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Abstra
tLet K be a 
onvex body in Rn with volume jKj = 1. We 
hoose N �n + 1 points x1; : : : ; xN independently and uniformly from K, and writeC(x1; : : : ; xN ) for their 
onvex hull. Let f : R+ ! R+ be a 
ontinuousstri
tly in
reasing fun
tion and 0 � i � n � 1. Then, the quantityE(K; N; f ÆWi) = ZK : : : ZK f [Wi(C(x1; : : : ; xN))℄dxN : : : dx1is minimal if K is a ball (Wi is the i-th quermassintegral of a 
ompa
t 
onvexset). If f is 
onvex and stri
tly in
reasing and 1 � i � n�1, then the ball isthe only extremal body. These two fa
ts generalize a result of H. Groemeron moments of the volume of C(x1; : : : ; xN).1 Introdu
tionLet K be a 
onvex body in Rn with volume jKj = 1. We 
hoose N � n + 1points x1; : : : ; xN independently and uniformly from K, and write C(x1; : : : ; xN )for their 
onvex hull. The p-th moment of the volume of this random polytope isthe quantity Ep (K;N) = ZK : : :ZK jC(x1; : : : ; xN )jpdxN : : : dx1:Groemer [6℄, [7℄ proved that, for p � 1, Ep (K;N) is minimized if and only if Kis an ellipsoid (the 
ase n = 2, N = 3 had been established by Blas
hke [1℄, [2℄).Letting p!1, one re
overs a result of Ma
beath [10℄: If jKj = 1 and N > n thenthe maximal volume of a 
onvex hull of N points from K is minimal when K is anellipsoid.Mu
h less is known about the maximum of Ep (K;N). In the planar 
ase,for every N > 2 the expe
ted value E1 (K;N) is maximal if and only if K is atriangle (see [4℄ for the \if" part and [5℄ for a proof of the \if and only if" result).1



The question is 
ompletely open in higher dimensions (the reader will �nd moreinformation about these and other related questions in [12℄).In this paper, we generalize Groemer's theorem in two dire
tions. First, werepla
e volume by any quermassintegral Wi, i = 0; 1; : : : ; n � 1 of the randompolytope C(x1; : : : ; xN ) (see below for de�nitions and notation). Se
ond, we repla
ethe fun
tion x 7! xp, p � 1 by any 
ontinuous stri
tly in
reasing fun
tion on [0;1).The pre
ise statement is as follows.Theorem 1.1 Let f : R+ ! R+ be a 
ontinuous stri
tly in
reasing fun
tion.Then, for every i 2 f0; 1; : : : ; n� 1g the expe
ted valueE(K;N; f ÆWi) = ZK : : : ZK f [Wi(C(x1; : : : ; xN ))℄dxN : : : dx1is minimal among all 
onvex bodies K of volume 1 when K is a ball.The proof of this fa
t is based on Steiner symmetrization: what we show is thatE(K;N; f ÆWi ) � E(S(K; �); N; f ÆWi ) where S(K; �) is the Steiner symmetral ofKin the dire
tion of �. An essential role is played by Kubota's integral formula whi
hallows us to express the quermassintegrals of the random polytope as averages ofthe volumes of its proje
tions, thus \redu
ing" the problem to the volume 
ase.Let us note that in the volume 
ase, Groemer's theorem was extended to anarbitrary f by S
