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Kef�laio 1To Je¸rhma tou Dvoretzky
1.1 Eisagwg To Je¸rhma tou Dvoretzky [Dv1,2] gia tic sqedìn sfairikèc tomèc summetrik¸nkurt¸n swm�twn eÐnai to pr¸to asumptwtikì apotèlesma gia q¸rouc peperasmènhcdi�stashc me nìrma.Je¸rhma. Up�rqei apìluth stajer� c > 0 tètoia ¸ste: gia k�je " > 0 kai k�jesummetrikì kurtì s¸ma K ston Rn , up�rqoun k � c"2 logn, k-di�statoc upìqwrocF tou Rn kai r > 0, pou ikanopoioÔn thn(1 + ")�1rDn \ F � K \ F � (1 + ")rDn \ F;ìpou Dn h EukleÐdeia monadiaÐa mp�la.Ja d¸soume pl rh apìdeixh autoÔ tou apotelèsmatoc, kai ja suzht soume eidi-kèc peript¸seic kai epekt�seic tou. H mèjodoc thc apìdeixhc eÐnai pijanojewrhtik ([Mi], [MS]), kai basÐzetai sto {fainìmeno thc sugkèntrwshc tou mètrou}. TeleÐwcsqhmatik�, ta b mata eÐnai ta ex c:(a) Upojètoume ìti to elleiyoeidèc mègistou ìgkou tou K eÐnai h Dn (h Ôparxhkai h monadikìthta enìc tètoiou elleiyoeidoÔc ja suzhthjoÔn sthn Par�grafo 3).Tìte, h sun�rthsh r : Sn�1 ! R me r(x) = kxkK eÐnai Lipschitz suneq c mestajer� 1.(b) Qrhsimopoi¸ntac thn sfairik  isoperimetrik  anisìthta, sthn Par�grafo5 blèpoume ìti up�rqei jetikìc arijmìc Lr (o mèsoc L�evy thc r) me thn idiìthta� �x 2 Sn�1 : jr(x) � Lrj � "Lr� � c exp ��c0"2nL2r� :Dhlad , oi timèc thc r sugkentr¸nontai me thn ènnoia tou mètrou gÔrw apì tonmèso thc, ìlo kai piì èntona kaj¸c h di�stash n teÐnei sto �peiro.7



8 (g) H sugkèntrwsh aut  tou mètrou mac epitrèpei na broÔme upìqwro F touRn di�stashc k � c"2nL2r, tètoion ¸ste(1 + ")�1Lr � kxkK � (1 + ")Lrgia k�je x sth monadiaÐa sfaÐra tou F .(d) O mèsoc Lr eÐnai, an exairèsoume apìlutec stajerèc, isodÔnamoc me th mèshtim  thc r M = ZSn�1 kxkK�(dx):Tèloc, to L mma twn Dvoretzky kai Rogers mac dÐnei èna k�tw fr�gma gia to M :M � c00 � lognn �1=2 :Dhlad , k � c"2 logn.Gia k�je n-di�stato q¸ro me nìrma X , orÐzoume k(X) ton megalÔtero fusikìk � n gia ton opoÐo up�rqei k-di�statoc upìqwroc F tou X o opoÐoc eÐnai 4-isìmorfoc me ton `k2 . H apìdeixh tou Jewr matoc tou Dvoretzky mac dÐneik(X) � c�Mb �2 ;ìpou b = maxfkxkK : x 2 Sn�1g. Sthn Par�grafo 6, upologÐzoume thn t�xhmegèjouc thc paramètrou k(`np ), 1 � p � 1. To par�deigma tou kÔbou (k(`n1) 'logn) deÐqnei ìti h ektÐmhsh tou Jewr matoc eÐnai, se pl rh genikìthta, bèltisth.'Otan 1 � p � 2, isqÔei k(X) ' n: up�rqoun EukleÐdeiec tomèc thc Bnp medi�stash an�logh tou n. Sthn Par�grafo 7 blèpoume ìti k�je s¸ma pou èqeimikrì lìgo ìgkwn èqei thn Ðdia idiìthta.1.2 Kurt� s¸mata'Ena sumpagèc kurtì uposÔnolo K tou Rn lègetai kurtì s¸ma an èqei mh kenìeswterikì. Ja lème ìti to K eÐnai summetrikì, an èqei kèntro summetrÐac thn arq twn axìnwn o.1.2.1. 'Estw K summetrikì kurtì s¸ma ston Rn . H apeikìnish k � kK := k � k :Rn ! R+ pou orÐzetai apì thnkxk = minf� � 0 : x 2 �Kgèqei tic akìloujec idiìthtec:(�) kxk � 0 me isìthta mìno an x = o.



9(�) k�xk = j�jkxk ; x 2 Rn ; � 2 R.() kx+ yk � kxk+ kyk ; x; y 2 Rn ,eÐnai dhlad  nìrma ston Rn . O Rn efodiasmènoc me thn nìrma k�kK ja sumbolÐzetaime XK . AntÐstrofa, an X = (Rn ; k �k) eÐnai ènac q¸roc me nìrma, tìte h monadiaÐatou mp�la KX = fx 2 Rn : kxk � 1g eÐnai summetrikì kurtì s¸ma ston Rn . AutìdeÐqnei ìti h melèth twn summetrik¸n kurt¸n swm�twn kai h melèth twn q¸rwnpeperasmènhc di�stashc me nìrma sumbadÐzoun.Apì ton orismì thc nìrmac èpetai �mesa ìti an K kai L eÐnai dÔo summetrik�kurt� s¸mata ston Rn , tìte K � L an kai mìno an kxkL � kxkK gi� k�je x 2 Rn .EpÐshc, kxkrK = 1rkxkK gi� k�je r > 0 kai k�je x 2 Rn .1.2.2. 'Estw X kai Y dÔo n-di�statoi q¸roi me nìrma ìpwc parap�nw. An T :Rn ! Rn eÐnai ènac grammikìc metasqhmatismìc (ja gr�foume T 2 L(Rn ;Rn )),orÐzoume th nìrma kT : X ! Y k tou T wc telest  apì ton X ston Y wc ex c:kT : X ! Y k = maxfkT (x)kY : x 2 KXg:IsodÔnama, h nìrma tou T eÐnai o mikrìteroc jetikìc arijmìc � gi� ton opoÐoT (KX) � �KY :O T : X ! Y lègetai isomorfismìc an eÐnai antistrèyimoc (dhlad , an T 2 GLn).H apìstash Banach-Mazur twn X kai Y eÐnai o arijmìcd(X;Y ) = minfkTk kT�1k : T 2 GLng;kai metr�ei pìso kal� isìmorfoi eÐnai oi X kai Y . Mi� isodÔnamh gewmetrik ermhneÐa eÐnai h ex c: h d(X;Y ) eÐnai o mikrìteroc � � 1 gia ton opoÐo up�rqeiT 2 GLn pou ikanopoieÐ thnKY � T (KX) � �KY . EÔkola blèpoume ìti d(X;Y ) =d(Y;X) gia k�je X kai Y (h d eÐnai summetrik ), kai d(X;Y ) = 1 an kai mìno anup�rqei T : X ! Y isometrÐa.JewroÔme to sÔnolo Bn ìlwn twn kl�sewn isodunamÐac n-di�statwn q¸rwnme nìrma, ìpou o X eÐnai isodÔnamoc me ton X 0 an kai mìno an oi X kai X 0 eÐnaiisometrikoÐ. O Bn eÐnai sumpag c metrikìc q¸roc, me metrik  thn log d: h trigwnik anisìthta eÐnai sunèpeia thcd(X;Y ) � d(X;Z) d(Z; Y )pou epalhjeÔetai eÔkola gia k�je tri�da X;Y; Z 2 Bn.O metrikìc q¸roc (Bn; log d) sun jwc lègetai Banach-Mazur compactum  Minkowski compactum. AntÐ gia thn log d, ja qrhsimopoioÔme thn d san mÐa pol-laplasiastik  apìstash ston Bn.1.2.3. Upojètoume ìti o Rn eÐnai efodiasmènoc me mÐa EukleÐdeia dom  h�; �i, kaisumbolÐzoume thn antÐstoiqh EukleÐdeia nìrma me j � j. Gr�foume Dn gia thn Eu-kleÐdeia monadiaÐa mp�la, kai Sn�1 gia th monadiaÐa sfaÐra.



10H aktinik  sun�rthsh �K : Rnnfog ! R+ tou K orÐzetai apì thn�K(x) = maxf� > 0 : �x 2 Kg:Parathr ste ìti, gia k�je x 6= o �K(x) = kxk�1:H sun�rthsh st rixhc hK : Rn ! R tou K orÐzetai apì thnhK(x) = maxfhx; yi : y 2 Kg:H sqèsh an�mesa sthn aktinik  sun�rthsh �K kai th sun�rthsh st rixhc hK gi�dosmènh dieÔjunsh � 2 Sn�1 eÐnai �K(�) � hK(�).To polikì s¸ma K� tou K eÐnai toK� := fy 2 Rn : jhx; yij � 1;8x 2 Kg:Oi basikèc idiìthtec tou polikoÔ s¸matoc perigr�fontai sthn akìloujh prìtash:Prìtash 1. 'Estw K kai L summetrik� kurt� s¸mata ston Rn . IsqÔoun ta ex c:(1) Gia k�je � 2 Sn�1, �K�(�) = 1=hK(�).(2) An K � L, tìte L� � K�.(3) An T 2 GLn, tìte (TK)� = (T�1)�(K�).(4) (K�)� = K.(5) jTKjj(TK)�j = jKjjK�j. 21.2.4. H duðk  nìrma k � k� thc k � k orÐzetai apì thnkyk� = maxfjhx; yij : kxk � 1g:Apì ton orismì eÐnai fanerì ìti jhx; yij � kyk�kxkgi� k�je x; y 2 Rn . An X� eÐnai o duðkìc q¸roc tou X , tìte h monadiaÐa mp�laKX� tou X� eÐnai to polikì s¸ma thc monadiaÐac mp�lac KX tou X . Ja gr�foumek � kK�   k � k�, kai k � kK   k � k qwrÐc autì na dhmiourgeÐ sÔgqush.1.2.5. To �jroisma Minkowski twn A;B � Rn eÐnai to A+B = fa+ b : a 2 A; b 2Bg. An � > 0, tìte �A = f�a : a 2 Ag.H anisìthta Brunn-Minkowski sundèei to �jroisma Minkowski me ton ìgko stonRn :Je¸rhma 1. 'Estw K kai T dÔo mh ken� sumpag  uposÔnola tou Rn . Tìte,(1) jK + T j1=n � jKj1=n + jT j1=n:Sthn perÐptwsh pou ta K kai T eÐnai kurt� s¸mata, isìthta sthn (1) mporeÐ naisqÔei mìno an ta K kai T eÐnai omoiojetik�.



11H (1) ekfr�zei me mÐa ènnoia to gegonìc ìti o ìgkoc eÐnai koÐlh sun�rthshwc proc thn prìsjesh kat� Minkowski. Gia to lìgo autì suqn� gr�fetai sthnakìloujh morf : An K;T eÐnai mh ken� sumpag  uposÔnola tou Rn kai � 2 (0; 1),tìte(2) j�K + (1� �)T j1=n � �jKj1=n + (1� �)jT j1=n:Qrhsimopoi¸ntac thn (2) kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, mpo-roÔme akìma na gr�youme:(3) j�K + (1� �)T j � jKj�jT j1��:H asjenèsterh aut  morf  thc anisìthtac Brunn-Minkowski èqei to pleonèkthmaìti eÐnai anex�rthth thc di�stashc.Up�rqoun pollèc kai endiafèrousec apodeÐxeic thc (1). Ja d¸soume ed¸ thnapìdeixh thc sunarthsiak c morf c thc anisìthtac, pou ofeÐletai stouc Pr�ekopakai Leindler (blèpe [Pi]):Je¸rhma 2. 'Estw f; g; h : Rn ! R+ treic metr simec sunart seic, kai � 2 (0; 1).Upojètoume ìti oi f kai g eÐnai oloklhr¸simec, kai ìti, gia k�je x; y 2 Rn(4) h(�x + (1� �)y) � f(x)�g(y)1��:Tìte, ZRn h � �ZRn f���ZRn g�1�� :Apìdeixh: Ja deÐxoume thn anisìthta me epagwg  wc proc thn di�stash n.(a) n = 1: MporoÔme na upojèsoume ìti oi f kai g eÐnai suneqeÐc kai gn sia jetikèc.H apìdeixh pou ja d¸soume basÐzetai sthn idèa thc metafor�c tou mètrou.OrÐzoume x; y : (0; 1)! R mèsw twnZ x(t)�1 f = t Z f ; Z y(t)�1 g = t Z g:Me b�sh tic upojèseic mac oi x; y eÐnai paragwgÐsimec, kai gia k�je t 2 (0; 1)èqoume x0(t)f(x(t)) = Z f ; y0(t)g(y(t)) = Z g:OrÐzoume z : (0; 1)! R me z(t) = �x(t) + (1� �)y(t):Oi x kai y eÐnai gn sia aÔxousec. 'Epetai ìti h z eÐnai ki aut  gn sia aÔxousa kai,apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,z0(t) = �x0(t) + (1� �)y0(t) � (x0(t))�(y0(t))1��:



12MporoÔme loipìn na ektim soume to olokl rwma thc h k�nontac thn allag  meta-blht c s = z(t):Z h = Z 10 h(z(t))z0(t)dt� Z 10 h(�x(t) + (1� �)y(t))(x0(t))�(y0(t))1��dt� Z 10 f�(x(t))g1��(y(t))� R ff(x(t))��� R gg(y(t))�1�� dt= �Z f���Z g�1�� :(b) Epagwgikì b ma: Upojètoume ìti n � 2 kai ìti to Je¸rhma èqei apodeiqjeÐgia k 2 f1; : : : ; n� 1g. 'Estw f; g; h ìpwc sto Je¸rhma. Gia k�je s 2 R orÐzoumehs : Rn�1 ! R+ me hs(w) = h(w; s), kai me an�logo trìpo orÐzoume fs; gs :Rn�1 ! R+ . Apì thn (4) èpetai ìti, an x; y 2 Rn�1 kai s0; s1 2 R tìteh�s1+(1��)s0(�x+ (1� �)y) � fs1(x)�gs0(y)1��;kai h epagwgik  upìjesh mac dÐneiH(�s1 + (1� �)s0) := ZRn�1 h�s1+(1��)s0� �ZRn�1 fs1���ZRn�1 gs0�1�� =: F �(s1)G1��(s0):Efarmìzontac t¸ra xan� thn epagwgik  upìjesh gia n = 1 stic sunart seic F;Gkai H , paÐrnoumeZ h = ZRH � �ZRF���ZRG�1�� = �Z f���Z g�1�� : 2Apìdeixh tou Jewr matoc 1: 'Estw K;T sumpag  mh ken� uposÔnola tou Rn , kai� 2 (0; 1). OrÐzoume f = �K , g = �T , kai h = ��K+(1��)T . EÔkola elègqoume ìtiikanopoioÔntai oi upojèseic tou Jewr matoc 2, opìtej�K + (1� �)T j = Z h � �Z f�� �Z g�1�� = jKj�jT j1��:Autì apodeiknÔei thn (3) gia k�je tri�da K;T; �. Gia na p�roume thn (1) jewroÔmeK kai T ìpwc sto Je¸rhma 1 (me jKj > 0, jT j > 0), kai orÐzoumeK1 = jKj�1=nK ; T1 = jT j�1=nT ; � = jKj1=njKj1=n + jT j1=n :



13Ta K1 kai T1 èqoun ìgko 1, opìte apì thn (3) paÐrnoume(�) j�K1 + (1� �)T1j � 1:'Omwc, �K1 + (1� �)T1 = K + TjKj1=n + jT j1=n ;epomènwc h (�) paÐrnei thn morf jK + T j � �jKj1=n + jT j1=n�n : 21.2.6. Ston Rn orÐzoume tic nìrmeckxkp =  nXi=1 jxijp!1=p ; 1 � p <1kai kxk1 = max1�i�n jxij:Ja gr�foume `np gia ton (Rn ; k �kp), kai Bnp gia th monadiaÐa mp�la tou `np , 1 � p �1. Stic peript¸seic p = 2 kai p =1 ja qrhsimopoioÔme to sumbolismì Dn := Bn2kai Qn := [�1; 1]n = Bn1 antÐstoiqa.Gia tic apodeÐxeic twn parap�nw isqurism¸n parapèmpoume ton anagn¸sth stabiblÐa twn R.J. Gardner [Gar], V.D. Milman kai G. Schechtman [MS], kai R. Sch-neider [Sch].1.3 To Je¸rhma tou John kai to L mma twn Dvo-retzky kai RogersJewroÔme èna summetrikì kurtì s¸ma K ston Rn kai thn oikogèneia E(K) ìlwntwn elleiyoeid¸n pou perièqontai sto K. 'Ena elleiyoeidèc ston Rn eÐnai èna kurtìs¸ma thc morf c E = (x 2 Rn : nXi=1 hx; vii2�2i � 1) ;ìpou fvigi�n eÐnai orjokanonik  b�sh tou Rn , kai �1; : : : ; �n eÐnai jetikoÐ pragma-tikoÐ arijmoÐ (oi dieujÔnseic kai ta m kh twn hmiaxìnwn tou E antÐstoiqa). EÔkolaelègqoume ìti E = T (Dn), ìpou T eÐnai o grammikìc metasqhmatismìc tou Rn pouorÐzetai apì tic T (vi) = �ivi, i = 1; : : : ; n. Epomènwc, o ìgkoc tou E isoÔtai mejEj = jDnj nYi=1�i:



14O F. John ([Jo], 1948) èdeixe ìti up�rqei monadikì elleiyoeidèc E pou perièqetaisto K kai èqei ton mègisto dunatì ìgko. Ja lème ìti to E eÐnai to elleiyoeidècmègistou ìgkou touK. Gia thn apìdeixh, blèpoume tautìqrona ìti up�rqei monadikìelleiyoeidèc E pou perièqei to K kai èqei el�qisto ìgko:Prìtash 1. 'Estw K summetrikì kurtì s¸ma ston Rn . Up�rqei monadikì ellei-yoeidèc E � K me el�qisto ìgko.Apìdeixh: JewroÔme ton arijmìV = inffjEj : E � Kg > 0:Up�rqei akoloujÐa Tm 2 GLn ¸ste Em = T�1m (Dn) � K kaijEmj = jDnjjdet(Tm)j ! V:AfoÔ kTm : XK ! `n2k � 1, m 2 N, mporoÔme na broÔme upakoloujÐa fTkmg kaiS 2 L(Rn ;Rn ) me Tkm ! S. Tìte,jdet(S)j = jDnj=V > 0;epomènwc, S 2 GLn. OrÐzoume E = S�1(Dn). 'EqoumekS : XK ! `n2k = lim kTkm : XK ! `n2k � 1;�ra E � K. AfoÔ jEj = V , to E eÐnai èna elleiyoeidèc pou perièqei to K, kai èqeiton el�qisto dunatì ìgko.DeÐqnoume t¸ra ìti up�rqei èna mìno elleiyoeidèc me aut n thn idiìthta. 'Estwìti ta E1 kai E2 perièqoun to K kai èqoun el�qisto ìgko. QwrÐc periorismì thcgenikìthtac mporoÔme na upojèsoume ìti E1 = Dn eÐnai h EukleÐdeia monadiaÐamp�la, kai E2 = (x 2 Rn : nXi=1hx; vii2=�2i � 1) :JewroÔme èna trÐto elleiyoeidèc, ton {mèso ìro} toucF = (x 2 Rn : nXi=1 12(1 + ��2i )hx; vii2 � 1) :EÐnai fanerì ìti F � E1 \ E2 � K, epomènwc(�) jF j � jE1j = jE2j:AfoÔ E1 = Dn, h (�) paÐrnei th morf 1 = nYi=1�2i � nYi=1 21 + ��2i



15= nYi=1 2�2i1 + �2i= nYi=1 2�i1 + �2i ;opìte, afoÔ 2�i � 1 + �2i gia k�je i = 1; : : : ; n, èpetai ìti �i = 1, i = 1; : : : ; n.'Ara, E1 = E2. 2H Prìtash 1 mac dÐnei thn Ôparxh kai th monadikìthta tou elleiyoeidoÔc mègi-stou ìgkou tou K:Je¸rhma 1. 'Estw K summetrikì kurtì s¸ma ston Rn . Up�rqei monadikì ellei-yoeidèc E 2 E(K) me mègisto ìgko.Apìdeixh: EÐdame ìti up�rqei monadikì elleiyoeidèc F el�qistou ìgkou tou K�.JewroÔme to E = F �. Tìte E � K, kai an E1 eÐnai èna �llo elleiyoeidèc meE1 � K, tìte E�1 � K�, �ra jE�1 j � jF j. Qrhsimopoi¸ntac thn Prìtash 1(5) thcParagr�fou 2, blèpoume ìtijE1j = jDnj2jE�1 j � jDnj2jF j = jEj:Apì thn Prìtash 1, isìthta mporeÐ na isqÔei mìno an E�1 = F , dhlad  E1 = E.'Ara, to E eÐnai to monadikì elleiyoeidèc mègistou ìgkou tou K. 2Upojètoume ìti to elleiyoeidèc mègistou ìgkou tou K eÐnai h Dn. To u 2 Rnlègetai shmeÐo epaf c twn K kai Dn an juj = kukK = 1, dhlad  an an kei sthntom  twn sunìrwn touc. To je¸rhma tou John perigr�fei thn katanom  twn shmeÐwnepaf c p�nw sthn monadiaÐa sfaÐra Sn�1:Je¸rhma 2. An h Dn eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte up�rqounshmeÐa epaf c u1; : : : ; um twnK kaiDn, kai jetikoÐ pragmatikoÐ arijmoÐ �1; : : : ; �mtètoioi ¸ste x = mXj=1 �jhx; ujiujgia k�je x 2 Rn .Parathr seic. To Je¸rhma 2 mac lèei ìti h tautotik  apeikìnish I tou Rn anapa-rÐstatai sth morf  I = mXj=1 �juj 
 uj ;ìpou uj 
 uj eÐnai h probol  sthn dieÔjunsh tou uj : (uj 
 uj)(x) = hx; ujiuj .ParathroÔme ìti, gia k�je x 2 Rnjxj2 = hx; xi = mXj=1 �jhx; uji2:



16EpÐshc, paÐrnontac x = ei, i = 1; : : : ; n, ìpou feig h sun jhc orjokanonik  b�shtou Rn , èqoume n = nXi=1 jeij2 = nXi=1 mXj=1 �jhei; uji2= mXj=1 �j nXi=1hei; uji2 = mXj=1 �j juj j2= mXj=1 �j :Apìdeixh tou Jewr matoc 2: Apì tic parathr seic pou prohg jhkan, an up�rqeih zhtoÔmenh anapar�stash ja prèpei na isqÔei P(�j=n) = 1. Autì loipìn pouqrei�zetai na deÐxoume eÐnai ìti h I=n gr�fetai san kurtìc sunduasmìc pin�kwn thcmorf c u
 u, ìpou u shmeÐo epaf c twn K kai Dn. OrÐzoume dhlad C = fu
 u : juj = kukK = 1g;kai deÐqnoume ìti I=n 2 co(C). ParathroÔme ìti to co(C) eÐnai kleistì uposÔnolotou Rn2 , kai ìti C 6= ;: an h Dn den akoumpoÔse to sÔnoro tou K, ja mporoÔsamena broÔme rDn � K me to r lÐgo megalÔtero apì 1, opìte h Dn den ja  tan toelleiyoeidèc mègistou ìgkou tou K.Upojètoume ìti I=n =2 co(C). Apì diaqwristikì je¸rhma, mporÔme na broÔme� 2 Rn2 kai r 2 R tètoia ¸ste h�; I=ni < r � h�;Aigia k�je A 2 co(C). Eidikìtera, gia k�je shmeÐo epaf c u twn K kai Dn èqoumeh�; I=ni < r � h�; u
 ui:Oi pÐnakec I=n kai u 
 u eÐnai summetrikoÐ, opìte paÐrnontac ton  = (� + ��)=2antÐ tou � èqoume ìti o  eÐnai summetrikìc kai exakoloujeÐ na ikanopoieÐ thnh ; I=ni < r � h ; u
 uigia k�je u
u 2 C. 'Estw � = tr( )=n. AfoÔ tr(I=n) = 1 kai tr(u
u) =Pu2i = 1,blèpoume ìti h � �I; I=ni = h ; I=ni � �= 0 < r � �� h � �I; u
 uigia k�je u
 u 2 C. PaÐrnontac B =  � �I , èqoume:



17L mma 1. An I=n =2 co(C), tìte up�rqoun s > 0 kai B summetrikìc me tr(B) = 0,ètsi ¸ste hB; u
 ui � sgia k�je u
 u 2 C. 2Gia � > 0 arket� mikrì, jewroÔme to elleiyoeidècE� = fx 2 Rn : h(I + �B)x; xi � 1g:[An M = maxfjhBx; yij : jxj = jyj = 1g kai 0 < � < 1=M , tìte o I + �B eÐnaisummetrikìc kai jetik� orismènoc, �ra èqei summetrik  jetik  tetragwnik  rÐzaS�, kai E� = S�1� (Dn).]Ja deÐxoume ìti E� � K an to � eÐnai mikrì, deÐqnontac ìti �E�(v) � �K(v) giak�je v 2 Sn�1:1h PerÐptwsh: 'Estw U to sÔnolo twn shmeÐwn epaf c twn K;Dn. An u 2 U kaiv 2 Sn�1 me ju� vj < s=2M , tìte apì to L mma 1,h(I + �B)u; ui � 1 + �s;en¸ jhv + �Bv; vi � hu+ �Bu; uij = �jhBv; vi � hBu; uij� �jhBv; v � uij+ �jhBu; u� vij� 2M�ju� vj < �s:'Ara, an to v 2 Sn�1 apèqei apìstash mikrìterh thc s=2M apì to U , tìteh(I + �B)v; vi > 1 + �s� �s = 1;dhlad  v =2 E� . 'Omwc, v 2 Dn � K gia k�je v 2 Sn�1. 'Ara, s� aut n thnperÐptwsh isqÔei ìti �E�(v) < 1 � �K(v):2h PerÐptwsh: 'Estw V to sÔnolo twn v 2 Sn�1 pou apèqoun toul�qiston s=2Mapì to U . Tìte, to V eÐnai sumpagèc kai r = maxfkvk : v 2 V g < 1. Jètoume� = minfhBv; vi : v 2 V g. Parathr ste ìti ta r; � den exart¸ntai apì to �(exart¸ntai mìno apì ton B kai to U). An 0 < � < (1� r2)=j�j, tìteh(I + �B)(v=kvk); v=kvki = 1 + �hBv; vikvk2� 1 + ��r2 > 1;dhlad  v=kvk =2 E�. Autì shmaÐnei ìti �E� (v) � �K(v).Sundu�zontac ta parap�nw katal goume sto ex c:



18L mma 2. Up�rqei �0 > 0 tètoio ¸ste E� � K gia k�je 0 < � < �0. 2MporoÔme t¸ra na katal xoume se �topo: PaÐrnoume � > 0 arket� mikrì ¸steo I+�B na eÐnai jetik� orismènoc kai to elleiyoeidèc E� na perièqetai stoK. AfoÔh Dn eÐnai to elleiyoeidèc mègistou ìgkou tou K, èqoume jE� j � jDnj. 'Omwc,jE�j = jS�1� (Dn)j = jDnj=pdet(I + �B):'Ara, det(I + �B) � 1. Apì thn �llh pleur�, h anisìthta arijmhtikoÔ-gewmetrikoÔmèsou mac dÐnei [det(I + �B)] 1n � tr(I + �B)n = 1+ � tr(B)n = 1;giatÐ tr(B) = 0. Gia na isqÔoun ta parap�nw, prèpei na èqoume isìthta sthnanisìthta arijmhtikoÔ-gewmetrikoÔ mèsou. Tìte ìmwc, ìlec oi idiotimèc tou I+�BeÐnai Ðsec, dhlad  I + �B = �I . 'Epetai ìti o B eÐnai pollapl�sio tou tautotikoÔpÐnaka, kai afoÔ tr(B) = 0 paÐrnoume B = 0.Autì eÐnai �topo, giatÐ apì to L mma 1 èqoume hBu; ui � s > 0, u 2 U .Epomènwc I=n 2 co(C), kai h apìdeixh eÐnai pl rhc. 2H anapar�stash thc tautotik c apeikìnishc pou mac dÐnei to Je¸rhma 2, qara-kthrÐzei to elleiyoeidèc mègistou ìgkou me thn ex c ènnoia [Ba]:Je¸rhma 3. 'EstwK summetrikì kurtì s¸ma ston Rn pou perièqei thn EukleÐdeiamonadiaÐa mp�la Dn. Upojètoume ìti up�rqoun shmeÐa epaf c u1; : : : ; um twn Kkai Dn kai jetikoÐ pragmatikoÐ arijmoÐ �1; : : : ; �m tètoioi ¸steI = mXj=1 �juj 
 uj :Tìte, h Dn eÐnai to elleiyoeidèc mègistou ìgkou tou K.Apìdeixh: OrÐzoume L = fy 2 Rn : jhuj ; yij � 1; j = 1; : : : ;mg:Tìte K � L, opìte arkeÐ na apodeÐxoume ìti h Dn eÐnai to elleiyoeidèc mègistouìgkou tou L. 'Estw E = fy 2 Rn : nXi=1 ��2i hy; vii2 � 1g;ìpou fvig eÐnai orjokanonik  b�sh tou Rn kai �i > 0. Upojètoume ìti E � L. Giak�je j = 1; : : : ;m èqoumey(uj) =  nXi=1 �2i huj ; vii2!�1=2 nXi=1 �2i huj ; viivi 2 E � L;



19opìte h jhuj ; y(uj)ij � 1 dÐnei(�) nXi=1 �2i huj ; vii2 � 1 ; j = 1; : : : ;m:Pollaplasi�zontac me �j kai prosjètontac, blèpoume ìtimXj=1 �j  nXi=1 �2i huj ; vii2!1=2 � mXj=1 �j = n:AfoÔ jxj2 = P�jhx; uji2 gia k�je x 2 Rn , kai ta vi sqhmatÐzoun orjokanonik b�sh, qrhsimopoi¸ntac thn (�) paÐrnoumenXi=1 �i = nXi=1 mXj=1 �i�jhvi; uji2= mXj=1 �j  nXi=1 �ihvi; uji2!� mXj=1 �j  nXi=1 �2i hvi; uji2!1=2 nXi=1hvi; uji2!1=2= mXj=1 �j  nXi=1 �2i hvi; uji2!1=2 � n:Apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou (Q�i)1=n �P�i=n � 1, epo-mènwc jEj � jDnj. Dhlad , h Dn eÐnai to elleiyoeidèc mègistou ìgkou tou L.2H piì gnwst  sunèpeia tou Jewr matoc 2 (h opoÐa anafèretai suqn� san to je¸rhmatou John) eÐnai ìti, an K eÐnai summetrikì kurtì s¸ma ston Rn kai E eÐnai toelleiyoeidèc mègistou ìgkou tou K, tìte K � pnE. Autì prokÔptei �mesa apì toex c:Prìtash 2. An Dn eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte K � pnDn.Apìdeixh: JewroÔme thn anapar�stash thc tautotik c apeikìnishcx = mXj=1 �jhx; ujiujtou Jewr matoc 2. AfoÔ uj 2 Sn�1, èqoume1 = huj ; uji � kujkKkujkK� = kujkK� ; j = 1; : : : ;m:Apì thn �llh pleur�, se k�je uj taK kai Dn èqoun to Ðdio efaptìmeno uperepÐpedome k�jeto di�nusma to uj (gia thn mp�la, to efaptìmeno uperepÐpedo se k�je shmeÐo



20u 2 Sn�1 èqei k�jeto di�nusma to u). Epomènwc, gia k�je x 2 K èqoume hx; uji �1, kai lìgw summetrÐac tou K, jhx; ujij � 1. Dhlad , kujkK = kujkK� = juj j = 1,j = 1; : : : ;m.'Estw t¸ra x 2 K. Tìte, jxj2 = mXj=1 �jhx; uji2� mXj=1 �j = n:Dhlad , jxj � pn. 'Ara, Dn � K � pnDn. 2To Je¸rhma 2 mac lèei me mÐa ènnoia ìti up�rqoun poll� shmeÐa epaf c an�-mesa se èna summetrikì kurtì s¸ma kai to elleiyoeidèc mègistou ìgkou tou. 'Enactrìpoc posotik c perigraf c autoÔ tou isqurismoÔ eÐnai o ex c:Prìtash 3. An h Dn eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte gia k�jeT 2 L(Rn ;Rn ) up�rqei shmeÐo epaf c u twn K kai Dn me thn idiìthta:hu; Tui � trTn :Apìdeixh: Apì to Je¸rhma 2, an T 2 L(Rn ;Rn ) tìtetrT = hT; Ii = mXj=1 �jhT; uj 
 uji:PaÐrnontac up� ìyin kai thn P�j = n, sumperaÐnoume ìti up�rqei u an�mesa stauj me thn idiìthta hu; Tui = hT; u
 ui � trTn : 2Oi Dvoretzky kai Rogers [DR] èdeixan akrib  apotelèsmata gi� thn katanom twn shmeÐwn epaf c sthn epif�neia tou elleiyoeidoÔc mègistou ìgkou. 'Ola toucekfr�zoun me ton ènan   ton �llo trìpo thn arq  ìti parìlo pou oi nìrmec j � j kaik � k mporeÐ na diafèroun wc kai pn gi� k�poia x, up�rqoun pollèc kai {arket�orjog¸niec} dieujÔnseic stic opoÐec oi dÔo nìrmec sugkrÐnontai kal�. Ja deÐxou-me èna tètoio apotèlesma, pou ja paÐxei ousiastikì rìlo kai sthn apìdeixh touJewr matoc tou Dvoretzky:Prìtash 4. An Dn eÐnai to elleiyoeidèc mègistou ìgkou tou K, up�rqei orjoka-nonik  akoloujÐa y1; : : : ; yn ston Rn tètoia ¸ste�n� i+ 1n �1=2 � kyikK � jyij = 1 ; i = 1; : : : ; n:



21Apìdeixh: OrÐzoume ta yi epagwgik�. San y1 mporoÔme na p�roume opoiod poteshmeÐo epaf c twn K kai Dn. Ac upojèsoume ìti èqoun epilegeÐ ta y1; : : : ; yi�1.Jètoume Fi = spanfy1; : : : ; yi�1g. Tìte, tr(PF?i ) = n� i+ 1, kai apì thn Prìtash3 up�rqei shmeÐo epaf c ui tètoio ¸stejPF?i uij2 = hui; PF?i uii � n� i+ 1n :'Epetai ìti kPFiuikK � jPFiuij � p(i� 1)=n. OrÐzoume yi = PF?i ui=jPF?i uij.Tìte, 1 = jyij � kyikK � jhui; yiij = jPF?i uij � �n� i+ 1n �1=2 : 2Pìrisma. Upojètoume ìti h Dn eÐnai to elleiyoeidèc mègistou ìgkou tou K. Ank = [n=2] + 1, mporoÔme na broÔme orjokanonik� dianÔsmata y1; : : : ; yk tètoia ¸ste12 � kyjk � 1 ; j = 1; : : : ; k: 21.4 AnalloÐwta mètra se omogeneÐc q¸rouc'Estw (M;d) ènac sumpag c metrikìc q¸roc, kai G mÐa sumpag c topologik  om�dathc opoÐac ta stoiqeÐa droÔn san isometrÐec ston M : up�rqei suneq c apeikìnish� : G�M !M me (g; t) 7! �(g; t) =: gt, pou ikanopoieÐ thnd(gt; gs) = d(t; s)gia k�je g 2 G kai t; s 2 M . Epiplèon, upojètoume ìti �(e; t) = t gia k�jet 2 M ìpou e to oudètero stoiqeÐo thc G, kai �(gh; t) = �(g; �(h; t)) gia k�jeg; h 2 G kai t 2 M . EÔkola elègqoume ìti k�je �g : M ! M me �g(t) = gt eÐnaiomoiomorfismìc tou M , kai ìti �g � �h = �gh, �g � �g�1 = IM .Je¸rhma 1. Up�rqei kanonikì mètro � sta Borel uposÔnola tou M , to opoÐo eÐnaianalloÐwto wc proc thn dr�sh thc om�dac G. Dhlad , �(A) = �(gA) gia k�jeg 2 G kai k�je Borel A �M . IsodÔnama,ZM f(t)d�(t) = ZM f(gt)d�(t)gia k�je g 2 G kai k�je f 2 C(M).H apìdeixh pou ja d¸soume ofeÐletai ston Maak (blèpe [Do], [MS]), kai qrh-simopoieÐ to je¸rhma tou g�mou:L mma. 'Estw B kai � dÔo peperasmèna sÔnola, kai R � B � � mÐa sqèsh.Upojètoume ìti gia k�je k 2 N kai k�je B1 � B me jB1j = k, to sÔnoloR(B1) = f 2 � j 9� 2 B1 : (�; ) 2 Rg



22èqei toul�qiston k stoiqeÐa. Tìte, up�rqei 1 � 1 sun�rthsh � : B ! � me thnidiìthta (�; �(�)) 2 R gia k�je � 2 B. 2Apìdeixh tou Jewr matoc: Gia k�je t 2 M kai " > 0, h mp�la me kèntro t kaiaktÐna " eÐnai to B(t; ") = fs 2 M : d(s; t) � "g. Lìgw sump�geiac tou M , giak�je " > 0 up�rqei peperasmèno N �M tètoio ¸steM = [t2N B(t; "):OrÐzoume n" ton el�qisto plhj�rijmo enìc tètoiou "-diktÔou gia ton M , kai epilè-goume èna "-dÐktuo N" me jN"j = n".Qrhsimopoi¸ntac to N" orÐzoume �" 2 [C(M)]� me�"(f) = 1n" Xt2N" f(t):EÐnai fanerì ìti k�je �" an kei sthn monadiaÐa mp�la tou [C(M)]�, h opoÐa eÐnaiw�-sumpag c kai metrikopoi simh. Epomènwc, up�rqoun � 2 [C(M)]� kaÐ "i ! 0tètoia ¸ste �"i ! � me thn w�-topologÐa. Dhlad , gia k�je f 2 C(M),�"i(f)! �(f) ; i!1:EÔkola elègqoume ìti �(1) = 1 kai ìti to � eÐnai jetikì sunarthsoeidèc stonC(M). Apì to je¸rhma anapar�stashc tou Riesz, to � eÐnai kanonikì Borel mètropijanìthtac ston M .StajeropoioÔme thn akoloujÐa "i, kai deÐqnoume ìti to � prosdiorÐzetai mono-s manta me thn ex c ènnoia: an gia k�je i 2 N orÐsoume �0"i qrhsimopoi¸ntac èna�llo el�qisto "i-dÐktuo N 0"i , tìte�0"i(f)! �(f)gia k�je f 2 C(M). Gia ton skopì autì apodeiknÔoume to ex c:Isqurismìc. Up�rqei 1� 1 kai epÐ �i : N"i ! N 0"i tètoia ¸ste d(t; �i(t)) � 2"i giak�je t 2 N"i .[OrÐzoume sqèsh R � N"i �N 0"i jètontac (t; s) 2 R an B(t; "i) \ B(s; "i) 6= ;.H R ikanopoieÐ tic upojèseic tou L mmatoc: 'Estw K � N"i kai L = R(K). TosÔnolo L [ (N"inK) eÐnai "i-dÐktuo ston M :Pr�gmati, an x 2 M , up�rqoun t 2 N"i kai s 2 N 0"i tètoia ¸ste d(x; t) � "ikai d(x; s) � "i. An t 2 K, tìte afoÔ B(t; "i) \ B(s; "i) 6= ; prèpei na èqoumes 2 R(K) = L. 'Ara, se k�je perÐptwsh up�rqei z 2 L [ (N"inK) tètoio ¸sted(z; x) � "i.'Epetai ìti jL [ (N"inK)j � jN"i j, opìte jR(K)j = jLj � jKj. Apì to L mma,up�rqei �i : N"i ! N 0"i sun�rthsh 1-1 (�ra kai epÐ) me thn idiìthta (t; �i(t)) 2 Rgia k�je t 2 N"i . Dhlad ,d(t; �i(t)) � 2"i ; t 2 N"i :]



23Qrhsimopoi¸ntac ton isqurismì blèpoume ìti, an f 2 C(M) kai i 2 N tìtej�"i(f)� �0"i(f)j � 1n"i Xt2N"i jf(t)� f(�i(t))j � !(2"i);ìpou !(") = maxfjf(t)� f(s)j : d(t; s) � "g eÐnai to mètro sunèqeiac thc f . AfoÔ!(2"i)! 0 kaj¸c i!1, èpetai ìti to lim�0"i(f) up�rqei kai eÐnai Ðso me �(f).Tèloc, apodeiknÔoume ìti to mètro � eÐnai analloÐwto wc proc th dr�sh thc G:An g 2 G, tìte to N 0"i = fgtgt2N"i eÐnai el�qisto "i-dÐktuo ston M , kaiZM f(gt)�(dt) = limi!1 1n"i Xt2N"i f(gt)= limi!1 1n"i Xs2N 0"i f(s)= limi!1�0"i(f)= �(f) = ZM f(t)�(dt): 2OrismoÐ. 'Estw M kai G ìpwc parap�nw. H dr�sh thc G p�nw ston M lègetaimetabatik  an gia k�je t; s 2M up�rqei g 2 G me gt = s. An sumbaÐnei k�ti tètoio,lème ìti o M eÐnai omogen c q¸roc thc G.Je¸rhma 2. 'Estw (M;d) omogen c q¸roc thc sumpagoÔc om�dac G. Tìte, up�r-qei monadikì mètro pijanìthtac � ston M to opoÐo eÐnai analloÐwto wc proc thdr�sh thc G.Apìdeixh: OrÐzoume mÐa yeudometrik  � sthn G, jètontac�(g1; g2) = maxt2M d(g1t; g2t):H G0 = fg 2 G : �(g; e) = 0g eÐnai kanonik  upoom�da thc G, h H = G=G0 eÐnaisumpag c me thn epagìmenh metrik  �0, kai ta stoiqeÐa thc droÔn metabatik� sanisometrÐec ston M .H H dr� ston eautì thc me thn (h; g) 7! g � h. Epomènwc, to Je¸rhma 1efarmìzetai gia thn H : up�rqei mètro pijanìthtac � sta Borel uposÔnola thc Htètoio ¸ste: ZH F (g � h)�(dg) = ZH F (g)�(dg)gia k�je h 2 H kai k�je F 2 C(H). 'Estw � mètro pijanìthtac ston M , anal-loÐwto wc proc th dr�sh thc H . StajeropoioÔme t0 2 M . Gia k�je t 2 M apìthn metabatikìthta thc dr�shc thc H up�rqei ht 2 H tètoio ¸ste t = htt0. An



24f 2 C(M), tìte gia k�je t 2M h apeikìnish Ft(g) = f(gt) eÐnai suneq c sthn H .Qrhsimopoi¸ntac to analloÐwto twn � kai �, èqoumeZM f(t)�(dt) = ZH 1�(dg) ZM f(t)�(dt) = ZH ZM f(gt)�(dt)�(dg)= ZM ZH f(gt)�(dg)�(dt)= ZM ZH f((g � ht)t0)�(dg)�(dt)= ZM ZH Ft0(g � ht)�(dg)�(dt)= ZM ZH Ft0(g)�(dg)�(dt)= ZM ZH f(gt0)�(dg)�(dt)= ZH f(gt0)�(dg):'Epetai ìti, an �1 eÐnai èna �llo mètro pijanìthtac sta Borel uposÔnola tou M ,analloÐwto wc proc thn dr�sh thc G, tìte gia k�je f 2 C(M) isqÔeiZM f(t)�(dt) = ZH f(gt0)�(dg) = ZM f(t)�1(dt):Dhlad , � = �1. 2PaÐrnoume san G thn orjog¸nia om�da O(n). StajeropoioÔme orjokanonik b�sh fe1; : : : ; eng tou Rn , kai tautÐzoume ton U 2 O(n) me thn orjokanonik  b�shfUe1; : : : ; Ueng. H O(n) eÐnai sumpag c om�da me metrik  thn�(U; V ) =  nXi=1 jUei � V eij2!1=2 :H O(n) dr� metabatik� ston eautì thc, up�rqei loipìn monadikì analloÐwto wcproc O(n) Borel mètro pijanìthtac � sthn O(n). H O(n) dr� metabatik� sthnSn�1, dhlad , h Sn�1 eÐnai omogen c q¸roc thc O(n). 'Estw � to monadikì mètropijanìthtac sta Borel uposÔnola thc Sn�1 pou eÐnai analloÐwto wc prìc thn dr�shthc O(n). Dhlad , gia k�je suneq  f : Sn�1 ! R kai k�je U 2 O(n),ZSn�1 f(Ux)�(dx) = ZSn�1 f(x)�(dx):Ja qreiastoÔme thn ex c tautìthta:Prìtash 1. An A Borel uposÔnolo thc Sn�1, tìte gia dosmèno x0 2 Sn�1,� (U 2 O(n) : Ux0 2 A) = �(A):



25Apìdeixh: Gia k�je x 2 Sn�1 up�rqei Vx 2 O(n) tètoioc ¸ste Vxx0 = x. Gr�foume�(A) = ZSn�1 �A(x)�(dx)= ZO(n) ZSn�1 �A(Ux)�(dx)�(dU)= ZSn�1 ZO(n) �A(UVxx0)�(dU)�(dx)= ZSn�1 � (U 2 O(n) : UVxx0 2 A)�(dx)= ZSn�1 � (U 2 O(n) : Ux0 2 A) �(dx)= � (U 2 O(n) : Ux0 2 A) : 2Amesh sunèpeia thc Prìtashc 1 eÐnai h ex c:Prìtash 2. 'Estw f : Sn�1 ! R suneq c, kai x0 2 Sn�1. Tìte,ZO(n) f(Ux0)�(dU) = ZSn�1 f(x)�(dx):Apìdeixh: MporoÔme na upojèsoume ìti f � 0. Tìte, qrhsimopoi¸ntac thn Prìta-sh 1 paÐrnoumeZO(n) f(Ux0)�(dU) = Z 10 � (U 2 O(n) : f(Ux0) � t) dt= Z 10 � �U 2 O(n) : Ux0 2 f�1([t;1))� dt= Z 10 � �f�1([t;1))� dt= Z 10 �(x : f(x) � t)dt= ZSn�1 f(x)�(dx): 2H pollaplìthta Grassman Gn;k, 1 � k � n, apoteleÐtai apì ìlouc touc k-di�statouc upoq¸rouc tou Rn . OrÐzoume metrik  sthn Gn;k jètontac~�(F1; F2) = inf  kXi=1 jfi � f 0i j2!1=2 ;ìpou to inf paÐrnetai p�nw apì ìlec tic orjokanonikèc b�seic ffig, ff 0ig twn F1; F2antÐstoiqa.



