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Abstract

Let u be a log-concave probability measure on R™ and for any N > n consider the random
polytope Ky = conv{Xjy,..., Xy}, where X, Xo,... are independent random points in R"
distributed according to u. We study the question if there exists a threshold for the expected
measure of K. Our approach is based on the Cramer transform Aj of u. We examine the
existence of moments of all orders for A; and establish, under some conditions, a sharp threshold
for the expectation E,~ [11(K )] of the measure of Ky: it is close to 0if In N < E,,(A};) and close
to 1if In N > E,(A%). The main condition is that the parameter 3(u) = Var,(A%)/(E,.(AF))?
should be small.

1 Introduction

We study the question how to obtain a threshold for the expected measure of a random polytope defined as
the convex hull of independent random points with a log-concave distribution. The general formulation of the
problem is the following. Given a log-concave probability measure p on R™, let X7, X5, ... be independent
random points in R™ distributed according to p and for any N > n define the random polytope

Ky =conv{Xy,...,Xn}.

Then, consider the expectation E,~ [u(Ky)] of the measure of Ky, where % = p®---®@ p (N times). This
is an affinely invariant quantity, so we may assume that pu is centered, i.e. the barycenter of y is at the origin.
Given ¢ € (0,1) we say that u satisfies a “d-upper threshold” with constant g if

(1.1) sup{E,~ [u(Kn)] : N < exp(ein)} < 6
and that p satisfies a “d-lower threshold” with constant gy if
(1.2) inf{E,~[u(KN)] : N > exp(g2n)} > 1 —0.

Then, we define 1(u,d) = sup{o1 : (L.1) holds true} and g2(p,d) = inf{os : (L.2) holds true}. Our main
goal is to obtain upper bounds for the difference

o(p,0) := 02(p, 6) — 01(p,0)

for any fixed 6 € (0, %)

One may also consider a sequence {u,}52; of log-concave probability measures p, on R™. Then, we
say that {u, }22, exhibits a “sharp threshold” if there exists a sequence {4, }22 ; of positive reals such that
0n — 0 and o(pn,d0,) — 0 as n — oo. This terminology may be used to describe a variety of results that have
been obtained for specific sequences of measures (in most cases, product measures or rotationally invariant
measures). In Section [2| we provide a non-exhaustive list of contributions to this topic; starting with the
classical work [14] of Dyer, Fiiredi and McDiarmid, which concerns the uniform measure on the cube, most
of them establish a sharp threshold.



Our aim is to describe a general approach to the problem, working with an arbitrary log-concave prob-
ability measure p on R™. Our approach is based on the Cramer transform of y. Recall that the logarithmic
Laplace transform of p is defined by

MO = ( [ ), cer
and the Cramer transform of p is the Legendre transform of A, defined by

Ay(z) = sup {(z,§) — Au(§)},  zeR™
£€Rn

For every t > 0 we set
Bi(p) :=={z € R" : Aj(z) < t}

and for any = € R™ we denote by H(z) the set of all half-spaces H of R™ containing x. Then we consider
the function ¢,,, called Tukey’s half-space depth, defined by

ou(x) =inf{u(H): H € H(x)}.

We refer the reader to the survey article of Nagy, Schiitt and Werner [23] for an extensive and comprehensive
survey on Tukey’s half-space depth, with an emphasis on its connections with convex geometry, and many
references. From the definition of A}, one can easily check that for every x € R™ we have ¢,,(x) < exp(—A}; (7))
(see Lemma in Section [3| below). In particular, for any ¢ > 0 and for all ¢ B;(u) we have that
ou(x) < exp(—t). A main idea, which appears in all the previous works on this topic, is to show that ¢, is
almost constant on the boundary 9(B; (1)) of B(p). Our first main result shows that this is true, in general,
if 4 = pg is the uniform measure on a centered convex body of volume 1 in R™.

Theorem 1.1. Let K be a centered convex body of volume 1 in R™. Then, for every t > 0 we have that

inf (i, (2) : 7 € Buljuie)} > 15 expl(—t — 2v).

This implies that
Wug () = 5N <A (2) < wye (2)

for every @ € R”, where wy(z) = In (5117 ).

Theorem may be viewed as a version of Cramér’s theorem (see [I3]) for random vectors uniformly
distributed in convex bodies. We present the proof in Section [3] It exploits techniques from the theory of
large deviations and a theorem of Nguyen [25] (proved independently by Wang [31]; see also [I6]) which is
exactly the ingredient that forces us to consider only uniform measures on convex bodies. It seems harder
to prove, if true, an analogous estimate for any centered log-concave probability measure p on R™; this is a
basic question that our work leaves open.

The second step in our approach is to consider, for any centered log-concave probability measure p on
R"™, the parameter

~ Var,(A))

provided that

1AL 200 = (B, ((A5)?)"? < 0.

Roughly speaking, the plan is the following: provided that ¢, is “almost constant” on 0(B;(u)) for all t > 0
and that S(u) = 0,(1), one can establish a “sharp threshold” for the expected measure of Ky with

02 =~ 01~ HA:«HLI(“) = EH(AZ)



We make these ideas more precise in Section [5| where we also illustrate them with a number of examples.
Note that it is not clear in advance that A}, has bounded second or higher order moments, which is necessary
so that B(u) would be well-defined. We study this question in Section [4| where we obtain an affirmative
answer in the case of the uniform measure on a convex body. In fact we cover the more general case of
k~concave probability measures, x € (0,1/n], which are supported on a centered convex body.

Theorem 1.2. Let K be a centered convex body of volume 1 in R™. Let k € (0,1/n] and let u be a centered
k-concave probability measure with supp(u) = K. Then,

mA:‘L(z)
/e T du(x) < 0.

In particular, for all p > 1 we have that B, ((A%,(z))?) < oo.

The method of proof of Theorem gives in fact reasonable upper bounds for ||A | zr(,). In particular,
if we assume that g = pg is the uniform measure on a centered convex body then we obtain a sharp two
sided estimate for the most interesting case where p = 1 or 2.

Theorem 1.3. Let K be a centered convex body of volume 1 in R™, n > 2. Then,
2 *
/L < I8 1) < I 2y < cantn,
where L, is the isotropic constant of the uniform measure px on K and ci,co > 0 are absolute constants.

The left-hand side inequality of Theorem follows easily from one of the main results in [9]. Both the
lower and the upper bound are of optimal order with respect to the dimension. This can be seen e.g. from
the example of the uniform measure on the cube or the Euclidean ball (see Section , respectively.

Besides Theorem we show in Section E| that A}, has finite moments of all orders in the following
cases:

(i) If p is a centered probability measure on R which is absolutely continuous with respect to Lebesgue
measure or a product of such measures.

(i) If p is a centered log-concave probability measure on R™ and there exists a function g : [1, 00) — [1,00)
with lim o g(t)/In(t + 1) = +oo such that Z;" (1) 2 g(t)Z5 (n) for all ¢ > 2, where {Z;" (1) }i>1 is
the family of one-sided L;-centroid bodies of u.

Again, it seems harder to prove, if true, an analogous result for any centered log-concave probability measure
w on R™; this is a second basic question that our work leaves open.

