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Abstract

Let p be a centered log-concave probability measure on R™ and let A}, denote the Cramér transform
of p, ie. Aj(x) = sup{(z,&) — A.(§) : £ € R"} where A, is the logarithmic Laplace transform of
. We show that E, [exp (%AZ)] < oo where ¢ > 0 is an absolute constant. In, particular, A}, has
finite moments of all orders. The proof, which is based on the comparison of certain families of convex
bodies associated with p, implies that ||A},||.2(,) < canlnn. The example of the uniform measure on
the Euclidean ball shows that this estimate is optimal with respect to n as the dimension n grows to
infinity.

1 Introduction

In this work we study a question that was left open in [7] and concerns the existence of moments of the
Cramér transform of log-concave probability measures. Let p be a log-concave probability measure on R™.
The log-Laplace transform of p is defined by

M =t ([ eaue)).

Note that A,(0) = 0 and that A, is convex by Holder’s inequality. If we also assume that the barycenter
bar(u) of 11 is at the origin then from Jensen’s inequality we see that A, (§) > 0 for all £. One can also check
that the set A(u) = {A, < oo} is open and A, is C*° and strictly convex on A(p). The Cramér transform
Aj, of pu is the Legendre transform of A, defined by

AL (@) = sup {(z,&) = Au(§)},

£ER™

and plays a key role in the theory of large deviations (see [I1]).

Brazitikos, Pafis and the first named author develop in [7] an approach to the “threshold problem” for
the expected measure of random polytopes whose vertices have an arbitrary log-concave distribution. To
make this question precise, consider the random polytope Ky = conv{Xi,..., Xy}, where N > n and
X1, X5, ... are independent random vectors distributed according to p. Given § € (O, %), let

01(p,6) = sup{r > 0: E, ~[u(Ky)] <dforall N <e"}

and
02(p,0) = inf{r > 0:E,~[u(Ky)]| >1—=0dforall N > e"},

where pV is the product measure p x - - x p (N times). Let also o(y, ) = 02(11,6) — 01(11,6). We say that u
exhibits a threshold around 7 > 0 for the expected measure E,~ [u(Kx)] of Kn if 01(p,6) < 7 < 02(p, 6) for



all § € (0, %) and the “window” o(u,d) is “small” when compared with 7. The approach of [7] establishes,
under some conditions, a sharp threshold with 7 = E,(A%). One should of course show that E,(A}) is finite,
and in order to obtain a good bound for the window of the threshold it is necessary to prove that the second
moment of A% is finite and in fact that the parameter §(u) = Var, (A%)/(E,(A},))? is small as the dimension
n increases to infinity, ideally that S(u) = 0, (1) independently from p. More precisely, combining the results
of [7] with subsequent estimates from [5] we know that if S(u) < ¢p then

for every log-concave probability measure y on R™ and any 0 < § < 1/2, where 7 = E,, (AZ) and cg,c; >0
are absolute constants.

It was proved in [7] that if K is a centered convex body of volume 1 in R™ and p is a centered k-concave
probability measure, where £ € (0,1/n], with supp(u) = K then E, [exp(kA¥(x)/2)] < oo. In particular,
this is true for the Lebesgue measure ux on K (with x = 1/n) and implies that A}, has finite moments of
all orders. We obtain a similar integrability result in the broader setting of log-concave probability measures.

Theorem 1.1. For every centered log-concave probability measure pn on R™ we have that
€ \x
_exp (ﬁ M(:z:)) du(x) < oo

where ¢ > 0 is an absolute constant. In particular, A}, has finite moments of all orders.

Theorem |1.1) shows that [|A},||p2(,) < 400, and hence both E,(A},) and 5(u) are finite for any centered
log-concave probability measure p on R". In fact, we can give the following upper bound for [|A [2(,),
which is optimal as one can check from the example of the uniform measure on the Euclidean ball.

Theorem 1.2. For every centered log-concave probability measure p on R™ we have that
”AZHLZ(H) <cnlnn

where ¢ > 0 is an absolute constant.

The proof of Theorem and Theorem is presented in Section It is based on a number of
intermediate results regarding certain families of convex bodies that are naturally associated with a given
centered log-concave probability measure p on R™. First of all, it is natural to consider the family {B; () }+>0
of level sets of Aj. For any ¢ > 0 we define B;(u) = {x € R" : A},(z) < t}. Then, the starting point for the
proof of, say, Theorem is the identity

oo

| s@Pdu) = [ 2tutte A@) > = [ 200 p(i )
Therefore, we would like to know how fast u(B;) tends to 1 as ¢ — oco. We consider a second family of
convex bodies associated with p. For any ¢ > 0 we define Ry(p) = {x € R™ : f,(x) > e ' f,(0)}, where f, is
the density of u. An estimate for the measure of R;(u) is essentially contained in Klartag’s [19, Lemma 5.2].
His arguments lead to the estimate
p(R(n)) 21—/

for ¢ large enough with respect to n (see Proposition2.1)). We compare R; () and By(u) in Lemma[3.5 where
we show that for any ¢ € (0,1) and ¢ > ¢, := nlnn we have that

(L.1) (1 =0)Ri(n) € Byrs) (1)



where g(t,0) < 2t + nln(1/6). We combine the above with the useful observation (see Lemma that
(1 +6)A) < €™ pu(A)
for any § > 0 and any Borel subset A of R”. Choosing § = ¢~* we get that

w(Brog(p)) = 1 -1/t

for all ¢ > ¢,,, and Theorem [I.2] follows. For the proof of Theorem we apply a similar reasoning, this time
using with § = exp(—ct).

Besides the families {B:(p)}+>0 and {R:(p) }+>0 we discuss and compare a number of other interesting
families of convex bodies associated with u: the family {K;(x)}+>0 of K. Ball’s bodies, the family {Z;" (1) }+>0
of one-sided L;-centroid bodies of p and the family {7} (1) }+>0 of “floating bodies” of p, defined by T;(p) =
{z e R" : ¢, (x) > e '}, where ¢, () = inf{u(H) : H is a closed half-space containing z} is Tukey’s half-
space depth function of . This is done in Section 2] where we introduce all these bodies and obtain inclusion
relations between them. As far as we know, sharp inclusions between various pairs of these families and
sharp estimates on the rate at which the measure of these bodies tends to 1 when ¢ — oo do not appear
in the literature, and we feel that a systematic and complete list of such results would be useful in other
situations too.