26 H O(n) dr� metabatik� p�nw sthn Gn;k, opìte h Gn;k gÐnetai omogen c q¸rocthc O(n). 'Ara, up�rqei monadikì mètro pijanìthtac �n;k sta Borel uposÔnola thcGn;k, to opoÐo eÐnai analloÐwto wc proc thn dr�sh thc O(n).Prìtash 3. An f : Sn�1 ! R suneq c, tìteZSn�1 f(x)�(dx) = ZGn;k ZSF f(x)�F (dx)�n;k(dF ):[To mètro �F orÐzetai apì thnZSF f(x)�F (dx) = ZSk�1 f(UFx)�(dx);ìpou UF 2 O(n) tètoioc ¸ste UF (Rk ) = F . To olokl rwma sto dexiì mèloc eÐnaianex�rthto apì thn epilog  tou UF .]Apìdeixh: JewroÔme to mètro �1 sthn Sn�1 pou orÐzetai apì thnZSn�1 f(x)�1(dx) = ZGn;k ZSF f(x)�F (dx)�n;k(dF ) ; f 2 C(Sn�1):ArkeÐ na deÐxoume ìti, gia k�je f 2 C(Sn�1) kai k�je U 2 O(n),ZGn;k ZSF f(Ux)�F (dx)�n;k(dF ) = ZGn;k ZSF f(x)�F (dx)�n;k(dF );dhlad  ìti to �1 eÐnai analloÐwto wc proc thn O(n). Tìte, �1 = �.OrÐzoume Af (F ) = ZSF f(x)�F (dx):Apì thn sunèqeia thc f sthn Sn�1 kai ton orismì twn �F kai ~� èpetai ìti h AfeÐnai suneq c sthn Gn;k. EpÐshc,Af (UF ) = ZSUF f(x)�UF (dx) = ZSF f(Ux)�F (dx):Epomènwc,ZGn;k ZSF f(Ux)�F (dx)�n;k(dF ) = ZGn;k Af (UF )�n;k(dF )= ZGn;k Af (F )�n;k(dF )= ZGn;k ZSF f(x)�F (dx)�n;k(dF ): 2An�logh apìdeixh èqei kai h akìloujh Prìtash:Prìtash 4. An B � O(n) kai F0 2 Gn;k, tìte�(B) = �n;k (U(F0) : U 2 B) : 2



271.5 To je¸rhma tou DvoretzkyH afethrÐa gia to je¸rhma tou Dvoretzky brÐsketai sthn ergasÐa [DR]. Oi Dvore-tzky kai Rogers èdeixan thn ex c:Prìtash 1. Upojètoume ìti h Dn eÐnai to elleiyoeidèc mègistou ìgkou tou sum-metrikoÔ kurtoÔ s¸matoc K. Up�rqoun k ' pn kai y1; : : : ; yk orjokanonik� dianÔ-smata ston Rn , tètoia ¸ste, gia k�je a1; : : : ; ak 2 Rn ,1p3 maxi�k jaij �  kXi=1 aiyi �  kXi=1 a2i!1=2 :Apìdeixh: Epistrèfoume sthn apìdeixh thc Prìtashc 3.4, kai orÐzoume wi = PF?i ui.Tìte, ui � wi 2 Fi, kaijui � wij2 = 1� jwij2 = 1� jPF?i uij2� i� 1n :Jètoume k = [pn=4], kai deÐqnoume me epagwg  ìtikyikK� � p3 ; i = 1; : : : ; k:An i = 1, èqoume y1 = u1 shmeÐo epaf c pou emfanÐzetai sthn anapar�stash thctautotik c, opìte (blèpe Prìtash 3.2) ky1kK� = 1.Upojètoume ìti kyjkK� � p3, gia k�je j � i� 1 < k. Tìte, an z =Pi�1j=1 tjyj ,i�1Xj=1 tjyjK� � i�1Xj=1 jtj jkyjkK� � p3k0@i�1Xj=1 t2j1A1=2= p3k��i�1Xj=1 tjyj��:Epomènwc, kI : (Fi; j � j)! X�Kk � p3k. 'Omwc ui � wi 2 Fi, �rakui � wikK� � p3kjui � wij � p3k� i� 1n �1=2� p3kpn :H trigwnik  anisìthta dÐneikwikK� � kuikK� + kui � wikK� � 1 + p3kpn ;



28opìte, kyikK� = kwikK�jwij � 1 + p3kpnqn�k+1n= pn+p3kpn� k + 1 � pn+p3n=4pn�pn=4 + 1 � p3:Apì ta parap�nw prokÔptei ìti, gia k�je a1; : : : ; ak 2 R,k kXi=1 aiyik � j kXi=1 aiyij =  kXi=1 a2i!1=2 ;kai, gia k�je i = 1; : : : ; k,jaij = jh kXi=1 aiyi; yiij � k kXi=1 aiyikKkyikK�� p3k kXi=1 aiyikK : 2Me aform  autì to apotèlesma, o Grothendieck [Gr] èjese to er¸thma an eÐnaidunatì na antikatast soume to maxi�k jaij apì to �Pi�k a2i�1=2 sthn parap�nwprìtash, kai tautìqrona na èqoume k = k(n)!1 kaj¸c n!1. [IsodÔnama, anup�rqei k-di�statoc upìqwroc F tou Rn me thn idiìthta Dn\F � K\F � cDn\F ,ìpou c > 0 apìluth stajer�, kai to k na {megal¸nei} me to n.] O Dvoretzky [Dv1,2]èdwse katafatik  ap�nthsh sto er¸thma:Je¸rhma 1. 'Estw " > 0 kai k fusikìc arijmìc. Up�rqei N = N(k; ") me thnex c idiìthta: An X eÐnai q¸roc me nìrma di�stashc n � N , mporoÔme na broÔmek-di�stato upìqwro F tou X me d(F; `k2) � 1 + ".Se gewmetrik  gl¸sa, to Je¸rhma 1 m�c lèei ìti k�je summetrikì kurtì s¸-ma arket� meg�lhc di�stashc èqei kentrikèc tomèc pou eÐnai sqedìn elleiyoeid .H akrib c ex�rthsh tou N(k; ") apì ta k kai " melet jhke susthmatik�, kai toje¸rhma tou Dvoretzky p re polÔ piì sugkekrimènh posotik  morf :Je¸rhma 2. 'Estw X ènac n-di�statoc q¸roc me nìrma, kai " > 0. Up�rqounakèraioc k � c"2 logn kai k-di�statoc upìqwroc F tou X o opoÐoc ikanopoieÐ thnd(F; `k2) � 1 + ".Dhlad , to Je¸rhma 1 isqÔei me N(k; ") = exp(c"�2k). H arqik  apìdeixh touDvoretzky èdine thn ektÐmhsh N(k; ") = exp(c"�2k2 log k). Argìtera, o Milman[Mi] èdeixe ìti arkeÐ na p�roume N(k; ") = exp(c"�2j log "jk), qrhsimopoi¸ntacdiaforetik  mèjodo. Ton logarijmikì wc proc " par�gonta afaÐrese o Gordon[Go], kai argìtera o Schechtman [Sc].



29'Ena apì ta basikìtera stoiqeÐa sthn apìdeixh tou Jewr matoc 2 eÐnai to le-gìmeno fainìmeno thc sugkèntrwshc tou mètrou sthn Sn�1, to opoÐo me th seir�tou eÐnai sunèpeia thc sfairik c isoperimetrik c anisìthtac: JewroÔme thn Sn�1san metrikì q¸ro pijanìthtac, me th gewdaisiak  apìstash � kai to analloÐwtowc proc tic strofèc mètro pijanìthtac �. Gia k�je Borel uposÔnolo A thc Sn�1kai k�je " > 0, orÐzoume thn "-epèktash tou A:A" = �x 2 Sn�1 : �(x;A) � "	 :H isoperimetrik  anisìthta gia th sfaÐra eÐnai h akìloujh prìtash:An�mesa se ìla ta Borel uposÔnola A thc Sn�1 pou èqoun dosmèno mètro � 2(0; 1), h mp�la B(x; r) gwniak c aktÐnac r > 0 gia thn opoÐa �(B(x; r)) = �, èqeiel�qisth "-epèktash gia k�je " > 0.Autì shmaÐnei ìti an A � Sn�1 kai �(A) = �(B(x0; r)) gia k�poio x0 2 Sn�1kai k�poio r > 0, tìte �(A") � �(B(x0; r + "))gia k�je " > 0. Dedomènou ìti to �-mètro mi�c mp�lac upologÐzetai eÔkola, mpo-roÔme na d¸soume k�tw fr�gma gia to mètro thc "-epèktashc tuqìntoc uposunìlouthc sfaÐrac, arkeÐ na gnwrÐzoume to mètro tou. Endiaferìmaste kurÐwc gia thnperÐptwsh �(A) = 12 , kai tìte apeujeÐac upologismìc deÐqnei to ex c:Prìtash 2. An A eÐnai Borel uposÔnolo thc Sn+1 kai �(A) = 1=2, tìte�(A") � 1�p�=8 exp(�"2n=2)gia k�je " > 0.[H stajer� p�=8 mporeÐ na antikatastajeÐ apì mÐa akoloujÐa stajer¸n anpou teÐnoun sto 12 kaj¸c n!1.]Apìdeixh: SÔmfwna me th sfairik  isoperimetrik  anisìthta, arkeÐ na d¸soumek�tw fr�gma gia to �(B(x; �2 + ")). 'Omwc,�(B(x; �=2 + ")) = R �2+"0 sinn �d�R �0 sinn �d� :Jètoume loipìn h("; n) = 1� �(B(x; �2 + ")), kai zht�me �nw fr�gma gia thnh("; n) = R ��2+" sinn �d�R �0 sinn �d� = R �2" cosn �d�2In ;ìpou In = R �=20 cosn �d�. Met� thn allag  metablht c t = �pn, blèpoume ìtih("; n) = 12pnIn Z �2pn"pn cosn(t=pn)dt:



30SugkrÐnontac ta anaptÔgmata Taylor twn sunart sewn cos s kai exp(�s2=2) èqoumecos s � exp(�s2=2)sto [0; �=2], epomènwch("; n) � 12pnIn Z �2pn"pn e� t22 dt= 12pnIn Z (�2�")pn0 exp(�(s+ "pn)2=2)ds� exp(�"2n=2)2pnIn Z 10 exp(�s2=2)ds= p�=8pnIn exp(�"2n=2):Mènei na doÔme ìti pnIn � 1 gi� k�je n � 1. Gi� to skopì autì parathroÔme ìti,apì thn anadromik  sqèsh (n+ 2)In+2 = (n+ 1)In,pn+ 2In+2 = pn+ 2n+ 1n+ 2In = n+ 1pn+ 2In � pnIn;epomènwc arkeÐ na elègxoume ticI1 = Z �=20 cos�d� = 1 � 1kai p2I2 = p2Z �=20 cos2 �d� = p2�4 � 1:Autì oloklhr¸nei thn apìdeixh. 2H sfairik  isoperimetrik  anisìthta apodeiknÔetai me teqnikèc sfairik c sum-metrikopoÐhshc. Prìsfata parathr jhke [ABV]ìti mporeÐ kaneÐc polÔ apl� nad¸sei ektÐmhsh an�logh m� aut n thc Prìtashc 2, qrhsimopoi¸ntac thn anisìthtaBrunn-Minkowski. H basik  idèa brÐsketai sto parak�tw L mma:L mma 1. 'Estw K kai L mh ken�, kleist� uposÔnola thc Dn, me apìstashd(K;L) = � > 0. Tìte, minfjKj; jLjg � exp(��2n=8)jDnj:Apìdeixh: 'Estw x 2 K kai y 2 L. Apì ton kanìna tou parallhlogr�mmou,jx+ yj2 + jx� yj2 = 2jxj2 + 2jyj2 � 4:'Omwc �2 � jx� yj2, epomènwc����x+ y2 ���� �p1� �2=4:



31'Ara, K + L2 � �1� �2=4�1=2Dn:Qrhsimopoi¸ntac thn anisìthta Brunn-Minkowski gia ta sumpag  K;L paÐrnoumeminfjKj; jLjg 1n � 12 jKj 1n + 12 jLj 1n � ����K + L2 ���� 1n � �1� �2=4�1=2 jDnj 1n ;�ra minfjKj; jLjg � �1� �2=4�n2 jDnj � exp(��2n=8)jDnj: 2Apìdeixh thc Prìtashc 2 (me asjenèsterec stajerèc): 'Estw A kleistì uposÔnolothc Sn�1 me �(A) = 1=2 kai " > 0. OrÐzoume B = fx 2 Sn�1 : d(x;A) � "g.StajeropoioÔme � 2 (0; 1) kai jewroÔme ta uposÔnola K = SftA : � � t � 1g kaiL = SftB : � � t � 1g thc Dn. Ta K kai L eÐnai kleist�, xèna, kai h apìstas touc eÐnai Ðsh me d(K;L) = 2� sin("=2) � (2=�)�":Efarmìzontac to L mma 1, paÐrnoumejLj � exp(��2"2n=2�2)jDnj:Apì thn �llh pleur�, oloklhr¸nontac se polikèc suntetagmènec blèpoume ìti jLj =(1� �n)�(B)jDnj. Epomènwc,�(A") � 1� 11� �n exp(��2"2n=2�2):Tèloc, epilègoume � = 1=2 2 (0; 1). 2H anisìthta thc Prìtashc 2 exhgeÐ ton ìro {sugkèntrwsh tou mètrou}: 'Osomikrì ki an eÐnai to " > 0, to mètro tou sunìlou pou mènei èxw apì thn "-geitoni�tuqìntoc uposunìlou thc sfaÐrac mètrou 1=2, fjÐnei ekjetik� sto 0 kaj¸c h di�-stash n aux�nei sto �peiro. To gegonìc autì (pou prokaleÐ èkplhxh arqik�)parathr jhke gia pr¸th for� kai qrhsimopoi jhke apì ton P. L�evy:� 'Estw f : Sn�1 ! R suneq c. Me !f (�) sumbolÐzoume to mètro sunèqeiac thc f!f (t) = maxfjf(x)� f(y)j : �(x; y) � t; x; y 2 Sn�1g:Up�rqei monadikìc arijmìc Lf 2 R tètoioc ¸ste� (fx : f(x) � Lfg) � 12 ; � (fx : f(x) � Lfg) � 12 :O Lf onom�zetai mèsoc L�evy thc f . OrÐzoumeA�f = fx : f(x) � Lfg ; A+f = fx : f(x) � Lfg ; Af = fx : f(x) = Lfg:



32Apì ton orismì tou Lf kai thn Prìtash 2, gia k�je " > 0 èqoume� �(A+f )"� ; � �(A�f )"� � 1� c1e�c2"2n:'Omwc, (Af )" = (A+f )" \ (A�f )":'Ara, � ((Af )") � 1� 2c1e�c2"2n:AfoÔ jf(x)� Lf j � !f (") sto (Af )", sumperaÐnoume to ex c:L mma 2. Gia k�je suneq  sun�rthsh f : Sn�1 ! R kai k�je " > 0,� �x 2 Sn�1 : jf(x)� Lf j � !f (")� � 2c1 exp(�c2"2n): 2An upojèsoume ìti h f : Sn�1 ! R eÐnai Lipschitz suneq c me stajer� b,dhlad  jf(x) � f(y)j � bjx � yj gia k�je x; y 2 Sn�1, tìte gia k�je x 2 (Af )"isqÔei jf(x)� Lf j � b". Apì to L mma 2 paÐrnoume:Prìtash 3. 'Estw f : Sn�1 ! R Lipschitz suneq c me stajer� b. Tìte, gia k�je" > 0, � �x 2 Sn�1 : jf(x)� Lf j � b"� � 2c1 exp(�c2"2n): 2H Prìtash 3 m�c lèei ìti k�je kal  sun�rthsh f orismènh sth monadiaÐasfaÐra meg�lhc di�stashc eÐnai sqedìn stajer , me thn ènnoia ìti oi timèc thcsugkentr¸nontai gÔrw apì ton mèso L�evy thc Lf : to mètro tou sunìlou sto opoÐoh f paÐrnei timèc kont� ston Lf eÐnai praktik� Ðso me 1.Apì th sugkèntrwsh me thn ènnoia tou mètrou, ja per�soume se upoq¸roucmeg�lhc di�stashc, sth sfaÐra twn opoÐwn h f eÐnai sqedìn stajer . Gia to skopìautì qreiazìmaste to ex c L mma:L mma 3. 'Estw � > 0. OrÐzoume �-dÐktuo thc Sk�1 èna N � Sk�1 me thn idiìthta:gia k�je y 2 Sk�1 up�rqei x 2 N tètoio ¸ste jx � yj < �. Tìte, up�rqei �-dÐktuothc Sk�1 me jN j � �1 + 2��k :Apìdeixh: 'Estw (xi)mi=1 èna megistikì uposÔnolo thc Sk�1, tou opoÐou ta shmeÐaèqoun an� dÔo apìstash megalÔterh   Ðsh tou �. Tètoio uposÔnolo up�rqei lìgwthc sump�geiac thc Sk�1.Tìte, to (xi)mi=1 eÐnai �-dÐktuo thc Sk�1: 'Estw ìti den eÐnai. Tìte, up�rqeiy 2 Sk�1 tètoio ¸ste jxi � yj � � gia k�je i 2 f1; : : : ;mg. 'Omwc tìte, tofx1; : : : ; xm; yg eÐnai èna sÔnolo tou opoÐou ta stoiqeÐa an koun sthn Sk�1 kai oiapost�seic touc an� dÔo eÐnai megalÔterec   Ðsec tou �. Autì eÐnai �topo afoÔ to(xi)mi=1 eÐnai èna megistikì uposÔnolo thc Sk�1 me thn parap�nw idiìthta.



33JewroÔme ta sÔnola xi + 12�Dk. Aut� èqoun an� dÔo xèna eswterik�, kaixi + �2Dk � Dk + �2Dkgia k�je i = 1; : : : ;m. Epomènwc,����� m[i=1�xi + �2Dk������ � �����1 + �2�Dk���� :'Epetai ìti mXi=1 �����2Dk���� � �1 + �2�k jDkj;dhlad , m��2�k jDkj � �1 + �2�k jDkj:'Ara, m � (1 + 2� )k: 2'Estw X = (Rn ; k � k) q¸roc me nìrma di�stashc n. H k � k eÐnai isodÔnamh methn EukleÐdeia nìrma j � j, dhlad  up�rqoun a; b > 0 tètoioi ¸ste1a jxj � kxk � bjxjgia k�je x 2 Rn . Sth sunèqeia ja upojètoume ìti oi a; b eÐnai oi mikrìteroi tètoioijetikoÐ arijmoÐ.H sun�rthsh r : Sn�1 ! R me r(x) = kxk, eÐnai Lipschitz suneq c me stajer�b. Gr�foume Lr gia to mèso L�evy thc.L mma 4. 'Estw m � exp(c2"2n=2) kai yi 2 Sn�1, i = 1; : : : ;m. Tìte, up�rqeiB � O(n) me �(B) � 1� 2c1 exp(�c2"2n=2), tètoio ¸ste: gia k�je U 2 B,Lr � b" � kUyik � Lr + b"; i = 1; : : : ;m:Apìdeixh: Me b�sh thn monadikìthta tou mètrou Haar, sthn par�grafo 4 eÐdameìti an x0 2 Sn�1 kai A � Sn�1, tìte�(A) = �fU 2 O(n) : Ux0 2 Ag:OrÐzoume to sÔnoloA = fx 2 Sn�1 : Lr � b" � kxk � Lr + b"g:Tìte, apì thn Prìtash 3, �(A) � 1� 2c1e�c2"2n:



34Epomènwc, an gia i = 1; : : : ;m jèsoumeBi = fU 2 O(n) : Lr � b" � kUyik � Lr + b"g;tìte, �(Bi) > 1� 2c1e�c2"2n:'Ara, to B = TBi èqei mètro�(B) � 1�X �(Bci ) � 1� 2c1 exp(�c2"2n=2):Tèloc, gia k�je U 2 B kai k�je i � m isqÔeiLr � b" � kUyik � Lr + b": 2Efarmìzoume to L mma 4 sthn akìloujh perÐptwsh: 'Estw �; " 2 (0; 1). Jew-roÔme k 2 N tètoion ¸ste �1 + 2��k � exp(c2"2n=2);kai stajeropoioÔme upìqwro F0 tou Rn me di�stash dimF0 = k.Apì to L mma 3, up�rqei �-dÐktuo y1; : : : ; ym thc monadiaÐac sfaÐrac SF0 =Sn�1 \ F0 tou F0, me m � (1 + 2=�)k.JewroÔme to B � O(n) tou L mmatoc 4: Gia k�je U 2 B kai k�je i � m,Lr � b" � kUyik � Lr + b":Jètoume FU := U(F0) kai xi := Uyi i = 1; : : : ;m. AfoÔ o U eÐnai orjog¸niocmetasqhmatismìc, to x1; : : : ; xm eÐnai �-dÐktuo thc SFU , gia to opoÐo isqÔeiLr � b" � kxik � Lr � b":Epomènwc, èqoume apodeÐxei thn ex c:Prìtash 4. 'Estw �; " 2 (0; 1). An (1 + 2=�)k � exp(c2"2n=2), tìte up�rqei� � Gn;k me �n;k(�) � 1�2c1 exp(�c2"2n=2), tètoio ¸ste: gia k�je F 2 � up�rqei�-dÐktuo N thc SF me thn idiìthtaLr � b" � kxk � Lr + b" ; x 2 N :Apìdeixh: Jètoume � = fFU : U 2 Bg, kai parathroÔme ìti�n;k(�) = �n;k(fU(F0) : U 2 Bg) = �(B): 2Qrhsimopoi¸ntac t¸ra to gegonìc ìti h k � k eÐnai nìrma, ja per�soume thnektÐmhsh thc Prìtashc 4 apì to �-dÐktuo N thc SF , F 2 �, se olìklhrh thn SF :



35Prìtash 5. 'Estw �; " 2 (0; 1) kai F 2 � ìpwc sthn Prìtash 4. Tìte, gia k�jey 2 SF isqÔei 1� 2�1� � Lr � b"1� � � kyk � Lr + b"1� � :Apìdeixh: 'Estw y 2 SF . Up�rqei x0 2 N tètoio ¸ste jy � x0j = �1 < �. Tìte,y�x0�1 2 SF , �ra up�rqei x1 2 N tètoio ¸ste����y � x0�1 � x1���� = �2 < �:Tìte, jy � x0 � �1x1j = �1�2 < �2:SuneqÐzontac epagwgik�, brÐskoume x0; : : : ; xn 2 N tètoia ¸ste������y � nXi=00@ iYj=0 �j1Axi������ � �n+1;ìpou �0 = 1. AfoÔ � < 1, y = 1Xi=00@ iYj=0 �j1Axi:'Omwc, Qij=0 �j � �i, �rakyk =  1Xi=00@ iYj=0 �j1Axi � 1Xi=0 �ikxik� (Lr + b") 1Xi=0 �i = Lr + b"1� � :EpÐshc, kyk � kx0k �  1Xi=10@ iYj=0 �j1Axi� Lr � b"� �1� � (Lr + b")= 1� 2�1� � Lr � b"1� � :'Ara, gia k�je y 2 SF ,1� 2�1� � Lr � b"1� � � kyk � Lr + b"1� � : 2