In Section [5] we describe the approach to the main problem and show how one can use the previous
results to obtain bounds for o(u,d). We also clarify the role of the parameter 3(u). One would hope that
B(u) is small as the dimension increases, e.g. [(u) < ¢/y/n. If so, then the next general result provides
satisfactory lower bounds for g1 (u, 9).

Theorem 1.4. Let p be a centered log-concave probability measure on R™. Assume that S(pn) < 1/8 and
8B(n) <6 <1. If n/L2 > c2In(2/8)\/8/B (1) where Ly, is the isotropic constant of p, then
E. (A7)

ma—

01(1,8) > (1 - V8B()/9)

We are able to give satisfactory upper bounds for ga(p,d) in the case where u = pg is the uniform
measure on a centered convex body K of volume 1 in R™.

Theorem 1.5. Let K be a centered convex body of volume 1 in R™. Let B(ux) < 1/2 and 2(uk) < § < 1.

10/ L}, > e21n(2/0)/5]Blyuxc) then
ealjur 8) < (1-+/BBur)/5) 2o\ s)

n



Combining these two results we see that, provided that S(ux) is small compared to a fixed § € (0,1),

we have a threshold of the order
Y A*
Q(MK»é) < E arNK( MK)-
n 1)

The above discussion leaves open a third basic question: to estimate
Br :=sup{B(u) : 1 is a centered log-concave probability measure on R"}.

We illustrate the method that we develop in this work with a number of examples. We consider first
the standard examples of the uniform measure on the unit cube and the Gaussian measure. As a direct
consequence of our results, in both cases we obtain a bound o(p,d) < ¢(d)/4/n for the threshold, where
¢(6) > 0is a constant depending on §. Finally, we examine the case of the uniform measure on the Euclidean
ball D,, of volume 1 in R™ and obtain the following sharp threshold.

Theorem 1.6. Let D,, be the centered Euclidean ball of volume 1 in R™. Then, the sequence i, = Up,
exhibits a sharp threshold with o(p,,d) < =%~ and e.g. in the case where n is even we have that

Vén
" n+1
E,.. () = w1 o)

as n — oo, where Hy, =Y 1.

2 Notation, background information and related literature

In this section we introduce notation and terminology that we use throughout this work, and provide back-
ground information on convex bodies and log-concave probability measures. We write (-, -) for the standard
inner product in R” and denote the Euclidean norm by | - |. In what follows, BY is the Euclidean unit ball,
S™~1 is the unit sphere, and o is the rotationally invariant probability measure on S"~!. Lebesgue measure
in R” is also denoted by |- |. The letters ¢, ¢/, ¢;, c; etc. denote absolute positive constants whose value may
change from line to line. Whenever we write a &~ b, we mean that there exist absolute constants c1,co > 0
such that cia < b < caa.

We refer to Schneider’s book [29] for basic facts from the Brunn-Minkowski theory and to the book [2]
for basic facts from asymptotic convex geometry. We also refer to [I0] for more information on isotropic
convex bodies and log-concave probability measures.

2.1 Log-concave probability measures

A convex body in R™ is a compact convex set K C R™ with non-empty interior. We say that K is centrally
symmetric if —K = K and that K is centered if the barycenter bar(K) = \Il(il Ji zdx of K is at the origin.
The Minkowski functional || - ||k of a convex body K in R™ with 0 € int(K) is defined for all z € R™ by
|z||lx = inf{s > 0: 2 € sK} and the support function of K is the function

hi(x) = sup{(x,y) : y € K}, x € R™

A Borel measure g on R" is called log-concave if u(AA+ (1 —\)B) = u(A)*u(B)!~* for any compact subsets
A and B of R™ and any A € (0,1). A function f : R™ — [0, 00) is called log-concave if its support {f > 0} is
a convex set in R™ and the restriction of In f to it is concave. If f has finite positive integral then there exist
constants A, B > 0 such that f(x) < Ae”Pl#l for all 2 € R” (see [0, Lemma 2.2.1]). In particular, f has
finite moments of all orders. It is known (see [6]) that if a probability measure u is log-concave and p(H) < 1
for every hyperplane H in R", then p has a log-concave density f,,. We say that p is even if u(—B) = u(B)
for every Borel subset B of R™ and that p is centered if

bar() = [ (@, 8du(o) = [ (. 8) o)z =0
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for all ¢ € S”~'. We shall use the fact that if 4 is a centered log-concave probability measure on R¥ then

(2.1) I fulloo < € £,.(0).

This is a result of Fradelizi from [I5]. Note that if K is a convex body in R™ then the Brunn-Minkowski
inequality implies that the indicator function 1 of K is the density of a log-concave measure, the Lebesgue
measure on K.

Given k € [—o0,1/n] we say that a measure p on R™ is x-concave if

(2.2) p((1 = NA+AB) > (1= N (A) + M (B)) /"

for all compact subsets A, B of R™ with p(A)u(B) > 0 and all A € (0,1). The limiting cases are defined
appropriately. For k = 0 the right hand side in becomes 1(A)'~*u(B)* (therefore, 0-concave measures
are the log-concave measures). In the case kK = —oo the right hand side in becomes min{u(A), u(B)}.
Note that if u is k-concave and k1 < k then p is k1-concave.

Next, let v € [—00,00]. A function f: R™ — [0,00) is called y-concave if

FIA=Na+ ) = (1= N (@) + A ()

for all z,y € R™ with f(z)f(y) > 0 and all A € (0,1). Again, we define the cases v = 0, +0c0 appropriately.
Borell [7] studied the relation between k-concave probability measures and 7-concave functions and showed
that if p is a measure on R™ and the affine subspace F' spanned by the support supp(p) of 1 has dimension
dim(F) = n then for every —oco < k < 1/n we have that p is k-concave if and only if it has a non-negative
density ¢ € L (R™,dx) and ¢ is y-concave, where v = t— € [~1/n, +00).

Let i and v be two log-concave probability measures on R™. Let T': R” — R"™ be a measurable function
which is defined v-almost everywhere and satisfies

w(B) =v(T~1(B))

for every Borel subset B of R™. We then say that T pushes forward v to p and write T,v = pu. It is easy to
see that T,v = p if and only if for every bounded Borel measurable function g : R™ — R we have

[ s@dut@) = [ g @)avty).

If 11 is a log-concave measure on R™ with density f,, we define the isotropic constant of p by

(suDyepn ful@)\ " .
L ( fRn?p($§d$> [det Cov(u)]

where Cov(u) is the covariance matrix of p with entries
_ fRn z;xj fr(x) dx B fR" zi fu(z) dx fRn zj fu(z) dx
fRn fu(z) da f]Rn fu(z) d f]Rn fu(z) d

We say that a log-concave probability measure p on R™ is isotropic if it is centered and Cov(u) = I,,, where

1/n
00

Cov(p)i; :

I, is the identity n x n matrix. In this case, L, = || fu|[c6" . For every p there exists an affine transformation
T such that T, pu is isotropic. The hyperplane conjecture asks if there exists an absolute constant C' > 0 such
that

L, :=max{L, : p is an isotropic log-concave probability measure on R"} < C

for all n > 1. Bourgain [§] established the upper bound L,, < ¢¢/nlnn; later, Klartag, in [21], improved this
estimate to L,, < c¢¢/n. In a breakthrough work, Chen [I2] proved that for any e > 0 there exists ng(e) € N
such that L, < n® for every n > ng(e). Very recently, Klartag and Lehec [22] showed that the hyperplane
conjecture and the stronger Kannan-Lovasz-Simonovits isoperimetric conjecture hold true up to a factor that
is polylogarithmic in the dimension; more precisely, they achieved the bound L,, < c(Inn)?*, where ¢ > 0 is
an absolute constant.



