìdeixh. Me epagwg  w pro n. 'Estw T èna dèntro me n korufè. To Tèqei mia koruf  u me bajmì deg(u) = 1. Estw v o monadikì ge�tona th u.AfairoÔme apì to T thn koruf  u kai thn akm  {u, v}. To gr�fhma T1 pouprokÔptei e�nai dèntro me n−1 korufè. Apì thn epagwgik  upìjesh, to T e�naidimerè gr�fhma me sÔnola koruf¸n A1 kai B1.Qwr� periorismì th genikìthta upojètoume ìti v ∈ A1. Or�zoume A = A1kai B = B1 ∪ {u}. Tìte, to arqikì dèntro T e�nai dimerè gr�fhma me sÔnolakoruf¸n A kai B: arke� na parathr soume ìti h koruf  u an kei sto B kaisundèetai mìno me thn koruf  v pou an kei sto A. 2Ta dimer  graf mata qarakthr�zontai apì thn akìloujh Prìtash.Prìtash 1.5.3. 'Ena gr�fhma e�nai dimerè an kai mìno an ìloi oi kÔkloi touèqoun �rtio m ko.Apìdeixh. Upojètoume ìti to G e�nai dimerè gr�fhma me sÔnola koruf¸n A kai
B, kai ìti C : u1 → u2 → · · · → un → u1 e�nai èna kÔklo sto G. MporoÔmeep�sh na upojèsoume ìti h koruf  u1 an kei sto A. Tìte, h u2 an kei sto B,h u3 an kei sto A, klp. Dhlad , an o j e�nai �rtio èqoume uj ∈ B en¸ an o je�nai perittì èqoume uj ∈ A. AfoÔ h un e�nai ge�tona th u1, èqoume un ∈ B.'Ara, o n e�nai �rtio.Ant�strofa, a upojèsoume ìti G = (V,E) e�nai èna sunektikì gr�fhma pouìloi oi kÔkloi tou èqoun �rtio m ko. StajeropoioÔme u ∈ V kai or�zoume Ana e�nai to sÔnolo ìlwn twn v ∈ V pou èqoun �rtia apìstash apì thn u, kai
B = V \ A. Ja de�xoume ìti to G e�nai dimerè me sÔnola koruf¸n ta A kai
B. 'Estw ìti up�rqei akm  tou G pou sundèei ti a1, a2 ∈ A. JewroÔme dÔoel�qista monop�tia π1 kai π2 apì thn u pro ti a1 kai a2 ant�stoiqa. O kÔklo
C pou sqhmat�zetai an akolouj soume pr¸ta to π1, katìpin thn akm  a1a2 kaitèlo to π2 kat� thn ant�jeth for�, èqei m ko |C| = |π1| + 1 + |π2|, dhlad perittì arijmì. Autì e�nai �topo.An to G den e�nai sunektikì kai ìloi oi kÔkloi tou èqoun �rtio m ko, toprohgoÔmeno epiqe�rhma de�qnei ìti k�je sunektik  sunist¸sa tou G e�nai dimerègr�fhma, �ra kai to G e�nai dimerè. 2



8 · Grafhmata: basikoi orismoi1.6 Tairi�smataOrismì 1.6.1 (ta�riasma). DÔo akmè tou graf mato G = (V,E) lè-gontai anex�rthte an den èqoun koin  koruf . K�je sÔnolo M anex�rthtwnakm¸n tou G lègetai ta�riasma.An G e�nai èna dimerè gr�fhma ìpw ston Orismì 1.5.1, tìte èna ta�riasma
M lègetai pl re ta�riasma tou A an k�je koruf  tou A an kei se k�poia akm apì to M .To je¸rhma tou g�mou.'Estw X èna peperasmèno sÔnolo kai èstw A1, . . . , An èna sÔsthma uposunìlwntou X. 'Ena sÔnolo shme�wn x1 ∈ A1, . . . , xn ∈ An lègetai sÔsthma xènwnantipros¸pwn gia ta A1, . . . , An an ta x1, . . . , xn e�nai diaforetik� an� dÔo.Gia k�je J ⊆ [n] or�zoume A(J) =

⋃{Aj : j ∈ J}. An ta A1, . . . , An èqounsÔsthma xènwn antipros¸pwn x1, . . . , xn, tìte gia k�je J ⊆ [n] èqoume
|A(J)| ≥ |J |.Autì e�nai fanerì, afoÔ to A(J) perièqei to {xj : j ∈ J} pou èqei plhj�rijmo

|J |. To je¸rhma tou g�mou isqur�zetai ìti h parap�nw sunj kh tou Hall e�naikai ikan  gia thn Ôparxh sust mato xènwn antipros¸pwn:Je¸rhma 1.6.2. 'Estw X èna peperasmèno sÔnolo kai èstw F = {A1, . . . , An}èna sÔsthma uposunìlwn tou X. To F èqei sÔsthma xènwn antipros¸pwn ankai mìno an |A(J)| ≥ |J | gia k�je J ⊆ [n]. 2'Estw G èna dimerè gr�fhma me sÔnola koruf¸n A kai B. An J ⊆ A,gr�foume N(J) gia to sÔnolo ìlwn twn v ∈ B pou sundèontai me koruf  apìto A. Efarmìzonta to {je¸rhma tou g�mou} mpore� kane� na de�xei to ex .Je¸rhma 1.6.3. 'Estw G èna dimerè gr�fhma me sÔnola koruf¸n A kai B.An
|N(J)| ≥ |J |gia k�je J ⊆ A, tìte up�rqei pl re ta�riasma tou A. 2Apìdeixh. Gr�foume A = {a1, . . . , am} kai pa�rnoume to sÔsthma uposunìlwn

N(a1), . . . , N(am)tou B. Tìte, to je¸rhma e�nai �mesh sunèpeia tou jewr mato tou g�mou: pa-rathr ste ìti A(J) = N(J). 2Pìrisma 1.6.4. K�je kanonikì dimerè gr�fhma èqei pl re ta�riasma.Apìdeixh. 'Estw ìti to G = (A ∪ B,E) e�nai d�kanonikì. Ja de�xoume ìtiikanopoioÔntai oi upojèsei tou Jewr mato 1.6.3. 'Estw J ⊆ A kai èstw E1to sÔnolo twn akm¸n pou xekinoÔn apì k�poia koruf  tou J . 'Eqoume upojèseiìti to G e�nai d�kanonikì, �ra |E1| = d|J |.'Estw t¸ra E2 to sÔnolo twn akm¸n pou katal goun se koruf  tou N(J).'Opw prin, èqoume |E2| = d|N(J)|.AfoÔ E1 ⊆ E2, èqoume d|J | ≤ d|N(J)|. Dhlad , |N(J)| ≥ |J |. 2



Kef�laio 2To l mma twn
Johnson-Lindenstrauss2.1 Sugkèntrwsh tou mètrou'Estw (X,A, d, µ) èna metrikì q¸ro pijanìthta. Dhlad , o (X, d) e�naimetrikì q¸ro kai to µ e�nai èna mètro pijanìthta sth σ-�lgebra A twn Boreluposunìlwn tou (X, d). An A ∈ A kai t > 0, h t-perioq  tou A e�nai to sÔnolo
(2.1.1) At = {x ∈ X : d(x,A) ≤ t}.Orismì 2.1.1. H sun�rthsh sugkèntrwsh tou (X,A, d, µ) or�zetai sto
(0,∞) apì thn
(2.1.2) α(X, t) := 1 − inf{µ(At) : µ(A) ≥ 1/2}.Lème ìti up�rqei {sugkèntrwsh mètrou} sto q¸ro an h α(X, t) fj�nei gr -gora (gia par�deigma, ekjetik� w pro t). Pollè apì ti efarmogè th su-gkèntrwsh tou mètrou bas�zontai sto ex  je¸rhma.Je¸rhma 2.1.2. 'Estw (X,A, d, µ) metrikì q¸ro pijanìthta. An f : X →
R e�nai mia sun�rthsh Lipschitz me stajer� 1, dhlad  an |f(x)− f(y)| ≤ d(x, y)gia k�je x, y ∈ X, tìte
(2.1.3) µ ({x ∈ X : |f(x) − med(f)| > t}) ≤ 2α(X, t)ìpou med(f) e�nai o mèso Lévy th f .Shme�wsh. O mèso Lévy med(f) th f e�nai èna arijmì gia ton opo�o
(2.1.4) µ({f ≥ med(f)}) ≥ 1/2 kai µ({f ≤ med(f)}) ≥ 1/2.Apìdeixh tou Jewr mato 2.1.2. Jètoume A = {x : f(x) ≥ med(f)} kai B =

{x : f(x) ≤ med(f)}. An y ∈ At tìte up�rqei x ∈ A me d(x, y) ≤ t, opìte
(2.1.5) f(y) = f(y) − f(x) + f(x) ≥ −d(y, x) + med(f) ≥ med(f) − t



10 · To lhmma twn Johnson-LindenstraussafoÔ h f e�nai 1-Lipschitz. Omo�w, an y ∈ Bt tìte up�rqei x ∈ B me d(x, y) ≤ t,opìte
(2.1.6) f(y) = f(y) − f(x) + f(x) ≤ d(y, x) + med(f) ≤ med(f) + t.Dhlad , an y ∈ At ∩ Bt tìte |f(x) − med(f)| ≤ t. Me �lla lìgia,
(2.1.7) {x ∈ X : |f(x) − med(f)| > t} ⊆ (At ∩ Bt)

c = Ac
t ∪ Bc

t .'Omw, apì ton orismì th sun�rthsh sugkèntrwsh èqoume µ(At) ≥ 1−α(X, t)kai µ(Bt) ≥ 1 − α(X, t). Epistrèfonta sthn (2.1.7) blèpoume ìti
(2.1.8) µ ({|f − med(f)| > t}) ≤ (1 − µ(At)) + (1 − µ(Bt)) ≤ 2α(X, t). 2Sthn per�ptwsh pou h sun�rthsh sugkèntrwsh fj�nei polÔ gr gora, toJe¸rhma 2.1.2 de�qnei ìti oi 1-Lipschitz suneqe� sunart sei e�nai {sqedìn sta-jerè} se {sqedìn olìklhro to q¸ro}. IsqÔei m�lista kai to ant�strofo.Prìtash 2.1.3. 'Estw (X,A, d, µ) metrikì q¸ro pijanìthta. An gia k�-poio t > 0 kai gia k�je 1-Lipschitz sun�rthsh f : X → R èqoume
(2.1.9) µ ({x ∈ X : |f(x) − med(f)| > t}) ≤ η,tìte α(X, t) ≤ η.Apìdeixh. 'Estw A Borel uposÔnolo tou X me µ(A) ≥ 1/2. JewroÔme thsun�rthsh f(x) = d(x,A). H f e�nai 1-Lipschitz kai med(f) = 0 giat� h f pa�rneimh arnhtikè timè kai µ({x : f(x) = 0}) ≥ 1/2. Apì thn (2.1.9) pa�rnoume
(2.1.10) µ({x ∈ X : d(x,A) > t}) ≤ η,dhlad  1 − µ(At) ≤ η. 'Epetai ìti α(X, t) ≤ η. 2Gia perissìtere plhrofor�e parapèmpoume ton anagn¸sth sto bibl�o [8℄tou Ledoux.2.2 Isoperimetrik  anisìthta sth sfa�raJewroÔme th monadia�a sfa�ra Sn−1 ston R

n efodiasmènh me th gewdaisiak metrik  ρ: h apìstash ρ(x, y) dÔo shme�wn x, y ∈ Sn−1 e�nai h kurt  gwn�a xoysto ep�pedo pou or�zetai apì thn arq  twn axìnwn o kai ta x, y. H Sn−1 g�netaiq¸ro pijanìthta me to monadikì anallo�wto w pro strofè mètro σ: giak�je Borel sÔnolo A ⊆ Sn−1 jètoume
(2.2.1) σ(A) :=

|Ã|
|Bn

2 |
,ìpou Bn

2 e�nai h monadia�a Eukle�deia mp�la kai
(2.2.2) Ã := {sx : x ∈ A kai 0 ≤ s ≤ 1}.



2.2 Isoperimetrikh anisothta sth sfaira · 11E�nai eÔkolo na de� kane� ìti an ρ(x, y) = θ tìte
(2.2.3) ‖x − y‖2 = 2 sin

θ

2
,sunep¸ h gewdaisiak  kai h Eukle�deia apìstash twn x, y ∈ Sn−1 sugkr�nontaimèsw th

(2.2.4)
2

π
ρ(x, y) ≤ ‖x − y‖2 ≤ ρ(x, y).To isoperimetrikì prìblhma sth sfa�ra diatup¸netai w ex :D�nontai α ∈ (0, 1) kai t > 0. An�mesa se ìla ta Borel uposÔnola Ath sfa�ra gia ta opo�a σ(A) = α, na brejoÔn eke�na gia ta opo�aelaqistopoie�tai h epif�neia σ(At) th t-perioq  tou A.H ap�nthsh d�netai apì to akìloujo je¸rhma:Isoperimetrik  anisìthta sth sfa�ra. 'Estw α ∈ (0, 1) kai

B(x, r) = {y ∈ Sn−1 : ρ(x, y) ≤ r}mia mp�la sthn Sn−1 me akt�na r > 0 pou epilègetai ¸ste σ(B(x, r)) = α. Tìte,gia k�je A ⊆ Sn−1 me σ(A) = α kai gia k�je t > 0 èqoume
(2.2.5) σ(At) ≥ σ

(

B(x, r)t

)

= σ
(

B(x, r + t)
)

.Dhlad , gia opoiod pote dosmèno mètro α kai opoiod pote t > 0 oi mp�le mètrou
α d�noun th lÔsh tou isoperimetrikoÔ probl mato.H apìdeixh th isoperimetrik  anisìthta g�netai me sfairik  summetriko-po�hsh kai epagwg  w pro th di�stash. A jewr soume thn eidik  per�ptwsh
α = 1/2. An σ(A) = 1/2 kai t > 0, tìte mporoÔme na ektim soume to mègejotou At qrhsimopoi¸nta thn isoperimetrik  anisìthta:
(2.2.6) σ(At) ≥ σ

(

B
(

x, π
2 + t

))gia k�je t > 0 kai x ∈ Sn−1. Ektim¸nta apì k�tw to dexiì mèlo th (2.2.6)odhgoÔmaste sthn akìloujh anisìthta.Je¸rhma 2.2.1. 'Estw A ⊆ Sn+1 me σ(A) = 1/2 kai èstw t > 0. Tìte,
(2.2.7) σ(At) ≥ 1 −

√

π/8 exp(−t2n/2).Parat rhsh. Autì pou èqei shmas�a se sqèsh me thn ekt�mhsh sthn (2.2.7)e�nai ìti, ìso mikrì t > 0 ki an dialèxoume, h akolouj�a exp(−t2n/2) te�neisto 0 kaj¸ n → ∞ kai m�lista me polÔ taqÔ rujmì (ekjetik� w pro n).Epomènw, to posostì th sfa�ra pou mènei èxw apì thn t-perioq  opoioud poteuposunìlou A th Sn+1 me σ(A) = 1/2 e�nai {sqedìn mhdenikì} an h di�stash
n e�nai arket� meg�lh.



12 · To lhmma twn Johnson-LindenstraussH apìdeixh tou Jewr mato 2.2.1 bas�zetai polÔ isqur� sth sfairik  iso-perimetrik  anisìthta. Gia ti perissìtere ìmw efarmogè pou èqoume stonoÔ ma e�nai arket  mia anisìthta san thn (2.2.7) kai ìqi h akrib  lÔsh touisoperimetrikoÔ probl mato. Ja d¸soume mia apl  apìdeixh th (2.2.7) qw-r� na per�soume mèsa apì thn isoperimetrik  anisìthta, qrhsimopoi¸nta thnanisìthta Brunn-Minkowski.Orismì 2.2.2. 'Estw A kai B mh ken� uposÔnola tou R
n. Or�zoume

(2.2.8) A + B := {a + b | a ∈ A, b ∈ B}kai gia k�je t ≥ 0,
(2.2.9) tA = {ta | a ∈ A}.H anisìthta Brunn-Minkowski sundèei to �jroisma Minkowski me ton ìgko
| · | ston R

n:Je¸rhma 2.2.3 (anisìthta Brunn-Minkowski). 'Estw K kai T dÔo mhken� sumpag  uposÔnola tou R
n. Tìte,

(2.2.10) |K + T |1/n ≥ |K|1/n + |T |1/n.Parathr sei. Sthn per�ptwsh pou ta K kai T e�nai kurt� s¸mata (kurt� su-mpag  me mh kenì eswterikì), isìthta sthn (2.2.10) mpore� na isqÔei mìno an ta
K kai T e�nai omoiojetik� (dhlad , an K = aT + x gia k�poion a ≥ 0 kai k�poio
x ∈ R

n).H (2.2.10) ekfr�zei me mia ènnoia to gegonì ìti o ìgko e�nai ko�lh sun�r-thsh w pro thn prìsjesh kat� Minkowski. Gia to lìgo autì suqn� gr�fetaisthn akìloujh morf : An K,T e�nai mh ken� sumpag  uposÔnola tou R
n kai

λ ∈ (0, 1), tìte
(2.2.11) |λK + (1 − λ)T |1/n ≥ λ|K|1/n + (1 − λ)|T |1/n.Qrhsimopoi¸nta thn (2.2.11) kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,mporoÔme akìma na gr�youme:
(2.2.12) |λK + (1 − λ)T | ≥ |K|λ|T |1−λ.H asjenèsterh aut  morf  th anisìthta Brunn-Minkowski èqei to pleonèkth-ma ìti e�nai anex�rthth th di�stash.L mma 2.2.4. JewroÔme to omoiìmorfo mètro pijanìthta µ sthn Eukle�deiamonadia�a mp�la Bn

2 . Dhlad , µ(A) = |A|/|Bn
2 | gia k�je Borel A ⊆ Bn

2 . An
A,C ⊆ Bn

2 sumpag , kai
(2.2.13) d(A,C) := min{‖a − c‖2 : a ∈ A, c ∈ C} = ρ > 0,tìte
(2.2.14) min{µ(A), µ(C)} ≤ exp(−ρ2n/8).



2.2 Isoperimetrikh anisothta sth sfaira · 13Apìdeixh. JewroÔme to sÔnolo A+C
2 . Apì thn anisìthta Brunn–Minkowskipa�rnoume ∣

∣

A+C
2

∣

∣ ≥ min{|A|, |C|}. Sunep¸,
(2.2.15) µ

(

A + C

2

)

≥ min{µ(A), µ(C)}.Apì thn �llh pleur�, an a ∈ A kai c ∈ C, o kanìna tou parallhlogr�mmoud�nei
(2.2.16) ‖a + c‖2

2 = 2‖a‖2
2 + 2‖c‖2

2 − ‖a − c‖2
2 ≤ 4 − ρ2,epomènw

(2.2.17)
A + C

2
⊆

√

1 − ρ2

4
Bn

2 .Sundu�zonta ti (2.2.15) kai (2.2.17) blèpoume ìti
(2.2.18) min

{

µ(A), µ(C)
}

≤
(

1 − ρ2

4

)n/2

≤ exp(−ρ2n/8). 2Apìdeixh tou Jewr mato 2.2.1: 'Estw A ⊆ Sn−1 me σ(A) = 1/2 kaièstw t > 0. Jètoume C = Sn−1 \ At kai jewroÔme ta uposÔnola
(2.2.19) A1 = {ρa : a ∈ A, 1

2 ≤ ρ ≤ 1} kai C1 = {ρa : a ∈ C, 1
2 ≤ ρ ≤ 1}th Bn

2 . EÔkola elègqoume ìti
(2.2.20) d(A1, C1) ≥ sin

t

2
≥ t

π
.Apì to L mma 2.2.4 sumpera�noume ìti

(2.2.21) |C1| ≤ exp(−d2n/8)|Bn
2 | ≤ exp

(

−t2n/(8π2)
)

|Bn
2 |.'Omw, apì ton orismì tou σ èqoume |Bn

2 |σ(C) = |C̃| kai |C1| = (1 − 2−n)|C̃|.Sundu�zonta me thn (2.2.21) blèpoume ìti
(2.2.22) σ(Ac

t) = σ(C) ≤ 1

1 − 2−n
exp

(

−t2n/(8π2)
)

.Dhlad ,
(2.2.23) σ(At) ≥ 1 − c1 exp(−c2t

2n)ìpou c1 = 2 kai c2 = 1/(8π2). H (2.2.23) e�nai entel¸ an�logh me thn anisìthtatou Jewr mato 2.2.1 an exairèsoume ti akribe� timè twn stajer¸n c1 kai c2.
2



14 · To lhmma twn Johnson-Lindenstrauss2.3 To l mma twn Johnson-LindenstraussJe¸rhma 2.3.1 (Johnson-Lindenstrauss, [6℄). 'Estw X èna sÔnolo n-shme�wn se k�poion Eukle�deio q¸ro. Gia k�je ε ∈ (0, 1] up�rqei (1 + ε)-emfÔteush tou X ston ℓk
2 gia k�poion k = O(ε−2 log n).H apìdeixh ja basiste� sto L mma tou Lévy pou e�nai �mesh sunèpeia twnapotelesm�twn twn §2.1 kai §2.2.Je¸rhma 2.3.2 (L mma tou Lévy). An f : Sn−1 → R e�nai mia 1-Lipschitzsun�rthsh tìte, gia k�je t > 0,

(2.3.1) P[f < med(f) − t] ≤ e−t2n/2 kai P[f > med(f) + t] ≤ e−t2n/2.'Estw 1 ≤ k ≤ n. JewroÔme th sun�rthsh fk : Sn−1 → R pou apeikon�zeik�je x ∈ Sn−1 sto m ko fk(x) th probol  tou p�nw ston upìqwro Hk poupar�getai apì ta pr¸ta k dianÔsmata th sun jou orjokanonik  b�sh tou
R

n. Dhlad ,
(2.3.2) fk(x) =

√

x2
1 + · · · + x2

kìpou x = (x1, . . . , xn).L mma 2.3.3. Up�rqei pragmatikì arijmì m = m(n, k) ¸ste
(2.3.3) P[fk < m − t] ≤ e−t2n/2 kai P[fk > m + t] ≤ e−t2n/2gia k�je t > 0. An to n e�nai megalÔtero apì kat�llhlh apìluth stajer� kai an
k ≥ 10 log n, tìte m ≥ 1

2

√

k
n .Apìdeixh. H (2.3.3) isqÔei me m = med(f). Autì e�nai �mesh sunèpeia touL mmato 2.3.2, arke� na parathr soume ìti h fk e�nai 1-Lipschitz.Mènei na doÔme to k�tw fr�gma gia to m. Parathr ste ìti

(2.3.4) E[f2
k ] = kE[x2

1] =
k

n
E[‖x‖2

2] =
k

n
.Gia k�je t > 0 mporoÔme na gr�youme

k

n
= E[f2

k ] ≤ P[f ≤ m + t] · (m + t)2 + P[f > m + t] · ‖fk‖2
∞

≤ (m + t)2 + e−t2n/2.Epilègoume t =
√

k/5n. 'Eqoume upojèsei ìti k ≥ 10 log n, ap� ìpou èpetai ìti
exp(−t2n/2) ≤ 1

n . 'Ara,
(2.3.5)

k

n
≤ (m + t)2 +

1

n
,dhlad ,

(2.3.6) m ≥
√

k − 1

n
− t ≥ 1

2

√

k

n



2.3 To lhmma twn Johnson-Lindenstrauss · 15an to n (opìte kai to k) e�nai arket� meg�lo. Akribèstero upologismì de�qneiìti m =
√

k/n + O(1/
√

n) gia k�je k. 2Apìdeixh tou Jewr mato 2.3.1. MporoÔme na upojèsoume ìti to ne�nai arket� meg�lo. 'Estw X èna sÔnolo n shme�wn ston ℓ2. Jètoume k =

200ε−2 log n. An k ≥ n tìte den èqoume t�pota na de�xoume, opìte upojètoumeìti k < n.'Estw L o tuqa�o k-di�stato grammikì upìqwro tou ℓn
2 . 'Estw pL : ℓn

2 →
L h orjog¸nia probol  ep� tou L kai èstw m = m(n, k).'Estw x kai y sto X. Ja de�xoume ìti h pijanìthta (w pro L) na mhn isqÔeih
(2.3.7)

(

1 − ε

3

)

m‖x − y‖2 ≤ ‖pL(x) − pL(y)‖2 ≤
(

1 +
ε

3

)

m‖x − y‖2e�nai mikrìterh apì 1
n2 .Jètoume u = x − y. AfoÔ k�je pL e�nai grammik  apeikìnish, h (2.3.7)gr�fetai

(2.3.8)
(

1 − ε

3

)

m‖u‖2 ≤ ‖pL(u)‖2 ≤
(

1 +
ε

3

)

m‖u‖2,kai, epeid  ìloi oi ìroi th anisìthta e�nai jetik� omogene�, mporoÔme na upo-jèsoume ìti ‖u‖2 = 1. Dhlad , gia stajerì u ∈ Sn−1 zht�me na isqÔei h
(2.3.9) P

(

L :
∣

∣ ‖pL(u)‖2 − m
∣

∣ >
εm

3

)

≤ 1

n2
.'Omw, h pijanìthta aut  e�nai akrib¸ �sh me thn

(2.3.10) P

(

x ∈ Sn−1 :
∣

∣ fk(x) − m
∣

∣ >
εm

3

)

.Apì to L mma 2.3.3 e�nai mikrìterh apì
(2.3.11) 2 exp

(

−ε2m2n

18

)

≤ exp

(

−ε2k

72

)

< n−2.AfoÔ up�rqoun ligìtera apì n2 zeug�ria shme�wn x, y ∈ X, up�rqei k�poio L¸ste h (2.3.7) na isqÔei gia k�je x, y ∈ X. Tìte, h apeikìnish pL : X → L or�zeimia emfÔteush tou X ston ℓk
2 me paramìrfwsh D ≤ (1 + ε/3)/(1 − ε/3) < 1 + ε(an 0 < ε < 1). 2To l mma twn Johnson-Lindenstrauss (Je¸rhma 2.3.1) pa�zei shmantikì rìlosto prìblhma th paramìrfwsh gia Eukle�deie emfuteÔsei. 'Estw (X, d) ènametrikì q¸ro me n shme�a. A upojèsoume ìti èqoume brei mia emfÔteush

f : X → ℓ2 me paramìrfwsh dist(f) = α. Jewr¸nta ton upìqwro tou ℓ2 poupar�goun ta f(x1), . . . , f(xn) mporoÔme p�nta na upojètoume ìti h f emfuteÔeiton X ston ℓn
2 . Efarmìzonta to Je¸rhma 2.3.1 me ε = 1/2 gia to sÔnolo f(X)ston ℓn

2 br�skoume k ≤ C log n kai emfÔteush h : f(X) → ℓk
2 me paramìrfwsh

dist(h) < 2. Tìte, h f1 = h ◦ f : X → ℓk
2 e�nai mia (2α)�emfÔteush tou X ston

ℓk
2 . Me �lla lìgia, isqÔei h ex  {arq  anagwg  th di�stash}:An èna peperasmèno metrikì q¸ro X emfuteÔetai me paramìrfw-sh α se k�poion Eukle�deio q¸ro, tìte emfuteÔetai me paramìrfwsh

2α ston ℓ
C log |X|
2 , ìpou C > 0 apìluth stajer�.





Kef�laio 3Eukle�deie emfuteÔsei:�nw fr�gmata'Estw f : X → Y mia emfÔteush tou metrikoÔ q¸rou (X, ρ) sto q¸ro me nìrma
(Y, ‖ · ‖). H paramìrfwsh th f or�zetai w ex :

dist(f) = sup
x6=y

‖f(x) − f(y)‖
ρ(x, y)

· sup
x6=y

ρ(x, y)

‖f(x) − f(y)‖ .Sumbol�zoume me cY (X) thn el�qisth paramìrfwsh me thn opo�a o X emfuteÔetaiston Y . An cY (X) ≤ α tìte lème ìti o X e�nai α�emfuteÔsimo ston Y . Seautì to Kef�laio o q¸ro Y e�nai k�poio ℓp, 1 ≤ p ≤ ∞. Gr�foume cp(X) ant�gia cℓp
(X).3.1 'Anw fr�gmata gia ℓ∞-emfuteÔsei'Estw (X, ρ) èna metrikì q¸ro. Mia emfÔteush f : (X, ρ) → ℓd

∞ prosdior�-zetai apì ti d {suntetagmène} f1, . . . , fd : X → R. Prokeimènou na d¸soume�nw fr�gma gia thn c∞(X), ja prospaj soume na or�soume ti fi ètsi ¸ste giak�poion γ ≥ 1 na isqÔoun ta ex :(a) Gia k�je x, y ∈ X kai gia k�je i = 1, . . . , d,
|fi(x) − fi(y)| ≤ ρ(x, y).(b) Gia k�je x, y ∈ X up�rqei i = i(x, y) ∈ {1, . . . , d} ¸ste
|fi(x) − fi(y)| ≥ 1

γ
ρ(x, y).Tìte,

(3.1.1) ρ(x, y) ≥ ‖fi(x) − fi(y)‖∞ = max
1≤i≤d

|fi(x) − fi(y)| ≥ 1

γ
ρ(x, y)



18 · Eukleideie emfuteusei: anw fragmatagia k�je x, y ∈ X, dhlad  h f = (f1, . . . , fd) e�nai γ-emfÔteush tou X ston ℓd
∞(kai c∞(X) ≤ γ).Mia teqnik  pou qrhsimopoie�tai suqn� gia thn kataskeu  tètoiwn emfuteÔse-wn e�nai h ex . JewroÔme mia oikogèneia (Ai)i∈I uposunìlwn tou X kai or�zoume

fi : X → R me
(3.1.2) fi(x) = ρ(x,Ai) = inf

{

ρ(x, u) : u ∈ Ai

}

.Apì thn trigwnik  anisìthta gia thn ρ èpetai ìti
(3.1.3) |fi(x) − fi(y)| = |ρ(x,Ai) − ρ(y,Ai)| ≤ ρ(x, y)gia k�je x, y ∈ X kai gia k�je i ∈ I. Mènei na epilèxoume thn oikogèneia (Ai)i∈Ime tètoio trìpo ¸ste na ikanopoie�tai to (b) gia ìso g�netai mikrìterh stajer�
γ.Prìtash 3.1.1 (emfÔteush tou Fréchet). K�je metrikì q¸ro (X, ρ)me n shme�a emfuteÔetai isometrik� ston ℓn

∞.Apìdeixh. A upojèsoume ìti X = {x1, . . . , xn}. Gia k�je i = 1, . . . , n or�zoume
(3.1.4) fi(x) = ρ(x, {xi}) = ρ(x, xi).Apì thn trigwnik  anisìthta èqoume: gia k�je x, y ∈ X kai gia k�je i ≤ n,
|fi(x) − fi(y)| = |ρ(x, xi) − ρ(y, xi)| ≤ ρ(x, y). Sunep¸,
(3.1.5) ‖f(x) − f(y)‖ℓn

∞
= max

1≤i≤n
|fi(x) − fi(y)| ≤ ρ(x, y).Apì thn �llh pleur�, an x = xi kai y = xj ston X, èqoume

(3.1.6)

‖f(xi) − f(xj)‖ℓn
∞

≥ |fj(xi) − fj(xj)| = |ρ(xi, xj) − ρ(xj , xj)| = ρ(xi, xj).Dhlad , ‖f(x) − f(y)‖ℓn
∞

= ρ(x, y) gia k�je x, y ∈ X. 2'Estw (X, ρ) èna metrikì q¸ro me n shme�a. To epiqe�rhma th Prìtash3.1.1 de�qnei ìti mporoÔme na emfuteÔsoume isometrik� ton X ston ℓn−1
∞ . Arke� naor�soume thn emfÔteush f = (f2, . . . , fn) : X → ℓn−1

∞ (aut  paramènei isometr�a).An ìmw jewr soume di�stash d shmantik� mikrìterh apì n, tìte h el�qisthdunat  paramìrfwsh me thn opo�a mporoÔme na emfuteÔsoume ton X ston ℓd
∞ jae�nai mia sun�rthsh twn n kai d.Je¸rhma 3.1.2 (Matousek, [12℄). 'Estw γ = 2q − 1 ≥ 3 èna perittìfusikì arijmì kai èstw (X, ρ) èna metrikì q¸ro me n shme�a. Up�rqoun

d = O(qn1/q log n) kai γ-emfÔteush tou X ston ℓd
∞.Apìdeixh. Gr�foume X = {x1, . . . , xn}. H apìdeixh ja basiste� sthn idèa pouqrhsimopoi same pio p�nw. Oi suntetagmène fi th emfÔteush ja e�nai sunar-t sei apìstash apì kat�llhla uposÔnola tou X ta opo�a epilègontai tuqa�a.Or�zoume p = n−1/q kai gia k�je j = 1, 2, . . . , q jètoume pj = min

{

1
2 , pj

}.Tèlo, jètoume m = ⌈24n1/q log n⌉.



3.1 Anw fragmata gia ℓ∞-emfuteusei · 19Gia k�je i = 1, . . . ,m kai j = 1, 2, . . . , q, epilègoume tuqa�o uposÔnolo Aijtou X w ex . JewroÔme anex�rthte tuqa�e metablhtè {Zk
ij : i ≤ m, j ≤

q, k ≤ n} se k�poio q¸ro pijanìthta (Ω,A, P), oi opo�e pa�rnoun ti timè 0  
1 me pijanìthta
(3.1.7) P(Zk

ij = 0) = 1 − pj kai P(Zk
ij = 1) = pj ,kai jètoume

(3.1.8) Aij(ω) = {xk : Zk
ij(ω) = 1}.Me �lla lìgia, k�je shme�o tou X an kei sto Aij me pijanìthta pj kai h epilog tou xk e�nai anex�rthth apì thn epilog  tou xs an k 6= s. An (i, j) 6= (i′, j′),tìte to Aij e�nai anex�rthto apì to Ai′j′ .Jètoume d = qm kai or�zoume (thn tuqa�a emfÔteush) f : X → ℓd

∞ me
(3.1.9) f(x) = (ρ(x,A11), . . . , ρ(x,Am1), . . . , ρ(x,A1q), . . . , ρ(x,Amq)) .Ja de�xoume ìti me jetik  pijanìthta h f e�nai (2q − 1)-emfÔteush.L mma 3.1.3. 'Estw x, y dÔo diakekrimèna shme�a tou X. Up�rqei de�kth
j ∈ {1, 2, . . . , q} ¸ste an ta tuqa�a sÔnola Aij epilègontai ìpw parap�nw tìte,gia k�je i = 1, . . . ,m,
(3.1.10) P

(

|ρ(x,Aij) − ρ(y,Aij)| ≥
1

γ
ρ(x, y)

)

≥ p

12
.Apìdeixh. Jètoume ∆ = 1

γ ρ(x, y). Or�zoume B0 = {x}, B1 thn kleist  mp�laakt�na ∆ me kèntro to y, B2 thn kleist  mp�la akt�na 2∆ me kèntro to x,kai oÔtw kajex , me teleuta�a thn Bq pou e�nai h kleist  mp�la akt�na q∆ mekèntro to x (an o q e�nai �rtio)   to y (an o q e�nai perittì). Jumhje�te ìti
γ = 2q − 1, opìte oi akt�ne twn Bq−1 kai Bq èqoun �jroisma �so me ρ(x, y).Dhlad , oi teleuta�e dÔo mp�le ef�ptontai. Gia k�je t = 0, 1, . . . , q gr�foume
nt gia to pl jo twn shme�wn tou X pou an koun sthn Bt.De�qnoume pr¸ta ìti up�rqei k�poio de�kth j ∈ {1, . . . , q} me thn idiìthta:gia k�poio 0 ≤ t ≤ q isqÔoun oi
(3.1.11) nt ≥ n(j−1)/q kai nt+1 ≤ nj/q.Autì e�nai apl  sunèpeia th arq  tou perister¸na: qwr�zoume to di�sthma
[1, n] se q diast mata I1, I2, . . . , Iq, jètonta
(3.1.12) Ij =

[

n(j−1)/q, nj/q
]kai diakr�noume dÔo peript¸sei:(i) An h akolouj�a (n1, n2, . . . , nq) den e�nai aÔxousa, up�rqei k�poio t ¸ste

nt+1 < nt. Up�rqei j ¸ste nt ∈ Ij . Gi� autìn ton j ikanopoie�tai tozhtoÔmeno.