h�opf [13℄ when N = n+ 1 (and, re
ently, in [9℄ for any N > n).In Se
tion 3 we show that if f is 
onvex and stri
tly in
reasing then the ball Dof volume 1 is the only 
onvex body for whi
h E(K;N; f ÆWi) is minimal. Morepre
isely, we haveTheorem 1.2 Let K be a 
onvex body in Rn with jKj = 1. Assume that K is nota ball. Then, there exists � 2 Sn�1 with the following property: for any N � n+1,for any i 2 f1; : : : ; n� 1g and any 
onvex stri
tly in
reasing fun
tion f : R+ ! R+we have E(S(K; �); N; f ÆWi) < E(K;N; f ÆWi);where S(K; �) is the Steiner symmetral of K in the dire
tion of �.The 
hara
terization of the ball whi
h permits this uniqueness result is well-known (see [3℄): A 
onvex body K is a ball if and only if the midpoint set of Kwith respe
t to every line (see Se
tion 3 for the de�nition) lies in a hyperplaneorthogonal to this line. If we omit the \orthogonality" requirement, then thisproperty 
hara
terizes ellipsoids and was used by Groemer for the \only if" part ofhis theorem.Notation and ba
kground We shall work in Rn , whi
h is equipped with an innerprodu
t h�; �i. The 
lass of all 
ompa
t 
onvex subsets of Rn is denoted by Kn. Wewrite Dn and Sn�1 for the unit ball and the unit sphere in Rn respe
tively. Wedenote by Gn;k the Grassmannian of all k-dimensional subspa
es of Rn , equipped2



with the Haar probability measure �n;k. We write jKj for the volume of a 
onvexbody K (the dimension of the body will be always 
lear) and !n for the volume ofthe Eu
lidean unit ball.Let K be a 
onvex body in Rn . Steiner's formula, whi
h is a spe
ial 
ase ofMinkowski's theorem, states that the volume of K + tDn, t > 0, 
an be expandedas a polynomial in t: jK + tDnj = nXi=0 �ni�Wi(K)ti:The i-th quermassintegral of K is the mixed volume Wi(K) = V (K;n � i;Dn; i)appearing in this formula (we refer the reader to the book of S
hneider [11℄ forthe theory of mixed volumes). Two of the quermassintegrals, W1 and Wn�1, areparti
ularly important sin
e the surfa
e area ofK is �(K) = nW1(K) and the meanwidth w(K) of K is given by w(K) = (2=!n)Wn�1(K).What we are going to use is some basi
 properties of the quermassintegrals: theyare monotone, 
ontinuous with respe
t to the Hausdor� metri
, and homogeneousof degree n� i. We will also use Kubota's integral formulaWi(K) = !n!n�i ZGn;n�i jPE(K)j�n;n�i(dE); 1 � i � n� 1in an essential way. Here, PE(K) is the orthogonal proje
tion of K onto E.2 The symmetrization argumentLet 0 6= � 2 Rn and H(�) = h�i?. We �x an N -tuple Y = (y1; : : : ; yN ) of points inH(�) and 
onsider the fun
tion FY : RN ! R+ de�ned by(2:1) FY (t1; : : : ; tN ) = jC(y1 + t1�; : : : ; yN + tN�)j:The main ingredient in the argument of Groemer [7℄ is the following:Lemma 2.1 FY is a 
onvex fun
tion on RN . 2Let now E be an s-dimensional subspa
e of Rn . We de�ne a se
ond fun