2.2 Known results

Several variants of the threshold problem have been studied, starting with the work of Dyer, Fiiredi and
McDiarmid who established in [I4] a sharp threshold for the expected volume of random polytopes with
vertices uniformly distributed in the discrete cube EF = {—1,1}" or in the solid cube BZ = [-1,1]". For
example, in the first case, if K = 2//e then for every € € (0,1) one has

: —n . < _ A\l —
nh_}n;osup{Q EKn|: N<(k—€)"} =0

and

lim inf {27"E|Ky|: N > (k+¢)"} = 1.

n—o0
A similar result holds true for the expected volume of random polytopes with vertices uniformly distributed
in the cube B ; the corresponding value of the constant x is kK = 27/ e7t1/2 where ~ is Euler’s constant. In
the terminology of the introduction, this last result is equivalent to o(upn ,d) = Os(1) for any fixed value of
5 (0,3).

Further sharp thresholds for the volume of various classes of random polytopes have been given. In
[18] a threshold for E,~|Ky|/(2a)" was established for the case where X; have independent identically
distributed coordinates supported on a bounded interval [—c, o] under some mild additional assumptions.
The articles [27] and [3], [4] address the same question for a number of cases where X; have rotationally
invariant densities. Exponential in the dimension upper and lower thresholds are obtained in [I7] for the
case where X; are uniformly distributed in a simplex.

Upper and lower thresholds were obtained recently by Chakraborti, Tkocz and Vritsiou in [I1] for some
general families of distributions. If p is an even log-concave probability measure supported on a convex
body K in R™ and if X5, Xs,... are independent random points distributed according to pu, then for any
n < N < exp(cin/L?) we have that

EMN(‘KN|)

(2.3) ]

< exp (—@n/Li) ,

where c¢1, co > 0 are absolute constants. A lower threshold is also established in [II] for the case where y is
an even k-concave measure on R” with 0 < x < 1/n, supported on a convex body K in R™. If Xy, Xs,...
are independent random points in R™ distributed according to g and Ky = conv{Xy,..., Xy} as before,
then for any M > C and any N > exp (%(logn + 2log M)) we have that

Eu~ ([Kn|) >1-— i7

(2.4) X a

where C' > 0 is an absolute constant.

Analogues of these results in the setting of the present work were obtained in [9] for O-concave, i.e.
log-concave, probability measures. There exists an absolute constant ¢ > 0 such that if Ny(n) = exp(cn/L2)
then

Sl;p (sup {]EHN[,U/(KN)] :N < Nl(n)}) —0

as n — oo, where the first supremum is over all log-concave probability measures @ on R™. On the other
hand, if § € (0,1) then,

iﬂf (inf {EMN (1((1+8)Kn)] : N > exp (C5~ " 1n (2/6) nlnn)}) —1
as n — 00, where the first infimum is over all log-concave probability measures p on R™ and C' > 0 is an
absolute constant.

It should be noted that an exponential in the dimension lower threshold is not possible in full generality.
For example, in the case where X; are uniformly distributed in the Euclidean ball one needs N > exp(cnlnn)



points so that the volume of a random Ky will be significantly large. Thus, apart from the constants
depending on 4, the lower threshold above is sharp. However, it provides a weak threshold in the sense that
we estimate the expectation E,~ (u(1 + 6)Ky) (for an arbitrarily small but positive value of §) while we
would like to have a similar result for E,~ [u(Ky)]. It is shown in [9] that there exists an absolute constant
C > 0 such that

iﬂf (inf {]E [W(KN)] i N > exp(C(nlnn)Qu(n))}) —1

as n — oo, where the first infimum is over all log-concave probability measures p on R™ and u(n) is any
function with u(n) — oo as n — oo.

3 Estimates for the half-space depth

Let 1 be a centered log-concave probability measure on R" with density f := f,. Recall that the logarithmic
Laplace transform of x4 on R™ is defined by

2, =tog ([ €69 f(z)az).

It is easily checked by means of Hélder’s inequality that A, is convex and A,(0) = 0. Since bar(u) = 0,
Jensen’s inequality shows that

M) =tog ([ e fyaz) > [ (62 =0

for all £&. Therefore, A, is a non-negative function. One can check that the set A(p) = {A, < oo} is open
and A, is C*° and strictly convex on A(u).
We also define

AL (z) = sup {(z,8) — Au(§)}

£ERn

In other words, A}, is the Legendre transform of A,: recall that given a convex function g : R™ — (=00, 0],
the Legendre transform L£(g) of g is defined by

L(g)(x) := sup {(z,&) —g(&)}.

EERN
The function Aj, is called the Cramer transform of . For every ¢ > 0 we define the convex set
Bi(p) =={z € R" : A} (z) < t}.
For any = € R™ we denote by H(z) the set of all half-spaces H of R™ containing x. Then we define
pu(@) = inf{u(H) : H € H(w)).

The function ¢,, is called Tukey’s half-space depth. Our aim is to give upper and lower bounds for ¢, ()
when x € 9(B¢(p)), t > 0.

Lemma 3.1. Let pi be a Borel probability measure on R™. For every x € R™ we have ¢, (z) < exp(—AZ(m)).
In particular, for any t > 0 and for all x ¢ By(u) we have that v, (x) < exp(—t).

Proof. Let x € R™. We start with the observation that for any & € R™ the half-space {z : (z — x,&) > 0} is
in H(x), therefore

oul(@) < pl{z:(2.6) > (€,6)}) <e”VE, () = exp (= [(2,€) = A, (6)]),

and taking the infimum over all £ € R™ we see that ¢, () < exp(—A;} (7)), as claimed. O
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Next, we would like to obtain a lower bound for ¢, (x) when « € B,(p). In the case where u = pg is the
uniform measure on a centered convex body K of volume 1 in R™, our estimate is the following.

Theorem 3.2. Let K be a centered convex body of volume 1 in R™. Then, for every t > 0 we have that

inf{o,.(z) 1z € By(uk)} > liO exp(—t — 2y/n).

The first part of the argument works for any centered log-concave probability measure p with density f
on R". For every { € R™ we define the probability measure ¢ with density

fe(2) = e MO+ £(5).
In the next lemma (see [10, Proposition 7.2.1]) we recall some basic facts for p.
Lemma 3.3. The barycenter of ue is © = VA, (§) and Cov(ue) = Hess (A,)(€).
Next, we set

ot = [ (o 0&duel).