We illustrate this point of view in Section [f] where we provide further applications of our approach. Our
first result concerns the question to obtain uniform upper and lower thresholds for the expected measure of
a random polytope defined as the convex hull of independent random points with a log-concave distribution.
The general formulation of the problem is the following. Given a log-concave probability measure p on R™
and the random polytope Ky = conv{X3,..., Xy} as above, our aim is to find a constant N;(n), depending
only on n and as large as possible, so that

Sl/ip (sup {]E#N [W(Kn)]: N < Nl(n)}> —0

as n — oo and a second constant No(n), depending only on n and as small as possible, so that

igf (inf {]EMN [W(Kn)]: N > Ng(ﬂ)}) —1
as n — 00, where the supremum and the infimum are over all log-concave probability measures. We shall call
the first type of result a “uniform upper threshold” and the second type a “uniform lower threshold”. Results
of this type were obtained by Chakraborti, Tkocz and Vritsiou in [9] for some general families of distributions
and by Brazitikos, Pafis and the first named author in [6] for the class of all log-concave probability measures.
An asymptotically optimal uniform upper threshold has been established with Ny (n) = exp(cn), but the
available uniform lower threshold Na(n) = exp(C(nInn)?u(n)) where u(n) is any function with u(n) — oo
as n — oo is not optimal (see Section 4| for a more detailed description of earlier works on this topic). Here
we prove the next theorem.

Theorem 1.3. There exists an absolute constant C > 0 such that

iﬂf (inf {E“N [W(KN)]: N > exp(C’nlnn)}) —1

as n — 0o, where the first infimum is over all log-concave probability measures p on R™.

The uniform lower threshold of Theorem [I.3]is of the right order. An exponential in the dimension lower
threshold is not possible in full generality; actually, in the case where X; are uniformly distributed in the



Euclidean ball one can check that N > exp(cnlnn) points are needed so that the volume of a random K
will be significantly large.
The second result of Section@ concerns the distribution of the half-space depth function ¢,,. Our starting
point is the estimate
exp(—cin) < Eu(pp) < exp(—con)

from [6] which holds true for every log-concave probability measure p on R™. We consider negative moments
of ¢, and ask for the values of p > 0 for which E,(¢,?) < oo. Brazitikos and Chasapis have shown in [5]
that in the 1-dimensional case one has E(¢,?) < 2?7/(1 —p) for all 0 < p < 1 and any probability measure p
on R. On the other hand, simple examples show that Eu(ap;p) may be infinite when p > 1. We obtain the
following general result on the range of values of p > 0 for which E, (¢, ?) is finite.

Theorem 1.4. There exists an absolute constant ¢ > 0 such that

1
T(p) = /]R 7 ) < o0

for every log-concave probability measure 1 on R™ and any 0 < p < ¢/n.

Finally, we discuss the connection of the integrability properties of A}, with the notion of affine surface
area. In the language of this article, Schiitt and Werner [25] have proved that for every convex body K of
volume 1 in R™ one has that

2

. 2s 1 /n+1\"

i e 1= e (T ) = 5 () st

where as(K) is the affine surface area of K and w, is the volume of the Euclidean unit ball B} (see
2s

Subsection for a discussion). In particular, sup{e™+T (1 — ux (Ts(uk))) : s > 0} < co. We provide an

analogue of this fact in the more general setting of log-concave probability measures.

Theorem 1.5. There exists an absolute constant ¢ > 0 such that
sup{es™/"(1 — u(Ty(1))) : 5 > 0} < cs

for every log-concave probability measure p on R™, where ¢, > 0 is a constant depending only on n.

2 Families of convex bodies associated with log-concave measures

We work in R™ and use standard notation: (-,-) is the usual inner product in R” and the Euclidean norm is
denoted by |- |. We write By for the Euclidean unit ball and S™~! for the unit sphere. Lebesgue measure in
R™ is denoted by |- | and o is the rotationally invariant probability measure on S"~1. The volume w,, := |BY|
of the Euclidean unit ball is equal to w,, = 7"/2/T" (% + 1) = (c,, /n)™/? for some constant ¢, ~ 1. Whenever
we write a ~ b, we mean that there exist absolute constants ci,co > 0 such that cia < b < coa. We use the
letters ¢, c1, ¢ ete. to denote absolute positive constants whose value may change from line to line.

We say that K C R"™ is a convex body if it is compact, convex and has non-empty interior. We often
consider bounded convex sets K in R™ with 0 € int(K); since the closure of such a set is a convex body, we
shall call these sets convex bodies too. We say that K is centrally symmetric if € K implies that —z € K
and that K is centered if the barycenter bar(K) = ﬁ Jic ®dx of K is at the origin. The radial function g
of a convex body K with 0 € int(K) is the function px(x) = sup{A > 0: Az € K} defined for all x # 0, and



the support function of K is the function hg(x) = sup{{x,y) : y € K}, x € R™. The polar body K° of a
convex body K in R™ with 0 € int(K) is the convex body

K°:= {yER”:(z,y)élforalleK}.

We say that a Borel measure p on R™ is log-concave if u(H) < 1 for every hyperplane H in R™ and
p(AA+ (1 =XN)B) > u(A)*u(B)r=> for any pair of compact sets A, B in R” and any \ € (0,1). Borell [3] has
proved that, under these assumptions, p has a log-concave density f,,. Recall that a function f : R” — [0, c0)
is called log-concave if its support {f > 0} is a convex set in R™ and the restriction of In f to it is concave.
The Brunn-Minkowski inequality implies that if K is a convex body in R"™ then the indicator function 1
of K is the density of a log-concave measure, the Lebesgue measure on K.

We say that p is even if u(—B) = u(B) for every Borel subset B of R™ and that u is centered if

bar() 1= [ (0. €auta) = [ (0.8, (2)dz =0

for all £ € S"~1. We shall use the following result of Fradelizi from [I3]: if p is a centered log-concave
probability measure on R™ then

(2.1) Hfu”oo < e"fu(O).

For any log-concave measure p on R™ with density f,, we define the isotropic constant of u by

o (SPacne Su@)\T
L= ( Jow Ful@)de ) e ot

where Cov(p) is the covariance matrix of 4 with entries

Cov(p)i; = fR" z2; fu(z) do _ f]R" i fu(x) do fRn zj fu(z) dz
E Jgn fu(x) dz Jon ful@)dz [o, fu(x)de

A log-concave probability measure p on R™ is called isotropic if it is centered and Cov(u) = I,,, where I,, is
the identity n x n matrix. Note that if y is isotropic then L, = ||f#||(1,é"

Let p and v be two log-concave probability measures on R™. Let T : R®™ — R"™ be a measurable function

which is defined p-almost everywhere and satisfies

for every Borel subset B of R™. We then say that T" pushes forward u to v and write T, = v. It is easy to
see that T,u = v if and only if for every bounded Borel measurable function g : R® — R we have

(22) [ s@avta) = [ g@u)auts).