36 Epilègontac kat�llhla ta �; ", paÐrnoume mi� pr¸th ektÐmhsh gia th di�stashtwn sqedìn sfairik¸n tom¸n tou K = KX :Je¸rhma 4. 'Estw X = (Rn ; k � k) q¸roc me nìrma r(x) = kxk pou ikanopoieÐ thnkxk � bjxj, x 2 Rn , kai " 2 (0; 1). Ank � kX(") = c3"2[log�1(1=")]n�Lrb �2 ;tìte up�rqei F upìqwroc tou Rn me dimF = k tètoioc ¸ste: gia k�je x 2 SF ,(�) (1 + ")�1Lr � kxk � Lr(1 + "):Apìdeixh: Apì thn Prìtash 5, an �; � 2 (0; 1) kai o k 2 N ikanopoieÐ thn (1+2=�)k �exp(c2�2n=2), tìte gia ton tuqaÐo k-di�stato upìqwro F tou Rn kai gia k�je x 2 SFèqoume 1� 2�1� � Lr � b�1� � � kxk � Lr + b�1� � :Gia thn (�) arkeÐ na epilèxoume ta �; � 2 (0; 1) ètsi ¸steLr + b�1� � � Lr(1 + ")kai Lr1 + " � 1� 2�1� � Lr � b�1� � :E�n epilèxoume � = Lr�b kai � = "3 , parathroÔme ìti oi parap�nw sqèseic epalh-jeÔontai.Mènei na prosdiorÐsoume thn el�qisth tim  tou k h opoÐa ikanopoieÐ th sqèsh�1 + 6��k � exp c218"2n�Lrb �2! :Zht�me k log 6" � c02"2n�Lrb �2 ;opìte to mikrìtero k pou mporoÔme na jewr soume eÐnai to kX ("), ìpou c3 > 0kat�llhlh apìluth stajer�. 2To Je¸rhma 4 mac lèei ìti h di�stash twn sqedìn sfairik¸n tom¸n enìc summetri-koÔ kurtoÔ s¸matoc K = KX exart�tai apo thn t�xh thc posìthtac Lrb . OrÐzoumeènan deÔtero mèso thc r(x) = kxk, jètontacM = ZSn�1 kxk�(dx):Tìte, oi Lr kai M sugkrÐnontai an to K eÐnai se kal  jèsh:



37L mma 5. Upojètoume ìti h r(x) = kxk ikanopoieÐ thn 1a jxj � kxk � bjxj, x 2 Rn ,kai ab � pn. Tìte, 12 � MLr � c;ìpou c > 0 apìluth stajer�.Apìdeixh: QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti isqÔei jxj �kxk � bjxj, ìpou b � pn.Apì thn Prìtash 2, gia k�je " > 0 isqÔei�fx : jr(x) � Lrj � b"g � 2c1 exp(�c2"2n):Gr�foumejM � Lrj � ZSn�1 jr(x) � Lrj�(dx) = Z 10 �fx : jr(x) � Lrj � tgdt:Jètoume b" = t. Qrhsimopoi¸ntac thn b � pn, paÐrnoumejM � Lrj � Z 10 2c1 exp(�c2t2)dt = c4:Epomènwc, ����MLr � 1���� � c4Lr :'Omwc, an x 2 Sn�1, tìte kxk � jxj � 1. 'Ara, Lr � 1: 'Epetai ìti M=Lr � c =1 + c4.Gia thn antÐstrofh anisìthta, parathroÔme ìtiM = ZSn�1 kxk�(dx) � Zfx: kxk�Lrg kxk�(dx) � 12Lr:'Ara, M=Lr � 1=2. 2To teleutaÐo l mma pou qreiazìmaste eÐnai (ousiastik�) mÐa pijanojewrhtik anisìthta gia th mèsh tim  tou megÐstou peperasmènwn to pl joc anex�rthtwnkanonik¸n tuqaÐwn metablht¸n (blèpe [LT], [Pi]):L mma 6. Gia k�je 1 � m � n isqÔeiZSn�1 maxj�m jxj j�(dx) � c5� logmn �1=2 ;ìpou c5 > 0 apìluth stajer�.Apìdeixh: JewroÔme to mètro tou Gauss n ston Rn me puknìthta(2�)�n=2 exp(�jxj2=2):



38Oloklhr¸nontac se polikèc suntetagmènec blèpoume ìtiZRmmaxj�m jtj jdm(t) = ZRnmaxj�m jtj jdn(t)= �n ZSn�1 maxj�m jxj j�(dx);ìpou �n ' pn. 'Omwc,m�t : maxj�m jtj j < s� = (2�)�m=2 Z s�s : : : Z s�s exp(�12 mXj=1 t2j )dt1 : : : dtm= � 1p2� Z s�s e�t2=2dt�m � (1� ce�s2=2)m:'Ara, an epilèxoume s ' c1plogm, katal goume sthnm�t : maxj�m jtj j � c1plogm� � 12 :Tìte, ZSn�1 maxj�m jxj j�(dx) ' 1pn ZRmmaxj�m jtj jdm(t)� c1plogmpn m�t : maxj�m jtj j � c1plogm�� c12 � logmn �1=2 : 2Je¸rhma 5. 'Estw X q¸roc me nìrma, di�stashc n, tètoioc ¸ste h Dn na eÐnaito elleiyoeidèc mègistou ìgkou tou KX . Gia k�je " > 0 up�rqei upìqwroc F tou Xdi�stashc k � c"2[log�1(1=")] logn, me thn idiìthta: gia k�je x 2 SF ,(1 + ")�1Lr � kxk � Lr(1 + "):Apìdeixh: Apì to je¸rhma tou John, èqoume 1pn jxj � kxk � jxj, x 2 Rn . Efarmì-zetai epomènwc to L mma 5, kai èqoume12 � MLr � c;ìpouM = RSn�1 kxk�(dx): Apì to l mmaDvoretzky-Rogers, up�rqei mia orjokano-nik  b�sh fx1; : : : ; xng, me kxik � 12 gia i = 1; 2; : : : ; [n2 ]: JewroÔme tic sunart seicRademacher ri : [0; 1]! f�1; 1g meri(t) = sign sin(�2it):



39Tìte, o telest c Tt : `n2 ! `n2 meTt nXi=1 aixi! = nXi=1 ri(t)aixieÐnai isometrÐa. To � eÐnai analloÐwto wc proc tic isometrÐec, opìte isqÔei ìti(�) M = ZSn�1 k nXi=1 aixik�(da) = ZSn�1 Z 10 k nXi=1 ri(t)aixikdt�(da):Isqurismìc: Gia j = 1; : : : n,Z 10 k nXi=1 ri(t)yikdt � kyjk:Pr�gmati, gia n = 1 eÐnai fanerì, opìte ac upojèsoume ìtiZ 10 k n�1Xi=1 ri(t)yikdt � kyjk ; j = 1; : : : ; n� 1:Apì thn trigwnik  anisìthta, gia k�je t 2 [0; 1]2k n�1Xi=1 ri(t)yik � k n�1Xi=1 ri(t)yi + ynk+ k n�1Xi=1 ri(t)yi � ynk;opìte, oloklhr¸nontac paÐrnoumeZ 10 k n�1Xi=1 ri(t)yikdt � Z 10 k nXi=1 ri(t)yikdt:Qrhsimopoi¸ntac thn epagwgik  upìjesh èqoume ìtiZ 10 k nXi=1 ri(t)yikdt � kyjk ; j = 1; : : : ; n� 1;kai h apìdeixh tou isqurismoÔ oloklhr¸netai me kuklik  enallag  twn yj . 2PaÐrnontac yi = aixi, èqoumeZ 10 k nXi=1 ri(t)aixikdt � max1�i�n kaixik:Epistrèfontac sthn (�), paÐrnoumeM � ZSn�1 max1�i�n kaixik�(da) � ZSn�1 max1�i�[n2 ] kaixik�(da):



40T¸ra, efarmìzontac to l mma Dvoretzky-Rogers èqoumeM � 12 ZSn�1 max1�i�[n2 ] jaij�(da);kai apì to L mma 6 èpetai ìtiM � cr log [n2 ]n � c0r lognn :AfoÔ Lr � cM , apì to Je¸rhma 4 sumperaÐnoume ìti, ank = [kX (")] = "c3"2[log�1(1=")]n�Lrb �2#� c03"2[log�1(1=")]n�Mb �2� c003"2[log�1(1=")] logn;tìte up�rqei F upìqwroc tou Rn me dimF = k tètoioc ¸ste: gia k�je x 2 SF ,(1 + ")�1Lr � kxk � Lr(1 + "): 2Apìdeixh tou Jewr matoc 2: 'Estw X = (Rn ; k � k) n-di�statoc q¸roc me nìrma,kai " 2 (0; 1). Epilègoume � = "=4, opìte (1 + �)2 � 1 + ".Up�rqei T 2 GLn tètoioc ¸ste to elleiyoeidèc mègistou ìgkou tou T (KX) naeÐnai h Dn. OrÐzoume r(x) = kxkT (KX) kai jewroÔme ton mèso L thc r. Apì toJe¸rhma 5, up�rqoun k � c(�) logn = c(") logn kai F k-di�statoc upìqwroc touRn , ètsi ¸ste L(1 + �) (Dn \ F ) � T (KX) \ F � (1 + �)L (Dn \ F ) :Tìte, paÐrnontac F1 = T�1(F ) èqoume d(F1; `k2) � (1 + �)2 � 1 + ". 2H gewmetrik  diatÔpwsh tou Jewr matoc 2 eÐnai h ex c: Gia k�je summetrikìkurtì s¸ma K ston Rn kai k�je " > 0, up�rqoun k � c"2 logn, upìqwroc F touRn di�stashc k, kai elleiyoeidèc E ston F , tètoia ¸ste(�) E � K \ F � (1 + ")E:Upodiplasi�zontac th di�stash k tou upoq¸rou, mporoÔme na upojèsoume ìti to Esthn (�) eÐnai EukleÐdeia mp�la ston F (qwrÐc kammÐa upìjesh gia thn arqik  jèshtou K). To gegonìc autì eÐnai �mesh sunèpeia tou parak�tw L mmatoc (blèpe p.q.[Z]):L mma 7. 'Estw E elleiyoeidèc ston R2l�1 me kèntro to o. Up�rqei l-di�statocupìqwroc F tou R2l�1 tètoioc ¸ste to E \ F na eÐnai EukleÐdeia mp�la ston F .



41Apìdeixh: MporoÔme na upojèsoume ìtiE = (x 2 R2l�1 : 2l�1Xi=1 a2i hx; eii2 � 1) ;ìpou a1 > a2 > : : : > a2l�1 > 0 kai feig orjokanonik  b�sh.AfoÔ gia k�je i � l � 1 isqÔei ai > al > a2l�i, mporoÔme na orÐsoumeb1; : : : ; bl�1 > 0 apì tic exis¸seica2i b2i + a22l�i = a2l (b2i + 1):JewroÔme ton upìqwro F pou orÐzetai apì tic exis¸seichx; eii = bihx; e2l�ii ; i = 1; : : : ; l� 1:OrÐzoume vl = el kai vi, i = 1; : : : ; l � 1 mèsw twnvi = biei + e2l�ipb2i + 1 ; i = 1; : : : ; l � 1:Tìte, to fv1; : : : ; vlg eÐnai orjokanonik  b�sh tou F . EpÐshc, an x 2 F tìtelXi=1 a2l hx; vii2 = a2l hx; eli2 + l�1Xi=1 a2l (bihx; eii+ hx; e2l�ii)2b2i + 1= a2l hx; eli2 + l�1Xi=1 a2l (b2i + 1)hx; e2l�ii2= a2l hx; eli2 + l�1Xi=1(a2i b2i + a22l�i)hx; e2l�ii2= 2l�1Xi=1 a2i hx; eii2:Autì apodeiknÔei ìti to E \ F eÐnai mp�la aktÐnac a�1l ston F . 2Qrhsimopoi same th sugkèntrwsh tou mètrou sthn Sn�1 gia thn apìdeixh touJewr matoc tou Dvoretzky. H Ðdia arq  brÐskei efarmogèc se pl joc diaforetik¸nkatast�sewn. Gia na tonÐsoume autì to gegonìc, dÐnoume èna akìma par�deigma:Apìstash Banach-Mazur. SÔmfwna me to je¸rhma tou John, d(X; `n2 ) � pngia k�je n-di�stato q¸ro me nìrma X . Epomènwc, h pollaplasiastik  trigwnik anisìthta gia thn d deÐqnei ìti d(X;Y ) � n gia k�je zeug�ri q¸rwn X kai Y . Apìthn �llh pleur�, o Gluskin [Gl] èqei apodeÐxei ìti h di�metroc tou Banach-Mazurcompactum eÐnai thc t�xhc tou n:Up�rqei apìluth stajer� c > 0 tètoia ¸ste: gia k�je n mporoÔme na broÔmedÔo n-di�statouc q¸rouc Xn; Yn me d(Xn; Yn) � cn.



42 Oi q¸roi Xn; Yn sto par�deigma tou Gluskin eÐnai tuqaÐoi kai tou Ðdiou tÔpou:tuqaÐa summetrik� polÔtopa me �n korufèc (� > 1). Ja deÐxoume ìti q¸roi pou oimonadiaÐec mp�lec touc eÐnai polÔ diaforetik� gewmetrik� antikeÐmena èqoun mikr apìstash:Prìtash 6. 'Estw X kai Y dÔo n-di�statoi q¸roi me nìrma, me jExtr(KX)j � n�kai jExtr(KY �)j � n� gia k�poiouc �; � > 0, ìpou me Extr(�) sumbolÐzoume to sÔnolotwn akraÐwn shmeÐwn. Tìte,d(X;Y ) � cp�+ �pn logn:[M� �lla lìgia, an èna s¸ma èqei lÐgec korufèc kai èna deÔtero s¸ma èqei lÐgecèdrec, tìte h apìstas  touc den xepern� thn pn logn.]Apìdeixh: MporoÔme na upojèsoume ìti 1pnDn � KX � Dn � KY � pnDn.Tìte, KY � � Dn. An U 2 O(n), eÔkola elègqoume ìti kU�1 : Y ! Xk � n. JadeÐxoume ìti h kU : X ! Y k eÐnai mikr  gia ton tuqaÐo U .Gia na ektim soume th nìrma tou U ergazìmaste wc ex c:kU : X ! Y k = supx2KX kUxkY = maxx2Extr(KX) maxy�2Extr(KY � ) jhUx; y�ij:ParathroÔme ìti an x 2 Extr(KX) kai y� 2 Extr(KY �), tìte Ux; y� 2 Dn. 'Epetaiìti � (U 2 O(n) : jhUx; y�ij � ") = � �� 2 Sn�1 : jh�; y�ij � "� � c exp(�"2n=2):Epomènwc, an cn�+� exp(�"2n=2) < 1, mporoÔme na broÔme U 2 O(n) me thnidiìthta jhUx; y�ij � "; x 2 Extr(KX); y� 2 Extr(KY �);dhlad , kU : X ! Y k � ". LÔnontac wc proc ", blèpoume ìti oi periorismoÐ macikanopoioÔntai me " 'p�+ �plogn=n:'Ara, up�rqei U 2 O(n) gia ton opoÐod(X;Y ) � kU : X ! Y k kU�1 : Y ! Xk � cp�+ �pn logn: 21.6 H di�stash twn EukleÐdeiwn upoq¸rwn tou `npH apìdeixh tou jewr matoc tou Dvoretzky pou dìjhke sthn prohgoÔmenh par�-grafo, eÐnai pijanojewrhtik c fÔshc, kai mac dÐnei ìti tuqaÐoc upìqwroc F touX = (Rn ; k � k) me di�stash dimF = [c"2n(M=b)2] eÐnai (1 + ")-EukleÐdeioc. Autìmac odhgeÐ ston orismì thc akìloujhc paramètrou tou X :



43Orismìc. 'Estw X n-di�statoc q¸roc me nìrma. OrÐzoume k(X) ton megalÔteroakèraio k � n gia ton opoÐo�n;k �F 2 Gn;k : 12M jxj � kxk � 2M jxj; x 2 F� � 1� kn+ k :M� �lla lìgia, k(X) eÐnai h megalÔterh dunat  di�stash k � n gia thn opoÐah pleioyhfÐa twn k-di�statwn upoq¸rwn tou X eÐnai 4-EukleÐdeioi. H epilog  thcstajer�c M ston parap�nw orismì, antistoiqeÐ sthn swst  kanonikopoÐhsh, afoÔo mèsoc tou M(F ) p�nw sthn Gn;k isoÔtai me M gia k�je 1 � k � n.Apì to je¸rhma tou Dvoretzky èpetai ìti k(X) � cn(M=b)2. 'Opwc ja doÔme,isqÔei kai h antÐstrofh anisìthta:Prìtash 1. k(X) � 8n(M=b)2.Apìdeixh: StajeropoioÔme orjog¸niouc upìqwrouc F 1; : : : ; F t di�stashc dimF i �k(X) tètoiouc ¸ste Rn = �F i (paÐrnoume [n=k(X)] d�stashc k(X) kai, endeqomè-nwc, ènan di�stashc n � [n=k(X)]k(X), opìte t � 2n=k(X)). Apì ton orismì touk(X), oi perissìterec orjog¸niec eikìnec kajenìc F i eÐnai 4-EukleÐdeiec, epomènwcmporoÔme na broÔme U 2 O(n) ètsi ¸ste12M jxj � kxk � 2M jxj ; x 2 U(F i)gia k�je i = 1; : : : ; t. K�je x 2 Rn gr�fetai sth morf  x = Pti=1 xi, ìpouxi 2 U(F i). AfoÔ ta xi eÐnai k�jeta an� dÔo, paÐrnoumekxk � 2M tXi=1 jxij � 2Mptjxj:Autì shmaÐnei ìti b � 2Mpt, kai afoÔ t � 2n=k(X), sumperaÐnoume ìti k(X) �8n(M=b)2. 2M� �lla lìgia, isqÔei o akìloujoc asumptwtikìc tÔpoc:Je¸rhma 1. Gia k�je n-di�stato q¸ro me nìrma X èqoumek(X) ' n(M=b)2: 2Sth sunèqeia jewroÔme touc klasikoÔc q¸rouc `np , 1 � p � 1, kai pros-diorÐzoume thn t�xh megèjouc (san sun�rthsh twn p kai n) tou kp = k`np (1), thcmegalÔterhc dhlad  di�stashc upoq¸rou tou `np pou eÐnai 4-isìmorfoc me ton `dimF2 .Je¸rhma 2. An 1 � p � 2, tìte kp ' n.Apìdeixh: IsqÔei kp � cn(M=b)2, ìpou b = maxfkxkp : x 2 Sn�1g kaiM = ZSn�1 kxkp�(dx):



44Apì thn anisìthta tou H�older, me dedomèno ìti 1 � p � 2, gia k�je x 2 Rn èqoumekxkp � jxjn 1p� 12 ;�ra b � n 1p� 12 . IsqÔei m�lista isìthta.P�li apì thn anisìthta tou H�older, paÐrnoume kxk1 � kxkpn 1q , x 2 Rn , �raM � ZSn�1 n� 1q kxk1�(dx) = n� 1q nXi=1 ZSn�1 jxij�(dx) = n1� 1q ZSn�1 jx1j�(dx):To teleutaÐo olokl rwma upologÐzetai wc ex c: jewroÔme toZDn jx1jdx = n!n ZSn�1 Z 10 rnj�1jdr�(d�) = nn+ 1!n ZSn�1 j�1j�(d�);ìpou !n = jDnj. 'Ara,ZSn�1 j�1j�(d�) = n+ 1n 1!n ZDn jx1jdx = 2(n+ 1)!n�1n!n Z 10 t(1� t2)n�12 dt:UpologÐzontac to olokl rwma, blèpoume ìtiZSn�1 j�1j�(dx) = 2np� �(n2 + 1)�(n2 + 12 ) ;kai qrhsimopoi¸ntac thn anisìthta1pe �n+ 12 � 12 � �(n2 + 1)�(n+12 ) � �n+ 12 � 12 ;katal goume sthnZSn�1 jx1jdx � 2pe� �n+ 12 � 12 1n � p2pe� 1pn:Dhlad , M � (2=e�)1=2n 1p� 12 :Sundu�zontac ta parap�nw èqoumekp � cn�Mb �2 � c0n:AfoÔ (profan¸c) kp � n, h apìdeixh eÐnai pl rhc. 2Je¸rhma 2. k1 ' logn.



45Apìdeixh: Apì to je¸rhma tou Dvoretzky èpetai ìti k1 � c logn. Gia thnantÐstrofh anisìthta, deÐqnoume pr¸ta k�ti piì genikì:Prìtash 2. An P eÐnai èna polÔtopo ston Rk me m èdrec, kai Dk � P � aDk,tìte m � exp(k=2a2):Apìdeixh: Gr�foume to P sth morf P = fx 2 Rk : hx; vji � 1 ; j � mg:AfoÔ Dk � P , prèpei na isqÔei jvj j � 1 (alli¸c, vj=jvj j 2 DknP ) gia k�je j =1; : : : ;m. Apì ton deÔtero egkleismì sumperaÐnoume to ex c:Gia k�je � 2 Sn�1, up�rqei j � m me thn idiìthta h�; vji � 1=a. [Pr�gmati, anr > a, tìte r� =2 aDk. Epomènwc r� =2 P , dhlad  up�rqei j me hr�; vji > 1. AfoÔto r > a  tan tuqìn, èpetai o isqurismìc.]Jètoume uj = vj=jvj j, j = 1; : : : ;m. Tìte, afoÔ jvj j � 1,f� 2 Sk�1 : h�; vji � 1=ag � f� 2 Sk�1 : h�; uji � 1=ag;�ra(�) Sk�1 � m[j=1 �� 2 Sk�1 : h�; uji � 1=a	 :K�je f� 2 Sk�1 : h�; uji � 1=ag eÐnai mi� mp�la sthn Sk�1, me kèntro uj kaigwniak  aktÐna 2 arcsin(1=2a). To L mma pou akoloujeÐ dÐnei �nw fr�gma gia tomètro thc:L mma 1. Gia k�je u 2 Sk�1 kai " 2 (0; 1) jètoume C(u; ") = f� 2 Sk�1 : hu; �i �"g. Tìte, �(C(u; ")) � exp(�"2k=2):Apìdeixh: To �(C(u; ")) eÐnai Ðso me to posostì thc Dk pou katalamb�nei o sfai-rikìc k¸noc pou antistoiqeÐ sto C(u; "). 'Omwc, autìc o sfairikìc k¸noc perièqetaise mia EukleÐdeia mp�la aktÐnac (1� "2)1=2, �ra�(C(u; ")) � (1� "2)k=2 � exp(�"2k=2): 2MporoÔme t¸ra na oloklhr¸soume thn apìdeixh thc Prìtashc: apì thn (�) kaito L mma me " = 1=a,1 = �(Sk�1) � m�(C(u; ")) � m exp(�k=2a2): 2Gia thn apìdeixh thc k1 � c0 logn, upojètoume ìti gia k�poion k 2 N up�rqeik-di�statoc upìqwroc tou `n1 tètoioc ¸ste d(F; `k2) � 4. O kÔboc Qn èqei 2n èdrec,



46epomènwc to polÔtopo Qn \ F èqei ki autì m � 2n èdrec kai up�rqei elleiyoeidècE ston F gia to opoÐo E � Qn \ F � 4E. Me kat�llhlo loipìn grammikìmetasqhmatismì, brÐskoume polÔtopo P1 = T (P ) � Rk me m èdrec, pou ikanopoieÐthn Dk � P1 � 4Dk:Apì thn Prìtash 2, 2n � m � exp(k=32), dhlad k � 32 log(2n):'Epetai ìti k1 � 32 log(2n), �ra k1 ' logn. 2Gia thn perÐptwsh pou apomènei (2 < q <1) ja qreiastoÔme thn anisìthta touKhintchine:Je¸rhma 3. Gia k�je 1 � p < 1 up�rqoun jetikèc stajerèc Ap kai Bp tètoiec¸ste: gia k�je n kai k�je epilog  pragmatik¸n arijm¸n a1; : : : ; an,Ap nXi=1 ja2i j!1=2 �  Z 10 j nXi=1 airi(t)jpdt!1=p � Bp nXi=1 ja2i j!1=2 :Apìdeixh: MporoÔme na upojèsoume ìti Pni=1 a2i = 1. DeÐqnoume thn dexi� anisì-thta, pr¸ta gia p = k 2 N: OrÐzoume f(t) =Pni=1 airi(t). Tìte,jf(t)jk � k!ejf(t)j � k!�ef(t) + e�f(t)� :'Omwc, blèpontac tic ri san anex�rthtec tuqaÐec metablhtèc sto [0; 1], paÐrnoumeZ 10 ef(t)dt = Z 10 mYi=1 exp(airi(t))dt = nYi=1 Z 10 exp(airi(t))dt = nYi=1 cosh(ai):Apì thn anisìthta cosh(x) � exp(x2=2), sumperaÐnoume ìtiZ 10 ef(t)dt � nYi=1 exp(a2i =2) = pe;kai lìgw summetrÐac, R e�f(t)dt � pe. Dhlad , Z 10 j nXi=1 airi(t)jkdt!1=k � �2pek!�1=k nXi=1 a2i!1=2 :'Estw p � 2. Jewr¸ntac ton fusikì arijmì k = [p] + 1 kai thn anisìthta touH�older blèpoume ìti Z 10 j nXi=1 airi(t)jpdt!1=p �  Z 10 j nXi=1 airi(t)jkdt!1=k � cp nXi=1 a2i!1=2 :