Let t > 0. Since B,(p) is convex, in order to give a lower bound for inf{p, (z) : x € B,(u)} it suffices to give
a lower bound for p(H), where H is any closed half-space whose bounding hyperplane supports B;(u). In
that case,

(3.1) p(H) = p({z: (z —2,§) > 0})

for some z € O(By()), with § = VAj (z), or equivalently z = VA, (§) (see e.g. Theorem 23.5 and Corol-
lary 23.5.1 in [28]). Note that

(3-2) p{z: (z —2,8) 2 0}) = / Lo,00)((z = 7,£)) f(2) dz

=) [ 12— . €)e 9 du2)

— eBul(8) g—(x:6) / 10,00y ({2 — x,&))e” 8 dpe(2)

> e M@ /000 oce 7 ({2 : 0 < (2 — 2, &) < oet}) dt.
From Markov’s inequality we see that

pe({z: (z —2,8) > 20¢}) <

-

Moreover, since z is the barycenter of pi¢, Griinbaum’s lemma (see [10, Lemma 2.2.6]) implies that

pe({z: (z — 2,6 > 0}) > 1

Therefore,

> —o¢t OO —oet 1 1 4—e —20
(3.3) oee T pe({z:0< (2 —2,8) <oet})dt > oee 7 [ ——— ) dt > e~ %%,

0 2 (& 4 4e
We would like now an upper bound for sup, o¢. We can have this when p = pk is the uniform measure on
a centered convex body K of volume 1 on R"™, using a theorem of Nguyen [25] (proved independently by
Wang [31]; see also [16]).



Theorem 3.4. Let v be a log-concave probability measure on R™ with density g = exp(—p), where p is a
convez function. Then,
Var, (p) < n.

Proof of Theorem[3.2l Set p:= px. Since f(z) = 1x(z), the density f¢ of u¢ is proportional to e{&#) 1, (2).
Using the fact that
E#g(<£7 Z>) = <VA#(£)35> = <$,€>,

from Theorem [3.4] we get that
ag =K, ((z — x,§>)2 = Var,, ((§,2)) <n.

Then, combining (3.1), (3.2) and (3.3), for any bounding hyperplane H of B;(u) we have

MH))@“N”/ oee 7 (0 < (= — 2, €) < oet) dt
0

4 — " 1
> 46%*%@*20& > 15 ep(—t = 2vn),

as claimed. O
Theorem shows that if K is a centered convex body of volume 1 in R™ then
100, () = exp(—A, (z) — 2v/n)

for all x € R™. Setting

(3.4) %A@:m<1>

QD#K (:E)

and taking into account Lemma [3.1] we have the next two-sided estimate.

Corollary 3.5. Let K be a centered convex body of volume 1 in R™. Then, for every x € int(K) we have
that

(3.5) e (1) = 5/ < AL (1) < e (),

Note. A basic question that arises from the results of this section is whether an analogue of (3.5]) holds true
for any centered log-concave probability measure p on R™. This would allow us to apply the next steps of
the procedure that our approach suggests to all log-concave probability measures.

4 Moments of the Cramer transform

As explained in the introduction, we would like to know for which centered log-concave probability measures
pon R™ we have that A}, has finite moments of all orders. Our first result provides an affirmative answer
in the case where p = pg is the uniform measure on a centered convex body K of volume 1 in R™. In fact,

the next theorem covers a more general case.

Theorem 4.1. Let K be a centered convex body of volume 1 in R™. Let r € (0,1/n] and let u be a centered
k-concave probability measure with supp(u) = K. Then,

R~ (2)
/6 T du(x) < oo.

In particular, for all p > 1 we have that B, ((A}(x))?) < oo.




The proof of Theorem is based on the next lemma, which is proved in [I1, Lemma 7] in the symmetric
case.

Lemma 4.2. Let K be a centered convez body of volume 1 in R™. Let k € (0,1/n] and let u be a centered
k-concave probability measure with supp(u) = K. Then,

(4.1) pula) = e Rl — ||zf|x) /"
for every x € K, where ||z|| i is the Minkowski functional of K.

Sketch of the proof. We modify the argument from [II, Lemma 7] to cover the not necessarily symmetric
case. First, consider the case 0 < k < 1/n. Let X be a random vector distributed according to u. Given

6 € S llet b= hg(f) and a = hx(—0). If gy is the density of (X,6) then g;f" is concave on [—a,b],
therefore

9o(t) = go(0) (1 - Z) B

for all t € [0,b]. It follows that, for every 0 < s < b,

R0 > = [ a0 [ (1- f,) =0 (1)

Note that gy is a centered log-concave density. Therefore, go(0) = e !|golloo by (2.1) and | ggllocd =
P((X,0) > 0) > e~ ! by Griinbaum’s lemma [I0, Lemma 2.2.6], which implies that g(0)b > e~2. It follows
that

P((X,0) > 5) = /sbgg(t) dt > e 2k (1 - %)7 .

Now, let x € K. Then (x,0) < ||z||xkhk(0) = ||x|| kb, therefore
1

P((X,0) > (z,0)) > P((X,0) > ||zllxb) > ek (1 = [lzl|x)~ .

For the case £ = 1/n recall that a 1/n-concave measure is k-concave for every x € (0,1/n). This means that
(4.1) holds true for all k € (0,1/n) and letting k — 1/n we obtain the result. O

Proof of Theorem [A1] From Lemma [3.1] we know that ¢, (z) < exp(—AJ,(z)), or equivalently,

;cA:i (z) 1

e 2 < -
Pulx)r/?

for all z € K. From Lemma [£.2] we know that
ou(x) = e k(1 — ||z)| )"

for every z € K. It follows that

/KeKAE(I)dp,(-%') g(ez/ﬁ)n&/l((l)lﬂdﬁ'(x)'

1= |lzllx
Recall that the cone probability measure vk on the boundary 0(K) of a convex body K with 0 € int(K) is
defined by
~ rz:xeB,0<r <1}

el I
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for all Borel subsets B of J(K). We shall use the identity

/ g(x)dx = n\K|/ r”_l/ g(rx) dvi (x) dr
R» 0 A(K)

which holds for every integrable function g : R” — R (see [24, Proposition 1]). Let f denote the density of
non K. We write

; T)= & -
/K (1- ||$||K)”2du( ) /]Rn 1—||:c||K)1/2 x(z)d
_n‘m/ " 1/6<K) 1—||7"2~/||K)1/21 K (ry) dvic(y) dr

:zrw;(|/£ \/th,h/’ F(ry) dvic(y) dr

1 -1
\/7

and the proof is complete. O

< nlK|[ fllo dr =n|K|B(n,1/2)|[flle < eVl flloe < +o0,

In the case of the uniform measure p = pg on a centered convex body K of volume 1 in R™ we see that

AL @)
| @zt < ey [ 75 b < v
K K

where ¢y, c2 > 0 are absolute constants. This gives the following estimate for the moments of A}, :

14+ L
A e (ug) < cpn'T2e

for all p > 1. However, essentially repeating the argument that we used for Theorem [£.1] we may obtain
sharp estimates in the most interesting case p = 1 or 2. We need the next lemma.

Lemma 4.3. Let H, =1+ % + -4 % Then,

! 1
/ " 'In(1 —r)dr = ——H,
0 n

and .
1 I~ 1
n—17.2 — g2 _ — _
/Or In (l—r)dr—an n,;:lkz.

