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On the illumination of 1-symmetric convex bodies

Wen Rui Sun and Beatrice-Helen Vritsiou

Abstract

In [39] Tikhomirov verified the Hadwiger-Boltyanski Illumination Conjecture for the class
of 1-symmetric convex bodies of sufficiently large dimension. We propose an alternative ap-
proach which allows us to settle the conjecture for this class in all dimensions in a uniform
way. We also demonstrate that an alternative approach was indeed needed for the low
dimensions. Finally, with this alternative method it is possible to solely use illuminating
sets which consist of pairs of opposite directions; we thus also answer a question by Lassak,
who has suggested this may be possible for any origin-symmetric convex body. As a conse-
quence of this, we can also confirm the X-ray conjecture by Bezdek and Zamfirescu for all
1-symmetric convex bodies.

1 Introduction

Let K be a convex body in the Euclidean space R™, by which we mean a convex, compact set
with non-empty interior. Thinking of K as a solid object, the notion of illuminating it can
be defined in a very intuitive way: given a boundary point x of K, we say that a point ‘light
source’ p illuminates «x if the halfline originating from p and passing through x intersects the
interior of K at a point not lying between p and z; in other words, if there exists ¢ > 1 such
that p 4+ t(z — p) € int K. By compactness, we can find finite sets {p1,p2,...,pnm} of ‘light
sources’ such that each boundary point x of K is illuminated by at least one point in the set, and
moreover by picking points p; which are sufficiently distant from K, we can hope to find such
sets of relatively small size M. The smallest cardinality that such a set of point ‘light sources’
illuminating K can have is called the illumination number of K. We denote it by J(K).

A possibly less intuitive way to define illumination, which nevertheless leads to the same
quantity for each body K, is the following: given a non-zero vector d € R™ (a direction) and a
boundary point z of K, we say that d illuminates x if there exists € > 0 such that x+&d € int K.
A set of directions D = {dy,ds,...,dyy} such that:

for each boundary point z of K,
there is at least one d; € D which illuminates x,

will be called an illuminating set for K. The smallest cardinality of such a set coincides with
the illumination number J(K) of K, as defined previously.

The former definition of illumination was introduced by Hadwiger [25], while the latter one
was proposed by Boltyanski [10].

The Hadwiger-Boltyanski Illumination Conjecture. For every convex body K in R", we
should have J(K) < 2™.

Moreover, the inequality should be strict, except in the case of the cube and of its affine
images (parallelepipeds) in R™.
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An excellent reference on the history of the conjecture, related problems, and progress up
to recent years is the survey [6]. We also refer to the monographs [4, [14] and the surveys
[3, 12 B3]. It is worth noting that the illumination number J(K) of K is always equal to its
covering number, that is, the minimum number of copies of int K that we need in order to cover
K. In other words, J(K) = N(K,int K), with the latter number having already appeared in the
so-called Covering Conjecture. Levi in 1955 [30] had considered and fully settled the problem
of bounding N (K, int K) for planar convex bodies (showing that N(K,int K) = 3 for K C R?
except if K is a parallelogram, in which case N(K,int K) = 4). Motivated by that, in 1957
Hadwiger [24] posed the analogous question in higher dimensions.

Hadwiger’s Covering Problem. Is it true that for every convex body K in R™ one has that
N(K,int K) < 2"7 Moreover, are parallelepipeds the only equality cases?

There is also an equivalent formulation by Gohberg and Markus [23], where one covers K
by smaller homothetic copies of it. In this paper we will exclusively work with Boltyanski’s
definition of illumination.

Aside from Levi’s solution in R?, in all other dimensions the general problem is open. In
dimension 3 Lassak [28] has shown that, if K is centrally symmetric, that is, K = —K (or more
generally, K —z = 2 — K for some x € R3), then J(K) < 8 = 23. Thus, short of the equality
cases, the conjecture in R? is settled for symmetric convex bodies, but it remains open for the
not-necessarily symmetric case, with the best known upper bound being 14 (due to Prymak
[35]). We also refer to a very recent paper by Arman, Bondarenko and Prymak [I], where the
reader can find all the progress to date and the most recent improvements on the bounds for
other low dimensions.

A longstanding general upper bound (which remains the best known when specialised to the
symmetric case) was already given in 1964 by Erdés and Rogers [20]:

vol(K — K) vol(K — K)

J(K)=N(K,int K) < vol(K) vol(K)

O(K) < n(lnn+Inlnn + 5)

where 0(K) is the asymptotic lower density of the most economical covering of R™ by copies
(translates) of K. Erdds and Rogers adapted an earlier proof by Rogers [36] which was giving
the first polynomial-order, and essentially best known to date, bound on #(K’). Combining their
conclusion with the celebrated Rogers-Shephard inequality [37], one is led to the bound J(K) <
C4™\/nlnn for every convex body K C R™, where C is an absolute constant (moreover, in the
symmetric case one gets J(K) < C'2"nlnn). More recently, subexponential improvements to
this general upper bound were given in [26], [I8] and [2I], with the latter two papers attaining
almost exponential improvements. The main novelty in these three papers is the use of results
from Asymptotic Convex Geometry on the concentration of volume in high-dimensional convex
bodies. Note however that neither the initial approach in [26], nor the more recent refinements,
can contribute anything to the bound in the symmetric case, which would be the most relevant
one for the current paper.

The Illumination Conjecture has been fully settled for certain special classes of convex
bodies. Again, we refer the reader to the survey [6] for a comprehensive list of references up to
2016. Just as examples, we mention that:

e Levi also showed in [30] that J(Q)) = n + 1 for all smooth convex bodies @ in R™ (smooth
here means that at each boundary point there is a unique supporting hyperplane).

e Martini [32] settled the conjecture for the class of belt polytopes (which contains the
zonotopes). This was later extended by Boltyanski and Soltan [I5] [16] to zonoids (limits



of zonotopes), and by Boltyanski [I1] to belt bodies (see also [13]; note that n-dimensional
belt polytopes are already dense in the full space of n-dimensional convex bodies with
respect to the Hausdorff metric, and that belt bodies are a ‘delicately-defined’ proper
extension of those, forming another dense subclass of convex bodies).

Observe that, just as the previous bullet point also shows, knowing the conjecture for
a dense subclass of convex bodies is not enough to settle it for all bodies, and thus the
aforementioned results used more intricate arguments to pass from zonotopes to zonoids
and from belt polytopes to belt bodies.

e The conjecture is fully settled for convex bodies of constant width. For dimensions n > 16,
this is due to Schramm [38], who gave an exponential upper bound for the illumination
number of such convex bodies which is slightly ‘corrected’ by a small polynomial factor in
the dimension; this ‘corrected” upper bound can be checked to be < 2" as soon as n > 16.
For the remaining dimensions we have: [29], [40] (see also [8, Section 11]) dealing with
n = 3, [7] dealing with n = 4, and [I7] dealing with 5 < n < 15.

e Tikhomirov [39] settled the conjecture for 1-symmetric convex bodies of sufficiently large
dimension (we recall the definition of 1-symmetric below). His result is the main motiva-
tion for the current paper.

e Bezdek, Ivanov and Strachan [5] confirmed the conjecture for centrally symmetric cap
bodies in dimensions n = 3 (see also [27]), n = 4, and n > 20. They further showed
that, if the cap body is 1-unconditional, then the Illumination Conjecture holds in all
dimensions (and in that case J(K) < 4n once n > 5).

e Gao, Martini, Wu and Zhang [22] verified the conjecture for polytopes which arise as the
convex hull of the Minkowski sum of a finite subset of the lattice Z™ and of the unit-volume

cube [—%, %]n

Finally, Livshyts and Tikhomirov [31] settled the conjecture for convex bodies in sufficiently
small neighbourhoods of the cube (with respect to either the geometric or the Hausdorff dis-
tance). Given that J(K) = N (K, int K) is an upper semicontinuous quantity (see e.g. [34]), the
bound 2" can already be deduced for bodies sufficiently close to [—1,1]", so their result is about
settling the equality cases (and indeed they show that, if dist(K, [—1,1]™) is small enough, and
K is not a parallelepiped, then 2" — 1 is a sharp upper bound for J(K)).

Returning to the most relevant results for the current paper, let us first recall that a convex
body K in R" is called 1-symmetric if

T = (71,%2,...,7Tp) € K implies that (€174(1), €27 (2);- ) nTom)) € K
for any choice of signs ¢; € {1}, 1 < i < n, and any permutation o on [n] = {1,2,...,n}.

K is called 1-unconditional if we only require that

x = (r1,22,...,o,) € K implies that (e1x1,e229,... 6,2, € K
for any choice of signs ¢; € {£1}.

We already mentioned Tikhomirov’s result, saying that there is an absolute constant Cj such
that, as long as the dimension n > Cp, then for every 1-symmetric convex body K C R™ which
is not a multiple of the cube [—1,1]", one has J(K) < 2" — 1 (no explicit lower bound for Cj
is given in [39], nor have we tried to find one here; however, it should become clear in the next
sections that a direct adaptation of Tikhomirov’s method would not work in all low dimensions,
and hence the restriction n > Cj is not merely an artefact of the proof).



Of relevance, regarding the illumination of 1-symmetric or 1-unconditional convex bodies,
are also the following three results in dimension 3: as we mentioned, Lassak [28] showed that
J(K) < 8 for every origin-symmetric convex body K in R3. Moreover, he showed this while
using illuminating sets consisting of 4 pairs of opposite directions (and posed the question
whether this is possible to do in higher dimensions as well). Bezdek [2] showed that J(P) < 8
for any polytope in R? which has a non-trivial affine symmetry. Finally Dekster [19] obtained
the same bound for any convex body K in R? which is symmetric about a plane. (Observe that

any of these latter assumptions would be satisfied by a 1-symmetric or 1-unconditional body in
R3.)

The main purpose of this paper is to complement Tikhomirov’s approach, and settle the
illumination conjecture for 1-symmetric convex bodies in all dimensions (we deal with all di-
mensions > 3 in a uniform way, that is, our approach is not affected by the dimension, and thus
we also provide an alternative proof for the cases which Tikhomirov had already settled). We
also explain why a statement in Tikhomirov’s paper ([39, Lemma 8]) does not hold in all the
generality in which it is stated (see Section , and, simply for completeness, we give in its place
a similar-looking result in the same spirit (see Theorem [19). That said, it should be stressed
that Tikhomirov’s result remains unaffected, as his proof can be ‘rectified in-house’ by slightly
rearranging the components of the proof, and where each one of them is used (see Remark .

Finally, all the illuminating sets that we use in this paper can be chosen to consist of pairs
of opposite directions. We thus answer Lassak’s conjecture too for 1-symmetric convex bodies
of dimension n > 3, and, as a consequence, we can also confirm the X-ray conjecture by Bezdek
and Zamfirescu in this class (see Section [5| for details).

To describe our results and approach in detail, and compare it with Tikhomirov’s, we first
need some additional notation and definitions, so we defer doing so to Subsection

2 Preliminaries, and precise statements of our results

We write [n] for the set {1,2,...,n}, and ey, e9,...,e, for the standard basis vectors of R". For
any vector x € R", we will denote by Z, the set {i € [n] : z; = 0}.

Given a subset A of R", we will denote its interior and its boundary by int A and by bdA
or 0A respectively. Recall that if A is a non-empty convex set, then its affine hull

aff(A) := {ulal—f—ugag—l—-n—i—umg:EZl, aieAanduiERWithu1+u2+-~-+,u,g:1}

coincides with the smallest affine subspace of R™ which contains A, and that, in the subspace
topology on aff(A4), A has non-empty interior. We call this the relative interior of A and denote
it by relintA. Moreover, we call A\ relintA the relative boundary of A, and denote it by relbd A.

Recall that K is called a convex body if it is a compact convex set with non-empty interior.
If K is also origin-symmetric, that is, K = —K, then we know that K is the unit ball of a
certain norm on R™, which is given by x € R" — ||z|x :=inf{t > 0: 2z € tK}.

We also recall that the illumination number of any convex body is an affine invariant: namely
J(K) = J(TK + z) for any invertible linear transformation 7" € GL(n) and any (translation)
vector z.

Therefore, without loss of generality, we can assume that all the 1-symmetric convex bodies
B C R™ which we consider satisfy e; € OB for all ¢ € [n]. This is equivalent to saying that
lleils = 1 for all @ € [n]. We will denote this subclass of n-dimensional 1-symmetric convex
bodies by 8™ (observe that any n-dimensional 1-symmetric convex body has a dilation which is
a member of this subclass).