20 · Eukleideie emfuteusei: anw fragmata(ii) An 1 = n0 ≤ n1 ≤ · · · ≤ nq ≤ n tìte, apì thn arq  tou perister¸na,up�rqoun t kai j ¸ste oi nt kai nt+1 na an koun sto Ij . Gi� autìn ton jikanopoie�tai to zhtoÔmeno.Ja de�xoume ìti gia ton de�kth j pou epilèxame ikanopoie�tai to sumpèrasma touL mmato. 'Estw i ∈ {1, . . . ,m}. Or�zoume ta endeqìmena
E1 : {to sÔnolo Aij perièqei shme�o th Bt}
E2 : {to sÔnolo Aij e�nai xèno pro to eswterikì th Bt+1}.An de�xoume ìti P[E1 ∩ E2] ≥ p

12 tìte pa�rnoume to L mma, afoÔ gia k�je Aijpou ikanopoie� ta E1 kai E2 èqoume ρ(x,Aij) ≥ (t + 1)∆ kai ρ(y,Aij) ≤ t∆ (ano t e�nai perittì)   ρ(y,Aij) ≥ (t + 1)∆ kai ρ(x,Aij) ≤ t∆ (an o t e�nai �rtio).Se k�je per�ptwsh,
(3.1.13) |ρ(x,Aij) − ρ(y,Aij)| ≥ ∆ =

1

γ
ρ(x, y).Gr�foume

(3.1.14) P[E1] = 1 − P[Aij ∩ Bt = ∅] = 1 − (1 − pj)
nt ≥ 1 − e−pjnt .'Omw,

(3.1.15) pjnt ≥ pjn
(j−1)/q = pjp

−j+1 = min

{

1

2
, pj

}

p−j+1 ≥ min

{

1

2
, p

}

.'Ara, an p ≥ 1
2 èqoume P[E1] ≥ 1 − e−1/2 > 1

3 ≥ p
3 , en¸ an p < 1

2 èqoume
P[E1] ≥ 1 − e−p ≥ p

3 .Apì thn �llh pleur�, afoÔ pj ≤ 1
2 ,

(3.1.16) P[E2] ≥ (1 − pj)
nt+1 ≥ (1 − pj)

nj/q ≥ (1 − pj)
1/pj ≥ 1

4
.H Bt kai to eswterikì th Bt+1 èqoun ken  tom , �ra ta E1 kai E2 e�nai anex�r-thta endeqìmena. 'Epetai ìti

(3.1.17) P[E1 ∩ E2] = P[E1] · P[E2] ≥
p

3
· 1

4
=

p

12
,ki autì apodeiknÔei to L mma. 2Sunèqeia th apìdeixh tou Jewr mato 3.1.2. Apì ton trìpo orismoÔ th fèqoume

(3.1.18) ‖f(x) − f(y)‖∞ ≤ ρ(x, y)gia k�je x, y ∈ X. Ja de�xoume ìti to endeqìmeno{E : gia k�je x, y ∈ X up�rqoun i kai j ¸ste |ρ(x,Aij)−ρ(y,Aij)| ≥
1
γ ρ(x, y)}



3.2 Anw fragmata gia Eukleideie emfuteusei · 21èqei jetik  pijanìthta. Gia stajer� x, y ∈ X, jewroÔme ton j = j(x, y) touL mmato 3.1.3. H pijanìthta na mhn isqÔei h anisìthta gia kanènan i ≤ mfr�ssetai apì
(3.1.19)

(

1 − p

12

)m

≤ e−pm/12 ≤ n−2apì ton orismì tou m. To pl jo twn zeugari¸n {x, y} e�nai (

n
2

)

< n2. 'Epetaiìti
(3.1.20) P[Ec] < 1.Up�rqoun loipìn Aij gia ta opo�a h emfÔteush f ikanopoie� thn
(3.1.21) ‖f(x) − f(y)‖∞ ≥ 1

γ
ρ(x, y)gia k�je x, y ∈ X. H f : X → ℓmq

∞ èqei paramìrfwsh γ kai d = mq =

O(qn1/q log n). 23.2 'Anw fr�gmata gia Eukle�deie emfuteÔseiSe aut  thn Par�grafo de�qnoume to �nw fr�gma tou Bourgain [3℄ gia thn c2(X).Je¸rhma 3.2.1 (Bourgain). K�je metrikì q¸ro (X, ρ) me n shme�a em-futeÔetai se k�poion Eukle�deio q¸ro me paramìrfwsh O(log n).H apìdeixh tou Jewr mato 3.2.1 e�nai parìmoia me aut n tou Jewr mato3.1.2 gia ti emfuteÔsei metrik¸n q¸rwn ston ℓd
∞. Gia thn akr�beia, prohg jhkeqronik� th doulei� tou Matousek kai e�nai to pr¸to apotèlesma aut  th pe-rioq  sto opo�o qrhsimopoi jhke aut  h idèa: Oi suntetagmène th sun�rthshpou ja or�soume ja e�nai sunart sei apìstash apì uposÔnola tou X.Jètoume q = ⌊log2 n⌋+ 1. Gia k�je j = 1, . . . , q jewroÔme tuqa�o uposÔnolo

Aj tou X pa�rnonta k�je shme�o tou X na an kei anex�rthta apì ta upìloipashme�a sto Aj me pijanìthta 2−j .L mma 3.2.2. 'Estw x, y dÔo diakekrimèna shme�a tou X. Up�rqoun pragma-tiko� arijmo� ∆1, . . . ,∆q ≥ 0 me ∆1 + · · · + ∆q = 1
2ρ(x, y) ¸ste

(3.2.1) Pj = P(|ρ(x,Aj) − ρ(y,Aj)| ≥ ∆j) ≥
1

12gia k�je j = 1, . . . , q.Apìdeixh. Or�zoume mia aÔxousa akolouj�a jètonta r0 = 0 kai rj th mikrìterhakt�na gia thn opo�a isqÔoun tautìqrona oi
|B(x, rj)| ≥ 2j kai |B(y, rj)| ≥ 2j ,ìpou B(x, r) = {y ∈ X : ρ(x, y) ≤ r}. Gr�foume j(x, y) gia to megalÔterofusikì j ≤ q− 1 gia ton opo�o rj < 1

2ρ(x, y), kai jètoume rj = 1
2ρ(x, y) gia k�je
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j(x, y) < j ≤ q. Ja de�xoume ìti to sumpèrasma tou L mmato ikanopoie�tai me
∆j = rj − rj−1. Parathr ste ìti an q ≥ j > j(x, y) + 1 den èqoume na de�xoumet�pota.'Estw j ∈ {1, 2, . . . , j(x, y) + 1}. JewroÔme to tuqa�o Aj ⊆ X ta stoi-qe�a tou opo�ou epilègontai me pijanìthta 2−j . Apì ton orismì tou rj èqoume
|B◦(x, rj)| < 2j   |B◦(y, rj)| < 2j , ìpou B◦(x, r) = {y ∈ X : ρ(x, y) < r}.Parathr ste ìti to parap�nw isqÔei kai sthn per�ptwsh j = q, afoÔ |X| ≤ 2qapì ton orismì tou q. Pa�rnonta an qreiaste� to y sth jèsh tou x, mporoÔmena upojèsoume ìti |B◦(x, rj)| < 2j .To tuqa�o sÔnolo Aj ikanopoie� thn |ρ(x,Aj)− ρ(y,Aj)| ≥ ∆j an tèmnei thn
B(y, rj−1) kai e�nai xèno pro thn B◦(x, rj). H pijanìthta na sumba�nei autì toendeqìmeno upolog�sthke sto L mma 3.1.3 (p�rte p = 1/2). 2K�je apeikìnish ϕ : X → R ep�gei mia grammik  yeudometrik  ν ston X, hopo�a or�zetai apì thn
(3.2.2) ν(x, y) = |ϕ(x) − ϕ(y)|.Gr�foume νA gia th grammik  yeudometrik  pou antistoiqe� sthn apeikìnish y 7→
ρ(y,A). Parathr ste ìti νA(x, y) ≤ ρ(x, y) gia k�je A ⊆ X kai gia k�je
x, y ∈ X: ja gr�foume νA ≤ ρ kai ja lème ìti h νA kuriarqe�tai apì thn ρ.To epìmeno L mma de�qnei ìti an mia metrik  ρ sto X prosegg�zetai apì ènankurtì sunduasmì grammik¸n yeudometrik¸n, oi opo�e kuriarqoÔntai apì thn ρ,tìte up�rqei kal  emfÔteush tou (X, ρ) ston ℓ2.L mma 3.2.3. 'Estw (X, ρ) èna peperasmèno metrikì q¸ro, kai èstw
ν1, . . . , νN grammikè yeudometrikè me νi ≤ ρ gia k�je i = 1, . . . , N . Upo-jètoume ìti
(3.2.3)

N
∑

i=1

αiνi ≥
1

γ
ρgia k�poiou mh arnhtikoÔ arijmoÔ α1, . . . , αn pou èqoun �jroisma �so me 1.Tìte, up�rqei γ-emfÔteush tou (X, ρ) ston ℓ2.Apìdeixh. 'Estw ϕi : X → R h apeikìnish pou ep�gei th grammik  yeudometrik 

νi. Or�zoume mia emfÔteush f : X → ℓN
2 w ex :

(3.2.4) f(y) = (
√

α1ϕ1(y), . . . ,
√

αNϕN (y)).Apì th m�a pleur� èqoume
(3.2.5) ‖f(x) − f(y)‖2

2 =

N
∑

i=1

αiνi(x, y)2 ≤ ρ(x, y)2,afoÔ α1 + · · · + αN = 1 kai ìle oi νi kuriarqoÔntai apì thn ρ. Apì thn �llh



3.2 Anw fragmata gia Eukleideie emfuteusei · 23pleur�, me apl  efarmog  th anisìthta Cauchy-Schwarz èqoume
‖f(x) − f(y)‖2 =

(

N
∑

i=1

αiνi(x, y)2

)1/2

=

(

N
∑

i=1

αi

)1/2 (

N
∑

i=1

αiνi(x, y)2

)1/2

≥
N

∑

i=1

αiνi(x, y).Apì thn upìjesh, h teleuta�a posìthta e�nai megalÔterh   �sh apì 1
γ ρ(x, y). 2Apìdeixh tou Jewr mato 3.2.1. Gia k�je A ⊆ X h apeikìnish y 7→

ρ(y,A) ep�gei mia grammik  yeudometrik  pou kuriarqe�tai apì thn ρ. Qrhsimo-poi¸nta to L mma 3.2.2 ja de�xoume ìti up�rqei kurtì sunduasmì aut¸n twnyeudometrik¸n, o opo�o fr�ssetai apì k�tw apì thn 1
24q ρ.Gia to skopì autì, gia k�je A ⊆ X kai gia k�je j = 1, . . . , q or�zoume

(3.2.6) πj(A) = P[Aj = A]ìpou Aj to tuqa�o sÔnolo pou ta shme�a tou epilègontai anex�rthta kai mepijanìthta 2−j apì to X. Apì to L mma 3.2.2, gia k�je zeug�ri {x, y} shme�wntou X èqoume
∑

A⊆X

πj(A) · νA(x, y) ≥
∑

{A⊆X:νA(x,y)≥∆j}
πj(A) · νA(x, y)

≥ 1

12
∆j .Prosjètonta w pro j = 1, . . . , q, pa�rnoume

(3.2.7)
∑

A⊆X





q
∑

j=1

πj(A)



 · νA(x, y) ≥ 1

12

q
∑

j=1

∆j =
1

24
ρ(x, y).Jètoume

(3.2.8) αA =
1

q

q
∑

j=1

πj(A).Qrhsimopoi¸nta thn ∑

A⊆X πj(A) = 1 blèpoume ìti
(3.2.9)

∑

A⊆X

αA = 1.Apì thn (3.2.7) pa�rnoume
(3.2.10)

∑

A⊆X

αAνA ≥ 1

24q
ρ,



24 · Eukleideie emfuteusei: anw fragmatakai to L mma 3.2.3 de�qnei ìti o X emfuteÔetai ston ℓ2 me paramìrfwsh 24q. 2Sto Kef�laio 2 e�dame ìti to l mma twn Johnson-Lindenstrauss (Je¸rhma2.3.1) ma exasfal�zei thn ex  {arq  anagwg  th di�stash} gia Eukle�deieemfuteÔsei:An èna peperasmèno metrikì q¸ro X emfuteÔetai me paramìrfw-sh α se k�poion Eukle�deio q¸ro, tìte emfuteÔetai me paramìrfwsh
2α ston ℓ

C log |X|
2 , ìpou C > 0 apìluth stajer�.Apì to Je¸rhma 3.2.1 pa�rnoume loipìn �mesa to ex :Je¸rhma 3.2.4. K�je metrikì q¸ro (X, ρ) me n shme�a emfuteÔetai meparamìrfwsh O(log n) ston ℓd

2 gia k�poion d = O(log n). 2



Kef�laio 4Hmiorismènoprogrammatismì kaiEukle�deia paramìrfwsh4.1 AnadiatÔpwsh tou probl mato'Estw (X, ρ) èna metrikì q¸ro me n shme�a. Gr�foume X = {x1, . . . , xn}. Giaton upologismì th c2(X) mporoÔme na perioristoÔme se sunart sei f : X → ℓ2pou èqoun suntelest  sustol  1, dhlad  ikanopoioÔn thn
(4.1.1) ‖f(xi) − f(xj)‖2 ≥ ρ(xi, xj)gia k�je i, j ≤ n. Tìte, dist(f) ≤ γ an kai mìno an
(4.1.2) ρ(xi, xj)

2 ≤ ‖f(xi) − f(xj)‖2
2 ≤ γ2ρ(xi, xj)

2gia k�je i, j ≤ n. Me �lla lìgia, c2(X) ≤ γ an kai mìno an up�rqei f : X → ℓ2h opo�a ikanopoie� thn (4.1.2).Ja metafr�soume autì to prìblhma se èna prìblhma hmiorismènou program-matismoÔ. 'Ena p�naka T lègetai jetik� hmiorismèno an 〈s, Ts〉 ≥ 0 gia k�je
s ∈ R

n. Ja qrhsimopoi soume to gegonì ìti an èna summetrikì p�naka T e�naijetik� hmiorismèno tìte up�rqei p�naka U ¸ste T = U tU . Pr�gmati, k�je sum-metrikì p�naka diagwnopoie�tai, opìte o T gr�fetai sth morf  T = AtLA giak�poio diag¸nio p�naka L. AfoÔ o T e�nai jetik� hmiorismèno, èqoume Lii ≥ 0.An loipìn jewr soume to diag¸nio p�naka (
√

L)ii =
√

Lii pa�rnoume T = U tU ,ìpou U =
√

LA. IsqÔei kai to ant�strofo: eÔkola elègqoume ìti k�je p�nakath morf  T = U tU e�nai summetrikì kai jetik� hmiorismèno.Oi jetik� hmiorismènoi p�nake sundèontai me to prìblhma: an f : X → ℓ2mporoÔme na jewr soume ìti h f apeikon�zei ton X ston ℓn
2 . An jewr soumeth grammik  apeikìnish U : ℓn

2 → ℓn
2 pou or�zetai apì thn Uei = f(xi), tìte op�naka T = U tU e�nai summetrikì kai jetik� hmiorismèno: gia k�je i, j ≤ n
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(4.1.3) tij := 〈ei, T ej〉 = 〈ei, U

tUej〉 = 〈f(xi), f(xj)〉.Sunep¸,
(4.1.4) ‖f(xi)−f(xj)‖2

2 = ‖f(xi)‖2−2〈f(xi), f(xj)〉+‖f(xj)‖2
2 = tii−2tij+tjj .L mma 4.1.1. 'Estw (X, ρ) èna metrikì q¸ro me n shme�a. Tìte, c2(X) ≤

γ an kai mìno an up�rqei summetrikì jetik� hmiorismèno n×n p�naka T = (tij)me thn ex  idiìthta: gia k�je i, j ≤ n,
(4.1.5) d(xi, xj)

2 ≤ tii − 2tij + tjj ≤ γ2d(xi, xj)
2.Apìdeixh. Upojètoume pr¸ta ìti up�rqei f : X → ℓn

2 pou ikanopoie� thn (4.1.2).Tìte, o T = (tij) me tij = 〈f(xi), f(xj)〉 e�nai summetrikì, jetik� hmiorismènokai ikanopoie� thn (4.1.5). Ant�strofa, an up�rqei tètoio p�naka T tìte tongr�foume sth morf  T = U tU kai jewroÔme thn apeikìnish f : X → ℓn
2 poustèlnei to xi sthn i�ost  st lh tou U . H f ikanopoie� thn (4.1.2). 2Ja metafr�soume to nèo autì prìblhma qrhsimopoi¸nta to ex  L mma.L mma 4.1.2. 'Ena summetrikì n × n p�naka T = (tij) e�nai jetik� hmio-rismèno an kai mìno an gia k�je summetrikì jetik� hmiorismèno n × n p�naka

Q = (qij) èqoume
(4.1.6)

n
∑

i,j=1

qijtij ≥ 0.Apìdeixh. 'Estw ìti o T ikanopoie� thn (4.1.6). 'Estw s = (s1, . . . , sn) ∈ R
n.ParathroÔme ìti o p�naka Qs = (sisj)

n
i,j=1 e�nai summetrikì kai jetik� hmiori-smèno. Sunep¸,

(4.1.7) 〈s, Ts〉 =
n

∑

i,j=1

sisjtij =
n

∑

i,j=1

(Qs)ijtij ≥ 0.'Ara, o T e�nai jetik� hmiorismèno.Gia thn ant�strofh kateÔjunsh jewroÔme tuqìnta summetrikì jetik� hmiori-smèno n × n p�naka Q kai ton gr�foume sth morf  Q = AtLA ìpou A = (aij)kai L diag¸nio p�naka me lkk ≥ 0. An ∆kk e�nai o p�naka pou èqei mia mon�dasth jèsh kk kai mhdenik� se ìle ti �lle jèsei, tìte
(4.1.8) Q =

n
∑

k=1

lkkAt∆kkA.Gia na de�xoume ìti ikanopoie�tai h (4.1.6) arke� na de�xoume ìti
(4.1.9)

n
∑

i,j=1

(At∆kkA)ijtij ≥ 0



4.1 Anadiatupwsh tou problhmato · 27gia k�je k = 1, . . . , n. Omw, eÔkola elègqoume ìti (At∆kkA)ij = akiakj . Anloipìn jewr soume to di�nusma ak = (ak1, . . . , akn) èqoume
(4.1.10)

n
∑

i,j=1

(At∆kkA)ijtij =
n

∑

i,j=1

akiakjtij = 〈ak, Tak〉 ≥ 0afoÔ o T e�nai summetrikì kai jetik� hmiorismèno. 2SÔmfwna me ta parap�nw, to prìblhma upologismoÔ th c2(X) metafr�zetaisto ex  prìblhma hmiorismènou programmatismoÔ. 'Estw X = {x1, . . . , xn} kai
ρ mia metrik  sto X. Zht�me th mikrìterh stajer� γ ≥ 1 gia thn opo�a up�rqeisummetrikì n × n p�naka T = (tij) me ti parak�tw idiìthte:(i) ∑

i,j qijtij ≥ 0 gia k�je summetrikì jetik� hmiorismèno n × n p�naka Q =

(qij).(ii) ρ(xi, xj)
2 ≤ tii − 2tij + tjj gia k�je i, j = 1, . . . , n.(iii) tii − 2tij + tjj ≤ γ2ρ(xi, xj)

2 gia k�je i, j = 1, . . . , n.Qrhsimopoi¸nta th jewr�a tou hmiorismènou programmatismoÔ (pern¸nta stoduðkì prìblhma) mporoÔme na broÔme akrib  tÔpo gia thn c2(X).Je¸rhma 4.1.3 (Linial, London, Rabinovich, [9℄). 'Estw (X, ρ) ènapeperasmèno metrikì q¸ro. An X = {x1, . . . , xn} tìte
(4.1.11) c2(X) = max

√

√

√

√

∑

pij>0 pijρ(xi, xj)2

−∑

pij<0 pijρ(xi, xj)2
,ìpou to max pa�rnetai p�nw apì ìlou tou summetrikoÔ jetik� hmiorismènou

n× n p�nake P = (pij) pou ikanopoioÔn thn ∑n
j=1 pij = 0 gia k�je i = 1, . . . , n.Apìdeixh. Ja apode�xoume ìti h {el�qisth Eukle�deia paramìrfwsh} c2(X) e�naimegalÔterh   �sh apì thn posìthta sto dexiì mèlo th (4.1.11). Aut  thnanisìthta qreiazìmaste gia na d¸soume k�tw fr�gmata gia thn c2(X).Jètoume γ = c2(X). Upojètoume ìti up�rqei summetrikì jetik� hmiorismè-no p�naka P = (pij) me ∑n

j=1 pij = 0 gia k�je i = 1, . . . , n kai
(4.1.12) γ <

√

√

√

√

∑

pij>0 pijρ(xi, xj)2

−∑

pij<0 pijρ(xi, xj)2
,kai ja katal xoume se �topo. Apì thn (4.1.12) èqoume

(4.1.13)
∑

pij>0

pijρ(xi, xj)
2 + γ2

∑

pij<0

pijρ(xi, xj)
2 > 0.Ep�sh, up�rqei summetrikì p�naka T = (tij) pou ikanopoie� ti

0 ≤
∑

pij>0

pijtij +
∑

pij<0

pijtij

ρ(xi, xj)
2 ≤ tii + tjj − 2tij

−γ2ρ(xi, xj)
2 ≤ −

(

tii + tjj − 2tij
)

.



28 · Hmiorismeno programmatismo kai Eukleideia paramorfwshPollaplasi�zonta th deÔterh sunj kh me pij

2 an pij > 0, thn tr�th sunj kh me
−pij

2 an pij < 0 kai prosjètonta ìle ti anisìthte pou ja prokÔyoun sthnpr¸th sunj kh, pa�rnoume
0 <

∑

pij>0

pijρ(xi, xj)
2 + γ2

∑

pij<0

pijρ(xi, xj)
2

≤ 2
∑

pij 6=0

pij(tii + tjj)

= 2

n
∑

i,j=1

pij(tii + tjj)

= 2

n
∑

i=1

tii

n
∑

j=1

pij + 2

n
∑

j=1

tjj

n
∑

i=1

pij

= 0.Katal xame se �topo, �ra
(4.1.14) c2(X) ≥

√

√

√

√

∑

pij>0 pijρ(xi, xj)2

−∑

pij<0 pijρ(xi, xj)2
,gia ìlou tou summetrikoÔ jetik� hmiorismènou n × n p�nake P = (pij) pouikanopoioÔn thn ∑n

j=1 pij = 0 gia k�je i = 1, . . . , n. 24.2 K�tw fr�gma gia ton Hamming kÔboJewroÔme to sÔnolo Cm = {0, 1}m twn koruf¸n tou kÔbou [0, 1]n efodiasmènome th metrik  Hamming. H apìstash ρ(x, y) dÔo 0/1 akolouji¸n x kai y e�naito pl jo twn jèsewn sti opo�e diafèroun:
(4.2.1) ρ(x, y) = |{i ≤ m : xi 6= yi}| =

m
∑

i=1

|xi − yi| = ‖x − y‖1.Parathr ste ìti h tautotik  apeikìnish Id : Cm → ℓm
2 ikanopoie� ti

(4.2.2) ρ(x, y) ≤ √
m‖x − y‖2 ≤ √

m ρ(x, y).'Ara, up�rqei √m-emfÔteush tou (Cm, ρ) ston ℓ2.Je¸rhma 4.2.1 (Enflo, [5℄). Gia k�je m ≥ 2 èqoume
(4.2.3) c2(Cm, ρ) =

√
m =

√

log2 n,ìpou n = 2m. Dhlad , h fusiologik  emfÔteush tou Cm, an ton jewr soumesan upìqwro tou ℓm
2 , èqei th bèltisth paramìrfwsh.Apìdeixh. Apì thn (4.2.2) èqoume c2(Cm, ρ) ≤ √

m. Ja de�xoume ìti autì tofr�gma e�nai akribè qrhsimopoi¸nta to Je¸rhma 4.1.3.JewroÔme ton summetrikì 2m × 2m p�naka P = (Px,y)x,y∈Cm
pou or�zetai wex :
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• Px,y = −1 an ρ(x, y) = 1.
• Px,y = m − 1 an x = y.
• Px,y = 1 an ρ(x, y) = m.
• Px,y = 0 alli¸.EÔkola elègqoume ìti o P e�nai jetik� hmiorismèno kai ∑

y∈Cm
Px,y = 0 giak�je x ∈ Cm. ParathroÔme ìti:

(4.2.4)
∑

Px,y>0

Px,y ρ(x, y)2 = 2m · m2 kai −
∑

Px,y<0

Px,y ρ(x, y)2 = 2m · m.'Ara, c2(Cm, ρ) ≥ √
m. 2H apìdeixh aut  odhge� se mia genik  mèjodo pou apofeÔgei th jewr�a touhmiorismènou programmatismoÔ an kai qrhsimopoie� thn �dia idèa (blèpe [12℄). 'E-stw (X, ρ) èna metrikì q¸ro, ìpou X = {x1, . . . , xn}. Me ton ìro {akm }tou X ennooÔme opoiod pote disÔnolo {xi, xj} ⊆ X. An σ e�nai tuqoÔsa metrik sto X, gia k�je sÔnolo A akm¸n tou X jètoume

(4.2.5) σ2(A) =
∑

{x,y}∈A

σ(x, y)2,kai an E,F e�nai dÔo sÔnola akm¸n tou X tìte jètoume
(4.2.6) RE,F (σ) =

√

σ2(F )

σ2(E)
.'Estw f : (X, ρ) → ℓ2 mia γ-emfÔteush. H f ep�gei ston X th metrik 

(4.2.7) σ(x, y) = ‖f(x) − f(y)‖2.MporoÔme na upojèsoume ìti σ ≤ ρ ≤ γ · σ. Tìte, gia k�je sÔnolo A akm¸ntou X èqoume
(4.2.8) ρ2(A) =

∑

{x,y}∈A

ρ2(x, y) ≤ γ2
∑

{x,y}∈A

σ2(x, y) = γ2σ2(A)kai ìmoia
(4.2.9) ρ2(A) ≥ σ2(A),opìte an E,F e�nai dÔo sÔnola akm¸n tou X pa�rnoume
(4.2.10) RE,F (σ) =

√

σ2(F )

σ2(E)
≥ 1

γ

√

ρ2(F )

ρ2(E)
=

RE,F (ρ)

γ
.Me �lla lìgia,

(4.2.11) γ ≥ RE,F (ρ)

RE,F (σ)
.Epilègonta kat�llhla ta E kai F petuqa�noume k�tw fr�gma gia to γ.Sthn per�ptwsh tou Hamming kÔbou Cm ja qrhsimopoi soume to ex  aplìl mma.



30 · Hmiorismeno programmatismo kai Eukleideia paramorfwshL mma 4.2.2. 'Estw x1, x2, x3, x4 tuqìnta shme�a se k�poion Eukle�deio q¸ro.Tìte,
(4.2.12)

‖x1 − x3‖2 + ‖x2 − x4‖2 ≤ ‖x1 − x2‖2 + ‖x2 − x3‖2 + ‖x3 − x4‖2 + ‖x4 − x1‖2.Apìdeixh. An oi xi e�nai pragmatiko� arijmo� tìte aplì upologismì de�qnei ìti
(x1 − x2)

2 + (x2 − x3)
2 + (x3 − x4)

2 + (x4 − x1)
2 − (x1 − x3)

2 − (x2 − x4)
2

= (x1 − x2 + x3 − x4)
2 ≥ 0.An ta xi an koun se k�poion Eukle�deio q¸ro, tìte jewr¸nta mia orjoka-nonik  b�sh tou upoq¸rou pou par�goun kai gr�fonta k�je xi sth morf 

xi = (xi1, . . . , xid) anagìmaste sthn pragmatik  per�ptwsh (to tetr�gwno thEukle�deia nìrma tou xi e�nai to �jroisma twn tetrag¸nwn twn suntetagmènwntou). 2DeÔterh apìdeixh tou Jewr mato 4.2.1. JewroÔme ta ex  sÔnola {akm¸n} tou
Cm:
(4.2.13) E = {{x, y} : ρ(x, y) = 1} kai F = {{x, y} : ρ(x, y) = m}.Dhlad , h akm  {x, y} ∈ E an oi x kai y e�nai geitonikè korufè tou Cm en¸ hakm  {x, y} ∈ F an oi x kai y e�nai antidiametrikè korufè tou Cm (xi = 1 − yigia k�je i = 1, . . . ,m). Parathr ste ìti |E| = m2m−1 kai |F | = 2m−1.'Estw f : (Cm, ρ) → ℓn

2 mia emfÔteush kai èstw σ h metrik  pou ep�getaiston Cm apì thn f . Upolog�zoume pr¸ta thn posìthta RE,F (ρ). AfoÔ ρ2(F ) =

|F | · m2 = 2m−1m2 kai ρ2(E) = |E| = 2m−1m, èqoume
(4.2.14) RE,F (ρ) =

√
m.An loipìn de�xoume ìti RE,F (σ) ≤ 1 ja p�roume γ ≥ RE,F (ρ) =

√
m.De�qnoume ìti RE,F (σ) ≤ 1 me epagwg  w pro m. H per�ptwsh m = 2kalÔptetai apì to L mma 4.2.2. Gia to epagwgikì b ma, jewroÔme m > 2 kaiqwr�zoume to Cm sta uposÔnola C0

m = {x ∈ Cm : xm = 0} kai C1
m = {x ∈ Cm :

xm = 1}. 'Estw E0 to sÔnolo twn akm¸n kai F0 to sÔnolo twn diagwn�wn tou
C0

m. Ant�stoiqa, èstw E1 to sÔnolo twn akm¸n kai F1 to sÔnolo twn diagwn�wntou C1
m. Apì thn epagwgik  upìjesh èqoume

(4.2.15) σ2(F0) ≤ σ2(E0) kai σ2(E1) ≤ σ2(F1).Or�zoume E01 = E \ (E0 ∪ E1) to sÔnolo twn akm¸n tou Cm pou sundèountou upokÔbou C0
m kai C1

m. Gia k�je u ∈ {0, 1}m−1 gr�foume u gia thn {a-ntidiametrik  koruf } th u ston {0, 1}m−1 kai jewroÔme to tetr�pleuro pouèqei korufè ta u0, u0, u1 kai u1. Oi pleurè tou e�nai dÔo akmè tou E01,mia diag¸nio apì to F0 kai mia apì to F1, oi de diag¸nioi tou e�nai apì to F .Efarmìzonta thn anisìthta tou L mmato 4.2.2 gia ti eikìne twn koruf¸nautoÔ tou tetrapleÔrou mèsw th f kai prosjètonta ti anisìthte p�nw apììla aut� ta tetr�pleura, pa�rnoume
(4.2.16) σ2(F ) ≤ σ2(E01) + σ2(F0) + σ2(F1).



4.2 Katw fragma gia ton Hamming kubo · 31Apì thn epagwgik  upìjesh gia tou dÔo upokÔbou, to aristerì mèlo fr�s-setai apì σ2(E01) + σ2(E0) + σ2(E1) = σ2(E). 'Ara, σ2(F ) ≤ σ2(E). Dhlad ,
RE,F (σ) ≤ 1. 2





Kef�laio 5Akribè k�tw fr�gma:
expanders5.1 ExpandersSe aut  thn par�grafo jewroÔme èna r-kanonikì gr�fhma G = (V,E) me nkorufè (ìle oi korufè èqoun ton �dio bajmì r ≥ 3). Upojètoume ìti to Ge�nai sunektikì kai to blèpoume san metrikì q¸ro me th fusiologik  metrik : an
u, v ∈ V tìte h apìstash d(u, v) e�nai to m ko tou suntomìterou monopatioÔpou sundèei ti u kai v.Gia na d¸soume k�tw fr�gma gia thn c2(V, d) ja qrhsimopoi soume thn te-qnik  pou efarmìsame sthn §4.2 gia ton kÔbo Hamming. Jumhje�te ìti an τe�nai mia metrik  ston (V, d), gia k�je sÔnolo A disunìlwn me stoiqe�a apì to Vjètoume
(5.1.1) τ2(A) =

∑

{u,v}∈A

τ(u, v)2,kai an E,F e�nai dÔo sÔnola disunìlwn me stoiqe�a apì to V tìte jètoume
(5.1.2) RE,F (τ) =

√

τ2(F )

τ2(E)
.'Estw f : (V, d) → ℓ2 mia γ-emfÔteush. H f ep�gei sto V th metrik 

(5.1.3) σ(u, v) = ‖f(u) − f(v)‖2.MporoÔme na upojèsoume ìti σ ≤ d ≤ γ · σ, kai elègqoume eÔkola ìti
(5.1.4) γ ≥ RE,F (d)

RE,F (σ)
.Me kat�llhlh epilog  twn E kai F petuqa�noume èna kalì k�tw fr�gma gia to

γ.