tionFE;Y : RN ! R+ by(2:2) FE;Y (t1; : : : ; tN ) = jPE(C(y1 + t1�; : : : ; yN + tN�))j:Lemma 2.2 The fun
tion FE;Y is 
onvex on RN .Proof: Let u = PE(�) and wi = PE(yi), i = 1; : : : ; N . Then,PE(C(y1 + t1�; : : : ; yN + tN�)) = C(w1 + t1u; : : : ; wN + tNu):3



It may happen that u = 0, in whi
h 
ase FE;Y (t1; : : : ; tN) = jC(w1; : : : ; wN )j is
onstant, and hen
e, a 
onvex fun
tion.Assume now that u 6= 0. Then, wi = zi+ siu with zi ? u, i = 1; : : : ; N . In this
ase, FE;Y (t1; : : : ; tN ) = jC(z1 + (s1 + t1)u; : : : ; zN + (sN + tN )u)jwhi
h is a 
onvex fun
tion on RN by Lemma 2.1 (applied on E, with the zi'srepla
ing the yi's and u repla
ing �). 2Lemma 2.3 Let � 6= 0 and y1; : : : ; yN 2 H(�). The fun
tionFY;i(t1; : : : ; tN ) =Wi(C(y1 + t1�; : : : ; yN + tN�))is an even 
onvex fun
tion for every i = 0; 1; : : : ; n� 1.Proof: When i = 0, this is exa
tly Lemma 2.1. If i > 0, we apply Kubota's integralformula Wi(A) = !n!n�i ZGn;n�i jPE(A)j�n;n�i(dE)to the bodies C(y1 + t1�; : : : ; yN + tN�) and use Lemma 2.2.The fa
t that FY;i is even follows from the observation that C(fyj+tj� : j � Ng)and C(fyj � tj� : j � Ng) are re
e
tions of ea
h other with respe
t to H(�). Sin
eWi(A) = Wi(U(A)) for every U 2 O(n) and any i = 0; 1; : : : ; n� 1, this 
ompletesthe proof. 2Let r1; : : : ; rN be �xed positive real numbers and 
onsider the parallelotopeQ = fS = (s1; : : : ; sN) : jsij � ri; i = 1; : : : ; Ng.Lemma 2.4 For every B 2 RN and � > 0, we de�neQ(B;�) = fS 2 Q : FY;i(B + S) � �g:Let � 2 (0; 1). If B;B0 2 RN and Q(B;�); Q(B0; �) 6= ;, then(2:3) jQ(�B + (1� �)B0; �)j1=n � �jQ(B;�)j1=n + (1� �)jQ(B0; �)j1=n:Proof: Let S 2 Q(B;�) and S0 2 Q(B0; �). Then, using the 
onvexity of FY;i wesee thatFY;i(�(B + S) + (1� �)(B0 + S0)) � �FY;i(B + S) + (1� �)FY;i(B0 + S0) � �:Therefore,(2:4) Q(�B + (1� �)B0; �) � �Q(B;�) + (1� �)Q(B0; �)and the result follows from the Brunn-Minkowski inequality. 24



Lemma 2.5 Let 0 6= � 2 Rn and y1; : : : ; yN 2 H(�). For every B 2 RN and every� > 0,(2:5) jQ(O;�)j � jQ(B;�)j;where O is the origin in RN .Proof: If Q(B;�) is empty, there is nothing to prove. Otherwise, we observe thatQ(�B;�) = �Q(B;�) (be
ause FY;i is even) and apply Lemma 2.4 with B0 = �Band � = 1=2 to 
on
lude the proof. 2Now, let K be a 
onvex body in Rn with jKj = 1. Let � 2 Sn�1 and writeP�(K) for the orthogonal proje
tion of K onto H(�). For every y 2 P (K), lety + b(y)� be the midpoint and 2r(y) be the length of `(K; y) := K \ (y + R�) forevery y 2 H(�). If y1; : : : ; yN 2 P�(K), we set(2:6)MK;�;fÆWi(y1; : : : ; yN ) = Z`(K;y1) : : : Z`(K;yN) f [Wi(C(x1; : : : ; xN ))℄dxN : : : dx1:Then,(2:7) E(K;N; f ÆWi) = ZP�(K) : : :ZP�(K)MK;�;fÆWi(y1; : : : ; yN )dyN : : : dy1:Let S(K; �) be the Steiner symmetral of K in the dire