Analogously, by simply multiplying by a diagonal matrix (but not necessarily a multiple of
the identity now), we can assume that a given l-unconditional convex body U C R™ satisfies
|leil[u =1 for all i € [n]. We will denote this subclass of n-dimensional 1-unconditional convex
bodies by U".

We recall the following necessary and sufficient condition for illumination (even though in
the sequel we will mostly work with the definition by Boltyanski mentioned in the Introduction).

Remark/Criterion A. Let K be a convex body in R", let € 0K, and let d be a direction
in R™. Then d illuminates « if and only if,

for every outer normal vector u of K at x, we have (d,u) <0

(where (-, -) denotes the standard dot product on R").

Lemma 1. Let U be a 1-unconditional convex body in R™. Suppose that x is a point in U, and
that y € R™ satisfies:
foralli e n], |yi| < |zl

Then y € U as well.
Moreover, if we have that

foralli € [n], |yi| < |x;| or |ys| = |zi| =0,
then y € int U.

Proof. This follows quickly from the 1-unconditionality of U and convexity: given these, U
contains the (possibly lower-dimensional) parallelepiped P, with vertices the point = and all its
coordinate reflections. It is clear that, if |y;| < |z;| for all 7 € [n], then y € P, C U.

Moreover, if we actually had that z € int U, then P, C int U (as the convex hull of interior

points of U). Thus, if we now assume that, for all ¢ € [n], |y;| < |x;| or |y;| = |zi| = 0, then we
can find some ¢t € (0, 1) such that |y;| < t|z;| for all ¢ € [n], and we can apply the above with
the point ¢tz € int U instead of z: we will have y € Py, C int U, as claimed. O

Corollary 2. Let U be a 1-unconditional convex body in R™, and let x € OU. Then x is
illuminated by any direction d € R™ which satisfies

Zy=2;, and d; - x; <0 for alli € [n]\ Z;

(recall that Z, is the set of indices in [n] which correspond to the zero coordinates of x).
In particular, U is illuminated by the set {—1,0,1}™\ {0}.

Proof. Simply note that there is € > 0 small enough so that, for the displaced vector = + ed, we
will have |(x + ed);| < |z;| for all i € [n]\ Z;. Thus z + ed € int U by the previous lemma. [

It is also worth clearly stating the following

Remark 3. If B is a 1-symmetric or 1-unconditional convex body in R™, and x € B, then,
by Lemma (I, we also have that |x;le; € B for all i € [n]. Thus, if B € §™ or € U™, then
|]| 0o == mz[m)]c |z;| < 1. In other words, B C [—1,1]".

i€(n

Lemma 4. Let B be a 1-symmetric convex body in R™, and let x € 0B. Suppose that there is
a unique index ig € [n] such that |z | = ||| . Then x can be illuminated by — sign(z;,)e;, .



Note 5. This is used in [39] as well (see the first part of the proof of [39, Lemma 8]). There it
is proved using Criterion A for illumination; here we provide one more proof, this one based on
the classical definition by Boltyanski.

Proof. Let us look at the coordinates of the displaced vector T = = + |x;,|(— sign(z;,)e;,): its
io-th coordinate is zero, while, for i # iy, Z; = x;.
Since B is 1-symmetric, the following convex combination is contained in it:

n

1
Wy, ::ﬁ Z‘xi‘% + Z |zilei, + |ziglei + Z |zj]e;

i=1 i#io J¢{iio}
1< n—1 1
= ;Z\l’j\ €ip + Z( - Iwz‘HnI%‘oI) €i.
Jj=1 1740
We can observe that

1o 1 n—1 1 n—1 1 o
— Z |zj| > —|zi] >0, and also 25| + —|@iy| > —— x| + — || = || for all i # 4o,
n n n n n n

since |x;,| is the unique maximum coordinate of x in absolute value. Thus we can apply Lemma
with w, and 7 to conclude that = € int B. O

An equivalent statement for the next lemma, which will be given right after, can be viewed
in some sense as a more broadly applicable version of the second part of Lemma

Lemma 6. Let K be a conver body in R™, and let H be an affine subspace of R™. Suppose that
(int K)NH #0. Then

relint(KNH) = (int K) N H and relbd(K NH) = (0K)N H.

Proof. From our assumptions, K N H is a non-empty convex set. It is clear that (int K) N H C
relint(K N H) and relbd(K N H) C (0K) N H. Observe also that H = aff(K N H) because
(int K) N H # 0.
Fix 29 € (int K) N H. Also, let y € relint(K N H). Note that, for every s € R, we will have
that
y+s(y—xo) €aff(H) = H=aff(KNH).

Since y € relint(K N H), we can find s, > 0 small enough so that y + s,(y —x9) € KN H. Then
we can write

_ Sy 1 _
_1+syx0+ 1+sy(y+5y(y 550)),

Y
which shows that y € int K, as a non-trivial convex combination of two points in K with at least
one of them being an interior point. Thus y € (int K') N H, which implies that relint(K N H) C

(int K) N H as well.
From this it also follows that (0K) N H C relbd(K N H), which completes the proof. O

As mentioned, we are going to use an equivalent statement of Lemma [6] more obviously
relevant to illumination. In some sense, this could be viewed as a counterpart to Lemma [1{ and
Corollary [2] that now applies to arbitrary convex bodies.

Similarly to before, note that, if p € relbd(K N H), and if d’ is a non-zero vector in H —p =
{u—p:ue€ H}, then p+ sd’" € H for any s € R (this is because H — p is a linear subspace of
R™, and thus ' € H —p = sd' € H — p).



Corollary 7. Given the same assumptions as before, if p € relbd(K N H), and d’' is a non-zero
vector in H — p C R™ such that p + ed’ € relint(K N H) for some ¢ > 0, then p+ed € int K.

In other words, if p is (K N H)-illuminated by d', within H = aff(K N H), then it is also
K -illuminated by d’', viewed within R™ now.

Proof. By Lemma [6] we know that relint(K N H) = (int K) N H, and hence
p+ed erelint(KNH)=(int K)yNH = p+ed€intk,
as claimed. O

As we will see in the sequel, to justify the illumination of certain boundary points, it makes
sense to also resort to the somewhat indirect reasoning allowed by Corollary for instance,
in certain situations this will enable us to employ partially inductive arguments, or facilitate
working with directions which have some zero coordinates.

We finish the preliminaries with a basic remark on the illumination of certain 1-unconditional
convex bodies. For notational convenience, we write 1 =e; +ex + -+ + e,.

Lemma 8. Let U be a 1-unconditional convex body in U™ (recall that this means that |le;||u = 1
for alli € [n]). Assume that £1 € int U. Then U is illuminated by the set {—1,1}".

Proof. Let x € 0U, and pick a direction d, from {—1,1}" such that d,; - ; < 0 whenever
x; # 0. Then the displaced vector x + %dm satisfies

o+ | =i — 3 4~ fe) <max(1 — 3, 4~ ) = }

whenever z; # 0, and |(z + 3d,);| = § if 2; = 0 (recall that U € Y™ implies that U C [-1,1],

hence |z;| < 1 for all i € [n]). In short, all coordinates of = + 3d, are < 1 in absolute value.
We now observe that, by our main assumption, there is n > 0 such that

(1+n)1eU.
We can thus apply Lemma |1 to conclude that x + %dm € int U, and that d, illuminates z. [

Note that this result is related to the upper semicontinuity of the illumination number J(-)
at the ‘point’ [—1, 1]"; see [34, Proposition 2.2] for a general argument using the language of
covering.

2.1 Comparing with Tikhomirov’s approach

Tikhomirov’s approach has as its starting point the conclusion of Corollary [2} since {—1,0,1}"™\
{6} is an illuminating set for any 1-symmetric convex body B in R", the objective is to look
among its different subsets for ‘efficient’ illuminating sets of 1-symmetric convex bodies, and to
verify that, for each B € 8", there is at least one such subset that works.

Tikhomirov distinguishes two main cases, and treats the 1-symmetric convex bodies in each
case differently, based on their geometric distance from the cube [—1,1]". Given that, if B € S,
then B C [—1,1]", and the vectors e; are common points of B and of [—1,1]", we can simply
define the geometric distance here as follows:

dist(B,[-1,1]") ;== inf{a > 1: [-1,1]" C aB}.
We can also check that, in this setting, dist(B,[—1,1]") = [le1 +e2 + - -~ + en|lg" = 115"

Tikhomirov’s result follows from the following two propositions.

Proposition B. ([39, Proposition 5]) Let n > 2 and B € §" with 1 < dist(B,[-1,1]") < 2.
Then one of the following subsets of {—1,0,1}" \ {0} is an illuminating set for B:



o T := {(61,62,...,6n) e{-1,1}":3i<n—1 with ei:—l}u{el—l-eQ-i--‘-—l—en_l}.
o T := ({—1,1}""1 x {0}) U {=£e,}.

Proposition C. (essentially [39, Proposition 10]) Let n > 2 and B € 8™ with dist(B, [-1,1]") >
2. Then B can be illuminated by a set T3 of the form:

5= ({-1,1}""' x {0}) URy

where Ry is any subset of {—1,0,1}"\ {0} with the property:

for every k < [§], and for every y € {—1,0,1}" with exactly k£ non-zero coordinates,

there exists z = z, € Ry with exactly 2k — 1 non-zero coordinates (P1)

and such that y; = z; for all i € [n] for which y; # 0.

The remaining key ingredient in Tikhomirov’s method is a probabilistic argument that allows
him to prove that, once the dimension n gets sufficiently large, then there exist subsets Ry of
= . . . . on . .
{—1,0,1}"\ {0} with property (P1) which also have cardinality |Ro| < %-. Thus, in sufficiently
high dimensions, we can pick sets T3 of the form described above which are ‘efficient’ illuminating
sets for any B € 8" with dist(B, [-1, 1]") > 2.

Observe that we could have also distinguished two main cases in a slightly different way.
For B € 8" define

mp :=max{k € {1,2,...,n} ey +ea+ -+ e, € B}.

Equivalently, mg is the largest dimension of a unit subcube [~1,1]* x {0}"~* contained in B.
By our chosen normalisation for B (that is, given that B € S™), we have that mp is certainly
> 1 (and thus, well-defined), and also that dist(B,[—1,1]") = 1 if and only if mp = n.

Note now that dist(B,[—1,1]") > 2 implies that mp < §. Indeed, assume that we have

mp > 5, and also initially suppose that n is odd. Then by the 1-symmetry of B, and Lemma
we will have that

bothe; +es 4+ -+ ent1 € B,and e; + €nt3 + €015 +---+ €, € B.
2 2 2

Thus we will also have that e; + %(62 +e3+ -+ en) € B. By the 1-symmetry again, we get

that
n+1 1 1
i€[n] J#i
which shows that dist(B, [-1,1]") = ||1]5" < 73—;}1 < 2.

The proof is analogous and easier in the case that n is even.

Remark 9. The proof of [39, Proposition 10]/Proposition C can be adjusted just slightly so that
the assumption that dist(B,[—1,1]") > 2 is only used in order to ensure that mp < . From
then on, one can reach the same conclusion without using the distance assumption anymore.

Indeed, if we know that mp < and we first consider, as Tikhomirov does, a boundary
point z such that

n
2

i€ [n]: |zi| = |[zlloo}] > 5T, (1)

then we can observe that ||z|| will have to be € (0,1). This is given the normalisation B € S",
which further implies that +e, cannot be an outer normal vector of B at z. But then, as



Tikhomirov shows, one of the directions in {—1,1}"~! x {0} will illuminate x, because of
as well.

For any of the remaining boundary points y, we will have that [{i € [n] : |yi| = |yl }| < [5],
and then, exactly as Tikhomirov shows, a direction from the set Ry with property (P1) will
illuminate y (no matter which such set Ry we chose to work with).

Remark 10. Tikhomirov breaks down the proof of [39, Proposition 5]/Proposition B into the
proof of two lemmas.

[39, Lemma 7] states that, if B € 8™ and 1 < dist(B,[—1,1]") < 2, then either B is
illuminated by the set 7} (using the notation of Proposition B), or we necessarily have that
ller + e2l|lB > 1 (equivalently, we have e; + e2 ¢ B). Note that of course both statements can
be true as well.

On the other hand, [39, Lemma 8] states that, if n > 2 and B € S™ satisfies |le; +e2|B > 1,
then B can be illuminated by the set Ty (again, using the notation of Proposition B). In the
next section we will show that this statement does NOT hold in such generality.