34 · Akribe katw fragma: expandersH epilog  ma e�nai h ex : san E pa�rnoume to sÔnolo ìlwn twn akm¸n tou
G kai san F to sÔnolo ìlwn twn disunìlwn me stoiqe�a diakekrimène korufètou G.L mma 5.1.1. An G = (V,E) e�nai èna r-kanonikì gr�fhma me n korufè, tìte
(5.1.5) RE,F (d) ≥ c√

r log r

√
n · log n.Apìdeixh. Profan¸,

(5.1.6) d2(E) = |E| =
nr

2
.Gia na fr�xoume thn posìthta d2(F ) apì k�tw, parathroÔme to ex : an staje-ropoi soume mia koruf  v0 ∈ V , up�rqoun to polÔ

(5.1.7) 1 + r + r(r − 1) + · · · + r(r − 1)k−1 ≤ rk + 1korufè se apìstash to polÔ �sh me k apì thn v0. An loipìn p�roume k =
⌊

logr
n−3

2

⌋

− 1, tìte to pl jo twn zeugari¸n pou èqoun apìstash mikrìterh  �sh apì k fr�ssetai apì
(5.1.8)

n(rk + 1)

2
<

n(n − 1)

4
.Dhlad , gia ta mis� toul�qiston zeug�ria shme�wn {u, v} ∈ F èqoume d(u, v) ≥

k. 'Ara,
(5.1.9) d2(F ) ≥ n(n − 1)

4

(

logr

n − 3

2

)2

≥ c1

(log r)2
n2 log2 n.'Epetai h (5.1.5). 2'Estw f : (V, d) → ℓm

2 mia emfÔteush kai èstw σ h metrik  pou ep�getai sto
V apì thn f . Skopì ma e�nai na de�xoume mia anisìthta th morf 
(5.1.10) σ2(F ) ≤ α2n · σ2(E).Dhlad ,
(5.1.11)

∑

{u,v}∈F

‖f(u) − f(v)‖2
2 ≤ α2n

∑

{u,v}∈E

‖f(u) − f(v)‖2
2.Tìte, h (5.1.4) kai to L mma 5.1.1 ja ma d¸soun thn

(5.1.12) dist(f) ≥ c

α
√

r log r
· log n.'Opw e�dame sthn apìdeixh tou L mmato 4.2.2, gia thn apìdeixh th (5.1.11)arke� na de�xoume ìti gia k�je pragmatik  sun�rthsh f : V → R isqÔei h anisì-thta

(5.1.13)
∑

{u,v}∈F

(f(u) − f(v))2 ≤ α2n
∑

{u,v}∈E

(f(u) − f(v))2.



5.1 Expanders · 35Prosjètonta thn �dia stajer� s ∈ R se ìle ti timè f(v), mporoÔme na upo-jèsoume ìti ∑

v∈V f(v) = 0. Tìte,
∑

{u,v}∈F

(f(u) − f(v))2 = (n − 1)
∑

v∈V

f(v)2 −
∑

u6=v

f(u)f(v)

= n
∑

v∈V

f(v)2 −
(

∑

v∈V

f(v)

)2

= n

∫

V

f(v)2,ìpou
(5.1.14)

∫

V

f(v)2 =
∑

v∈V

f(v)2.To �jroisma
(5.1.15)

∑

{u,v}∈E

(f(u) − f(v))2sto dexiì mèlo epidèqetai thn ex  ermhne�a: epilègoume tuqoÔsa kateÔjunshgia k�je akm  tou G kai gia k�je e : v → u skeftìmaste thn posìthta f(u) −
f(v) san thn {par�gwgo (∂ef)(v) th f sthn kateÔjunsh th e sto shme�o v}.Tìte, h {kl�sh} th f sto shme�o v e�nai to di�nusma ((∂ef)(v))v∈e kai
(5.1.16) |∇f(v)|2 =

∑

{u,v}∈E

(f(u) − f(v))2.Dhlad ,
(5.1.17)

∑

{u,v}∈E

(f(u) − f(v))2 =
1

2

∫

V

|∇f(v)|2.H zhtoÔmenh anisìthta (5.1.13) pa�rnei ètsi thn ex  morf : gia k�je f : V → Rme ∫

V
f(v) = 0, jèloume

(5.1.18)

∫

V

f(v)2 ≤ α2

2

∫

V

|∇f(v)|2.H anisìthta (5.1.18) jum�zei thn anisìthta tou Poincaré se pollaplìthte
Riemann, thn opo�a perigr�foume sto tupikì par�deigma th sfa�ra Sn−1 (e-fodiasmènh me th gewdaisiak  metrik  ρ kai to anallo�wto w pro orjog¸-niou metasqhmatismoÔ mètro pijanìthta σn). H pr¸th mh mhdenik  idiotim 
λ1 = λ1(S

n−1) > 0 tou telest  Laplace ∆ ston (Sn−1, ρ) qarakthr�zetai apìthn anisìthta
(5.1.19) λ1Var(f) ≤

∫

Sn−1

f · (−∆f) dσ =

∫

Sn−1

|∇f |2dσ,



36 · Akribe katw fragma: expandersìpou
(5.1.20) Var(f) =

∫

Sn−1

f2dσ −
(∫

Sn−1

f dσ

)2

.H deÔterh shmantik  parat rhsh e�nai ìti, genik�, anisìthte tÔpou Poincarésundèontai me to isoperimetrikì prìblhma kai to fainìmeno th sugkèntrwshtou mètrou. Eidikìtera, an M e�nai mia pollaplìthta Riemann, h idiotim  λ1 toutelest  Laplace sundèetai me th stajer� tou Cheeger h(M) mèsw th
(5.1.21) 4λ1(M) ≥ h(M)2.To an�logo th stajer� tou Cheeger sto pla�sio twn grafhm�twn e�nai h ènnoiath agwgimìthta me thn opo�a ja xekin soume. AfoÔ or�soume kat�llhla thnènnoia tou p�naka Laplace LG tou graf mato G, ja de�xoume mia anisìthta pousundèei thn agwgimìthta me thn pr¸th mh mhdenik  idiotim  tou LG, to an�logoth (5.1.21). Tèlo, ja apode�xoume mia anisìthta tÔpou Poincaré: h (5.1.18)isqÔei me stajer� α antistrìfw an�logh pro thn agwgimìthta tou G. Dhlad ,ta r-kanonik� graf mata pou den emfuteÔontai kal� ston Eukle�deio q¸ro e�naieke�na pou èqoun {meg�lh agwgimìthta}. Auto� e�nai oi legìmenoi expanders.Orismì 5.1.2. 'Estw G = (V,E) èna gr�fhma me n korufè. An A kai Be�nai uposÔnola tou V jètoume
(5.1.22) e(A,B) = {(u, v) : u ∈ A, v ∈ B, {u, v} ∈ E}.Me �lla lìgia, e(A,B) e�nai to pl jo twn akm¸n tou G pou sundèoun shme�otou A me shme�o tou B (an u, v ∈ A ∩ B kai {u, v} ∈ E, tìte metr�me thn akm 
{u, v} dÔo forè).H agwgimìthta Φ(G) tou G e�nai h posìthta
(5.1.23) min

{

e(A, V \ A)

|A| : A ⊂ V, 1 ≤ |A| ≤ 1

2
|V |

}

.Genik�, lème ìti èna gr�fhma G e�nai kalì expander an h agwgimìthta Φ(G)den e�nai polÔ mikr  se sqèsh me to mèso bajmì tou G.Orismì 5.1.3. 'Estw r ≥ 3 kai ε > 0. Mia oikogèneia (Gi)i∈N lègetai{oikogèneia expanders} me paramètrou (r, ε) an ikanopoioÔntai ta ex :(i) K�je Gi e�nai r-kanonikì gr�fhma me ni korufè, ìpou ni e�nai mia gnhs�waÔxousa akolouj�a pou den aux�nei polÔ gr gora: ni+1 ≤ n2
i .(ii) K�je Gi èqei agwgimìthta Φ(Gi) ≥ ε.Parade�gmata expanders.1. Gia k�je m ∈ N jewroÔme to sÔnolo Vm = Zm×Zm. Or�zoume èna 4-kanonikìgr�fhma Gm w ex : k�je (x, y) ∈ Vm sundèetai me ta (x + y, y), (x − y, y),

(x, y + x) kai (x, x − y) (oi pr�xei g�nontai mod m). O Margulis apèdeixe ìti hoikogèneia (Gm)m∈N e�nai oikogèneia expanders.



5.2 To fasma eno grafhmato · 372. 'Estw p pr¸to. JewroÔme to sÔnolo Vp = Zp. Or�zoume èna 3-kanonikìgr�fhma Gp w ex : k�je x ∈ Vp sundèetai me ta x+1, x−1 kai x−1 (oi pr�xeig�nontai mod p). Oi Lubotzky, Philips kai Sarnak apèdeixan ìti h oikogèneia (Gp)e�nai oikogèneia expanders.Sti epìmene paragr�fou akoloujoÔme (se genikè grammè) ti shmei¸seitwn Linial kai Wigderson [11℄.5.2 To f�sma enì graf mato'Estw G = (V,E) èna r-kanonikì gr�fhma me |V | = n. O p�naka sundesmolog�a
AG = (auv) tou G e�nai èna n×n p�naka pou èqei ta stoiqe�a tou V san de�ktetwn gramm¸n kai twn sthl¸n tou, kai h (u, v) suntetagmènh tou e�nai to pl jo(1   0) twn akm¸n tou G pou sundèoun ti korufè u kai v. AfoÔ to G e�nai
r-kanonikì, èqoume
(5.2.1)

∑

u∈V

auv =
∑

v∈V

auv = rgia k�je u, v ∈ V .O AG e�nai summetrikì, �ra èqei n pragmatikè idiotimè µ1 ≥ µ2 ≥ · · · ≥ µnkai up�rqei mia orjokanonik  b�sh {v1, v2, . . . , vn} tou R
n pou apotele�tai apìidiodianÔsmata tou AG:

(5.2.2) AGvi = µivi, i = 1, . . . , n.To sÔnolo {µ1, µ2, . . . , µn} e�nai to f�sma tou graf mato G.To f�sma tou G d�nei arketè plhrofor�e gia ti idiìthte tou graf mato
G. Merikè arqikè parathr sei sunoy�zontai sto ex :L mma 5.2.1. 'Estw G = (V,E) èna r-kanonikì gr�fhma me |V | = n, kai èstw
AG o p�naka sundesmolog�a kai {µ1 ≥ µ2 ≥ · · · ≥ µn} to f�sma tou G. Tìte,(i) µ1 = r, kai èna idiodi�nusma pou antistoiqe� sthn idiotim  r e�nai to (1, 1, . . . , 1).(ii) µ1 > µ2 an kai mìno an to G e�nai sunektikì.(iii) µ1 = −µn an kai mìno an to G e�nai dimerè. 2H epìmenh Prìtash d�nei mia pr¸th èndeixh gia th sqèsh tou f�smato me thnagwgimìthta.Prìtash 5.2.2 (expander mixing lemma). 'Estw G = (V,E) èna r-kanonikì gr�fhma me |V | = n, kai èstw AG o p�naka sundesmolog�a kai {µ1 ≥
µ2 ≥ · · · ≥ µn} to f�sma tou G. Jètoume λ = max{|µ2|, |µn|}. Tìte, gia k�je
A,B ⊆ V èqoume
(5.2.3)

∣

∣

∣

∣

|e(A,B)| − r|A| · |B|
n

∣

∣

∣

∣

≤ λ
√

|A| · |B|.



38 · Akribe katw fragma: expandersH anisìthta sundèei thn par�metro λ me to pìso {tuqa�o} e�nai to gr�fhma G:Parathr ste ìti h posìthta r|A|·|B|
n e�nai h mèsh tim  th |e(A,B)| an upojèsoumeìti oi r korufè me ti opo�e sundèoume k�je u ∈ V epilègontai anex�rthta kaiomoiìmorfa apì to V (ed¸ epitrèpoume autosundèsei kai pollaplè akmè).Epomènw, to aristerì mèlo sugkr�nei to pl jo twn akm¸n pou sundèoun ta

A kai B sto dojèn gr�fhma G me to anamenìmeno pl jo twn akm¸n sto tuqa�o
r-kanonikì gr�fhma pou or�zetai sto V .Apìdeixh. Sumbol�zoume me χA kai χB ta qarakthristik� dianÔsmata twn A kai
B (dhlad , χS(u) = 1 an u ∈ S kai χS(u) = 0 an u /∈ S). Parathr ste ìti
(5.2.4) 〈χA, AGχB〉 =

∑

u,v∈V

auvχA(u)χB(v) = |e(A,B)|.'Estw {v1, . . . , vn} mia orjokanonik  b�sh idiodianusm�twn tou AG pou antistoi-qoÔn sti µ1, µ2, . . . , µn.MporoÔme na upojèsoume ìti v1 = 1√
n
(1, 1, . . . , 1). 'Eqoume

(5.2.5) χA =

n
∑

i=1

αivi kai χB =

n
∑

j=1

βjvjgia k�poiou αi, βj ∈ R. 'Ara,
(5.2.6) 〈χA, AGχB〉 =

〈

n
∑

i=1

αivi,
n

∑

j=1

βjµjvj

〉

=
n

∑

i=1

αiβiµi.ParathroÔme ìti
(5.2.7) α1 = 〈χA, v1〉 =

|A|√
n

kai β1 = 〈χB , v1〉 =
|B|√

n
.AfoÔ µ1 = r, sundu�zonta ta parap�nw blèpoume ìti

(5.2.8) |e(A,B)| = r
|A| · |B|

n
+

n
∑

i=2

µiαiβi.'Ara,
(5.2.9)

∣

∣

∣

∣

|e(A,B)| − r|A| · |B|
n

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∑

i=2

µiαiβi

∣

∣

∣

∣

∣

.Apì ton orismì tou λ kai thn anisìthta Cauchy-Schwarz,
(5.2.10)

∣

∣

∣

∣

∣

n
∑

i=2

µiαiβi

∣

∣

∣

∣

∣

≤ λ
n

∑

i=2

|αiβi| ≤ λ‖χA‖2‖χB‖2 = λ
√

|A| · |B|.'Epetai to zhtoÔmeno. 2H epìmenh Prìtash d�nei èna aplì k�tw fr�gma gia thn par�metro λ (oi Alon-

Boppana èqoun de�xei ìti gia k�je r-kanonikì gr�fhma me n korufè isqÔei hisqurìterh anisìthta λ ≥ 2
√

r − 1 + on(1)).



5.3 Agwgimothta kai fasmatiko keno · 39Prìtash 5.2.3. An G e�nai èna r-kanonikì gr�fhma me n korufè, tìte
(5.2.11) λ(G) ≥ √

r(1 − on(1)).Apìdeixh. Upolog�zoume me dÔo trìpou to �qno tou A2
G. Apì th m�a pleur�,afoÔ o AG e�nai summetrikì kai to �jroisma twn tetrag¸nwn twn suntetagmènwnk�je gramm    st lh e�nai �so me r, èqoume (A2

G)ii = r gia k�je i = 1, . . . , n.'Ara,
(5.2.12) tr(A2

G) = nr.Apì thn �llh pleur�,
(5.2.13) tr(A2

G) =

n
∑

i=1

µ2
i ≤ r2 + (n − 1)λ2.'Ara,

(5.2.14) λ2 ≥ r
n − r

n − 1
,ap' ìpou èpetai ìti λ ≥ √

r(1 − on(1)). 25.3 Agwgimìthta kai fasmatikì kenì'Estw G = (V,E) èna gr�fhma me n korufè. Epilègoume k�poia kateÔjunshgia ti akmè tou.Orismì 5.3.1 (fasmatikì kenì). To fasmatikì kenì tou G e�nai h dia-for� twn dÔo pr¸twn idiotim¸n tou AG. Dhlad , o arijmì
(5.3.1) µ1 − µ2 = r − µ2.'Opw ja doÔme, o r − µ2 perigr�fei thn agwgimìthta tou G.Orismì 5.3.2 (p�naka sundesmolog�a sto V ×E). O V ×E p�nakasundesmolog�a tou G or�zetai w ex : an v ∈ V kai e ∈ E jètoume Mv,e = 1an h akm  e katal gei sthn koruf  v, Mv,e = −1 an h e xekin�ei apì thn v, kai
Mv,e = 0 alli¸.Orismì 5.3.3 (kl�sh). 'Estw f : V → R. O telest  kl�sh e�nai hapeikìnish f 7→ fM . To di�nusma kl�sh fM th f perigr�fei th metabol  th
f kat� m ko k�je akm : gia k�je e ∈ E pou xekin�ei apì thn u kai katal geisthn v isqÔei
(5.3.2) (fM)e = f(v) − f(u).Orismì 5.3.4 (apìklish). 'Estw g : E → R. O telest  apìklish e�naih apeikìnish g 7→ Mg. H apìklish th g e�nai èna V -di�nusma: gia k�je v ∈ VisqÔei
(5.3.3) (Mg)v =

∑

e→u

g(e) −
∑

e←v

g(e).



40 · Akribe katw fragma: expandersOrismì 5.3.5 (p�naka Laplace). O p�naka Laplace tou G e�nai o p�naka
LG = MM t. Aplì upologismì de�qnei ìti

(LG)uv = deg(u), an u = v,

(LG)uv = −1, an u 6= v kai {u, v} ∈ E(G),

(LG)uv = 0, alli¸.Parathr ste ìti o p�naka LG den exart�tai apì thn kateÔjunsh pou epilèxamegia ti akmè tou G.Sthn per�ptwsh pou to G e�nai r-kanonikì èqoume to ex .L mma 5.3.6. 'Estw G = (V,E) èna r-kanonikì gr�fhma me n korufè. An
AG e�nai o p�naka sundesmolog�a kai LG e�nai o p�naka Laplace tou G, isqÔounta ex :(i) LG = r · I − AG.(ii) To f�sma {λ1 ≥ λ2 ≥ · · · ≥ λn} tou LG perièqetai sto [0, 2r].(iii) µi(AG) = r − λn−i+1(LG) gia k�je i = 1, . . . , n. Eidikìtera, λn(LG) = 0.(iv) To fasmatikì kenì µ1(AG) − µ2(AG) isoÔtai me th mikrìterh jetik  idio-tim  λn−1(LG) tou LG.Apìdeixh. 'Askhsh. 2Ja qreiastoÔme thn anapar�stash twn idiotim¸n enì summetrikoÔ pragmatikoÔp�naka mèsw twn phl�kwn Rayleigh.Je¸rhma 5.3.7. 'Estw A èna pragmatikì summetrikì n × n p�naka kaièstw λ1 ≥ λ2 ≥ · · · ≥ λn oi idiotimè tou. 'Estw {x1, . . . , xn} mia orjokanonik b�sh tou R

n, ìpou to xi e�nai idiodi�nusma pou antistoiqe� sthn idiotim  λi. Tìte,
λ1 = max

x6=0

〈x,Ax〉
‖x‖2

2

λ2 = max
x6=0, x⊥x1

〈x,Ax〉
‖x‖2

2
· · · · · ·
λn = max

x6=0, x⊥x1, ..., x⊥xn−1

〈x,Ax〉
‖x‖2

2

.Oi parap�nw isìthte gr�fontai ep�sh w ex : gia k�je 1 ≤ i ≤ n,
(5.3.4) λi = min

dim(F )=n−i+1
max

x∈F\{0}

〈x,Ax〉
‖x‖2

2

.To basikì apotèlesma aut  th paragr�fou sundèei thn agwgimìthta tou
G me to fasmatikì tou kenì.Je¸rhma 5.3.8. 'Estw G = (V,E) èna sunektikì, r-kanonikì gr�fhma me nkorufè. An λ = µ2(AG), tìte
(5.3.5)

r − λ

2
≤ Φ(G) ≤

√

2r(r − λ).



5.3 Agwgimothta kai fasmatiko keno · 41Apìdeixh tou k�tw fr�gmato: Jumhje�te ìti to ~1 = (1, . . . , 1) e�naiidiodi�nusma tou AG pou antistoiqe� sthn µ1(AG) = r. Apì to Je¸rhma 5.3.7,gia na de�xoume ìti λ ≥ r − 2Φ(G) arke� na broÔme èna di�nusma y ⊥ ~1 me thnidiìthta
(5.3.6) 〈y,AGy〉 ≥ (r − 2Φ(G))‖y‖2.Gia k�je S ⊆ V jewroÔme to di�nusma
(5.3.7) y = y(S) = |V \ S| · χS − |S| · χV \S .Parathr ste ìti y(S) ⊥ ~1. 'Ara,
(5.3.8) λ · ‖y‖2

2 ≥ 〈y,AGy〉.'Ena aplì upologismì de�qnei ìti
‖y(S)‖2

2 = |V \ S|2|S| + |S|2|V \ S| = |S| · |V \ S| · (|S| + |V \ S|)
= n|S| · |V \ S|.Ep�sh, apì thn (5.2.4) pa�rnoume

〈y,AGy〉 = |e(S)||V \ S|2 + |e(V \ S)||S|2 − 2|S||V \ S||e(S, V \ S)|,ìpou e(S) = e(S, S) gia S ⊆ V . AfoÔ to G e�nai r-kanonikì, èqoume
(5.3.9) r|S| = |e(S)| + |e(S, V \ S)|kai
(5.3.10) r|V \ S| = |e(V \ S)| + |e(S, V \ S)|.LÔnonta ti teleuta�e dÔo exis¸sei w pro |e(S)|, |e(V \ S)| kai antikaji-st¸nta sthn prohgoÔmenh, pa�rnoume
(5.3.11) 〈y,AGy〉 = nr|S||V \ S| − n2|e(S, V \ S)|.Epistrèfonta sthn (5.3.8) blèpoume ìti
(5.3.12) λ ≥ 〈y,AGy〉

‖y‖2
= r − n|e(S, V \ S)|

|S||V \ S| .T¸ra epilègoume to S: apì ton orismì th agwgimìthta, up�rqei S0 ⊆ V me
|S0| ≤ n/2 ¸ste
(5.3.13) Φ(G) = |e(S0, V \ S0)|/|S0|.AfoÔ |V \ S0| ≥ n/2, sumpera�noume ìti
(5.3.14) λ ≥ r − nΦ(G)

|V \ S0|
≥ r − 2Φ(G). 2



42 · Akribe katw fragma: expandersApìdeixh tou �nw fr�gmato: Xekin�me apì thn ex  parat rhsh.L mma 5.3.9. An f : V → R e�nai mia sun�rthsh, tìte
(5.3.15) 〈f, LGf〉 = ‖fM‖2

2 =
∑

{u,v}∈E

(f(u) − f(v))2.Apìdeixh. Blèponta thn f san di�nusma me de�kte apì to V , gr�foume
(5.3.16) 〈f, LGf〉 = 〈f,MM tf〉 = 〈(fM)t, (fM)t〉 = ‖fM‖2

2.Apì ton orismì tou dianÔsmato kl�sh èpetai to sumpèrasma. 2Or�zoume
(5.3.17) Bf =

∑

{u,v}∈E

|f2(u) − f2(v)|.An β0 < β1 < · · · < βm e�nai oi diaforetikè timè pou pa�rnei h f , or�zoume
(5.3.18) Li = {x ∈ V : f(x) ≥ βi}gia i = 0, 1, . . . ,m. Parathr ste ìti L0 ⊇ L1 ⊇ · · · ⊇ Lm.L mma 5.3.10. Me tou parap�nw orismoÔ,
(5.3.19) Bf =

m
∑

i=1

|e(Li, V \ Li)| · (β2
i − β2

i−1).Apìdeixh. Gia k�je {u, v} ∈ E, an f(u) = βp > βq = f(v), tìte h suneisfor�th akm  {u, v} sto Bf isoÔtai me
(5.3.20) β2

p − β2
q = (β2

p − β2
p−1) + (β2

p−1 − β2
p−2) + · · · + (β2

q+1 − β2
q ).An loipìn ajro�soume w pro ìle ti akmè, o ìro (β2

i − β2
i−1) emfan�zetaiapì m�a for� gia k�je akm  {u, v} me thn idiìthta f(u) ≥ βi kai f(v) ≤ βi−1,dhlad , apì m�a for� gia k�je akm  {u, v} me thn idiìthta u ∈ Li kai v /∈ Li. Me�lla lìgia, emfan�zetai sunolik� |e(Li, V \ Li)| forè. 'Epetai to zhtoÔmeno. 2L mma 5.3.11. IsqÔei h anisìthta

(5.3.21) Bf ≤
√

2r ‖fM‖2 · ‖f‖2.Apìdeixh. Qrhsimopoi¸nta thn anisìthta Cauchy-Schwarz èqoume
Bf =

∑

{u,v}∈E

|f2(u) − f2(v)| =
∑

{u,v}∈E

|f(u) + f(v)| · |f(u) − f(v)|

≤
√

∑

{u,v}∈E

(f(u) + f(v))2 ·
√

∑

{u,v}∈E

(f(u) − f(v))2.'Omw,
(5.3.22)

√

∑

{u,v}∈E

(f(u) − f(v))2 = ‖fM‖2



5.3 Agwgimothta kai fasmatiko keno · 43kai
√

∑

{u,v}∈E

(f(u) + f(v))2 ≤
√

2
∑

{u,v}∈E

(f2(u) + f2(v))

=

√

2r
∑

u∈V

f2(u) =
√

2r · ‖f‖2.Apì ti dÔo teleuta�e anisìthte prokÔptei to zhtoÔmeno. 2L mma 5.3.12. An f ≥ 0 kai |supp(f)| ≤ n/2, tìte
(5.3.23) Bf ≥ Φ(G)‖f‖2

2.Apìdeixh. AfoÔ h f mhden�zetai se perissìtera apì ta mis� u ∈ V kai pa�rneijetikè timè sta upìloipa, èqoume β0 = 0 kai |Li| ≤ n/2 gia k�je i = 1, . . . ,m.'Ara,
(5.3.24)

|e(Li, V \ Li)|
|Li|

≥ Φ(G).'Epetai ìti
Bf =

m
∑

i=1

|e(Li, V \ Li)| · (β2
i − β2

i−1)

≥ Φ(G)

m
∑

i=1

|Li| · (β2
i − β2

i−1)

= Φ(G)
m

∑

i=1

β2
i · (|Li| − |Li+1|)

= Φ(G)

m
∑

i=1

β2
i · |{u : f(u) = βi}|.H teleuta�a posìthta e�nai �sh me Φ(G)‖f‖2

2. 2'Eqonta ta prohgoÔmena L mmata sth di�jesh ma, suneq�zoume w ex . Giak�je idiotim  µi tou AG, o r−µi e�nai idiotim  tou p�naka Laplace LG = r ·I−AG.'Estw λ h deÔterh idiotim  tou AG kai èstw g èna idiodi�nusma tou AG pouantistoiqe� sthn λ (tìte to g e�nai ep�sh idiodi�nusma tou LG pou antistoiqe�sthn r − λ). Jètoume f = g+, dhlad  f(u) = g(u) an g(u) > 0 kai f(u) = 0alli¸. MporoÔme na upojèsoume ìti |supp(f)| ≤ n/2, alli¸ ja mporoÔsamena xekin soume me to −g pou e�nai ep�sh idiodi�nusma tou AG gia thn idiotim  λ.Or�zoume V + = supp(f). Tìte, gia k�je u ∈ V + èqoume
(LGf)(u) = rf(x) −

∑

v∈V

auvf(v)

= rg(u) −
∑

v∈V +

auvg(v)

≤ rg(u) −
∑

v∈V

auvg(v)

= (LGg)(u) = (r − λ)g(u).



44 · Akribe katw fragma: expandersAfoÔ f(u) = 0 gia k�je u /∈ V +, mporoÔme na gr�youme
‖fM‖2

2 = 〈f, LGf〉 =
∑

u∈V

f(u)(LGf)(u)

≤ (r − λ)
∑

u∈V +

g2(u)

= (r − λ)
∑

u∈V

f2(u) = (r − λ)‖f‖2
2.Apì to L mma 5.3.11 èqoume

(5.3.25) Bf ≤
√

2r ‖fM‖2 · ‖f‖2kai apì to L mma 5.3.12,
(5.3.26) Bf ≥ Φ(G)‖f‖2

2.Sundu�zonta ta parap�nw pa�rnoume
(5.3.27) Φ(G)‖f‖2

2 ≤
√

2r ‖fM‖2 · ‖f‖2.Uy¸nonta sto tetr�gwno kai sundu�zonta me thn ‖fM‖2
2 ≤ (r− λ)‖f‖2

2 pa�r-noume
(5.3.28) Φ2(G)‖f‖2

2 ≤ 2r · ‖fM‖2
2 ≤ 2r(r − λ)‖f‖2

2,�ra Φ2(G) ≤ 2r(r − λ). 2MporoÔme t¸ra na epistrèyoume sthn anisìthta Poincaré (5.1.13) pou zhtoÔsa-me.L mma 5.3.13. 'Estw G = (V,E) èna sunektikì, r-kanonikì gr�fhma me nkorufè. An λ = µ2(AG), tìte
(5.3.29) r − λ = min

{

〈LGf, f〉 : ‖f‖2 = 1,
∑

v∈V

f(v) = 0

}

.Apìdeixh. 'Eqoume LG = r · Id − AG, �ra
(5.3.30) 〈LGf, f〉 = r〈f, f〉 − 〈AGf, f〉 = r − 〈AGf, f〉gia k�je f : V → R me ‖f‖2 = 1. 'Ara,
(5.3.31) min

{

〈LGf, f〉 : ‖f‖2 = 1,
∑

v∈V

f(v) = 0

}

= r − max

{

〈AGf, f〉 : ‖f‖2 = 1,
∑

v∈V

f(v) = 0

}

.Apì to Je¸rhma 5.3.7 èqoume
(5.3.32) max

{

〈AGf, f〉 : ‖f‖2 = 1,
∑

v∈V

f(v) = 0

}

= λ.'Epetai to zhtoÔmeno. 2



5.4 Uparxh grafhmatwn me megalh agwgimothta · 45Je¸rhma 5.3.14. 'Estw G = (V,E) èna r-kanonikì gr�fhma me n korufè.An f : V → R kai ∑

v∈V

f(v) = 0, tìte
(5.3.33)

∑

v∈V

f2(v) ≤ 2r

Φ2(G)

∑

{u,v}∈E

(f(v) − f(u))2.Apìdeixh. MporoÔme na upojèsoume ìti ‖f‖2 = 1. Apì to L mma 5.3.9 kai apìto L mma 5.3.13 èqoume
(5.3.34)

∑

{u,v}∈E

(f(v) − f(u))2 = 〈LGf, f〉 ≥ r − λ = (r − λ)
∑

v∈V

f2(v).Apì to Je¸rhma 5.3.8 èqoume
(5.3.35) r − λ ≥ Φ2(G)

2r
.Sundu�zonta ti dÔo anisìthte pa�rnoume thn (5.3.33). 2'Amesh sunèpeia e�nai to ex  k�tw fr�gma gia thn Eukle�deia paramìrfwsh(blèpe §5.1).Je¸rhma 5.3.15. 'Estw G = (V,E) èna r-kanonikì gr�fhma me n korufè.Gia k�je emfÔteush f : (V, d) → ℓm

2 ,
(5.3.36) dist(f) ≥ cΦ(G)

r log r
· log n.Apìdeixh. ProkÔptei �mesa apì to Je¸rhma 5.3.14 se sunduasmì me ti (5.1.11),(5.1.12), (5.1.13) kai to L mma 5.1.1. 25.4 'Uparxh grafhm�twn me meg�lh agwgimìthtaSe aut  thn par�grafo de�qnoume ìti èna tuqa�o r-kanonikì dimerè gr�fhma èqeimeg�lh agwgimìthta. Autì apodeiknÔei thn Ôparxh oikogenei¸n grafhm�twn poue�nai expanders.Orismì 5.4.1. 'Estw G = (V,E) èna gr�fhma. Me ton ìro ta�riasma tou

G ennooÔme èna uposÔnolo A tou E pou èqei thn ex  idiìthta: k�je u ∈ Vemfan�zetai se m�a to polÔ akm  apì to A. An k�je u ∈ V emfan�zetai seakrib¸ m�a akm  apì to A, tìte lème ìti to A e�nai èna tèleio ta�riasma.Je¸rhma 5.4.2. Up�rqoun n0 ∈ N kai stajer� c > 0 ¸ste: gia k�je �rtio
n ≥ n0 up�rqei 3-kanonikì gr�fhma G = (V,E) me n korufè kai agwgimìthta
Φ(G) ≥ c.Apìdeixh. Ja de�xoume ìti gia arket� mikrì c > 0 kai gia arket� meg�lo �r-tio n, me meg�lh pijanìthta, èna tuqa�o 3-kanonikì gr�fhma me n korufè èqeiagwgimìthta Φ(G) ≥ c.DhmiourgoÔme èna tuqa�o 3-kanonikì gr�fhma G epilègonta tr�a tuqa�a tè-leia tairi�smata, ta G1, G2 kai G3. Gia na dhmiourg soume èna tuqa�o gr�fhma



46 · Akribe katw fragma: expanders

G1 me n = 2k korufè kai k akmè, or�zoume akmè epilègonta omoiìmorfa tuqa�-a zeug�ria diakekrimènwn koruf¸n kai bg�zonta ta apì to swrì twn diajèsimwnkoruf¸n (sunep¸, h epilog  k�je zeugarioÔ exart�tai apì ti prohgoÔmene e-pilogè). Suneq�zoume ètsi mèqri na exantl soume to sÔnolo twn n koruf¸n.Tìte, èqoume petÔqei èna tèleio ta�riasma sto G (k akmè kalÔptoun ti n = 2kkorufè).Epanalamb�noume aut  th diadikas�a trei forè (kajem�a anex�rthth apìti �lle). Pa�rnoume ètsi tr�a graf mata G1 = (V,E1), G2 = (V,E2), G3 =

(V,E3). Kat� {p�sa pijanìthta} ta tairi�smata Ei e�nai sqedìn xèna (an to ne�nai meg�lo, h �dia akm  den prìkeitai na epilege� perissìtere apì m�a forè).Tèlo, sundu�zoume ta tr�a graf mata se èna or�zonta G = (V,E1 ∪E2 ∪E3).To G e�nai 3-kanonikì apì thn kataskeu  tou.Ja ektim soume thn pijanìthta tou endeqomènou Φ(G) < c. Gia k�je S ⊂ Vsumbol�zoume me ∂(S) to sÔnoro tou S to opo�o or�zetai apì thn
(5.4.1) ∂(S) = Γ(S) \ S.Me �lla lìgia, ∂(S) e�nai to sÔnolo twn koruf¸n tou G pou sundèontai me to
S me k�poia akm  all� den an koun sto S. Apì ton orismì th agwgimìthtaèqoume Φ(G) < 3c an up�rqei S ⊂ V ¸ste
(5.4.2) |S| ≤ k kai |∂(S)| < c|S|.H pijanìthta P autoÔ tou endeqomènou ikanopoie� thn

P ≤
∑

{S:|S|≤k}
Prob(|∂(S)| < c|S|)

≤
∑

{S:|S|≤k}

∑

{T :|T |=c|S|}
Prob(∂(S) ⊂ T ),ìpou, gia aplìthta sto sumbolismì, gr�foume cs ant� gia ⌊cs⌋. Metr¸nta topl jo ìlwn twn S pou èqoun plhj�rijmo s = 1, . . . , k kai to pl jo ìlwn twn

T pou èqoun plhj�rijmo cs blèpoume ìti
(5.4.3) P ≤

k
∑

s=1

(

n

s

)(

n − s

cs

)

· Prob(∂(S0) ⊂ T0)ìpou S0 kai T0 e�nai stajer� xèna uposÔnola tou V me plhjar�jmou s kai csant�stoiqa.Parathr ste ìti an ∂(S0) ⊂ T0 tìte Γ(S0) ⊂ S0 ∪ T0. An loipìn gr�youme
[s] := {1, . . . , s}, tìte
(5.4.4) P ≤

k
∑

s=1

(

n

s

)(

n

cs

)

· Prob(Γ([s]) ⊆ [s + cs]).Mènei t¸ra na ektim soume thn pijanìthta tou endeqomènou Γ([s]) ⊆ [s+cs]. Giana sumba�nei autì to endeqìmeno prèpei sta tr�a tèleia tairi�smata Gi oi korufè



5.4 Uparxh grafhmatwn me megalh agwgimothta · 47tou [s] na sundèontai me korufè tou [s + cs]. An perioristoÔme se k�poio apìta Gi, h pijanìthta na sumbe� k�ti tètoio fr�ssetai apì
(5.4.5)

s + cs − 1

n − 1
· s + cs − 3

n − 3
· · · s + cs − s + 1

n − s + 1
=

s/2
∏

j=1

s + cs − 2j + 1

n − 2j + 1
.Autì to fr�gma prokÔptei w ex : sundèoume diadoqik� s/2 korufè apì to [s]me korufè apì to [s+cs] upolog�zonta se k�je b ma thn pijanìthta h epìmenhkoruf  tou [s] pou sundèoume, na sundèetai me k�poia apì ti korufè tou [s+cs]pou den èqoun  dh sundeje�. Parathr ste ìti

s/2
∏

j=1

s + cs − 2j + 1

n − 2j + 1
<

(s/2)−1
∏

j=0

s + cs − 2j

n − 2j

=
2s/2

∏(s/2)−1
j=0

(

s+cs
2 − j

)

2s/2
∏(s/2)−1

j=0

(

n
2 − j

)

=

(

(s+cs)/2
s/2

)

(

n/2
s/2

)
.Sunep¸,

(5.4.6) Prob(Γ([s]) ⊆ [s + cs]) <

((

(s+cs)/2
s/2

)

(

n/2
s/2

)
.