tion of �. Then,P�(S(K; �)) = P�(K) = P and for every y 2 P the midpoint and length of`(S(K; �); y) are y (that is, b0(y) = 0) and 2r0(y) = 2r(y).Lemma 2.6 Let y1; : : : ; yN 2 P�(K). Then, for any 
ontinuous stri
tly in
reasingfun
tion f : R+ ! R+ and any i = 0; 1; : : : ; n� 1,(2:8) MK;�;fÆWi(y1; : : : ; yN ) �MS(K;�);�;fÆWi(y1; : : : ; yN ):Proof: Let Q = fS = (s1; : : : ; sN) : jsij � r(yi); i = 1; : : : ; Ng. In the notation ofthe previous lemmas, we haveMK;�;fÆWi(y1; : : : ; yN) = ZQ f [FY;i(B + S)℄dS= Z 10 jfS 2 Q : FY;i(B + S) � f�1(t)gjdt= Z 10 �jQj � jQ(B; f�1(t))j� dt:By the de�nition of S(K; �),MS(K;�);�;fÆWi(y1; : : : ; yN ) = ZQ f [FY;i(S)℄dS = Z 10 �jQj � jQ(O; f�1(t))j� dt;and the result follows from Lemma 2.5. 2Lemma 2.6 and (2:7) show that E(K;N; fÆWi ) de
reases under Steiner symmetriza-tion. 5



Theorem 2.1 Let K be a 
onvex body with volume jKj = 1 and let � 2 Sn�1. IfS(K; �) is the Steiner symmetral of K in the dire
tion of �, thenE(S(K; �); N; f ÆWi) � E(K;N; f ÆWi)for every 
ontinuous stri
tly in
reasing fun
tion f : R+ ! R+ and any i =0; 1; : : : ; n� 1. 2For every 
onvex body K there is a sequen
e of su

essive Steiner symmetriza-tions ofK whi
h 
onverges to a ball with respe
t to the Hausdor� metri
. Therefore,Theorem 2.1 shows that E(K;N; f ÆWi) is minimal in the 
ase of a ball.Theorem 2.2 Let K be a 
onvex body and let D be a ball of volume jDj = jKj = 1.Then, E(K;N; f ÆWi) � E(D;N; f ÆWi)for every 
ontinuous stri
tly in
reasing fun
tion f : R+ ! R+ and any i =0; 1; : : : ; n� 1. 2As an appli
ation we obtain a generalization of Ma
beath's result. Assume thatjKj = jDj = 1. If we take fp(x) = xp, p > 0 in Theorem 2.2, we see that�ZK : : : ZK [Wi(C(x1; : : : ; xN ))℄pdxN : : : dx1�1=pis minimal for D. Passing to the limit as p!1, we haveCorollary 2.1 Let jKj = 1 and 0 � i � n � 1. For every N > n the maximalvalue of the i-th quermassintegral of a 
onvex hull of N points from K is minimalwhen K is a ball. 23 The uniqueness resultLet K be a 
onvex body in Rn and let � 2 Sn�1. If a line L parallel to � meetsK, it does so in a line segment. We write M(K; �) for the set of all midpoints ofthese lines. Then, one has the following 
hara
terization of an ellipsoid (or a ballrespe
tively, see [3℄ - also [8℄):Lemma 3.1 Let K be a 
onvex body in Rn . Then, K is an ellipsoid (ball) if andonly if for every � 2 Sn�1 the midpoint set M(K; �) is 
ontained in a hyperplane(whi
h is orthogonal to �). 2Using this 
hara
terization, we will show that if K is not a ball, then undera suitable Steiner symmetrization of K every quantity of the form E(�; N; f ÆWi)stri
tly de
reases. 6



Lemma 3.2 Let K be a 
onvex body in Rn with jKj = 1. If K is not a ball, we
an �nd � 2 Sn�1 su
h that for any N � n+1 there exist y1; : : : ; yN 2 P�(K) with(3:1) FY;i(0; : : : ; 0) < FY;i(b1; : : : ; bN)for every i = 1; : : : ; n� 1, where yi + bi� is the midpoint of K \ (yi + R�).Proof: If K is not an ellipsoid, there exists � 2 Sn�1 su