Proof. We consider the beta integral

1
B(z,y) = / rx_l(l — T)y_l dr
0

and differentiate it with respect to y. Then, the desired integrals are equal to

82
and 5 ——B(x,y) .

0
—B
($7y) y=1 a

0y

We have
5 8(e.0) = Bo) (0~ T ) = By (6) — vl + ),




where 9(y) = I;((;’)) is the digamma function. Moreover,
2

92y

Recall (see e.g. [1]) that

72 B(2,y) = Bz, y) ((¥(y) — ¥(x +9))* — (' (y) = ¢'(z +1))).

Y(n+1) = (1) = Hy := % and  ¢'(n) = i %
for all n > 1. Therefore, :
/01 " n(l —r)dr = B(n,1)(¥(1) —¢(n+ 1)) = —%Hn,
and
/01 "M (1 =) dr = B(n, 1) ((¥(1) = (n +1))* = ('(1) =¢'(n + 1)) = *Hz - Zn: %

as claimed. O

Theorem 4.4. Let K be a centered convex body of volume 1 in R™, n > 2. Let k € (0,1/n] and let u be a
centered k-concave probability measure with supp(u) = K. Then,

E,(A%) < (Eu[(A5)%) 2 <

where ¢ > 0 is an absolute constant and f is the density of .

clnn

— A%,

Proof. Following the proof of Theorem [£.1] we write

[ R R C——— e}

If f is the density of y on K and v is the cone measure of K, using the inequality In*(ab) < 2(In* @+ In? b)
where a,b > 0, we may write

2 fo (S e ) e - (%)
[ rew? <(H1H)1/> 1 (@) dr

—n|K\/ e 1/ f(ry) In® ((7“y||K)1/”) 1k (ry) dvi (y) dr

n

=3 ; "1 1n? (1r)/0(K)f(ry)d1/K( )dr

1
< %Hf\\oo/o U2 (1 - ) dr.

Since 1 < [i f(z) dz < || f||s0, using also Lemmawe get

2 1 < 2
[ (8@ dute) < 55 (jLH -y ,;) Il + 200 ()
k=1

2H? c1 ln n
< | — 2/8) ) 1flloe € =51 flloos
K
where ¢; > 0 is an absolute constant. This completes the proof. O
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Our next result concerns the one-dimensional case. Let p be a centered probability measure on R which
is absolutely continuous with respect to Lebesgue measure and consider a random variable X, on some
probability space (2, F, P), with distribution p, i.e., u(B) := P(X € B), B € B(R). We define

ar = ap(p) =sup{z € R: p([z,00)) >0}) and a_ =a_(u) :=sup{z € R: u((—o0,—x])) > 0}).

Thus, —a—, a4 are the endpoints of the support of p. Note that we may have ay = +o00. We define
I, = (—a_,ay). Recall that

A (z) == sup{tz — A,(t): t € R}, z €R.

In fact, since tz — A, (t) < 0 for t < 0 when = € [0,ay), we have that A} (z) = sup{tz — A,(t): t > 0}
in this case, and similarly A} (z) := sup{tz — A,(t): t < 0} when z € (—a_,0]. One can also check that
A (ax) = +o00. See [I8, Lemma 2.8] for the case ax < +o00. In the case ayx = +oo, the convexity and
monotonicity properties of A imply again that tlirinoo A (t) = +oo.

Proposition 4.5. Let u be a centered probability measure on R which is absolutely continuous with respect
to Lebesgue measure. Then,

/ eA;(I)/Qdu(x) < 4,
I

n

where I,, = supp(p). In particular, for all p > 1 we have that

/ (A}, ()P du(x) < +oo.

IH
Proof. Let F(z) = p(—o0,z]. For any x € [0, ) and ¢ > 0 we have
min{F(z),1 - F(z)} = p,(z) < e @),

It follows that

(4.2) / M @2y (x
I

n

1
< x)dx
<, Fmme=or @

X

1 1
S/I“ 7Wf( )d$+/lumf($)d$-

Write f for the density of u with respect to Lebesgue measure. Then, (1 — F')'(z) = — f(x), which implies
that

ay 1 at 1 , . — . 04+: —

since F(ay) = 1. In the same way we check that

0 1 0 1 ’ o 0 —9 _ _
@< [ s P e = ~2/1-FQ@)|  =2-2y/1-F(0).

This shows that
2.

1
I, s

In a similar way we obtain the same upper bound for the second summand in (4.2]) and the result follows. [
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Proposition 4.5 can be extended to products. Let p;, 1 < ¢ < n be centered probability measures on R,
all of them absolutely continuous with respect to Lebesgue measure. If i = p1 ® - - - @ u,, then Iy = [}, 1.,
and we can easily check that

Ale) = S0 AL (@)

for all z = (x1,...,2,) € Iz, which implies that
/ D 2dp(z) = [T / M D2y (2;) | < 4.
Ir i=1 \’ 1u;

In particular, for all p > 1 we have that

| (i@ dnte) < +oc.
Iz

We close this section with one more case where we can establish that A} has finite moments of all
orders. We consider an arbitrary centered log-concave probability measure on R™ but we have to impose
some conditions on the growth of its one-sided L;-centroid bodies Z; (1). Recall that for every ¢ > 1, the
one-sided Ls-centroid body Z;" (1) of 1 is the convex body with support function

hzj(u)(y) = (2 /Rn@ay)ifu(l‘)dx) Ut,

where a; = max{a,0}. If p is isotropic then Z; (1) 2 cBy for an absolute constant ¢ > 0. One can also
check that if 1 <t < s then

(2>1_ Z(w) C ZHp) C o <26 _ 2>1_

e

1
s

Z ().

For a proof of these claims see [I9]. The condition we need is that the family of the one-sided L¢-centroid
bodies grows with some mild rate as ¢ — oo (note that the assumption in the next proposition can be
satisfied only for log-concave probability measures p with support supp(u) = R™).

Proposition 4.6. Let u be a centered log-concave probability measure on R™. Assume that there exists an
increasing function g : [1,00) — [1,00) with lim;_, o g(t)/In(t + 1) = 400 such that Z;" (n) 2D g(t)Z5 (1) for
allt > 2. Then,

/ AL (@) Pdu(z) < +oo
RTL

for everyp > 1.

Proof. We use the following fact, proved in [9, Lemma 4.3]: If ¢ > 1 then for every x € $Z;" (1) we have

Clt
)

ulr) = e”

where ¢; > 1 is an absolute constant. Since A%,(z) <1 this shows that A% (z) < c1t for all z € $Z;" ().

n—L—
Pu (z)’
In other words,

1
ZSe (1) € Bi(p),  t=cr

(4.3) 52

Since lim;_, o g(t) = 400, there exists to > ¢; such that p (g(t(’T/“)Z;(u)) > 2/3. From Borell’s lemma [10]
Lemma 2.4.5] we know that, for all ¢ > ¢,

olt/er) e
1 N< 9 Z;‘(‘u) <e 29(t/c1)/g(to/ 1)’
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where ¢y > 0 is an absolute constant. We write
[ s@raut) = [ttt s M) > )de=p [0 - u(BG))dr
From it follows that
- n(B) <1 (520,00 ) < 1= (LG22 ) < memntrenatioren
for all ¢t > ¢y. Since lim;_,oo g(t)/In(t + 1) = 400, there exists ¢, > t¢ such that
(p—1)In(t) < g(t/cr)

29(75 /C )

for all ¢ > ¢,. Assume that p > 2. Then, from the previous observations we get

p / T (1 - w(Bu) dt < p / Tt (1 g (1 2 () a

< p/ 12— gy :p/ =D gt < .
t t

‘P ‘P

This proves the result for p > 2 and then from Hoélder’s inequality it is clear that the assertion of the

proposition is also true for all p > 1.

