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Kef�laio 1Probl mata exisorrìphsh
dianusm�twn
1.1 Kurt� s¸mata(a) Orismo�DouleÔoume ston Rn , ton opo�o èqoume efodi�sei me to eswterikì ginìmenoh�; �i kai thn Eukle�deia nìrma jxj =phx; xi pou ep�getai apì autì. Gr�foume Dngia thn Eukle�deia monadia�a mp�la, kai Sn�1 gia thn Eukle�deia monadia�a sfa�ra.Me D(x; r) sumbol�zoume thn kleist  mp�la me kèntro x kai akt�na r > 0.Kurtì s¸ma ston Rn e�nai èna mh kenì, kurtì kai sumpagè
 uposÔnoloK touRn , pou èqei mh kenì eswterikì. Ja lème ìti to kurtì s¸ma K e�nai summetrikìme kèntro summetr�a
 to o, an gia k�je x 2 K èqoume kai �x 2 K.Se merikè
 peript¸sei
, ja qreiaste� na mil soume gia anoikt� kurt� s¸-mata. Aut� e�nai ta eswterik� twn kurt¸n swm�twn. IsqÔei ìti: an K e�nai ènakurtì s¸ma, tìte to K sump�ptei me thn kleist  j kh tou eswterikoÔ tou.To �jroisma kat� Minkowski dÔo mh ken¸n uposunìlwn A kai B tou Rne�nai to sÔnolo A+B := fa+ b : a 2 A; b 2 Bg:EÔkola elègqoume ìti an ta A kai B e�nai sumpag  (ant�stoiqa, kurt�), tìte kai to�jroism� tou
 A+B e�nai sumpagè
 (ant�stoiqa, kurtì). Eidikìtera, to �jroismadÔo kurt¸n swm�twn e�nai kurtì s¸ma.Me ton ìro stoiqei¸de
 sÔnolo anaferìmaste se m�a peperasmènh ènwshorjogwn�wn pou èqoun ti
 akmè
 tou
 par�llhle
 prì
 tou
 �xone
 suntetagmènwn(ti
 dieujÔnsei
 twn orjokanonik¸n dianusm�twn ej), kai èqoun xèna eswterik�.Sumbol�zoume me I thn kl�sh ìlwn twn stoiqeiwd¸n sunìlwn.7



8 An I e�nai èna tètoio orjog¸nio, me m kh akm¸n a1; : : : ; an > 0, tìte or�zoumeton ìgko tou na isoÔtai me jI j = a1 : : : an:An J = [mk=1Ik e�nai èna stoiqei¸de
 sÔnolo, tìte or�zoumejJ j = mXk=1 jIkj:'Estw t¸ra A èna mh kenì, fragmèno uposÔnolo tou Rn . Or�zoume ton eswterikììgko tou A mèsw th
 jAj = supfjJ j : J � A; J 2 Ig;kai ton exwterikì ìgko tou A mèsw th
jAj = inffjJ j : A � J; J 2 Ig:Ja lème ìti to A èqei ìgko (e�nai Jordan metr simo), kai ja ton sumbol�zoumeme jAj, an jAj = jAj. Mpore� kane�
 na de�xei ìtiK�je kurtì s¸ma ston Rn èqei ìgko.Oi idiìthte
 tou ìgkou pou qrhsimopoioÔme suqn� sth sunèqeia e�nai tele�w
 fu-siologikè
:(a) O ìgko
 paramènei anallo�wto
 w
 pro
 strofè
 kai metaforè
.(b) An T e�nai èna
 antistrèyimo
 grammikì
 metasqhmatismì
 tou Rn , tìte gi�k�je sumpagè
 uposÔnolo K tou Rn isqÔeijT (K)j = jdetT j � jKj:(g) 'Estw K kurtì s¸ma ston Rn . Gia k�je s 2 N, or�zoumeNs = ����1sZn \K����:JewroÔme to jemeli¸de
 orjog¸nio Q = [0; 1=s)n tou (1=s)Zn, kai thn ènwsh[z2Ns(z +Q):O ìgko
 th
 e�nai �so
 me Ns=sn. E�nai logikì na upojèsoume (kai mporoÔme naapode�xoume) ìti kaj¸
 to s ! +1, pa�rnoume ìlo kai kalÔterh prosèggish touìgkou tou K. Dhlad , isqÔei to ex 
:lims!1 NsjKjsn = 1:



9(b) Summetrik� kurt� s¸mataJewroÔme m�a nìrma k � k ston Rn . Tìte, h monadia�a mp�la BX = fx 2 Rn :kxk � 1g tou q¸rou me nìrma X = (Rn ; k � k) e�nai èna summetrikì kurtì s¸maston Rn . To gegonì
 ìti h BX e�nai sumpagè
 sÔnolo kai èqei mh kenì eswterikì,ofe�letai sto ìti h k�k e�nai isodÔnamh me thn Eukle�deia nìrma. Dhlad , up�rqouna; b > 0 tètoia ¸ste ajxj � kxk � bjxj; x 2 Rn :IsodÔnama, (1=b)Dn � BX � (1=a)Dn;to opo�o de�qnei ìti h BX e�nai fragmèno sÔnolo kai perièqei m�a anoikt  mp�la mekèntro to o. H BX e�nai kleistì sÔnolo, giat� e�nai kleist  w
 pro
 thn k � k, kai,apì thn isodunam�a twn norm¸n, k�je kleistì sÔnolo w
 pro
 thn k �k e�nai kleistìw
 pro
 thn Eukle�deia metrik . Tèlo
, h kurtìthta kai h summetr�a th
 BX e�naiaplè
 sunèpeie
 twn idiot twn th
 nìrma
: h k � k e�nai �rtia, jetik� omogen 
sun�rthsh, kai ikanopoie� thn trigwnik  anisìthta.Ant�strofa, a
 upojèsoume ìti K e�nai èna summetrikì kurtì s¸ma ston Rn .O Minkowski ìrise thn sun�rthshkxkK = minf� � 0 : x 2 �Kg;kai apèdeixe ìti e�nai nìrma, gia thn opo�a isqÔei kxkK � 1 an kai mìno an x 2 K.H Ôparxh tou legìmenou sunarthsoeidoÔ
 tou Minkowski de�qnei ìti, me m�a ènnoia,h melèth twn summetrik¸n kurt¸n swm�twn ston Rn e�nai isodÔnamh me th melèthtwn norm¸n p�nw ston Rn :Prìtash 1.1.1 'Estw K � Rn èna summetrikì kurtì s¸ma. Tìte, to sunarth-soeidè
 tou Minkowski kxkK = minf� � 0 : x 2 �Kge�nai nìrma, kai K = fx 2 Rn : kxkK � 1g:Apìdeixh: To K perièqei m�a mp�la me kèntro to o. Pr�gmati, afoÔ to K èqeimh kenì eswterikì, up�rqoun x 2 K kai r > 0 tètoia ¸ste D(x; r) � K. Lìgwsummetr�a
 èqoume D(�x; r) � K, kai lìgw kurtìthta
, D(o; r) = [D(x; r) +D(�x; r)℄=2 � K.'Estw x 2 Rn . Up�rqei � > 0 arket� meg�lo, ¸ste (1=�)x 2 D(o; r) � K, �ra,x 2 �K. Autì de�qnei ìti, gia k�je x 2 Rn , to sÔnolo f� � 0 : x 2 �Kg e�nai mhkenì, �ra or�zetai to inff� � 0 : x 2 �Kg:JewroÔme m�a gnhs�w
 fj�nousa akolouj�a �s ! �. Up�rqoun ys 2 K tètoia ¸stex = �sys, kai lìgw th
 sump�geia
 touK mporoÔme na upojèsoume ìti ys ! y 2 K.Tìte, x = �y 2 K. 'Ara to in�mum e�nai minimum, kai h kxkK e�nai kal� orismènh.