)3

.Epistrèfonta sthn (5.4.4) pa�rnoume
(5.4.7) P <

k
∑

s=1

(

n
s

)(

n
cs

)

(

(

(s+cs)/2
s/2

)

)3

(

n/2
s/2

)3 .Qrhsimopoi¸nta thn prosèggish (

n
αn

)

= 2h(α)n ìpou
(5.4.8) h(α) = α log2(1/α) + (1 − α) log2(1/(1 − α)),pa�rnoume

log2







(

n
s

)(

n
cs

)

(

(

(s+cs)/2
s/2

)

)3

(

n/2
s/2

)3






≡ n · h

( s

n

)

+ n · h
(cs

n

)

+3
s + cs

2
h
( s

s + cs

)

− 3
n

2
h
( s

n

)

= −n

2

(

h
( s

n

)

− 2h
(cs

n

)

)

+3
s + cs

2
h
( 1

1 + c

)

.An to c > 0 e�nai arket� mikrì kai an s ≤ n/2, tìte
(5.4.9) h(s/n) < c1h(cs/n) ìpou c1 ≃ c log(1/c)



48 · Akribe katw fragma: expanderskai
(5.4.10) h(1/(1 + c)) ≃ h(c) ≃ c log2(1/c).'Epetai ìti
(5.4.11) P <

k
∑

s=1

2−((1−c1)h(s/2k)k−2c1s).Parathr ste ìti an to c > 0 e�nai arket� mikrì, opìte kai to c1 > 0 e�nai arket�mikrì, èqoume
(5.4.12)

(1 − c1)h(s/2k)k ≥ (1 − c1)
s

2k
log2

(

2k

s

)

· k =
(1 − c1)s

2
log2

(

2k

s

)

> 4c1sgia k�je s = 1, . . . , k. Sunep¸,
(5.4.13) P <

k
∑

s=1

2
−

(

(1−c1)s
4 log2( 2k

s )
)

.Parathr ste ìti an s ≥
√

k èqoume
(5.4.14) 2

−
(

(1−c1)s
4 log2( 2k

s )
)

≤ 2−ρ
√

k,gia k�poia stajer� ρ(c1) > 0, en¸ an s ≤
√

k èqoume
(5.4.15) 2

−
(

(1−c1)s
4 log2( 2k

s )
)

=
( s

2k

)(1−c1)s/4

≤ 1

kαs
,ìpou α = 1−c1

8 . 'Epetai ìti
P <

√
k

∑

s=1

(

1

kα

)s

+ k · 2−ρ
√

k <
c′

kα
+ k · 2−ρ

√
k

→ 0ìtan k → ∞. Autì apodeiknÔei to je¸rhma. 2



Kef�laio 6Perifèreia graf mato kaiEukle�deia paramìrfwsh6.1 Graf mata qwr� sÔntomou kÔklouH perifèreia enì graf mato G e�nai to m ko tou suntomìterou kÔklou sto G.Gr�foume m(g, n) gia to mègisto dunatì pl jo akm¸n enì aploÔ graf matome n korufè to opo�o den perièqei kÔklo me m ko g   mikrìtero apì g (dhlad èqei perifèreia megalÔterh   �sh tou g + 1).E�nai fanerì ìti m(2, n) =
(

n
2

), afoÔ to pl re gr�fhma rn èqei perifèreia�sh me 3. Apì èna je¸rhma tou Turán, to mègisto pl jo akm¸n pou mpore� naèqei èna {eleÔjero trig¸nwn} gr�fhma me n korufè e�nai m(3, n) = ⌊n
2 ⌋ · ⌈n

2 ⌉.Par�deigma enì tètoiou graf mato d�nei to pl re dimerè gr�fhma r⌊n
2 ⌋,⌈n

2 ⌉.Apì ton orismì e�nai fanerì ìti h m(g, n) e�nai fj�nousa sun�rthsh tou g.Mia apl  parat rhsh e�nai ìti gia k�je r, isqÔei h anisìthta
(6.1.1) m(2r, n) ≥ m(2r + 1, n) ≥ 1

2
m(2r, n).Autì e�nai �mesh sunèpeia th parat rhsh ìti k�je gr�fhma G èqei dimerèupogr�fhma H to opo�o perièqei ti misè toul�qiston apì ti akmè tou G.Epomènw, an jèloume na d¸soume fr�gmata gia thn posìthta m(g, n), mporoÔmep�nta na upojètoume ìti o g e�nai �rtio.To prìblhma na upologiste� h akrib  sumperifor� th sun�rthsh m(g, n)(gia par�deigma, ìtan to g e�nai stajerì kai n → ∞) e�nai anoiktì. Sti epìmenedÔo Prot�sei d�noume k�poia sqetik� apl� (�nw kai k�tw) fr�gmata.Prìtash 6.1.1. Gia k�je n kai g,

(6.1.2) m(g, n) ≤ n1+1/⌊g/2⌋ + n.Apìdeixh. Upojètoume pr¸ta ìti o g = 2r e�nai �rtio. JewroÔme èna gr�fhma
G me n korufè kai m = m(g, n) akmè, to opo�o den perièqei kÔklo me m komikrìtero   �so apì g. O mèso bajmì tou G e�nai d = 2m

n .



50 · Perifereia grafhmato kai Eukleideia paramorfwshJètoume δ0 = d
2 . ParathroÔme ìti an diagr�youme mia koruf  pou èqei bajmìmikrìtero apì δ0 (maz� me ti akmè pou thn perièqoun) tìte to gr�fhma pou japrokÔyei èqei mèso bajmì

(6.1.3) d1 ≥ 2m − d

n − 1
=

nd − d

n − 1
= d.Diagr�fonta suneq¸ tètoie korufè, katal goume se èna upogr�fhma H ⊆ Gpou èqei el�qisto bajmì δ ≥ d

2 .'Estw v0 mia koruf  tou H. AfoÔ to H den èqei kÔklo me m ko mikrìtero  �so apì 2r, an jewr soume to upogr�fhma F tou H pou ep�getai apì to sÔnolotwn koruf¸n pou èqoun apìstash to polÔ �sh me r apì thn v0 tìte to pl jotwn koruf¸n tou F e�nai toul�qiston
(6.1.4) 1 + δ + δ(δ − 1) + · · · + δ(1 − δ)r−1 ≥ (δ − 1)r.Pr�gmati, k�je koruf  u pou èqei apìstash s apì thn v0 (ìpou s < r) sundèetaime thn {prohgoÔmenh th} kai me δ − 1 to pl jo korufè pou èqoun apìstash
s + 1 apì thn v0 (diaforetik� ja e�qame kÔklo me m ko mikrìtero   �so apì g).'Epetai ìti (δ − 1)r ≤ n, dhlad  δ ≤ n1/r + 1. Sunep¸,
(6.1.5) m =

1

2
dn = δn ≤ n1+1/r + n.An g = 2r + 1, to zhtoÔmeno prokÔptei apì ti m(g, n) ≤ m(g − 1, n) kai

⌊g/2⌋ = ⌊(g − 1)/2⌋. 2Qrhsimopoi¸nta thn pijanojewrhtik  mèjodo ja d¸soume èna aplì k�twfr�gma.Prìtash 6.1.2. Gia k�je g ≥ 3 kai k�je n ≥ 2,
(6.1.6) m(g, n) ≥ 1

9
n1+1/(g−1).Apìdeixh. MporoÔme na upojèsoume ìti n ≥ 4g−1 ≥ 16. Alli¸, èna monop�tim kou n ikanopoie� to zhtoÔmeno.JewroÔme to tuqa�o gr�fhma G(n, p) me n korufè, ìpou kajem�a apì ti (

n
2

)pijanè akmè epilègetai, anex�rthta apì ti upìloipe, me pijanìthta p ∈ (0, 1).H tim  th paramètrou p ja epilege� kat�llhla.'Estw E to sÔnolo twn akm¸n tou G(n, p) kai èstw F ⊆ E to sÔnolo twnakm¸n pou perièqontai se kÔklo me m ko mikrìtero   �so tou g. Diagr�fontaìle ti akmè tou F (ìqi ìmw ti korufè pou perièqoun) apì to G(n, p),pa�rnoume èna gr�fhma pou den èqei kÔklo me m ko mikrìtero   �so tou g. Angia k�poion m de�xoume ìti
(6.1.7) E |E \ F | ≥ m,tìte up�rqei gr�fhma me n korufè, m akmè, kai perifèreia megalÔterh apì g.'Eqoume E |E| =

(

n
2

)

p kai E |F | =
(

n
2

)

q, ìpou q e�nai h pijanìthta èna stajerìzeug�ri e = {u, v} na an kei sto F . Gia na sumba�nei k�ti tètoio, prèpei h e



6.1 Grafhmata qwri suntomou kuklou · 51na e�nai akm  tou G(n, p) � to opo�o sumba�nei me pijanìthta p � kai na up�rqeimonop�ti m kou r ∈ {2, . . . , g−1} to opo�o na sundèei ti u kai v. To pl jo twnmonopati¸n m kou r apì thn u sthn v e�nai mikrìtero apì nr−1 kai h pijanìthtana an koun sto G(n, p) ìle oi akmè enì tètoiou monopatioÔ e�nai pr. 'Ara,
(6.1.8) q = P (e ∈ F ) ≤

g−1
∑

r=2

pr+1nr−1 =
pn

pn − 1
(pgng−2 − p2) ≤ 2pgng−2an np ≥ 2. Sunep¸,

(6.1.9) E |E \ F | = E |E| − E |F | ≥
(

n

2

)

p(1 − 2pg−1ng−2).An epilèxoume p = n1/(g−1)

2n tìte pa�rnoume
(6.1.10) E |E \ F | ≥ 1

9
n1+1/(g−1).Tèlo, h upìjesh ìti n ≥ 4g−1 exasfal�zei thn np ≥ 2. 2H Ôparxh grafhm�twn qwr� sÔntomou kÔklou sundèetai me to prìblhmath paramìrfwsh gia emfuteÔsei metrik¸n q¸rwn.Je¸rhma 6.1.3 (Paramìrfwsh kai Di�stash, [12℄). 'Estw Z èna

r-di�stato q¸ro me nìrma, gia par�deigma k�poio apì tou ℓd
p, kai a upojè-soume ìti k�je metrikì q¸ro me n shme�a emfuteÔetai me paramìrfwsh γ ston

Z. 'Estw g èna akèraio me γ < g ≤ 5γ. Tìte,
(6.1.11) r ≥ 1

log2
16γg
g−γ

· m(g, n)

n
.Apìdeixh. JewroÔme èna gr�fhma G pou èqei san sÔnolo koruf¸n to V =

{v1, v2, . . . , vn}, den perièqei kÔklo me m ko mikrìtero   �so tou g kai èqei
m = m(g, n) akmè. Gr�foume G gia to sÔnolo ìlwn twn upografhm�twn H ⊆ Gpou mporoÔme na p�roume diagr�fonta k�poie apì ti akmè tou G, qwr� ìmwna diagr�youme korufè tou G. Gia k�je H ∈ G or�zoume mia metrik  ρH stosÔnolo V jètonta
(6.1.12) ρH(u, v) = min{g, dH(u, v)},ìpou dH(u, v) e�nai to m ko tou suntomìterou monopatioÔ to opo�o sundèei ta
u kai v sto H.'Estw ìti gia k�je H ∈ G up�rqei γ-emfÔteush fH : (V, ρH) → Z. Qwr�periorismì th genikìthta, mporoÔme na upojèsoume ìti
(6.1.13)

1

γ
ρH(u, v) ≤ ‖fH(u) − fH(v)‖Z ≤ ρH(u, v)gia k�je u, v ∈ V . H di�metro tou V e�nai to polÔ �sh me g, mporoÔme loipìn(metafèronta an qreiaste� to fH(V ) kat� èna di�nusma) na upojèsoume ìti

(6.1.14) fH(V ) ⊆ BZ(0, g) = {x ∈ Z : ‖x‖Z ≤ g}.



52 · Perifereia grafhmato kai Eukleideia paramorfwsh'Estw β < 1
4

(

g
γ − 1

). Parathr ste ìti 0 < β ≤ 1. JewroÔme èna β-d�ktuo(w pro thn ‖ · ‖Z) sthn BZ(0, g). 'Ena aplì epiqe�rhma ìgkou de�qnei ìti to Nmpore� na epilege� ¸ste na èqei plhj�rijmo
(6.1.15) |N | ≤

(

4g

β

)r

.Gia k�je H ∈ G, or�zoume mia kainoÔrgia apeikìnish gH : V → N jètonta gH(v)na e�nai to plhsièstero pro to fH(v) shme�o tou N (an up�rqoun perissìteraapì èna tètoia shme�a, epilègoume k�poio sthn tÔqh). Ja de�xoume ìti an H1,H2e�nai diakekrimèna stoiqe�a th G tìte oi apeikon�sei gH1
kai gH2

e�nai diaforeti-kè: AfoÔ ta sÔnola akm¸n twn H1 kai H2 e�nai diaforetik�, mporoÔme na broÔmeèna zeug�ri koruf¸n u kai v oi opo�e na or�zoun akm  sto H1, ìqi ìmw kai sto
H2 (  na or�zoun akm  sto H2, ìqi ìmw kai sto H1). Tìte ρH1

(u, v) = 1, all�
ρH2

(u, v) = g. Alli¸, ja up rqe monop�ti apì to u sto v me m ko mikrìteroapì g sto H2 kai, en¸nonta me thn akm  {u, v} tou H1, ja e�qame ènan kÔklome m ko mikrìtero   �so apì g sto G. Apì ton orismì twn fHi
kai apì thntrigwnik  anisìthta gia thn ‖ · ‖Z blèpoume eÔkola ìti

(6.1.16) ‖gH1
(u) − gH1

(v)‖Z ≤ ‖fH1
(u) − fH1

(v)‖Z + 2β ≤ 1 + 2βkai
(6.1.17) ‖gH2

(u) − gH2
(v)‖Z ≥ ‖fH2

(u) − fH2
(v)‖Z − 2β ≥ g

γ
− 2β > 1 + 2β.Sunep¸, isqÔei toul�qiston m�a apì ti gH1

(u) 6= gH2
(u)   gH1

(v) 6= gH2
(v).Up�rqoun loipìn toul�qiston |G| diaforetikè apeikon�sei apì to V sto N .Dhlad ,

(6.1.18) |G| = 2m(g,n) ≤ |N |n ≤
(

4g

β

)nr

.Pa�rnonta logar�jmou kai af nonta to β → 1
4

(

g
γ − 1

) èqoume to zhtoÔmeno.
2Pìrisma 6.1.4. 'Estw Z èna d-di�stato q¸ro me nìrma ¸ste k�je metri-kì q¸ro me n shme�a emfuteÔetai me paramìrfwsh γ ston Z, ìpou o γ > 1jewre�tai stajerì kai to n → ∞. Tìte,(i) An γ < 3 èqoume d = Ω(n).(ii) An γ < 5 èqoume d = Ω(

√
n).(iii) An γ < 7 èqoume d = Ω( 3

√
n).Apìdeixh. 'Amesh sunèpeia tou Jewr mato 6.1.3 an qrhsimopoi soume ta gnw-st� fr�gmata gia ti sunart sei m(3, n), m(5, n) kai m(7, n) kaj¸ to n → ∞.

2



6.2 Perifereia kai Eukleideia paramorfwsh · 53Je¸rhma 6.1.5 ([12℄). Gia k�je n, up�rqoun metriko� q¸roi me n shme�a oiopo�oi den emfuteÔontai ston ℓ2 me paramìrfwsh mikrìterh apì c log n/ log log n,ìpou c > 0 kat�llhlh apìluth stajer�.Apìdeixh. Upojètoume ìti k�je metrikì q¸ro me n shme�a emfuteÔetai ston
ℓ2 me paramìrfwsh γ ≤ ζ log n/ log log n, ìpou ζ > 0 stajer� pou ja epilege�kat�llhla. MporoÔme na upojèsoume ìti o γ e�nai fusikì arijmì.Apì to l mma twn Johnson-Lindenstrauss, k�je metrikì q¸ro me n shme�ae�nai (2γ)-emfuteÔsimo ston ℓr

2 gia k�poion r ≤ C log n, ìpou C > 0 apìluthstajer�.Jètoume g = 4γ. Apì thn Prìtash 6.1.2 èqoume
(6.1.19) m(g, n) ≥ 1

9
n1+ 1

4γ−1 .Apì to Je¸rhma 6.1.3 èpetai ìti
(6.1.20) C log n ≥ r ≥ c1

log γ
n

1
4γ−1ìpou c1 > 0 apìluth stajer�. Pa�rnonta logar�jmou kai fr�ssonta ìloutou upìloipou ìrou, blèpoume ìti

(6.1.21) c2 log log n ≥ 1

4γ − 1
log n >

1

4γ
log nìpou c2 > 0 apìluth stajer�. Dhlad ,

(6.1.22) γ >
log n

4c2 log log n
.An h stajer� ζ > 0 e�nai arket� mikr  (anex�rthth apì to n) katal goume se�topo. 26.2 Perifèreia kai Eukle�deia paramìrfwshSe aut  thn Par�grafo de�qnoume dÔo anisìthte tÔpou Poincaré gia r-kanonik�graf mata me perifèreia g.Je¸rhma 6.2.1. 'Estw G = (V,E) èna r-kanonikì gr�fhma (r ≥ 3) me nkorufè kai perifèreia �sh me g. An 1 < s < g/2 kai an f : V → ℓ2 tìte

(6.2.1)
∑

d(u,v)=s

‖f(u) − f(v)‖2
2 ≤ Cs(r − 1)s−1

∑

d(u,v)=1

‖f(u) − f(v)‖2
2,ìpou C > 0 apìluth stajer�.An epiplèon upojèsoume ìti to fasmatikì kenì tou G e�nai sqetik� meg�lo, tìteh epìmenh anisìthta e�nai isqurìterh.



54 · Perifereia grafhmato kai Eukleideia paramorfwshJe¸rhma 6.2.2. 'Estw G = (V,E) èna r-kanonikì gr�fhma (r ≥ 3) me nkorufè, perifèreia �sh me g kai fasmatikì kenì ε > 0. An 1 < s < g/2 kai an
f : V → ℓ2 tìte
(6.2.2)

∑

d(u,v)=s

‖f(u)−f(v)‖2
2 ≤ C(r−1)s 1 − e−Cεs/r

ε

∑

d(u,v)=1

‖f(u)−f(v)‖2
2,ìpou C > 0 apìluth stajer�.Sundu�zonta ta parap�nw pa�rnoume to ex  (blèpe [10℄).Je¸rhma 6.2.3 (Linial, Magen, Naor, 2002). Up�rqei apìluth stajer�

C > 0 me thn ex  idiìthta: an G = (V,E) e�nai èna r-kanonikì gr�fhma (r ≥ 3)me n korufè kai perifèreia �sh me g, tìte
(6.2.3) c2(G) ≥ C

√
g.An, epiplèon, to G èqei fasmatikì kenì ε > 0, tìte

(6.2.4) c2(G) ≥ Cg
√

min{g, r/ε}
.H apìdeixh ja basiste� sth mèjodo tou hmiorismènou programmatismoÔ (thnopo�a perigr�yame sthn §4.1) kai sta polu¸numa tou Geronimus.6.2aþ Polu¸numa tou Geronimus'Estw G = (V,E) èna r-kanonikì gr�fhma me n korufè kai perifèreia g. 'Estw

A = AG = (auv) o p�naka sundesmolog�a tou G. Gia k�je t ∈ N0 jewroÔmeton p�naka A(t) pou èqei suntetagmène A
(t)
uv = 1 an d(u, v) = t kai A

(t)
uv = 0alli¸.Up�rqoun polu¸numa Pt pou ikanopoioÔn ta ex : k�je Pt èqei bajmì t kai

Pt(A) = A(t) gia k�je t < g/2. Parathr ste ìti P0(x) = 1 kai P1(x) = x.MporoÔme na elègxoume ìti
(6.2.5) A(t) − A · A(t−1) = −rA(t−2) = −rI an t = 2kai
(6.2.6) A(t) − A · A(t−1) = −(r − 1)A(t−2) an 2 < t < g/2.'Epetai ìti
(6.2.7) P2(x) = xP1(x) − rP0(x) = x2 − rkai
(6.2.8) Pt(x) = xPt−1(x) − (r − 1)Pt−2(x) an t > 2.



6.2 Perifereia kai Eukleideia paramorfwsh · 55Ta polu¸numa Pt e�nai gnwst� san {polu¸numa tou Geronimus}. EpilÔonta thnanadromik  sqèsh (6.2.8) pa�rnoume thn akìloujh trigwnometrik  anapar�stash:gia k�je t > 0,
(6.2.9) Pt(2

√
r − 1 cos θ) = (r − 1)t/2−1 (r − 1) sin((t + 1)θ) − sin((t − 1)θ)

sin θ
.H sqèsh aut  (apì th stigm  pou d�netai) elègqetai pr¸ta gia t = 1, 2 kai met�gia t > 2 b�sei th anadromik  sqèsh (6.2.8).ParathroÔme ep�sh ìti ìle oi r�ze tou poluwnÔmou Pt e�nai pragmatikèkai br�skontai metaxÔ tou −2

√
r − 1 kai tou 2

√
r − 1. Apì thn (6.2.9) arke�na elègxoume ìti up�rqoun t diaforetikè timè tou θ sto [0, π) gia ti opo�eh posìthta Pt(2

√
r − 1 cos θ) mhden�zetai. Autì elègqetai w ex : gia q =

0, 1, . . . , t or�zoume θq =
(

π
2 + qπ

)

/(t + 1). Tìte, h posìthta Pt(2
√

r − 1 cos θq)e�nai jetik  ìtan o q e�nai �rtio, kai arnhtik  ìtan o q e�nai perittì. 'Ara,up�rqei mia r�za an�mesa sto θq kai sto θq+1, dhlad  èqoume t r�ze sto di�sthmapou jèlame.Tèlo, me epagwg  mporoÔme na elègxoume ìti: gia k�je t > 0,
(6.2.10) Pt(r) = r(r − 1)t−1kai
(6.2.11) P ′

t (r) =
1

(r − 2)2
(

t(r − 1)t+1 − 2(r − 1)t − t(r − 1)t−1 + 2
)

.To pr¸to l mma pou ja qreiastoÔme de�qnei ìti, parìlo pou ta polu¸numatou Geronimus den e�nai kurt� sto [−r, r], ikanopoioÔn èna {l mma qord¸n}. Hapìdeixh qrhsimopoie� mia klasik  anisìthta tou Markov: an P e�nai èna prag-matikì polu¸numo bajmoÔ s tìte ‖P ′‖L∞[−1,1] ≤ s2‖P‖L∞[−1,1].L mma 6.2.4. 'Estw s ≥ 40 èna �rtio fusikì. Gia k�je ε > 0 kai gia k�je
x ∈ [−r, r − ε],
(6.2.12)

Ps(r) − Ps(r − ε)

ε
≥ Ps(r) − Ps(x)

r − x
.Apìdeixh. JewroÔme th sun�rthsh

(6.2.13) f(x) =
Ps(r) − Ps(x)

r − xkai ja de�xoume ìti h f e�nai aÔxousa sto [−r, r]. Paragwg�zonta to dexiì mèlokai anaptÔssonta, blèpoume ìti arke� na de�xoume ìti
(6.2.14) h(x) := Ps(x) + (r − x)P ′

s(x) ≤ Ps(r)gia k�je x ∈ [−r, r]. ParathroÔme ìti h(r) = Ps(r) kai, afoÔ h Ps e�nai �rtiasun�rthsh ìtan o s e�nai �rtio, èqoume
(6.2.15) h(−r) = Ps(r) − 2rP ′

s(r) < Ps(r)



56 · Perifereia grafhmato kai Eukleideia paramorfwshafoÔ P ′
s(r) > 0. Arke� loipìn na de�xoume ìti an h′(x0) = 0 tìte h(x0) ≤ Ps(r).T¸ra, h′(x) = (r − x)P ′′

s (x), �ra oi r�ze th h′ sump�ptoun me ti r�ze th
P ′′

s . AfoÔ to Ps èqei ìle ti r�ze tou sto di�sthma [−2
√

r − 1, 2
√

r − 1], to�dio isqÔei gia to P ′′
s . Arke� loipìn na de�xoume ìti h(x) < Ps(r) sto di�sthma

[−2
√

r − 1, 2
√

r − 1]. K�je shme�o autoÔ tou diast mato gr�fetai sth morf 
x = 2

√
r − 1 cos θ gia k�poio 0 ≤ θ ≤ π. Qrhsimopoi¸nta thn (6.2.9) pa�rnoume

(6.2.16)

Ps(r) = Ps(2 cos θ
√

r − 1) = (r − 1)s/2−1 (r − 1) sin((s + 1)θ) − sin((s − 1)θ)

sin θ
.'Otan r ≥ 1 kai 0 ≤ α < π, isqÔei h sin(rα) ≤ r sinα. Sunep¸,

(6.2.17) ‖Ps‖L∞[−2
√

r−1,2
√

r−1] ≤ (r − 1)s/2−1
(

(r − 1)(s + 1) + (s − 1)
)

.Apì thn anisìthta tou Markov èqoume
(6.2.18) ‖P ′

s‖L∞[−2
√

r−1,2
√

r−1] ≤
s2

2
√

r − 1
‖Ps‖L∞[−2

√
r−1,2

√
r−1].'Ara,

‖h‖L∞[−2
√

r−1,2
√

r−1] ≤ ‖Ps‖L∞[−2
√

r−1,2
√

r−1] + 2r‖P ′
s‖L∞[−2

√
r−1,2

√
r−1]

≤ (r − 1)s/2−1
(

(r − 1)(s + 1) + (s − 1)
)

(

1 +
rs2

√
r − 1

)

≤ r(r − 1)s−1 = Ps(r).H teleuta�a anisìthta elègqetai sqetik� apl� gia k�je r ≥ 3 kai s ≥ 40. 2L mma 6.2.5. Gia k�je fusikì s kai gia k�je ε ≤ r/20,
(6.2.19) Ps(r − ε) ≥ r(r − 1)s−1 e−150εs/r.Apìdeixh. 'Estw y1, . . . , ys oi r�ze tou Ps. Apì to je¸rhma mèsh tim , kaiqrhsimopoi¸nta to gegonì ìti y1, . . . , ys ∈ [−2

√
r − 1, 2

√
r − 1], ε ≤ r/20 kai

r ≥ 3, blèpoume ìti up�rqei a ∈ (r − ε, r) me thn idiìthta
log

[

Ps(r)

Ps(r − ε)

]

= ε
P ′

s(a)

Ps(a)
= ε ·

s
∑

i=1

1

a − yi

≤ εs

r − ε − 2
√

r − 1
≤ 150εs

r
.AfoÔ Ps(r) = r(r − 1)s−1, pa�rnoume to zhtoÔmeno. 2L mma 6.2.6. 'Estw s ≥ 40 èna �rtio fusikì kai èstw 0 < ε ≤ r. Tìte,

(6.2.20) 1 − Ps(r − ε)

Ps(r)
≤ C

(

1 − e−Cεs/r
)

,ìpou C > 0 apìluth stajer�.Apìdeixh. Sthn per�ptwsh pou ε ≤ r/20, qrhsimopoioÔme to L mma 6.2.5. 'O-tan ε > r/20, to dexiì mèlo e�nai k�tw fragmèno apì apìluth stajer�. Toaristerì mèlo e�nai to polÔ �so me 2, diìti to Ps pa�rnei el�qisth tim  sto
[−2

√
r − 1, 2

√
r − 1] kai h apìdeixh tou L mmato 6.2.4 de�qnei ìti Ps(x) ≥

−Ps(r) gia k�je x se autì to di�sthma. 2



6.2 Perifereia kai Eukleideia paramorfwsh · 576.2bþ Apìdeixh twn Jewrhm�twnApìdeixh twn Jewrhm�twn 6.2.1 kai 6.2.2. 'Estw G èna r-kanonikìgr�fhma me perifèreia g kai èstw 1 < s < g/2. An u, v ∈ V kai d(u, v) = s,tìte up�rqei monadikì monop�ti m kou s to opo�o sundèei ti u kai v. Me �llalìgia, up�rqei èna monos manta orismèno sÔnolo koruf¸n {wuv(i)}s
i=0 ¸ste

wuv(0) = u, wuv(s) = v kai {wuv(i−1), wuv(i)} ∈ E gia k�je i = 1, . . . , s. K�jeakm  e ∈ E emfan�zetai se akrib¸ s(r − 1)s−1 tètoia monop�tia. Epomènw, giak�je f : V → ℓ2,
∑

d(u,v)=s

‖f(u) − f(v)‖2
2 ≤

∑

d(u,v)=s

(

s
∑

i=1

‖f(wuv(i)) − f(wuv(i − 1))‖2

)2

≤
∑

d(u,v)=s

s
s

∑

i=1

‖f(wuv(i)) − f(wuv(i − 1))‖2
2

= s2(r − 1)s−1
∑

d(u,v)=1

‖f(u) − f(v)‖2
2.Autì de�qnei ìti oi anisìthte twn Jewrhm�twn 6.2.1 kai 6.2.2 isqÔoun gia frag-mèno s, �ra mporoÔme na upojèsoume ìti s ≥ 40. Parìmoio epiqe�rhma de�qnei ìtimporoÔme na upojèsoume ìti o s e�nai �rtio. Epiplèon, mporoÔme na upojèsoumeìti f : V → R.De�qnoume pr¸ta to Je¸rhma 6.2.2. JewroÔme ton p�naka

(6.2.21) Q = α · Id − A + βA(s),ìpou 40 ≤ s < g/2 e�nai èna �rtio fusikì, kai
α = r − εPs(r)

Ps(r) − Ps(r − ε)

β =
ε

Ps(r) − Ps(r − ε)
.O Q e�nai summetrikì. Ep�sh, A~1 = r~1 kai A(s)~1 = Ps(r)~1, �ra Q~1 = 0. AfoÔto fasmatikì kenì tou G e�nai ε > 0, oi upìloipe idiotimè tou A br�skontaisto [−r, r − ε]. Gia na de�xoume loipìn ìti o Q e�nai jetik� hmiorismèno arke�na de�xoume ìti

(6.2.22) α − x + βPs(x) ≥ 0gia k�je x ∈ [−r, r − ε]. Autì isqÔei, apì to L mma 6.2.4.JewroÔme f : V → R. Tìte, qrhsimopoi¸nta to gegonì ìti α−r+βPs(r) =

0 blèpoume ìti
0 ≤ 〈Qf, f〉 = α

∑

u∈V

f(u)2 −
∑

u,v∈V

Auvf(u)f(v) + β
∑

u,v∈V

A(s)
uv f(u)f(v)

=
1

2

∑

d(u,v)=1

|f(u) − f(v)|2 − β

2

∑

d(u,v)=s

|f(u) − f(v)|2.
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∑

d(u,v)=s

|f(u) − f(v)|2 ≤ 1

β

∑

d(u,v)=1

|f(u) − f(v)|2

=
r(r − 1)s−1

ε

[

1 − Ps(r − ε)

Ps(r)

]

∑

d(u,v)=1

|f(u) − f(v)|2

≤ C(r − 1)s · 1 − e−Cεs/r

ε

∑

d(u,v)=1

|f(u) − f(v)|2.H apìdeixh tou Jewr mato 6.2.1 g�netai me ton �dio per�pou trìpo. Epistrèfoumesthn prohgoÔmenh kataskeu  kai af noume to ε → 0+. Tìte, pa�rnoume tonp�naka
(6.2.23) Q̃ =

[

r − Ps(r)

P ′
s(r)

]

· Id − A +
1

P ′
s(r)

A(s),o opo�o e�nai ep�sh summetrikì kai jetik� hmiorismèno lìgw sunèqeia. Dou-leÔonta ìpw parap�nw, pa�rnoume thn anisìthta
∑

d(u,v)=s

|f(u) − f(v)|2 ≤ P ′
s(r)

∑

d(u,v)=1

|f(u) − f(v)|2

=
s(r − 1)s+1 − 2(r − 1)s − s(r − 1)s−1 + 2

(r − 2)2

×
∑

d(u,v)=1

|f(u) − f(v)|2,ap' ìpou prokÔptei to zhtoÔmeno. 2Apìdeixh tou Jewr mato 6.2.3. 'Estw G èna r-kanonikì gr�fhma (r ≥
3) me n korufè kai perifèreia g. 'Estw f : V → ℓ2 mia emfÔteush pou ikanopoie�thn
(6.2.24)

1

γ
d(u, v) ≤ ‖f(u) − f(v)‖2 ≤ d(u, v)gia k�je u, v ∈ V . Jètoume s = ⌊g/2⌋ − 1. AfoÔ up�rqoun r(r − 1)s−1 korufètou G se apìstash s apì doje�sa koruf , pa�rnoume

(6.2.25)
∑

d(u,v)=s

‖f(u) − f(v)‖2
2 ≥ s2r(r − 1)s−1n

γ2kai
(6.2.26)

∑

d(u,v)=1

‖f(u) − f(v)‖2
2 ≤ rn.Apì to Je¸rhma 6.2.1 blèpoume ìti

(6.2.27)
s2r(r − 1)s−1n

γ2
≤ Cs(r − 1)sn,
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(6.2.28) γ ≥ c1

√
g.An, epiplèon, upojèsoume ìti to G èqei fasmatikì kenì ε > 0, o �dio sullogi-smì kai to Je¸rhma 6.2.2 de�qnoun ìti

(6.2.29) γ ≥ c2g

√

ε/r

1 − e−Cgε/r
≥ c2g

√

min{g, r/ε}
.

2Den e�nai gnwstì an h anisìthta c2(G) ≥ c
√

g e�nai bèltisth. 'Ena �lloanoiktì prìblhma e�nai na dojoÔn k�tw fr�gmata gia thn posìthta c1(G) sunar-t sei th perifèreia g (gia r-kanonik� graf mata). E�nai �gnwsto an up�rqei
f : N → R me lim

n→∞
f(n) = ∞ ¸ste c1(G) ≥ f(g) gia k�je r-kanonikì gr�fhma

G.