It is not hard to check that for every log-concave probability measure p on R™ there exists an invertible
affine transformation 7" such that the log-concave probability measure Ty is isotropic, and Lr,,, = L.
The hyperplane conjecture asks if there exists an absolute constant C' > 0 such that

L, :=max{L, : p is an isotropic log-concave probability measure on R"} < C



for all n > 2. The classical estimates L, < ¢¢/nlnn by Bourgain [4] and, fifteen years later, L, < c¢/n
by Klartag [I8] remained the best known until 2020. In a breakthrough work, Chen [I0] proved that for
any € > 0 one has L, < n® for all large enough n. This development was the starting point for a series
of important works, including a recent technical breakthrough by Guan [I6], that culminated in the final
affirmative answer to the problem. Very recently, Klartag and Lehec [20] showed that L,, < C.

In the next three subsections we introduce and compare the families of convex bodies that are associated
with a centered log-concave probability measure p on R”™ and have been mentioned in the introduction.
Some of these families can be defined for any probability measure and the assumption that y is log-concave
or centered is unnecessary for some of the results that we present. However, for simplicity, we chose to define
and state everything in the setting of centered log-concave probability measures.

We refer to Schneider’s book [24] for basic facts from the Brunn-Minkowski theory and to the book [I] for
basic facts from asymptotic convex geometry. We also refer to [8] for more information on isotropic convex
bodies and log-concave probability measures.

2.1 Level sets of the density and K. Ball’s bodies

Let 1 be a centered log-concave probability measure on R™. For every ¢t > 1 we consider the convex set

Ry(p) = {z €R": fu(z) = e £ (0)}.

Using the log-concavity of f,, we easily check that R() is convex. Note also that 0 € int(R;(x)). To show
that R.(u) is bounded, we recall that since f, is log-concave and has finite positive integral we have that
there exist constants A, B > 0 such that

(2.3) fulz) < Ae” Pl

for all z € R™ (see [8, Lemma 2.2.1]). Therefore, if z € R (1) we get that [z < % (In(A/f,(0))+t). Another
consequence of is that f,, has finite moments of all orders.

The next proposition, which will be very useful for us, shows that the measure of R;(u) increases to 1
exponentially fast as t — oco.

Proposition 2.1. For every t > 5(n — 1) we have that p(Ry(u)) =1 — e~ /2.

The proof is based on some one-dimensional considerations. Let g : [0,00) — [0,00) be a log-concave
function. It is proved in [I9, Lemma 4.3] that for every m > 0 the equation (Ing)’(r) = —* has a unique
solution 7, > 0. Moreover, for every 0 < r < r,, one has that

(2.4) g(r) = e "g(0).

Since (In g)’ is decreasing on the interval where it is defined, we see that (Ing)'(r) < —m/ry, for every r > r,,
such that g(r) > 0. Therefore, for every a > 1 and every r > ar,, we have that

(2.5) g(r) <em 7V g(ry).

The next lemma is essentially contained in Klartag’s [I9] Lemma 5.2].

Lemma 2.2. Let m > 0, a 2 5 and let g : [0,00) — [0,00) be a log-concave function with positive finite
integral. Let pom :=sup{r > 0:g(r) = e *"g(0)}. Then,

Qam [e'e)
/ r"g(r)dr > (1 — e_o‘m/‘l) / r"g(r) dr.
0 0

6



Proof. We may assume that fooo r™g(r)dr = 1. For r > 0 we define

p(r)=r"g(r) and ®(r)= /OT p(u) du.

Note that ¢ is a log-concave function with fooo o(r)dr = 1. Define r,, as the unique solution of (Ing)'(r) =
—m/r. Then, equivalently, we have that ¢'(r,,) = 0 and since ¢ is log-concave and ¢(r,,) > 0 we conclude
that ¢(r,,) = max(y¢). From (2.4) we know that

g(r) = e "g(0)

for all 0 < r < 7p,. Tt follows that if M := g(r,,) then, for every r > 0 that satisfies g(r) > e~ (*=D™M we
have that g(r) > e=*"¢(0), and hence

Qam 2 r’= Sup{r >0: g(r) > e*(afl)mM}.

From the definition of 7 it is clear that r,, < r’. Also, since g(r') = e~ (=™ M from (2.5) we see that
" < ary,. It follows that

N o_ r’ mg(r/) < m,—(a—1)m —am/4 _ —am/4
p(r) = lrm) ( —— | =57 S @rm)a™e < p(rme =e max(e).

T'm

The last inequality follows from the fact that 3o > 4(Ina + 1) when a > 5. It is not hard to check that
P(s) = p(®1(s)) is concave on (0,1). Since ¢ attains its maximum at r,,, we have that ¢ attains its
maximum at ®(r,,). Then, for any 0 < ¢ < 1, using the concavity of ¢ we can check that if s > ®(r,,) and
P(s) < e-max(1p) we must have that s > 1 —e. It follows that if r > r,, and ¢(r) < £ - max(y)) = € - max(y)
then ®(r) > 1 —e. Since ' = 7, and 1’ satisfies p(r') < e—am/4 max(p), we conclude that

B(r') =1 —e /4,
The result follows from the fact that gom = r'. O]
Lemma |2.2] immediately implies Proposition [2.1

Proof of Proposition[2.1] Fix & € S"~! and consider the log-concave integrable function g : [0, 00) — [0, 00)
defined by ¢(r) = f.(r€). Applying Lemma [2.2{ with m =n — 1 and o = t/m we see that

/OQR“M(E) " (ré) dr > (1 - eft/4> /OO " fu(r€) dr.

0

Then, integration in polar coordinates shows that

ORy(p €3]
(R (1)) = nwn /S . /0 e fu(r€) drdo(€)
> (1 - e_t/4> nwy, /Sn_1 /0 L, (r€) drdo(€) =1 — e7t4,

which is the assertion of the proposition. O

A second family of convex bodies associated with a centered log-concave probability measure p on R”



was introduced by K. Ball, who also established their convexity in [2]: for every ¢ > 0, we define

Ko(p) = {x ER": /OOO P f () dr > fl(o)} .

t

From the definition it follows that the radial function of K;(u) is given by

(2.6) 0K, (n)(T) = (qul(o) /OOO trt_lfu(mc) dr) .

for x # 0. For every 0 < t < s we have that

D(t+1)+
TN

@7 T(s+1)

A proof is given in [8, Proposition 2.5.7].
An immediate consequence of the definitions is the next inclusion between the bodies K;(u) and Ry(u).
Proposition 2.3. For every s >t we have that

Ry(p) C e'* K (n).