10Ep�sh
, e�nai t¸ra fanerì ìti kxkK � 0 gia k�je x 2 Rn , kai kxkK = 0 an kaimìno an x = o.Apì th summetr�a touK w
 pro
 to o, èqoume x 2 �K an kai mìno an �x 2 �K.Autì apodeiknÔei ìtik � xkK = minf� � 0 : �x 2 �Kg = minf� � 0 : x 2 �Kg = kxkK :Ep�sh
, an t > 0, tìtektxkK = minf� � 0 : tx 2 �Kg = minf� � 0 : x 2 (�=t)Kg= minft� : � � 0; x 2 �Kg = tminf� � 0 : x 2 �Kg= tkxkK :Oi dÔo prohgoÔmene
 sqèsei
 apodeiknÔoun ìti ktxkK = jtj � kxkK , gia k�je t 2 Rkai k�je x 2 Rn .Gia thn trigwnik  anisìthta, parathroÔme ìti x 2 kxkKK kai y 2 kykKK,opìte h kurtìthta tou K m�
 exasfal�zei ìti x+ y 2 (kxkK + kykK)K, dhlad kx+ ykK � kxkK + kykK ; x; y 2 Rn :Tèlo
, x 2 K an kai mìno an minf� � 0 : x 2 �Kg � 1, dhlad  kxkK � 1. 21.2 To je¸rhma twn Be
k kai FialaTo genikì prìblhma me to opo�o ja asqolhjoume se aut n thn ergas�a e�nai toex 
. M�
 d�noun dÔo nìrme
 k � kA kai k � kB ston Rn , kai ènan fusikì arijmìm. Jèloume na ektim soume th mikrìterh stajer� C = C(A;B;m; n) > 0 gia thnopo�a ikanopoie�tai to ex 
:An u1; : : : ; um 2 Rn me kujkA � 1, tìte up�rqoun prìshma "1; : : : ; "m 2 f�1; 1gtètoia ¸ste k"1u1 + : : :+ "mumkB � C:IsodÔnama, an A;B e�nai summetrik� kurt� s¸mata ston Rn (ta opo�a ep�gounston Rn ti
 nìrme
 k � kA kai k � kB ant�stoiqa), zht�me th mikrìterh stajer�C = C(A;B;m; n) > 0 gia thn opo�a:An u1; : : : ; um 2 A, tìte up�rqoun prìshma "1; : : : ; "m 2 f�1; 1g tètoia ¸ste"1u1 + : : :+ "mum 2 CB:Sthn par�grafo aut , ja d¸soume èna pr¸to par�deigma apotelèsmato
 autoÔtou e�dou
. E�nai to Je¸rhma twn Be
k kai Fiala [BF℄, to opo�o apode�qjhke to1980:



11Je¸rhma 1.2.1 An u1; : : : ; um 2 Rn me kujk1 � 1, tìte up�rqoun prìshma"1; : : : ; "m 2 f�1; 1g tètoia ¸stek"1u1 + : : :+ "mumk1 � 2:Apìdeixh: Gr�foume uj = (a1j ; a2j ; : : : ; anj), j = 1; : : : ;m, kai jewroÔme tonn�m p�naka A = (aij) pou èqei san st le
 ta dianÔsmata uj . H upìjes  ma
 e�naiìti, gia k�je j = 1; : : : ;m, nXi=1 jaij j = kujk1 � 1:Ja or�soume m-�de
 (p(k)1 ; : : : ; p(k)m ) 2 [�1; 1℄m, k = 0; 1; 2; : : :, diadoqik�. Se k�jeb ma, or�zoume Jk = fj � m : p(k)j 6= �1g:(a) An j =2 Jk, tìte lème ìti h j-st lh e�nai telik . Alli¸
, lègetai prosw-rin .(b) An gia k�poio k kai k�poio i èqoumeXj2Jk jaij j > 1;tìte h i-gramm  lègetai k-energ . Alli¸
, thn agnooÔme. Sumbol�zoume me Ikto sÔnolo deikt¸n twn k-energ¸n gramm¸n.Me aut n thn orolog�a, h basik  parat rhsh e�nai h ex 
:L mma 1.2.1 Se k�je b ma, to pl jo
 twn energ¸n gramm¸n e�nai mikrìtero apìto pl jo
 twn proswrin¸n sthl¸n.Apìdeixh: Apì ton orismì th
 energ 
 gramm 
,jIk j = Xi2Ik 1 <Xi2Ik Xj2Jk jaij j:'Omw
, gia k�je j, Xi2Ik jaij j � nXi=1 jaij j � 1:'Ara, jIk j < Xj2Jk Xi2Ik jaij j � Xj2Jk 1 = jJkj: 2AkoloujoÔme ton ex 
 algìrijmo. Sto 0-b ma, jètoume p(0)1 = : : : = p(0)m = 0.JewroÔme to sÔsthma Xj2J0 tjaij = 0; i 2 I0:



12AfoÔ jI0j < jJ0j, to sÔsthma autì èqei mh tetrimmènh lÔsh (tj)j2J0 . Epilègoume� > 0 me thn idiìthta: p0j := p(0)j + �tj 2 [�1; 1℄ gia k�je j 2 J0, kai toul�qistonèna p0j 2 f�1; 1g. Or�zoume p(1)j =8<: p(0)j , j =2 J0,p0j , alli¸
.Sto b ma autì èqoume bèbaia p(1)j = p0j gia k�je j � m. Parathr ste ìtimXj=1 p(1)j aij = 0; i 2 I0:Suneq�zoume th diadikas�a me ton �dio trìpo: Sto k-b ma, jewroÔme to sÔsthmaXj2Jk tjaij = 0; i 2 Ik :AfoÔ jIkj < jJkj, to sÔsthma autì èqei mh tetrimmènh lÔsh (tj)j2Jk . Epilègoume� > 0 me thn idiìthta: p0j := p(k)j + �tj 2 [�1; 1℄ gia k�je j 2 Jk, kai toul�qistonèna p0j 2 f�1; 1g. Or�zoumep(k+1)j =8<: p(k)j , j =2 Jk,p0j , alli¸
.ParathroÔme p�li ìti mXj=1 p(k+1)j aij = 0; i 2 Ik:H akolouj�a jJkj, k � 0 e�nai gnhs�w
 fj�nousa. 'Ara, met� apì peperasmènopl jo
 bhm�twn ja èqoume p(k0)j = "j = �1 gia k�je j = 1; : : : ;m. Ja de�xoumeìti aut  h epilog  pros mwn ikanopoie� to zhtoÔmeno.JewroÔme thn i-gramm : An paramènei energ  w
 to k-b ma, èqei thn idiìthtamXj=1 p(k)j aij = 0:An agno jhke (gia pr¸th for�) sto k-b ma, autì shma�nei ìtiXj2Jk jaij j � 1:



13'Omw
 tìte, j mXj=1 "jaij j = jXj =2Jk "jaij + Xj2Jk "jaij j= jXj =2Jk p(k)j aij + Xj2Jk "jaij j= j mXj=1 p(k)j aij + Xj2Jk("j � p(k)j )aij j= jXj2Jk("j � p(k)j )aij j� Xj2Jk j"j � p(k)j j � jaij j� 2Xj2Jk jaij j � 2:Dhlad , k"1u1 + : : :+ "mumk1 � 2: 21.3 To je¸rhma twn B�ar�any kai GrinbergTo deÔtero je¸rhma {exisorrìphsh
} pou ja parousi�soume, e�nai to je¸rhma twnB�ar�any kai Grinberg [BG℄, to opo�o apode�qjhke to 1980:Je¸rhma 1.3.1 'Estw k � k tuqoÔsa nìrma ston Rn , kai u1; : : : ; um 2 Rn mekujk � 1, j = 1; : : : ;m. Tìte, up�rqei epilog  pros mwn "1; : : : ; "m 2 f�1; 1g giathn opo�a k"1u1 + : : :+ "mumk � 2n:Parathr ste ìti k �kA = k �kB sto sugkekrimèno prìblhma. To Je¸rhma ìmw
isqÔei gia opoiad pote nìrma kai opoiod pote pl jo
 dianusm�twn. To basikìl mma twn B�ar�any kai Grinberg e�nai to ex 
:L mma 1.3.1 An m > n kai u1; : : : ; um 2 Rn , tìte up�rqoun t1; : : : ; tm 2 R mejtj j � 1, ta opo�a ikanopoioÔn ti
t1u1 + : : :+ tmum = okai jfj � m : tj 6= �1gj � n.