We should stress however that [39, Lemma 8] could be completely bypassed in Tikhomirov’s
approach. Indeed, if we have that |je; +ez2|B > 1 < e1 + ez ¢ B, then we will certainly have
that mp < 5. Thus, Tikhomirov’s method works based on the following main ingredients:

o If B € S§" satisfies 1 < dist(B,[—1,1]") < 2 and |e; + ez2||B = 1, then necessarily B is
illuminated by the set 77 and J(B) < 2" — 1.

e On the other hand, if dist(B, [-1,1]") > 2 or |le; + e2||B > 1, then we certainly have that
mp < 5. Thus, as we explained in Remark @, a slight adjustment of the proof of [39,
Proposition 10] gives that B can be illuminated by some set T3 (of the form described in
Proposition C).

e The final part of Tikhomirov’s proof, which is probabilistic, guarantees the existence of
sets T3 with cardinality |T3| < 2"~ !+ %, as long as n is sufficiently large.

Our approach has some parallels to Tikhomirov’s approach. We adopt a similar starting
point, but instead of working with illuminating sets which are subsets of {—1,0,1}" \ {0}, we
will work with subsets of the set

G™M(8):={deR":3i € [n] such that d = e; + »  +be; o, (2)
jelm\{i}

(where § € (0,1) will be a small, suitably chosen parameter), or very minor variations of such
subsets. Note that the main feature of all directions in G™(9) is that they are small perturbations
of some standard basis vector e; (‘small’ because, as we will see, § will be chosen smaller and
smaller as the dimension grows).

Our main results are as follows.

Theorem D. For every n > 2, we can find a subset Z" of G™((n + 1)™') with cardinality
|Z"| = 2" such that Z" will illuminate all 1-symmetric convex bodies in R™.

Theorem E. (sece Theorem[23) Let n > 3 and let B € 8" with dist(B, [—1,1]") > 1. Then we
can slightly modify the set Z" from Theorem D to get an illuminating set for B as follows: we
completely remove one pair of directions from Z"”, and also slightly alter the ‘small’ coordinates
of another pair (the altered directions will still be perturbations of standard basis vectors; also,



the directions that we choose to replace/modify will have some relation to the pair of removed
directions so as to ‘make up’ for the absence of those too). It follows that J(B) < 2™ — 2.

Theorem E settles the Illumination Conjecture for all 1-symmetric convex bodies of any
dimension n > 3. Moreover, as we will see, we can essentially use the same illuminating set for
all 1-symmetric convex bodies in R™ which are not multiples of the cube, with the only variation
coming from how small the ‘small’ coordinates of the pair of altered directions will be (and this
will only depend on how small dist(B, [—1,1]") — 1 is).

Just for completeness, we can also provide some counterparts for the claimed [39, Lemma 8]
and for [39, Proposition 10], the latter dealing with 1-symmetric convex bodies B which satisfy
dist(B, [-1,1]™) > 2; see Theorems |19 and We call these results counterparts because they
deal with the same subclasses of 1-symmetric convex bodies as [39, Lemma 8 and Proposition
10] respectively, and because we can also use illuminating sets which are similar in form and
function to 15 and T3.

The rest of the paper is organised as follows. In Section [3| we elaborate on why [39] Lemma
8] cannot hold in such generality, and also on why Tikhomirov’s core approach may not be
suitable for ‘efficient’ illumination of all cases in low dimensions (even if the proofs were to
be modified). We prove Theorem D in Section {4 Then Theorem E/Theorem as well as
Theorems [19] and are established in Section [f] Finally, in Section [6] we extend our main
result to a slightly larger subclass, of ‘almost’ 1-symmetric convex bodies, or (1+ d,,)-symmetric
bodies, where §,, will depend on the dimension (for the exact definition, see Section @

3 ‘Tricky’ convex bodies

We present examples of 1-symmetric convex bodies in 8™ which cannot be illuminated by the
corresponding set T, in R™ (recall the notation in Proposition B) or even small variations of it
(even though they satisfy the assumptions of [39, Lemma 8], which we recalled in Remark [10)).

la. Consider the body B} C R? whose vertices are all the coordinate reflections and permu-
tations of the points e; and (3, 3,3). We can show that not only doesn’t 73 illuminate
B3, but that in general any minor tweaks of the method in [39] will fail to work for B3:
indeed, we will see that no subset of {—1,0,1}3\ {0} with fewer than 10 elements can

illuminate B3.

Note that among the outer normals at e; we have the vector (1,0,0) and the four vectors
(1,£1,0),(1,0,£1). Because of the outer normal (1,0,0), any direction d which will
illuminate e; € OB3 must satisfy d; < 0 (recall Criterion A). Thus, if d is taken from
{~1,0,1}%, we must have d; = —1. On the other hand, because of the latter group of
outer normals, any direction d € {—1,0,1}3\ {0} which will illuminate e; € B cannot
have non-zero 2nd or 3rd coordinates, because if it did, then d would be orthogonal to at
least one of the four vectors (1,+1,0),(1,0,£1). In conclusion only the element —e; of
{—1,0,1}3\ {0} is an illuminating direction for e; € 9B3.

Similarly we see that we must include all the directions of the form =+e;, i € [3], to illu-
minate all the coordinate permutations and coordinate reflections of e;, which are also
vertices of B$.

On the other hand, among the outer normals at (1,1,1) are the vectors (1, 1,0), (1,0,1)
and (0,1,1). Thus, none of the directions +e;,i € [3], can illuminate (%, %, %), and we
need instead a direction from {—1,0, 1}3 which has at least two non-zero (in fact, negative)

coordinates. If we pick for this purpose the direction (—1,—1, —1), then it will illuminate
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(1,1,3), but it won’t illuminate any of its (non-trivial) coordinate reflections. If we

instead pick a direction such as (—1,—1,0), then we would be able to illuminate both
(%7 %7 %) and (%7 %7 - %)

In this way, we can check that we need at least 4 directions from {—1,0,1}3\ {e; : i € [3]}
to illuminate (3, 3, 3) and all its coordinate reflections.

1b. Consider the set B] C R* whose vertices are all the coordinate reflections and permuta-
tions of the points e; and (%, %, %, %) An analogous argument shows that B‘ll cannot be
illuminated by any subset of {—1,0,1}*\ {0} which contains fewer than 16 elements (and
thus it certainly cannot be illuminated by T5).

lc. In general, consider the set B! C R™ whose vertices are all the coordinate reflections and
permutations of the points e; and %(61 + ez + -+ e,). We can similarly check that B}
cannot be illuminated by the set T € R"™, and at the very least we would need to enlarge
T5 to the set
T) = ({-1,1}""! x {0}) U {=£e; : i € [n]}

which contains 271 + 2n directions.

The last point might perhaps suggest that we could replace the set T by T3, and that this
potentially is enough in dimensions n > 5 for ‘efficient’ illumination of convex bodies satisfying
the assumptions of [39, Lemma 8], given that 2"~! + 2n < 2" as soon as n > 5. However this
is not the case either.

2. Consider the set By € S? whose vertices are all the coordinate reflections and permutations
of the points e; and %(el + ey + e3 + e4). As previously, we can see that, if we want to
illuminate all the coordinate reflections and permutations of e1, we have to include all the
directions +e;,i € [9]. On the other hand, among the outer normals at %(61 +eates+ey)
are vectors of the form e; + e;, and of the form e; + e;, + e; where {j, k, s} is any subset
of [4] with cardinality 3. Thus, by Criterion A we can quickly check that none of the
directions =+e; illuminates %(el + es + e3 + e4), neither do any of the directions +e; + €j.

Moreover, we can check that %(el + e2 + e3 + e4) also has outer normals of the form

e]+ex+estes ey ey, e ey,
where {t1,t2,t3,t4} C [9]\ [4] with cardinality 4.

This shows that none of the directions in 77 or 75 \ {£eg} (which all have at least 8 non-
zero coordinates) can illuminate %(61 +ez+e3+eq). We conclude that, for the coordinate
reflections and permutations of J(e1 +e2+e3+e4) we need directions from {—1,0, 119\ {0}
which have at least 3 and at most 7 non-zero coordinates.

3. Consider the set B3 € S?° whose vertices are all the coordinate reflections and permuta-
tions of the points

9 1 12
e, §(61+ez+63), and3;e7;-

Then we could illuminate e; (for example) using any of the directions —ej, —ej & €9 or
—e1 + ey £ ez (or even variations of the latter two): this is because e.g.

1 1
e1 + 5(—61 +e2) = 5(6’1 +e2) € int B,

11



as we can see if we compare coordinates with those of the vertex %(61 + e2 + e3) (recall
Lemma . We could also illuminate %(el + eo + e3) using the directions —e; — eg or
—ep — eg — e3 (whereas —e; would not work in this case). Moreover, among the outer
normals at %(61 + e2 + e3) we also have vectors of the form e; + e2 + e3 £ e, £ ep, ey
where {t1,t2,t3} is any subset of [25]\ [3] with cardinality 3. This shows that any direction
d from {—1,0,1}% \ {0} which illuminates 2(e1 + e + e3) must have at most 5 non-zero
coordinates, otherwise it would be orthogonal to one of the outer normals of %(61 +eates),

contradicting Criterion A.

On the other hand, vectors of the form Zle ej,, where {j; : 1 < s < 6} is a subset of
[12] with cardinality 6, are among the outer normals at %Zil e;, so any directions d’
from {—1,0,1}2% \ {0} which illuminate this boundary point of By must have at least 7
and (as we can also check) at most 23 non-zero coordinates (so they cannot be among the
directions from 77 and 75, nor can they be any of the directions we used for the second

type of vertices).

The above examples indicate that we can construct ‘tricky’ convex bodies, which cannot
be covered by [39, Lemma 8] (or even by [39, Lemma 7]), in as high a dimension as we want.
Furthermore, the set 75 cannot be replaced by any set of the form

({=1, 13" x {0}) U Rg

where R} would only contain directions from {—1,0,1}"\ {0} with a predetermined number of
non-zero coordinates; or alternatively where R{; would have cardinality < p(n) with p(z) : R —
R being a fixed polynomial. On the other hand, as we explained in Subsection R{, could
be any set that has property (P1): e.g. Tikhomirov’s probabilistic construction of a union of
‘good’ realisations of the sets Si,k = 1,...,[5], introduced on [39, Page 378], which is shown
to have small enough cardinality for sufficiently high dimensions.

There is one more point worth remarking: it can be checked that all the above, ‘tricky’ exam-
ples satisfy dist(B, [—1,1]™) > 2. This is no accident: if instead we had 1 # dist(B, [-1,1]") < 2,
then one of the sets 77 and T5 ought to have worked, which is not the case for any of the above
examples.

Claim F. Let n > 3 and let B € 8™ with 1 # dist(B,[—1,1]") < 2. Then B is illuminated
by one of the sets 77 and T (using the notation in Proposition B).

Note. This is essentially the statement of [39] Proposition 5] (that statement also includes the
case n = 2, which follows immediately from [39, Lemma 8] for n = 2, since 1 # dist(B, [-1,1]")
guarantees that e; + ex ¢ B for B € S?, and for such convex bodies the corresponding set
Ty = {+£e1, e} is easily seen to be an illuminating set).

We defer the proof to Appendix A. Here we just mention one more example of a ‘tricky’
convex body B € 8" with 1 # dist(B, [—1,1]") < 2, which satisfies |le; + e2||g > 1, and which
nonetheless cannot be illuminated by the set T (however, by Claim F we now know that it will
be illuminated by 77).

4. Let n > 4 and consider the set B} € 8™ whose vertices are all the coordinate reflections
and permutations of the points e; + %en and % Z:‘;l e; + %en. Note that B4 contains the

convex combination

1<~ {3 1 1 3 n-1 1\
PIECEID I :(n.4+ . .2)2&-,

s\ =1
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which shows that dist(B, [—1,1]") < 22‘11 < 2.

Now observe that among the outer normals at e; + %en is the vector e, as well as vectors
of the form e; + e,, = e; where j € [n] \ {1,n}. This shows that none of the directions in
Ty = ({~1,1}"71 x {0}) U {*e,} can illuminate e; + 2e,,.

4 One illuminating set to ‘rule’ them all

Here we will prove Theorem D, that is, we will show that we can find a single subset of the set

G"(6) :== ¢d € R": 3i € [n] such that d = +e; + Z +de;
jem\{a}
which is an ‘efficient’ illuminating set for any 1-symmetric convex body in R™ (as long as ¢ is also
chosen sufficiently small). To do so, and motivate the methods by which we construct/select

such subsets in Proposition we single out the next two results and state them as separate
lemmas; this will also help with the proofs in the next section.