Proof. Let £ € S"~! and define g : [0, 00) — [0,00) by g(r) = f.(r§). By the definition of K;(u) we have

w0 )" = £ [ oty

Since g(r) = ™" f,(0) for all 0 < 7 < gp, () (§) We see that

00 . ORy () (&) . L ORy () (&) - fﬂ(o) ., )
| tatmdrs [ g s o) [T et = B et 601

It follows that o (. (&) = e_t/ngt(H) (€). Since ¢ € 8"~ was arbitrary, this shows that Ry(u) C et/* K, ().
[

In the opposite direction we have the next result.
Proposition 2.4. For every t > 2n and any o > 5 we have that

2n

Rurlp) 2 (1= ) i)

Under the additional assumption that p is even, we have that

Raa(pt) 2 (1= €%) Ko (p).

Proof. Given any £ € S™~! consider the log-concave function g : [0,00) — [0,00) defined by g(r) = f,.(r€).
Applying Lemma [2.2] with m = ¢t — 1 we see that

gRat(H)(g) 0
/ Tt_lg(r)dr > (1- e_o‘t/5)/ rt_lg(r)dr.
0 0



By the definition of K;(u) we have

/ooo rlg(r)dr = f“—(o)[@mw) (O],

t

On the other hand,

ORar () () t—1 Oarn (©) t—1 [ fulloo t
L e < [ e = M

Using also the fact that || f,]l < €"f,(0) from (2.1, we get
(2.8) e"[0R. 1w (O] = (1= e ok, () (€)'
and the result follows because
e M1 — et > (1 —n/t) 1 —e %) > (1 —n/t)? > 1 —2n/t.
When p is even, the term e™ does not appear in , and thus we obtain an improved estimate. O

2.2 Level sets of the Cramér transform and centroid bodies

Let p be a centered log-concave probability measure on R™. For any ¢ > 1 we define the L;-centroid body
Zi(1) of v as the centrally symmetric convex body whose support function is

1/t
vzt = ([ Mol o) L yer
Note that Z;(p) is always centrally symmetric, and Z;(Tup) = T(Z: (1)) for every T € GL(n) and t > 1. We

shall also use the fact that if p is isotropic then Zs(u) = BY. A variant of the L;-centroid bodies of p is
defined as follows. For every ¢ > 1 we consider the convex body Z; (1) with support function

1/t
hzj(u)(y) = </R" <$,y>z_fu($)dx> , y € R",

where a; = max{a,0}. When f, is even, we have that Z; (1) = 27%/*Z,(u). In any case, it is clear that
Z} (1) € Zi(i). One can also check that if 1 < ¢ < s then

(2.9) <i> -

(for a proof see [I7], where the family of bodies Z;" (1) = 21/ Z;F (1) is considered).
For every t > 1 we define

1
t

ZF(w) C ZFH () C & (‘1(6—1)> -

W |=

ZF ().

~+ | ®»

€

M) = {vers [ a)tdute) <1}

Note that
ZF () = (M (w)°.



For every t > 0 we also define
Bi(p) :=={v e R" : A} (v) < t}.

For all s > t we have M} (1) € M, (1) and Z;" (1) € ZF (11). Moreover, since p is centered we have A5 (0)=0
by Jensen’s inequality, and the convexity of A}, implies that B;(u) C Bs(u) C $Bi(p) for all s >t > 0. A
proof of all these assertions can be found in [§].

The next proposition, which is a variant of [2I, Proposition 3.2] of Latala and Wojtaszczyk, provides an
inclusion relation between the bodies Z;" (1) and B,(p).

Proposition 2.5. Let p be a centered log-concave probability measure p on R™. For every s > t > ty we

have that
2Ins

S

7 (n) (1+ )Bsw.

Proof. Let v € Z;" (). We shall show that A (v/es) < s, where cs < 1+ 2ns To this end, we should check

that 1
() = Au(w) <5

for all u € R™. For every u € R™ we define 3, by the equation
[ o) duta) = .

Then, u/B, € M; (u) and since Z; () = (M;"(11))° we have that (u,v) < B,. Note that, by Holder’s
inequality, for all s > ¢ we have that

(2.10) [ o> ([ x>idu<x>)s/t — 5.

For any 0 < ¢ < f8,, using (2.10) we see that

8 (u, )%

5 u,xr 5 u,xr
/’ 85u< s >dﬂ(a§') 2 / eﬂu< ’ >]1{I<u,z>>o}(]}) d/};(l‘) 2/ S'BS ]l{z(u,w>20}(m) d/,d(l')

:/ 55<u,{£>s+ d’u,(:z,‘) . 0%

s!Bs sl

n

So, A, (0u/By) = In (‘Z—,), and using the convexity of A, and the fact that A,(0) = 0 we obtain

u g°
Ap(u) > %Au(éu/ﬂu) > ﬁuéln <5'> .

Therefore, for any ¢ > 0 we get

s!

(2.11) %(u,v) — Au(u) < Bu E - %m (5” .

The function gs(0) = %ln (‘i—,) attains its maximum value at d, where §, satisfies s = In (‘Z—,), ile. 0, =
1

e(s!)/#. This maximum value is equal to max(g,) = = W So, if we choose § = 5 and ¢; =

from (2.11)) we see that

max(g.)

(2.12) —(u,v) — Ap(u) <0



for all u € R™ that satisfy 8, > d5. On the other hand, since p is centered, we have that A,(u) > 0 for all
u € R™, and hence, for all u € R™ that satisfy 8, < s we have that

(2.13) C—(a, v) —Au(u) < =B, < = =s.

This shows that .
A (v/es) = sup {c<u, v) —Ay(u) tue R"} <s,

S

or equivalently v € c;Bs. We have thus proved that Z;r C ¢sBy for all s > ¢ and it remains to estimate the
constant cg. By Stirling’s formula,

e . e/s 1 1 In(27s)
= — ! 1/‘5 ~ — (—) 2 25 — 2 25 ~v 1
co= SV~ S (2) (2ms) = (2me)F 1
as s — oo. It follows that if s > ¢ >ty (where ¢, is a large enough constant) then ¢; < 1+ % O

The next proposition establishes a reverse inclusion between the bodies By(p) and ZF(u) (again, a
variant of this result appears in [2I], Proposition 3.5]).