Mèro IIFainìmena tÔpou Ramsey





Kef�laio 7Eukle�deia uposÔnolapeperasmènwn metrik¸nq¸rwn7.1 Eisagwg 'Estw (X, ρ) kai (Y, d) dÔo peperasmènoi metriko� q¸roi me to �dio pl jo shme�-wn. H apìstash Lipschitz twn X kai Y e�nai h posìthta
(7.1.1) d(X,Y ) = inf

{

‖ψ‖Lip‖ψ−1‖Lip

}

,ìpou to infimum pa�rnetai p�nw apì ìle ti èna pro èna kai ep� apeikon�sei
ψ : X → Y . Upenjum�zoume ìti
(7.1.2) ‖ψ‖Lip = max

{

d(ψ(x), ψ(y))

ρ(x, y)
: x, y ∈ X,x 6= y

}

.An d(X,Y ) ≤ α tìte lème ìti oi X kai Y e�nai α-isomorfiko�.Se autì to Kef�laio ja doÔme thn apìdeixh enì jewr mato twn Bourgain,

Figiel kai Milman [4℄ to opo�o mpore� na jewrhje� san to an�logo tou klasi-koÔ jewr mato tou Dvoretzky (blèpe [13℄) gia ti Eukle�deie tomè q¸rwnpeperasmènh di�stash me nìrma.Je¸rhma 7.1.1. 'Estw ε > 0. Up�rqei stajer� c(ε) > 0 me thn ex  idiìthta:k�je peperasmèno metrikì q¸ro (X, d) èqei uposÔnolo Y me plhj�rijmo
(7.1.3) |Y | ≥ c(ε) log |X|¸ste o (Y, d) na emfuteÔetai (1+ ε)-isomorfik� ston ℓ2. Epiplèon, an 0 < ε < 1,mporoÔme na p�roume c(ε) = c1ε/ log(c2/ε) ìpou c1, c2 > 0 apìlute stajerè.H apìdeixh parousi�zetai sthn §7.2. Sthn §7.3 de�qnoume ìti h logarijmik t�xh megèjou tou |Y | e�nai bèltisth, akìma ki an upojèsoume ìti o �dio o Xe�nai 2-isomorfikì me èna uposÔnolo tou ℓ2.



64 · Eukleideia uposunola peperasmenwn metrikwn qwrwn7.2 Eukle�deia uposÔnola peperasmènwn metrik¸n q¸-rwnGia thn apìdeixh tou Jewr mato 7.1.1 jewroÔme 0 < ε < 1 kai stajeropoioÔme
0 < δ < 1

2 pou ikanopoie� thn (1 + δ)2 ≤ 1 + ε. JewroÔme ep�sh ton el�qistofusikì m gia ton opo�o (1 + δ)m−1 > 4.'Estw (X, d) èna peperasmèno metrikì q¸ro (qwr� periorismì th genikì-thta upojètoume ìti |X| > m). Ja or�soume epagwgik� mia fj�nousa akolouj�asunìlwn
(7.2.1) X = X0 ⊃ X1 ⊃ · · · ⊃ Xkpou ikanopoioÔn thn
(7.2.2) |Xi+1| ≥

1

m
|Xi| gia i ≥ 0.A upojèsoume ìti to Xi èqei oriste� kai ìti

(7.2.3) |Xi| ≥
1

mi
|X| > m.Epilègoume tuqìn xi ∈ Xi kai or�zoume

(7.2.4) di = max{d(xi, x) : x ∈ Xi}.Sth sunèqeia, pa�rnoume k�poio yi ∈ Xi gia to opo�o d(xi, yi) = di kai jètoume
(7.2.5) Ai =

{

x ∈ Xi : d(xi, x) ≤ 1

4
di

}

.Tèlo, or�zoume g(i) = 0 an |Ai| ≥ 1
m |Xi| kai g(i) = 1 alli¸. Prokeimènou naor�soume to Xi+1 diakr�noume dÔo peript¸sei:(i) An g(i) = 0 tìte jètoume Xi+1 = Ai.(ii) An g(i) = 1, mporoÔme na broÔme η ∈ [1/4, 1) ¸ste to sÔnolo

Bη = {x ∈ Xi : ηdi < d(xi, x) ≤ (1 + δ)ηdi}na èqei plhj�rijmo |Bη| ≥ 1
m |Xi|. [Pr�gmati, an jewr soume ta sÔnola

Bηk
, ìpou ηk = (1 + δ)k/4, k = 0, . . . ,m − 1, tìte apì thn (1 + δ)m−1 >

4 èqoume Ai ∪
(

⋃m−1
k=0 Bηk

)

= Xi, �ra gia k�poio k isqÔei h anisìthta
|Bηk

| ≥ 1
m |Xi|.℄ Se aut  thn per�ptwsh jètoume Xi+1 = Bη.'Opw or�sthke to Xi+1, ikanopoie� thn

(7.2.6) |Xi+1| ≥
1

m
|Xi| ≥

1

mi+1
|X|.An |X| ≤ mi+2 stamat�me ed¸, alli¸ mporoÔme na suneq�soume thn epagwgik diadikas�a me ton �dio trìpo. An loipìn upojèsoume ìti mk < |X| ≤ mk+1, tìteor�zoume xi, yi, g(i) gia ìla ta i = 0, 1, . . . , k − 1.
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X̃ = {xi : 0 ≤ i < k, g(i) = 1}
Ỹ = {yi : 0 ≤ i < k, g(i) = 0}.Parathr ste ìti X̃ ∩ Ỹ = ∅, �ra

(7.2.7) |X̃| + |Ỹ | = k.'Epetai ìti k�poio apì ta X̃ kai Ỹ èqei toul�qiston k
2 stoiqe�a.B ma 1: Ja de�xoume ìti to X̃ èqei meg�lo uposÔnolo pou e�nai (1 + δ)2-isomorfikì me k�poio uposÔnolo tou ℓ2. H apìdeixh ja basiste� sto ex  L mma.L mma 7.2.1. 'Estw S = {s1, s2, . . . , sk} èna peperasmèno sÔnolo kai èstw ρmia metrik  sto S h opo�a ikanopoie� ti ρ(si, sj) = ρ(si, sk) gia 1 ≤ i < j ≤ kkai

(7.2.8) ρ(s1, sk) ≥ ρ(s2, sk) ≥ · · · ≥ ρ(sk, sk) = 0.Tìte, o (S, ρ) e�nai isometrikì me k�poion upìqwro tou ℓ2.Apìdeixh. Jètoume mi = ρ(si, sk), i = 1, . . . , k − 1. Or�zoume u1 = 0 kaijewroÔme th sfa�ra S(1) tou ℓk−1
2 me kèntro to u1 kai akt�na r1 = m1. Jaepilèxoume u2, . . . , uk sthn S(1).Pa�rnoume tuqìn u2 ∈ S(1) kai jewroÔme th sfa�ra S(2) tou ℓk−1

2 me kèntroto u2 kai akt�na m2. H tom  S(1) ∩ S(2) e�nai mia sfa�ra me di�metro
(7.2.9) 2r2 =

m2

√

4m2
1 − m2

2

m1
> m2.Epilègoume u3 ∈ S(1) ∩ S(2) kai jewroÔme th sfa�ra S(3) tou ℓk−1

2 me kèntroto u3 kai akt�na m3. AfoÔ m3 ≤ m2, h tom  S(1) ∩ S(2) ∩ S(3) e�nai mh ken .Epilègoume u4 ∈ S(1) ∩ S(2) ∩ S(3) kai suneq�zoume me ton �dio trìpo.Epagwgik� de�qnoume ìti an i < k − 1 tìte h tom  S(1) ∩ · · · ∩ S(i) e�nai miasfa�ra me di�metro 2ri megalÔterh apì mi: parathr ste ìti
(7.2.10) 2ri =

mi

√

4r2
i−1 − m2

i

ri−1
> mi.Epilègoume ui+1 ∈ S(1)∩ · · · ∩S(i) kai jewroÔme th sfa�ra S(i+1) tou ℓk−1

2 mekèntro to ui+1 kai akt�na mi+1. AfoÔ mi+1 ≤ mi, h tom  S(1) ∩ · · · ∩ S(i + 1)e�nai mh ken . Suneq�zoume me ton �dio trìpo.Me th diadikas�a pou perigr�yame, or�zontai u1, . . . , uk ∈ ℓk−1
2 me thn idiìthta

ρ(si, sj) = ‖ui − uj‖2 gia k�je i, j = 1, . . . , k.H apeikìnish si 7→ ui e�nai isometrik  emfÔteush. 2Gr�foume X̃ = {xi1 , . . . , xis
} ìpou i1 < · · · < is, kai gia suntom�a jètoume

zj := xij
, j = 1, . . . , s.



66 · Eukleideia uposunola peperasmenwn metrikwn qwrwnL mma 7.2.2. Gia k�je p < j ≤ s or�zoume
(7.2.11) d1(zp, zj) = d1(zj , zp) = max{d(zp, zτ ) : p < τ ≤ s}.Tìte, h d1 e�nai metrik  sto X̃. An jèsoume δp = d1(zp, zj) gia k�je 1 ≤ p <

j ≤ s, tìte h d1 ikanopoie� ti
(7.2.12) d(zp, zj) ≤ d1(zp, zj) = δp ≤ (1 + δ)d(zp, zj).Apìdeixh. De�qnoume pr¸ta ìti h d1 e�nai metrik . Arke� na elègxoume thntrigwnik  anisìthta. 'Estw p < j ≤ s. Ja de�xoume ìti gia k�je r ≤ s isqÔei
(7.2.13) d1(zp, zj) ≤ d1(zp, zr) + d1(zr, zj).An p ≤ r tìte d1(zp, zj) = d1(zp, zr), opìte h (7.2.13) isqÔei profan¸. U-pojètoume loipìn ìti r < p < j. Up�rqei κ > p ¸ste d1(zp, zj) = d(zp, zκ).Tìte,
(7.2.14) d1(zp, zj) = d(zp, zκ) ≤ d(zp, zr) + d(zr, zκ).'Omw r < p kai r < j, �ra d(zp, zr) ≤ d1(zp, zr) kai d(zr, zκ) ≤ d1(zr, zκ) =

d1(zr, zj). Epistrèfonta sthn (7.2.14) pa�rnoume thn (7.2.13).Pern�me t¸ra sthn apìdeixh th (7.2.12). Profan¸ d(zp, zj) ≤ d1(zp, zj).Epilègoume κ > p ¸ste d1(zp, zj) = d(zp, zκ). 'Eqoume g(ip) = 1, opìte zκ, zj ∈
{x ∈ Xip

: ηdip
< d(zp, x) ≤ (1 + δ)ηdip

} gia k�poio η ∈ [ 14 , 1). Sunep¸,
(7.2.15) d(zp, zκ) ≤ (1 + δ)ηdip

kai ηdip
< d(zp, zj),ap' ìpou prokÔptei h d1(zp, zj) ≤ (1 + δ)d(zp, zj) 2Apì to L mma 7.2.2 o (X̃, d1) e�nai (1 + δ)-isomorfikì me ton (X̃, d|X̃).Arke� loipìn na broÔme meg�lo uposÔnolo tou (X̃, d1) to opo�o na e�nai (1 + δ)-isomorfikì me k�poio uposÔnolo tou ℓ2. Gia k�je n ∈ Z or�zoume

(7.2.16) X̃n = {zp ∈ X̃ : (1 + δ)−n ≤ δp < (1 + δ)1−n}.ParathroÔme ìti an zp ∈ X̃n kai zj ∈ X̃n+m tìte p < j. Pr�gmati, an e�qame
j < p tìte gia k�je p < τ ≤ s ja èprepe na isqÔei h
(7.2.17) δp = d(zp, zτ ) ≤ d(zp, zj) + d(zj , zτ ) ≤ 2δj ,opìte
(7.2.18) (1 + δ)−n ≤ δp ≤ 2δj < 2(1 + δ)1−m−n <

1

2
(1 + δ)−n.JewroÔme t¸ra ta sÔnola

(7.2.19) Uα = ∪{X̃n : n ≡ α(mod m)}gia α = 0, 1, . . . ,m − 1. K�poio apì aut�, a to poÔme X ′, èqei plhj�rijmo
|X ′| ≥ 1

m |X̃|.



7.2 Eukleideia uposunola peperasmenwn metrikwn qwrwn · 67Apì ton orismì tou X ′, an zp, zj ∈ X ′ kai p < j, tìte e�te {zp, zj} ⊂ X̃n giak�poion akèraio n   zp ∈ X̃n kai zj ∈ X̃n+sm gia k�poion s ≥ 1. Sthn pr¸thper�ptwsh èqoume
(7.2.20)

1

1 + δ
<

δp

δj
< 1 + δ,en¸ sth deÔterh per�ptwsh èqoume

(7.2.21) δj ≤ (1 + δ)1−n−sm ≤ (1 + δ)1−mδp ≤ δp

4
.An zp ∈ X ′, or�zoume

(7.2.22) δp = min{δτ : zτ ∈ X ′, 1 ≤ τ ≤ p}.L mma 7.2.3. Gia zp, zj ∈ X ′ me p < j jètoume
(7.2.23) d2(zp, zj) = d2(zj , zp) = δp.Tìte, h d2 e�nai metrik  sto X ′ kai ikanopoie� thn
(7.2.24)

1

1 + δ
d1(zp, zj) ≤ d2(zp, zj) ≤ d1(zp, zj).Apìdeixh. H d2 e�nai metrik . Gia thn trigwnik  anisìthta jewroÔme p < j kai r¸ste zp, zj , zr ∈ X ′ kai diakr�noume dÔo peript¸sei: an r < p < j, tìte δp ≤ δrafoÔ {δτ : zτ ∈ X ′, 1 ≤ τ ≤ r} ⊂ {δτ : zτ ∈ X ′, 1 ≤ τ ≤ p}. 'Etsi,

(7.2.25) d2(zp, zj) ≤ d2(zr, zp) ≤ d2(zr, zp) + d2(zr, zj).An p < r, tìte d2(zp, zj) = d2(zp, zr), opìte h anisìthta isqÔei p�li.Gia thn apìdeixh th (7.2.24) jewroÔme zp, zj ∈ X ′ me p < j kai parathroÔmekat' arq n ìti
(7.2.26) d1(zp, zj) = δp ∈ {δτ : zτ ∈ X ′, 1 ≤ τ ≤ p}opìte
(7.2.27) d2(zp, zj) = min{δτ : zτ ∈ X ′, 1 ≤ τ ≤ p} ≤ d1(zp, zj).An τ ≤ p, oi (7.2.20) kai (7.2.21) d�noun ant�stoiqa
(7.2.28)

1

1 + δ
<

δτ

δpkai
(7.2.29) δp ≤ δτ/4 ≤ (1 + δ)δτ .'Etsi,
(7.2.30)

d1(zp, zj) = δp ≤ (1 + δ)min{δτ : zτ ∈ X ′, 1 ≤ τ ≤ p} = (1 + δ)d2(zp, zj).



68 · Eukleideia uposunola peperasmenwn metrikwn qwrwn'Eqoume loipìn apode�xei to L mma. 2O metrikì q¸ro (X ′, d2) ikanopoie� ti upojèsei tou L mmato 7.2.1. 'Ara,e�nai isometrikì me k�poion upìqwro tou ℓ2. Apì thn kataskeu , o (X̃, d) èqeiuposÔnolo pou e�nai (1 + δ)2-isomorfikì me upìqwro tou ℓ2 kai èqei plhj�rijmotoul�qiston �so me |X ′| ≥ 1
m |X̃|.B ma 2: Ja de�xoume ìti to Ỹ èqei meg�lo uposÔnolo pou e�nai (1 + δ)2-isomorfikì me k�poio uposÔnolo tou ℓ2.Gr�foume Ỹ = {yj1 , . . . , yjt

} ìpou t = k−s kai j1 < · · · < jt, kai gia suntom�ajètoume wi := yji
, i = 1, . . . , t.L mma 7.2.4. O (Ỹ , d|Ỹ ) e�nai 5-isomorfikì me k�poio uposÔnolo th prag-matik  euje�a.Apìdeixh. Or�zoume T (wi) = d(wi, wt). ParathroÔme ìti an wi = yji

, tìte
(7.2.31) {wi+1, . . . , wt} ⊂ Aji

.AfoÔ diam(Aji
) ≤ 2 · 1

4d(xji
, yji

) = 1
2dji

kai
(7.2.32) T (wi) = d(wi, wt) ≥ d(wi, xji

) − d(wt, xji
) ≥ dji

− 1

4
dji

=
3

4
dji

,sumpera�noume ìti, gia k�je i < κ ≤ t,
(7.2.33) T (wκ) ≤ 1

2
dji

≤ 2

3
T (wi).Epomènw, an 1 ≤ i < κ ≤ t, tìte d(wi, wκ) ≤ 5dji

/4 kai, apì thn (7.2.32),
(7.2.34)

d(wi, wκ)

5
≤ dji

4
≤ T (wi)

3
≤ |T (wi) − T (wκ)| ≤ d(wi, wκ).Autì apodeiknÔei to L mma. 2Pern¸nta se upìqwro mporoÔme na belti¸soume thn ekt�mhsh tou L mmato.Gia i = 1, 2, . . . , ⌊t/(m− 1)⌋+ 1 = t′ or�zoume vi = w1+(i−1)m. Parathr ste ìti

(7.2.35) t′ >
t

m − 1
>

t

m
=

1

m
|Ỹ |.H (7.2.33) de�qnei ìti

(7.2.36) T (vi+1) ≤
(

2

3

)m

T (vi),kai, an jèsoume α = (2/3)m, blèpoume ìti gia k�je 1 ≤ i < κ ≤ t′ isqÔei h
(7.2.37) (1 − α)d(vi, wt) ≤ T (vi) − T (vκ) ≤ T (vi) = d(vi, wt).Ep�sh,
(7.2.38) d(vi, vκ) ≤ d(vi, wt) + d(vκ, wt) ≤ (1 + α)d(vi, wt)



7.3 Mia kataskeuh · 69kai
(7.2.39) d(vi, wt) ≤ d(vi, vκ) + d(vκ, wt),�ra
(7.2.40) d(vi, vκ) ≥ (1 − α)d(vi, wt).'Epetai ìti h T or�zei mia (1 + α)/(1 − α)2-isomorfik  emfÔteush tou V =

{v1, . . . , vt′} ston ℓ2. An 0 < ε < 1 kai α = (2/3)m < ε/6, tìte èqoumebrei mia (1 + ε)-isomorfik  emfÔteush.An upojèsoume ìti (1 + δ)2 ≤ 1 + ε, tìte èna apì ta sÔnola X ′ kai V poukataskeu�same èqei toul�qiston k
2m stoiqe�a kai e�nai (1 + ε)-emfuteÔsimo ston

ℓ2. AfoÔ mk+1 ≥ |X|, èqoume k + 1 ≥ 1
log m log |X|, ìpou to m exart�tai mìnoapì to ε sÔmfwna me ti sqèsei (1 + δ)2 ≤ 1 + ε kai (1 + δ)m−1 > 4. Apì thn

(7.2.41)
3k

2
≥ k + 1 ≥ 1

log m
log |X|pa�rnoume telik� ìti k�poio apì ta X ′, V èqei perissìtera apì 1

3m log m log |X|shme�a. O periorismì ikanopoie�tai an p�roume δ ≃ ε, kai o m prosdior�zetaiapì thn (1 + δ)m ≃ c gia k�poia stajer� c. Dhlad , m ≃ c1/ log(1 + δ) ≃ c1/δ.Antikajist¸nta to m, lamb�noume mia ekt�mhsh th morf 
(7.2.42) |Y | ≥

(

c1ε/ log(c2/ε)
)

· log |X|.7.3 Mia kataskeu 'Estw X èna peperasmèno sÔnolo kai èstw D ⊆ [0,∞). Mia metrik  d sto Xlègetai D-metrik  an d(x, y) ∈ D gia k�je x, y ∈ X. Se aut  thn par�grafostajeropoioÔme to sÔnolo D = {0, 1, 2}. Sumbol�zoume me c2(X) thn el�qisthdunat  apìstash Lipschitz tou (X, d) apì uposÔnolo tou ℓ2.L mma 7.3.1. An d e�nai mia D-metrik  sto sÔnolo X tìte e�te c2(X) = 1  c2(X) ≥ 1 + ε0, ìpou ε0 > 0 e�nai mia apìluth stajer�. H apìstash 1 + ε0petuqa�netai me k�poio q¸ro (X, d) pou èqei plhj�rijmo |X| = 4.Apìdeixh. 'Estw d mia D-metrik  sto sÔnolo X. MporoÔme na upojèsoume ìti
|X| ≥ 4, alli¸ o X e�nai isometrikì me uposÔnolo tou epipèdou. Diakr�noumedÔo peript¸sei:Pr¸th per�ptwsh: Upojètoume ìti h sqèsh d(x, y) ≤ 1 e�nai metabatik  sto X.Tìte, e�nai sqèsh isodunam�a. Qrhsimopoi¸nta to L mma 7.2.1 elègqoume ìti
c2((X, d)) = 1.DeÔterh per�ptwsh: H sqèsh d(x, y) ≤ 1 den e�nai metabatik . Tìte, mporoÔmena broÔme x, y, z ∈ X pou ikanopoioÔn ti d(x, y) = 1, d(y, z) = 1 kai d(x, z) =

2. Pa�rnoume èna (tuqìn) �llo shme�o w ∈ X kai jètoume X0 = {x, y, z, w}.A upojèsoume ìti o (X0, d) emfuteÔetai isometrik� ston ℓ2. MporoÔme naupojèsoume ìti T (x) = e, T (y) = 0 kai T (z) = −e, ìpou e monadia�o di�nusma



70 · Eukleideia uposunola peperasmenwn metrikwn qwrwnston ℓ2. 'Omw tìte, oi apost�sei ‖e−T (w)‖2, ‖0−T (w)‖2 kai ‖− e−T (w)‖2den mporoÔn na e�nai ìle �se me 1   2. 'Ara, c2((X0, d)) > 1. AfoÔ c2((X, d)) ≥
c2((X0, d)) kai up�rqoun peperasmènoi to pl jo D-metriko� q¸roi th morf 
{x, y, z, w}, h Ôparxh tou ε0 e�nai profan . 2L mma 7.3.2. 'Estw Ds to sÔnolo ìlwn twn D-metrik¸n d sto sÔnolo [s] =

{1, . . . , s} oi opo�e e�nai isometrikè me uposÔnolo tou ℓ2. Tìte,
(7.3.1) |Ds| ≤ s!2s.Apìdeixh. Apì thn apìdeixh tou prohgoÔmenou L mmato e�nai fanerì ìti arke�na d¸soume �nw fr�gma gia to pl jo twn sqèsewn isodunam�a sto sÔnolo [s].Met� apì kat�llhlh met�jesh tou [s] oi kl�sei isodÔnamwn stoiqe�wn g�nontaidiast mata pou perigr�fontai apì thn akolouj�a twn arqik¸n tou shme�wn.AfoÔ up�rqoun to polÔ 2s tètoie akolouj�e, isqÔei to fr�gma s!2s. 2Je¸rhma 7.3.3. Up�rqei ε0 > 0 me thn ex  idiìthta. An n ≥ s ≥ 3+2 log2 n,tìte up�rqei metrik  d sto sÔnolo [n] = {1, . . . , n} ¸ste
(7.3.2) c2((X, d|X)) ≥ 1 + ε0gia k�je uposÔnolo X tou [n] me plhj�rijmo |X| = s. Epiplèon, mporoÔme naepilèxoume thn d na pa�rnei mìno ti timè 0, 1 kai 2, opìte c2(([n], d)) ≤ 2.Apìdeixh. Jètoume D = {0, 1, 2} kai N =

(

n
2

). Gr�foume An gia thn kl�sh ìlwntwn D-metrik¸n sto [n]. ParathroÔme ìti up�rqoun akrib¸ 2N D-metrikè sto
[n]. Or�zoume
(7.3.3) ξ = {d ∈ An : ∃X ⊂ Zn : |X| = s, c2((X, d|X)) = 1}.Apì to L mma 7.3.2 blèpoume ìti
(7.3.4) |ξ| ≤

(

n

s

)

s!2s2N−(s
2).AfoÔ (

n
s

)

< ns/s!, gia na de�xoume ìti |ξ| < |An| arke� na elègxoume ìti
(7.3.5) (2n)s2−(s

2) ≤ 1.IsodÔnama, arke� na ikanopoie�tai o periorismì log2 n ≤ s−3
2 . 2



Kef�laio 8Fainìmena tÔpou Ramsey8.1 Eisagwg Skopì autoÔ tou Kefala�ou e�nai na parousi�sei èna apotèlesma twn Bartal,

Linial, Mendel kai Naor [2℄, to opo�o mpore� na jewrhje� san h isomorfik  èkdoshtou jewr mato twn Bourgain, Figiel kaiMilman (pou apode�qjhke sto Kef�laio7).Orismì 8.1.1 (sunart sei Ramsey). 'Estw M mia kl�sh metrik¸nq¸rwn. An X e�nai èna metrikì q¸ro kai α ≥ 1, sumbol�zoume me RM(X;α) tomègisto plhj�rijmo upoq¸rou Y tou X o opo�o emfuteÔetai se k�poion Z ∈ Mme paramìrfwsh mikrìterh   �sh tou α (gia suntom�a gr�foume cM(Y ) ≤ α).Sumbol�zoume me RM(α, n) to megalÔtero akèraio m gia ton opo�o isqÔei toex : k�je metrikì q¸ro me n shme�a èqei upìqwro megèjou m o opo�o e�nai
α-emfuteÔsimo se k�poion Z ∈ M. Dhlad ,
(8.1.1) RM(α, n) = inf

{X:|X|=n}
RM(X;α).An α = 1 tìte parale�poume to α apì to sumbolismì. An M = {X} tìtegr�foume X ant� gia M. An M = {ℓp} tìte gr�foume Rp ant� gia Rℓp

.An N e�nai mia kl�sh metrik¸n q¸rwn, gr�foume RM(N ;α, n) gia to mega-lÔtero akèraio m gia ton opo�o isqÔei to ex : k�je metrikì q¸ro me n shme�ao opo�o an kei sthn N èqei upìqwro megèjou m o opo�o e�nai α-emfuteÔsimose k�poion Z ∈ M. Dhlad ,
(8.1.2) RM(N ;α, n) = inf

{X∈N :|X|=n}
RM(X;α).Me autì to sumbolismì, ta apotelèsmata tou Kefala�ou 7 diatup¸nontai wex :Je¸rhma 8.1.2 (Bourgain, Figiel, Milman). Gia k�je α > 1 up�rqei

C(α) > 0 ¸ste R2(α, n) ≥ C(α) log n. Epiplèon, up�rqei α0 > 1 me thn idiìthta
R2(α0, n) = O(log n). 2



72 · Fainomena tupou RamseyPr¸toi oi Bartal, Bollobás kai Mendel [1℄ èdeixan ìti gia {meg�le timè tou
α} h sumperifor� twn sunart sewn Ramsey e�nai diaforetik : e�nai poluwnumik w pro n. Sugkekrimèna, apèdeixan ìti
(8.1.3) R2(α, n) ≥ RUM (α, n) ≥ exp

(

(log n)1−O(1/α)
)

,ìpou UM e�nai h kl�sh twn upermetrik¸n q¸rwn. To apotèlesma autì {teleio-poi jhke} apì tou Bartal, Linial, Mendel kai Naor [2℄:Je¸rhma 8.1.3 (Bartal, Linial, Mendel, Naor, 2005). Up�rqei apìluthstajer� C > 0 me thn ex  idiìthta: gia k�je α > 1 kai gia k�je n ≥ 2,
(8.1.4) R2(α, n) ≥ n1−C

log(2α)
α .Me �lla lìgia, gia k�je ε > 0, k�je metrikì q¸ro me n shme�a èqei u-pìqwro megèjou n1−ε o opo�o emfuteÔetai se q¸ro Hilbert me paramìrfwsh

O
(

log(1/ε)
ε

). H apìdeixh autoÔ tou Jewr mato e�nai teqnik  kai apaite� pl jobhm�twn, ta opo�a parousi�zontai si epìmene paragr�fou. Basikì rìlo sthnapìdeixh pa�zei h ènnoia th metrik  sÔnjesh.Orismì 8.1.4 (metrik  sÔnjesh). 'Estw M èna peperasmèno metrikìq¸ro kai èstw N = {Nx}x∈M mia oikogèneia xènwn peperasmènwn metrik¸nq¸rwn. Gia k�je β ≥ 1/2, h β-sÔnjesh C = Mβ [N ] e�nai èna metrikì q¸rop�nw sthn xènh ènwsh ⊔

x Nx. Oi apost�sei twn shme�wn tou C or�zontai wex : An x, y ∈ M kai u ∈ Nx, v ∈ Ny, jètoume
dC(u, v) = dNx

(u, v) an x = y

dC(u, v) = βγdM (x, y) an x 6= y,ìpou
(8.1.5) γ =

maxx∈M diam(Nx)

min{dM (x, y) : x, y ∈ M,x 6= y} .Me �lla lìgia, pr¸ta pollaplasi�zoume ti apost�sei ston M me βγ kaimet� antikajistoÔme k�je shme�o x tou M me èna isometrikì ant�tupo tou Nx.Orismì 8.1.5 (kleistìthta w pro th metrik  sÔnjesh). 'Estw
M mia kl�sh metrik¸n q¸rwn kai èstw β ≥ 1/2. H kleistìthta compβ(M) th
M w pro ≥ β-metrikè sunjèsei e�nai h mikrìterh kl�sh C metrik¸n q¸rwnpou perièqei thn M kai ikanopoie� thn akìloujh sunj kh: An M ∈ M kai
N = {Nx}x∈M e�nai mia oikogèneia metrik¸n q¸rwn kajèna apì tou opo�oue�nai isometrikì me k�poio q¸ro sth C, tìte h metrik  sÔnjesh Mβ′ [N ] an keisthn C gia k�je β′ ≥ β.



8.2 Anw fragmata mesw th metrikh sunjesh · 738.2 'Anw fr�gmata mèsw th metrik  sÔnjeshOrismì 8.2.1. Mia kl�sh C peperasmènwn metrik¸n q¸rwn lègetai(a) Metrik  kl�sh an e�nai kleist  w pro isometr�e.(b) Klhronomik  an apì ti M ∈ C kai N ⊂ M èpetai ìti N ∈ C.(g) Anallo�wth w pro diastolè an gia k�je (M,d) ∈ C kai gia k�je λ > 0èpetai ìti (M,λd) ∈ C.Jètoume M α
←֓ = {X : cM(X) ≤ α}. Dhlad , M α

←֓ e�nai h kl�sh ìlwn twnmetrik¸n q¸rwn pou emfuteÔontai me paramìrfwsh to polÔ α se k�poion metrikìq¸ro apì thn kl�sh M. EÔkola elègqoume ìti h M α
←֓ e�nai mia klhronomik  kaianallo�wth w pro diastolè metrik  kl�sh.Jumhje�te ìti RC(X) e�nai o mègisto plhj�rijmo upoq¸rou tou X pouemfuteÔetai isometrik� se k�poio metrikì q¸ro apì thn kl�sh C.Prìtash 8.2.2. 'Estw C mia klhronomik  kai anallo�wth w pro diastolèmetrik  kl�sh peperasmènwn metrik¸n q¸rwn. Tìte, gia k�je peperasmènometrikì q¸ro M , gia k�je kl�sh N = {Nx}x∈M kai gia k�je β ≥ 1/2,

(8.2.1) RC
(

Mβ [N ]
)

≤ RC(M) · max
x∈M

RC(Nx).Eidikìtera, gia k�je peperasmèno metrikì q¸ro N ,
(8.2.2) RC

(

Mβ [N ]
)

≤ RC(M) · RC(N).Apìdeixh. Jètoume m = RC(M) kai k = maxx∈M RC(Nx). A upojèsoume ìti
RC

(

Mβ [N ]
)

> RC(M) · maxx∈M RC(Nx). 'Estw X ∈ Mβ [N ] me |X| > mk. Giak�je z ∈ M jètoume Xz = X∩Nz. Or�zonta to sÔnolo Z = {z ∈ M : Xz 6= ∅},blèpoume ìti |X| =
∑

z∈M |Xz|. An |Z| ≤ m tìte mporoÔme na broÔme k�poio
z ∈ Z ¸ste |Xz| > k. 'Omw to Xz de mpore� na an kei sthn C afoÔ k =

maxx∈M RC(Nx) kai epomènw, epeid  h C e�nai klhronomik , to X den an kei s'aut n. An |Z| > m, tìte epilègoume èna stoiqe�o apì k�je Xz kai sqhmat�zoumeto sÔnolo Z
′ . H metrik  s' autì e�nai èna pollapl�sio th metrik  tou MsÔmfwna me ton orismì th metrik  sÔnjesh. Lamb�nonta upìyin to gegonììti h kl�sh C e�nai anallo�wth w pro diastolè, blèpoume ìti to Z

′ den an keis' aut n. Apì thn klhronomikìthta th C èpetai ìti X 6∈ C. 2Sth sunèqeia jètoume RC(A, n) = RC(A; 1, n). Dhlad , RC(A, n) ≥ t an kaimìno an gia k�je X ∈ A me |X| = n up�rqei upìqwro tou X me t stoiqe�a oopo�o e�nai isometrikì me k�poio q¸ro sthn kl�sh C.L mma 8.2.3. 'Estw C mia klhronomik  kai anallo�wth w pro diastolèmetrik  kl�sh peperasmènwn metrik¸n q¸rwn. 'Estw A mia kl�sh metrik¸nq¸rwn kai èstw δ ∈ (0, 1). An gia k�poio fusikì m > 1 èqoume RC(A,m) ≤ mδ,tìte gia k�je β ≥ 1/2 kai gia �peirou to pl jo fusikoÔ n èqoume
(8.2.3) RC(compβ(A), n) ≤ nδ.