Lemma 11. Let n > 3, B € 8", and x € 9B. Consider k € [n] such that ) # 0. Then for
any 9 € (0, %), x 1s illuminated by

— sign(zg)er + Z (—0sign(x;))e;
i€[n]\{k}

(here, if x; = 0, we simply make a choice for sign(x;), setting it equal to either +1 or —1; no
matter the choice of signs for these coordinates, the conclusion remains the same).

Proof. Denote the direction in the statement by d. WLOG, suppose that £ = 1 and also that
|z;| > |xiy1] for 2 < i <mn—1 (we can always reorder the indices in this argument if this is not
the case; note also that the second assumption does not hinge on whether |z1| = [|z||, or not,
we simply order the remaining coordinates of x).

If |Z;| = 0 (that is, if « has no zero coordinates), then the conclusion follows immediately
by Corollary 2l Thus we now focus on the case where

|| = [as] = -+ = |wmaa] > |om| = 0= [zmr| = - = [za]
for some 2 < m < n. Let us examine the entries of x + |z1]|d:
o (z+|z1]d)1 =0,

o forevery 2 <i < m—1, |(z + |z1]d)i| = max(|z;| —|z1|0, |x1]0 — |z;]) (and if the maximum
is not equal to the first argument, then |z;| must be ‘very small’, < §|x1]),

e and for every m < i < n, |(z + |x1|d);]| = |z1]d.

Let m’ be the smallest index > 2 such that |z,,/| < 2|z;]. We consider the following convex
combination, which will be in B because of the 1-symmetry:

1
n—m +2 (|$1\,|x2],\x3|,...,\ﬂzn_1],\xn\) + (|‘Tm’|7|$2‘7|x3‘v'-‘7|$m’—1|7|$1‘7'-‘7|1’n—1|7|1’n|)
+ (‘xm’-i-l’v ‘$2|, ’56‘3|,. . 'a’l‘m’—1|’ ’mm”7 ‘$1|,.. ) ‘ﬂjn,ﬂ, ‘ﬂjn‘) +
REREREEE +(|$n—1\7|$2\7|$1!,m7|$1!7\ﬂ?n\)+(|$n|,|$2|7|$1\7~~7|$n—1|7|$1\)]-

We can observe the following regarding its entries:
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o the Ist entry is 7—b— (|z1| + Yi, i) = an;;'l+2 > 0.
e For every 2 < i < m’ — 1, its i-th entry is equal to |z|.

e For every m’ <i < m — 1, its i-th entry is equal to

o —— o] > —— o]
—_— |y T x1|.
n—m+2"" n—m+2 1/n—m’—|—2 !
e For every m < i < n, its i-th entry is equal to m|x1|

Thus, as long as we choose § < %, this convex combination will have strictly larger (in absolute
value) respective entries compared to z+ |z1|d. By Lemmall]it follows that z+|z1|d € intB. O

The following is a strengthening of the previous lemma which will be necessary in certain
cases.

Lemma 12. Letn > 3, B € ", and x € 0B. Write M, for the set of maximum coordinates

of x:
My ={k <n: o] = llz]l o}

and let kg € M. Then for any § € (0, %) and for any arbitrary choice of signs €;,i ¢ My, x is
illuminated by
— sign(zr, )er, + Z (—0sign(zr))er + Z deie;.
ke Mz\{ko} i€[n]\My

Proof. Fix a choice of signs €;,7 ¢ M,, and write d for the corresponding direction. If [n]\M, =
(), the conclusion follows immediately from Corollary [2], so assume there is some index i ¢ M,
and set t = |[n]\M,|. For any such index 4, let a; := |zy,| — |=;|, and note that «; € (0, [|z] ]
Set also

a; 1

A L Ao 1= —
142 e M,

= 1 1
L+ 2 jempar,

Then Ay + Zje[n]\ am, Aj = 1. Consider the following convex combination of points in B:

n
’LU:)\()-Z|ZL‘¢|€¢—|— Z )\j' |l‘k0|€j+|xj|€k0+ Z \m1|el
=1

JEMN\My i¢{ko,j}
Let us examine its coordinates:
o if i € M,\{ko}, then w; = |x;|.
o For i = ko we have wy, = Ao [Trke| + D jepnpar, A 1251]-
o If i € [n]\M,, then w; = \; |xg,| + (1 — Ni) |-
Thus for ¢ ¢ M,, we have that w; > |z;|, while 0 < wy, < |zg,| = ||z]|,. In particular,

1
L+ 3 jempar, @

w; — @) = N - (|zre]| — |zi]) = Ni - T = Ao,

while

|xko|*wkz0: Z >‘j'(|$ko|*|$j|) = Z )\j-aj:t-Ao.

JEMN\Mz JE€[n\Mz
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From this it’s clear that, for each i ¢ M,,
1 1
wi — |zi| = 5 ([okg| = wre) > — (ko] = wio). (3)

Consider now the vector y = & + (|zx,| — wg, )d. Let us examine its coordinates too:
® Yy = Ty — Sign(xr, ) (|@r, | — wiy) = sign(wr, ) wp,-
o If i € M;\{ko}, then

yi = ;=0 sign(z;) (|wky | —why) = sign(z;) (|i| =6 [wx, |+wk, ) = sign(z;) ((1-0) [, [+dwk, ),

which is smaller in absolute value than |z, | = |z;| = w;.

e Finally, if i € [n]\M,,
il < Jail + 0 (|| — wio)-
Given that ¢ < %, by we obtain that

1
|2 + 6 (|ag, | — wiy) < |2i| + ﬁ(|xko| — Wyy) < wj.

Thus all coordinates except the ko-th one of y are strictly smaller in absolute value than the
respective coordinates of w (while |yg,| = wg, < 1). It remains to consider the section

{6 €B: 5/60 = yko} = {6 €B: Sko = Sign(yko)wko}
and apply Corollary [7} O

Remark 13. If we look again at the proof of Lemma then we can also derive the following
more general conclusion: if z € 0B and xj # 0, then z is illuminated by any direction of the
form
—sign(xg)er + Z (—0; sign(z;))e;
i€[n]\{k}

where sign(z;) is arbitrarily chosen from {—1,1} for i € Z, and where §; € (0,2) for all
i € [n]\ {k} (namely we don’t have to set all the ‘small’ coordinates equal in absolute value, we
just have to make sure all of them are < %)

Analogously, by examining the proof of Lemma we can see that, if kg € M, then = can
be illuminated by any direction of the form

— sign(zg, e, + Z (—0p sign(xy))exr + Z bi€iei
keMo\{ko} ie[n)\Ma
where ¢; € {—1,1} is arbitrary for i € [n]\M,, and where 8, 0; € (0, 1) (but not necessarily the
same number). In fact, for i € [n]\M,, we can even allow &; to be chosen from [0, 1), namely
allow gl to be set equal to 0.
Note that this more general version of Lemma [12] extends Lemma

Proposition 14. Let n > 2, § € (0,1), and consider the set G = G™(8) from (or from the
first paragraph of Section .

There exists a subset I" C G™ with |I"| = 2" and with the property: for any vector x €
R"\{0}, there is d € I" such that sign(z;) = —sign(d;) for every i € [n)\Z, and moreover
1 = ||d||. = |dj| for an index j € [n]\Z,.
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Definition 15. We will be using the following terminology in settings such as the above: given
a vector x € R"\{ﬁ} and given a set Z C G", we will say that Z deep illuminates x if there exists
d € T such that sign(x;) = —sign(d;) for every i € [n]\ Z, and at the same time 1 = ||d|| , = |d;]
for an index j € [n]\Z,; (moreover, if Z = {d} is a singleton, we will say that the direction d
deep illuminates x).

Proof. We will present two methods of finding sets Z" with the desired properties, with the
first method being more geometric, while the second one will be combinatorial. In most of the
results in the sequel, we can use either method to produce a set Z" with the desired properties.
Note however that only the 2nd method here

— ensures that the set Z™ that we get is also formed from pairs of opposite directions,

— and moreover it provides us with a better overview of which directions from G" end up
inside Z".

These will be important in some of our final results.

Method 1. Consider the graph that we get from the vertices and edges of [—1, 1]™. Recall
that we can find Hamilton cycles on this graph, that is, closed and simple paths that pass by
all the vertices of [—1, 1] (exactly once since they are simple) and return to their initial vertex.
More simply, a Hamilton cycle of the graph of the cube is equivalent to a sequence/ordering
w1y, W, ..., won of the vertices

e such that all vertices appear in the sequence

e and such that consecutive vertices in the sequence differ in exactly one coordinate; this
should be true for the pair of vertices wor and w; as well.

Note also that, since the path is closed, we could start at any vertex. Furthermore, applying
a symmetry of the cube to such a path (that is, any composition of coordinate permutations
and of sign changes) will just give us another path with the same properties. Thus it is fine to
require that wy = (1,1,1,...,1,1), while won = (1,1,1,...,1,—1).

To give an example of such a Hamilton cycle/ordering of the vertices of [—1,1]", let us start
from the sequence

wi = (1,1), wy = (~1,1), w3 = (—1,-1), wq = (1, -1), (4)

which satisfies the properties we want when n = 2. We can construct admissible sequences in
higher dimensions via recursion. Given n > 2, assume that we have already found/fixed such
a sequence in dimension n — 1, and that we denote it by P"~! = (wi‘_l,wg_l, ...,wg[_ll). As
explained before, WLOG we can assume that

n—1 n—2
w’f_l = g €, while wgn__ll = —e,_1+ g e;
i=1 i=1

(the e;’s here are the standard basis vectors in R®~!). Then an admissible sequence for dimension
n is the following:

wy = (w’ffl, 1), wy = (wgfl, 1),
< wgnfl = (wgn_}M )7 wgnfl_i_l = (w2nn—711, _1)>
Won—149 = (w;n__llfl, —1), Won—143 = (wgn__lliz, —1),

c wgn*l = (wg_17 _1)7 wg” = (’Ll)’il_17 _1)
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In other words, we append to every vector in the sequence P"~! one more coordinate equal to
1, and then we revert the order of the terms of P"~!, and to each of the repeated and reverse-
reordered terms we append one more coordinate equal to —1. Finally we concatenate the two
new subsequences that we got to end up with a sequence P™ formed by 2" vectors in R™ (all of
which are vertices of [—1,1]").

It is not hard to check that the sequence P™ has the desired properties (assuming that the
sequence P"~! which we started with, did so as well).

Note. Such orderings of the vertices of [—1, 1] are sometimes also called Gray codes, and they
play an important role in digital communications and in analog-to-digital signal conversion.
The examples that we gave in particular, which are constructed by this recursive procedure, are
often called the binary-reflected Gray codes.

Next we explain how we construct a desirable subset Z" of G" once we have a sequence
P" = (wh,wh,...,wh,) as above. Fix an index r € {1,2,...,2"}), and consider the ordered pair
of vertices (wy,wy4+1) (from now on we will be suppressing the superscript n which indicates
the dimension). Note that, if » = 2", then the pair to consider is (wan,w;). This leads to the
direction

d, := — Wy, €4, + Z (_5 : wr,i)eia

i€[n]\{ir}
where i, is the index of the unique entry in which w, and w,; differ (in fact, —w,;, = wr414,).
For instance, don = (—J, —6, ..., =3, —6, +1). See also a visualisation of these directions in R3.

Figure 1: A Hamilton cycle on the graph of [—1,1]3,

and the corresponding directions di,dz,...,ds for some § < 1.

We show that the set
" = Zn((S) = {dl, dg, N ,dgn_l, d2n}

deep illuminates any vector z € R™ \ {6} Fix such a vector z, and consider the vector y of its
coordinate signs:

Y=Yz 1= (Sigﬂ(l’l), Sign(.%'g), s 7Sign($2"—l)a Sign(‘rQ"))?

where sign(z;) = sign(z;) if z; # 0, and sign(z;) = 0 if z; = 0.

Clearly y, is found on the boundary of the cube [—1,1]", and if = has no zero coordinates,
then y, is actually a vertex of the cube. Otherwise there is a unique face F), of the cube with
dimension k € {1,2,...,n — 1} such that y is in the relative interior of Fj,.

Consider now the vertices of the cube which belong to F}, and call them ‘good’ for y. More
simply, these are precisely the vertices v; of the cube which agree with y in all entries where y
has a non-zero coordinate: v; € F), if and only if v;; = y; for all i € [n]\ Z, = [n]\ Z;. Observe
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that there will be 2% vertices which are ‘good’ for y, where k is the number of zero coordinates
of y, k = |2,| = |Z.|. Since z € R™\ {0}, there will be at most 2"~ ‘good’ vertices for y.