Proposition 2.6. Let p be a centered log-concave probability measure on R™. For any t > 1 and any
d € (0,1) we have that

Bi(p) € (1+ 5)Z:;t/5(/1)

where ¢; > 0 is an absolute constant.

Proof. Let ¢ € (0,1) and t > 1. If u € M} (p) then Holder’s inequality shows that || (u, )+ ||x < ||{u, )4 |s <1
for all k < s, and (2.9) implies that [|(u, )4 [lr < L[[(u, )4 |s < < for all k > s, where ¢ > 0 is an absolute
constant. Since W — e, we may choose an absolute constant v > 0 small enough so that (kc,;’ilk/k < % for

all k > 1. It follows that

= S k S k C k
L) =3 5 [ snatau < 305 4 7 0EE ()
" k=0 " JR" :

E<s ’ k>s

\ 1
<e75+22—k e’ 41 et
k>s

if s > sg. Therefore, for any u € M (u) we get A, (ysu) < ys+ 1.
Now, let v ¢ (14 6)Z (n). We can find u € M (u) such that (v,u) > 1+ ¢ and then

AL (v) = (v, ysu) — Ap(ysu) > (1+0)ys —ys—1=6dys — 1>t

if we assume that s > %. Therefore, v ¢ Bi(p). This shows that By(u) C (1 + 5)2;75/5(”), where

1 =2/7. O

2.3 Level sets of the Cramér transform and floating bodies

Let p be a probability measure on R”. For any x € R™ we denote by H(z) the set of all closed half-spaces
H of R™ containing x. The function

pu(r) = inf{pu(H) : H € H(x)}

11



is called Tukey’s half-space depth. This notion was introduced by Tukey in [26] for data sets as a measure
of centrality for multivariate data; see the survey article of Nagy, Schiitt and Werner [22] for an overview,
connections with convex geometry and references. Note that the infimum in the definition of ¢, (z) is
determined by those closed half-spaces H for which z lies on the boundary 9(H) of H. For every s > 1 we
define the set

To(n) ={z €R" 1 pu(z) 2 e °}

Note that T, () is convex: if z,y € Ts(u) then for any z € [z,y] and any H € H(z) we have that either z or
y belongs to H, and hence pu(H) > e™*, therefore ¢, (z) > e™*.
Let z € R™. For any £ € R™ the half-space {z : (z — x,&) > 0} is in H(z), therefore

ul(@) < pl{z:(2,6) > (€,6)}) < eI, () = exp (— [(2,€) — Au(9)]),

and taking the infimum over all £ € R” we see that ¢, () < exp(—Aj(z)). An immediate consequence of
this inequality is the inclusion

(2.14) Ts(p) € Bs(p).

Indeed, if # € Ts(p) then e™* < @, (x) < exp(—A%(x)), which shows that A% () <'s, and hence x € B,(p).
The next proposition shows that if p is log-concave then a reverse inclusion holds in full generality, at
least if s is large enough.

Proposition 2.7. There exists sg > 1 such that, for every centered log-concave probability measure p on R™
and any s = So,
TS(M) g BS(/’[/) g Ts+3 lns(:U/)'

Proof. We shall use a result of Brazitikos and Chasapis from [5]: For every x € supp(u) and any ¢ € (0,1)

we have that 1
Ar(@) > (1—¢)ln (w(@) +In (215_6) _ (W) .

Let @ € By(p) and assume that ¢, (z) < e #7375, Then,

2()0 (37) < e—s—31ns+ln2 < e—s—21ns
“w B

provided that s > 2, and hence
s> AZ(m) > In (56(1_5)(S+21ns)) =lne+ (1 —¢)(s+2Ins)

for every e € (0,1) and any s > 2. The function f(e) = Ine + (1 — ¢)(s + 2In s) attains its maximum at

€= and we must have

1
s+2Ins

s> —In(s+2Ins) + (1 - (s+2Ins) =s+2lns—In(s+2Ins) — 1.

1
s+2lns

It follows that In(s +2Ins) + 1 > 2In s, which implies that e(s +2Ins) > s2, a contradiction if s > sq for a
large enough absolute constant sg > 0.
We have thus shown that if s > so and @ € Bs(u) then ¢, (z) > e 57315 je. By(u) C Tsi31ms(p). The

inclusion Ts(p) C Bs(p) is (2.14)) above. O

The next simple lemma compares the families {7, (¢)}s>0 and {Z," (1) }¢>0 of floating bodies and L;-

12



centroid bodies.

Lemma 2.8. Let p be a centered log-concave probability measure on R™. For any § > 0 and any t > 1 we
have that

Tiin+6) (1) C (L4 8)Z ().
Proof. Assume that = ¢ (1 +6)Z; (u). Then, we may find &' > § and ¢ € S"~! such that x € H = {y €
R™: (y, &) = (1+ 5’)th+ (&)}. From Markov’s inequality we see that

pH) < (1 +6)7T< (146)7t = e tn(+9)

therefore, ¢, (z) < p(H) < e=*mU+9) which shows that @ ¢ T}1n(145)(1). The lemma follows. O

3 Moments of the Cramér transform

In this section we prove Theorem [1.1| and Theorem [1.2] We start with the observation that, without loss
of generality, we can restrict our attention to isotropic log-concave probability measures. Indeed, a simple
computation shows that if ;1 and v are two centered log-concave probability measures and v = T,y for some
T € GL(n) then A, (§) = A, (T*¢) for all £ € R, and hence, by the definition of the Legendre transform, we
have that

Aj(z) = A(T ')

for all z € R™. Then, from (2.2) we get

(31) [ sts@navta) = [ g )dut)

for every bounded Borel measurable function g : R™ — R. Since every centered log-concave probability
measure p on R™ has an isotropic push forward v = T, pu, where T' € GL(n), we may check the assertion of
both theorems for v, and then it also holds true fror u.

We shall also use the next simple but useful lemma.

Lemma 3.1. Let pu be a centered log-concave probability measure on R™. For any § > 0 and any Borel subset
A of R™ we have that
(1 -+ 8)A) < €2 4).

Proof. Note that if A C R" is a Borel set, then

u(a+9)4) = |

(146)A

fu)do = (140" [ ful(1+0)2) o
A
Since f,, is log-concave, we see that

00 < ) (D) <
12 I fu(o) I
for every € R", because f,(z) < " f,(0) by (2.1)). It follows that
B+ 6)A) < (14 6" u(A) < 2 u(4)

as claimed. O

13



A weak integrability result can be obtained if we combine Proposition [2.5| with the next technical propo-
sition (see [6, Proposition 5.6] for a proof).