74 · Fainomena tupou RamseyApìdeixh. 'Estw β ≥ 1/2. JewroÔme A ∈ A tètoio ¸ste |A| = m kai
RC(A) ≤ mδ. Or�zoume anadomik� ta sÔnola A0 = A kai Ai = Aβ [Ai−1].E�nai profanè ìti aut� an koun sthn kl�sh compβ(A). Epiplèon |Ai| = mi+1.Qrhsimopoi¸nta thn Prìtash 8.2.2 pa�rnoume
(8.2.4) RC(Ai) ≤ RC(A) · RC(Ai−1) ≤ RC(Ai−1)m

δ ≤ · · · ≤ (mi+1)δ = |Ai|m.Apì thn teleuta�a sqèsh èpetai h
(8.2.5) RC

(

compβ(A),mi
)

≤ (mi)δ,pou e�nai h zhtoÔmenh. 2L mma 8.2.4. 'Estw C mia mh ken , klhronomik  kai anallo�wth w prodiastolè metrik  kl�sh peperasmènwn metrik¸n q¸rwn. 'Estw A mia kl�shmetrik¸n q¸rwn pou ikanopoie� thn RC(A,m) < m gia k�poion fusikì m. Dh-lad , up�rqei k�poio A ∈ A pou den èqei isometrikì ant�grafo sthn C. Tìte,up�rqei δ ∈ (0, 1) ¸ste gia k�je β ≥ 1/2 kai gia �peirou to pl jo fusikoÔ nna èqoume
(8.2.6) RC(compβ(A), n) ≤ nδ.Apìdeixh. 'Estw èna A ∈ A me plhj�rijmo |A| = m, to opo�o den èqei isometrikìant�grafo sthn C. Epeid  h C e�nai mh ken  kai klhronomik , èpetai ìti m > 1.Br�skoume δ ∈ (0, 1) ¸ste RC(A,m) ≤ mδ < m. To L mma 8.2.3 oloklhr¸neithn apìdeixh. 2Pìrisma 8.2.5. 'Estw C mia klhronomik  kai anallo�wth w pro diastolèmetrik  kl�sh peperasmènwn metrik¸n q¸rwn h opo�a den perièqei ìlou toupeperasmènou metrikoÔ q¸rou. Tìte, up�rqei δ ∈ (0, 1) ¸ste
(8.2.7) RC(n) ≤ nδgia �peirou to pl jo fusikoÔ n.Apìdeixh. 'Estw A èna peperasmèno metrikì q¸ro pou den an kei sth C. An
|A| = m tìte RC(m) < m. H sunèqeia e�nai mia efarmog  tou prohgoÔmenouL mmato, ìpou A = compβ(A) e�nai h kl�sh ìlwn twn peperasmènwn metrik¸nq¸rwn. 2'Eqoume dei ìti anM e�nai mia oikogèneia peperasmènwn metrik¸n q¸rwn, tìteh M α

←֓ e�nai mia klhronomik , anallo�wth w pro ti diastolè metrik  kl�sh.An jèsoume C = M α
←֓ tìte blèpoume eÔkola ìti RC(n) = RM(α, n). Apì toPìrisma 8.2.5 pa�rnoume to ex .Pìrisma 8.2.6. 'Estw M mia kl�sh peperasmènwn metrik¸n q¸rwn kai èstw

α ≥ 1. Ta akìlouja e�nai isodÔnama:(a) Up�rqei fusikì n ¸ste RM(α, n) < n.(b) Up�rqei δ ∈ (0, 1) ¸ste RM(α, n) ≤ nδ gia �peirou to pl jo fusikoÔ
n.



8.2 Anw fragmata mesw th metrikh sunjesh · 75Orismì 8.2.7. Mia oikogèneia metrik¸n q¸rwn N lègetai sqedìn kleist  wpro th metrik  sÔnjesh an gia k�je λ > 1 up�rqei β ≥ 1/2 ¸ste cN (X) ≤ λgia k�je X ∈ compβ(N ). IsodÔnama, an
(8.2.8) compβ(N ) ⊆ N λ

←֓ .L mma 8.2.8. 'Estw M mia metrik  kl�sh peperasmènwn metrik¸n q¸rwnkai èstw N mia kl�sh peperasmènwn metrik¸n q¸rwn pou e�nai sqedìn kleist w pro th metrik  sÔnjesh. Upojètoume ìti up�rqei k�poio q¸ro sthn N oopo�o den e�nai α-emfuteÔsimo sthn M. Tìte, up�rqei δ ∈ (0, 1) me thn ex idiìthta: gia k�je 1 ≤ α′ < α èqoume RM(N ;α′, n) ≤ nδ gia �peirou to pl jofusikoÔ n.Apìdeixh. H upìjesh ìti k�poio q¸ro apì thn N den e�nai α-emfuteÔsimosthn M sunep�getai ìti RM(N ;α,m) < m gia k�poio fusikì m. Apì toL mma 8.2.4 sumpera�noume ìti
(8.2.9) RM(compβ(N );α, n) ≤ nδgia k�poion δ ∈ (0, 1) kai gia �peirou to pl jo fusikoÔ n.A jèsoume t¸ra λ = α/α′ gia 1 ≤ α′ < α. AfoÔ h N e�nai sqedìn kleist w pro th metrik  sÔnjesh, up�rqei β ≥ 1/2 ¸ste compβ(N ) ⊆ N λ

←֓ . Iso-dÔnama, gia k�je Z ∈ compβ(N ) up�rqei N ∈ N o opo�o e�nai λ-isìmorfome ton Z. An n e�nai èna fusikì pou ikanopoie� thn (8.2.9), tìte gia |Z| =

n = |N | mporoÔme na broÔme èna uposÔnolo X tou N ¸ste cM(X) ≤ α′ kai
|X| ≥ RM(N ;α′, n). 'Estw Y to uposÔnolo tou Z pou antistoiqe� sto X mèswth λ-isodunam�a twn Z kai N . Tìte, |Y | = |X| ≥ RM(N ;α′, n) kai pa�rnontath sÔnjesh twn apeikon�sewn Z → N →֒ M blèpoume ìti cM(Z) ≤ λα′ = α.'Eqoume de�xei ìti gia k�je fusikì n pou ikanopoie� thn (8.2.9) kai gia k�je
Z ∈ compβ(N ) me n stoiqe�a, up�rqei Y ⊆ Z me toul�qiston RM(N ;α′, n) topl jo stoiqe�a, to opo�o e�nai α-isìmorfo me k�poio sÔnolo sthn M. 'Ara,
(8.2.10) RM(N ;α′, n) ≤ RM(compβ(N );α, n) ≤ nδpou e�nai to zhtoÔmeno. 2Prìtash 8.2.9. 'Estw (X, ‖ ·‖) èna q¸ro me nìrma. H kl�sh M twn pepe-rasmènwn uposunìlwn tou X e�nai sqedìn kleist  w pro th metrik  sÔnjesh.Apìdeixh. Prèpei na de�xoume ìti gia k�je λ > 1 up�rqei β ≤ 1/2 ¸ste
compβ(M) ⊆ M λ

←֓ .'Estw λ > 1 kai èstw Z ∈ compβ(M) gia k�poio β pou ja prosdior�soumeargìtera. Ja apode�xoume to zhtoÔmeno me epagwg  w pro to pl jo twnbhm�twn pou apaitoÔntai gia na kataskeu�soume ton Z apì q¸rou pou an kounsthn kl�sh M. An Z ∈ M, tìte profan¸ Z ∈ M λ
←֓ kai den èqoume t�pota nade�xoume. 'Estw loipìn ìti o Z e�nai th morf  Mβ [(Nx)x∈M ] ìpou M ∈ M,ìpou Nx ∈ compβ(M) kai k�je Nx dhmiourge�tai apì mia mikrìterh akolouj�ametrik¸n sunjèsewn. H epagwgik  upìjesh ma d�nei èna β ≥ 1/2 ¸ste k�je
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Nx na e�nai λ-emfuteÔsimo ston X mèsw twn φx : Nx → X. M�lista, epeid  hkl�sh twn uposunìlwn enì q¸rou me nìrma e�nai anallo�wth w pro diastolè,mporoÔme na upojèsoume ìti oi φx ikanopoioÔn thn
(8.2.11) ∀u, v ∈ Nx dNx

(u, v) ≤ ‖φx(u) − φx(v)‖ ≤ λdNx
(u, v)kai me kat�llhlh metatìpish mporoÔme na upojèsoume ìti ‖φx(u)‖ ≤ λdiam(Nx),gia k�je u ∈ Nx.Or�zoume φ : Z → X apì th φ(u) = βγx + φx(u) ìtan u ∈ Nx, ìpou

(8.2.12) γ =
max diam(Nx)

minx6=y∈M ‖x − y‖ .Ja ektim soume to β ¸ste h φ na e�nai λ-isomorfismì. Upojètoume arqik� ìti
β > 2λ. An u, v ∈ Nx, tìte
(8.2.13) dZ(u, v) = dNx

(u, v) ≤ ‖φx(u)−φx(v)‖ = ‖φ(u)−φ(v)‖ ≤ λdNx
(u, v).An u ∈ Nx, v ∈ Ny gia x 6= y, tìte

‖φ(u) − φ(v)‖ = ‖(βγx + φx(u)) − (βγy + φy(v))‖
≤ βγ‖x − y‖ + ‖φx(u) − φy(v)‖
≤ βγ‖x − y‖ + λ(diam(Nx) + diam(Ny))

≤ βγ‖x − y‖ + 2λ max diam(Nx)

≤ βγ‖x − y‖ + 2λγ min
z 6=w∈M

‖z − w‖

≤ βγ‖x − y‖ + 2λγ‖x − y‖ = (β + 2λ)γ‖x − y‖

=
β + 2λ

β
βγ‖x − y‖

=
β + 2λ

β
dZ(u, v).'Omoia,

‖φ(u) − φ(v)‖ ≥ βγ‖x − y‖ − ‖φx(u) − φy(v)‖
≥ βγ‖x − y‖ − λ(diam(Nx) + diam(Ny))

≥ (β − 2λ) γ‖x − y‖

=
β − 2λ

β
dZ(u, v).'Ara, h paramìrfwsh th φ fr�ssetai apì β+2λ

β
β

β−2λ . Apait¸nta na isqÔei h
(8.2.14)

β + 2λ

β

β

β − 2λ
≤ λ,pa�rnoume β ≥ 2λ λ+1

λ−1 . Autì apodeiknÔei thn Prìtash. 2



8.3 Upermetrike kai ierarqika kala-diaqwrismena dendra · 778.3 Upermetrikè kai ierarqik� kal�-diaqwrismèna dèn-draOrismì 8.3.1. 'Ena metrikì q¸ro (X, d) lègetai upermetrikì an gia k�je
x, y, z ∈ X èqoume
(8.3.1) d(x, z) ≤ max{d(x, y), d(y, z)}.Orismì 8.3.2. 'Estw k ∈ N. 'Ena metrikì q¸ro lègetai k-ierarqik�kal�-diaqwrismèno dèndro (ja gr�foume k − HST gia suntom�a) an ta shme�atou e�nai ta fÔlla enì dèndrou T me r�za kai an ikanopoioÔntai ta ex : Se k�jekoruf  u ∈ T antistoiqe� mia tim  ∆(u) ≥ 0 ¸ste ∆(u) = 0 an kai mìno an to
u e�nai fÔllo tou T . Epiplèon, an mia koruf  u e�nai apìgono mia koruf  vtìte ∆(u) ≤ ∆(v)/k. H apìstash dÔo fÔllwn x, y ∈ T or�zetai na e�nai �sh me
∆(lca(x, y)), ìpou lca(x, y) e�nai o mikrìtero koinì prìgono twn x kai y sto
T . 'Ena k-ierarqik� kal�-diaqwrismèno dèndro lègetai akribè an ∆(u) = ∆(v)/kgia opoiesd pote eswterikè korufè u kai v me thn u apìgono th v.L mma 8.3.3. 'Estw (X, d) èna peperasmèno metrikì q¸ro.(a) O X e�nai upermetrikì an kai mìno an e�nai 1-ierarqik� kal�-diaqwrismènodèndro.(b) An o X e�nai k-ierarqik� kal�-diaqwrismèno dèndro gia k�poion k ≥ 1 tìtee�nai upermetrikì.Apìdeixh. (a) H apìdeixh ja sthriqje� p�nw sta akìlouja L mmata.L mma 8.3.4. An x, y, z e�nai stoiqe�a enì upermetrikoÔ q¸rou X tèt¸ste
d(x, y) = d1, d(x, z) = d2 kai d2 > d1, tìte d(y, z) = d2.Apìdeixh. Apì th mia pleur� èqoume d(y, z) ≤ max(d(x, y), d(x, z)) = d2. Apìthn �llh pleur�, d2 = d(x, z) ≤ max(d(x, y), d(y, z)). AfoÔ d(x, y) = d1 < d2,pa�rnoume max(d(x, y), d(y, z)) = d(y, z), dhlad  d2 ≤ d(y, z). 2L mma 8.3.5. 'Estw X èna 1 − HST . An x, y, z ∈ X, toul�qiston dÔo apo-st�sei metaxÔ aut¸n e�nai �se.Apìdeixh. O X or�zetai apì èna dèntro T me r�za r kai timè ∆i sti korufètou. Sumbol�zoume me [x, y] to monadikì monop�ti pou en¸nei ta x, y. K�je mo-nop�ti pern�ei apì ton ant�stoiqo el�qisto koinì prìgono k�je zeÔgou. Qwr�bl�bh th genikìthta, mporoÔme na upojèsoume ìti h tim  ∆xz tou lca(x, z),e�nai h megalÔterh twn tri¸n kai h ∆xy h mikrìterh. To monop�ti [x, z] pern�eiapì ton lca(x, y) afoÔ diaforetik� sqhmat�zetai kÔklo sto dèntro. 'Omoia, to
[y, z] pern�ei apì tou lca(x, y) kai lca(x, z). 'Etsi, ta monop�tia [y, z], [x, z] tau-t�zontai toul�qiston sto monop�ti [lca(x, y), z]. AfoÔ h ∆xy e�nai h mikrìterhtim , o lca(y, z) an kei sto [lca(x, y), z]. Apì ti upojèsei prokÔptei ep�sh ìti
lca(y, z) ∈ [lca(x, y), lca(x, z)]. Lìgw th teleuta�a sqèsh, an o lca(y, z)  tan



78 · Fainomena tupou Ramseydiaforetikì apì ton lca(x, z), ja pa�rname ìti oi x, z èqoun ènan koinì prìgo-no � ton lca(y, z) � me tim  mikrìterh th ∆xz. Katal goume se �topo, opìte
lca(y, z) = lca(x, z). 2MporoÔme t¸ra na de�xoume to (a). Upojètoume pr¸ta ìti o X e�nai k�poio
1−HST p�nw se èna dèntro T me r�za r kai timè ∆i. An x, y, z ∈ X, tìte apì toL mma 8.3.5 mporoÔme na upojèsoume ìti ∆xy = ∆1, ∆xz = ∆1, ∆yz = ∆2 kai
∆1 ≥ ∆2. EÔkola t¸ra elègqoume oti ikanopoie�tai h ∆xz ≤ max{∆xy,∆yz},ap' ìpou katal goume sthn
(8.3.2) d(x, z) ≤ max{d(x, y), d(y, z)}, gia k�je x, y, z ∈ X.'Ara, o X e�nai upermetrikì q¸ro.Ant�strofa, èstw X èna upermetrikì q¸ro. An diat�xoume ìle ti duna-tè apost�sei ston X, pa�rnoume mia aÔxousa akolouj�a d1 < d2 < · · · < dk.Autì pou ja k�noume sth sunèqeia e�nai na kataskeÔsoume epanalhptik� mia a-kolouj�a apì dèntra, to teleuta�o apì ta opo�a ja e�nai to zhtoÔmeno 1−HST .Se k�je b ma ja dhmiourgoÔntai metrikè sqèsei metaxÔ twn fÔllwn tou dè-ntrou, oi opo�e stadiak� ja g�nontai ìlo kai perissìtero akribe� w pro tipragmatikè apost�sei ston X.Br�skoume èna zeug�ri shme�wn x1, y1 gia ta opo�a isqÔei d(x1, y1) = d1.JewroÔme èna dèntro � monop�ti me k korufè. Epilègonta th m�a akra�a koruf tou monopatioÔ, d�noume timè sti k korufè sÔmfwna me ton tÔpoh i�st  koruf  pa�rnei thn i�st  se mègejo mikrìterh tim  di.H r�za tou dèntrou e�nai eke�nh h koruf  pou èqei tim  dk. Sthn d1�koruf episun�ptoume dÔo fÔlla x1, y1 kaj¸ kai èna fÔllo x gia k�je x ∈ X me thnidiìthta d(x1, x) = d1. To L mma 8.3.4 ma exasfal�zei ìti d(y1, x) = d1 kai
d(x, y) = d1 gia opoiad pote dÔo fÔlla x, y apì thn koruf  d1. Suneq�zoumeepisun�ptonta èna fÔllo z sthn koruf  di ìtan d(x1, z) = di. Apì to L mma8.3.4 blèpoume ìti d(y, z) = di gia k�je y apì thn d1�koruf  kai k�je z apì thn
di�koruf .De�qnoume t¸ra ìti gia k�je fÔllo x sthn di�koruf  kai k�je fÔllo y sthn
dj�koruf , ìpou dj < di, isqÔei d(x, y) = di. Profan¸ d(x1, x) = di kai
d(x1, y) = dj . Mia efarmog  tou L mmato 8.3.4 d�nei to zhtoÔmeno. Ep�sh, giadÔo fÔlla x, y sthn di�koruf  me apìstash d(x, y) = dr ston X, isqÔei dr ≤ diafoÔ dr = d(x, y) ≤ max(d(x, x1), d(x1, y)) = max(di, di) = di.Mèqri t¸ra èqoume kataskeu�sei èna dèntro sto opo�o diathroÔntai oi apo-st�sei w pro ta shme�a x1, y1. An epanal�boume thn prohgoÔmenh diadikas�aperiorizìmenoi sta fÔlla mia koruf , autì pou ja p�roume e�nai èna dèntro pousèbetai ti pragmatikè apost�sei w pro dÔo �lla shme�a x2, y2, en¸ diathre�ti metrikè sqèsei apì ta x1, y1. Pio sugkekrimèna, efarmìzoume epanalhptik�ta parak�tw b mata se k�je koruf  tou dèntrou pou prokÔptei k�je for�:(1) Diat�ssoume ti apost�sei metaxÔ twn fÔllwn se aÔxousa t�xh.



8.3 Upermetrike kai ierarqika kala-diaqwrismena dendra · 79(2) JewroÔme èna dèntro me korufè tìse ìse e�nai to pl jo twn apost�-sewn kai d�noume se k�je koruf  mia tim  apì ti dunatè apost�sei ¸stean h koruf  u èqei apìgono thn v, oi ant�stoiqe timè na e�nai diadoqikèkai kat� fj�nousa t�xh.(3) Epilègoume dÔo fÔlla xm, ym me th mikrìterh dunat  apìstash kai moi-r�zoume ta upìloipa fÔlla sti korufè tou dèntrou, an�loga me to an oiapost�sei apì to xm sump�ptoun me thn tim  k�poia koruf .(4) Episun�ptoume me mia akm  to dèntro pou dhmiourg jhke sthn arqik  koru-f  ìpou efarmìsame ta b mata, ètsi ¸ste oi timè na ba�noun kat� fj�nousat�xh.H parap�nw diadikas�a stamat� ìtan se k�je koruf  ta fÔlla èqoun an� dÔothn �dia apìstash. Bèbaia, to dèntro pou dhmiourg jhke or�zei k�poio 1−HSTkai autì pou mènei na de�xoume e�nai ìti o q¸ro X e�nai isometrikì me to telikìdèntro. 'Estw loipìn x, y dÔo stoiqe�a tou X me apìstash di. An ta x, y e�nai taarqik� shme�a x1, y1 pou e�qame epilèxei   èna toul�qiston apì aut� e�nai fÔllosthn d1� koruf , tìte èqoume telei¸sei. Diaforetik� ta x, y e�nai fÔlla sek�poie korufè tou arqikoÔ dèntrou ektì th d1. An an koun se diaforetikèkorufè tìte prohgoÔmenh parat rhsh ma d�nei to zhtoÔmeno. Alli¸ ta dÔoshme�a an koun sthn �dia koruf  u opìte ektel¸nta ta b mata 1�4 pa�rnoumeèna upodèntro me r�za thn u. Suneq�zoume exet�zonta ti pijanè sqèsei metaxÔtwn koruf¸n sti opo�e an koun ta fÔlla x, y sto nèo upodèntro ìpou apì tab mata 1�4 pèftoume k�je for� se èna leptìtero metrikì ep�pedo. Ft�noumetelik� se èna dèntro me ta fÔlla x, y na an koun e�te se diaforetikè korufè,e�te sthn �dia koruf  kai ta b mata 1�4 den efarmìzontai. Se k�je per�ptwshp�ntw h �dia h kataskeu  exasfal�zei ìti di ja e�nai h tim  tou el�qistou koinoÔprogìnou twn dÔo upì exètash shme�wn ap' ìpou sumpera�noume ìti h apìstashtwn x, y sto telikì 1 − HST e�nai di. Autì oloklhr¸nei thn apìdeixh thprìtash.(b) AfoÔ k�je k-ierarqik� kal�-diaqwrismèno dèndro e�nai 1-ierarqik� kal�-diaqwrismèno dèndro, to (a) ma d�nei ìti o X e�nai upermetrikì q¸ro. 2Sumbolismì. Sth sunèqeia gr�foume UM gia thn kl�sh twn upermetrik¸nq¸rwn, k − HST gia thn kl�sh twn k-ierarqik� kal�-diaqwrismènwn dèndrwn,kai EQ gia thn kl�sh twn {isìpleurwn q¸rwn}.Prìtash 8.3.6. H kl�sh twn k-ierarqik� kal�-diaqwrismènwn dèndrwn e�naih kleistìthta th kl�sh EQ twn isìpleurwn q¸rwn w pro thn k-metrik sÔnjesh. Dhlad ,
(8.3.3) k − HST = compk(EQ).Eidikìtera, h kl�sh twn upermetrik¸n q¸rwn e�nai h kleistìthta th kl�sh
EQ twn isìpleurwn q¸rwn w pro thn 1-metrik  sÔnjesh:
(8.3.4) UM = comp1(EQ).



80 · Fainomena tupou RamseyApìdeixh. De�qnoume arqik� me epagwg  ìti compk(EQ) ⊆ k − HST . An Xe�nai èna isìplero q¸ro, tìte mporoÔme na jewr soume to dèntro T me r�za
r kai |X| se pl jo fÔlla. D�noume sth r�za thn tim  th apìstash tou X.Tìte, to T e�nai èna k − HST isometrikì tou X. 'Etsi, X ∈ k − HST .Upojètoume t¸ra ìti o X e�nai th morf  Qk[N ], ìpou Q ∈ EQ kai N =

(Nx)x∈Q e�nai mia oikogèneia q¸rwn tètoia ¸ste Nx ∈ compk(EQ) gia k�je
x ∈ Q. H epagwgik  upìjesh d�nei ìti Q ∈ k − HST kai Nx ∈ k − HST giak�je x ∈ Q. Se k�je fÔllo x tou Q episun�ptoume to dèntro Nx apì th r�za rx.To dèntro T pou ja prokÔyei ja èqei w r�za th r�za r tou Q. Ja d¸soume timèsti korufè tou T ¸ste na p�roume èna k − HST . Sta upodèntra Nx me r�za
rx af noume ti timè ìpw prin. Sth r�za r tou T d�noume thn tim  ∆r = kγdQ,ìpou
(8.3.5) γ =

maxx∈Q diam(Nx)

minQ d(x, y)ìpw ston orismì th metrik  sÔnjesh, kai dQ h apìstash ston Q. Profan¸
kγdQ = k maxx∈Q diam(Nx), en¸ an l�boume upìyin to gegonì ìti diam(Nx) =

∆rx
pa�rnoume kγdQ = k maxx∈Q(∆rx

). 'Etsi, gia k�je x ∈ Q,
(8.3.6) ∆rx

≤ max
x∈Q

(∆rx
) =

1

k
k max

x∈Q
(∆rx

) =
1

k
∆r.Epomènw, to T e�nai èna k−HST . EÔkola elègqoume ìti o X e�nai isometrikìme to T , opìte X ∈ k − HST . 'Epetai ìti compk(EQ) ⊆ k − HST .Gia ton ant�strofo egkleismì a jewr soume èna q¸ro X ∈ k − HST ìpwor�zetai apì èna dèntro T me r�za r kai timè sti korufè ∆i. Suneq�zoume meepagwg  w pro to b�jo tou dèntrou. An to T èqei b�jo 0, tìte profan¸ o

X e�nai isometrikì me ènan isìpleuro q¸ro. Alli¸, èstw r1, r2, . . . , rn e�nai oiapìgonoi th r�za r tou T kai èstw T1, T2, . . . , Tn ta ant�stoiqa upodèntra pouep�gontai me r�ze ta ri. H epagwgik  upìjesh d�nei ìti oi k − HST q¸roi Nipou or�zoun ta upodèntra Ti, an koun sthn kl�sh compk(EQ). JewroÔme t¸raènan isìpleuro q¸ro Q me apìstash d kai n shme�a. AfoÔ ∆ri
≤ ∆r

k , pa�rnoume
k maxi(∆ri

) ≤ ∆r. MporoÔme loipìn na broÔme ǫ ≥ 1 ¸ste ǫk maxi(∆ri
) = ∆r.Jètoume β = ǫk kai or�zoume th metrik  sÔnjesh Qβ [(Ni)]. O q¸ro autìan kei sthn compk(EQ) kai, epiplèon, e�nai isometrikì me ton X. AfoÔ o X tan tuq¸n, katal goume sthn k − HST ⊆ compk(EQ). 2Prìtash 8.3.7. K�je upermetrikì q¸ro emfuteÔetai isometrik� ston ℓ2.Eidikìtera,

(8.3.7) R2(α, n) ≥ RUM (α, n).Apìdeixh. JewroÔme ènan upermetrikì q¸ro X pou or�zetai apì èna dèntro Tme r�za r kai timè ∆i sti korufè tou. Me epagwg  w pro to b�jo toudèntrou, de�qnoume ìti o X apeikon�zetai isometrik� se k�poio Eukle�deio q¸ro.An to T èqei b�jo 1, tìte apeikon�zoume k�je fÔllo se èna di�nusma ∆r√
2
ei,diaforetikì k�je for�. Alli¸, èstw v1, v2, . . . , vm oi apìgonoi th r�za r kai



8.3 Upermetrike kai ierarqika kala-diaqwrismena dendra · 81èstw ∆v1
,∆v2

, . . . ,∆vm
oi ant�stoiqe timè. Gia k�je upodèntro Tvi

me r�za vi,èqoume mia isometrik  emfÔteush sthn Eukle�deia sfa�ra akt�na ∆vi√
2
. 'Omw,gia k�je i èqoume ∆vi

≤ ∆r, opìte mporoÔme na broÔme p�nw sth sfa�ra akt�na
∆r√

2
èna isometrikì ant�grafo tou teleuta�ou sunìlou. An apeikon�soume t¸rati eikìne twn Tvi

ep� th ∆r√
2
-sfa�ra se k�jetou upoq¸rou, pa�rnoume tozhtoÔmeno.Gia thn anisìthta, lìgw twn parap�nw, parathroÔme ìti k�je peperasmènometrikì q¸ro me n shme�a èqei ènan upìqwro plhjar�jmou RUM (α, n) pouemfuteÔetai me paramìrfwsh α ston ℓ2. Apì ton orismì th sun�rthsh Rpa�rnoume thn (8.3.7). 2L mma 8.3.8. Gia k�je k > 1, k�je upermetrikì q¸ro e�nai k-isìmorfo meèna akribè k-ierarqik� kal�-diaqwrismèno dèndro.Apìdeixh. JewroÔme ènan upermetrikì q¸ro X kai èna k > 1. To L mma 8.3.3ma epitrèpei na ton taut�soume me èna 1 − HST . Upojètoume loipìn ìti qara-kthr�zetai apì èna dèntro T me r�za r kai kat�llhle timè sti korufè tou. Jaor�soume mia peperasmènh akolouj�a apì 1 − HST pou or�zontai apì ta dèntra

T1, T2, . . . , Tn ¸ste to teleuta�o na e�nai èna akribè 1 − HST , k-isìmorfo meton X. 'Estw u mia el�qisth w pro to b�jo tou dèntrou koruf , h opo�a èqeiènan apìgono v gia ton opo�o isqÔei ∆(u) 6= k∆(v). Br�skoume ènan fusikì i¸ste
(8.3.8) ki ≤ ∆(u)

∆(v)
< ki+1D�noume t¸ra nèa tim  sthn koruf  v or�zonta ∆′(v) = ∆(u)

ki . Sth sunèqeiaepisun�ptoume i−1 korufè u1, u2, . . . , ui−1 sthn akm  [u, v] d�nont� tou timè
∆1 = ∆(u)

k ,∆2 = ∆(u)
k2 , . . . ,∆i−1 = ∆(u)

ki−1 ant�stoiqa. Pa�rnoume ètsi èna dèntro
T1, opìte mporoÔme na epanal�boume thn prohgoÔmenh diadikas�a br�skonta miakoruf  tou se el�qisto b�jo ¸ste ∆T1

(u) 6= k∆T1
(v). Suneq�zoume m' autìton trìpo ìso e�nai apara�thto, opìte katal goume s' èna dèntro Tn pou or�zeièna 1 − HST . Apì thn kataskeu  to Tn e�nai akribè 1 − HST kai èqei ta �diafÔlla me to T . Mènei na deiqje� ìti to Tn e�nai k-isìmorfo me ton X.ParathroÔme ìti, apì thn kataskeu  twn Tj , h episÔnayh koruf¸n sthn akm 

[u, v] den all�zei ton el�qisto koinì prìgono dÔo fÔllwn x, y. 'Etsi, gia k�je
x, y ∈ X pa�rnoume lcaT (x, y) = lcaTn

(x, y). Apì thn �llh pleur�, gia k�jekoruf  u ∈T∩Tn, h sqèsh (8.3.8) ma d�nei
(8.3.9) ∆T (u) ≤ ∆Tn

(u) < k∆T (u).Autì apodeiknÔei to zhtoÔmeno. 2L mma 8.3.9. K�je metrikì q¸ro me n shme�a e�nai n-isìmorfo me ènanupermetrikì q¸ro.Apìdeixh. 'Estw M èna metrikì q¸ro me n shme�a. Me epagwg  w pro tonplhj�rijmo n tou q¸rou, ja de�xoume ìti up�rqei 1 − HST X me diam(M) =

diam(X) kai n-isomorfismì f : M → X.



82 · Fainomena tupou RamseyAn n = 2 to zhtoÔmeno e�nai profanè. Upojètoume loipìn ìti n > 2kai or�zoume èna gr�fhma me sÔnolo koruf¸n M ìpou h [u, v] e�nai akm  ankai mìno an dM (u, v) < diam(M)
n . To gr�fhma e�nai mh sunektikì. Gia na todoÔme, upojètoume to ant�jeto, opìte mporoÔme na broÔme dÔo shme�a u, v me

dM (u, v) = diam(M), kai èna monop�ti apì thn u sth v m kou to polÔ n.Efarmìzonta diadoqik� thn trigwnik  anisìthta gia ìla ta shme�a autoÔ toumonopatioÔ, katal goume sthn
diam(M) = dM (u, v) ≤ dM (u, v1) + · · · + dM (vk, v)

<
diam(M)

n
+ · · · + diam(M)

n

≤ n
diam(M)

n
= diam(M)'Estw A1, A2, . . . , Am ta sÔnola koruf¸n pou or�zoun oi sunektikè sunist¸setou graf mato. Apì thn epagwgik  upìjesh up�rqoun 1 − HST X1, . . . ,Xmme diam(Xi) = diam(Ai, dM ) < diam(M) kai emfuteÔsei fi : Ai → Xi ìpougia k�je u, v apì to Ai ikanopoie�tai h

(8.3.10) dM (u, v) ≤ dXi
(fi(u), fi(v)) ≤ |Ai| dM (u, v) < ndM (u, v).'Estw Ti to dèntro pou or�zei ton Xi. Kataskeu�zoume t¸ra èna dèntro T me r�za

r. H r èqei m apogìnou, ìpou o i-stì apìgono ui e�nai h r�za enì upodèntrouisìmorfou me to Ti. D�noume sthn r thn tim  diam(M) kai se k�je �llh koruf thn tim  pou prokÔptei apì to Ti. AfoÔ ∆(ui) = diam(Xi) < diam(M) =

∆(r), to dèntro T or�zei ènan upermetrikì q¸ro X ìpou diam(M) = diam(X).JewroÔme thn apeikìnish f : M → X me f(u) = fi(u) ìtan u ∈ Ai. Ja de�xoumeìti e�nai n-isomorfismì. Lìgw th (8.3.10) arke� na deiqje� gia u ∈ Ai, v ∈ Aj .'Etsi, apì ton orismì twn Ak pa�rnoume
(8.3.11) ndM (u, v) ≥ diam(M) = dX(f(u), f(v)).Apì thn �llh pleur�,
(8.3.12) dM (u, v) ≤ diam(M) = dX(f(u), f(v)).Sundu�zonta ti teleuta�e dÔo sqèsei, blèpoume ìti h f e�nai n-isomorfismì.
28.4 Fainìmena tÔpou RamseyTo kentrikì apotèlesma autoÔ tou Kefala�ou e�nai to ex .Je¸rhma 8.4.1. Up�rqei apìluth stajer� C > 0 ¸ste gia k�je α > 2 naisqÔei h
(8.4.1) RUM (α, n) ≥ n1−C log α

α .



8.4 Fainomena tupou Ramsey · 83Orismì 8.4.2 (sunart sei Ramsey). 'Estw M,N dÔo kl�sei metri-k¸n q¸rwn. Sumbol�zoume me ψM(N , α) ton megalÔtero ψ ∈ (0, 1] pou ikanopoie�to ex : gia k�je X ∈ N kai gia k�je sun�rthsh b�rou w : X → R
+ up�rqeiupìqwro Y tou X pou e�nai α-emfuteÔsimo sthn M kai ikanopoie� thn

(8.4.2)
∑

x∈Y

[w(x)]ψ ≥
(

∑

x∈X

w(x)

)ψ

.An N e�nai h kl�sh ìlwn twn metrik¸n q¸rwn tìte gr�foume ψM(α) ant� gia
ψM(N , α).SumfwnoÔme ep�sh na gr�foume:(i) ψk(N , α) = ψk−HST (N , α) kai, eidikìtera, ψk(α) = ψk−HST (α).(ii) ψ(N , α) = ψ1(N , α) = ψUM (N , α) kai, eidikìtera, ψ(α) = ψUM (α).Jewr¸nta th stajer  sun�rthsh b�rou w(x) = 1, apì ton orismì 8.4.2pa�rnoume �mesa to ex .Prìtash 8.4.3.
(8.4.3) RM(N ;α, n) ≥ nψM(N ,α).Eidikìtera,
(8.4.4) RM(α, n) ≥ nψM(α).Gia thn apìdeixh loipìn tou Jewr mato 8.4.1 arke� na de�xoume to ex .Je¸rhma 8.4.4. Up�rqei apìluth stajer� C > 0 ¸ste gia k�je α > 2 naisqÔei h
(8.4.5) ψ(α) ≥ 1 − C

log α

α
.8.4aþ Sunart sei Ramsey kai metrik  sÔnjeshL mma 8.4.5. 'Estw M, N kai P kl�sei metrik¸n q¸rwn. Gia k�je α1, α2 ≥

1 isqÔei h anisìthta
(8.4.6) ψM(P, α1α2) ≥ ψM(N , α1) · ψN (P, α2).Apìdeixh. Jètoume ψ1 = ψM(N , α1) kai ψ2 = ψN (P, α2). JewroÔme P ∈ Pkai mia sun�rthsh b�rou w : P → R

+. Tìte up�rqoun upìqwro P ′ tou P kai
α2-emfÔteush f : P ′ → N , ìpou N ∈ N , pou ikanopoie� thn
(8.4.7)

∑

x∈P ′

w(x)ψ2 ≥
(

∑

x∈P

w(x)

)ψ2

.'Omoia, gia k�je sun�rthsh w′ : N → R
+ up�rqoun upìqwro N ′ tou N kai

α1-emfÔteush g : N ′ → M , ìpou M ∈ M, pou ikanopoie� thn
(8.4.8)

∑

x∈N ′

w′(x)ψ1 ≥
(

∑

x∈N

w′(x)

)ψ1

.