h that M(K; �) is not
ontained in a hyperplane. This means that for any N � n + 1 we 
an �ndy1; : : : ; yN 2 P�(K) so that(3:2) FY;0(b1; : : : ; bN ) = jC(y1 + b1�; : : : ; yN + bN�)j > 0:Fix i 2 f1; : : : ; n�1g and let E 2 Gn;n�i. By Lemma 2.2, FE;Y is a 
onvex fun
tionon RN . Therefore,(3:3) 2FE;Y (0; : : : ; 0) � FE;Y (b1; : : : ; bN ) + FE;Y (�b1; : : : ;�bN):Moreover, if � 2 E we have stri
t inequality in (3.3): the right hand side is stri
tlypositive be
ause C(y1 + b1�; : : : ; yN + bN�) has non-empty interior, while the lefthand side vanishes.Given A 2 Kn, the fun
tion E 7! PE(A) is 
ontinuous on Gn;n�i. FromKubota's formula and (3.3) we get2FY;i(0; : : : ; 0) = 2!n!n�i ZGn;n�i FE;Y (0; : : : ; 0)�n;n�i(dE)< !n!n�i ZGn;n�i FE;Y (b1; : : : ; bN)�n;n�i(dE)+ !n!n�i ZGn;n�i FE;Y (�b1; : : : ;�bN)�n;n�i(dE)= 2FY;i(b1; : : : ; bN );where we have also used the fa
t that FY;i is even.Finally, assume that K is an ellipsoid but not a ball. We 
an now �nd � 2Sn�1 su
h that M(K; �) lies on a hyperplane with normal ve
tor u 6= ��. GivenN � n+ 1, we 
hoose y1; : : : ; yN 2 P�(K) so that the 
onvex hull of the midpointsyj + bj� has dimension n � 1. If i 2 f1; : : : ; n � 1g and E 2 Gn;n�i is su
h that� 2 E but u =2 E, then(3:4) FE;Y (0; : : : ; 0) = 0 < FE;Y (b1; : : : ; bN):Working as before and using (3.3) and (3.4) we get (3.1). 2Theorem 3.1 Let K be a 
onvex body in Rn with jKj = 1. Assume that K is nota ball. Then, there exists � 2 Sn�1 with the following property: for any N � n+1,for any i 2 f1; : : : ; n� 1g and any 
onvex stri
tly in
reasing fun
tion f : R+ ! R+we have E(S(K; �); N; f ÆWi) < E(K;N; f ÆWi);where S(K; �) is the Steiner symmetral of K in the dire
tion of �.7



Proof: Let N , i and f be given (we may assume that f(0) = 0). Theorem 2.1shows that(3:5) E(S(K; �); N; f ÆWi) � E(K;N; f ÆWi):Assume that there is equality in (3.5). Then, Lemma 2.6 shows that(3:6) MK;�;fÆWi(z1; : : : ; zN ) =MS(K;�);�;fÆWi(z1; : : : ; zN)for any 
hoi
e of points z1; : : : ; zN 2 P�(K). Choose yj 2 P�(K) so that Lemma3.2 holds true. We have(3:7) MK;�;fÆWi(y1; : : : ; yN ) = ZQ f [FY;i(B + S)℄dSwhere Q = fS = (s1; : : : ; sN ) : jsij � r(yi); i = 1; : : : ; Ng. Sin
e FY;i is 
onvex andf is 
onvex in
reasing, we get(3:8) 2f [FY;i(S)℄ � f [FY;i(B + S)℄ + f [FY;i(�B + S)℄for every S 2 Q, and Lemma 3.2 
laims that there is stri
t inequality when S = O.Integrating on Q we see that(3:9)2MS(K;�);�;fÆWi(y1; : : : ; yN ) < MK;�;fÆWi(y1; : : : ; yN ) +M ~K;�;fÆWi(y1; : : : ; yN )where ~K is the re
e
tion of K with respe
t to �?. From (2.6) we easily 
he
k that(3:10) MK;�;fÆWi(y1; : : : ; yN) =M ~K;�;fÆWi(y1; : : : ; yN )and hen
e,(3:11) MS(K;�);�;fÆWi(y1; : : : ; yN ) < MK;�;fÆWi(y1; : : : ; yN );whi
h 
ontradi
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