14Apìdeixh: Arqik� pa�rnoume J0 = f1; : : : ;mg kai t(0)1 = : : : = t(0)m = 0. Profan¸
jt(0)j j = 0 < 1, all� jfj � m : t(0)j 6= �1gj = m > n. To sÔsthmamXj=1 �juj = oèqei n exis¸sei
 kai m > n agn¸stou
, �ra èqei mh mhdenik  lÔsh (�j)j�m. AfoÔjt(0)j j < 1 gia k�je j � m, mporoÔme na broÔme �1 > 0 tètoio ¸ste oit(1)j = t(0)j + �1�jna e�nai ìloi apolÔtw
 mikrìteroi   �soi tou 1, kai toul�qiston èna
 apì autoÔ
 nae�nai �1. Jètoume J1 = fj � m : jt(1)j j < 1g, kai krat�me tou
 tj := t(1)j , j =2 J1.Parathr ste ìti mXj=1 t(1)j uj = o:An jJ1j > n, jewroÔme to sÔsthmaXj2J1 �juj = o;to opo�o èqei n exis¸sei
 kai jJ1j > n agn¸stou
, �ra èqei mh mhdenik  lÔsh(�j)j2J1 . AfoÔ jt(1)j j < 1 gia k�je j 2 J1, mporoÔme na broÔme �2 > 0 tètoio ¸steoi t(2)j = t(1)j + �2�jna e�nai ìloi apolÔtw
 mikrìteroi   �soi tou 1, kai toul�qiston èna
 apì autoÔ
 nae�nai �1. Jètoume J2 = fj 2 J1 : jt(2)j j < 1g, kai krat�me tou
 tj := t(2)j , j 2 J1nJ2.Parathr ste ìti Xj =2J1 t(1)j uj + Xj2J1 t(2)j uj = o:Suneq�zoume me ton �dio trìpo. Se k b mata, èqoume or�sei ta xèna sÔnolaJ0nJ1; J1nJ2; : : : ; Jk�1nJkkai ta prìshma t(s)j 2 Js�1nJs, ètsi ¸ste(�) kXs=1 Xj2Js�1nJs t(s)j uj + Xj2Jk t(k+1)j uj = o:'Omw
, h akolouj�a jJkj e�nai gnhs�w
 fj�nousa (ìso jJkj > n). 'Ara, k�poia stigm ja èqoume jJkj � n gia pr¸th for�. Gi� autì to k, oi suntelestè
 twn uj sthn (�)ikanopoioÔn ti
 apait sei
 tou L mmato
. 2



15Apìdeixh tou Jewr mato
 1.3.1: D�nontai u1; : : : ; um 2 Rn me kujk � 1.An m � n, tìte to apotèlesma isqÔei profan¸
: pa�rnoume "j = 1, kai apì thntrigwnik  anisìthta, ku1 + : : :+ umk � m � n:'Estw loipìn ìtim > n. Apì to L mma 1.3.1, all�zonta
 an qreiaste� thn ar�jmhshtwn uj , mporoÔme na broÔme r � n, t1; : : : ; tr 2 [�1; 1℄ kai "r+1; : : : ; "m 2 f�1; 1g,tètoia ¸ste(�) rXj=1 tjuj + mXj=r+1 "juj = o:Epilègoume "1 = : : : = "r = 1. Tìte,k mXj=1 "jujk = k rXj=1(1� tj)uj + rXj=1 tjuj + mXj=r+1 "jujk= k rXj=1(1� tj)ujk� rXj=1 j1� tj j � kujk� 2r � 2n;apì thn (�) kai to gegonì
 ìti r � n, kujk � 1, kai j1� tj j � 2, j = 1; : : : ; r. 21.4 Anagwg  tou probl mato
 sta n dianÔsmataTo genikì ma
 prìblhma diatup¸jhke gia osad pote dianÔsmata u1; : : : ; um. Seaut n thn par�grafo ja doÔme ìti mporoÔme p�nta na upojètoume ìti m � n:Je¸rhma 1.4.1 'Estw A kai B dÔo summetrik� kurt� s¸mata ston Rn . Upo-jètoume ìti up�rqei stajer� � tètoia ¸ste: an r � n kai u1; : : : ; ur 2 A, tìteup�rqoun "1; : : : ; "r 2 f�1; 1g gia ta opo�a "1u1 + : : :+ "rur 2 �B. Tìte, gia k�jem 2 N kai k�je u1; : : : ; um 2 A up�rqoun "1; : : : ; "m 2 f�1; 1g tètoia ¸stemXj=1 "juj 2 (2�)B:Gia thn apìdeixh, ja qreiastoÔme k�poio sumbolismì: An r � n kai u1; : : : ; ur 2 A,jètoume P = ft1u1 + : : :+ trur : 0 � tj � 1; j = 1; : : : ; rg;



16kaiP k = ft1u1 + : : :+ trur : tj = l=2k; l = 0; 1; : : : ; 2k; j = 1; : : : ; rg; k = 0; 1; 2; : : : :H apìdeixh tou Jewr mato
 1.4.1 ja basiste� sto L mma 1.3.1 kai ta ex 
 dÔol mmata:L mma 1.4.1 Gia k�je k = 0; 1; 2; : : :, èqoumeP k+1 � P k + �2k+1B:Apìdeixh: 'Estw x 2 P k+1. To x gr�fetai sth morf x = m12k+1 u1 + : : :+ mr2k+1 ur;ìpou mj 2 f0; 1; : : : ; 2k+1g. Or�zoume I = fj � r : mj 2 2N � 1g. Tìte, eÔkolaelègqoume ìti x = 12k+1 Xj2I uj + ygia k�poio y 2 P k. AfoÔ jI j � r � n, up�rqoun "j 2 f�1; 1g, j 2 I , tètoia ¸ste(�) Xj2I "juj 2 �B:ParathroÔme ìtiz := x+ 12k+1 Xj2I "juj =Xj =2I mj2k+1uj +Xj2I mj � 12k+1 uj 2 P k;giat� mj �rtio
 an j =2 I , kaimj�1 �rtio
 an j 2 I . Qrhsimopoi¸nta
 th summetr�atou B kai thn (�), sumpera�noume ìtix = z + 12k+1 0��Xj2I "juj1A 2 P k + �2k+1B:AfoÔ to x 2 P k+1  tan tuqìn, èpetai to zhtoÔmeno. 2L mma 1.4.2 Me ton prohgoÔmeno sumbolismì, P � P 0 + �B.Apìdeixh: ParathroÔme ìti h (aÔxousa ) ènwsh twn P k, k � 0 e�nai pukn  sto P :perièqei ìla ta shme�a q1u1 + : : :+ qrur me 0 � qj � 1, qj 2 fl=2k : k 2 N; l � 2kg.