Note. It is not hard to construct examples of log-concave probability measures, even on the real line, for
which supp(u) = R™ but the assumption of Proposition is not satisfied. Consider for example a measure
won R Wlth density f(x) = c¢-exp(—p) where p is an even convex function rapidly increasing to infinity, e.g.

p(t) = et

However, this does not exclude the possibility that for every centered log-concave probability measure p

on R™ the function Aj, has finite second or higher moments.

5 Threshold for the measure: the approach and examples

For any log-concave probability measure 1 on R™ we define the parameter
Var,, (A%)
(5.1) Blu) = #
(E. (A7)
provided that

MGl 22y = (E(A])*)? < oo

One of the main results in [9] states that if u is a log-concave probability measure on R™ then

[ outa)duta) < exp (~en/L2).

where ¢ > 0 is an absolute constant. In fact, the proof of this estimate starts with Lemma and follows

from the next stronger result: If n > ng then

[ (=A@ due) < exp (~en/ L)

where L,, is the isotropic constant of ;1 and ¢ > 0, ng € N are absolute constants. Then, Jensen’s inequality

implies that
e Enlhl) / exp(—Aj, (7)) du(z) < exp (—cn/Li).

We will need this lower bound for E,,(A},).

15



Lemma 5.1. Let p be a log-concave probability measure on R™, n > ng. Then,

E(A}) > en/L?

w
where L, is the isotropic constant of p and ¢ > 0, ng € N are absolute constants.

We will also need a number of observations in the case u = px where K is a centered convex body of
volume 1 in R™. The next lemma provides a lower bound for Var(Aj,, ).

Lemma 5.2. Let K be a centered convex body of volume 1 in R™. Then,

Var(A},, ) > c/LA

MK
where ¢ > 0 is an absolute constant.

Proof. Borell has proved in [5, Theorem 1] that if T is a convex body in R and f is a non-negative, bounded
and convex function on T, not identically zero and with min(f) = 0, then the function

o;(p) = In [(n+p)|| fII2]

is convex on [0,00). Consider a centered convex body K of volume 1 in R™. Applying Borell’s theorem for

the function A}, on rK, r € (0,1) and the triple p = 0,1 and 2, and finally letting » — 17, we see that

(n+ DAL, T ey < 1+ 210 200
which implies that

1

* * 2
Var(AMK) 2 WHAMK HLl(MK)'

Then, taking into account Lemma we obtain the result. O
Recall the definition of wy,,. =1n(1/¢,, ) in (3.4) and consider the parameter

Varﬂk (W/AK)
(EMK (WHK ))2 .

The next lemma shows that we can estimate S(ux) if we can compute 7(px).

(5.2) T(uk) =

Lemma 5.3. Let K be a centered convex body of volume 1 in R™. Then,

Blur) = ((nx) + 0Ly, /Vn)) (1+ O(L,. /Vn)) -

Proof. From Corollary [3.5] we know that if K is a centered convex body of volume 1 in R™ then for every
r € int(K) we have that w,, (v) —5v/n < A}, (2) < wyy (v). Writing A}, = w,,. +h where [|h]l < 5¢/n
we easily see that

VBIHK (A:K) = VarHK (wHK) + O(\/EEHK (AZK))

where X = O(Y) means that |X| < ¢Y for an absolute constant ¢ > 0. Lemma and the fact that
Ex (Wug) = Eug (AS,.) + O(y/n) imply that

f‘ézz &z % — 14 0(L2,_/\/n).

Taking also into account the fact that L2 //n = O((Inn)®/\/n) = o(1) we get

E/LK (wHK) ~ ENK (AZK)

16



Combining the above we see that

Varlik (A;K) _ V&I‘MK (wltK) + O(\/EE/LK (AZK)) <E/LK (Wp,;() > 2
(EHK (A;K))z (EMK (WMK))Q
VarMK (wux) 2 2 2
= (W +0 (LMK/\/E)) (140 (L /vn))
= (r(ux) + O (L5, /v/n)) (1+ O (Ly, /v/n))

as claimed. O

Bur) =

Recall that By(u) = {z € R" : Aj(x) < t}, where A}, is the Cramer transform of . A version of the
next lemma appeared originally in [14].

Lemma 5.4. Lett > 0. For every N > n we have

E,~v (u(KN)) < p(Bi(p)) + Nexp(—t).

We use the lemma in the following way. Let m := E,(A}). Then, for all € € (0,1), from Chebyshev’s
inequality we have that

. . EuAL —ml* _ Bu
BN, < m—em}) < ({1 —ml > em}) < —2n T O,

Equivalently,
Bu)

g2’

(Ba—eym(p)) <

Let 6 € (B(p),1). We distinguish two cases:
(i) If B(u) < 1/8 and 88(u) < & < 1 then, choosing € = 1/28()/d we have that

N >,

/-L(B(lfs)m(/*(')) <
Then, from Lemma [5.4] we see that

sup{E,,~ (1(Kn)) : N < e 2™} < u(Bia oy () + e 72 me=(1mIm

provided that em > In(2/6§). Since m > ¢;n/L2, this condition is satisfied if n/L? > ¢ In(2/6)\/6/B(u). By
the choice of € we conclude that

E,(AZ)
01(1,8) > (1 - VEB(u)/3) =2,
(i) If 1/8 < B(p) < 1 and B(u) < 6 < 1 then, choosing € = ,//3257()"_&; we have that

Blu) +6

#Ba-em(p)) < ==

Then, exactly as in (i), we see that

sup{E,~ (u(Kn)) : N < 0-vOm) < M I R M L WEam s
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provided that

(5.3) (Ve—e)m >1In <5—25(M)> .
Note that 1 >¢e > /f(p) = ﬁ, and hence
_ \/E 2 / 2\ /§—ﬂ(’u) /
Veme= mrvaaa ) Zallme) =gy > a0 = 8)

. 2 . 2 2
where ¢; > 0 are absolute constants. Since m > cin/L;,, we see that if n/L7 > 57%2(11) In (575(#)) then (5.3)
is satisfied. Therefore, we conclude that

01(u,8) > (1_ WEREIC) ) Ey(Aj)

Bu)+4 n
We summarize the above in the next theorem.
Theorem 5.5. Let p be a log-concave probability measure on R™.
(i) Let B(p) < 1/8 and 88(p) < d < 1. Ifn/LZ > c2In(2/8)4/6/B(u) then

o01(p,9) = (1 - 86(#)/5) W-

(ii) Let 1/8 < B(p) <1 and B(u) <6 < 1. Ifn/L2 > 5=AGo 0 (572(#)) then

01(p,8) > <1_ 2 _28(w) ) B (A7)