47Autì shmaÐnei ìti Bp � cp. Sumplhr¸noume thn apìdeixh deÐqnontac thn arister anisìthta sthn perÐptwsh 1 � p < 2. BrÐskoume � 2 (0; 1) tètoio ¸ste 2 =p� + 4(1� �), dhlad  � = 2=(4� p). Tìte,Z 10 jf(t)j2dt = Z 10 jf(t)jp�jf(t)j4(1��)dt � �Z 10 jf(t)jpdt�� �Z 10 jf(t)j4dt�1�� :Apì thn dexi� anisìthta (gia p = 4),Z 10 jf(t)j2dt � �Z 10 jf(t)jpdt�� 31�� �Z 10 jf(t)j2dt�2(1��) ;to opoÐo mac dÐnei3 12� 1p �Z 10 jf(t)j2dt�1=2 � �Z 10 jf(t)jpdt�1=p :'Ara, Ap � 3 12� 1p . 2Je¸rhma 4. An 2 < q <1, tìte kq ' n 2q .Apìdeixh: An q > 2, tìte kxkq � jxj. 'Epetai eÔkola ìti b = 1. Apì thn �llhpleur�, h olokl rwsh thc apìdeixhc tou Jewr matoc 1 deÐqnei ìtiM � n 1q� 12 :'Ara, kq � cn(n 1q� 12 )2 = cn 2q :Gia thn antÐstrofh anisìthta, ac upojèsoume ìti up�rqei upìqwroc F tou Rn medimF = k, o opoÐoc eÐnai 4-isìmorfoc me ton `k2 . IsodÔnama, up�rqoun uj =(uj1; : : : ; ujn) me thn idiìthta: gia k�je epilog  pragmatik¸n arijm¸n a1; : : : ; ak,0@ kXj=1 jaj j21A1=2 � k kXj=1 ajujkq � 40@ kXj=1 jaj j21A1=2 :Epilègontac ai = ri(t), èqoume: gia k�je t 2 [0; 1],k q2 = 0@ kXj=1 jrj(t)j21Aq=2 � k kXj=1 rj(t)ujkqq = nXi=1 j kXj=1 rj(t)ujijq :Oloklhr¸noume sto [0; 1] kai qrhsimopoioÔme thn anisìthta tou Khinchine:(�) k q2 � nXi=1 Z 10 j kXj=1 rj(t)ujijqdt � Bqq nXi=10@ kXj=1 u2ji1Aq=2 :



48'Omwc, gia opoiod pote i 2 f1; : : : ; ng, paÐrnontac ai = uji blèpoume ìtikXj=1 u2ji = kXj=1 ujiuji � 0@ nXl=1 j kXj=1 ujiujljq1A1=q
= k kXj=1 ujiujkq � 40@ kXj=1 u2ji1A1=2 :'Epetai ìti 0@ kXj=1 u2ji1A1=2 � 4;kai epistrèfontac sthn (�) blèpoume ìtik q2 � (4Bq)qn:Dhlad , kq � 16B2qn2=q. 2KleÐnoume aut n thn par�grafo me dÔo efarmogèc twn mejìdwn pou anaptÔxame(apì to [FLM]).(a) AnX = (Rn ; k�k) eÐnai ènac q¸roc me nìrma, tìte h duðk  nìrma orÐzetai apìthn kxk� = supfjhx; yij : kyk � 1g. An 1a jxj � kxk � bjxj, tìte 1b jxj � kxk� � ajxj,epomènwc an orÐsoume k� = k(X�) kai M� =M(X�), to Je¸rhma 1 deÐqnei ìtik� ' n(M�=a)2:Apì thn �llh pleur�, apì thn anisìthta Cauchy-Schwarz èqoumeMM� � �ZSn�1 kxk 12� kxk 12�(dx)�2 � �ZSn�1 jhx; xij 12 �(dx)�2 = 1:Pollaplasi�zontac tic ektim seic mac gia touc k kai k�, sumperaÐnoume ìtikk� � cn2 (MM�)2(ab)2 � cn2=(ab)2:SÔmfwna me to je¸rhma tou John, mporoÔme na epilèxoume thn jèsh tou K ètsi¸ste ab � pn, �ra èqoume apodeÐxei to ex c:Je¸rhma 5. Gia k�je n-di�stato q¸ro me nìrma X ,k(X)k(X�) � cn: 2Autì  dh deÐqnei ìti gia k�je zeug�ri (X;X�), toul�qiston mÐa apì tic posì-thtec k; k� eÐnai megalÔterh apì cpn.



49(b) H ektÐmhsh logn sto je¸rhma tou Dvoretzky eÐnai bèltisth ìpwc eÐdamemelet¸ntac to par�deigma tou `n1. To epiqeÐrhma pou d¸same gia ton kÔbo deÐqneik�ti piì genikì: An P eÐnai èna summetrikì polÔtopo, kai an sumbolÐsoume topl joc twn edr¸n tou me f(P ) kai to pl joc twn koruf¸n tou me v(P ), tìte,k(X) � log f(P ) kai afoÔ v(P ) = f(P �), sumperaÐnoume ìti k� � log v(P ). Apìto Je¸rhma 5 èqoume kk� � cn, kai autì apodeiknÔei to akìloujo sunduastikìapotèlesma:Je¸rhma 6. 'Estw P èna summetrikì polÔtopo ston Rn . Tìte,log f(P ) log v(P ) � cn: 21.7 Lìgoc ìgkwn - to je¸rhma tou Kashin'Estw K summetrikì kurtì s¸ma ston Rn . O lìgoc ìgkwn tou K eÐnai h posìthtavr(K) = infn� jKjjEj�1=n : E � Ko;ìpou to inf paÐrnetai p�nw apì ìla ta elleiyoeid  pou perièqontai sto K. EÔkolaelègqoume ìti o lìgoc ìgkwn eÐnai analloÐwtoc wc proc antistrèyimouc grammikoÔcmetasqhmatismoÔc tou Rn .Par�deigma. JewroÔme arqik� tuqìn summetrikì kurtì s¸ma K ston Rn . Ank � k h antÐstoiqh nìrma, tìteZRn e�kxkpdx = ZRn Z 1kxk ptp�1e�tpdtdx= Z 10 ptp�1e�tp jfx : kxk � tgjdt= jKj Z 10 ptn+p�1e�tpdt= jKj��np + 1� :PaÐrnontac K = Bnp , 1 � p <1, blèpoume ìtiZRn e�kxkpdx = �2 Z 10 e�tpdt�n = [2�(1=p+ 1)]n:Epomènwc, jBnp j = [2�( 1p + 1)]n�(np + 1) :



50ParathroÔme ìti, an 1 � p � 2 tìte to elleiyoeidèc mègistou ìgkou thc Bnp eÐnai hn 12� 1pDn. 'Ara, vr(Bnp ) = 2�( 1p + 1)[�(n2 + 1)] 1nn 12� 1p [�(np + 1)] 1np� � C;ìpou C > 0 apìluth stajer�. Dhlad , oi monadiaÐec mp�lec twn `np , 1 � p � 2èqoun omoiìmorfa fragmèno lìgo ìgkwn.Ja deÐxoume ìti an èna s¸ma K èqei mikrì lìgo ìgkwn, tìte o q¸roc XK èqeiupoq¸rouc F me di�stash an�logh tou n pou èqoun mikr  apìstash Banach-Mazurapì ton `dimF2 (blèpe [Sz], [STJ]):Je¸rhma 1. 'Estw K summetrikì kurtì s¸ma ston Rn me vr(K) = A. Tìte, giak�je k � n up�rqei k-di�statoc upìqwroc F tou XK me thn idiìthtad(F; `k2) � 2(8A) nn�k+1 :Apìdeixh: MporoÔme na upojèsoume ìti h Dn eÐnai to elleiyoeidèc mègistou ìgkoutou K. Tìte, kxkK � jxj gia k�je x 2 Rn . 'Estw k � n. Sthn par�grafo 3 eÐdameìti ZGn;k ZSF kxk�n�F (dx)�n;k(dF ) = ZSn�1 kxk�n�(dx) = (vr(K))n:Apì thn anisìthta tou Markov, to mètro twn F 2 Gn;k pou ikanopoioÔn thnZSF kxk�n�F (dx) � (2vr(K))n = (2A)neÐnai megalÔtero apì 1� 2�n. 'Estw F ènac tètoioc upìqwroc. Tìte, p�li apì thnanisìthta tou Markov, gia k�je r 2 (0; 1) isqÔei�F fx 2 SF : kxk < rg � (2rA)n:'Estw x 2 SF . Tìte, mporoÔme me aplèc ektim seic na doÔme ìti�F (C(x; r=2)) � (r=2)k�12k :Autì shmaÐnei ìti, an (2rA)n < rk�1=22k�1 tìteC(x; r=2) \ fy 2 SF : kyk � rg 6= ;:Dhlad , mporoÔme na broÔme y 2 SF tètoio ¸ste jx � yj � r=2 kai kyk � r. Apìthn trigwnik  anisìthta paÐrnoumekxk � kyk � kx� yk � r � jx� yj � r=2:Dhlad , d(F; `k2) � 2r :



51Mènei na doÔme pìso meg�lo mporoÔme na epilèxoume to r: jèloume2n+2k�1Anrn�k+1 < 1;to opoÐo dÐnei rmax = (8A)� nn�k+1 . Epomènwc,d(F; `k2) � 2(8A) nn�k+1 : 2Parat rhsh: To Je¸rhma 1 mac lèei gia par�deigma ìti, an 1 � p � 2 kai� 2 (0; 1), tìte o `np èqei upoq¸rouc F di�stashc k = [�n] + 1 me d(F; `k2) � C 11��1 ,ìpou C1 > 0 apìluth stajer�. To apotèlesma autì eÐnai isqurìtero apì ta apote-lèsmata thc prohgoÔmenhc paragr�fou, me thn ènnoia ìti èqoume plhroforÐa giaupoq¸rouc di�stashc �n me to � osod pote kont� sto 1. Bèbaia, h ektÐmhsh eÐnaikak  ìtan �! 1.Ja doÔme èna akìma apotèlesma gia s¸mata me mikrì lìgo ìgkwn (to Je¸rhmatou Kashin [Ka]):Je¸rhma 2. 'Estw K summetrikì kurtì s¸ma ston Rn . Upojètoume ìti h Dn eÐnaito elleiyoeidèc mègistou ìgkou tou K, kai vr(K) = A. Tìte, up�rqei orjog¸niocmetasqhmatismìc U 2 O(n) me thn idiìthtaDn � K \ U(K) � 8A2Dn:Apìdeixh: Profan¸c, Dn � K \ U(K), U 2 O(n). ParathroÔme ìti, gia k�jeU 2 O(n) 1=kxkK\U(K) = 1=maxfkUxk; kxkg:Y�qnoume loipìn U 2 O(n) tètoion ¸ste maxfkU�k; k�kg � 1=8A2, � 2 Sn�1, k�tigia to opoÐo arkeÐ hN(�) := kU�k+ k�k2 � 18A2 ; � 2 Sn�1:EqoumeZO(n) ZSn�1 1kU�knk�kn�(d�)�(dU) = ZSn�1  ZO(n) 1kU�kn �(dU)! 1k�kn�(d�)= ZSn�1 �ZSn�1 1k�kn�(d�)� 1k�kn�(d�)= �ZSn�1 1k�kn�(d�)�2= A2n:Epomènwc, up�rqei U 2 O(n) o opoÐoc ikanopoieÐ thnZSn�1 � 2kU�k+ k�k�2n �(d�) � ZSn�1 1kU�knk�kn�(d�) � A2n:



52'Estw � 2 Sn�1, kai N(�) = t. An � 2 Sn�1 kai j� � �j � t, tìte to gegonìc ìti hN eÐnai nìrma me stajer� Lipschitz 1 mac dÐneiN(�) � N(�) +N(�� �) � t+ j�� �j � 2t:'Omwc, �(C(�; t)) � tn�1=2n, �ratn�12n 1(2t)2n � �(C(�; t)) 1(2t)2n� ZSn�1 � 2kU�k+ k�k�2n �(d�)� A2n:Apì thn parap�nw anisìthta eÐnai fanerì ìti t � 1=(8A)2, kai h apìdeixh eÐnaipl rhc. 2Parat rhsh: Oi apodeÐxeic twn dÔo Jewrhm�twn eÐnai thc Ðdiac fÔshc. Autì eÐnaièna par�deigma enìc polÔ genikìterou fainomènou: prot�seic topikoÔ qarakt ra(ìpwc to Je¸rhma 1) pou aforoÔn thn dom  twn upoq¸rwn enìc q¸rou X me nìr-ma, èqoun tic antÐstoiqèc touc prot�seic olikoÔ qarakt ra (ìpwc to Je¸rhma 2)pou aforoÔn thn sumperifor� olìklhrhc thc monadiaÐac mp�lac tou X kai twnorjog¸niwn metasqhmatism¸n thc.Gia na tonÐsoume aut n th sqèsh, dÐnoume mÐa apìdeixh tou Jewr matoc 2 qrh-simopoi¸ntac to Je¸rhma 1: 'Estw K summetrikì kurtì s¸ma pou perièqei thnDn kai ikanopoieÐ thn jKj=jDnj � An. H apìdeixh tou Jewr matoc 1 deÐqnei ìti tomètro twn upoq¸rwn F tou XK di�stashc n=2 pou ikanopoioÔn thnDn \ F � K \ F � cA2Dn \ FeÐnai megalÔtero apì 1� 2�n. Epomènwc, mporoÔme na broÔme F tètoion ¸ste1cA2 jxj � kxk � jxj ; x 2 F; F?:OrÐzoume U = PF � PF? , ìpou PF ; PF? oi orjog¸niec probolèc stouc F; F?antÐstoiqa. Tìte U 2 O(n), kai an x = x1 + x2 eÐnai h graf  tou x me x1 2 F ,x2 2 F?, 2jxj � 2kxkK\U(K) � kxk+ kUxk= kx1 + x2k+ kx1 � x2k � 2maxfkx1k; kx2kg� kx1k+ kx2k � 1cA2 (jx1j+ jx2j)� 1cA2 jxj:'Ara, Dn � K \ U(K) � (cA2=2)Dn.Jewr¸ntac ton `n1 , paÐrnoume mia polÔ endiafèrousa efarmog  tou Jewr matoc 2:



53Je¸rhma 3. Up�rqoun dianÔsmata y1; : : : ; y2n 2 Sn�1 tètoia ¸stecpn � nXj=1 jhx; yjij � 2pngia k�je x 2 Sn�1, ìpou c > 0 apìluth stajer�.Apìdeixh: To elleiyoeidèc mègistou ìgkou thc Bn1 eÐnai h n�1=2Dn, kai o lìgocìgkwn thc eÐnai mikrìteroc apì C. Apì thn apìdeixh tou Jewr matoc 2, up�rqeiU 2 O(n) me thn idiìthta 2pn � kxk1 + kUxk1 � pn8C2gia k�je x 2 Sn�1. Jètoume yi = ei kai yn+i = U�ei, i = 1; : : : ; n. Tìte, hparap�nw sqèsh paÐrnei th morf 2pn � 2nXj=1 jhx; yjij � pn8C2 : 2Parathr ste ìti ta yj eÐnai polÔ eidik c morf c: h ènwsh mi�c orjokanonik cb�shc me mi� strof  thc. 'Omwc, den up�rqei sugkekrimèno par�deigma tètoiacepilog c dianusm�twn. H Ôparxh tou U exasfalÐsthke, ìpwc eÐdame, me pijano-jewrhtikèc mejìdouc.
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Kef�laio 2To Je¸rhma tou Krivine
2.1 Eisagwg 'Estw X ènac q¸roc Banach �peirhc di�stashc kai èstw (xn)1n=1 mÐa akoloujÐagrammik� anex�rthtwn dianusm�twn ston X:MÐa (peperasmènh   �peirh) akoloujÐa(yn)n ston X onom�zetai block akoloujÐa thc (xn)n; an up�rqei akoloujÐa fusik¸nk1 < k2 < : : : ; ¸ste, gia k�je n,yn = kn+1Xi=kn+1 aixi;gia k�poiouc suntelestèc ai; i = kn + 1; : : : ; kn+1:JewroÔme t¸ra dÔo q¸rouc Banach (X; k � k); (Z; jk � jk) kai dÔo akoloujÐecgrammik� anex�rthtwn dianusm�twn (xn)1n=1 ston X kai (zn)1n=1 ston Z: Lème ìti h(zn)n eÐnai peperasmèna anaparast�simh kat� block sthn (xn)n; an, gia k�jem 2 Nkai k�je " > 0; up�rqei block akoloujÐa (yi)mi=1 thc (xn)n tètoia ¸ste(1� ")jk mXi=1 aizijk � k mXi=1 aiyik � (1 + ")jk mXi=1 aizijk;gia k�je akoloujÐa suntelest¸n (ai)mi=1:Eidikìtera, gia 1 � p < 1; lème ìti o `p (antÐstoiqa, o c0) eÐnai peperasmènaanaparast�simoc kat� block sthn akoloujÐa (xn)n; an h kanonik  b�sh tou `p (an-tÐstoiqa, tou c0) eÐnai peperasmèna anaparast�simh kat� block sthn (xn)n; dhlad an, gia k�je m 2 N kai k�je " > 0; up�rqei block akoloujÐa (yi)mi=1 thc (xn)ntètoia ¸ste (1� ") mXi=1 jaijp! 1p � k mXi=1 aiyik � (1 + ") mXi=1 jaijp! 1p55



56(antÐstoiqa, (1� ")maxi=1;:::;m jaij � kPmi=1 aiyik � (1 + ")maxi=1;:::;m jaij),gia k�je akoloujÐa suntelest¸n (ai)mi=1:To Je¸rhma tou Krivine [K] (1976) pou ja parousi�soume eÐnai to akìloujo:Je¸rhma. 'Estw (xn)1n=1 mÐa akoloujÐa grammik� anex�rthtwn dianusm�twn seènan q¸ro Banach X . Tìte eÐte up�rqei p; 1 � p < 1; ¸ste o `p na eÐnai pepera-smèna anaparast�simoc kat� block sthn (xn)n eÐte o c0 eÐnai peperasmèna anapara-st�simoc kat� block sthn (xn)n:To er¸thma an k�je q¸roc Banach �peirhc di�stashc perièqei ènan upìqwroisìmorfo me k�poion `p; 1 � p <1;   me ton c0;  tan èna apì ta kentrik� probl -mata thc jewrÐac q¸rwn Banach wc tic arqèc thc dekaetÐac tou 70. An o X eÐnaiq¸roc Banach me b�sh Schauder (xn)n kai up�rqei upìqwroc tou X isìmorfoc meton `p; gia k�poio p 2 [1;1) (antÐstoiqa, me ton c0;), tìte eÐnai gnwstì ìti up�rqei�peirh block akoloujÐa (yn)1n=1 thc (xn)n pou eÐnai isodÔnamh me thn kanonik  b�shtou `p (antÐstoiqa, tou c0:) Autì shmaÐnei ìti up�rqoun stajerèc C; c > 0; ¸ste,gia k�je n 2 N kai k�je akoloujÐa suntelest¸n (ai)ni=1; na isqÔeic nXi=1 jaijp! 1p � k nXi=1 aiyik � C  nXi=1 jaijp! 1p(antÐstoiqa, cmaxi=1;:::;n jaij � kPni=1 aiyik � Cmaxi=1;:::;n jaij).Me b�sh autì, to prohgoÔmeno er¸thma mporeÐ na anadiatupwjeÐ wc ex c:'Estw X q¸roc Banach me b�sh Schauder (xn)n: Up�rqei p�nta mÐa �peirhblock akoloujÐa (yn)n thc (xn)n pou eÐte eÐnai isodÔnamh me th b�sh tou `p; giak�poio p 2 [1;1); eÐte eÐnai isodÔnamh me th b�sh tou c0;To par�deigma tou Tsirelson [T] (1974) èdwse arnhtik  ap�nthsh se autì toer¸thma. To je¸rhma tou Krivine mporeÐ na jewrhjeÐ san to kalÔtero dunatìjetikì apotèlesma se aut n thn kateÔjunsh.MÐa �mesh sunèpeia tou jewr matoc tou Krivine eÐnai to akìloujo apotèlesma:Pìrisma. 'Estw 1 � p <1 kai X q¸roc Banach isìmorfoc me ton `p: Tìte, giak�je n 2 N kai k�je " > 0; up�rqei upìqwroc F tou X di�stashc n pou eÐnai 1 + "- isìmorfoc me ton `np :P�li, an p > 1; to an�logo apotèlesma gia upoq¸rouc �peirhc di�stashc deneÐnai swstì: Gia k�je C > 1; up�rqei q¸roc Banach X isìmorfoc me ton `p; methn akìloujh idiìthta: K�je upìqwroc �peirhc di�stashc tou X èqei apìstashBanach-Mazur apì ton `p megalÔterh tou C [OS].Shmei¸noume ìti, an p = 1; sthn perÐptwsh dhlad  pou o X eÐnai isìmorfocme ton `1; èna je¸rhma tou James [J] apodeiknÔei ìti, gia k�je " > 0; up�rqeiupìqwroc �peirhc di�stashc Y tou X pou èqei apìstash Banach-Mazur apì ton `1mikrìterh tou 1 + ": To an�logo isqÔei kai an o X eÐnai isìmorfoc me ton c0: Thnapìdeixh autoÔ tou jewr matoc ja th doÔme parak�tw.