17Apì thn �llh pleur�, qrhsimopoi¸nta
 thn kurtìthta tou B, blèpoume epagwgik�ìti P k � P k�1 + �2kB� P k�2 + �2k�1B + �2kB� : : :� P 0 + �2B + : : :+ �2kB= P 0 + �� 12k + : : :+ 12�B� P 0 + �Bgia k�je k � 1. 'Ara, P � P 0 + �B. 2Apìdeixh tou Jewr mato
 1.4.1: 'Estw m > n kai u1; : : : ; um 2 A. Apì toL mma 1.3.1, all�zonta
 an qreiaste� thn ar�jmhsh twn uj , mporoÔme na broÔmer � n, t1; : : : ; tr 2 [�1; 1℄ kai "r+1; : : : ; "m 2 f�1; 1g, tètoia ¸stet1u1 + : : :+ trur + "r+1ur+1 + : : :+ "mum = o:To di�nusma w = t1 + 12 u1 + : : :+ tr + 12 ur 2 P;giat� 0 � ti +1 � 2, i = 1; : : : ; r. Apì to L mma 1.4.2, w 2 P 0 + �B. K�je z 2 P 0ìmw
 gr�fetai sth morf z = "1 + 12 u1 + : : :+ "r + 12 urgia kat�llhla prìshma "1; : : : ; "r 2 f�1; 1g. Dhlad ,t1 + 12 u1 + : : :+ tr + 12 ur = "1 + 12 u1 + : : :+ "r + 12 ur + v;gia k�poio v 2 �B. 'Epetai ìtirXj=1 tjuj � rXj=1 "juj = 2v 2 2�B:'Omw
 tìte,mXj=1 "juj = rXj=1 tjuj + mXj=r+1 "juj �0� rXj=1 tjuj � rXj=1 "juj1A= o�0� rXj=1 tjuj � rXj=1 "juj1A2 2�B: 2



181.5 H eikas�a tou Koml�os kai to je¸rhma tou Spe-n
erSumbol�zoume me j � j thn Eukle�deia nìrma ston Rn . O J. Koml�os diatÔpwse thnex 
 eikas�a:Eikas�a tou Koml�os Up�rqei apìluth stajer� C > 0 me thn akìloujh idiìthta:An u1; : : : ; um 2 Rn me juj j � 1, up�rqoun "1; : : : ; "m 2 f�1; 1g tètoia ¸stek"1u1 + : : :+ "mumk1 � C:Apì to Je¸rhma 1.4.1 e�nai safè
 ìti arke� na exet�soume thn per�ptwsh m =n. Ax�zei ton kìpo na doÔme pr¸ta thn per�ptwsh pou ta u1; : : : ; un sqhmat�zounorjokanonik  b�sh tou Rn . Tìte, ta shme�a "1u1+ : : :+ "nun e�nai oi korufè
 toukÔbou U(Q), ìpou Q = [�1; 1℄n kai U o orjog¸nio
 metasqhmatismì
 pou or�zetaiapì ti
 U(ei) = ui, i = 1; : : : ; n. An h eikas�a tou Koml�os e�nai swst , tìte autìshma�nei ìti, ìpw
 ki an {str�youme} ton kÔbo Q, m�a apì ti
 korufè
 tou ja èqei{mikr  k � k1-nìrma}. Dhlad , ja èqei ìle
 ti
 suntetagmène
 th
 fragmène
 apìapìluth stajer�.Akìma kai se aut n thn eidik  per�ptwsh (h opo�a ìmw
 mpore� na e�nai kai hqeirìterh), h eikas�a tou Koml�os paramènei anoikt . IsqÔei ìmw
 to ex 
:Je¸rhma 1.5.1 'Estw fu1; : : : ; ung orjokanonik  b�sh tou Rn . Up�rqoun prìsh-ma "j 2 f�1; 1g tètoia ¸stek"1u1 + : : :+ "nunk1 � 
plogn;ìpou 
 > 0 apìluth stajer�. 2Gia thn akr�beia, o mèso
 ìro
 th
 k"1u1 + : : : + "nunk1 p�nw apì ìle
ti
 epilogè
 pros mwn " = ("1; : : : ; "n) 2 f�1; 1gn e�nai th
 t�xh
 th
 plogn (hapìdeixh parale�petai).H eikas�a tou Koml�os e�nai anoikt . To 1986, o Spen
er [Sp1℄ apèdeixe ìti:Up�rqei apìluth stajer� 
 > 0 me thn akìloujh idiìthta: An u1; : : : ; um 2 Rn mejuj j � 1, up�rqoun "1; : : : ; "m 2 f�1; 1g tètoia ¸ste(�) k"1u1 + : : :+ "mumk1 � 
 logn:Sta Kef�laia 2 kai 3 perigr�foume dÔo mejìdou
 pou odhgoÔn se autì to apotèle-sma: th mèjodo tou ìgkou kai th mèjodo tou mètrou Gauss. To 1997, o Banasz
zyk[Ban℄ èdwse kalÔtero �nw fr�gma gia to prìblhma, antikajist¸nta
 ton logn meplogn sthn (�).Je¸rhma 1.5.2 Up�rqei apìluth stajer� 
 > 0 me thn akìloujh idiìthta: Anu1; : : : ; um 2 Rn me juj j � 1, up�rqoun "1; : : : ; "m 2 f�1; 1g tètoia ¸stek"1u1 + : : :+ "mumk1 � 
plogn:



19Ja doÔme thn apìdeixh autoÔ tou Jewr mato
 sto Kef�laio 4. H apìdeix  toubas�zetai sthn anisìthta tou Ehrhard [Eh1,2℄ gia to mètro tou Gauss. To Je¸rhmatou Banasz
zyk e�nai to kalÔtero gnwstì apotèlesma mèqri s mera.To Je¸rhma tou Spen
er afor� to genikì ma
 prìblhma sthn per�ptwshk � kA = k � kB = k � k1:Je¸rhma 1.5.3 Up�rqei apìluth stajer� C > 0 me thn akìloujh idiìthta: Anu1; : : : ; um 2 Rn me kujk1 � 1, up�rqoun "1; : : : ; "m 2 f�1; 1g tètoia ¸stek"1u1 + : : :+ "mumk1 � Cpn:Ja apode�xoume autì to je¸rhma sto Kef�laio 3. Parathr ste ìti to je¸rhmatou Spen
er ja  tan �mesh sunèpeia th
 eikas�a
 tou Koml�os: An kujk1 � 1,tìte juj j � pn, kai an h eikas�a tou Koml�os isqÔei, mporoÔme na broÔme prìshma"j 2 f�1; 1g tètoia ¸ste k"1 u1pn + : : :+ "m umpnk1 � C;dhlad , k"1u1 + : : :+ "mumk1 � Cpn:H par�llhlh melèth twn dÔo problhm�twn sto Kef�laio 3 de�qnei kajar� giat�to prìblhma tou Koml�os e�nai duskolìtero: an juj j � 1, den èqoume ikanopoihtik plhrofor�a gia to mègejo
 twn suntetagmènwn tou.
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Kef�laio 2H mèjodo
 tou ìgkou
2.1 Perigraf  th
 mejìdouSto Kef�laio autì d�noume m�a pr¸th ekt�mhsh gia thn eikas�a tou Koml�os:Je¸rhma 2.1.1 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: gia k�jeepilog  dianusm�twn u1; : : : ; un 2 Rn me juj j � 1, mporoÔme na broÔme prìshma"1; : : : ; "n 2 f�1; 1g tètoia ¸stek"1u1 + : : :+ "nunk1 � C logn:H mèjodo
 pou ja akolouj soume qrhsimopoie� akrib  apotelèsmata gia tonìgko tom¸n summetrik¸n lwr�dwn ston Rr . H basik  idèa e�nai h ex 
: Upojètoumeìti r � n kai u1; : : : ; ur e�nai dianÔsmata ston Rn , me juj j � 1. Gr�foume uj =(a1j ; : : : ; anj) kai ai = (ai1; : : : ; air), j � r, i � n. ParathroÔme ìti kx1u1 + : : :+xrurk1 � � an kai mìno an jhx; aiij � � gia k�je i � n, ìpou x = (x1; : : : ; xr).Dhlad , an jewr soume to summetrikì kurtì sÔnoloK = fx 2 Rr : jhx; aiij � 1; i = 1; : : : ; ng;tìte kx1u1 + : : :+ xrurk1 � � () x 2 �K:Skopì
 ma
 e�nai na apode�xoume to ex 
:Je¸rhma 2.1.2 MporoÔme na broÔme "1; : : : ; "r 2 f�1; 0; 1g pou ikanopoioÔn taex 
:(a) jfj � r : "j = 0gj � Ær,kai (b) ("1; : : : ; "r) 2 �K,ìpou Æ 2 (0; 1) kai � > 0 apìlute
 stajerè
.21