Claim. There exists an index ro € {1,2,...,2"} such that the ro-th vertex w,, in the
sequence P" is ‘good’ for y, while the next vertex wy,11 is ‘bad’ for y (here we take r9+1 mod 2",
that is, 7o + 1 = 1 if ro = 27).

Proof of the claim. Since there exists at least one and at most good’ vertices for y, we
can set sg € {1,2,...,2"} to be the largest index of a ‘good’ vertex for y, and we can also set tg
to be the smallest index of a ‘bad’ vertex for z. We distinguish the following cases.

2n—1 ¢

1. sop < 2™ Then sg+ 1 < 2™ and is larger than sg, so it cannot be the index of a ‘good’
vertex for y. Thus we can set rg = sg, since wg, is a ‘good’ vertex for y and w41 is a
‘bad’ vertex for y.

2a. sop = 2" and tp = 1. By our choices for sg and ¢y, we have that ws, is a ‘good’ vertex for
y and wy, is a ‘bad’ vertex for y. Moreover, in this case sp + 1 mod 2" = ¢y mod 2", so
we can set rg = sg again.

2b. tg > 1. Then tg — 1 > 1 and is smaller than ty, so, by our choice for tg, {g — 1 cannot be
the index of a ‘bad’ vertex for y (while wy, is indeed a ‘bad’ vertex for y). Thus we can
set rg =t — 1.

Finally, we verify that, if ro € {1,2,...,2"} is an index which satisfies the property in the
claim, then the direction d,, deep illuminates the points y and x. Indeed, recall that respective
entries of d,, and of the vertex w,, have opposite signs. Since wy, is ‘good’ for y, for every
i € [n]\ Z, we have that y; = wy,; = —sign(d,,;). On the other hand, w41 is a ‘bad’ vertex
for y, so we can find some index g such that y;, # 0 and vy, # Wro+1,i,- But wy, and w, 41 are
consecutive vertices in the sequence P", so they can only differ in exactly one entry; then this
must be the ip-th entry. By construction of the directions d,, we see that ||d,||, is attained
in the 7p-th entry for which we have y;, # 0. These combined show that d,, deep illuminates y
(which is equivalent to saying that d,, deep illuminates z).

This completes the proof of the proposition by the 1st method.

Method 2. We now discuss a more direct, and fully combinatorial, way of constructing of
I" =7"(9) (which will also rely on a recursive definition). Using this method, we will see that
we can also ensure that

the resulting set Z" consists of pairs of opposite directions

(compare with Figure 1, and the set Z3(d) that the 1st method would give us, which does not
have this property).
We start by setting

I* = {(+1,+6), (—1,=6), (+6, —1), (=6, +1)} = {£(1,6), £(5,—1)}.

Next, out of the 8 = 23 directions that Z* will eventually contain, we define the first 4 to be
the following:

((+1,49),+9), ((—=1,=6),—96), ((+0,—1),—6), ((—0,+1),+6).

In other words, we form these directions by appending one more ‘small’ coordinate to the vectors
in 72 in such a way that the 3rd coordinate will have the same sign as the 2nd coordinate.

Important Note. This also causes the last coordinate of the new direction to have the same
sign as the maximum (in absolute value) coordinate of the preexisting direction (we should keep
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this in mind as it will help us with the recursive definition and also later, when checking the
desired properties of the sets we define).

Note finally that, since Z? consisted of two pairs of opposite directions, these new directions
also form pairs of opposite directions.

The remaining 4 directions of Z% are defined as follows: in all these directions the maximum
(in absolute value) coordinate will be the last one; moreover each of these directions will be
formed

— by considering each of the first 4 directions at a time,

— and by keeping the signs of its coordinates, except for the last sign which will be flipped
(and thus will now be opposite to the sign of the second to last coordinate).

In other words, the last 4 directions of Z3 are set equal to
(+67 +57 _1)7 (_57 _51 +1)7 (+67 _57 +1)7 (_57 +5> _1)

Again these form two pairs of opposite directions.

To illustrate the construction with one more example: the first 8 directions of 74 will be

((+1,40,406),+6), ((—=1,=6,=6),—=0), ((+6,—1,-0),—6), ((=9,+1,+6),+9),
((+6,+6,-1),=0), ((=6,—6,+1),40), ((+6,—6,+1),40), ((=0,+6, —1),—=9),

while the following 8 will be

((+6,46,46), 1), ((=0,—9,—9),+1), ((+d,—6,=0),+1), ((—0,406,40),—1),
(40,498, =0),+1), ((—0,—08,+6),—1), ((+0,—08,+6),—1), ((—0,+d, =), +1).

Again, we observe that the important features here are:

(i) the last coordinate is either the maximum in absolute value, or alternatively it has the
same sign as the maximum coordinate;

ii e projections of the firs irections onto their first (n — 1) = 3 coordinates form

ii) th jecti f the first 8 directi to their first 1 3 dinates f
precisely Z3, while the corresponding projections of the last 8 directions have the same
coordinate signs as the directions in Z% (and thus all combinations of three signs appear);

(iii) in the first 8 directions the last coordinate has the same sign as the second to last, while
in the last 8 directions they have opposite signs;

(iv) the 16 = 8 + 8 directions form 8 pairs of opposite directions.

Assuming now that Z"~!(§) = 7"~ ! has been defined in a way that guarantees the analogous
properties, we can form Z"(§) = Z"™ as follows: out of the 2™ directions that Z" needs to have,
the first 2"~ will be formed by appending to each direction d?~! of Z"~! one more ‘small’
coordinate at the end, so that this new coordinate will have the same sign as the last coordinate
of d?~1; that is,
dy = (d’;_l, sign(d” ! )d).

S s,n—1

At the same time, d?~! enables us to also define one of the remaining 2"~! directions for Z",
which we will denote by d7, : the sign of each of the first n — 1 coordinates of dZ,

2n—1+8' 2"_1+S
will be the same as for the respective coordinate of d?il, while the last coordinate of dgn_l s
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will be equal to 1 in absolute value and will have opposite sign to the previous coordinate, the
(n — 1)-th one. That is,

Buiyy 1= (0 (sign(dlyh), sign(@23)), ... sign(dl, L), sign(dZ, L)), — sign(d2,Ly)).

Based on this definition and the assumption that Z"~! already has properties analogous to the
ones we stated for Z%, it is not hard to check that Z" continues to have the analogous properties.

It remains to verify that Z™ satisfies the statement of Proposition that is, that it deep
illuminates every vector z € R™\{0}. Just as with the above properties, we will verify this
inductively.

Clearly Z? deep illuminates R?. Assume that, for some n — 1 > 2, Z%! has already been
defined in some way that ensures that it deep illuminates R”~'. Moreover, assume that Z" is
defined with the help of this Z"~! as described in the last paragraph (note that we don’t even
need to know that T"' has the analogous properties (i)-(iv), simply that it deep illuminates
R™1, and that I" is defined through it as described last). Consider = € R”\{ﬁ}

e If , is the only non-zero coordinate of x, then we can use (half of) the last 2"~! directions
of " to deep illuminate x (based on what sign(zy,) is).

o If z,, = 0 instead, then Proj..(x) € R 1\{0} (we slightly abuse notation here), and
thus there is d?~! € Z" ! which deep illuminates this projection. But then d? =

(dn!, sign( 3,21—1)5) deep illuminates .

e Finally, if both z, # 0 and Proj..(z) € R"~1\{0}, then again we find d?~' e 77!
which deep illuminates the projection. It follows that either d? = (d7~*, sign(d™ ! )8)

s,n—1
or dj, ,, will deep illuminate z (since the only difference in coordinate signs between
these two directions occurs in the last coordinate).
This completes the 2nd proof to Proposition [14] too. ]

We can now establish Theorem D from Subsection 211

Theorem 16. Let n > 3 and let Z"(1/(n+ 1)) € G™(1/(n + 1)) be any of the sets satisfying
the statement of Proposition[14) Then I"(1/(n+ 1)) illuminates all 1-symmetric convez bodies
in R™.

Proof. Consider an arbitrary 1-symmetric convex body B in R™. Given our terminology, any
set Z"(6) satisfying the statement of Proposition [14] will deep illuminate all the non-zero vectors

of R™, and hence all the boundary points of B. Since we assume here that § = n%rl < %, Lemma
finishes the proof. O

Remark 17. To also cover the case n = 2, we check directly that Z?(d9) = {£(1,40), +(—do, 1)}
illuminates any 1-symmetric convex body B in R2, as long as dg € (0,1).

Indeed, WLOG we can assume that B € S?. If x € B has only one non-zero coordinate,
say r1 # 0, then necessarily z = +eq, and we will have that +e; + F(1,09) = Fdpez € int B,
since dp < 1. Similarly we deal with the case where z9 # 0.

On the other hand, if both coordinates of x are non-zero, then we simply pick the unique
direction from Z?(dp) which has opposite corresponding signs to the signs of z; by Corollary
this illuminates z.

Remark 18. We can summarise the results of this section in the following statement: in the
context of 1-symmetric convex bodies in R", and of subsets (or elements) of G"(4), where
§ € (0, 1), we have that

if a subset (or direction) deep illuminates, then it also illuminates.
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5 Main illumination results

Let n > 2 and let B be a 1-symmetric convex body in R™. Recall that we have defined mg to
be the largest k € [n] such that |e; +e2 + -+ ex|lg = ||e1]/g, and also that

dist(B, [~1,1]") = 1T 62;”' ~+enllp
B

(following from the same definition of dist(-, [—1, 1]™) as the one given in [39]). Thus, if mp < n,
we have that dist(B, [—1,1]") > 1. Unfortunately this does not necessarily imply that one can
hope to illuminate B with fewer than 2" directions, because e.g. the unit cross-polytope CP?
in R?, that is, the body conv{=(1,0),£(0,1)}, satisfies dist(CP?, [-1,1]?) = 2, but it is just a
rotated square, so we need 4 directions to illuminate it.

That said, such examples cannot arise in higher dimensions in the class of 1-symmetric
convex bodies. Indeed, if n > 3 and B is a 1-symmetric body in R” with dist(B, [-1,1]") > 1
(equivalently, such that mp < n), then, as we will shortly see, J(B) < 2" — 2.

For simplicity we also work with the normalisation B € 8", that is, ||e;||g = 1 for all i € [n].
We first prove the counterparts to [39, Lemma 8 and Proposition 10]. Recall that these concern
bodies B € 8" which do not contain any ‘large’ unit subcubes.

5.1 Special cases: no large unit subcubes

Theorem 19. Letn > 3, and suppose B € S™ is such that |le; + ejl|g > 1 forall1 <i<j<n
(in other words, mp = 1). Then B can be illuminated by the set

[Z771(5) x {0}] U {xen},
where T"~1(1/n) is any of the sets given by Proposition [14. Thus T(B) < 2" + 2.
Proof. Let z € 0B. We distinguish two cases.

o If |z,| < 1, then we could use Corollary [7| with the affine set {£& € R" : &, = z,}
which contains the point x,e, € int B. Note that the projection of the section B,, =
Bn{¢eR":¢, =x,} onto the first n — 1 coordinates is a 1-symmetric convex body in
R~ ! (allowing some abuse of notation), and Proj, 1 (x) is on its boundary (because if it
weren’t, x would be in int B by Lemma @ By Theorem (and Remark [17|in the case
that n = 3), we know that Proj(B,,) is illuminated by Z"~1(1/n). This implies that we
can find d?~! € Z"71(1/n) such that

Projei(z) +¢ d”! € int Proj(B,,,)
for some ¢ > 0. Equivalently z + ¢ (d?~!,0) is in relint B,, , and thus in int B.

o If |z,,| = 1, then, by the assumption that |le; +e;||g > 1 for all 1 < i < j < n, we have
that |z;] < 1 = |z, for all i < n — 1. But then we can use Lemma[4] (this case is handled
in the same way as in [39, Lemma 8§]).

The proof is complete. O]
Next we provide an alternative to [39, Proposition 10], which dealt with the illumination of
those 1-symmetric convex bodies B that have ‘large’ distance to the cube: dist(B, [—1,1]") > 2.

Recall that this implies that mp < 5. Now, using this last assumption as our starting point,
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we establish an alternative result which works for all dimensions n > 4 (observe that, if n = 3,
then mp < % implies that mp = 1, thus the case n = 3 is already handled by Theorem .