Proposition 3.2. Let u be an isotropic log-concave probability measure on R™. For any 6 € (0,1) and any
t > Csnlnn we have that
p((1+0)ZF (1) =1 — e

where Cs = C5~11n (2/8) and C,c > 0 are absolute positive constants.

Theorem 3.3. Let i be a centered log-concave probability measure on R™. For every 0 < p < 1 we have
that

[ @) dute) < o
Rn

Proof. We may assume that g is isotropic. Let 0 < p < ¢ < 1. Let ¢t > 1 that will be chosen appropriately
large and apply Proposition with § = L“—t Then, we get

taq

(3.2) m <<1 + lnt) Zj(,u)) > 1t e

ctd

provided that ¢t > C1(¢)t?nlnn, or equivalently ¢ > ¢, = Cz(q)(nln n)ﬁ Now, let t > t,,. From Proposi-

tion [2.5] we see that , : ,
nt nt nt
1+ — )z Cll1+— 1+— | B
(1+ ) ziwe (1+ ) (1+7) Butw

and applying Lemma [3.1] twice we obtain

63 u((1+5) 20 ) <o (2 2 W) < e (M) (i)
<Q—ﬁ§ﬁlmaw»

From (3.2) and (3.3) we get

ctd ctd

—a dnlint 8nlint
w(Bi(p)) = (1—6_t1 lnt) (1— no ) >1- 2
if t > s, where s,, > t, is large enough and depends only on n (note that exp(t!=?Int) > ct?/(4nlInt) for
large enough ¢, independently from n). Now, we write

oo

/’mmmwmwzfmm%mumAmm>ﬂMhi/zﬂ*u—mmwmm
Rn 0

0

:A%mwwnwmmm»a+/wmrwrwwﬂw”“

Sn

n 8 i Int
< / pt?tdt + 2 / w120 g
0 c s 14

n

8np [ Int
Pl dt < oo

_ P
= s+
n c Js, tl+q—p

where the last integral converges because 1 +¢q¢ —p > 1. O

We have already described in the introduction that the main ingredient for the stronger integrability
estimate of Theorem is a lemma which compares the families {R:(¢t)}+>0 and {Bi(u)}tso. This is the
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content of Lemma [3.5] below, which is then combined with Proposition For the proof of Lemma, [3.5] we
need a technical fact; if p is isotropic and ¢ is large enough then R;(p) contains a constant multiple of the
FEuclidean unit ball.

Lemma 3.4. Let p be an isotropic log-concave probability measure on R™. For any t > 20n we have that
Ri(p) 2 coBy
where cg > 0 is an absolute constant.

Proof. Since p is isotropic, we have that Z(u) = BY. We shall two facts about the bodies Ky () and their
centroid bodies. From [8, Proposition 2.5.8] we know that

e < (Fu(0) [ Fan ()]) " < 2e.
Also, if we set Koy, (1) = | Kon (12)|~ % Ko, (1) then [8, Proposition 5.1.6] shows that
1u(0)7 Zu (1) € 202, (Ko (1) € 26K ().
Combining the above we get

Kan(h) 2 50 (GO Kan0)) " Z00) 2 5575 20(0) 2 575 22000 = 5573 B5-

From Proposition (with @ = 5) we know that if ¢ > 20n then

1 1
Ri(p) 2 §Kt/5(,“) 2 ENG

because Ko, (1) C v/eKy5(p) by (2.7), and the lemma follows with co = 1/(2¢)?. O

Ko (1)

We are now ready to compare {R:(1)}¢>0 and {B:(pt) }r>o-

Lemma 3.5. Let p be an isotropic log-concave probability measure on R™. For any é € (0,1) andt > nlnn
we have that

(1 =0)Ri(1) S Byre)
where g(t,8) < 2t +nln(1/68). In particular, if § = e~¥/? we get

(1= e "*)Ry(1) € But(p).

Proof. From Lemma we know that R;(p) O coBY. Let x € (1 — 0)Ry(u). Since (cod) By C dRi(1) we
have that
B(z,c00) =2+ (cg0)By C (1 —6)Re(u) + 0R: (1) = Re(u).

Then, if H is a closed half-space such that z € 9(H) we have that H N B(z,c0d) C Ry(p), and hence
fu(y) = et f,(0) for all y € H N B(x,cod). Since H N B(x, ¢pd) is half of a ball of radius cyd, it follows that

uim) > [ 1) duly) > €= £,(0) 1H 0 B(, c06)| = €= £(0) 2 (cod)".
HNB(xz,c0d) 2

Now, recall that f,,(0) > e™"||fullooc = €™ "L}, > (c1/€)" because L, > c; for some absolute constant c; > 0,
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and g+ > (%)n/ ? for some absolute constant c2 > 0. Since H was arbitrary, by the definition of ¢, we get

n/2
pulw) > e (2) o = emattd),

n

with c3 = c3cica/e?, where
(3.4) g(t,8) =t + gln(am) +nln(1/5)

with ¢4 = 1/c3. Since t > nlnn, we see that T In(cyn) <t and the first assertion of the lemma follows. For
the second assertion, note that g(t,e%/2) < 2t + 2t = 2t <nt if n > 4. O

Lemma shows that if ¢ > nlnn then Ry(n) € 15Byet.) (1) € (1 + 26)By,s (1) provided that
0 < § < 1/2. Using also Lemma we can prove Theorem

Proof of Theorem[I.1 As we observed in the beginning of this section, we may assume that p is isotropic.
Let t,, := nlnn. From Lemma [3.5] we know that if ¢ > ¢,, then

Ri(p) C (14 2¢7"%) By ().

Moreover, Proposition shows that u(R;(n)) = 1 — e */4. Combining these facts with Lemma we get

1— e * < p(Ri(n) < exp (4n e‘t”) #(But(1)) < (14 8ne™ ) (B (),

which finally gives
H(Bus(p) > 1— e~/

if n > ng for some fixed ng € N. Now, we write

o0

/n exp (A% (x)/(16n)) du(x) = 1+ % A et p({z € R™: A (z) > nt})dt

t [e%¢)

1 g 1 t
<1+ — % dt + — % (1 — u(B, dt
AT AT . © (1= (Bt (1))
<o+ L [T etetar 3%+1/(X> ~fodt < +
<e — eise =e — e 00.
16 /. 16 J,.

Therefore, we have the assertion of the theorem with ¢ = O

1
176.

For the proof of Theorem we use Lemma [3.5] again, with a different choice of § depending on ¢. In
fact we can estimate [|Ay[[zs(,) for all 1 < p < en.