22To Je¸rhma 2.1.1 prokÔptei apì to Je¸rhma 2.1.2 me m�a apl  epanalhptik  diadi-kas�a. Gia thn apìdeixh tou Jewr mato
 2.1.2, qrhsimopoioÔme thn anisìthta touVaaler:Je¸rhma 2.1.3 'Estw w1; : : : ; wn dianÔsmata pou par�goun ton Rr . JewroÔme tosummetrikì kurtì s¸maW = fx 2 Rr : jhx;wiij � 1; i = 1; : : : ; ng:Tìte, jW j1=r � 2r rPni=1 jwij2 :Efarmìzoume thn anisìthta tou Vaaler gia to summetrikì kurtì s¸maW = �K \ (2� �)[�1; 1℄r:Me kat�llhlh epilog  twn apìlutwn stajer¸n � > 0 kai � 2 (0; 1), mporoÔme naexasfal�soume ìti jW j > 2r2r=2. Apì èna je¸rhma tou van der Corput pou geni-keÔei to pr¸to je¸rhma tou Minkowski, sto W mporoÔme na broÔme toul�qiston2r=2 diakekrimèna zeug�ria akera�wn shme�wn. 'Omw
, W � (2� �)[�1; 1℄r, �ra ìlaaut� ta akèraia shme�a sqhmat�zoun èna sÔnoloA � f�1; 0; 1gr:AfoÔ jAj > 2r=2, up�rqoun Æ 2 (0; 1) kai " 2 A mejfj � r : "j = 0gj � Ær:Autì oloklhr¸nei thn apìdeixh tou Jewr mato
.H apìdeixh tou jewr mato
 tou van der Corput parousi�zetai sthn epìme-nh par�grafo, en¸ sti
 paragr�fou
 2.3-2.5 d�noume thn apìdeixh th
 anisìthta
tou Vaaler. Ax�zei na shmeiwje� ìti up�rqoun poll� �lla apotelèsmata pou d�nounakrib  k�tw fr�gmata gia ton ìgko tom 
 summetrik¸n lwr�dwn (blèpe [Gl℄, [BP℄).Qrhsimopoi¸nta
 thn �dia per�pou idèa, mpore� kane�
 na d¸sei apìdeixh kai gia toje¸rhma tou Spen
er. 'Opw
 ìmw
 ja doÔme sto epìmeno kef�laio, qrhsimopoi¸n-ta
 to mètro tou Gauss (L mma tou Sid�ak), mporoÔme na d¸soume suntomìtere
 kaiaploÔstere
 apode�xei
 kai twn dÔo apotelesm�twn. Gia to lìgo autì, sto parìnkef�laio periorizìmaste sto prìblhma tou Koml�os.2.2 To je¸rhma tou MinkowskiTo Je¸rhma touMinkowski exasfal�zei thn Ôparxh mh mhdenikoÔ akera�ou shme�ouse k�je summetrikì kurtì s¸ma ston Rr pou èqei ìgko megalÔtero apì 2r:



23Je¸rhma 2.2.1 'Estw K anoiktì, summetrikì w
 pro
 to o, kurtì s¸ma ston Rr .An jKj > 2r, tìte to K perièqei toul�qiston èna u 2 Zrnfog.To apotèlesma autì e�nai bèltisto. An jewr soume ton kÔbo Q = fx : jxij <1; i = 1; : : : ; rg, tìte jQj = 2r, all� Q \ Zr = fog.Ja qrhsimopoi soume m�a epèktash tou jewr mato
 tou Minkowski, h opo�aofe�letai ston van der Corput. H apìdeixh bas�zetai se èna l mma tou Mordell:L mma 2.2.1 'Estw k 2 N, kaiM Jordan metr simo uposÔnolo tou Rr me jM j > k.Tìte, up�rqei z 2 Rr tètoio ¸ste toM+z na perièqei toul�qiston k+1 diakekrimènaakèraia shme�a.Apìdeixh: Gia k�je s 2 N, jewroÔme to plègma (1=s)Zr. Sumbol�zoume me Nston plhj�rijmo tou sunìlou M \ (1=s)Zr. 'Eqoumelims!1 jM jNs(1=s)r = 1;dhlad , gia meg�la s isqÔei h anisìthtaNs > srk:Pa�rnoume èna tètoio s 2 N, kai jewroÔme to sÔnoloAs = fu 2 Zr : (1=s)u 2Mg:To As èqei plhj�rijmo Ns > srk, kai ta shme�a tou an koun se sr to polÔ kl�sei
upolo�pwn mod s. Epomènw
, mporoÔme na broÔme u1; : : : ; uk+1 2 As ta opo�aan koun sthn �dia kl�sh mod s. Tìte, ta shme�a u1s ; : : : ; uk+1s an koun sto M , kaita xi = ui � u1s 2 Zr; i = 1; : : : ; k + 1:'Ara, an jèsoume z = (1=s)u1, to M + z perièqei k + 1 akèraia shme�a. 2Qrhsimopoi¸nta
 to L mma tou Mordell, o van der Corput gen�keuse to pr¸toje¸rhma tou Minkowski w
 ex 
:Je¸rhma 2.2.2 'Estw k 2 N, kai K èna anoiktì, summetrikì w
 pro
 to o, kurtìs¸ma ston Rr , me ìgko jKj > 2rk. Tìte, to K perièqei toul�qiston k zeug�riaakera�wn shme�wn �ui 6= o.Apìdeixh: To K=2 èqei ìgko megalÔtero apì k. Apì to L mma tou Mordell,up�rqoun z 2 Rr kai v1; : : : ; vk+1 diakekrimèna akèraia shme�a, tètoia ¸stez + vi 2 12K; i = 1; : : : ; k + 1:



24MporoÔme na upojèsoume ìti ta vi e�nai diatetagmèna lexikografik�. Dhlad ,an i < i0 tìte vis < vi0s , ìpou s e�nai o pr¸to
 de�kth
 gia ton opo�o vis 6= vi0s . Tìte,gia k�je i = 1; : : : ; k èqoumeui := vi+1 � v1 = (z + vi+1)� (z + v1) 2 �12K � 12K� \Zrnfog = K \ (Zrnfog) ;kai, ta zeug�ria �ui, i = 1; : : : ; k, e�nai diakekrimèna, giat� k�je ui èqei jetik  thnpr¸th mh mhdenik  suntetagmènh tou (opìte, den mpore� na sumbe� ui = �uj ani 6= j). 22.3 H anisìthta twn Pr�ekopa kai LeindlerH klasik  anisìthta Brunn-Minkowski sundèei to �jroismaMinkowski me ton ìgkoston Rr :Je¸rhma 2.3.1 'Estw K kai T dÔo mh ken� sumpag  uposÔnola tou Rr . Tìte,jK + T j1=r � jKj1=r + jT j1=r:Sthn per�ptwsh pou ta K kai T e�nai kurt� s¸mata, isìthta sto Je¸rhma 2.3.1mpore� na isqÔei mìno an ta K kai T e�nai omoiojetik�.H anisìthta Brunn-Minkowski ekfr�zei me m�a ènnoia to gegonì
 oti o ìgko
e�nai ko�lh sun�rthsh w
 pro
 thn prìsjesh kat� Minkowski. Gia to lìgo autìsuqn� gr�fetai sthn akìloujh morf : An K;T e�nai mh ken� sumpag  uposÔnolatou Rr kai � 2 (0; 1), tìtej�K + (1� �)T j1=r � �jKj1=r + (1� �)jT j1=r:Qrhsimopoi¸nta
 thn teleuta�a anisìthta kai thn anisìthta arijmhtikoÔ - gewme-trikoÔ mèsou, mporoÔme akìma na gr�youme:(�) j�K + (1� �)T j � jKj�jT j1��:H asjenèsterh aut  morf  th
 anisìthta
 Brunn-Minkowski èqei to pleonèkthmaoti e�nai anex�rthth th
 di�stash
.H anisìthta twn Pr�ekopa kai Leindler [Pis℄ e�nai h {sunarthsiak  èkdosh} th
anisìthta
 Brunn-Minkowski.Je¸rhma 2.3.2 (Anisìthta Pr�ekopa-Leindler) 'Estw f; g; h : Rr ! R+ trei
metr sime
 sunart sei
, kai � 2 (0; 1). Upojètoume oti oi f kai g e�nai oloklhr¸-sime
, kai oti, gia k�je x; y 2 Rrh(�x+ (1� �)y) � f(x)�g(y)1��:Tìte, ZRr h � �ZRr f���ZRr g�1�� :



25Apìdeixh: Ja de�xoume thn anisìthta me epagwg  w
 pro
 thn di�stash r.(a) r = 1: MporoÔme na upojèsoume oti oi f kai g e�nai suneqe�
 kai gn sia jetikè
.H apìdeixh pou ja d¸soume bas�zetai sthn idèa th
 metafor�
 tou mètrou.Or�zoume x; y : (0; 1)! R mèsw twnZ x(t)�1 f = t Z f ; Z y(t)�1 g = t Z g:Me b�sh ti
 upojèsei
 ma
 oi x; y e�nai paragwg�sime
, kai gia k�je t 2 (0; 1)èqoume x0(t)f(x(t)) = Z f ; y0(t)g(y(t)) = Z g:Or�zoume z : (0; 1)! R me z(t) = �x(t) + (1� �)y(t):Oi x kai y e�nai gn sia aÔxouse
. Epetai oti h z e�nai ki aut  gn sia aÔxousa kai,apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,z0(t) = �x0(t) + (1� �)y0(t) � (x0(t))�(y0(t))1��:MporoÔme loipìn na ektim soume to olokl rwma th
 h k�nonta
 thn allag  me-tablht¸n s = z(t):Z h = Z 10 h(z(t))z0(t)dt� Z 10 h(�x(t) + (1� �)y(t))(x0(t))�(y0(t))1��dt� Z 10 f�(x(t))g1��(y(t))� R ff(x(t))��� R gg(y(t))�1�� dt= �Z f�� �Z g�1�� :(b) Epagwgikì b ma: Upojètoume oti r � 2 kai oti to Je¸rhma èqei apodeiqje�gia k 2 f1; : : : ; r � 1g. Estw f; g; h ìpw
 sto Je¸rhma. Gia k�je s 2 R or�zoumehs : Rr�1 ! R+ me hs(w) = h(w; s), kai me an�logo trìpo or�zoume fs; gs : Rr�1 !R+ . Apì thn upìjes  ma
 gia ti
 f; g; h èpetai oti, an x; y 2 Rr�1 kai s0; s1 2 Rtìte h�s1+(1��)s0(�x + (1� �)y) � fs1(x)�gs0(y)1��;kai h epagwgik  upìjesh m�
 d�neiH(�s1 + (1� �)s0) := ZRr�1 h�s1+(1��)s0� �ZRr�1 fs1���ZRr�1 gs0�1�� =: F �(s1)G1��(s0):



26Efarmìzonta
 t¸ra xan� thn epagwgik  upìjesh gia r = 1 sti
 sunart sei
 F;Gkai H , pa�rnoumeZ h = ZRH � �ZRF���ZRG�1�� = �Z f���Z g�1�� : 2Apìdeixh tou Jewr mato
 2.3.1: Estw K;T sumpag  mh ken� uposÔnola touRr , kai � 2 (0; 1). Or�zoume f = �K , g = �T , kai h = ��K+(1��)T . EÔkolaelègqoume oti ikanopoioÔntai oi upojèsei
 tou Jewr mato
 2.3.2, opìtej�K + (1� �)T j = Z h � �Z f�� �Z g�1�� = jKj�jT j1��:Autì apodeiknÔei thn (�) gia k�je tri�da K;T; �. Gia na p�roume thn anisìthtaBrunn-Minkowski, jewroÔme K kai T me jKj > 0, jT j > 0, kai or�zoumeK1 = jKj�1=rK ; T1 = jT j�1=rT ; � = jKj1=rjKj1=r + jT j1=r :Ta K1 kai T1 èqoun ìgko 1, opìte apì thn (�) pa�rnoumej�K1 + (1� �)T1j � 1:Omw
, �K1 + (1� �)T1 = K + TjKj1=r + jT j1=r ;epomènw
, jK + T j � �jKj1=r + jT j1=r�r : 22.4 SÔgkrish logarijmik� ko�lwn mètrwnOrismì
 M�a sun�rthsh f : Rr ! R+ lègetai logarijmik� ko�lh an, gia k�jex; y 2 Rr kai k�je � 2 (0; 1),f(�x+ (1� �)y) � [f(x)℄�[f(y)℄1��:JewroÔme thn kl�shMr ìlwn twn Borel mètrwn pijanìthta
 � ston Rr , pou èqounth morf  �(A) = ZA f�(x)dx;ìpou f� : Rr ! R+ �rtia, logarijmik� ko�lh sun�rthsh, meZRr f�(x)dx = 1:



27Lème ìti h f� e�nai h puknìthta tou �. Or�zoume m�a merik  di�taxh sthn Mrw
 ex 
: An �; � 2 Mr, lème ìti {to � e�nai megalÔtero apì to �}, kai gr�foume� � �, an �(A) � �(A)gia k�je summetrikì kai kurtì uposÔnolo A tou Rr .Parade�gmata mètrwn sthn Mr(a) 'Estw K summetrikì kurtì s¸ma ston Rr , me ìgko jKj = 1. Or�zoume ènamètro pijanìthta
 �K ston Rr , jètonta
�K(A) = jK \Aj = ZA �K(x)dxgia k�je Borel A � Rr . Lìgw th
 kurtìthta
 kai th
 summetr�a
 tou K, h �Ke�nai �rtia kai logarijmik� ko�lh sun�rthsh, �ra �K 2Mr.(b) Gia k�je 
 > 0, h sun�rthsh f
(x) = exp(�
jxj2) e�nai �rtia kai logarijmik�ko�lh ston Rr : ParathroÔme ìti h Eukle�deia nìrma e�nai kurt  sun�rthsh, kai ht 7! 
t2 e�nai ep�sh
 kurt . 'Ara h sÔnjes  tou

jxj2 = � log f(x)e�nai m�a �rtia, kurt  sun�rthsh.Autì shma�nei ìti, gia k�je 
 > 0, to mètro
r;
(A) = 1I(
) ZA exp(�
jxj2)dxìpou I(
) = RRr exp(�
jxj2)dx, an kei sthn kl�sh Mr.Orismì
 'Ena Borel mètro pijanìthta
 � ston Rr lègetai summetrikì kai logarij-mik� ko�lo, an gia k�je A;B mh ken� Borel uposÔnola tou Rr kai k�je � 2 (0; 1),isqÔoun oi �(�A) = �(A)kai �(�A+ (1� �)B) � [�(A)℄�[�(B)℄1��:H Prìtash pou akolouje� de�qnei ìti h kl�shMr apotele�tai apì mètra pou èqounautè
 ti
 idiìthte
:Prìtash 2.4.1 An � 2 Mr, tìte to � e�nai summetrikì kai logarijmik� ko�lo.Apìdeixh: AfoÔ � 2 Mr, up�rqei f : Rr ! R+ �rtia kai logarijmik� ko�lhsun�rthsh, tètoia ¸ste �(A) = ZA f(x)dx:AfoÔ h f e�nai �rtia, pa�rnoume�(�A) = Z�A f(x)dx = ZA f(�x)dx = ZA f(x)dx = �(A);