57Perigr�foume t¸ra th dom  thc apìdeixhc tou jewr matoc tou Krivine pouparousi�zoume.QrhsimopoioÔme epaneilhmmèna to akìloujo l mma, h apìdeixh tou opoÐou eÐnai�mesh:L mma. H sqèsh {peperasmènh anaparastasimìthta kat� block} eÐnai metabatik .Dhlad , an oi (xi)i; (yi)i; (zi)i eÐnai akoloujÐec stouc q¸rouc Banach X; Y; ZantÐstoiqa, kai h (zi)i eÐnai peperasmèna anaparast�simh kat� block sthn (yi)i kaih (yi)i eÐnai peperasmèna anaparast�simh kat� block sthn (xi)i; tìte h (zi)i eÐnaipeperasmèna anaparast�simh kat� block sthn (xi)i: 2Me b�sh autì to L mma h apìdeixh qwrÐzetai se dÔo basik� st�dia, ta opoÐaperigr�fontai apì ta dÔo epìmena jewr mata.Je¸rhma A. 'Estw X q¸roc Banach kai (xn)1n=1 akoloujÐa grammik� anex�rth-twn dianusm�twn ston X . Tìte up�rqei mÐa 1 - unconditional kai analloÐwth wcproc diaspor� akoloujÐa (zi)1i=1; h opoÐa eÐnai peperasmèna anaparast�simh kat�block sthn (xn)n:Je¸rhma B. 'Estw (xn)1n=1 mÐa 1 - unconditional kai analloÐwth wc proc dia-spor� akoloujÐa se ènan q¸ro Banach X me xn 6= 0 8n: Tìte eÐte, gia k�poiop 2 [1;1); o `p eÐnai peperasmèna anaparast�simoc kat� block sthn (xn)n; eÐte oc0 eÐnai peperasmèna anaparast�simoc kat� block sthn (xn)n:Gia thn apìdeixh tou Jewr matoc A, akoloujoÔme kurÐwc thn ergasÐa tou Ro-senthal [R2]. H apìdeixh prokÔptei sundu�zontac ta akìlouja apotelèsmata: Toje¸rhma tou Rosenthal [R1] gia ton `1; to je¸rhma Brunel - Sucheston [BS1,2],to je¸rhma tou James [J] gia touc q¸rouc pou eÐnai isìmorfoi me ton `1   tonc0 kai èna l mma tou Krivine [K] gia unconditional akoloujÐec. DÐnoume pl reicapodeÐxeic gia ta trÐa teleutaÐa apotelèsmata, all� den apodeiknÔoume to je¸rhmatou Rosenthal.Gia to Je¸rhma B, akoloujoÔme thn apìdeixh tou Lemberg [Lem], ìpwc aut parousi�zetai sto biblÐo twn Milman - Schechtman [MS]. O Lemberg beltÐwse toarqikì apotèlesma tou Krivine kai aplopoÐhse thn apìdeixh tou. O Krivine eÐqeapodeÐxei arqik� to akìloujo: An (xn)n eÐnai mÐa akoloujÐa grammik� anex�rthtwndianusm�twn se ènan q¸ro BanachX; tìte eÐte up�rqei p 2 [1;1) ¸ste o `p na eÐnaipeperasmèna anaparast�simoc kat� block sthn (xn)n; eÐte o c0 eÐnai peperasmènaanaparast�simoc kat� block se mÐa anadi�taxh thc (xn):2.2 OrismoÐ - Prokatarktik� apotelèsmataSumbolismìc.Oi dianusmatikoÐ q¸roi pou jewroÔme eÐnai pragmatikoÐ kai �peirhc di�stashc,ektìc an dhl¸netai to antÐjeto. An to fxi : i 2 Ig eÐnai uposÔnolo enìc dianu-smatikoÔ q¸rou X; sumbolÐzoume me [xi]i2I th grammik  j kh autoÔ tou sunìlou.



58SumbolÐzoume me c00 to dianusmatikì q¸ro twn pragmatik¸n akolouji¸n pou eÐnaitelik� Ðsec me 0.Gia k�je p 2 [1;1); sumbolÐzoume me `p to dianusmatikì q¸ro((ai)1i=1 : ai 2 R; 1Xi=1 jaijp <1) ;efodiasmèno me th nìrma k(ai)1i=1k = �P1i=1 jaijp�1=p:SumbolÐzoume me c0 to dianusmatikì q¸ron(ai)1i=1 : ai 2 R; limi!1 ai = 0o ;efodiasmèno me th nìrma k(ai)1i=1k = supi jaij:Oi `p; 1 � p <1; kai o c0 eÐnai q¸roi Banach.B�seic Schauder.MÐa akoloujÐa (xn)1n=1 se ènan q¸ro Banach X lègetai b�sh Schauder touX , an, gia k�je x 2 X; up�rqei monadik  akoloujÐa suntelest¸n (an)1n=1 ¸stex =P1n=1 anxn:MÐa akoloujÐa (xn)1n=1 se ènan q¸ro Banach X lègetai basik  akoloujÐa, aneÐnai b�sh Schauder tou upoq¸rou [xn]1n=1.To epìmeno je¸rhma dÐnei ènan qarakthrismì twn basik¸n akolouji¸n.Je¸rhma 1. 'Estw (xn)1n=1 mÐa akoloujÐa se ènan q¸ro Banach X . H (xn)n eÐnaibasik  akoloujÐa an kai mìno an isqÔoun ta akìlouja:(i) xn 6= 0, gia k�je n.(ii) Up�rqei stajer� K � 1 ¸ste, gia k�je m;n 2 N me m � n kai k�je akoloujÐasuntelest¸n (ai)ni=1; na isqÔei mXi=1 aixi � K  nXi=1 aixi : 2'Estw (xn)n kai (yn)n dÔo basikèc akoloujÐec. Lème ìti oi (xn)n kai (yn)n eÐnaiisodÔnamec, an up�rqei isomorfismìc T : [xn]1n=1 ! [yn]1n=1; me T (xn) = yn; 8n =1; 2; : : : : S� aut n thn perÐptwsh, lème ìti oi (xn)n kai (yn)n eÐnai C - isodÔnamec(C > 0) , an kTkkT�1k � C:Me �lla lìgia, oi basikèc akoloujÐec (xn)n kai (yn)n eÐnai C - isodÔnamec, anup�rqoun stajerèc a; b > 0 me ab � C, ¸ste gia k�je n 2 N kai k�je akoloujÐasuntelest¸n (ai)ni=1; na isqÔei1ak nXi=1 aixik � k nXi=1 aiyik � bk nXi=1 aixik:



59Unconditional akoloujÐec.'Estw C � 1: MÐa akoloujÐa (xi)1i=1 se ènan q¸ro Banach X lègetai C -unconditional an, gia k�je n 2 N, k�je akoloujÐa suntelest¸n (ai)ni=1 kai k�jeakoloujÐa pros mwn ("i)ni=1; isqÔei(1) k nXi=1 "iaixik � Ck nXi=1 aixik:Prìtash 1. 'Estw (xn)n mÐa akoloujÐa se ènan q¸ro Banach X . Ta akìloujaeÐnai isodÔnama:(i) H akoloujÐa (xn)n eÐnai unconditional.(ii) Up�rqei stajer� M � 1 ¸ste, gia k�je n 2 N; k�je F � f1; : : : ; ng kai k�jeakoloujÐa suntelest¸n (ai)ni=1, na isqÔei(2) kXi2F aixik �Mk nXi=1 aixik:Epiplèon, an C kai M eÐnai oi kalÔterec stajerèc gia tic opoÐec isqÔoun oi (1) kai(2) antÐstoiqa, tìte M � C � 2M:Apìdeixh: (i) ) (ii). 'Estw F � f1; : : : ; ng: Gia k�je i = 1; : : : ; n, jètoume "i = 1;an i 2 F; "i = �1; an i =2 F: 'EqoumekXi2F aixik � 12  k nXi=1 aixik+ k nXi=1 "iaixik! � Ck nXi=1 aixik:(ii) ) (i). 'Estw ("i)ni=1 2 f�1; 1gn: Jètoume F = fi 2 f1; : : : ; ng : "i = 1g: Tìte:k nXi=1 "iaixik � kXi2F aixik+ kXi=2F aixik � 2Mk nXi=1 aixik: 2Eidikìtera èpetai ìti k�je unconditional akoloujÐa (xn)n me xn 6= 0 8n; eÐnaibasik .Prìtash 2. 'Estw (ei)i mÐa C - unconditional akoloujÐa,m 2 N kai (ai)mi=1; (bi)mi=1akoloujÐec pragmatik¸n arijm¸n. An jaij � jbij 8i; tìtek mXi=1 aieik � Ck mXi=1 bieik:Apìdeixh: 'Estw ai = �ibi; ìpou j�ij � 1: JewroÔme èna sunarthsoeidèc x� tètoio¸ste kx�k = 1 kai x� (Pmi=1 �ibiei) = kPmi=1 �ibieik: Tìte,k mXi=1 �ibieik = �����x� mXi=1 �ibiei!����� � mXi=1 j�ijjbijjx�(ei)j� max j�ij mXi=1 jbijjx�(ei)j � mXi=1 jbix�(ei)j:



60Epilègoume akoloujÐa pros mwn ("i)mi=1 tètoia ¸ste "ibix�(ei) � 0; opìtek mXi=1 �ibieik � mXi=1 jbix�(ei)j = mXi=1 "ibix�(ei) = x� mXi=1 "ibiei!� k mXi=1 "ibieik � Ck mXi=1 bieik:'Ara, k mXi=1 aieik � Ck mXi=1 bieik: 2AkoloujÐec analloÐwtec wc proc diaspor�.MÐa akoloujÐa (xn)n se ènan q¸ro Banach X lègetai analloÐwth wc procdiaspor� (spreading), an, gia k�je m 2 N; k�je fn1; : : : ; nmg � N me n1 < n2 <: : : < nm kai k�je akoloujÐa suntelest¸n (ai)mi=1; isqÔeik mXi=1 aixnik = k mXi=1 aixik:JewroÔme thn akoloujÐa (ei)1i=1 ston c00 me ei(j) = �ij 8i; j: EÐnai fanerììti h (ei)i eÐnai b�sh Schauder tou q¸rou `p; gia k�je p 2 [1;1); kaj¸c kai touc0: Epiplèon, se kajènan apì autoÔc touc q¸rouc, h (ei)i eÐnai 1 - unconditionalkai analloÐwth wc proc diaspor�. H (ei)i; jewroÔmenh wc akoloujÐa ston `p;1 � p < 1; (antÐstoiqa, ston c0), onom�zetai sun jhc   kanonik  b�sh tou `p(antÐstoiqa, tou c0).2.3 Apìdeixh tou Jewr matoc AParousi�zoume pr¸ta ta basik� jewr mata pou ja qrhsimopoi soume sthn apì-deixh.(a) To Je¸rhma tou Rosenthal gia ton `1:MÐa akoloujÐa (xn)1n=1 se ènan q¸ro Banach X lègetai asjen¸c Cauchy (w -Cauchy) an, gia k�je x� 2 X�; h akoloujÐa (x�(xn))1n=1 sugklÐnei. EÐnai eÔkolona doÔme ìti an o duðkìc X� tou X eÐnai diaqwrÐsimoc, tìte k�je fragmènh ako-loujÐa (xn)n ston X èqei upakoloujÐa pou eÐnai asjen¸c Cauchy: JewroÔme ènaarijm simo puknì uposÔnolo D = fx�k : k 2 Ng thc BX� : H akoloujÐa (x�1(xn))1n=1eÐnai fragmènh, �ra èqei sugklÐnousa upakoloujÐa. Up�rqei loipìn èna �peiro upo-sÔnolo N1 tou N ¸ste h akoloujÐa (x�1(xn))n2N1 na sugklÐnei. Me ton Ðdio trìpobrÐskoume N2 � N1 ¸ste h akoloujÐa (x�2(xn))n2N2 na sugklÐnei. Epagwgik� ka-taskeu�zoume mÐa akoloujÐa (Nk)1k=1 �peirwn uposunìlwn tou N me N1 � N2 � : : :



61¸ste, gia k�je k = 1; 2; : : : ; h akoloujÐa (x�k(xn))n2Nk na sugklÐnei. Epilègoumen1 < n2 < : : : me nk 2 Nk; gia k�je k. Tìte h upakoloujÐa (xnk )k thc (xn)n eÐnaiasjen¸c Cauchy.Apì thn �llh meri�, h sun jhc b�sh (en)n tou q¸rou `1 den èqei kammÐa w -Cauchy upakoloujÐa: Gia opoiad pote akoloujÐa (ni)1i=1; jètoume x� = (an)1n=1 2`1 me an2i = 1; gia k�je i; kai an = �1, gia k�je n 6= n2i; H (x�(eni))i apoklÐnei.O Rosenthal [R1] apèdeixe to akìloujo jemeli¸dec je¸rhma diqotomÐac:Je¸rhma 1 (Rosenthal) [R1]. 'Estw (xn)1n=1 mÐa akoloujÐa dianusm�twn nìrmac1 se ènan q¸ro Banach X . Tìte eÐte up�rqei upakoloujÐa thc (xn)n pou eÐnai w- Cauchy eÐte up�rqei upakoloujÐa thc (xn)n pou eÐnai isodÔnamh me thn kanonik b�sh tou `1: 2H aploÔsterh apìdeixh tou Jewr matoc autoÔ ofeÐletai ston Farahat [F], oopoÐoc sundÔase tic idèec tou Rosenthal me to genikeumèno je¸rhma Ramsey touNash-Williams. H apìdeixh aut  parousi�zetai sta [D] kai [O].(b) To Je¸rhma tou James gia q¸rouc isìmorfouc me ton `1   ton c0:Je¸rhma 2 (James) [J]. (1) 'Estw X q¸roc Banach kai (xn)1n=1 mÐa akoloujÐaston X h opoÐa eÐnai isodÔnamh me thn kanonik  b�sh tou `1; dhlad  up�rqounC; c > 0 ¸ste c nXi=1 jaij � k nXi=1 aixik � C nXi=1 jaij 8n; 8(ai)ni=1:Tìte, gia k�je " > 0; up�rqei block akoloujÐa (yn)n thc (xn)n; h opoÐa eÐnai 1+"1�" -isodÔnamh me thn kanonik  b�sh tou `1:(2) 'Estw X q¸roc Banach kai (xn)1n=1 mÐa akoloujÐa ston X h opoÐa eÐnaiisodÔnamh me thn kanonik  b�sh tou c0; dhlad  up�rqoun C; c > 0 ¸stec maxi=1;:::;n jaij � k nXi=1 aixik � C maxi=1;:::;n jaij 8n; 8(ai)ni=1:Tìte, gia k�je " > 0; up�rqei block akoloujÐa (yn)n thc (xn)n; h opoÐa eÐnai 1+"1�" -isodÔnamh me thn kanonik  b�sh tou c0:Apìdeixh. (1) Gia k�je n 2 N; jètoume�n = inf(k 1Xi=n aixik : 1Xi=n jaij = 1) :'Eqoume c � �n � C 8n kai h akoloujÐa (�n)n eÐnai aÔxousa, �ra limn!1 �n = �;me c � � � C:'Estw " > 0 kai n0 2 N tètoioc ¸ste �(1 � ") < �n � �; gia k�je n �n0: Epilègoume mÐa akoloujÐa fusik¸n (kn)n kai mÐa block akoloujÐa (yn)n thc(xn)n; tètoiec ¸ste n0 � k1 < k2 < : : : kai, gia k�je n; yn = Pkn+1�1i=kn aixi mePkn+1�1i=kn jaij = 1 kai kynk < �kn(1 + ") � �(1 + "):



62 Tìte, gia k�je (bn)1n=1 me P1n=1 jbnj = 1; apì ton orismì tou �n kai thntrigwnik  anisìthta, paÐrnoume�(1� ") < �n0 � kX bnynk � sup kynk � �(1 + "):'Epetai ìti h akoloujÐa ( 1�yn)n eÐnai 1+"1�" - isodÔnamh me thn kanonik  b�sh tou `1:(2) H apìdeixh gia thn perÐptwsh tou c0 eÐnai an�logh. Jètoume�n = sup(k 1Xi=n aixik : (ai)i 2 c0; maxi2N jaij = 1) ;gia k�je n 2 N: Tìte h akoloujÐa (�n)n eÐnai fjÐnousa kai gia to � = limn �nèqoume c � � � C: Opwc prin, mporoÔme na epilèxoume block akoloujÐa (yn)n thc(xn)n; tètoia ¸ste �(1� ") < kynk kaikX bnynk < �(1 + ");gia k�je (bn)n 2 c0 me max jbnj = 1:Gia thn k�tw ektÐmhsh thc kP bnynk èqoume: 'Estw n0 me jbn0 j = max jbnj = 1:Tìte kX bnynk � 2kbn0yn0k � k Xn6=n0 bnyn � bn0yn0k> 2�(1� ")� �(1 + ") = �(1� 3"):SumperaÐnoume ìti h akoloujÐa ( 1�yn)n eÐnai 1+"1�3" - isodÔnamh me thn kanonik  b�shtou c0: 2To er¸thma an to an�logo apotèlesma eÐnai swstì se k�je q¸ro `p; 1 < p <1; èmeine anoiktì gia arketèc dekaetÐec kai  tan gnwstì me to ìnoma distortionproblem. To 1993 oi Odell kai Schlumprecht [OS] èdwsan arnhtik  ap�nthsh seautì to er¸thma. Apèdeixan m�lista ìti, an 1 < p < 1; tìte, gia k�je C > 1;up�rqei q¸roc Banach X isìmorfoc me ton `p me thn akìloujh idiìthta: K�jeupìqwroc Y tou X �peirhc di�stashc èqei apìstash Banach - Mazur apì ton `pmegalÔterh tou C:(g) H ènnoia tou spreading model kai to Je¸rhma twn Brunel kai Suche-ston.To Je¸rhma twn Brunel kai Sucheston pou parousi�zoume se aut n thn par�-grafo basÐzetai se èna klasikì sunduastikì apotèlesma: To Je¸rhma tou Ram-sey.Gia k�je �peiro sÔnolo M � N sumbolÐzoume me [M ]k to sÔnolo twn uposu-nìlwn tou M pou èqoun k stoiqeÐa.Je¸rhma 3 (Ramsey) [Ra]. 'Estw k 2 N kai A;B � [N]k ¸ste [N]k = A [ B:Tìte up�rqei �peiro uposÔnolo M tou N ¸ste eÐte [M ]k � A eÐte [M ]k � B:



63Apìdeixh. DÐnoume pr¸ta thn apìdeixh gia thn perÐptwsh k = 2: 'Estw N = A[B:MporoÔme na upojèsoume ìti A \ B = ;:'Estw m1 2 N: QwrÐzoume to N n fm1g sta dÔo sÔnola fn 2 N : fm1; ng 2 Agkai fn 2 N : fm1; ng 2 Bg: Ena apì aut� ta sÔnola eÐnai �peiro, dhlad  up�rqei�peiro uposÔnolo M1 tou N ¸steeÐte 8m 2M1 fm1;mg 2 A eÐte 8m 2M1 fm1;mg 2 B:Lème ìti to zeug�ri (m1;M1) eÐnai kalì an isqÔei h pr¸th perÐptwsh, en¸ to(m1;M1) eÐnai kakì an isqÔei h deÔterh perÐptwsh.Epilègoume m2 2 M1 me m2 > m1: JewroÔme ta sÔnola fn 2 M1 : fm2; ng 2Ag kai fn 2 M1 : fm2; ng 2 Bg: AfoÔ to M1 eÐnai �peiro, èna apì ta dÔo aut�sÔnola eÐnai �peiro, dhlad  up�rqei �peiro uposÔnolo M2 tou M1 ¸steeÐte 8m 2M2 fm2;mg 2 A eÐte 8m 2M2 fm2;mg 2 B:Opwc prin, onom�zoume to zeug�ri (m2;M2) kalì sthn pr¸th perÐptwsh kai kakìsth deÔterh perÐptwsh.SuneqÐzontac epagwgik�, kataskeu�zoume akoloujÐa zeugari¸n (mn;Mn); n =1; 2; : : : ; me m1 < m2 < : : :, N � M1 � M2 � : : : kai 8n mn+1 2 Mn; ¸ste k�jezeug�ri (mn;Mn) na eÐnai kalì   kakì me thn parap�nw ènnoia. Ena apì ta sÔnolaL1 = fn 2 N : to (mn;Mn) eÐnai kalìg; L2 = fn 2 N : to (mn;Mn) eÐnai kakìgeÐnai �peiro. An to L1 eÐnai �peiro, jètoumeM = fml : l 2 L1g kai eÐnai fanerì ìti[M ]2 � A: An to L2 eÐnai �peiro, jètoume M = fml : l 2 L2g kai eÐnai fanerì ìti[M ]2 � B: Autì oloklhr¸nei thn apìdeixh gia thn perÐptwsh k = 2:Me epagwg  to apotèlesma genikeÔetai gia k�je k: H apìdeixh tou epagwgikoÔb matoc eÐnai teleÐwc an�logh me aut n thc perÐptwshc k = 2 kai thn paraleÐpoume.2Orismìc. 'Estw (xn)n mÐa akoloujÐa se ènan q¸ro Banach X . MÐa analloÐwthwc proc diaspor� akoloujÐa (zi)i se enan q¸ro Banach Z lègetai spreading modelgia thn (xn)n; an isqÔei to ex c:Gia k�je m 2 N kai gia k�je " > 0; up�rqei n ¸ste, an n < n1 < n2 < : : : < nm;tìte (1� ")k mXi=1 aizik � k mXi=1 aixnik � (1 + ")k mXi=1 aizik;gia k�je akoloujÐa suntelest¸n (ai)mi=1:Parathr seic. 1. EÐnai fanerì ìti an h akoloujÐa (zn)n eÐnai spreading modelgia mÐa upakoloujÐa thc (yn)n, tìte h (zn)n eÐnai peperasmèna anaparast�simhkat� block sthn (yn)n:2. Upojètoume ìti kynk = 1 8n kai ìti, gia k�je k kai gia k�je akoloujÐa sunte-lest¸n (ai)ki=1, to limn!1; n<n1<:::<nk k kXi=1 aiynik



64up�rqei kai ikanopoieÐ th sqèsh(�) maxi=1;:::;k jaij � limn!1; n<n1<:::<nk k kXi=1 aiynik:'Estw (zi)1i=1 h kanonik  b�sh tou c00: OrÐzoume(��) jk kXi=1 aizijk = limn!1; n<n1<:::<nk k kXi=1 aiynik:Tìte h jk � jk eÐnai nìrma ston c00 kai h akoloujÐa (zi)i sto q¸ro (c00; jk � jk) eÐnaispreading model gia thn (yn)n:Pr�gmati. EÐnai fanerì apì tic (�) kai (��) ìti h jk � jk eÐnai nìrma kai ìti hakoloujÐa (zi)i eÐnai analloÐwth wc proc diaspor� sto q¸ro (c00; jk � jk): Epiplèon,h anisìthta ��k kXi=1 aiynik � k kXi=1 biynik�� � kXi=1 jai � bijexasfalÐzei ìti, gia k�je k, to limn!1; n<n1<:::<nk k kXi=1 aiynikeÐnai omoiìmorfo sto sÔnolo f(ai)ki=1 :Pki=1 jaij � 1g: 'Epetai ìti, gia k�je k kaik�je " > 0; up�rqei n ¸ste, an n < n1 < n2 < : : : < nk; tìte(1� ")jk kXi=1 aizijk � k kXi=1 aiynik � (1 + ")jk kXi=1 aizijk;gia k�je akoloujÐa suntelest¸n (ai)ki=1:Je¸rhma 4 (Brunel - Sucheston) [BS1,2]. 'Estw X q¸roc Banach kai (vn)nmÐa asjen¸c mhdenik  akoloujÐa ston X me kvnk = 1 gia k�je n. Tìte up�rqeimÐa 2 - unconditional kai analloÐwth wc proc diaspor� akoloujÐa (zn)n pou eÐnaispreading model gia mÐa upakoloujÐa (v0n)n thc (vn)n:Apìdeixh. Ja deÐxoume ìti up�rqei upakoloujÐa (v0n)n thc (vn)n tètoia ¸ste, giak�je k kai k�je (ai)ki=1; na up�rqei tolimn!1; n<n1<:::<nk k kXi=1 aiv0nik:ParathroÔme ìti arkeÐ na broÔme upakoloujÐa (v0n)n thc (vn)n ¸ste tolimn!1; n<n1<:::<nk k kXi=1 aiv0nik