Theorem 3.6. For every centered log-concave probability measure p on R™ and any 1 < p < c1n we have
that
||AZ||LP(H) < cpnlnn

where c1,co > 0 are absolute constants.

Proof. As in the previous proof, we may assume that p is isotropic. Let ¢,, := nlnn. Applying Lemma [3.5
with § = t?~2, or more precisely using (3.4), we see that

(1- tipiz)Rt(ﬂ) c Bg(t,t*P*2)(lu‘)
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where n
gt =Py = ¢ 4 5 In(can) + (p+ 2)nint < 2(p + 3)t

because the function m(t) = ¢ is increasing on [e,00) and hence % < ln?nhi‘fn) < 1 for all ¢ > t,,, which

implies that nln¢ < 2t for all ¢ > t,,. From Lemma [3.1] it follows that

8n 1

—4n /tPT2 —An /tPT2 _
(B (1) > e p(Re(p) = e (1 —e T 21— Smm > 1 - s

for all ¢t > ¢, and all 0 < p < n/8 (here we use the fact that £ > (p+2)Int if ¢ > ¢, and p < n/8, which
implies that /% < 2n/t?*2). Then, we write

/ [AL(2)/2(p + 2)[Pdu(z) = /OO PP u({r €R™ A (2) > 2(p +2)t}) dt
R 0

_ / Tt (1 = By (0))) e

>0 1 p
D p—1 D
< tn /t pt tp+1 dt < tn tn .

n

It follows that [|A};||Lr(u) < cptyn = cpnlnn, for some absolute constant ¢ > 0. O

Remark 3.7. The upper bound of Theorem is sharp: a computation in [7] shows that
A, L~ AL, llo = ninn

KD,

where D,, is the centered Euclidean ball of volume 1 in R™ and pp, is the uniform measure on D,,. On the
other hand, it was proved in [6] that if u is a log-concave probability measure on R™, n > ng, then

/ e M@ du(z) < exp (—cn/Li) .

From Jensen’s inequality we immediately get
Al = / A (z) du(z) > cn/Li = cn.
]R’n

This lower bound is also optimal, as one can check from the example of the uniform measure on the cube
C, = [—%, %]n Summarizing, for any centered log-concave probability measure . on R™ we have that
cin S HA;HLl(#) < HA;HLZ(M) < Cinnn,

where cq,co > 0 are absolute constants.

4 Applications and further remarks

In this section we provide a number of applications of our approach. In particular, Theorem establishes
an asymptotically best possible uniform lower threshold for the expect measure of random polytopes with
vertices that have a log-concave distribution.
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4.1 Uniform thresholds for the measure of random polytopes

In this subsection we prove Theorem We start with a short overview of related results that should be
compared with our new bound. Uniform upper and lower thresholds were established by Chakraborti, Tkocz
and Vritsiou in [9] in the case where p is an even log-concave or k-concave probability measure supported
on a convex body K in R™. Assuming that p is log-concave and X1, Xo,... are independent random points
distributed according to p, for any n < N < exp(cln/Li) we have that

(4.1) E,~ (\KN|/|K|) < exp (76277,/1—1’[21‘) ,

where Ky = conv{Xj,..., Xy} and ¢, c2 > 0 are absolute constants. In the same work it is shown that if
w is assumed k-concave then for any M > C' and any N > exp (%(lnn +2In M)) we have that

(4.2) E,~ ([Knl/IK]) > 1 - 1/M,

where C' > 0 is an absolute constant. Afterwards, the same question was studied in [6] for O-concave, i.e.
log-concave, probability measures. The upper threshold in [0] states that there exists an absolute constant
¢ > 0 such that if Nq(n) = exp(cn/L2) then

(4.3) st;p (Sup {EHN [(Kn)]: N < Nl(n)}) —0

as n — 00, where the first supremum is over all log-concave probability measures p on R™. Regarding the
lower threshold, it was first proved in [6] that, for any § € (0, 1),

(4.4) i%f (inf {]E#N (((L+8)Kn)] : N > exp (C5~ " In (2/6) nlnn)}) —1

as n — 0o, where the first infimum is over all log-concave probability measures g on R™ and C' > 0 is an
absolute constant. Using Lemma from (4.4) one can deduce that

(4.5) ir;f (inf {IE [W(KnN)] : N > exp(C(nln n)zu(n))}) —1

as n — 0o, where C' > 0 is an absolute constant, the first infimum is over all log-concave probability measures
won R™ and w(n) is any function with u(n) — oo as n — oc.

The proof of is based on Proposition We can obtain a variant of this fact, with a different
proof and a slightly better dependence on J.

Proposition 4.1. Let i be a centered log-concave probability measure on R™. For any § € (%, 1) and any
t> Cﬁnlnn we have that
(L4862 (n) =1 — e

where c1,co > 0 are absolute positive constants.

Proof. Proposition shows that for any m > 1 and any n € (0,1) we have that

Bpn(u) € (L+mZ,,, (1)

where ¢ > 0 is an absolute constant. Now, from Lemma [3.5| we know that if s > nlnn then

(1 - U)RS(:U‘) g Bg(s,n)
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where g(s,1) < 254+ nln(1/n). Assuming that L <7 < 1 we see that g(s,n) < 3s and hence

1 1
Rs(lu‘) - 7B35 - +nZ+

+
S1-n P T 1y sesm () & (1+30)Z5. ), (1)

for every s > nlnn, because n < % implies that T S 14-37. Since s > 5n, we may also apply Proposition
to get p(Rs(p)) =1 —e~*/%. Tt follows that

p((1 43025, ) (0) 21—/

for every s > nlnn and any n € (1/n,1/3). Setting § = 3y and t = 3¢s/n = 9cs/§ we get the assertion of
the proposition. O

Having established Proposition and following the proofs of Theorem 5.5 and Theorem 5.8 from []
we can check that

(4.6) igf (inf {EHN (1(L+8)Kn)] : N > exp (C6 'nln n)}) —1
and then
(4.7) irﬁf (inf {E [1(KN)] : N > exp(Cn®(In n)u(n))}) —1

as n — oo. However, using directly the family {T;(u)}+>0 of floating bodies of u instead of the family
{Z (1) }+>0 of centroid bodies of y, as well as the comparison of the families {T}(1)}¢>0 and {B; (1)} >0
from Section [2| we can give an alternative proof of the uniform lower threshold with an optimal dependence
on the dimension.

Theorem 4.2. There exists an absolute constant C > 0 such that

igf (inf {EHN [W(KN)] : N > exp(Cnlnn)}) —1

as n — 0o, where the first infimum is over all log-concave probability measures p on R™.