Remark 5.6. Paouris and Valettas have proved in [26, Theorem 5.6] that if 4 is a log-concave probability
measure on R™ and p is a convex function on R™ then

1
(5.4) ({2 p(@) < Mp) = tlp = M) }) < 5 exp(—t/16)
for all ¢t > 0, where M (p) is a median of p with respect to u. Consider the parameter

5oy AL —EAD) 2w

Recall that Ay, is convex and set M = M (A},). Since
A7 = M) Ly < AL = EBAD 2y < IIAL =B 20,

from (5.4) we see that

. . 1
(5.5) i ({z: 85@) < (1= 13(u)M }) < S exp(=t/16)
for every t > 0. This shows that

4]
N'(B(1_t6(#))M(,U')) < 1

18



if t > 161n(2/9). Then, from Lemma [5.4| we see that

sup{E,~ (u(Kx)) : N < eB200MY (B, o () + 02000 M = (e300

~ 6 ~
] —tpM < O | —tBM
= B gy (1) + €7 < b e S,

provided that t3(;)M > In(2/8). Now, we restrict our attention to the case where p = pg is the uniform
measure on a centered convex body K of volume 1 in R™. Then, Lemma shows that

B(NJK)M( /LK) ||A/LK ( /J,K)||L2 n) = Cl/L}LK

where ¢; > 0 is an absolute constant. Choosing t = ¢, L? In(2/8) we get

)M(A,’ZK).

(5.6) 01(prc,6) > (1 — c3Ll, n(2/8)B(pxc)

A natural question is to examine how close E(A}) and M(A},) are. This would allow us to compare ({.6)
with Theorem [5.5] at least in the case of the unlform measure on a convex body. From [10, Lemma 2.4.10]
we know that

1 * * * A*
S I = E(A) 2 < 1AL = M ALz < 3lIAL = E(AL) 220

for any Borel probability measure p on R™. Therefore, if we assume that S(ux) < n for some small enough
€ (0,1), we see that

M(AL) = [[ALll2 = 3v/mllAgll = (1 = 3yn)E(AL).

This gives a variant of Theorem [5.5] with a much better dependence on 4.

Theorem 5.7. Let K be a centered convex body of volume 1 in R™ and let § € (0,1) and n € (0,1/9). If
Buk) <n and c3L? n(2/6)B(uk) < 1 then

, N E(A%, )
01(1:6) > (1= sl In(2/0)B(uxc) ) (1= 3/ —— .

For the proof of the lower threshold we need a basic fact that plays a main role in the proof of all the
lower thresholds that have been obtained so far. It is stated in the form below in [I1, Lemma 3]. For a proof
see [14] or [18, Lemma 4.1].

Lemma 5.8. For every Borel subset A of R™ we have that

N(Kn2A) < 2<N) (1 - grelgcp/L(I))Nn :

n

E[u(Kn)] 2 n(A) (1 - 2(]:[) (1 — inf pu(x ))N_n> :

In order to apply Lemma we note that if m := E,(A}) then as before, for all ¢ € (0,1), from
Chebyshev’s inequality we have that

Therefore,

<P

£2

p{A), = m+em}) < p({[A}, —m| > em}) <

If B(u) < 1/2 and 26(p) < 6 < 1 then, choosing € = /28(1)/6 we have that

)

#Bareym(m) 21 - 5.
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Therefore, we will have that
02(p,0) < (14 2e)m/n

if our lower bound for inf,ep,, ., () Pu(z) gives

(5.7) 2(N ) (1 . Lpu(x)yv_n <!

n -’EGB(1+E)7,L([L)

for all N > Ny := exp((1+2¢)m). Recall that in the case of the uniform measure on a centered convex body
of volume 1, Theorem [3.2] shows that

1
inf z) > —exp(—(1+e)m — 2v/n).
ren M ) 2 g ep(—(1+<)m —2v)

We require that n and m are large enough so that 1/2" < /2 and 2\/n < 5. Using also the fact that
(]X) <e ! (%)n we see that (5.7]) will be satisfied if we also have

2e N " _N-—n —(1+3¢/2)m
— ) e 10 <1
n

Setting x := N/n we see that this last is equivalent to

(143e/2)m r—1
c < 101n(2ez)”

One can now check that if N > exp((1 + 2¢)m) then all the restrictions are satisfied if we assume that
n/L2, > c2In(2/6)\/8/B(uk). In this way we get the following.

Theorem 5.9. Let 5,6 > 0 with 28 < § < 1. If K is a centered convex body of volume 1 in R™ with
Blux) =B and n/L2, > c21n(2/6)\/6/B then

02k, 8) < (1 + \/85/5> W.

An estimate analogous to the one in Theorem (ii) is also possible but we shall not go through the
details. From the discussion in this section it is clear that our approach is able to provide good bounds for
the threshold o(u,d) if the parameter S(u) is small, especially if 8(u) = 0,(1) as the dimension increases.
We illustrate this with a number of examples.

Example 5.10 (Uniform measure on the cube). Let pc, be the uniform measure on the unit cube C,, =
[—%, %]n Since pc, = oy @ -+ ® e, we have

Var,. <Ach) = nVar,, (A and Euc, (Ach) =nE,, (A ).

:Cl ) rey

Therefore,
Var,. (A% )
/B(MCH) _ l“‘CnA* HCyp 5 — B(I’LCI)
(Epe, (Ae,) n

as n — 0o. Then, Theorem and Theorem show that for any § € (0,1) there exists ng(d) such that,

for any n = ny,
85#0 ]E(AZC ) C1 %
> _ n n > _
o(pe,,0) = <1 V"5 > w2 (L ) B
[8Bc, | E(AL,) e .
< n n <
QQ(MC7L,6) X (1 + (5 > n X 1 + ,—6n ]E(AH«01 )7
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which shows that .

Von'
where ¢ > 0 is an absolute constant. This estimate provides a sharp threshold for the measure of a random

polytope K with independent vertices uniformly distributed in C,,. It provides a direct proof of the result
of Dyer, Fiiredi and McDiarmid in [14] with a stronger estimate for the “width of the threshold”.

o(pc,,0) <

Example 5.11 (Gaussian measure). Let v, denote the standard n-dimensional Gaussian measure with
density f., (z) = (277)_"/26_|$‘2/2, z € R™. Note that 7, =1 ® - -+ ® 71, and hence we may argue as in the
previous example. We may also use direct computation to see that

A (© =tog ([ e, (2)dz) = P

for all £ € R™ and .
A%, (@) = sup {{2,€) = Ay, ()} = Sl

¢ern

for all x € R". It follows that
Bi(yn) ={z € R": A} (z) <t} ={zeR":|z| < V2t} = V2tBy.