65na up�rqei gia k�je k kai k�je akoloujÐa suntelest¸n (ai)ki=1 me ai 2 Q; i =1; : : : ; k kai Pki=1 jaij = 1: JewroÔme loipìn mÐa arÐjmhsh fbi : i = 1; 2; : : :g tousunìlou ((ai)ki=1 : k 2 N; ai 2 Q; kXi=1 jaij = 1) :'Estw b1 = (a11; a12; : : : ; a1k): Tìte 0 � kPki=1 a1i vnik � 1; gia k�je n1 < n2 <: : : < nk: JewroÔme ta sÔnolaA1 = (fn1; : : : ; nkg : n1 < n2 < : : : < nk; k kXi=1 a1i vnik 2 �0; 12�) ;B1 = (fn1; : : : ; nkg : n1 < n2 < : : : < nk; k kXi=1 a1i vnik 2 �12 ; 1�) :Efarmìzontac to je¸rhma tou Ramsey paÐrnoume èna �peiro sÔnolo M1 � N;tètoio ¸ste eÐte [M1]k � A1 eÐte [M1]k � B1: Ac upojèsoume ìti [M1]k � A1:QwrÐzoume to [M1]k sta dÔo sÔnolaA2 = (fn1; : : : ; nkg �M1 : n1 < n2 < : : : < nk; k kXi=1 a1i vnik 2 �0; 14�) ;B2 = (fn1; : : : ; nkg �M1 : n1 < n2 < : : : < nk; k kXi=1 a1i vnik 2 �14 ; 12�)kai brÐskoume èna �peiro sÔnoloM2 �M1 tètoio ¸ste eÐte [M2]k � A2 eÐte [M2]k �B2: Epagwgik� kataskeu�zoume mÐa akoloujÐa (Ji)1i=1 kibwtismènwn diasthm�twnthc morf c Ji = [ si2i ; si+12i ]; ìpou 0 � si � 2i�1; kai mÐa fjÐnousa akoloujÐa (Mi)1i=1�peirwn uposunìlwn tou N; tètoiec ¸ste, gia k�je i kai k�je n1 < : : : < nk stoMi; na isqÔei kPkj=1 a1jvnjk 2 Ji:Epilègoume t¸ra mÐa diag¸nia akoloujÐa (mi)1i=1; dhlad  mi 2 Mi 8i kaim1 < m2 < : : : kai jètoume L1 = fmi : i = 1; 2; : : :g: EÐnai fanerì ìti tolimn!1; n<n1<:::<nkn1;:::;nk2L1 k kXj=1 a1jvnjkup�rqei.Epanalamb�noume thn Ðdia diadikasÐa gia thn akoloujÐa (vn)n2L1 kai thn ako-loujÐa suntelest¸n b2 = (a2j )lj=1 kai brÐskoume L2 � L1 ¸ste tolimn!1; n<n1<:::<nln1;:::;nk2L2 k lXj=1 a2jvnjk



66na up�rqei. Epagwgik� kataskeu�zoume mÐa fjÐnousa akoloujÐa (Li)1i=1 �peirwnuposunìlwn tou N; ¸ste, gia k�je i, gia thn akoloujÐa suntelest¸n bi = (aij)kij=1;to limn!1; n<n1<:::<nkin1;:::;nk2Li k kiXj=1 aijvnjkna up�rqei. Tèloc epilègoume mÐa diag¸nia akoloujÐa (li)1i=1; dhlad  li 2 Li 8i kail1 < l2 < : : : : Jètoume v0i := vli ; i = 1; 2; : : : kai èqoume th zhtoÔmenh upakoloujÐa.'Estw (zi)i h kanonik  b�sh tou c00: OrÐzoumejk kXi=1 aizijk = limn!1; n<n1<:::<nk k kXi=1 aiv0nik:Ja deÐxoume ìti, gia k�je k 2 N, gia k�je akoloujÐa suntelest¸n (ai)ki=1 kai giak�je F � f1; : : : ; kg; isqÔei h sqèsh(�) jkXi2F aizijk � jk kXi=1 aizijk:Qrhsimopoi¸ntac thn Parat rhsh 2 blèpoume ìti h (zi)i eÐnai spreading model giathn (v0n)n: Epiplèon, apì thn (�) kai thn Prìtash 1.1 èpetai ìti h akoloujÐa (zi)ieÐnai 2 - unconditional.Apìdeixh thc (�): 'Estw (ai)ki=1 kai i0 2 f1; : : : ; kg: ArkeÐ na deÐxoume ìtijk kXi=1i6=i0 aizijk � jk kXi=1 aizijk:AfoÔ h akoloujÐa (v0n)n teÐnei asjen¸c sto 0, up�rqei block akoloujÐa kurt¸nsunduasm¸n um thc (v0n)n me limm kumk = 0: 'Estwum = pm+1Xi=pm+1�mi v0i;ìpou p1 < p2 < : : :, �mi � 0 8m; 8i kai Ppm+1i=pm+1 �mi = 1 8m:'Estw " > 0: Epilègoume n0 2 N tètoio ¸ste, an n0 < n1 < : : : < nk; tìte(1) �����k kXi=1 aiv0nik � jk kXi=1 aizijk����� < "kai(2) �������k kXi=1i6=i0 aiv0nik � jk kXi=1i6=i0 aizijk������� < ":



67Epilègoume m 2 N tètoio ¸ste n0 + i0 < pm kai kumk < ": Gia k�je j =pm + 1; : : : ; pm+1; orÐzoumewj = i0�1Xi=1 aiv0n0+i + ai0v0j + kXi=i0+1 aiv0pm+1+i:'Eqoume pm+1Xj=pm+1�mj wj = i0�1Xi=1 aiv0n0+i + ai0um + kXi=i0+1 aiv0pm+1+i:Apì th sqèsh (1) paÐrnoume ìti kwjk < jkPki=1 aizijk+ "; gia k�je j; opìtek pm+1Xj=pm+1�mj wjk < jk kXi=1 aizijk+ ":Apì th sqèsh (2) paÐrnoume ìtik pm+1Xj=pm+1�mj wjk � k i0�1Xi=1 aiv0n0+i + kXi=i0+1 aiv0pm+1+ik � jai0 jkumk> jk kXi=1i6=i0 aizijk � "� jai0 j":'Ara, jk kXi=1i6=i0 aizijk < jk kXi=1 aizijk+ 2"+ jai0 j"kai, afoÔ to "  tan tuqìn, sumperaÐnoume ìtijk kXi=1i6=i0 aizijk � jk kXi=1 aizijk: 2(d) DÔo l mmata tou Krivine.Gia thn apìdeixh tou Jewr matoc A qreiazìmaste akìma èna l mma, to opoÐoofeÐletai ston Krivine [Kr] kai mac epitrèpei na pern�me apì mÐa C - unconditionalkai analloÐwth wc proc diaspor� akoloujÐa (zn)n se mÐa 1 - unconditional kaianalloÐwth wc proc diaspor� akoloujÐa (en)n (L mma 2).To pr¸to l mma aut c thc paragr�fou exasfalÐzei ìti, k�tw apì arket� ge-nikèc proôpojèseic, mporoÔme na per�soume apì mÐa akoloujÐa ûn; n 2 N; blockakolouji¸n ûn = (uni )kni=1 thc (xn)n se mÐa oriak  akoloujÐa (zi)1i=1 pou eÐnai



68peperasmèna anaparast�simh kat� block sth (xn)n: Thn teqnik  aut  ja th qrh-simopoi soume tìso sthn apìdeixh tou L mmatoc 2 ìso kai sthn apìdeixh touJewr matoc B.L mma 1. 'Estw kn 2 N; n = 1; 2; : : : ; me kn �! 1 kai akoloujÐec (uni )kni=1 seènan q¸ro Banach X me kuni k = 1 gia k�je n kai i � kn, kai me thn akìloujhidiìthta: Up�rqei � > 0 ¸ste�max jaij � k knXi=1 aiuni k;gia k�je n kai gia k�je (ai)kni=1 Tìte, up�rqei akoloujÐa (nk)1k=1 ¸ste gia k�jepeperasmènh akoloujÐa (ai)mi=1 me ai 2 R, na up�rqei to limk kPmi=1 aiunki k:Epiplèon, h sqèsh k(ai)ik := limk kXaiunki korÐzei nìrma ston c00:Apìdeixh: JewroÔme to sÔnolo twn akolouji¸n pou oi ìroi touc eÐnai rhtoÐ kaimìno peperasmènoi to pl joc eÐnai di�foroi tou mhdenìc. JewroÔme mÐa arÐjmhsh(bi)1i=1 autoÔ tou sunìlou.'Estw b1 = (a11; a12; : : : ; a1m1 ; 0; : : :), b2 = (a21; a22; : : : ; a2m2 ; 0; : : :); : : : : 'Eqoume0 � k m1Xi=1 a1iuni k � m1Xi=1 ja1i jgia k�je n, �ra h akoloujÐa �kPm1i=1 a1i uni k�n eÐnai fragmènh, opìte èqei sug-klÐnousa upakoloujÐa. Dhlad  up�rqei �peiro sÔnolo N1 � N tètoio ¸ste tolimn2N1 kPm1i=1 a1iuni k na up�rqei.T¸ra h akoloujÐa �kPm2i=1 a2iuni k�n2N1 eÐnai fragmènh, opìte èqei sugklÐ-nousa upakoloujÐa. Dhlad  up�rqei �peiro sÔnolo N2 � N1 tètoio ¸ste tolimn2N2 kPm2i=1 a2iuni k na up�rqei. SuneqÐzoume epagwgik� kai dhmiourgoÔme miafjÐnousa akoloujÐa uposunìlwn twn fusik¸n N1 � N2 � : : : � Nk � : : : tètoia¸ste to limn2Nk kPmki=1 aki uni k na up�rqei, gia k�je k:'Estw N1 = fn11; n12; n13; : : :g; N2 = fn21; n22; n23; : : :g; : : : : Jètoume nk = nkk kaih (nk)k eÐnai h zhtoÔmenh. 'Etsi èqoume to apotèlesma gia rhtoÔc ai:JewroÔme t¸ra (ai)mi=1 me ai 2 R: 'Estw " > 0. Epilègoume (qi)mi=1 me qi 2 Qkai Pmi=1 jai � qij < ": Tìte�����k mXi=1 aiuni k � k mXi=1 aiupi k����� � �����k mXi=1 aiuni k � k mXi=1 qiuni k�����++ �����k mXi=1 qiuni k � k mXi=1 qiupi k�����+ �����k mXi=1 qiupi k � k mXi=1 aiupi k�����



69� 2 mXi=1 jai � qij+ �����k mXi=1 qiuni k � k mXi=1 qiupi k����� < 2"+ �����k mXi=1 qiuni k � k mXi=1 qiupi k����� :Lìgw tou ìti h (kPmi=1 qiunki k)k eÐnai Cauchy paÐrnoume ìti kai h (kPmi=1 aiunki k)keÐnai Cauchy; �ra sugklÐnei.Tèloc, apì th sqèsh �maxi=1;:::;kn jaij � kPkni=1 aiuni k; èpetai ìti�max jaij � limn kXaiuni kgia k�je (ai)i 2 c00; �ra h sqèsh k(ai)ik := limk kPi aiunki k orÐzei nìrma ston c00:2Parat rhsh. Upojètoume ìti h (xj)j eÐnai mÐa akoloujÐa ston X kai ìti, giak�je n, h (uni )kni=1 tou prohgoÔmenou l mmatoc eÐnai block akoloujÐa thc (xj)j :'Estw (ei)i h kanonik  b�sh tou c00. Tìte h (ei)i ston q¸ro c00 me nìrma thnk(ai)ik = limk kPaiunki k eÐnai peperasmèna anaparast�simh kat� block sth (xj)j :Pr�gmati. Apì th sqèshkX(ai � bi)uni k �X jai � bij;èpetai ìti, gia k�je m; to limk kPmi=1 unki k eÐnai omoiìmorfo sto sÔnolof(ai)mi=1 : mXi=1 jaij = 1g:'Ara, gia k�je m 2 N kai k�je " > 0; up�rqei nl ¸ste(1� ")k mXi=1 aiunli k � limk k mXi=1 aiunki k = k mXi=1 aieik � (1 + ")k mXi=1 aiunli k;gia k�je akoloujÐa sunelest¸n (ai)mi=1:L mma 2. 'Estw C > 1 kai (zn)n mÐa C - unconditional kai analloÐwth wc procdiaspor� akoloujÐa se ènan q¸ro Banach me kznk = 1 8n: Up�rqei tìte mÐa 1- unconditional kai analloÐwth wc proc diaspor� akoloujÐa (en)n h opoÐa eÐnaipeperasmèna anaparast�simh kat� block sthn (zn)n:Apìdeixh. JewroÔme thn akoloujÐa dn = kPni=1 zik; n = 1; 2; : : : : Eqoume dÔopeript¸seic:1h PerÐptwsh. H akoloujÐa (dn)n eÐnai fragmènh, dhlad  up�rqei M > 0 tètoio¸ste kPni=1 zik �M 8n:AfoÔ h (zi)i eÐnai C - unconditional, èqoume1C maxi=1;:::;n jaij � k nXi=1 aizik � C maxi=1;:::;n jaijk nXi=1 zik � CM maxi=1;:::;n jaij;



70gia k�je n 2 N kai gia k�je (ai)ni=1: 'Epetai ìti h (zi)i eÐnai isodÔnamh me thnkanonik  b�sh tou c0: Apì to je¸rhma tou James gia ton c0 paÐrnoume t¸ra ìti hkanonik  b�sh (ei)i tou c0 eÐnai peperasmèna anaparast�simh kat� block sth (zi)i:2h PerÐptwsh. H akoloujÐa (dn)n den eÐnai fragmènh. Tìte dn !1:'Estw n 2 N: Gia k�je i = 1; : : : ; n; orÐzoumexni = 1dn nXj=1(�1)jzi(n+1)+j :AfoÔ h (zi)i eÐnai analloÐwth wc proc diaspor�, isqÔei kxn1k = kxn2k = � � � = kxnnk:Epiplèon, 1C � kxni k � C 8i = 1; : : : ; n:H oikogèneia (xni )n2N; i=1;:::;n ikanopoieÐ tic upojèseic tou L mmatoc 1, �raup�rqei akoloujÐa (kn)n ¸ste to limn!1 kPmi=1 aixkni k na up�rqei, gia k�je pepe-rasmènh akoloujÐa suntelest¸n (ai)mi=1: QwrÐc bl�bh thc genikìthtac upojètoumeìti to limn!1 kPmi=1 aixni k up�rqei, kai orÐzoumek mXi=1 aieik = limn!1 k mXi=1 aixni k;gia k�je (ai)mi=1; ìpou (ei)i eÐnai h kanonik  b�sh tou c00:AfoÔ h (zi)i eÐnai analloÐwth wc proc diaspor� kai, gia k�je n stajerì, tadianÔsmata xni ; i = 1; : : : ; n eÐnai isokatanemhmèna wc proc thn (zi)i; èpetai ìtih akoloujÐa (ei)i eÐnai epÐshc analloÐwth wc proc diaspor�. Ja deÐxoume ìti hakoloujÐa (ei)i eÐnai 1 - unconditional. H apìdeixh basÐzetai sto gegonìc ìti todi�nusma xni diafèrei apì èna di�nusma pou èqei thn Ðdia katanom  me to �xni kat�ènan ìro me nìrma thc t�xhc tou 1dn :Sugkekrimmèna, èstw n 2 N: Gia k�je i = 1; : : : ; n; orÐzoumeyni = 1dn n�1Xj=0(�1)jzi(n+1)+j :ParathroÔme ìti, gia k�je i = 1; : : : ; n; to yni eqei thn Ðdia katanom  me to �xni :'Ara, gia k�je u; v me u 2 [zj ]i(n+1)�1j=1 kai v 2 [zj ]1j=(i+1)(n+1); isqÔei(1) ku� xni + vk = ku+ yni + vk:EpÐshc èqoume(2) kxni � yni k � 1dn �kzi(n+1)k+ kzi(n+1)+nk� � 2dn :JewroÔme èna m 2 N; mÐa akoloujÐa pragmatik¸n suntelest¸n (ai)mi=1 kai mÐaakoloujÐa pros mwn ("i)mi=1: Jètoume F1 = �i 2 f1; : : : ;mg : "i = 1	 kai F2 =



71�i 2 f1; : : : ;mg : "i = �1	: Qrhsimopoi¸ntac thn (1); èqoumek mXi=1 "iaixni k = kXi2F1 aixni + Xi2F2 ai(�xni )k = kXi2F1 aixni + Xi2F2 aiyni k:Qrhsimopoi¸ntac thn (2); paÐrnoume loipìn,�����k mXi=1 aixni k � k mXi=1 "iaixni k����� � kXi2F2 ai(xni � yni )k � 2dn mXi=1 jaij:PaÐrnontac n!1; sumperaÐnoume ìtik mXi=1 "iaieik = k mXi=1 aieik: 2(e) Apìdeixh tou Jewr matoc A.Je¸rhma A. 'Estw X q¸roc Banach kai (xn)1n=1 akoloujÐa grammik� anex�rth-twn dianusm�twn ston X . Tìte up�rqei mÐa 1 - unconditional kai analloÐwth wcproc diaspor� akoloujÐa (zi)1i=1; h opoÐa eÐnai peperasmèna anaparast�simh kat�block sthn (xn)n:Apìdeixh: Kat� arq�c pern�me se block akoloujÐa (yn)n thc (xn)n me kynk = 1¸ste kyn � ymk � 1 8n;m; n 6= m: H epilog  twn yn gÐnetai me epagwg , wc ex c:OrÐzoume y1 := x1: Upojètoume ìti èqoume epilèxei ta y1; y2; : : : ; yn block thc(xn)n; me tic parap�nw idiìthtec. 'Estw p 2 N ¸ste yi 2 [xk ]pk=1; gia k�je i =1; : : : ; n: Dialègoume y�1 ; : : : ; y�n ston X� tètoia ¸ste ky�i k = 1 kai y�i (yi) = kyik =1: Tìte up�rqei yn+1 2 [xk]1k=p+1 tètoio ¸ste kyn+1k = 1 kai y�i (yn+1) = 0 8i =1; : : : ; n:Gia k�je m � n isqÔeikyn+1 � ymk � jy�m(yn+1 � ym)j = jy�m(yn+1)� y�m(ym)j = y�m(ym) = 1:'Ara, gia k�je m � n; kyn+1 � ymk � 1:Efarmìzoume t¸ra to je¸rhma tou Rosenthal sthn akoloujÐa (yn)n: EqoumedÔo peript¸seic:1h PerÐptwsh: Up�rqei upakoloujÐa (y0n)n thc (yn)n pou eÐnai isodÔnamh me thb�sh tou `1: Apì to je¸rhma tou James paÐrnoume tìte ìti o `1 eÐnai peperasmènaanaparast�simoc kat� block sthn (y0n); �ra kai sthn (xn):2h PerÐptwsh: Up�rqei upakoloujÐa (y0n)n thc (yn)n pou eÐnai w - Cauchy. OrÐ-zoume tìte un = y02n+1 � y02nky02n+1 � y02nk ; n = 1; 2; : : : :



72H akoloujÐa (un) teÐnei asjen¸c sto 0 kai kunk = 1 8n: Apì to je¸rhma Brunel- Sucheston èpetai ìti up�rqei mÐa 2 - unconditional kai analloÐwth wc proc dia-spor� akoloujÐa (vn) h opoÐa eÐnai peperasmèna anaparast�simh kat� block sthn(un): Tèloc qrhsimopoioÔme to L mma 2 gia na per�soume se mÐa 1 - unconditio-nal kai analloÐwth wc proc diaspor� akoloujÐa (zn) h opoÐa eÐnai peperasmènaanaparast�simh kat� block sthn (vn); �ra kai sthn (xn): 22.4 Apìdeixh tou Jewr matoc BAkoloujoÔme thn apìdeixh tou Lemberg [L]. O Lemberg aplopoÐhse thn apìdeixhtou Krivine qrhsimopoi¸ntac èna kat�llhlo zeug�ri telest¸n. KleidÐ gia thn apì-deixh tou Lemberg eÐnai h Prìtash 1, sthn opoÐa apodeiknÔetai ìti an o X eÐnaimigadikìc q¸roc Banach kai oi T; S 2 L(X) eÐnai èna zeug�ri telest¸n pou an-timetatÐjentai, tìte up�rqoun kat� prosèggish idiotimèc � tou T kai � tou S sticopoÐec antistoiqeÐ mÐa koin  akoloujÐa kat� prosèggish idiodianusm�twn (vn)n.To L mma 1 eÐnai èna gnwstì apotèlesma thc jewrÐac telest¸n, pou lèei ìtik�je telest c T 2 L(X), (X migadikìc q¸roc Banach) èqei mÐa kat� prosèggi-sh idiotim . Tèloc, qrhsimopoioÔme èna epÐshc gnwstì apotèlesma thc jewrÐacarijm¸n: To sÔnolo twn arijm¸n thc morf c 2k=3l; k; l 2 N; eÐnai puknì sto R+(L mma 2).L mma 1. 'Estw X migadikìc q¸roc Banach kai T : X ! X fragmènoc grammikìctelest c, kai èstw � 2 @�(T ). Tote to � eÐnai kat� prosèggish idiotim  tou T .Apìdeixh: AfoÔ � 2 @�(T ); up�rqei (�n)n 2 C n�(T ) tètoia ¸ste �n ! �. Isquri-zìmaste ìti k(T � �nI)�1k ! 1:Estw ìti h akoloujÐa k(T��nI)�1k den teÐnei sto �peiro. Tìte up�rqeiM > 0kai upakoloujÐa (�kn) thc (�n) tètoia ¸ste k(T � �knI)�1k �M: 'Epetai ìtik(T � �knI)�1kj�kn � �j ! 0;�ra gia meg�la n èqoume ìti k(T � �knI)�1kj�kn ��j � 12 : IsqÔei ìti an A 2 L(X)kai kAk < 1 tìte o I �A eÐnai antistrèyimoc. Eqoumek(T � �knI)�1(T � �knI � T + �I)k = k(T � �knI)�1(�kn � �)k= k(T � �knI)�1kj�kn � �j < 1�ra o I�(T��knI)�1(T��knI�T+�I) antistrèfetai, dhlad  o (T��knI)�1(T��I) antistrèfetai, dhlad  o T��I antistrèfetai. Autì eÐnai �topo, afoÔ � 2 �(T ).'Ara k(T ��n)�1Ik ! 1, dhlad  up�rqei akoloujÐa (vn)n ston X me kvnk = 1tètoia ¸ste k(T � �nI)�1(vn)k ! 1:



73OrÐzoume yn = (T � �n)�1(vn): Tìte, (T � �nI)(yn) = vn; kynk ! 1 kaik(T � �nI)(yn)k = 1: OrÐzoume un = ynkynk : Tìte kunk = 1 kaik(T � �nI)unk = k(T � �nI)(yn)kkynk ! 0:Gia thn (un)n isqÔei ìtik(T ��I)(un)k = kTun��nun+�nun��unk � kTun��nunk+ j�n��jkunk ! 0;�ra to � eÐnai kat� prosèggish idiotim  tou T . 2Prìtash 1. 'Estw X migadikìc q¸roc Banach kai èstw T; S : X ! X dÔofragmènoi grammikoÐ telestèc me TS = ST . 'Estw � mia kat� prosèggish idiotimhtou T . Tìte up�rqoun � 2 �(S) kai akoloujÐa (vn)n ston X , tètoia ¸ste kvnk = 1kai kTvn � �vnk ! 0 kai kSvn � �vnk ! 0.Apìdeixh : JewroÔme èna suneqèc grammikì sunarthsoeidèc ston `1; to opoÐosumbolÐzoume me LIM kai èqei thn idiìthta(�) lim inf an � LIM((an)n) � lim sup an 8(an)n 2 `1:Ena tètoio sunarthsoeidèc lègetai Banach limit kai brÐsketai jewr¸ntac sto q¸ro ctwn sugklinous¸n akolouji¸n to sunarthsoeidèc f me f((an)n) = lim an 8(an)n 2c: Met� efarmìzoume to je¸rhma Hahn - Banach gia na epekteÐnoume to f se ènasunarthsoeidèc LIM ston `1 pou ikanopoieÐ thn anisìthta (�).ParathroÔme ìti kLIMk = 1 kai ìti to LIM eÐnai jetikì sunarthsoeidèc,dhlad  an an � 0 8n tìte lim inf an � 0 �ra LIM((an)n) � 0: EpÐshc, an h (an)neÐnai sugklÐnousa akoloujÐa, tìte LIM((an)n) = lim an.JewroÔme to dianusmatikì q¸ro(P�X)1 = f(xn)n : xn 2 X 8n kai (kxnk)n fragmènh g:Sto q¸ro autì orÐzoume thn hminìrmajk(xn)1n=1jk = LIM ((kxnk)n) ;ìpou (xn)1n=1 2 (P�X)1: JewroÔme ton upìqwro N = f(xn)n : LIMkxnk = 0gkai orÐzoume to q¸ro Z = (X�X)1 . N:Sto q¸ro autì h hminìrma pou orÐsame prohgoumènwc ep�gei mÐa nìrma, thn opoÐasumbolÐzoume p�li me k � k. 'Estw Z h pl rwsh tou Z: OrÐzoume T : (P�X)1 !(P�X)1 ¸c ex c: T (x1; x2; : : :) = (Tx1; Tx2; : : :):O T eÐnai grammikìc telest c. O T ep�gei ènan telest  T : Z ! Z giatÐ, anLIMkxnk = 0; tìte apì th jetikìthta tou T èqoume ìtijkT ((xn)n)jk = LIMkT (xn)k � LIM(kTkkxnk) = kTkLIMkxnk