We first gather some estimates for certain partial sums of binomial coefficients (these will
come up as upper bounds on the cardinalities of the illuminating sets we will use).

Lemma 20. For all n > 3, we have that

(1)),
<2t -2
2 SZ% <S>\2 2

Moreover, this inequality is sharp only when n = 3. For higher n, we can obtain the following:
if n =5, then the left-hand side is = 21 — 4, if n = 6, the left-hand side is = 2"~ — 18, while

for all other n it holds that
l(n—1)/4] n n
2 <2mt — < " )
—0 (5) 15]

Finally, for sufficiently high dimensions the left-hand side is even smaller: we have that
) L(n_zli/‘lj n\ @ T +O(logn)
= s)  \ 27 ’

Proof. For n between 3 and 8, we can check the relevant inequalities directly. When n > 9, for
convenience we will consider four cases:

n = 4k for some k > 3. Then |2!] =k —1 > 2. We have that

ra s (1) () =2 (D)2 (1) = (3)

We have that 2(%”_1) = 2(2k71)7(!2k+1)! = 22,§f_1 ((225!)2 > (272), and moreover we have that

(5)« (D) =ner - () < (2)

Therefore we can write
n 2k—2 n
(-2 ()]

22 (=26 () 0] <) 32

s=

and this gives us

which implies the desired inequality.
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n = 4k + 2 for some k > 2. Then L%J =k > 2, and we also have that

"=2§<Z>+(2k+ i() 3 (Z)+<2ksn+1>

s=k+1

=0
Again combining the facts that 2(;;) > (2k+1) d@)+M)+G)<()< (kil)v we can

conclude that
E o/ k Qk 1
() =x () 5, C)
s=0 s=0 s=k+1
n n n
=2" -2 2" —2
(o)~ (o) <2 =2 )
n = 4k + 1 for some k > 2. Then |2~ | =k > 2, and we also have that

2":2% Z —2§:<Z>+2§ (:)

s=0 s=k+1

as before.

s}
<
—
=
@
&
@]
=+
—
=
®
=
—
SN—
+
—
=3
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+
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S— o
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—
w3
SN—
N

< (,C_T_l), we can conclude that

)+ 3 ()= -2(3)

s=k+1

W
]~
7 N
» 3
N———
VAN

[\)
]~
7N
»w 3

n = 4k + 3 for some k > 2, and we also have that

2k+ n k n 2k+1 n
M =9 = 9 2 .
) =22 ()22 (1)

s=0 s=k+1

WV
H
=
(@}
=
"1
L
Il
>

By the fact that (;) + (7) < (3) < (j141), we can conclude that
koo % o .
() en ()3 ()= olul)

Finally, regarding the asymptotic behaviour, we can observe the following:

()< % (<5 ()

Then the desired estimate follows from Stirling’s formula. O

Theorem 21. Letn > 4. We can find a subset T" of G™(1/(n+1)) (the ‘big’ set in Proposition
when we set 6 = n+1) which has cardinality

[(n—2)/4] n—1
=4 <2m g,
ETIDS (" )
and the following property: let B € 8™ with mp < &; then B is illuminated by the set

(71 (1) x {0}] U7,
It follows that, for any such body B, Z(B) < 2™ — 4 (and in sufficiently high dimensions,
I(B) < 2t 4 (2) 1 HO0sm)
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Proof. Let B € 8" with mp < 5, and let 2 € 9B. We distinguish two cases.

o If |z,| < 1, then we invoke Corolloary 7| with the affine set {¢ € R" : £, = z,} and
Theorem [16] to deduce that one of the directions in [Z"71 (1) x {0}] will illuminate z.

o If |z,| = 1, then ||z][xc = 1 and therefore, by the main assumption for B, we must have
| M| < 5. Moreover, n € My, and thus [M,N[n—1]| < §—1. We know by Lemmathat
it suffices to find a direction d, from G™(1/(n+1)) which deep illuminates Proj,, (x) (the
projection of x onto the subspace spanned by e, k € M,;). We agree from the beginning
that the maximum (in absolute value) coordinate of d, will be the n-th one, so for the
remaining coordinates we just have to pick the signs carefully so that, if k € M, N[n—1],
then sign(zg) = —sign(d, ). Let M = {k < n : |zx] = ||#]|ec and zx > 0} and
M, = M, \ M. Tt suffices to pick the direction so that

dyp g = 7%—{-1 forall k € M N[n—1] and d, x = +%+1 for all [n — 1]\ M,  (5)
or alternatively so that
ok = +57 forall k € M, N [n—1] and dpj, = — 25 for all [p — 1]\ M. (6)

We can achieve this by going over all subsets C,. of [n — 1] of a certain cardinality r, and
by setting all entries with index in C;. equal to —n%rl (say) and all remaining entries equal
to +nL+1 (the negatives of the directions we construct in this way will be those directions

which have —i—n%rl in entries with index in C), and —n%rl in all remaining entries; in other

words, from a direction which satisfies ([5)), we can pass to a direction which satisfies @
by taking negatives).

To be more efficient in how many directions we will include in 7", we also note that either
M N[n—1]] <|M,; N[n—1]| or the reverse inequality is true. Hence, we can choose
a direction d, for = which satisfies either (5| or @ based on which subset is smaller. In
either case, we can check that

n—2
4 b

min{|M; N [n—1]|,|M; N[n—1]|} <
and therefore we can set
T ::[n%rl . {(61,62, ey €n—1): € = —1 for at most ”T_2 indices ¢ € [n — 1]}] x {£1}

U [n%rl {(e1,€2,.. ., 6n—1) 1 & = +1 for at most 232 indices i € [n — 1]}] x {£1}.

It follows that

=2/}
=2-2
7 > ("))

s=0
and, as explained above, some direction from 7" illuminates the point x.

We have thus shown that [Z"~!(1) x {0}] UT™ illuminates all boundary points of B. It remains
to recall Lemma [20] which gives the desired bounds on the cardinality of T". O
Remark 22. Using pairs of opposite directions. In all the results so far, wherever we
had to use the set Z"(1/(n + 1)) or Z" *(1/n), we could select it to be any of the sets whose
existence Proposition [T4] guarantees.

Of course we can more specifically choose it to be the set that we constructed by the 2nd
method in the proof of Proposition the ‘combinatorial construction’. In that case, we will
also have that it is formed from pairs of opposite directions. This in turn will also imply that
the full illuminating sets that we work with in Theorems [I9] and 21] have this property too.
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In the next subsection we finally come to a setting in which we no longer have the flexibility
to pick any eligible construction for Z": we will specifically have to work with the ‘combinatorial
construction’ that we gave.

5.2 General case: large unit subcubes allowed

The following theorem deals with the general case, and should be viewed as one of the two main
results of this paper: we can now show, for all n > 3, that, if B € S™ satisfies dist(B, [—1,1]") >
1, then J(B) < 2" — 2, and we can do so for small or big mp € {1,2,...,n — 1} simultaneously
and in a unified way. The only thing that may require some adaptations, and which can affect
the values of the parameters that we will use, is how close dist(B, [—1,1]") is to 1.

Theorem 23. Let n > 3, B € 8™ and suppose that dist(B,[—1,1]") > 1 (in other words,

mB < n).
Let In(%—i—l) be the ‘combinatorially constructed’ set from Proposition that is, the subset
of G”(n%rl) that we define using the 2nd method in the proof.

We can find some sufficiently small n > 0 (which will depend only on the dimension n and
on how small [dist(B,[—1,1]") — 1] is) such that the set

1 1 1 1 1 1
{ "(m)\{i(+1v+mv+mv~-7+T+17+T+17+T+1)7
1
+ <+ni1’+nil’+n}k1""’+ni1’_ n+1’+1)}]

U {i(+17+%ﬂ?+%ﬂ? M ‘7+%“F17 Tl’ +%H)}

will illuminate B.
We can conclude that Z(B) < 2" — 2.

The key ingredient of the proof to the theorem is the following lemma:

Lemma 24. Let § € (0,1), and let n > 3. Suppose I™(6) is the ‘combinatorially constructed’
set from Proposition [14), and consider its subset

I75(8) :=I™(8) \ {£(+6, 46, ..., 46, +5, —8,+1)}.
Then I",(8) can deep illuminate every vector in R™\ {0} which has at least one zero coordinate.

Proof. Recall that the set Z™(d) given by the 2nd method in the proof of Proposition is
constructed by dividing it into four parts:

e the first part consists of all the directions d which satisfy sign(d,—2) = sign(dp,—1) =
sign(dy). Moreover, the maximum (in absolute value) coordinate of d is one of the first
n—2.

e The second part consists of all the directions d which satisfy sign(d,,—2) = —sign(d,—1) =
—sign(d,,). Moreover, the maximum (in absolute value) coordinate of d is the (n — 1)-th
one.

e The third part consists of all the directions d which satisfy sign(d,—2) = sign(d,—1) =
—sign(d,,). Moreover, the maximum (in absolute value) coordinate of d is the n-th one.

e Finally, the fourth part of Z"(d) consists of all directions d which satisfy sign(d,,—2) =
—sign(d,—1) = sign(d,,). Moreover, the maximum (in absolute value) coordinate of d is
the n-th one. Observe that this is the part from which we remove two directions.
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Let z € R™\ {0}, and assume z;, = 0 for some ig € [n]. Assume initially that {n—2,n—1,n} N
Z, # () (note that this covers all possibilities when n = 3).

If n € Z, (in which case we can set igp = n), we just need to deep illuminate Proj.1 (z) by a
direction d’ € Z"1(§), and then pick the corresponding direction d = (d', sign(d,_;)8) € Z"(6)
(note that this direction will be contained in the first two parts of Z"(J), hence it is also in
T7(9)).

If instead n ¢ Z,, but n—2 € Z, (in which case we could choose ig = n — 2), we distinguish
two further subcases:

- if n—1¢€ Z, as well, then we can deep illuminate x using the directions from the third
part of Z"(4) (since this part contains all possible combinations of signs for the first n — 3
coordinates and the n-th coordinate, and moreover the maximum (in absolute value)
coordinate is the n-th one, for which we have z,, # 0).

- Ifn—1¢ Z,, then we can use directions from either the second part or the third part of
7Z"(6), based on whether sign(z,—_1) = sign(z,) or not (we use the second part of Z"(J) in
the former case, and the third part in the latter case).

Next assume that {n —2, n} N Z, = (. If we still have n — 1 € Z, (in which case we can set
ip = n — 1), then we can use directions from either the first part or the third part of Z"(d) to
deep illuminate x, based on whether sign(x,,_2) = sign(x,,) or not (we use the first part of Z"(0)
in the former case (in fact we first deep illuminate Projy,, , . 11 (x) by a direction d’ € 2(6),
and then work with the direction d = (d’, sign(d,,_,)d,sign(d},_,)d) € Z"(5)), while in the latter
case we use the third part).

Observe at this point that we have completed the proof in the case that n = 3. For the
rest of the proof assume that n > 4, and note that the only possibility that remains is when
{n—2n—1ntNZ, =0 and Z,N[n—3] #0. If it is NOT the case that sign(z,_2) =
—sign(x,—1) = sign(z,), then we definitely have to use a direction from the first three parts of
Z™(6) to deep illuminate z; fortunately all these directions remain in Z",(9).

If instead sign(z,—2) = — sign(r,—1) = sign(z,) and z;, = 0 for some iy € [n — 3|, then we
pick a direction d from the fourth part of Z"(J) that satisfies sign(d;) = — sign(x;) whenever
x; # 0, and also satisfies sign(d;) = —sign(d,) = —d, for all j € Z, C [n — 3] (note that we
have at least one such index here, the index ig). This (unique, by our definition) direction deep
illuminates x, and moreover it is not one of the directions (44, 44, ..., +d,+d, —d,+1) (since
these directions satisfy sign(d}) = sign(d;,) for all j € [n — 3]). Thus d belongs to Z”4() too.

This completes the proof of the lemma. O

Proof of Theorem[23 Let
OB :=|lex +ex+ - +ep1+ €n||1_31 = H1H1_31'

We have that fg < 1 since B is not the cube [—1, 1]". In fact, as already observed in Subsection

1 1

= 1-0g) < ——
B n+2( B) n+1

and write Iﬁz(n%rl, 77B) for the set in the statement of the theorem which one gets if n = ng.