Note that if z € 9(By(v,,)) then

7’[1,2
SD"‘/n \/7 / /2d

for allt > 1 (see [20] p. 17] for a refined form of the lower bound that we use). By the standard concentration
estimate for the Euclidean norm with respect to 7, (see [30, Theorem 3.1.1]), we have || |z| — v/n ||y, < C,
where C' > 0 is an absolute constant, or equivalently, for any s > 0,

m({z €R™ : | 2] — v/ | > sy/m}) < 2exp(—cs?n),

where ¢ > 0 is an absolute constant. This shows that

max{y((1 = $)vnB3), 1 — (1 + 5)v/nB3)} < 2exp(—cs’n)

for every s € (0,1). Let € € (0,1/2). Applying Lemma [5.4 with t = (1 — &) n/2 and N < exp((1/2 —¢)n) we
see that

E’yﬁf ("Yn KN

(v (1 —e)nBy) + exp(—en/2)
2ex

) <
< 2exp(—ce®n) + exp(—en/2),

using the fact that /1 —e < 1 —¢/2. It follows that, for any § € (0,1), if we choose € = ¢14/In(4/9)/+/n we
have
sup {Eﬁ (m(Ew)) : N < e(%‘a)"} <9,

and hence
1 c14/In(4/6)

2
Now, let N 2 xp((1/2 + €)n). Applying Lemma [5.8 with A = By(7,) where t = (1 + £)n/2, we see that
’yn(Bt ) = Yn(y/(1 +e)nBY) > 1 — 2exp(—ce?n), because /1 +¢ > 1+ /3. We also have

N—n n
N ) 2eN ¢(N —-n) _
92 1 f < (= _A T o —(ten/2 )
(n)( megj(%)%(x)) ( n ) o ( NI
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Let 0 € (0,1). We choose € = c24/In(4/6)/+4/n and insert these estimates into Lemma Arguing as in the
proof of (5.7) we see that if n > ng(d) then

inf {E%z:z ('yn(KN)) N > e(%-&-E)n} >1-9,

and hence
1 coy/In(4/96)
ny0) < 5+ ——F—.
Combining the above we get
C+\/In(4/6
o(7n,6) < ¢7
\/ﬁ

where C' > 0 is an absolute constant.

We close this article with the example of the uniform measure on the Euclidean ball. It was proved in
[B] that if e € (0,1) and Ky = conv{zy,...,zx} where x1,...,zx are random points independently and
uniformly chosen from B3 then

E|K 1
nli_{r;osup{ |B§L]\|[| : N < exp ((1—5) (n—2|— >lnn)} =0

E|K 1
HILH;O inf{ ||B§N| : N > exp <(1 +¢) <n—2|—> lnn>} =1.
We shall obtain a similar conclusion with the approach of this work (the estimate below is in fact stronger
since it sharpens the width of the threshold from O(1) to O(1//n)).

and

Theorem 5.12. Let D,, be the centered Euclidean ball of volume 1 in R™. Then, the sequence iy, := lp,
exhibits a sharp threshold with o(pn,d) < \/% and e.g. if n is even then we have that

E, (A% ) = (n+1)

Hz +0(v/n)

asn — 0o, where Hy, = Y101 £

Proof. Note that if K is a centered convex body in R” and r > 0 then A}, | (z) = A, (z/r) for all z € R",
where p, i is the uniform measure on 7K. It follows that

1 * P xzi * (VP da
el LT L R

for every p > 0 and r > 0. This shows that in order to compute 5(up, ) it suffices to compute the ratio
1 * 2
2
1

where A* := A* . Having in mind Lemma we start by computing 7(upp). Set w = Wiy - Then,

n
KBY

w(z) = In(1/¢(x)) where p(z) = F(|z]),

B(pp,) +1=

F(r)=c, /1(1 —t2)n;1dt, r € [0,1]
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and ¢, = 7~ Y/2T(% + 1)/T(2). From [3, Lemma 2.2] we know that

n+1

F(r) =1 —r%"2 h(r,n),

where

1 1
5.8 —— < h(r,n) <
(5.8) 27(n +2) (r,n) rvV21n

for all r € (0,1]. We assume that n is even (the case where n is odd can be treated in a similar way). Using
polar coordinates we compute

1
ﬁ w(z)de = —n/ "~ n(F(r)) dr
21 JBy 0

= —n /1 P n((1—1r2)"F ) dr — n/l r"~UIn (h(r,n)) dr.

0 0

The leading term is the first one and one can compute it explicitly. After making the change of variables

r? = u, we get

1 § n o
(59) _n/ ,’,n—l 111((1 - TQ)%) dr = —@/ T”L—l ].n(]. _ TZ) dr
0 0
1 Lo 1
- ,M/ W (1 — wydu = 0 D gy,
4 0 2n 2

using also Lemma For the second term we recall from (5.8) that 0 < —In(h(r,n)) < 3 In(2m(n + 2)) <
c1 Inn, and hence

1 1
—n/ " (h(r,n)) dr < ¢ lnn/ nr"~tdr = ¢; Inn.
0 0
Therefore,

1 1
Br w(z)de = nt Hz 4+ O(Inn).
|B2| /By

(5.10) 5

Using again polar coordinates we write

1

TBI| Bn(w(a:))de = n/o " n?(F(r)) dr

1 1
’I’L/ ,’,n—l 1112((1 _ 7"2)%) dr + n/ T"_l ]n2(h(’r, n)) dr
0 0

n+1

> ) In(h(r,n))dr,

1
+2n/ " n((1 —r?)
0

As before, the leading term is the first one and we can compute it explicitly. After making the change of
variables 72 = u, we get

1 2 1 1 2 1 e
n(n; ) / P n?(1 — r?) dr:nm/ T In?(1 — ) du
0 0

8
n/2
:n(n+1)2 EH%_Z 1
8 n 2 nk:1k2
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On the other hand, from (5.8) we see that if 2(r,n) < 1 then 0 < —In(h(r,n)) < 3 In(27(n +2)) < c1lnn,
while if h(r,n) > 1 then 0 < In(h(r,n)) < In(1/r). Therefore, In?(h(r,n)) < ca(Inn)?+In?(r) for all € (0, 1].
It follows that

1 1
n/ " n®(h(r,n)) dr < es(Inn)® + ”/ P’ rdr < eq(lnn)?.
0 0

Using again the fact that In(h(r,n)™!) < ¢y Inn as well as (5.9)), we check that

1
n 1
2n/ " n((1 - 7’2)%) In(h(r,n))dr < %Hg ~e1lnn < esn(lnn)?.
0 n
From these estimates we have
1 1)2
(5.11) T (w( ))2d = (n+1) H2 + O(n(lnn)?).
|B3| JBy 4 2

From (5.10) and (5.11) we finally get

Then, Lemma [5.3| and a simple computation show that

Blup,) = () + 0L, V) (1+O(LE,, /V)) = 01/ V),

because L#Bg ~ 1. Finally, note that by the estimate (3.5 in Corollary ﬁ we have
. 1 +1
E,, (A )= —— [ w(z)dz+0(/n) = O g, 4 owm)
#) = 1B3] Jog 2
as n — oo. O

Note. The above discussion leaves open the following basic question: to estimate
Br = sup{B(uk) : K is a centered convex body of volume 1 in R"}
or, more generally,

Bn :=sup{B(w) : u is a centered log-concave probability measure on R"}.
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