84 · Fainomena tupou RamseyJètoume P ′′ = f−1(N ′) kai w′ =
(

w ◦ f−1
)ψ2 . Tìte,

∑

x∈P ′′

w(x)ψ1ψ2 =
∑

y∈N ′

(

w
(

f−1(y)
)ψ2

)ψ1

=
∑

y∈N ′

w′(y)ψ1

≥
(

∑

y∈N

w′(y)

)ψ1

=

(

∑

x∈P ′

w(x)ψ2

)ψ1

≥
(

∑

x∈P

w(x)

)ψ2ψ1Or�zonta h : P ′′ → M me h(x) = g(f(x)) gia k�je x ∈ P ′′, pa�rnoume mia
α1α2-emfÔteush tou P ′′ ston M .'Eqoume de�xei loipìn ìti gia k�je P ∈ P kai gia k�je sun�rthsh b�rou
w : P → R

+, up�rqei uposÔnolo P ′′ tou P to opo�o e�nai α1α2-emfuteÔsimo sek�poion M ∈ M, kai epiplèon ikanopoie�tai h
(8.4.9)

∑

x∈P ′′

w(x)ψ1ψ2 ≥
(

∑

x∈P

w(x)

)ψ2ψ1

.AfoÔ ψM(P, α1α2) e�nai h megalÔterh stajer� gia thn opo�a ikanopoie�tai h(8.4.9), katal goume sthn (8.4.6). 2Orismì 8.4.6. 'Estw T èna dèntro me r�za r. Mia koruf  v tou T ja lègetaiekfulismènh an èqei bajmì 2 kai den e�nai h r.Apì ton parap�nw orismì èpetai ìti an T e�nai èna dèntro p�nw sto opo�oor�zetai èna k − HST kai an v e�nai mia mh-ekfulismènh koruf , tìte ∆(v) e�naih di�metro tou upoq¸rou pou ep�getai apì to upodèntro me r�za v. Ep�sh,ekfulismène korufè den ephre�zoun th metrik  tou k−HST , ektì an o q¸roe�nai èna akribè k − HST .L mma 8.4.7. 'Estw M mia kl�sh metrik¸n q¸rwn. 'Estw k ≥ 1 kai α ≥ 1.Gia k�je β ≥ αk,
(8.4.10) ψk(compβ(M), α) = ψk(M, α).Apìdeixh. Apì thn M ⊆ compβ(M) sumpera�noume ìti ψk(compβ(M), α) ≤
ψk(M, α).Gia ton ant�strofo egkleismì, jètoume ψ = ψk(M, α). An X ∈ compβ(M),ja de�xoume ìti gia k�je sun�rthsh b�rou w : X → R

+, up�rqei upìqwro
Y tou X, α-isìmorfo me k�poio k − HST H mèsw mia diastol  f - dhlad 
dX(u, v) ≤ dH (f(u), f(v)) ≤ αdX(u, v) - pou epiplèon ikanopoie� thn
(8.4.11)

∑

x∈Y

w(x)ψ ≥
(

∑

x∈X

w(x)

)ψ

.H apìdeixh ja g�nei me epagwg  p�nw sth dom  tou q¸rou compβ(M). Parath-r ste ìti, an X ∈ M, tìte h zhtoÔmenh anisìthta ikanopoie�tai apì ton orismì



8.4 Fainomena tupou Ramsey · 85th ψ. Diaforetik�, o X e�nai th morf  Mβ [{Nx}x∈M ], ìpou M ∈ M kai
Nx ∈ compβ(M) gia k�je x ∈ M .Apì thn epagwgik  upìjesh, gia k�je x ∈ M up�rqei upìqwro Yx tou Nx,
α-isìmorfo me èna k − HST Hx, pou or�zetai p�nw sto dèntro Tx, mèsw miadiastol . Ep�sh,
(8.4.12)

∑

z∈Yx

w(z)ψ ≥
(

∑

z∈Nx

w(z)

)ψ

.Or�zoume sun�rthsh b�rou w′ ston M jètonta w′(x) =
∑

z∈Nx
w(z). Tìte,up�rqei upìqwro YM tou M kai èna k − HST HM , p�nw sto dèntro TM ,

α-isomorfikì me ton YM mèsw diastol , kai
(8.4.13)

∑

x∈YM

w′(x)ψ ≥
(

∑

x∈M

w′(x)

)ψ

.Jètoume Y = ∪x∈YM
Yx. Tìte, Y ⊆ X kai

∑

z∈Y

w(z)ψ =
∑

x∈YM

∑

z∈Yx

w(z)ψ ≥
∑

x∈YM

(

∑

z∈Nx

w(z)

)ψ

=
∑

x∈YM

w′(x)ψ ≥
(

∑

x∈M

w′(x)

)ψ

=

(

∑

x∈M

(

∑

z∈Nx

w(z)

)

)ψ

=

(

∑

z∈X

w(z)

)ψ

.Dhlad ,
(8.4.14)

∑

z∈Y

w(z)ψ ≥
(

∑

z∈X

w(z)

)ψ

.An loipìn de�xoume ìti o Y e�nai α-isìmorfo me èna k − HST H, èqoume te-lei¸sei.Kataskeu�zoume èna k − HST H p�nw se k�poio dèntro T w ex : 'E-stw T ′ èna dèntro isìmorfo me to TM kai me timè sti korufè tou ∆T ′(u) =

βγ · ∆TM
(u), ìpou γ = maxx∈M diam(Nx)

minM dM (x,y) ìpw sth metrik  sÔnjesh. Se k�jefÔllo tou T ′ pou antistoiqe� se èna shme�o x tou YM , dhmiourgoÔme èna upodè-ntro isìmorfo me to Tx, me r�za to x kai timè sti korufè tou ìpw sto Tx.Onom�zoume T to dèntro pou proèkuye. AfoÔ oi q¸roi Yx, Hx e�nai α�isìmorfoimèsw diastol , èpetai ìti
(8.4.15) ∆T (x) = diam(Hx) ≤ α diam(Yx) ≤ α diam(Nx).'Estw p o gonèa tou x sto TM . MporoÔme na upojèsoume ìti h p den e�naiekfulismènh koruf  tou TM . Tìte, h diastol  metaxÔ twn TM kai HM , jad¸sei ∆TM

(p) ≥ dM (x, y), gia k�poio y ∈ M . Epomènw, katal goume sthn
(8.4.16) ∆T (p) ≥ βγ · min{dM (u, v) : u 6= v ∈ M}.



86 · Fainomena tupou RamseyOi sqèsei (8.4.15),(8.4.16) kaj¸ kai h upìjesh β ≥ αk, d�noun telik�
(8.4.17)

∆T (p)

∆T (x)
≥ β

α
≥ k.AfoÔ ta dèntra T ′, Tx or�zoun k−HST , apì thn teleuta�a anisìthta èpetai ìtikai to T or�zei èna k − HST H.Mènei na de�xoume ìti o Y e�nai α�isìmorfo me ton H. Gia k�je x ∈ Mèqoume ènan α-isomorfismì fx : Yx → Hx pou gia ìla ta u, v ∈ Yx ikanopoie�thn

(8.4.18) dYx
(u, v) ≤ dHx

(fx(u), fx(v)) ≤ αdYx
(u, v).Ep�sh, up�rqei α-isomorfismì fM : YM → HM ¸ste gia k�je x, y ∈ M

(8.4.19) dYM
(x, y) ≤ dHM

(fM (x), fM (y)) ≤ αdYM
(x, y).Or�zoume f : Y → H w ex : an x ∈ M kai v ∈ Yx jètoume f(v) = fx(v). Tìte,an l�boume upìyin ton orismì th metrik  sth metrik  sÔnjesh kai ton trìpoorismoÔ tou k − HST H, gia k�je u, v ∈ Yx pa�rnoume

dY (u, v) = dYx
(u, v) ≤ dHx

(fx(u), fx(v)) = dH (f(u), f(v))

≤ αdYx
(u, v) = αdY (u, v).An u ∈ Yx, v ∈ Yy kai x 6= y stoiqe�a tou UM , tìte

dY (u, v) = βγdYM
(u, v) ≤ βγdHM

(fM (x), fM (y)) = dH (f(u), f(v))

≤ αβγdYM
(u, v) = αdY (u, v).Dhlad , dY (u, v) ≤ dH (f(u), f(v)) ≤ αdY (u, v) gia k�je u, v ∈ Y . 28.4bþ Lìgo ìyewnOrismì 8.4.8. O lìgo ìyewn enì peperasmènou metrikoÔ q¸rou M e�naih posìthta

(8.4.20) Φ(M) =
diam(M)

min{dM (x, y) : x 6= y ∈ M} .Mpore� kane� na blèpei ton Φ(M) san thn kanonikopoihmènh di�metro tou M  san thn apìstash Lipschitz tou M apì thn kl�sh twn isìpleurwn q¸rwn.Orismì 8.4.9. 'Estw Φ ≥ 1. H kl�sh ìlwn twn metrik¸n q¸rwn M me lìgoìyewn Φ(M) ≤ Φ sumbol�zetai me N (Φ). SumfwnoÔme ep�sh na gr�foume:(i) ψ(Φ, α) = ψ(N (Φ), α). 'Omoia, ψk(Φ, α) = ψk(N (Φ), α), kai genikìtera,an M e�nai mia kl�sh metrik¸n q¸rwn, ψM(Φ, α) = ψM(N (Φ), α).(ii) compβ(Φ) = compβ(N (Φ)).Skopì ma e�nai na de�xoume to ex :



8.4 Fainomena tupou Ramsey · 87Je¸rhma 8.4.10. Up�rqei apìluth stajer� C ′ > 0 ¸ste gia k�je α > 2 kaigia k�je Φ ≥ 1 na isqÔei h anisìthta
(8.4.21) ψ(Φ, α) ≥ 1 − C ′ log α + log log(4Φ)

α
.Orismì 8.4.11. StajeropoioÔme èna q ≥ 1. Mia akolouj�a x = (xi)

∞
i=1 mharnhtik¸n pragmatik¸n arijm¸n lègetai q-diasp�simh an up�rqei ω > 0 ¸ste

(8.4.22) {i ∈ N : xi > 0} =







i ∈ N : xi ≥
1

q

∞
∑

j=1

xj







⋃

{i ∈ N : xi = ω}.Ja apode�xoume to ex .Prìtash 8.4.12. 'Estw q ≥ 2 kai èstw t ≥ 8 akèraio. 'Estw (X, d) ènametrikì q¸ro me n shme�a kai èstw w : X → R
+ mia sun�rthsh b�rou.Upojètoume ìti h {w(x)}x∈X e�nai q-diasp�simh. Tìte, up�rqei upìqwro Y ⊆ Xo opo�o e�nai 4t-isìmorfo me upermetrikì q¸ro kai ikanopoie� thn

(8.4.23)
∑

x∈Y

[w(x)]ψ ≥
(

∑

x∈X

w(x)

)ψ

,ìpou
(8.4.24) ψ =

(

t log(4qΦ(X))

)−2/t

.Apìdeixh. Jètoume β(Φ) = [t log2(4qΦ)]−2/t. Me epagwg  w pro n ja de�xoumeìti k�je metrikì q¸ro (M,d,w) me b�ro, o opo�o èqei n shme�a, perièqeiupìqwro N ⊂ M pou ikanopoie� thn
(8.4.25)

∑

x∈N

[w(x)]β(Φ(M)) ≥
(

∑

x∈M

w(x)

)β(Φ(M))kai emfuteÔetai me paramìrfwsh 4t mèsw mia diastol  f , se ènan upermetrikìq¸ro H me diam(H) = diam(M).Gia eukol�a sto sumbolismì, an S ⊂ M gr�foume w(S) =
∑

x∈S w(x).'Estw (M,d,w) èna metrikì q¸ro me b�ro, o opo�o èqei n shme�a. Upo-jètoume ìti h w e�nai q-diasp�simh. Qwr� periorismì th genikìthta, mporoÔmena upojèsoume ìti w(M) = 1 kai ìti min{d(x, y) : x 6= y ∈ M} = 1. Jètoume
Φ = Φ(M). Apì thn prohgoÔmenh upìjesh èqoume Φ = diam(M). Tèlo, giak�je x ∈ M kai r > 0 jètoume B(x, r) = {y ∈ M : d(y, x) < r}.L mma 8.4.13. Up�rqoun i ∈ {1, . . . , t} kai x0 ∈ M ¸ste an jèsoume
(8.4.26) A = {x0} ∪ B

(

x0,
(i − 1)Φ

4t

) kai B = M \ B

(

x0,
iΦ

4t

)

,tìte
(8.4.27) max

{

w(A)β(Φ/2)

[maxy∈A w(y)]β(Φ/2)−β(Φ)
, w(A)(log2 q)−1/(t−1)

}

+ w(B) ≥ 1.



88 · Fainomena tupou RamseyApìdeixh. To gegonì ìti h w e�nai q-diasp�simh exasfal�zei ìti mporoÔme nagr�youme M = N1 ∪ N2, ìpou ta N1 kai N2 e�nai xèna, ètsi ¸ste na èqoume
w(x) ≥ 1

q gia k�je x ∈ N1 kai w(x) = ω gia k�je x ∈ N2, gia k�poion ω > 0.Diakr�noume dÔo peript¸sei:Pr¸th per�ptwsh: diamM (N1) > Φ
2 . Se aut  thn per�ptwsh up�rqoun

x0, x
′
0 ∈ N1 ¸ste d(x0, x

′
0) > Φ

2 . Eidikìtera, B(x0,Φ/4) ∩ B(x′
0,Φ/4) = ∅,opìte, enal�ssonta ta x0 kai x′

0 an qreiaste�, mporoÔme na upojèsoume ìti
(8.4.28) w(B(x0,Φ/4)) ≤ w(M)

2
=

1

2
.AfoÔ x0 ∈ N1, èqoume w(x0) ≥ 1

q . Epomènw, up�rqei i ∈ {1, . . . , t} ¸ste
(8.4.29) w

(

{x0} ∪ B

(

x0,
(i − 1)Φ

4t

))(log2 q)−1/(t−1)

≥ w

(

B

(

x0,
iΦ

4t

))

,giat� alli¸ ja e�qame
1

2
≥ w

(

B

(

x0,
Φ

4

))

> w

(

{x0} ∪ B

(

x0,
(t − 1)Φ

4t

))(log2 q)−1/(t−1)

> · · ·

> w

(

B

(

x0,
Φ

4t

))(log2 q)−1

≥ [w(x0)]
(log2 q)−1

≥ 1

q(log2 q)−1 =
1

2
,to opo�o e�nai �topo. StajeropoioÔme ènan tètoio de�kth i kai or�zoume ta A kai

B ìpw sto L mma 8.4.13. Tìte,
w(A)(log2 q)−1/(t−1)

+ w(B) = w

(

{x0} ∪ B

(

x0,
(i − 1)Φ

4t

))(log2 q)−1/(t−1)

+

[

1 − w

(

B

(

x0,
iΦ

4t

))]

≥ 1.DeÔterh per�ptwsh: diamM (N1) ≤ Φ
2 . Se aut  thn per�ptwsh epilègoume

x0 ∈ M me thn idiìthta d(x0, N1) = maxx∈M d(x,N1). Ja de�xoume pr¸ta ìti
N1 ∩B(x0,Φ/4) = ∅. Pr�gmati, an autì den  tan swstì, ja e�qame d(x0, N1) <

Φ/4 opìte, apì thn epilog  tou x0, gia k�je x, y ∈ M ja e�qame
(8.4.30) d(x, y) ≤ d(x,N1) + d(y,N1) + diam(N1) < 2d(x0, N1) +

Φ

2
< Φ,to opo�o e�nai �topo.Jètoume m = |N2| kai gia k�je i ∈ {0, . . . , t} or�zoume

(8.4.31) ǫi =
|({x0} ∪ B(x0,

iΦ
4t )) ∩ N2|

m
.



8.4 Fainomena tupou Ramsey · 89Parathr ste ìti, afoÔ x0 ∈ N2,
(8.4.32)

1

m
= ǫ0 ≤ ǫt ≤ 1.Ja de�xoume ìti up�rqei i ∈ {1, . . . , t} ¸ste

(8.4.33) ǫ
β(Φ/2)
i−1 mβ(Φ/2)−β(Φ) ≥ ǫi.Pr�gmati, an jèsoume a = log2(2qΦ) ≥ 1, kai an den up�rqei tètoio i, tìte giak�je i ∈ {1, . . . , t} èqoume

(8.4.34) ǫi−1 <

(

ǫi

m
1

(ta)2/t
− 1

[t(a+1)]2/t

)(ta)2/t

.Or�zoume b = m
1

(ta)2/t
− 1

[t(a+1)]2/t kai c = (ta)2/t. H anisìthta pa�rnei tìte thmorf  ǫi−1 < (ǫi/b)c. Epanalamb�nonta ton �dio sullogismì t forè, pa�rnoume:
(8.4.35)

1

m
= ǫ0 <

ǫct

t

bc+c2+···+ct =
ǫct

t

b
c

c−1 (ct−1)
≤ 1

bct−1
.'Ara,

(8.4.36) m
(t2a2−1)

[

1

(ta)2/t
− 1

[t(a+1)]2/t

]

< m.Efarmìzonta ìmw to je¸rhma mèsh tim  gia th sun�rthsh 1
x2/t sto di�sthma

[α, α + 1], blèpoume ìti 1
α2/t − 1

(α+1)2/t ≥ 2
t(α+1)1+2/t , en¸ profan¸ t2a2 − 1 ≥

t2a2

2 . Opìte
(t2a2 − 1)

[

1

(ta)2/t
− 1

[t(a + 1)]2/t

]

≥ t2a2

2

2

t1+2/t(a + 1)1+2/t

≥ t1−2/t

(

a

a + 1

)2

≥ 83/4 · 1

4
≥ 1,kai ètsi katal goume se �topo.Epilègoume èna de�kth i ∈ {1, . . . , t} pou ikanopoie� thn (8.4.33) kai jewroÔme

A kai B ìpw sto L mma 8.4.13, gi� autì to sugkekrimèno i. ParathroÔme ìti
(8.4.37) B = M \ B

(

x0,
iΦ

4t

)

⊃ M \ B

(

x0,
Φ

4

)

⊃ N1,opìte
w(A)β(Φ/2)

[maxy∈A w(y)]β(Φ/2)−β(Φ)
+ w(B) =

(ωǫi−1m)β(Φ/2)

ωβ(Φ/2)−β(Φ)
+ w(N1) + (1 − ǫi)mω

= ωβ(Φ)(ǫi−1m)β(Φ/2) + w(N1) + (1 − ǫi)mω

≥ (mω)β(Φ)ǫi + w(N1) + (1 − ǫi)mω

≥ mωǫi + w(N1) + (1 − ǫi)mω

= w(M) = 1.



90 · Fainomena tupou RamseyAutì apodeiknÔei to L mma. 2Sunèqeia th apìdeixh th Prìtash 8.4.12: 'Estw i, A kai B ìpwsto L mma 8.4.13. Parathr ste ìti A 6= ∅ kai diam(A) < Φ
2 < diam(M).Eidikìtera èqoume |A| < n kai |B| < n. Apì thn epagwgik  upìjesh up�rqounupìqwroi A′ ⊂ A kai B′ ⊂ B gia tou opo�ou

∑

x∈A′

[w(x)]β(Φ(A)) ≥ w(A)β(Φ(A)),

∑

x∈B′

[w(x)]β(Φ(B)) ≥ w(B)β(Φ(B)) ≥ w(B),ierarqik� kal� diaqwrismèna dèndra X kai Y me diam(X) = diam(A), diam(Y ) =

diam(B), kai 4t-Lipschitz diastolè f : A′ → X, g : B′ → Y . 'Estw TX todèndro pou or�zei ton X kai èstw rX h r�za tou. 'Estw TY to dèndro pou or�zeiton Y kai èstw rY h r�za tou. Or�zoume èna dèndro T w ex : r�za tou e�naito r kai apì aut n xekinoÔn dÔo mìno upodèndra ta opo�a e�nai isomorfik� me ta
TX kai TY . Sth r�za tou T d�noume thn tim  ∆(r) = diam(M), kai af noume titimè twn TX kai TY amet�blhte. Parathr ste ìti

∆(r) = diam(M) ≥ max{diam(A),diam(B)}
= max{diam(X),diam(Y )} = max{∆(rX),∆(rY )}.Me autì ton trìpo, ta fÔlla tou T , X ∪ Y , sqhmat�zoun èna ierarqik� kal�diaqwrismèno dèndro me diam(X ∪ Y ) = Φ = diam(M). Or�zoume h : A′ ∪ B′ →

X ∪ Y jètonta h|A′ = f kai h|B′ = g. An a ∈ A′ kai b ∈ B′ tìte
(8.4.38) dT (h(a), h(b)) = Φ ≥ d(a, b).Epiplèon,
(8.4.39) d(a, b) ≥ d(a, x0) − d(b, x0) ≥

Φi

4t
− Φ(i − 1)

4t
=

Φ

4t
=

dT (h(a), h(b))

4t
,�ra h h e�nai 4t-Lipschitz.ParathroÔme ìti, afoÔ β(Φ) ≤ β(Φ(A)) ≤ (log2 q)−1/(t−1) kai w(x) ≤ 1 kat�shme�o,

(8.4.40)
∑

x∈A′

[w(x)]β(Φ) ≥
∑

x∈A′

[w(x)]β(Φ(A)) ≥ w(A)β(Φ(A)) ≥ w(A)(log2 q)−1/(t−1)

.Epiplèon, afoÔ Φ(A) ≤ Φ/2,
∑

x∈A′

[w(x)]β(Φ) ≥ 1

[maxy∈A w(y)]β(Φ(A))−β(Φ)

∑

x∈A′

[w(x)]β(Φ(A))

≥ [max
y∈A

w(y)]β(Φ)

[

w(A)

maxy∈A w(y)

]β(Φ(A))

≥ [max
y∈A

w(y)]β(Φ)

[

w(A)

maxy∈A w(y)

]β(Φ/2)

.
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(8.4.41)

∑

x∈A′

[w(x)]β(Φ) ≥ max

{

w(A)β(Φ/2)

[maxy∈A w(y)]β(Φ/2)−β(Φ)
, w(A)(log2 q)−1/(t−1)

}

,kai me b�sh to L mma 8.4.13,
(8.4.42)

∑

x∈A′∪B′

[w(x)]β(Φ) ≥
∑

x∈A′

[w(x)]β(Φ) + w(B) ≥ 1.'Etsi oloklhr¸netai to epagwgikì b ma. 2Prìtash 8.4.14. StajeropoioÔme q ≥ 16 kai jewroÔme mia akolouj�a x =

(xi)
∞
i=1 mh arnhtik¸n pragmatik¸n arijm¸n. Or�zoume p = 1− log2 log2 q

log2 q . Up�rqeiakolouj�a y = (yi)
∞
i=1 tètoia ¸ste yi ≤ xi gia k�je i,

(8.4.43)

∞
∑

i=1

yp
i ≥

( ∞
∑

i=1

xi

)p

,kai h akolouj�a {yp
i }∞i=1 e�nai q-diasp�simh.Apìdeixh. 'Estw x = {xi}∞i=1 mia akolouj�a mh arnhtik¸n pragmatik¸n arijm¸npou den e�nai tautotik� mhdenik . Gia k�je p ≥ 0, h (p,∞) nìrma th x or�zetaiapì thn

(8.4.44) ‖x‖p,∞ = sup{i1/px∗
i : i ≥ 1}ìpou {x∗

i }∞i=1 e�nai h mh�aÔxousa anadi�taxh th akolouj�a {xi}∞i=1.L mma 8.4.15. Gia k�je x ∈ ℓ1 kai gia k�je 0 < p < 1,
(8.4.45) ‖x‖p,∞ ≥

(

1 − p

2 − p

)1/p ‖x‖1/p
1

‖x‖(1−p)/p
∞

.Apìdeixh. Qwr� periorismì th genikìthta mporoÔme na upojèsoume ìti ‖x‖1 =

1 kai ‖x‖∞ = x1 ≥ x2 ≥ · · · ≥ 0. AfoÔ ‖x‖p,∞ ≥ x1, an
(8.4.46) x1 ≥

(

1 − p

2 − p

)1/p
1

x
(1−p)/p
1isqÔei to zhtoÔmeno. Upojètoume loipìn ìti x1 < 1−p

2−p .Jètoume α = ‖x‖p
p,∞ kai j = ⌈α/xp

1⌉+ 1. Parathr ste ìti xi ≤ (α/i)1/p giak�je i ≥ 1. 'Ara,
(8.4.47)

j−1
∑

i=1

xi ≤ (j − 1)x1 ≤ ⌈ α

xp
1

⌉x1 ≤ x1

(

α

xp
1

+ 1

)

= αx1−p
1 + x1,kai

∞
∑

i=j

xi ≤
∞
∑

i=j

α1/p

i1/p
≤ α1/p

∫ ∞

j−1

z−1/pdz

≤ α1/p p

1 − p
·
⌈

α

xp
1

⌉− 1−p
p

≤ α1/p p

1 − p

(

xp
1

α

)
1−p

p

=
p

1 − p
αx1−p

1 .



92 · Fainomena tupou RamseyProsjètonta ti dÔo anisìthte kai qrhsimopoi¸nta to fr�gma pou èqoumeupojèsei gia ton x1, pa�rnoume
(8.4.48)

1

1 − p
αx1−p

1 +
1 − p

2 − p
≥ 1,ap' ìpou aplopoi¸nta èqoume to zhtoÔmeno. 2Sunèqeia th apìdeixh th Prìtash 8.4.14: MporoÔme na upojè-soume ìti h x e�nai fj�nousa akolouj�a mh arnhtik¸n pragmatik¸n arijm¸n kaiìti ‖x‖1 = 1.Ja de�xoume pr¸ta ìti up�rqoun de�kte 0 ≤ l ≤ b ¸ste xp

l ≥ 2
q kai

(8.4.49) S =

l
∑

i=1

xp
i + (b − l)xp

b ≥ 1.'Estw l ≥ 0 o megalÔtero akèraio gia ton opo�o xp
l ≥ 2

q . An ∑l
i=1 xp

i ≥ 1 tìteèqoume telei¸sei. Alli¸, jewroÔme thn akolouj�a z = (xl+1, xl+2, . . .). Apìthn epilog  tou l, gia k�je i > l èqoume xi < (2/q)1/p, �ra ‖z‖∞ ≤ (2/q)1/p.Epiplèon,
(8.4.50)

1 − p

(2 − p)‖z‖1−p
∞

≥ log2 log2 q

2

(

log2 q

2

)(1−p)/p

≥ 1.Gia thn apìdeixh th parap�nw sqèsh, parathroÔme ìti
(8.4.51)

1 − p

(2 − p)‖z‖1−p
∞

≥
log2 log2 q

log2 q

2(2/q)
1−p

p

=
log2 log2 q

2

(

log2 q

2

)
1−p

p q
1−p

p

(log2 q)
1
p

,en¸ pa�rnonta logar�jmou, blèpoume ìti q
1−p

p

(log2 q)
1
p

= 1. Apì thn �llh pleur�,
(8.4.52)

(

log2 q

2

)1−p

≥
(

4

2

)1−p

= 21−p ≥ 1opìte log2 log2 q
2

(

log2 q
2

)(1−p)/p

≥ 1.Efarmìzoume t¸ra to L mma 8.4.15 gia thn z kai pa�rnoume ‖z‖p
p,∞/‖z‖1 ≥ 1.Dhlad , up�rqei akèraio b > l pou ikanopoie� thn

(8.4.53) (b − l)xp
b ≥ ‖z‖1 = 1 −

l
∑

i=1

xi ≥ 1 −
l

∑

i=1

xp
i .An b = l, upojètoume ìti o l e�nai o el�qisto de�kth pou ikanopoie� thn (8.4.49).S' aut  thn per�ptwsh èpetai ìti

(8.4.54) S =
l

∑

i=1

xp
i =

l−1
∑

i=1

xp
i + xp

l < 1 + xp
l ≤ 2.



8.4 Fainomena tupou Ramsey · 93'Omoia, an b > l, stajeropoioÔme èna l kai upojètoume ìti o b e�nai o el�qistode�kth pou ikanopoie� thn (8.4.49). Tìte,
(8.4.55) S =

l
∑

i=1

xp
i + (b − l)xp

b ≤
l

∑

i=1

xp
i + (b − l − 1)xp

b−1 + xp
b < 1 + xp

b ≤ 2.Or�zoume mia akolouj�a {yi}∞i=0 ¸ste yi = xi gia i ≤ l, yi = xb gia l < i ≤ b kai
yi = 0 gia i > b. E�nai fanerì ìti yi ≤ xi gia ìla ta i ≥ 1, en¸ ∑

i≥1 yp
i = S ≥

1 = (
∑

i≥1 xi)
p. Tèlo, gia i ≤ l èqoume yp

i = xp
i ≥ 2

q ≥ S
q = 1

q

∑

j≥1 yp
j , gia

l < i ≤ b, yp
i = xp

b kai gia i > b, yp
i = 0, �ra h {yp

i }∞i=0 e�nai q-diasp�simh. 2Apìdeixh tou Jewr mato 8.4.10: Upojètoume ìti α ≥ 32. 'Estw Xèna metrikì q¸ro me Φ(X) ≤ Φ, kai èstw w : X → R
+ mia sun�rthsh b�rou.Jètoume t = ⌊α

4 ⌋. Efarmìzonta thn Prìtash 8.4.14 sthn akolouj�a {w(x)}x∈Xme q = 2t, pa�rnoume mia sun�rthsh b�rou w′ tètoia ¸ste w′(x) ≤ w(x) gia k�je
x ∈ X, h {w′(x)p}x∈X e�nai q-diasp�simh, kai
(8.4.56)

∑

x∈X

w′(x)p ≥
(

∑

x∈X

w(x)

)p

,ìpou p = 1 − log2(t)
t .Jètoume β =

(

t log
(

4qΦ(X)
)

)−2/t kai efarmìzoume thn Prìtash 8.4.12ston X me sun�rthsh b�rou thn w′′ = w′p. Pa�rnoume ètsi ènan upìqwro Ytou X o opo�o e�nai 4t�isìmorfo me k�poion upermetrikì q¸ro, kai ikanopoie�thn
(8.4.57)

∑

x∈Y

w(x)pβ ≥
∑

x∈Y

w′(x)pβ ≥
(

∑

x∈X

w′(x)p

)β

≥
(

∑

x∈X

w(x)

)pβ

.Sumpera�noume loipìn ìti ψ(Φ, α) ≥ pβ. T¸ra, afoÔ Φ(X) ≤ Φ, blèpoume ìti
β =

(

t log(4qΦ(X))

)−2/t

≥
(

t log(4 2tΦ)

)−2/t

= e−
log(t log(4 2tΦ))

t/2 ≥ 1 − log(t log(42tΦ))

t/2

= 1 − log t + log(t log 2)

t/2
− 2 log log(4Φ)

t

≥ 1 − 4 log t

t
− 2 log log(4Φ)

t
.
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ψ(Φ, α) ≥

(

1 − log2 t

t

)(

1 − 4 log t

t
− 2 log log(4Φ)

t

)

= 1 − log2 t

t
− 4 log t

t
− 2 log log(4Φ)

t

+
log2 t

t

4 log t

t
+

log2 t

t

2 log log(4Φ)

t

≥ 1 − log2 t

t
− 4 log t

t
− 2 log log(4Φ)

t

= 1 −
(4 + 1

log 2 ) log t + 2 log log(4Φ)

t

≥ 1 −
(

4 +
1

log 2

) log t + log log(4Φ)

t

= 1 −
(

4 +
1

log 2

) log(⌊α
4 ⌋) + log log(4Φ)

⌊α
4 ⌋

≥ 1 −
(

4 +
1

log 2

) log α + log log(4Φ)
1
8α

= 1 −
(

32 +
8

log 2

) log α + log log(4Φ)

α
.H apìdeixh tou jewr mato oloklhr¸netai an jèsoume C ′ = 32 + 8

log 2 . 28.4gþ Apì tou upermetrikoÔ q¸rou sta k-ierarqik� kal�-diaqwrismèna dèndraOrismì 8.4.16. 'Estw èna akèraio h > 1 kai i ∈ {0, 1, . . . , h−1}. Lème ìtièna dèntro T me r�za e�nai (i, h)-periodik� araiì an gia k�je l ≡ i mod h, k�jekoruf  tou T se b�jo l e�nai ekfulismènh. To dèntro T lègetai h-periodik�araiì an up�rqei i ∈ {0, 1, . . . , h − 1} ¸ste to T na e�nai (i, h)- periodik� araiì.Sta epìmena, an T ′ e�nai k�poio upodèntro enì dèntrou T me r�za, ja upojè-toume ìti to T ′ èqei r�za th r�za tou T kai ta fÔlla tou T ′ e�nai kai fÔlla tou
T . Sumbol�zoume me lvs(T ) ta fÔlla tou T .L mma 8.4.17. JewroÔme ènan akèraio h > 1 kai èna peperasmèno dèntro Tme r�za. Tìte, gia k�je w : lvs(T ) → R

+, up�rqei h�periodik� araiì upodèntro
T ′ tou T pou ikanopoie� thn
(8.4.58)

∑

v∈lvs(T ′)

w(v)
h−1

h ≥
(

∑

v∈lvs(T )

w(v)

)
h−1

h

.Apìdeixh. Gia k�je i ∈ {0, 1, . . . , h − 1} gr�foume fi(T ) gia to mègisto thposìthta ∑

v∈lvs(T ′) w(v)
h−1

h p�nw apì ìla ta (i, h)-periodik� arai� upodèntra
T ′ tou T . Me epagwg  w pro to b�jo tou T , ja de�xoume ìti
(8.4.59)

h−1
∏

i=0

fi(T ) ≥
(

∑

v∈lvs(T )

w(v)

)h−1

,



8.4 Fainomena tupou Ramsey · 95ap' ìpou prokÔptei h zhtoÔmenh
(8.4.60) max

0≤i≤h−1
fi(T ) ≥

(

∑

v∈lvs(T )

w(v)

)
h−1

h

.An to T èqei b�jo 0, opìte apotele�tai apì mia koruf  v, tìte fi(T ) = w(v)
h−1

hkai ètsi
(8.4.61)

h−1
∏

i=0

fi(T ) =

(

w(v)
h−1

h

)h

= w(v)h−1.Diaforetik�, to T èqei b�jo toul�qiston 1. 'Estw r h r�za tou kai v1, . . . , vl oiapìgonoi th. Sumbol�zoume me Tj to upodèntro me r�za vj . ParathroÔme t¸raìti gia k�je j = 1, . . . , l, k�je (h − 1, h)-periodik� araiì upodèntro tou Tj e�nai
(0, h)-periodik� araiì upodèntro tou T . 'Etsi,
(8.4.62) f0(T ) ≥ max

1≤j≤l
fh−1(Tj).T¸ra, gia i ∈ {1, . . . , h − 1}, k�je (i − 1, h)-periodik� araiì upodèntro tou Tje�nai (i, h)-periodik� araiì upodèntro tou T . An loipìn gia k�je j = 1, . . . , l,jewr soume eke�no to upodèntro tou Tj pou d�nei thn tim  fi−1(Tj) kai sqhma-t�soume to upodèntro tou T me r�za to r kai apogìnou k�je tètoio upodèntro,pa�rnoume:

(8.4.63) fi(T ) =
∑

1≤j≤l

fi−1(Tj).Efarmìzonta thn anisìthta tou Hölder pa�rnoume
(8.4.64)

l
∑

j=1

h−1
∏

i=1

[fi−1(Tj)]
1

h−1 ≤
(

h−1
∏

i=1

l
∑

j=1

fi−1(Tj)

)
1

h−1

.