Let x € 0B, and assume first that |M;| < n — 1. Then by Lemma (12| (and also Remark
we know that, if a direction d € IEQ(%H, 77B) deep illuminates the projection Proj,, (z) of =
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onto the coordinates with indices in M., then d will also illuminate x. Note that IEQ(%H, 77B)
and IEQ(%H) only differ in two elements of them, and for those two directions of Ifg(n%rl)
that have been replaced, we have only changed one of their small coordinates to something even
smaller in absolute value (without changing the sign). Thus, by Lemma IEQ(%H, 77]3) will
also deep illuminate all the non-zero vectors of R™ which have at least one zero coordinate, and

the projections Proj,, of the boundary points that we consider here do have this property.

Consider now the remaining boundary points of B: these are precisely the point 651 and
all its coordinate reflections. Let y be one of these points. If we can find a direction d €
", (n%rl, 7713) which deep illuminates y, then we know that d also illuminates it (in this case we

need sign(d;) = —sign(y;) for all i € [n] since y has no zero coordinates). In this way, we can
take care of all coordinate reflections of 61 except for the following two:

Y+ = :E(HB, 0B,...,05,—0g, 9]3).

Consider
Y+ = (0B7 0]37 sy 0B7 _eBa HB)
and the direction

(=1 -1 _ 1 1 __1
dl*( L= —ngm o " g By n+1)'

Then

Y+ + eBdl = (07 (1 - %H)QPM SER) (1 - %H)GPM _(1 + 77]3)9]37 (1 - %H)QB)

Compare the coordinates of this vector with those of the following convex combination in B:

woi= (1 )L+ e
- ((1 - %4—2)0]37 (1 - %4-2)9]37 EER) (1 - %4.2)9137 OB + %.5.2(1 - 9B)7 (1 - %.FQ)GB)

For all ¢ € [n] \ {n — 1}, we have that the i-th coordinate of y4 + d; is non-negative and
strictly smaller than the ¢-th coordinate of wg. Moreover,

|(y+ +0Bd1)n—1| = 0B + 1BIB < OB + 1B = WoN—1.

Therefore, we can apply Lemma [I] and conclude that ¢y + 0gd; € int B.
Similarly we illuminate the boundary point y_ = —y4 using the direction —dj. O

Remark 25. Using pairs of opposite directions: Reprise. Theorem 23| shows that, even
in the general case, we can use illuminating sets which consist of pairs of opposite directions.
Thus, as we also said in the Introduction, in the class of 1-symmetric convex bodies we answer
an additional conjecture by Lassak, who surmised in [28] that this should be possible for all
origin-symmetric bodies.

This also allows us to settle the X-ray conjecture by Bezdek and Zamfirescu for all 1-
symmetric convex bodies. Recall that the X-ray number X (K) of a convex body K in R",
as proposed by Soltan, is the minimum number M of non-zero vectors ui,uo,...,up such
that, for every p € 0K, we will have (p + Ru;) Nint K # ) for some i € [M]. Clearly,
X(K) < 3(K) < 2X(K), while Bezdek and Zamfirescu [9] conjectured that we must have
X(K) <3-2"2for all K C R"™ (see [9], and also e.g. [7], for further details on this conjecture).

Of course, in our setting, given that all our illuminating sets can be chosen to consist of
pairs of opposite directions, we obtain that X (B) < 2"~! for all B € 8", n > 3 (and in fact
X(B) < 27! — 1 if B is not the cube).
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It should also be noted that, in sufficiently high dimensions, the X-ray conjecture for 1-
symmetric bodies followed by Tikhomirov’s method too. Indeed, recall that Tikhomirov’s
method gives the following (see Remark [10): every B € 8™ which satisfies dist(B, [-1,1]") > 1
can be illuminated by one of the sets T} and T3 (using the notation of Propositions B and
C). One can quickly check that the set Ty consists of 2"~ — 2 pairs of opposite directions
and 3 additional directions whose negative is not included. Thus if B is illuminated by 77,
then X(B) < (2"7! — 2) + 3 (by keeping only one direction per pair, along with all 3 direc-
tions which are not in a pair). On the other hand, if B is illuminated by T3, and if we also
assume that n is sufficiently large, then (by Tikhomirov’s bounds on |T3]) we will have that
XB)<IB) < Ty <2v + 2 <3272,

6 Illumination for (1 + ¢)-symmetric convex bodies

We can use the results in the previous sections to settle the Illumination Conjecture for a
slightly wider class of convex bodies, which comes up as a natural enlargement of the class of
1-symmetric convex bodies (we thank Vladimir Troitsky for posing this question to us).

Definition 26. Let K C R" be a convex body, and let o > 1. We say that K is a-symmetric if,
for every x € K, for every choice of signs ¢; € {£1},4 € [n], and for every permutation 7 € S,
we have that

(elxﬂ‘(l)7 62x7'r(2)7 KRR en—lmﬂ(nfl)a 6nxﬂ‘(n)) € aK.
One simple consequence of the definition is that an a-symmetric convex body will contain
the origin in its interior. If the parameter « is really close to 1 (how close this needs to be will

become clear later), then, as we will see, K will have sufficiently small geometric distance to a
genuine 1-symmetric convex body, and will thus satisfy the Illumination Conjecture too.

Lemma 27. Let a > 1, and let K C R" be an a-symmetric convex body. Then we can find a
1-symmetric convexr body Bg such that

By C K C aBy
(equivalently, such that dist(K,Bg) < «).

Proof. Since K contains the origin in its interior, we can consider the following intersection,
which will be non-empty:

By = (| [(diag(er, €2, ... €n) - Pr](K)
ei€{t1},meS,

where Py is the permutation matrix corresponding to the permutation 7, diag(ey, €2, ..., €,) is
the diagonal matrix with diagonal entries €1, €9, ..., €,, and where we consider all possible ways
of combining a choice of signs ¢; € {£1},7 € [n] and a permutation = € S,, (including the one
giving us the identity matrix).

Then By is a convex body, and moreover it is 1-symmetric. Indeed, let x € Bg. Then for
every choice of signs 7; € {£1},4 € [n], and for every permutation o € S,,, we will have

(nlxa(l)a mLs(2)) - - - annxcr(n)) €

[diag(nlan%--'ann)'PU] ﬂ [diag(617627"'76n)'Pﬂ](K) =
e;€{x+1},m€SH

() (diag(m, 2, ... .nn) - Pl - [diag(er, €2, ..., €n) - Pr]) (K)
e, €{£1}, €S,
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because diag(n1,m2, . .., M) - P, represents an invertible transformation. We can further see that
this last intersection is

= () [diag(mieo), n26o(2)s - -+ In€o(n)) - Poor) (K)
e; {1}, meSH

since diag(n1€4(1), 72€5(2)s - - - » M€o(n)) * Poor TUNS Over all possible combinations of a choice of
signs € € {£1},7 € [n] and a permutation 7 € S, if ¢; € {£1},7 € [n| and ® € S,, do the same.

In addition, By satisfies the required inclusions. The first inclusion is immediate. To confirm
the second one, let x € K. Then z € aK too (since K contains the origin and it is convex, while
a > 1). Furthermore, for any non-trivial combination of a choice of signs ¢; € {£1},i € [n] and
of a permutation w € S,, our main assumption for K gives that

(elxw(l)a €2TLr(2)) -+ En—1TLxr(n—1); enxﬂ’(n)) € ak
= € a[Pr1 - diag(er, €2,. .., ,)](K) = a[diag(er—1(1), €x-1(2)s - - +» €x—1(n)) - Pr1](K).

Since diag(€x-1(1), x-1(2)s - - s €x-1(n)) * Pr—1 TUNS over all possible combinations of a choice of
signs € € {£1},7 € [n] and a permutation 7 € S, if ¢; € {£1},i € [n] and 7 € S, do the same,
we conclude that

T E ﬂ [diag(€1, €2, ..., 6,) - Pz](K)| = aBy.
Ge{+1},7€S,

The proof is complete. ]

Next we recall a semicontinuity argument by Naszdédi [34] and adapt it to our situation.
First we need to recall how we pass from illumination to covering.

Remark 28. Let K C R" be a convex body, and let D = {d1,ds,...,dy} be a set of directions
which illuminates K (obviously J(K) < M). Then for every x € 0K we can find d, € D and
€z > 0 such that
T+ egdy €int(K) &z € —epdy + int(K).
Clearly we can also do that if y € int(K): y € —eydy + int(K) for some dy, € D and ¢, > 0.
Thus
K c | (—e.d- + int(K))
zeK

and by compactness, for each 1 < i < M we can find ¢, 6%, . ,5;_ > 0 such that
K c U, UL, (—€id; + int(K)).

It remains to note that, because of convexity, for any point z € K, the containment x €
—¢e5d; + int(K) implies also that z € —(minigj<s, €5)d; + int(K) (mdeed if ) = minjcj<s, €

(:c+€ d;) € int(K) too).

]7

and aé-gc > gf), then x + Eé»x d; € int(K) implies that ( 60 o)
Thus we have found 71, 72,...,7a € R™\ {0} such that

K c UM, (7; + int(K)).
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By compactness again, we can also find 0 < A\g < 1 such that K C UM, (r; +int(\K)) C
UM (1, + M K) (we can first assume for convenience that K has been translated to contain the
origin in its interior).

We can now observe (see e.g. [34, Proposition 2.2]) that, if L is another convex body which
satisfies dist(K,L) < 1+ 17;‘", then we can also write

Lcul (7 +5\EL)

for some S\\(/) < )\0—1—)\0% < 1. Thus J(L) < M too. In fact, because the illumination number is
an affine invariant, we can even allow translates when considering distance, and more generally
use the Banach-Mazur distance: as long as we can find a,b € R"” and T' € GL(n) such that

T(L)-bC K —aC (1+59)(T(L) - b),

the above conclusion holds (compare also with Lemma |8 from Section .

Nasz6di in [34] uses this to conclude that, if supggpn J(K) < A, there is a common ho-
mothety factor A, = A, 4 € (0,1) with the property that, for any convex body K C R",
N(K, \K) < A (recall that N(Q1,Q2) stands for the covering number of a set @)1 by another
set Q2). The key ingredient here is the compactness of the Banach-Mazur compactum, so we
can have the same conclusion within smaller compact classes of convex bodies in R™.

Proposition 29. For every n > 3, we can find A1, € (0,1) such that, for every convex body
B C R" affinely equivalent to a 1-symmetric convex body, we will have N (B, A1 ,B) < 2™.

Furthermore, for every éo € (0,1), we also have the following: we can find Aoy = Ao ps, €
(0,1) such that, if B is affinely equivalent to a 1-symmetric convex body B which satisfies

dist(B, [=1,1]") > 1+ by, then N(B, Ay, B) < 2" — 2.

Proof. We essentially reproduce Naszddi’s argument, but adapted to the situation at hand
(and with some details added for clarity). The illumination number, which coincides with
N(K,int K), is an affine invariant, and in fact so are the quantities N (K, uK) for any p > 0.
Thus, we can assume that every convex body we consider is in 8. By Theorem we know
that, for every B € 8™, 3(B) < 2". Then, as explained before, by compactness we can find
some pup € (0,1) such that N(B, upB) < 2" (we can choose up in a deterministic way too, by
e.g. setting it equal to w
such that N(B,uB) < 2").

Assume towards a contradiction that supgegn B = 1 (note that this is equivalent to as-
suming that supgegn 14B,inf = 1), and consider a sequence of convex bodies B; € §" such that
1B, — 1. Recall that, by our normalisation, for all these bodies we have

where pp inr is the infimum of all homothety factors p € (0,1)

CPI” = conv{:l:ei 11 € [n]} CB; C [_L 1]n’

and thus we can apply Blaschke’s selection theorem to obtain a subsequence (B;;) of (Bj)ien
and a convex body Ko that (B;;) converges to in the Hausdorff metric. Since every By, is 1-
symmetric, and in fact in 8", we can conclude that Ky is also in 8. Thus we have J(Kj) < 2"
and N (Ko, g, Ko) < 2" for some pug, < 1.

By what we said above, if L is any other convex body whose Banach-Mazur distance

distpar (Ko, L) from Ky is < 1+ I_HKO, then we will be able to write N(L,pu1L) < 2™ with

2
+1
(1 some constant < “K+ <1

In particular, this will be true for the convex bodies B;; once j gets sufficiently large (since
small Hausdorff distance from Ko will imply distgys (Ko, By;) gets sufficiently small too). But
this gives lim sup /B inf < p1 < 1, contradicting our assumption about the sequence (B;);en.
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Therefore, we must have supgcg» uB < 1, and thus we can set A1, equal to this supremum.