74�ra jkT ((xn)n)jk = 0:O T eÐnai grammikìc kai fragmènoc telest c, sÔmfwna me thn prohgoÔmenh ani-sìthta, �ra epekteÐnetai kat� monadikì trìpo se fragmèno telest  sthn pl rwshtou Z: OmoÐwc orÐzoume S : (P�X)1 ! (P�X)1 meS(x1; x2; : : :) = (Sx1; Sx2; : : :)kai ton epekteÐnoume me ton Ðdio trìpo ston Z.GnwrÐzoume apì thn upìjesh ìti h � eÐnai kat� prosèggish idiotim  tou T , �raup�rqei akoloujÐa (un)n tètoia ¸ste kunk = 1 kai lim kTun � �unk = 0: OpìteLIMkTun � �unk = 0; dhlad  jk(Tun � �un)njk = 0: Jètontac u = (u1; u2; : : :)èqoume ìti jkTu � �ujk = 0; �ra Tu = �u: 'Ara to � eÐnai idiotim  tou T kai tou = (un)n eÐnai idiodi�nusma tou.'Estw Y � Z o idiìqwroc tou T pou antistoiqeÐ sthn idiotim  �: AfoÔ T S =S T ; paÐrnoume ìti S(Y ) � Y: Pr�gmati. 'Estw v 2 Y: Tìte, apì ton orismì touY , èqoume ìti Tv = �v: 'Ara,T (Sv) = S(Tv) = S(�v) = �(Sv):Dhlad , Sv 2 Y:JewroÔme ton periorismì tou S ston Y: To f�sma tou telest  (SjY ) eÐnai mhkenì, �ra up�rqei toul�qiston èna � tètoio ¸ste � 2 @�(SjY ): Tìte, efarmìzontacto prohgoÔmeno l mma, èqoume ìti to � eÐnai kat� prosèggish idiotim  tou SjY:'Estw (ui)i mÐa akoloujÐa kat� prosèggish idiodianusm�twn tou SjY pou anti-stoiqeÐ sto �; dhlad  jkSui � �uijk ! 0:An ui = (ui;n)n; èqoume limi jkS(ui;1; ui;2; :::)� �(ui;1; ui;2; : : :)jk = 0; dhlad limi LIMnkSui;n � �ui;nk = 0:Ta ui eÐnai stoiqeÐa tou Y; opìte èqoume ìti kTui � �uik = 0; dhlad LIMnkTui;n � �ui;nk = 0 8i:AfoÔ limi LIMnkSui;n � �ui;nk = 0, èqoume ìti up�rqei i1 tètoio ¸steLIMkSui1;n � �ui1;nk < 1; kai gia k�je i isqÔei ìti LIMnkTui;n � �ui;nk = 0:Apì tic parap�nw sqèseic èqoume ìtiLIMn(kTui1;n � �ui1;nk+ kSui1;n � �ui1;nk) < 1:Epomènwc, lim inf (kTui1;n � �ui1;nk+ kSui1;n � �ui1;nk)� LIM (kTui1;n � �ui1;nk+ kSui1;n � �ui1;nk) < 1:'Ara up�rqei n1 tètoio ¸stekTui1;n1 � �ui1;n1k+ kSui1;n1 � �ui1;n1k < 1:



75SuneqÐzoume me ton Ðdio trìpo kai dhmiourgoÔme akoloujÐa (uik;nk )1k=1, h opoÐaikanopoieÐ th sqèshkTuik;nk � �uik;nkk+ kSuik;nk � �uik;nkk < 1k :'Ara limk kTuik;nk � �uik;nkk = 0 kai limk kSuik;nk � �uik;nkk = 0:OrÐzoume vk = uik;nk ; opìte èqoume ìtilimk kTvk � �vkk = 0 kai limk kSvk � �vkk = 0. 2L mma 2. 'Estw � jetikìc �rrhtoc. To sÔnolo fn� �m : n;m 2 Ng eÐnai puknìsto R:Apìdeixh: ApodeiknÔoume pr¸ta ton akìloujo isqurismì.Isqurismìc. Gia k�je " > 0 up�rqei n 2 N tètoio ¸ste 0 < n� � [n� ] < ":[Apìdeixh tou isqurismoÔ: ArkeÐ na deÐxoume ìti up�rqei n ¸ste0 < n� � [n� ] < �2 :Met�, epagwgik�, deÐqnoume ìti gia k�je m 2 N up�rqei n tètoio ¸ste 0 < n� �[n� ] < �2m :Upojètoume ìti 0 < � < 1: Diaforetik� douleÔoume me to � � [� ]: 'Estw n0tètoio ¸ste n0� < 1 < (n0 + 1)�: An isqÔei ìti (n0 + 1)� � 1 < �2 , tìte èqoumetelei¸sei. Diaforetik�, an den isqÔei to parap�nw, èqoume ìti 1 � n0� < �2 :OrÐzoume � = 1� n0�; opìte èqoume ìti � < �2 kai ìti�2 < � � � = (n0 + 1)� � 1:'Estw k o mikrìteroc fusikìc ¸ste 0 < � � k� < �2 : Tìte isqÔei ìti0 < (kn0 + 1)� � k < �2 ;opìte èqoume telei¸sei, afoÔ gia m := kn0 + 1, èqoume ìti 0 < m� � [m� ] < �2 :]H puknìthta apodeiknÔetai t¸ra wc ex c: 'Estw x; y dÔo pragmatikoÐ arijmoÐme 0 < x < y: Jètoume " := y � x: Tìte up�rqoun m;n 2 N tètoia ¸ste 0 <n� �m < ": IsqÔei ìti (n� � m)k k! 1; opìte jewroÔme to mikrìtero k gia toopoÐo x < (n� �m)k: Tìte (n� �m)(k � 1) � x; �rax < (n� �m)k � x+ (n� �m) < x+ " = y;dhlad  x < kn� � km < y:'Ara, oi arijmoÐ thc morf c n� �m; n;m 2 N eÐnai puknoÐ sto R+ : EÐnai t¸rafanerì ìti eÐnai puknoÐ kai sto R: 2Je¸rhma B. 'Estw X q¸roc Banach kai (xj)1j=1 akoloujÐa ston X , h opoÐa eÐnai1-unconditional kai analloÐwth wc proc diaspor� me xj 6= 0 8j: Tìte up�rqei p me1 � p �1 me thn akìloujh idiìthta:



76 Gia k�je " > 0 kai gia k�je n 2 N up�rqoun y1; y2; : : : ; yn block twn (xj)1j=1tètoia ¸ste(1� ") nXi=1 jaijp!1=p � k nXi=1 aiyik � (1 + ") nXi=1 jaijp!1=p ;gia k�je akoloujÐa suntelest¸n (ai)ni=1:Apìdeixh: Metaferìmaste kat� arq�c apì thn akoloujÐa (xj)j2N se mÐa akoloujÐa(er)r2Q arijmhmènh apì to sÔnolo Q twn jetik¸n rht¸n me ton akìloujo trìpo:JewroÔme to dianusmatikì q¸ro Y ìlwn twn sunart sewn a : Q! R, oi opoÐecèqoun peperasmèno forèa. SumbolÐzoume me (ar)r2Q mÐa tètoia sun�rthsh kai mesupp((ar)r2Q) to forèa thc, dhlad  supp((ar)r2Q) = fr 2 Q : ar 6= 0g:'Estw (er)r 2 Q h algebrik  b�sh tou Y me er(q) = 1 ìtan q = r kai er(q) = 0ìtan q 6= r. OrÐzoume mÐa nìrma k � k ston Y wc ex c:k nXi=1 aierik = k nXi=1 aixik;gia k�je r1 < r2 < : : : < rn sto Q kai gia k�je akoloujÐa suntelest¸n (ai)ni=1: Oorismìc thc nìrmac eÐnai sunep c afoÔ h (xi)i eÐnai analloÐwth wc proc diaspor�.'Epetai ìti k�je peperasmènh akoloujÐa (eri)ni=1 me r1 < r2 < : : : < rn; eÐnai1-isodÔnamh me thn (xi)ni=1; �ra arkeÐ na deÐxoume ìti up�rqei p ¸ste o `p na eÐnaipeperasmèna anaparast�simoc kat� block sthn (er)r2Q: Epiplèon, afoÔ h (xi)ieÐnai analloÐwth wc proc diaspor� kai 1-unconditional, èpetai ìti h (er)r eÐnaianalloÐwth wc proc diaspor� kai 1-unconditional, dhlad , an r1 < r2 < : : : < rnkai s1 < s2 < : : : < sn, k nXi=1 aierik = k nXi=1 "iaiesikgia opoiad pote epilog  suntelest¸n (ai)ni=1 kai pros mwn ("i)ni=1: Ja lème ìti tadianÔsmata x; y 2 Y eÐnai isokatanemhmèna, an x =Pni=1 aieri kai y =Pni=1 aiesi ,ìpou r1 < r2 < : : : < rn; s1 < s2 < : : : sn kai ai 2 R; i = 1; : : : ; n.JewroÔme t n pl rwsh Y tou Y . EpekteÐnoume touc Y kai Y se migadikoÔcq¸rouc orÐzontac kPr2Q arerk = kPr2Q jarjerk ìpou ar 2 C :OrÐzoume t¸ra dÔo grammikoÔc telestèc T kai S ston Y wc ex c:Gia k�je j = 0; 1; : : : kai gia q 2 Q \ [j; j + 1) me q = j + r; 0 � r < 1; jètoumeT (eq) = T (ej+r) = ej+ r2 + ej+ r+12kai S(eq) = S(ej+r) = ej+ r3 + ej+ r+13 + ej+ r+23 :ParathroÔme ìti oi T kai S eÐnai fragmènoi telestèc. Eidikìtera, qrhsimo-poi¸ntac to gegonìc ìti h (er)r eÐnai 1-unconditional kai analloÐwth wc proc dia-spor�, èqoume ìti kxk � kTxk � 2kxk



77kai kxk � kSxk � 3kxk:Oi T kai S epekteÐnontai monadik� se fragmènouc telestèc sthn pl rwsh touY . Akìma, apodeiknÔetai eÔkola ìti TS = ST .JewroÔme t¸ra ton upìqwro Y0 tou Y; ìpouY0 = [er]r2Q\[0;1):SumbolÐzoume me T1 kai S1 antÐstoiqa ton periorismì tou T kai tou S ston Y0:'Estw � mÐa kat� prosèggish idiotim  tou T1. Tètoia up�rqei toul�qistonmÐa, afoÔ @�(T1) 6= ; kai k�je � 2 @�(T1), sÔmfwna me to L mma 1, eÐnai kat�prosèggish idiotim  tou T1. 'Eqoume loipìn èna q¸ro Banach Y0, dÔo fragmènoucgrammikoÔc telestèc T1; S1 : Y0 ! Y0, kai mÐa kat� prosèggish idiotim  � touT1: Epiplèon, oi T1 kai S1 sundèontai me th sqèsh T1S1 = S1T1. Efarmìzontacthn Prìtash 1 èqoume ìti up�rqoun � 2 �(S1) kai akoloujÐa (yn)1n=1 tètoia ¸ste:yn 2 Y 0, kynk = 1, limn kT1yn � �ynk = 0 kai limn kS1yn � �ynk = 0: 'Ara gi�aut n thn (yn)n isqÔei ìtilimn kTyn � �ynk = 0 kai limn kSyn � �ynk = 0:QwrÐc bl�bh thc genikìthtac mporoÔme na jewr soume ìti (yn)n � Y0, afoÔ an(yn)n � Y0; tìte up�rqei (xn)n � Y0 tètoia ¸ste kxn � ynk � 1n , opìte gi' aut  th(xn)n isqÔei ìti kTxn � �xnk ! 0 kai ìti kSxn � �xnk ! 0.ParathroÔme akìmh ìti, qwrÐc bl�bh thc genikìthtac, mporoÔme na jewr soumeìti, tìso o �, ìso kai oi suntetagmènec tou k�je yn; n 2 N; eÐnai jetikoÐ arijmoÐ.Pr�gmati. 'Estw yn =P aqeq . Tìte Tyn =Paqe q2 + Paqe q+12 : 'Ara,kTyn � �ynk = kXaqe q2 + X aqe q+12 � �X aqeqk� kX jaq je q2 + X jaq je q+12 � j�jX jaqjeqk= kT �X jaq jeq�� j�jX jaq jeqk:Gia ton Ðdio lìgo, mporoÔme na jewr soume ìti o � eÐnai jetikìc arijmìc.Lìgw thc sqèshc kynk � kTynk � 2kynk kai tou ìti kTyn� �ynk ! 0, eÔkolaapodeiknÔetai ìti 1 � � � 2:OmoÐwc, lìgw thc sqèshc kynk � kSynk � 3kynk kai tou ìti kSyn � �ynk ! 0,apodeiknÔetai ìti 1 � � � 3:AnalÔoume k�je yn wc proc th b�sh (er)r. 'Estw yn = Pmnk=1 ankeqnk ; ìpoufqn1 ; : : : ; qnmng � [0; 1): OrÐzoume, gia k�je j = 1; 2; : : : ;unj = mnXk=1 ankej+qnk :



78ParathroÔme ìti kunj k = 1 8j;8n: Epiplèon, gia k�je j isqÔei ìtikTyn � �ynk = kTunj � �unj k;afoÔ ta dÔo dianÔsmata mèsa stic nìrmec èqoun thn Ðdia katanom  kai h (er)r2QeÐnai analloÐwth wc proc diaspor�. Gia ton Ðdio lìgo, kSyn��ynk = kSunj ��unj k:'Epetai ìti, gia k�je j, h (unj )1n=1 eÐnai akoloujÐa kat� prosèggish idiodianusm�-twn tou T pou antistoiqeÐ sto � kai tautoqrìnwc eÐnai akoloujÐa kat� prosèggishidiodianusm�twn tou S, pou antistoiqeÐ sto �:'Estw i 2 N: Epeid  ta dianÔsmata uni + uni+1 kai Tuni eÐnai isokatanemhmèna,èpetai ìti, gia k�je u; v tètoia ¸ste supp(u) � [0; i) kai supp(v) � [i + 2;1] kaigia k�je n; isqÔei ìti ku+ uni + uni+1 + vk = ku+ Tuni + vk:EÔkola blèpoume ìti isqÔeiku+ Tuni + vk � ku+ �uni + vk ! 0:Sundu�zontac tic parap�nw sqèseic èqoume ìtiku+ uni + uni+1 + vk � ku+ �uni + vk ! 0:SÔmfwna me to L mma 2.1, up�rqei upakoloujÐa (nk) tètoia ¸ste gia k�jepeperasmènh akoloujÐa (ai)mi=1 na up�rqei to limk kPmi=1 aiunki k kai h sun�rthshk(ai)mi=1k = limk kPmi=1 aiunki k na eÐnai nìrma ston c00: JewroÔme to q¸ro twntelik� mhdenik¸n akolouji¸n me aut n th nìrma. 'Estw (zi)i h kanonik  b�shautoÔ tou q¸rou, opìte, gia k�je (ai)i 2 c00;kXi aizik = k(ai)ik = limk kXi aiunki k:ParathroÔme ìti kzik = 1: H (zi)i eÐnai analloÐwth wc proc diaspor� kai 1-unconditional, afoÔ h (er)r eÐnai analloÐwth wc proc diaspor� kai 1-unconditionalkai, gia k�je n kai i 6= j, ta dianÔsmata uni kai unj èqoun xènouc foreÐc kai eÐnaiisokatanemhmèna.'Eqoume deÐxei ìti 8i 2 N kai u =Pi�1k=1 bkunk kai v =Pmk=i+2 ckunk isqÔei ìtik i�1Xk=1 bkunk + uni + uni+1 + mXk=i+2 ckunkk � k i�1Xk=1 bkunk + �uni + mXk=i+2 ckunkk ! 0�ra,limp k i�1Xk=1 bkunpk +unpi +unpi+1+ mXk=i+2 ckunpk k = limnp k i�1Xk=1 bkunpk +�unpi + mXk=i+2 ckunpk k:



79'Epetai ìtik i�1Xk=1 bkzk + zi + zi+1 + mXk=i+2 ckzkk = k i�1Xk=1 bkzk + �zi + mXk=i+2 ckzkk:Me epagwg  paÐrnoume ìti, gia k�je k; n 2 N; kai u; v 2 Z me u 2 [zi]ni=1 kaiv 2 [zi]1i=n+2k+1; ku+ n+2kXi=n+1 zi + vk = ku+ �kzn+1 + vk:TeleÐwc an�loga, paÐrnoume ìti, gia k�je l; n 2 N; kai u; v 2 Z me u 2 [zi]ni=1kai v 2 [zi]1i=n+3l+1; ku+ n+3lXi=n+1 zi + vk = ku+ �lzn+1 + vk:Eidikìtera, èqoume, gia k�je k kai l,k 2kXi=1 zik = �kk 3lXi=1 zik = �lk 2k3lXi=1 zik = �k�l:Ja deÐxoume t¸ra ìti h (zi)i eÐnai 1- isodÔnamh me th b�sh tou `p gia k�poio pme 1 � p <1   me th b�sh tou c0:1h PerÐptwsh: � = 1, dhlad  kP2ki=1 zik = 1 8k.Tìte, gia n � 2k, lìgw tou ìti h (zi)i eÐnai 1-unconditional èqoume ìti1 = max kzik � k nXi=1 zik � k 2kXi=1 zik = 1�ra kPni=1 zik = 1 gia n � 2k ;8k 2 N; �ra kPni=1 zik = 1 8n 2 N:Apì thn Prìtash 1.2, afoÔ h (zi) eÐnai 1 - unconditional, èpetai t¸ra ìti giak�je n isqÔei kPni=1 aizik = max jaij. 'Ara h (zi)i eÐnai isodÔnamh me th sun jhb�sh tou c0:2h PerÐptwsh: � 6= 1:



80Isqurismìc. Tìte � 6= 1 kai log2log3 = log �log� :[Apìdeixh tou IsqurismoÔ: ArkeÐ oi rhtoÐ pou eÐnai mikrìteroi apì to log 2log 3 na eÐnaiakrib¸c ekeÐnoi pou eÐnai mikrìteroi apì to log �log� : Jèloume dhlad  na deÐxoume ìti,gia k�je k; l 2 N; lk � log 2log 3 , lk � log�log�;  isodÔnama, 3l � 2k , �l � �k:'Estw ìti 3l � 2k: Tìte�l = k 3lXi=1 zik � k 2kXi=1 zik = �k:AntÐstrofa, upojètoume ìti 3l > 2k: PaÐrnontac m ¸ste 2mk+1 < 3ml; èqoume�mk+1 = k 2mk+1Xi=1 zik � k 3mlXi=1 zik = �ml;kai afoÔ � 6= 1, paÐrnoume �k < �l.]Jètoume p = log 2log � = log 3log� ; opìte � = 21=p kai � = 31=p: Gi' autì to p, jadeÐxoume ìti h (zi)i eÐnai 1-isodÔnamh me thn kanonik  b�sh tou `p; dhlad  ìti, giak�je n kai gia opoiousd pote suntelestèc (ai)ni=1,(�) k nXi=1 aizik =  nXi=1 jaijp!1=p :'Hdh xèroume ìti gia k�je k; l 2 N; isqÔeik 2k3lXi=1 zik = (2k3l)1=p:Gia na per�soume sth genik  perÐptwsh qrhsimopoioÔme thn akìloujh prìtash:To sÔnolo f 2k3l j k; l 2 Ng eÐnai puknì sto R+ :H prìtash aut  eÐnai �mesh sunèpeia tou L mmatoc 2. SÔmfwna me to l mma, tosÔnolo fk log 2log 3� l : k; l 2 Ng eÐnai puknì sto R: 'Epetai ìti to sÔnolo flog 2k3l : k; l 2Ng eÐnai puknì sto R. 'Ara, to sÔnolo f 2k3l : k; l 2 Ng eÐnai puknì sto R+ .ApodeiknÔoume t¸ra thn (�) se trÐa b mata:



81B ma 1. Gia k�je k 2 N; k kXi=1 zik = k 1p :'Estw l 2 N: Lìgw thc puknìthtac twn arijm¸n thc morf c 2n3m sto R+ ; up�rqounn;m 2 N tètoia ¸ste 2n3m � k < 2n3m (1 + 3�l); dhlad 2n3l � k3l+m � 2n3l + 2n:'Epetai ìti �2n3l� 1p = k 2n3lXi=1 zik � k k3l+mXi=1 zik � k 2n3l+2nXi=1 zik� k 2n3lXi=1 zik+ k 2nXi=1 zik = �2n3l� 1p + 2np :'Ara, �2n3l� 1p � k k3l+mXi=1 zik � �2n3l� 1p + 2npQrhsimopoi¸ntac th sqèshk iXk=1 bkzk + i+3nXk=i+1 zk + mXk=i+3n+1 ckzkk = k iXk=1 bkzk + �nzi+1 + mXk=i+3n+1 ckzkkkai to ìti h (zi)i eÐnai analloÐwth wc proc diaspor� èqoume ìti2np 3 lp � 3 l+mp k kXi=1 zik � 2np 3 lp + 2npK�nontac pr�xeic paÐrnoume ìti� k1 + 3�l� 1p � � 2n3m� 1p � k kXi=1 zik � � 2n3m� 1p �1 + 13 lp � � k 1p �1 + 3� lp� :PaÐrnontac l!1 èqoume ìti k kXi=1 zik = k 1p :B ma 2. An ta ai, i = 1; : : : ; l; eÐnai thc morf c ai = 2nip3mip ; tìtek lXi=1 aizik =  lXi=1 jaijp!1=p :



82Jètoume M = maxmi: 'Eqoumek lXi=1 aizik = 13Mp k lXi=1 2nip 3M�mip zik = 13Mp k NXi=1 zik = 13Mp N 1p ;ìpou N =Pli=1 2ni3M�mi : 'Ara,k lXi=1 aizik =  lXi=1 2ni3M�mi3M ! 1p =  lXi=1 2ni3mi! 1p =  lXi=1 aip! 1p :B ma 3. k lXi=1 aizik =  lXi=1 jaijp!1=p ;gia k�je epilog  suntelest¸n ai 2 R; i = 1; : : : ; k:Epeid  h akoloujÐa (zi) eÐnai 1 - unconditional, arkeÐ na jewr soume (ai)ki=1 meai � 0: Up�rqoun (bil)l thc morf c bil = 2nil3mil tètoia ¸ste liml bil = api ; gia k�jei = 1; : : : ; k: Tìte,k kXi=1 aizik = liml k kXi=1(bil) 1p zik = liml  kXi=1 bil! 1p =  kXi=1 api! 1p : 2
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