96 · Fainomena tupou Ramsey'Etsi, apì thn epagwgik  upìjesh kai ti parap�nw sqèsei, èqoume:
h−1
∏

i=0

fi(T ) ≥ max
1≤j≤l

fh−1(Tj) ·
h−1
∏

i=1

l
∑

j=1

fi−1(Tj)

≥ max
1≤j≤l

fh−1(Tj) ·
(

l
∑

j=1

(h−1
∏

i=1

fi−1(Tj)

)
1

h−1

)h−1

= max
1≤j≤l

fh−1(Tj) ·
(

l
∑

j=1

(h−2
∏

i=0

fi(Tj)

)
1

h−1

)h−1

≥
(

l
∑

j=1

(

fh−1(Tj) ·
h−2
∏

i=0

fi(Tj)

)
1

h−1

)h−1

=

(

l
∑

j=1

(h−1
∏

i=0

fi(Tj)

)
1

h−1

)h−1

≥
(

l
∑

j=1

∑

v∈lvs(Tj)

w(v)

)h−1

=

(

∑

v∈lvs(T )

w(v)

)h−1

.

2Prìtash 8.4.18. Gia k�je k > α > 1,
(8.4.65) ψk(UM,α) ≥ 1 − 1

⌈logk/α α⌉ .Apìdeixh. JewroÔme ènan upermetrikì q¸ro X kai mia sun�rthsh b�rou w :

X → R
+. Jètoume h = ⌈logk/α α⌉ kai s = k1/h. Apì to L mma 8.3.6 pa�rnoumeìti o X e�nai s-isìmorfo me èna akribè s − HST Y mèsw mia diastol  g.'Estw T to dèntro pou or�zei ton Y . To L mma 8.4.17 d�nei èna upodèntro S tou

T to opo�o e�nai (i, h)-periodik� araiì gia k�poio i ∈ {0, 1, . . . , h − 1}, kai
(8.4.66)

∑

v∈lvs(S)

w(g−1(v))
h−1

h ≥
(

∑

x∈X

w(x)

)
h−1

h

.Episun�ptonta èna monop�ti m kou h−1−i sth r�za tou S, mporoÔme na upojè-soume ìti to S e�nai (h − 1, h)-periodik� araiì. 'Omoia, prosjètonta kat�llhlamonop�tia sta fÔlla tou S, mporoÔme na upojèsoume ìti up�rqei èna akèraio
m ¸ste ìla ta fÔlla tou S e�nai se b�jo mh. 'Estw r h r�za tou S.Metasqhmat�zoume t¸ra to S w ex : Gia k�je akèraio 0 ≤ j < m, dia-gr�foume ìle ti korufè tou S pou to b�jo tou br�sketai sto di�sthma
[jh + 1, (j + 1)h − 1], kai sundèoume k�je koruf  se b�jo jh me ìlou touapogìnou th se b�jo (j + 1)h. Sumbol�zoume me S′ to dèntro pou pa�rnoume



8.4 Fainomena tupou Ramsey · 97kai jewroÔme ton metrikì q¸ro Y ′ pou or�zetai apì to dèntro S′. O Y ′ e�nai ènaakribè sh − HST .Ja de�xoume ìti o Y ′ e�nai sh−1-isìmorfo me èna upìqwro tou X mèsw miadiastol . 'Estw loipìn u, v dÔo shme�a tou Y ′ kai èstw w o el�qisto koinìprìgono aut¸n sto S. An q e�nai to b�jo tou w sto S, tìte q 6≡ h − 1(

mod h), afoÔ to S e�nai (h−1, h)-periodik� araiì. MporoÔme loipìn na gr�youme
q = i + jh gia k�poiou j ≥ 0 kai i ∈ {0, · · · , h − 2}. Sumbol�zonta me w′ tonel�qisto koinì prìgono twn u, v sto S′, blèpoume apì thn kataskeu  tou S′,ìti autì br�sketai se b�jo jh. 'Etsi, dY (u, v) = ∆(r)

si+jh kai dY ′(u, v) = ∆(r)
sjh .Dhlad 

(8.4.67) dY (u, v) ≤ dY ′(u, v) ≤ sidY (u, v) ≤ sh−2dY (u, v).Epomènw, o Y ′ e�nai sh−2-isìmorfo me ton Y kai m�lista h apeikìnish e�naidiastol . AfoÔ o Y e�nai s-isìmorfo me k�poio upìqwro tou X mesw diastol ,pa�rnoume ìti o Y ′ e�nai sh−1-isìmorfo me ènan upìqwro tou X.'Eqoume de�xei o X èqei ènan upìqwro sh−1-isìmorfo me k�poio k = sh−HSTkai ikanopoie� thn (8.4.66). An de�xoume ìti sh−1 ≤ α, tìte ψk(UM,α) ≥ h−1
h =

1 − 1
⌈logk/α α⌉ . Pragmatik�, h epilog  tou h ma d�nei h − 1 ≤ logk/α α,   1

h−1 ≥
logα( k

α ). Epomènw, α
h

h−1 ≥ k ap' ìpou prokÔptei sh−1 = k
h−1

h ≤ α. 28.4dþ Apì ta k-ierarqik� kal�-diaqwrismèna dèndra sth me-trik  sÔnjeshPrìtash 8.4.19. Gia k�je α, β ≥ 1, an èna metrikì q¸ro L e�nai α-isodÔnamo me èna βα − HST , tìte o L e�nai (1 + 2/β)-isodÔnamo me k�poiometrikì q¸ro sthn kl�sh compβ(α).Apìdeixh. Jètoume k = αβ kai jewroÔme X o opo�o e�nai k − HST kai α-isìmorfo me ton L mèsw th f : L → X. M�lista, gia k�je x, y ∈ L èqoume
(8.4.68) dL(x, y) ≤ dX(f(x), f(y)) ≤ αdL(x, y).'Estw T to dèntro pou or�zei ton X. Gia mia koruf  u ∈ T , sumbol�zoume me
Tu to upodèntro tou T me r�za thn u. Sumbol�zoume ep�sh me Xu ⊆ X to HSTpou or�zetai apì to Tu kai or�zoume Lu = f−1(Xu). H parap�nw sqèsh d�nei
diam(Lu) ≤ diam(Xu) = ∆(u).SkopeÔoume na kataskeu�soume èna metrikì q¸ro Z ∈ compβ(α) kai miadiastol  g : L → Z, etsi ¸ste gia k�je x, y ∈ L na ikanopoie�tai h dL(x, y) ≤
dZ(g(x), g(y)) ≤

(

1 + 2
β

)

dL(x, y). Autì ja g�nei me epagwg  p�nw sto mègejotou L. Epiplèon ja upojèsoume ìti diam(Z) ≤ diam(L) = ∆.'Estw r h r�za tou dèntrou me tim  ∆(r) = ∆, kai C to sÔnolo twn apogìnwnth r. Apì thn epagwgik  upìjesh, gia k�je u ∈ C up�rqoun metrikì q¸ro
Nu ∈ compβ(α) kai diastol  gu : Lu → Nu, ¸ste diam(Nu) ≤ diam(Lu) =

∆(u) kai gia k�je x, y ∈ Lu,
(8.4.69) dLu

(x, y) ≤ dNu
(gu(x), gu(y)) ≤

(

1 +
2

β

)

dLu
(x, y).



98 · Fainomena tupou RamseyOr�zoume to metrikì q¸ro M = (C, dM ) jètonta gia opoiad pote dÔo diake-krimmèna stoiqe�a u, v tou C,
(8.4.70) dM (u, v) = max{dL(x, y) : x ∈ Lu, y ∈ Lv}.'Estw u 6= v ∈ C kai x ∈ Lu, y ∈ Lv. AfoÔ dX(f(x), f(y)) = ∆, apì thn(8.4.68) pa�rnoume ∆/α ≤ dL(x, y) ≤ ∆. Dhlad , gia k�je u 6= v ∈ C kai
x ∈ Lu, y ∈ Lv,
(8.4.71)

∆

α
≤ dL(x, y) ≤ dM (u, v) ≤ diam(L) = ∆.'Ara, diam(M) ≤ ∆, opìte Φ(M) ≤ α. Qrhsimopoi¸nta ti ∆(u),∆(v) ≤ ∆/kkai k = αβ, pa�rnoume

dL(x, y) ≤ dM (u, v) ≤ dL(x, y) + diam(Lu) + diam(Lv)

= dL(x, y) + ∆(u) + ∆(v) ≤ dL(x, y) + 2
∆

k

≤ dL(x, y) + 2
αdL(x, y)

βα
≤

(

1 +
2

β

)

dL(x, y).T¸ra, jètoume
(8.4.72) γ =

maxu∈C diam(Nu)

minu,v∈C dM (u, v)
kai β′ =

1

γ
.Apì thn (8.4.69) pa�rnoume minu,v∈C dM (u, v) ≥ ∆/α, en¸ h diam(Nu) ≤

diam(Lu) = ∆(u) d�nei maxu∈C diam(Nu) ≤ ∆/k. 'Epetai loipìn ìti
(8.4.73) β′ ≥ ∆/α

∆/k
= β.Or�zoume t¸ra ton Z ∈ compβ(α) apì thn Z = Mβ′ [{Nu}u∈C ] kai jewroÔmethn apeikìnish g : L → Z pou or�zetai gia k�je u ∈ C kai x ∈ Lu apì thn

g(x) = gu(x).JewroÔme u, v ∈ C kai x ∈ Lu, y ∈ Lv. An u = v, to zhtoÔmeno èpetaiapì thn (8.4.69). An u 6= v tìte, apì ton orismì th metrik  sÔnjesh èqoume
dZ(g(x), g(y)) = β′γdM (u, v) = dM (u, v), kai lìgw twn parap�nw sumpera�noumeìti diam(Z) ≤ ∆ kai
(8.4.74) dL(x, y) ≤ dZ(g(x), g(y)) ≤

(

1 +
2

β

)

dL(x, y).H apìdeixh th Prìtash èqei oloklhrwje�. 28.4eþ K�tw fr�gma gia th sun�rthsh RamseySe aut  thn par�grafo apodeiknÔoume to Je¸rhma 8.4.4. H apìdeixh ja basisje�sthn akìloujh:Prìtash 8.4.20. Up�rqei apìluth stajer� C ′′ > 0 ¸ste gia k�je pepera-smèno metrikì q¸ro X̂ kai gia k�je α > 2,
(8.4.75) ψ

(

X̂,
α

2

)

≥ ψ(X̂, α)

(

1 − C ′′ log α

α

)

.



8.4 Fainomena tupou Ramsey · 99Apìdeixh. StajeropoioÔme mia sun�rthsh b�rou w : X̂ → R
+ kai jewroÔmeènan upìqwro X tou X̂ o opo�o e�nai α-isìmorfo me k�poion upermetrikì q¸ro

Y , pou ikanopoie� th sqèsh (8.4.2) tou OrismoÔ 8.4.2 me ψ(X̂, α). JewroÔmedÔo arijmoÔ α′, β ≥ 1, pou ja kajoristoÔn parak�tw, kai or�zoume k = αα′β.H Prìtash 8.4.18 ma d�nei ènan upìqwro Y ′ tou Y , α′-isodÔnamo me k�poio
k − HST , pou ikanopoie� th sunj kh (8.4.2) me ψk(UM,α′) ≥ 1 − log(k/α′)

α′ .Apeikon�zonta ton X s' ènan upermetrikì Y kai met� stèlnonta thn eikìna tou
X ston Y , s' èna k − HST , efarmìzoume to L mma 8.4.5 kai pa�rnoume ènanupìqwro X ′ tou X, αα′-isodÔnamo me k�poio k − HST W , pou ikanopoie� thn
(8.4.2) me ekjèth
(8.4.76) ψk(UM,α′) · ψ(X̂, α) ≥

(

1 − log(k/α′)
α′

)

ψ(X̂, α).Jètoume Φ = αα′. 'Eqoume loipìn ìti o X ′ e�nai Φ-isodÔnamo me èna Φβ−HSTkai epomènw, apì thn Prìtash 8.4.19, o X ′ e�nai (1+2/β) isodÔnamo me k�poionmetrikì q¸ro Z ∈ compβ(Φ). Sundu�zonta to L mma 8.4.7 me to Je¸rhma8.4.10, br�skoume ènan upìqwro Z ′ tou Z, β�isìmorfo me èna upermetrikì q¸ro,pou ikanopoie� mia sqèsh san thn (8.4.2) me ekjèth ψ(compβ(Φ), β). Stèlnontathn eikìna tou X ′ ston Z, s' ènan upermetrikì q¸ro, efarmìzoume to L mma 8.4.5kai pa�rnoume ènan upìqwro X ′′ tou X pou e�nai β(1 + 2/β) = β + 2 isodÔnamome k�poion upermetrikì q¸ro U kai ikanopoie� thn (8.4.2) me ekjèth
(8.4.77)

(

1 − C ′ log β + log log(4Φ)

β

)(

1 − log(αβ)

log α′

)

ψ(X̂, α).An t¸ra epilèxoume β = α
2 − 2 kai Φ = 22α (ap' ìpou prosdior�zetai o α′),pa�rnoume

1 − C ′ log β + log log(4Φ)

β
= 1 − C ′ log(α

2 − 2) + log log(4 22α)
α
2 − 2

≥ 1 − C ′ log α + log((2α + 1) log 2)
1
3α

≥ 1 − 3C ′ log α + log(4α)

α

≥ 1 − 3C ′ log α + 2 log(α)

α

= 1 − 9C ′ log α

α
.Epiplèon,

1 − log(αβ)

log α′ = 1 − log(α(α
2 − 2))

log(22α

α )

≥ 1 − log(α2)

α
= 1 − 2

log(α)

α
.
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ψ

(

X̂,
α

2

)

≥
(

1 − 9C ′ log α

α

)(

1 − 2
log α

α

)

ψ(X̂, α)

=

(

1 − 9C ′ log α

α
− 2

log α

α
+ 18C ′ log α

α

log α

α

)

ψ(X̂, α)

≥
(

1 −
(

9C ′ + 2
) log α

α

)

ψ(X̂, α).Jètonta C ′′ = 9C ′ + 2 katal goume sto zhtoÔmeno. 2E�maste t¸ra se jèsh na apode�xoume toJe¸rhma 8.4.21. Up�rqei apìluth stajer� C > 0 ¸ste gia k�je α > 2 naisqÔei h
(8.4.78) ψ(α) ≥ 1 − C

log α

α
.Apìdeixh. Ja upojèsoume ìti α > 8. JewroÔme èna metrikì q¸ro X kai jètoume

Φ = Φ(X). Jum�zoume ìti Φ e�nai h apìstash tou X apì k�poion {isìpleuro}q¸ro. 'Etsi ψ(X,Φ) = 1. Jètoume m = ⌊α⌋ kai M = ⌈log Φ⌉. An M ≤ m + 1,tìte
(8.4.79) ψ(X,α) ≥ ψ(X, 2M ) ≥ ψ(X,Φ) = 1.Diaforetik�, apì thn Prìtash 8.4.20, pa�rnoume
(8.4.80) ψ

(

X,
α

2

)

≥ ψ(X,α)

(

1 − C ′′ log α

α

)

,opìte efarmìzonta epanalhptik� aut  thn prìtash, pa�rnoume
ψ(X,α) ≥ ψ(X, 2m) ≥ ψ(X, 2M ) − C ′′

M
∑

i=m+1

i

2i

≥ 1 − C ′′
∞
∑

i=m+1

i

2i
= 1 − C ′′ m + 2

2m

≥ 1 − 6C ′′ log α

α
.AfoÔ o X  tan tuq¸n, an jèsoume C = 6C ′′, katal goume sthn

(8.4.81) ψ(α) ≥ 1 − C
log α

α
.

2



8.5 Paramorfwsei osodhpote konta sto 2 · 1018.5 Paramorf¸sei osod pote kont� sto 2Skopì ma s' aut  thn par�grafo e�nai na apode�xoume to akìloujo je¸rhma:Je¸rhma 8.5.1. Up�rqei apìluth stajer� c > 0, ètsi ¸ste gia k�je k ≥ 1,gia k�je 0 < ǫ < 1 kai gia ìlou tou jetikoÔ akera�ou n, na isqÔei:
(8.5.1) Rk−HST (2 + ǫ, n) ≥ n

cǫ
log(2k/ǫ) .Sugkekrimèna,

(8.5.2) RUM (2 + ǫ, n) ≥ n
cǫ

log(2k/ǫ) .Se sunduasmì me thn Prìtash 8.3.5, to prohgoÔmeno je¸rhma d�nei
(8.5.3) R2(2 + ǫ, n) ≥ n

cǫ
log(2k/ǫ) .Pa�rnonta upìyin thn Prìtash 8.4.3 gia ti sunart sei Ramsey, gia na de�xoumeta parap�nw, arke� na apode�xoume toJe¸rhma 8.5.2. Up�rqei apìluth stajer� c > 0, ètsi ¸ste gia k�je k ≥ 1kai gia k�je 0 < ǫ < 1,

(8.5.4) ψk(2 + ǫ) ≥ cǫ

log(2k/ǫ)
.H apìdeixh ja sthriqje� sta parak�tw.L mma 8.5.3. JewroÔme pragmatikoÔ arijmoÔ α > 2 kai s ≥ 2, kai ènanakèraio t ≥ 1. 'Estw M èna metrikì q¸ro me n shme�a. Tìte, ikanopoie�taotoul�qiston m�a apì ti akìlouje dÔo sunj ke:(1) O M perièqei ènan upìqwro N , me toul�qiston s stoiqe�a, pou e�nai α-isìmorfo me ènan isìpleuro q¸ro.(2) O M perièqei ènan upìqwro N , me toul�qiston n/st stoiqe�a, ètsi ¸ste

diam(N) < (α/2)−tdiam(M).Apìdeixh. H apìdeixh ja g�nei me epagwg  p�nw ston t. Upojètoume ìti o Mden perièqei upìqwro me s stoiqe�a, α�isìmorfo me isìpleuro q¸ro, opìte arke�na de�xoume ìti ikanopoie�tai h deÔterh sunj kh. Gia t = 0, jètoume N0 = M .Gia t ≥ 1, h epagwgik  upìjesh d�nei ènan upìqwro Nt−1, megèjou toul�qiston
n/st−1, ¸ste diam(Nt−1) < (α/2)−t+1diam(M).'Estw {c1, . . . , ch} èna megistikì uposÔnolo tou Nt−1 w pro thn idiìthta
d(ci, cj) ≥ diam(Nt−1)/α gia k�je i 6= j. EÔkola elègqoume ìti to {c1, . . . , ch}e�nai α�isìmorfo me ènan isìpleuro q¸ro me metrik  diam(Nt−1). Epomènw, h ≤
s. Jètoume Ci = Nt−1 ∩B(ci,diam(Nt−1)/α). H megistikìthta tou {c1, . . . , ch}d�nei ∪h

i=1Ci = Nt−1, kai an or�soume Nt na e�nai eke�no to Ci me to megalÔteropl jo stoiqe�wn, tìte |Nt| ≥ |Nt−1|
h ≥ n/st. Tèlo,

diam(Nt) ≤ diam

(

B
(

ci,diam(Nt−1)/α
)

)

<
2

α
diam(Nt−1)

≤
(

2

α

)t

diam(M).
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2Pìrisma 8.5.4. StajeropoioÔme α > 2 kai ènan akèraio n ≥ 4. 'Estw M ènametrikì q¸ro me n shme�a. Tìte,
(8.5.5) REQ(M ;α, n) ≥

(n

2

)⌈logα/2 Φ(M)⌉−1

≥ n
1
2 ⌈logα/2 Φ(M)⌉−1

.Apìdeixh. Efarmìzonta to prohgoÔmeno L mma me t = ⌈logα/2 Φ(M)⌉ kai s =

(n/2)1/t, pa�rnoume ènan upìqwro N tou M .Isqurizìmaste ìti den ikanopoie�tai h deÔterh sunj kh. Diaforetik�, ja e�-qame |N | ≥ n/st = 2 kai ètsi diam(N) ≥ minx6=y dM (x, y). H teleuta�a ìmwsqèsh sunep�getai thn minx6=y dM (x, y) < (α/2)−tdiam(M), ap' ìpou katal -goume sthn (α/2)t < Φ(M), pou e�nai adÔnath gia to dedomèno t.'Etsi, èqoume de�xei ìti k�je q¸ro me n shme�a èqei ènan upìqwro α-isìmorfome ènan isìpleuro q¸ro, pou èqei plhj�rijmo toul�qiston s = (n/2)⌈logα/2 Φ(M)⌉−1 .An jumhjoÔme ton orismì th sun�rthsh R, katal goume sth zhtoÔmenh ani-sìthta
(8.5.6) REQ(M ;α, n) ≥

(n

2

)⌈logα/2 Φ(M)⌉−1

.H �llh anisìthta e�nai profan . 2L mma 8.5.5. 'Estw x = {xi}∞i=1 mia akolouj�a mh arnhtik¸n arijm¸n. Tìte,up�rqei akolouj�a y = {yi}∞i=1 tètoia ¸ste yi ≤ xi gia k�je i ≥ 1, kai
(8.5.7)

∑

i≥1

y
1/2
i ≥

(

∑

i≥1

xi

)1/2

.Epiplèon, m�a apì ti akìlouje dÔo sunj ke ikanopoie�tai:1. Gia ìla ta i > 2, yi = 0.2. Up�rqei ω > 0, ¸ste gia k�je i ≥ 1, e�te yi = ω, e�te yi = 0.Apìdeixh. Qwr� periorismì th genikìthta upojètoume ìti ∑

i≥1 xi = 1 kai
x1 ≥ x2 ≥ · · · ≥ 0. Ja de�xoume pr¸ta to akìloujo:
(α) E�te √

x1 +
√

x2 ≥ 1,
(β) e�te up�rqei l ≥ 3 ¸ste l

√
xl ≥ 1.A upojèsoume ìti den isqÔei to β. Dhlad  gia k�je i ≥ 3 èqoume xi ≤ i−2, kaija de�xoume ìti √x1 +

√
x2 ≥ 1. Jètoume b = ⌊ 1√

x2
⌋. ParathroÔme ìti

∞
∑

i=b+1

xi ≤
∞
∑

i=b+1

i−2 ≤
∫ ∞

b

z−2dz =

∫ x
−1/2
2

b

z−2dz +

∫ ∞

x
−1/2
2

z−2dz

≤ x2

(

x
−1/2
2 − b

)

+

∫ ∞

x
−1/2
2

z−2dz

= x2

(

x
−1/2
2 − b

)

+
√

x2 = 2
√

x2 − bx2.
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x1 = 1 −

∞
∑

i=2

xi ≥ 1 − (b − 1)x2 − (2
√

x2 − bx2)

= 1 − 2
√

x2 + x2 = (1 −√
x2)

2,ap' ìpou pa�rnoume th zhtoÔmenh √
x1 +

√
x2 ≥ 1.Or�zoume t¸ra thn akolouj�a {yi}, an�loga me to poia sunj kh apì ti (α),

(β) alhjeÔei. Sugkekrimèna:1. An alhjeÔei h (α) tìte jètoume y1 = x2, y2 = x2 kai yi = 0 gia i ≥ 3.2. An alhjeÔei h (β), jètoume y1 = y2 = . . . = yl = xl kai yi = 0 gia i ≥ l+1.Oloklhr¸noume thn apìdeixh tou L mmato parathr¸nta ìti kai sti dÔo peri-pt¸sei èqoume yi ≤ xi kai
(8.5.8)

∑

i≥1

y
1/2
i ≥

(

∑

i≥1

xi

)1/2

.

2Pìrisma 8.5.6. Gia k�je k ≥ 1, α > 2 kai Φ > 1,
(8.5.9) ψk(Φ, α) ≥ ψEQ(Φ, α) ≥ 1

4
⌈logα/2 Φ⌉−1.Apìdeixh. Kat' arq n parathroÔme ìti EQ ⊆ k − HST , opìte ψk(Φ, α) ≥

ψEQ(Φ, α). Ja de�xoume th deÔterh anisìthta.'Estw M èna peperasmèno metrikì q¸ro me n shme�a kai lìgo ìyewn
Φ(M) ≤ Φ. JewroÔme mia sun�rthsh b�rou w : M → R

+ kai, qwr� periorismìth genikìthta, upojètoume ìti ∑

x∈M w(x) = 1. Efarmìzoume to L mma 8.5.5gia thn akolouj�a {w(x)}x∈M , kai pa�rnoume mia akolouj�a {w′(x)}x∈M ¸ste
w′(x) ≤ w(x) gia k�je x ∈ M . Epiplèon, e�te up�rqoun u, v ∈ M ¸ste w(u)1/2+

w(v)1/2 ≥ w′(u)1/2 + w′(v)1/2 ≥ 1, e�te up�rqei N ⊆ M ¸ste w(x) ≥ w′(x) =

ω > 0 gia k�je x ∈ N kai |N |ω1/2 ≥ 1.Sthn pr¸th per�ptwsh, to uposÔnolo {u, v} e�nai isometrikì me isìpleuroq¸ro, opìte ψEQ(M,α) ≥ 1
2 . Gia thn �llh per�ptwsh, an |N | ≤ 4 tìte ω ≥ 1/16ki ètsi mporoÔme na broÔme dÔo shme�a u′, v′ ∈ N ¸ste

(8.5.10) w(u′)1/4 + w(v′)1/4 ≥ w′(u′)1/4 + w′(v′)1/4 = 2ω1/4 ≥ 1.To uposÔnolo {u′, v′} e�nai isometrikì me k�poion isìpleuro q¸ro, opìte ψEQ(M,α) ≥
1
4 . An |N | ≥ 4, apì to Pìrisma 8.5.4 pa�rnoume èna uposÔnolo N ′ tou N , α-isìmorfo me ènan isìpleuro q¸ro, ìpou |N ′| ≥ |N | 12 ⌈logα/2 Φ(M)⌉−1 . Tìte,

∑

x∈N ′

w(x)
1
4 ⌈logα/2 Φ(M)⌉−1 ≥ |N | 12 ⌈logα/2 Φ(M)⌉−1

ω
1
4 ⌈logα/2 Φ(M)⌉−1

= (|N |ω 1
2 )

1
2 ⌈logα/2 Φ(M)⌉−1 ≥ 1,
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4⌈logα/2 Φ(M)⌉−1.SÔmfwna me ta parap�nw, katal goume sthn

(8.5.11) ψk(Φ, α) ≥ max

{

1

4
,
1

2
,
1

4
⌈logα/2 Φ(M)⌉−1

}

≥ 1

4
⌈logα/2 Φ⌉−1pou e�nai h zhtoÔmenh. 2Orismì 8.5.7. 'Ena dèntro me r�za ja lègetai h-araiì, an o arijmì twnakm¸n metaxÔ opoiond pote dÔo mh-ekfulismènwn koruf¸n e�nai toul�qiston h.Prìtash 8.5.8. Gia k�je k > α > 1,

(8.5.12) ψk(UM,α) ≥ 1

⌈logα k⌉ .Apìdeixh. Ja qreiastoÔme to parak�tw:L mma 8.5.9. Dojèntwn èno dèntrou T pou or�zei èna α − HST HT , miasun�rthsh b�rou w : lvs(T ) → R
+ kai enì fusikoÔ h, up�rqei upodèntro Stou T , me r�za th r�za tou T kai lvs(S) ⊆ lvs(T ), to opo�o or�zei èna αh − HST

HS kai ikanopoie� thn
(8.5.13)

∑

v∈lvs(S)

w(v)
1
h ≥

(

∑

v∈lvs(T )

w(v)

)
1
h

.Apìdeixh. Gia èna dèntro R kai i ∈ {0, 1, . . . , h − 1}, or�zoume fi(R) na e�nai hmègisth tim  th posìthta ∑

v∈lvs(S) w(v)
1
h p�nw ap' ìla ta h-arai� upodèntra

S tou R, ìpou k�je koruf  se b�jo mikrìtero apì i e�te e�nai fÔllo, e�te e�naiekfulismènh koruf  tou S. Profan¸, f0(R) = maxi fi(R).Ja apode�xoume me epagwg  w pro to b�jo tou T th sqèsh ∏h−1
i=0 fi(T ) ≥

∑

v∈lvs(T ) w(v), apì thn opo�a prokÔptei h f0(T ) ≥
(
∑

v∈lvs(T ) w(v)
)

1
h .An to T èqei b�jo 0, tìte fi(T ) = w(v) gia k�je i, epomènw ∏h−1

i=0 fi(T ) =

w(v). Diaforetik�, to T èqei b�jo toul�qiston 1 opìte sumbol�zoume me Tj taupodèntra pou ep�gontai me r�za tou apogìnou th r�za tou T . Pa�rnontath r�za tou T maz� me thn ènwsh twn upodèntrwn pou kajor�zoun ti posìth-te fh−1(Tj), èqoume èna h-araiì upodèntro tou T ìpou k�je koruf  se b�jomikrìtero apì 0 e�te e�nai ekfulismènh, e�te e�nai fÔllo. Epomènw,
(8.5.14) f0(T ) ≥

∑

j

fh−1(Tj).JewroÔme èna i > 0. An vj e�nai apìgono th r�za tou T , gr�foume Tj gia toupodèntro me r�za to vj . 'Estw Sj èna h-araiì upodèntro tou Tj pou prosdior�zeithn tim  th posìthta fi−1(Tj). Kataskeu�zoume èna upodèntro S sundèontathn akm  metaxÔ th r�za tou T kai th vj , me to Sj . Ja p�roume ètsi èna
h-araiì upodèntro tou T , ìpou k�je koruf  se b�jo mikrìtero apì i e�te e�naifÔllo, e�te e�nai ekfulismènh koruf  tou S. 'Etsi,
(8.5.15) fi(T ) = max

j
fi−1(Tj) ∀i ∈ {1, . . . , h − 1}.
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h−1
∏

i=0

fi(T ) ≥
(

∑

j

fh−1(Tj)

)

·
h−1
∏

i=1

max
j

fi−1(Tj)

≥
∑

j

(

fh−1(Tj) ·
h−1
∏

i=1

fi−1(Tj)

)

=
∑

j

h−1
∏

i=0

fi−1(Tj)

≥
∑

j

∑

v∈lvs(Tj)

w(v) =
∑

v∈lvs(T )

w(v).Gia na doÔme ìti to upodèntro S pou kajor�zei h tim  f0(T ) e�nai αh − HST ,arke� na parathr soume ìti metaxÔ dÔo mh�ekfulismènwn koruf¸n u, v tou Sup�qei èna monop�ti m kou toul�qiston h. Diagr�fonta loipìn ti endi�meseekfulismène korufè kai upojètonta ìti h u e�nai gonèa th v, pa�rnoume
∆(v) ≤ ∆(u)

αh . 2'Estw X èna upermetrikì q¸ro. To L mma 8.3.6 d�nei èna α − HST W ,
α-isìmorfo me ton X. Upojètoume ìti o W or�zetai p�nw sto dèntro T kaijewroÔme ton fusikì h = ⌈logα k⌉. Tìte, αh ≥ k kai apì to prohgoÔmeno l mmapa�rnoume èna αh − HST H ⊆ W , pou ikanopoie� thn
(8.5.16)

∑

x∈H

w(x)
1
h ≥

(

∑

x∈W

w(x)

)
1
h

.An jèsoume X ′ thn ant�strofh eikìna tou H, ston X, h teleuta�a sqèsh g�netai
(8.5.17)

∑

x∈X′

w(x)
1

⌈logα k⌉ ≥
(

∑

x∈X

w(x)

)
1

⌈logα k⌉

.AfoÔ αh ≥ k, sumpera�noume ìti o H e�nai k − HST . 2Apìdeixh tou Jewr mato 8.5.2: Apì to Je¸rhma 8.4.20 up�rqei sta-jer� θ ¸ste ψ(θ/2) ≥ 1/2. Dhlad  k�je peperasmèno metrikì q¸ro X,èqei ènan upìqwro X ′ pou e�nai θ
2 -isìmorfo me k�poion upermetrikì q¸ro Y kaiikanopoie� th sunj kh (8.4.2) tou OrismoÔ 8.4.2 me ψ = 1/2.StajeropoioÔme k ≥ 1 kai 0 < ǫ < 1, kai jètoume β = 8k/ǫ, k′ = θβ. Apìthn Prìtash 8.5.7, o Y perièqei ènan upìqwro Y ′ pou e�nai 2-isìmorfo me èna

k′−HST kai ikanopoie� thn (8.4.2) me ψk′(UM, 2) ≥ ⌈log k′⌉−1. Apeikon�zontaton X ston Y kai met� thn eikìna tou X ston Y , s' èna k′−HST , efarmìzoumeto L mma 8.4.5 kai pa�rnoume k�poion upìqwro X ′′ tou X, o opo�o e�nai θ
2 ·2 = θ�isìmorfo me k�poion k′ − HST kai ikanopoie� thn (8.4.2) me

(8.5.18) ψ(θ) ≥ ψ(θ/2) · ψk′(UM, 2) ≥ 1

2⌈log k′⌉ .'Eqoume loipìn ìti o X ′′ e�nai θ-isìmorfo me k�poion θβ−HST , opìte h Prìtash8.4.19 de�qnei ìti o X ′′ e�nai (1 + 2/β)-isodÔnamo me èna metrikì q¸ro Z ∈
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compβ(θ). 'Etsi,
(8.5.19) ψcompβ(θ)

(

1 +
2

β

)

≥ ψk′(θ) ≥ 1

2⌈log k′⌉ .Epiplèon, qrhsimopoi¸nta to L mma 8.4.7 kai to fr�gma pou d�nei to Pìrisma8.5.6, pa�rnoume
ψk

(

compβ

(

θ, 2 +
ǫ

4

)

)

= ψk

(

θ, 2 +
ǫ

4

)

≥ 1

4

1

⌈log(1+ǫ/8) θ⌉

≥ 1

4

1

2 log(1+ǫ/8) θ
=

1

8

log(1 + ǫ/8)

log θ

≃ 1

8

ǫ
8

log θ
=

c′ǫ
log θ

,ìpou c′ = 1
64 . Dhlad , o Z perièqei ènan upìqwro Z ′, (2 + ǫ/4)-isodÔnamo me

k − HST .Apeikon�zonta ton X ston Z ∈ compβ(θ), kai met� thn eikìna tou X sek�poion k −HST , efarmìzoume to L mma 8.4.5 kai pa�rnoume ènan upìqwro tou
X, o opo�o e�nai (2 + ǫ/4)(1 + 2/β) ≤ (2 + ǫ)-isìmorfo me k − HST , kaiikanopoie� th sunj kh (8.4.2) me

ψk(2 + ǫ) ≥ ψk

(

compβ

(

θ, 2 +
ǫ

4

)

)

· ψcompβ(θ)

(

1 +
2

β

)

≥ c′ǫ
2 log θ⌈log k′⌉ =

c′ǫ
2 log θ⌈log(8θk/ǫ)⌉

≥ c′

4 log θ

ǫ

log(8θk/ǫ)
=

c′

4 log θ

ǫ

log(4θ) + log(2k/ǫ)

≥ c′

4 log θ

ǫ

log(4θ) · log(2k/ǫ)
=

cǫ

log(2k/ǫ)
,ìpou c = c′

4 log θ log(4θ) . 2
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