For the second part of the statement, we use a completely analogous argument, except that
now we restrict our attention to convex bodies B in §" such that

1
1+ 60

ler+ea+ - +enl3h = (dist(B, [-1,1]") " <

For such convex bodies, we have shown in Theorem [23| that 3(]§) < 2" — 2. Moreover, for
any sequence (B;);eny of such bodies, Blaschke’s selection theorem will give us a convergent
subsequence which converges to a convex body Ky which also satisfies

1
<

—1
||€1+62+"‘+6n”1~(0 S 1+50

Hence, a straightforward adjustment of the previous argument gives the desired conclusion. [

We are now ready to verify the Illumination Conjecture for (1+4,,)-symmetric convex bodies
too, where d,, will be a small positive constant (allowed to depend on the dimension). In fact,
the main idea in the following argument can also be used to settle the X-ray conjecture for such
convex bodies (see the remark at the end)

Theorem 30. For everyn > 3 there is ay > 1 such that, if K C R™ is an an-symmetric convex
body (or is affinely equivalent to such a body), then K satisfies the Illumination Conjecture. In
other words, J(K) < 2™ — 1 unless K is a parallelepiped, in which case J(K) = 2".

Proof. As mentioned in the Introduction, Livshyts and Tikhomirov [3I] have shown that, for
every n > 3, there exists a small constant §,, such that, if K is not a parallelepiped and
satisfies distpps (K, [—1,1]") < 1+ &,, then J(K) < 2" — 1 (in fact, the upper bound here is
optimal: as they show in their paper, there are convex bodies, as close to the n-dimensional
cube as one wants, which have illumination number equal to 2" —1). We will eventually choose

oy < \/l—i—gn.

At the same time, based on the previous proposition, we can find Ao = A 0,1) such

Q,n,gn € (
that, for all B € 8" with dist(B, [~1,1]") > 1/1 4 6y, we will have N (B, A;B) < 2" — 2. But

then, for any convex body L which satisfies distpas(L,B) < 1+ % for some B as above, we
will be able to deduce that J(L) < 2" — 2.

~ 1—
an:min{\/l—i—dm 1+ 2)‘2}

and consider an ay,-symmetric convex body K in R™ which is not a parallelepiped. By Lemma
we can find a 1-symmetric convex body By such that dist(K,Bg) < «,. We consider two
possibilities.

o dist(Bg,[~1,1]") < \/1+ &,. Then

dist(K, [—1,1]") < dist(K, By) - dist(Bo, [-1,1]") < ap - \/ 1 + 5, < 14 Oy,

Fix now

and thus by [31] we obtain that J(K) < 2" — 1.
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e dist(By,[—1,1]") = \/1 + d,. Then, given how we chose Ay above, we will have that

1—2X2

dist (1, Bo) < an < 1+ —

implies that J(K) < 2" — 2.
The proof is complete. O

Remark 31. Going back to Remark and Proposition let us examine the arguments
there more carefully: our purpose for doing this is to confirm that we have also settled (through
the above) the X-ray conjecture for a,-symmetric convex bodies, if , > 1 is small enough
(depending on the dimension).

Indeed, we can check that, if D = {d1,ds,...,dy} is an illuminating set for a convex body
K C R" (where M > J(K)), then we can write

K C UMY, (r; + int(K)),
with the translation vectors 7; satisfying:
{ri:1<i<M}={-58di:1<i<M}

for some small enough &y > 0. Afterwards, by compactness, we can also find g € (0,1) so that
K C UM, (=&yd; + AoK). But then, if L; is another convex body in R" satisfying the precise
inclusions

L CKC(14+1529)L,

we will be able to write

LiCcKC Ui]\il(—godi + MK) C Ui]‘il (—é\odi + )\0(1 + 13AO)L1) ,
which shows that, for every boundary point y of L,
there is ¢ = i, € [M] so that: y € —&yd; +intLy < y+Eod; €int L.

In other words, D is an illuminating set for L; as well.
Now, going more carefully over the proof of Proposition we see that for every n > 3
there exists A1, € (0,1) so that, if B € 8", then we will be able to find some eg > 0 such that

BC U (—eBd + M\1,nB),
dezn(1/(n+1))

where Z"(1/(n+1)) is any of the sets satisfying Proposition [14] (that we have fixed beforehand).
In other words, now we also keep track of what the translation vectors will be (up to the scaling
factor eg) when we cover B by smaller homothetic copies of itself.

We finally also assume that we have chosen a construction of Z"(1/(n + 1)) which
consists of pairs of opposite directions (e.g. the construction that we have already pre-
sented).

But then, if we set a,, = 1+ 1_;‘1’", and we consider K C R™ which is affinely equivalent to
an q,-symmetric convex body, we can conclude that some affine image of K is illuminated by
the set Z"(1/(n + 1)), hence by a set which consists of 2”1 pairs of opposite directions. Thus,
both this affine image and K itself satisfy the X-ray conjecture (and also give an affirmative
answer to Lassak’s question about ‘efficient’ illumination using pairs of opposite directions; this
is true even though K may not necessarily have a centre of symmetry).
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Appendix A

Here we justify Claim F from the end of Section |3| (which recovers [39, Proposition 5]).

Proof of Claim F. Fix n > 3 and B € S§" with 1 # dist(B,[—1,1]") < 2. Given the
normalisation of B, and since 1 < dist(B, [—1,1]") < 2, we can find ¢ € (0,1/2) such that

n

(3+e€)l=(3+e€)) eicB (7)
=1

(we might as well assume here that €y is maximum possible).
Let us suppose that B is not illuminated by the set T;. Then, as the proof (and not just
the statement) of [39, Lemma 7] shows, B must contain a boundary point of the form

Zo = (7B77B7"'77B77B71) (8)

with vg € (0,1) and such that
BC{yeR":yi+yn < Toi+T0n=18+1} 9)

for any ¢ € [n — 1]; in other words the vectors e; + ey, ¢ € [n — 1], are outer normals of B at xo.

We justify this claim first: due to [39, Lemma 6], and given the existence of the point in
(7) (which makes the inequality in the statement of [39, Lemma 6] impossible to satisfy), the
only points in 0B that wouldn’t be illuminated right away by some direction in 7} are points x
which have only non-zero entries and such that x; < 0 for all j <n — 1.

Moreover, if |z,| < 1, then we could also use Corollary [7| to confirm that the direction
e1 + ez + -+ + ey illuminates a point = as above. Thus, we must also assume that |z,| = 1.
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Finally, we can rule out the possibility that such a point x, which is not illuminated by
any direction in T3, could satisfy minjcp,_1) 2| < maxjep,—q) |z;]: indeed, if we had [z | =
minep,—q) 2] and [2j,| > |2, | for some ji,j2 € [n — 1], then x would be illuminated by the
direction

—ej, — sign(xy)en + Z e

i€n—1\{51}
in T7. This is because such a boundary point x would not have any outer normal vectors v
with vj, # 0 and v; = 0 for all j € [n — 1]\ {j1} (because any such vector v would satisfy
(Pj, j,(x),v) > (z,v), where Pj j, is the transformation swapping the ji-th and the jo-th
coordinates). Recall now [39, Lemma 4] which tells us that, if w is an arbitrary outer normal at
x with wj, # 0, then we will have that |wj/| > |w;,| > 0 for both j" = j; and j' = n; moreover,
recall the basic observation that w;-x; > 0 for all i € [n] (following from the 1-unconditionality).
Thus

<—ej1—sign<xn>en+ T e w>=|wjl|—|wnr+ S (i) < 0

i1\ (i1} ieln—1\{j:}

since |wj, | — Jwy| < 0 and since there will be at least one more non-zero summand, the term
—|wj,|, in the expansion of the above dot product. Clearly, it is even simpler to see that the
corresponding dot product will be negative if w;, = 0. Thus the desired conclusion follows from
Criterion A.

From the above discussion, we are guaranteed that the ‘problematic’ boundary points of B

have the form
T=Tys=(—7,—7...,—7, —7, £1)

for some v > 0. We can also assume that v = g is maximum possible (given that, for smaller
values of =, the corresponding points will not be extreme, so they can be handled quickly once
we illuminate all extreme (or possibly extreme) points of B).

Recall now that dist(B,[—1,1]") > 1, and thus yg < 1 and |Z;| < |Z,| for all j < n —1.
But then we can go over the above discussion again, as appropriate, to obtain that a direction
of the form

—ej, — sign(xy)en + Z e

i€n—1\{j1}
for some j; € [n — 1] would illuminate Z except in the case that # would have an outer
normal vy of the form |vg j,| = |von| # 0, and vo; = 0 for all ¢ € [n] \ {j1,n}. In the latter case

we would get the condition
B + 1= || + [Zn] = max{[y; | + |yn| : y € B},
which is what we claim at the beginning.

For the remainder of this proof, we rely on the assumptions in and in the paragraph
containing (§)-(9). Given that 1 + g < 2, and that 1 + yg = max{|y;| + |yn| : y € B}, where
i is any index < n — 1, we cannot have e; + e, € B. In other words, the type of 1-symmetric
convex body B that we have now focused on satisfies |le; 4+ ¢;||g > 1 for all i # j in addition to
the other conditions; let us set 8y = ||e; + ;| 5'-

It remains to observe that, because the point in @ has been chosen to be a boundary point
of B, we cannot have all the coordinates of xy be bigger than % + €9. This shows that

1
7B < 5 o (10)
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We can now check that 75 illuminates B by arguing as follows: if x € 0B satisfies |z, | = 1,
then |z,| will be the unique maximum (in absolute value) coordinate of x, and hence +e,, will
illuminate = according to Lemma {4 (the same conclusion will hold if |x,| > S, as this will still
imply that |x,| is the unique maximum coordinate of x).

On the other hand, if we have |z,| < 1, we could invoke Corollary [7, and try to illuminate
Proj.1 (z) as a boundary point of Py, = Proj.i(By,) where By, = {y € B : y, = z,}: we
would like to show that P, (viewed as a subset of R"~1) is illuminated by {—1,1}"~!. Recalling
Lemma [§] it would suffice to prove that P, contains

—1
HelllpgDn

5 (er +ea+ -+ en1)

in its interior.
Note that it is easy to conclude this if |2,| < 3 + €g, given that |e; H;zl < 1 in all cases, and
moreover here we will have

1 1 1 1
(3+e€z+eo,. .5+ €0, 5+, 2n) € By,

Thus it remains to consider the regime 3 + €y < |z, < 1. Let us try to estimate [le1||p,,
in such cases. Consider a point y on the relative boundary of B, that has only one additional
non-zero coordinate (besides the n-th one); let’s say y; is the non-zero coordinate. Then we will
have |yi| + |yn| = |yil + |zn] < 1 + B, which shows that H€1H1_3z1n = |y <1+ — |20l

Next we look for A\, € (0,1) so that

Xew + (1=Ae) (B +e0) =] & Ay =2

We then have that the convex combination

Az, (VBB - -, VB, VB, sign(xy,)) + (1 — Axn)(% + €o, % + €0, -, % + €, % + €g, sign(mn)(% + eo))

will be contained in B,,,. It holds that

_1
Ao+ (1= Aa) (g +e0) = —1T——m + T

_zalve + (5 +€0) (1 =B — |znl)

1
2~ €

We would like this expression to be

14+ 9B — ||

>
2

But this is equivalent to

1— |z 3
2|n| + 3e0(1 — |zn|) + 2|zn|vB > 5B + €0YB,
which we can rewrite as
1 — |z,

B
+3e0(1— |za]) + 2(Jzn] — L —€0)1B > B —€ym,

2 2
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and furthermore as

(3 —€0) (Aen2vB + (1= Ap)3) +3e0(1 — |zn]) > 7?]3 — €7B
& (A-e)M 2B+ (1= X)5 —B) +3e0(1 — |zp]) > 0
& (3-e)MmB+1=2:) (3 =) +3e0(1 — |zn]) > 0.
Because of , we have % — B = —¢g and therefore
(% - 60) (Axn'YB + (1 - )\mn)(% - 'YB)) + 350(1 - |mn|)
= (% — 60) ()\xn’yB — (1 — )\IH)EO) + 360(1 — |xn|)
= (|xn‘ — % — 60)’}/]3 + 260(1 — ’.’L‘n|) > 0.

Thus, in all cases where |z,| < 1, the section B,,, contains a point of the form

(91n79:rn7 cee 7023”791,17 "L'n)

with 0, > 3 max{p € (0,1] : pe1 +z,e, € B}. This allows us to apply Lemma (and Corollary
7) and illuminate each such section of B using the directions {—1,1}"~! x {0} (more accurately,
illuminate in this way each boundary point of B that belongs to such a section).

This completes the proof of Claim F. O
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