Proof. Let p be a log-concave probability measure 4 on R™. Since the expectation E,~ [/L(KN)] is a affinely
invariant quantity, we may assume that p is isotropic. According to Proposition [2.7] there exists s > 1 such
that, for any s > sq,

B (ﬂ) - Ts+3ln3(,u)-
Let t,, := nlnn. In the proof of Theorem we saw that pu(Bioi(u)) > 1 —1/t3 for all t > t,,, and hence

1(Tiot+31m(10) (1) > 1 —1/83
for all t > t,,. By the definition of the family {7}(u)}¢>0, for any @ € Tioiq31m(10¢) (1) We have
Q) = 1063000 — (70p)=3—10f,

We use the following standard lemma (which is stated in this form in [9, Lemma 3]; for a proof see [I2] or
[14, Lemma 4.1]): For every Borel subset A of R™ we have that

1-puN(K DA)<2N 1 — inf ()an
p 2 Ay <2 ) Uik )
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Therefore,

B [u(Kn)] > p(A) (1 —2(0) (1 i sam))m) .

Setting A = T1o¢431n(100) (1) We get

N _3 _10¢1N—
Y (KN 2 Thot+31m(10t) (H)) 21- 2<n> [1— (10t) 31077 7"

>1- (2(;N>nexp (=(N —n)(10t) 310" .

This last quantity tends to 1 as n — oo if
(4.8) (10t)3n1In(4eN/n) < (N —n)e 1%
and we easily check that (4.8) holds true if ¢ > ¢, and N > exp(Ct) for a large enough absolute constant
C > 0. Therefore, if N > exp(Cnlnn) we see that
B, [u(KN)] = p(Tiot, +31n(10t,) (1) X (KN 2 Thot, +3 ln(IOt,L)(,u)>

> 1(Biot, (1)) x ™ (KN 2 Tiot,+3 1n(10tn)(M))

> (1-t,%) [1 - (ZZN)R exp (—(N — n)(lOtn)_:‘e_lOt")} —1

as n — 0o. O

4.2 Distribution of the half-space depth

It was proved in [6] that if p is a log-concave probability measure on R™, n > ng, then
exp(—cin) < E,(p.) < exp (_CQn/Li) < exp(—c3n)

where L, is the isotropic constant of u and ¢; > 0, ng € N are absolute constants. In this subsection we
discuss the question to determine the values of p > 0 for which E,(¢,?) is finite. Brazitikos and Chasapis
have shown in [5, Proposition 3.2] that in the 1-dimensional case one has E(y,?) < 2P/(1 — p) < oo for all
0 < p < 1 and any probability measure pu on R.

A simple computation with the standard Gaussian measure -, on R™ shows that some restriction on p
cannot be avoided. Using the rotational invariance of v, we easily check that

1 o
so%<oc>1<1><|:c|>m/| /2t

where |z| denotes Euclidean norm. This implies that ¢, (z) < \/%me*\wwa and hence

1 2
I (p :=/  dv(x) > (21 ,,/2/ slPe—(=plal®/2 g
e wn oo () (x) > (2m) 1l

It follows that J,, (p) < oo for all 0 < p < 1 but J,, (1) = co.
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Our results allow us to show that there exists an absolute constant ¢ > 0 such that

1
T0) = [ s dua) < o0

for any 0 < p < ¢/n and every log-concave probability measure p on R™.

Proof of Theorem[I.4. We may assume that yx is centered. The theorem follows immediately if we combine
Theorem [I.1] with the inequality
€
(@) > In () .
g (2¢p(x))' ==

for every = € supp(p) and any € € (0,1) (this is a result of Brazitikos and Chasapis from [5] that we have
already used in the proof of Proposition . Choosing € = 1/2 we get

! Al ()
and hence )
Ju(p) = / —— dp(z) < 2R [e*PM )] < oo
= A ]
if 2p < ¢/n where ¢ > 0 is the absolute constant from Theorem 0

4.3 Affine surface area

We close this article with some remarks on the connection of the integrability properties of A}, with the
notion of affine surface area. Let us first consider a convex body K in R™. The affine surface area of K is
defined by

as(K) = /8(K) K (2) ™ dpp (),

where () is the generalized Gauss-Kronecker curvature at x and py(x is the surface measure on 9(K) (see
[22] and the references therein). The affine isoperimetric inequality states that

as(K) n+1 _ |K| n—1
as(B3) NER
with equality if and only if K is an ellipsoid (see [24], Section 10.5]). Using the fact that as(BY) = n|B%| we

see that if |[K| = 1 then as(K) < ¢1, where ¢; > 0 is an absolute constant. It is not hard to check that, for
every ¢ € (0,1/2), the floating body

K5 = (W{H+ : HT is a closed half-space with |[K N H~| = 4},
where H~ is the complementary half-space of H™ satisfies

Ks={z € R" : pu, (v) = 0} = Tin(1/s) (1K)

Schiitt and Werner proved in [25] that for every convex body K in R™ one has that

2
K|—-|K 1 1\ ~+t
lim LM = <n+> as(K).
§—0  §urT 2 \Wn_1
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In particular, if |K| = 1 then there exists dy > 0 such that if 0 < § < Jy then
1—1|Ks| < cond it

or, equivalently, there exists sy > 0 such that

(4.9) sup{enQTfl(l —pr(Ts(pk))) : s = so} < can.

Taking also into account the fact that T(ugx) C Bs(uk) for every s > 0, applying (4.9) one can give an
alternative proof of the fact that

/ exp(kA,, (7)) dr < oo
K

for all & < ;2. The details appear in [I5, Theorem 6.5]. Theorem [1.5|is an analogue of (£.9) in the more
general setting of log-concave probability measures.

Proof of Theorem[1.5 Let u be a log-concave probability measure on R™. We may also assume that u is
centered. From Propositionwe know that there exists sp > 1 such that Bg(u) C Tsi31n (1) C Tos(p) for
all s > sg, In the proof of Theorem [1.1{ we saw that if ¢t > nlnn then u(B,:(p)) > 1 — e~ ¥/%. Combining the
above we see that if s > 2n2Inn then

u(To() 2 1(Byja(p)) = 1 — e/ 100,
which shows that e*/(16") (1 — u(T,(u))) < 1. Tt follows that
sup{e®/ (1) (1 — u(Ty(1))) : s > 0} < exp(2n?Inn/(16n))

and the theorem follows with ¢ = 1/16 and ¢, = exp(nlnn/8). O
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