28dhlad  to � e�nai summetrikì. 'Estw � 2 (0; 1) kai A;B mh ken� Borel uposÔnolatou Rr . Jèloume na de�xoume ìti�(�A+ (1� �)B) = ZRr ��A+(1��)B(x)f(x)dx� �ZRr �A(x)f(x)dx�� �ZRr �B(x)f(x)dx�1��= [�(A)℄�[�(B)℄1��:Or�zoume w(x) = �A(x)f(x), g(x) = �B(x)f(x), kai h(x) = ��A+(1��)B(x)f(x).Ja de�xoume ìti aut  h tri�da sunart sewn ikanopoie� ti
 upojèsei
 th
 anisìthta
Pr�ekopa - Leindler: gia k�je x; y 2 Rr ,(�) h(�x+ (1� �)y) � [w(x)℄�[g(y)℄1��:Pr�gmati, an x =2 A   y =2 B, tìte to dexiì mèlo
 th
 (�) g�netai �so me mhdèn, opìteden èqoume t�pota na apode�xoume. An p�li x 2 A kai y 2 B, tìte �x+ (1� �)y 2�A+ (1� �)B, kai h (�) pa�rnei th morf f(�x+ (1� �)y) � [f(x)℄�[f(y)℄1��;h opo�a isqÔei, giat� h f e�nai logarijmik� ko�lh sun�rthsh.Apì thn anisìthta Pr�ekopa-Leindler, sumpera�noume ìtiZRr h(x)dx � �ZRr w(x)dx���ZRr g(x)dx�1�� ;to opo�o e�nai akrib¸
 to zhtoÔmeno. 2To epìmeno l mma ja qrhsimopoihje� arketè
 forè
 sth sunèqeia:L mma 2.4.1 'Estw � 2 Mr, me puknìthta th sun�rthsh f . An h : Rr ! R+metr simh, tìte ZRr h(x)f(x)dx = Z 10 �(x : h(x) � t)dt:Apìdeixh: Gr�foumeZRr h(x)f(x)dx = ZRr Z h(x)0 1dt! f(x)dx= Z 10 Zfx:h(x)�tg f(x)dxdt= Z 10 �(x : h(x) � t)dt: 2



29Orismì
 'Estw �1 2 Mk1 kai �2 2 Mk2 , me puknìthte
 f1 kai f2 ant�stoiqa. Toginìmeno �1
�2 twn �1 kai �2 or�zetai sta Borel uposÔnola tou Rk1+k2 , apì thn(�1 
 �2)(�) = Z Z� f1(x)f2(y)dxdy;ìpou gr�foume (x; y) gia to tuqìn shme�o tou Rk1+k2 , enno¸nta
 profan¸
 ìtix 2 Rk1 kai y 2 Rk2 .Gia k�je � � Rk1+k2 kai k�je y 2 Rk2 , or�zoume�(y) = fx 2 Rk1 : (x; y) 2 �g:Tìte, mporoÔme na gr�youme to (�1 
 �2)(�) sth morf (�1 
 �2)(�) = ZRk2  Z�(y) f1(x)dx! f2(y)dy:Stìqo
 ma
 e�nai na apode�xoume ìti an �i; �i 2 Mki , i = 1; : : : ;m, me �i � �igia k�je i � m, tìte �1
 : : :
�m � �1
 : : :
 �m sthnMk1+:::+km . Gia to skopìautì, ja qreiastoÔme m�a seir� apì l mmata.L mma 2.4.2 'Estw � summetrikì, kurtì uposÔnolo tou Rk1+k2 . H sun�rthshh : Rk2 ! R+ , me h(y) = Z�(y) f1(x)dxe�nai �rtia kai logarijmik� ko�lh.Apìdeixh: ParathroÔme pr¸ta ìti �(�y) = ��(y), y 2 Rk2 . Pr�gmati, anx 2 �(�y) tìte (x;�y) 2 �, �ra (�x; y) 2 �, dhlad  �x 2 �(y). Autì de�qnei ìti�(�y) � ��(y), kai o ant�strofo
 egkleismì
 apodeiknÔetai ìmoia. 'Epetai ìtih(�y) = Z�(�y) f1(x)dx = Z��(y) f1(x)dx = Z�(y) f1(�z)dz= Z�(y) f1(z)dz = h(y);ìpou qrhsimopoi same to gegonì
 ìti h f1 e�nai �rtia.Gia na de�xoume ìti h h e�nai logarijmik� ko�lh, jèloume na de�xoume ìtih(�y1 + (1� �)y2) = Z�(�y1+(1��)y2) f1(x)dx = ZRr ��(�y1+(1��)y2)(x)f1(x)dx� �ZRr ��(y1)(x)f1(x)dx���ZRr ��(y2)(x)f1(x)dx�1��=  Z�(y1) f1(x)dx!� Z�(y2) f1(x)dx!1��= [h(y1)℄�[h(y2)℄1��:



30Or�zoume tre�
 sunart sei
: ti
 F (x) = ��(y1)(x)f1(x), G(x) = ��(y2)(x)f1(x),kai H(x) = ��(�y1+(1��)y2)(x)f1(x). Ja de�xoume ìti aut  h tri�da sunart sewnikanopoie� ti
 upojèsei
 th
 anisìthta
 Pr�ekopa - Leindler: gia k�je x; z 2 Rk1 ,(�) H(�x+ (1� �)z) � [F (x)℄�[G(z)℄1��:Pr�gmati, an x =2 �(y1)   z =2 �(y2), tìte to dexiì mèlo
 th
 (�) g�netai �so memhdèn, opìte den èqoume t�pota na apode�xoume. An p�li x 2 �(y1) kai z 2 �(y2),tìte �x+ (1� �)z 2 �(�y1 + (1� �)y2), giat� apì thn kurtìthta tou �,�(�y1 + (1� �)y2) � ��(y1) + (1� �)�(y2):[An xi 2 �(yi), tìte (xi; yi) 2 �, �ra �(x1; y1) + (1 � �)(x2; y2) = (�x1 + (1 ��)x2; �y1 + (1� �)y2) 2 �, dhlad , �x1 + (1� �)x2 2 �(�y1 + (1� �)y2).℄Tìte, h (�) pa�rnei th morf f1(�x + (1� �)z) � [f1(x)℄�[f1(z)℄1��;h opo�a isqÔei, giat� h f1 e�nai logarijmik� ko�lh sun�rthsh. Apì thn anisìthtaPr�ekopa-Leindler, sumpera�noume ìtiZRk1 H(x)dx � �ZRk1 F (x)dx���ZRk1 G(x)dx�1�� ;to opo�o e�nai akrib¸
 to zhtoÔmeno. 2L mma 2.4.3 'Estw h : Rr ! R+ m�a �rtia, logarijmik� ko�lh sun�rthsh. Tìte,gia k�je t � 0, to sÔnolo Ht = fx 2 Rr : h(x) � tg e�nai summetrikì kurtìuposÔnolo tou Rr .Apìdeixh: H summetr�a tou Ht èpetai apì to ìti h h e�nai �rtia. 'Eqoume y 2 Htan kai mìno an h(�y) = h(y) � t, dhlad  �y 2 Ht.H kurtìthta tou Ht èpetai apì to ìti h h e�nai logarijmik� ko�lh. 'Estwx; y 2 Ht kai � 2 (0; 1). Tìte,h(�x + (1� �)y) � [h(x)℄�[h(y)℄1�� � t�t1�� = t;dhlad , �x+ (1� �)y 2 Ht. 2L mma 2.4.4 An �1 2 Mk1 kai �2 2Mk2 , tìte �1 
 �2 2Mk1+k2 .Apìdeixh: Arke� na de�xoume ìti h sun�rthsh f(x; y) = f1(x)f2(y) e�nai �rtia kailogarijmik� ko�lh ston Rk1+k2 . 'Omw
 autì e�nai �mesh sunèpeia twn ant�stoiqwnidiot twn twn f1 kai f2. 2L mma 2.4.5 'Estw �; � 2 Mr, kai h : Rr ! R+ m�a �rtia, logarijmik� ko�lhsun�rthsh. An � � �, tìteZRr h(x)f�(x)dx � ZRr h(x)f�(x)dx:



31Apìdeixh: Qrhsimopoi¸nta
 to gegonì
 ìti � � � kai ta L mmata 2.4.1 kai 2.4.3,pa�rnoume ZRr h(x)f�(x)dx = Z 10 �(x : h(x) � t)dt = Z 10 �(Ht)dt� Z 10 �(Ht)dt = Z 10 �(x : h(x) � t)dt= ZRr h(x)f�(x)dx: 2Prìtash 2.4.2 An �1 � �1 sthn Mk1 kai �2 � �2 sthn Mk2 , tìte �1 
 �2 ��1 
 �2 sthn Mk1+k2 .Apìdeixh: 'Estw � èna summetrikì kurtì uposÔnolo tou Rk1+k2 . Gr�foume(�1 
 �2)(�) = ZRk2  Z�(y) f�1(x)dx! f�2(y)dy = ZRk2 h(y)f�2(y)dy;kai, apì to L mma 2.4.2, h h e�nai �rtia kai logarijmik� ko�lh ston Rk2 . Apì toL mma 2.4.5, afoÔ �2 � �2, pa�rnoumeZRk2 h(y)f�2(y)dy � ZRk2 h(y)f�2(y)dy:'Omw
, (�1 
 �2)(�) = ZRk2  Z�(y) f�1(x)dx! f�2(y)dy = ZRk2 h(y)f�2(y)dy;�ra, (�1 
 �2)(�) � (�1 
 �2)(�):All�zonta
 th seir� th
 olokl rwsh
, kai qrhsimopoi¸nta
 thn �1 � �1, pa�rnoume(�1 
 �2)(�) � (�1 
 �2)(�):'Epetai ìti (�1 
 �2)(�) � (�1 
 �2)(�);kai afoÔ to �  tan tuqìn, �1 
 �2 � �1 
 �2. 2Epagwgik�, apì thn Prìtash 2.4.2 pa�rnoume:Je¸rhma 2.4.1 'Estw �i; �i 2 Mki , i = 1; : : : ;m, me �i � �i gia k�je i � m.Tìte, �1 
 : : :
 �m � �1 
 : : :
 �m. 2



32 To Je¸rhma 2.4.1 m�
 epitrèpei na sugkr�noume logarijmik� ko�la mètra ginì-mena me anagwg  sth monodi�stath per�ptwsh. 'Ena par�deigma efarmog 
 aut 
th
 teqnik 
, to opo�o ja qreiastoÔme sthn epìmenh par�grafo, e�nai to ex 
:Par�deigma [Va℄ JewroÔme ton kÔbo Qn = [�1=2; 1=2℄n ston Rn . To �Qn e�naièna summetrikì, logarijmik� ko�lo mètro, kai�Qn = �Q1 
 : : :
 �Q1 :Pr�gmati, an A � Rn , tìte�Qn(A) = jQn \ Aj = ZA �Qn(x)dx = ZA nYi=1�Q1(xi)dx = (�Q1 
 : : :
 �Q1)(A):Omo�w
, to 
n;� e�nai �rtio, logarijmik� ko�lo mètro ston Rn , kai èna
 aplì
upologismì
 de�qnei ìti I(�) = 1. AfoÔf�(x) = 1I(�) exp(��jxj2) = nYi=1 exp(��x2i );blèpoume ìti 
n;� = 
1;� 
 : : :
 
1;�:Ja de�xoume ìti �Qn � 
n;�, kai, sÔmfwna me to Je¸rhma 2.4.1, arke� na apode�-xoume to ex 
:L mma 2.4.6 Gia k�je summetrikì di�sthma Ja = [�a; a℄, a > 0 isqÔei �Q1(Ja) �
1;�(Ja).Apìdeixh: An a � 1=2, tìte �Q1(Ja) = jQ1j = 1 � 
1;�(Ja), afoÔ to 
1;� e�naimètro pijanìthta
. Upojètoume loipìn ìti 0 < a < 1=2. Tìte,�Q1(Ja) = jJaj = 2a;en¸, 
1;�(Ja) = Z a�a exp(��t2)dt � Z a�a 1dt = 2a:'Ara, 
1;�(Ja) � �Q1(Ja). 2Apì to L mma èpetai ìti �Q1 � 
1;�, kai apì to Je¸rhma 2.4.1 èqoume:Je¸rhma 2.4.2 Gia k�je n 2 N, �Qn � 
n;�. 2



332.5 H anisìthta tou VaalerH anisìthta tou Vaaler [Va℄ m�
 d�nei k�tw fr�gma gia ton ìgko th
 tom 
 nsummetrik¸n lwr�dwnPi = fx 2 Rr : jhx;wiij � 1g; i = 1; : : : ; n;sunart sei tou {mèsou m kou
}Pni=1 jwij2 twn dianusm�twn wi:Je¸rhma 2.5.1 'Estw w1; : : : ; wn dianÔsmata pou par�goun ton Rr . JewroÔme tosummetrikì kurtì s¸maK = fx 2 Rr : jhx;wiij � 1; i = 1; : : : ; ng:Tìte, jKj1=r � 2r rPni=1 jwij2 :Ja ekmetalleutoÔme to gegonì
 ìti �Qn � 
n;� gia na apode�xoume thn ex 
:Prìtash 2.5.1 An n � r kai A èna
 n� r p�naka
 me t�xh r, tìteZRr �Qn(Ax)dx � ZRr exp(��jAxj2)dx:Parathr ste ìti, sthn per�ptwsh n = r, h anisìthta th
 Prìtash
 2.5.1 isqÔeisan isìthta: den èqoume par� na k�noume thn allag  metablht 
 z = Ax kai naqrhsimopoi soume to gegonì
 ìti ta �Qn kai 
n;� e�nai mètra pijanìthta
.Apìdeixh: JewroÔme ton upìqwro F pou par�goun oi st le
 tou A, kai ènann� (n� r) p�naka B pou èqei san st le
 m�a orjokanonik  b�sh tou F?. Gia k�je" > 0, or�zoume ton n� n p�naka T" = [A j "B℄. JewroÔme toRr �Qn�r = f(x; y) 2 Rn : x 2 Rr ; y 2 Qn�rg;kai efarmìzoume to Je¸rhma 2.4.2 gia to summetrikì kurtì sÔnolo T"(Rr�Qn�r):ZRr ZQn�r e��jAx+"Byj2dydx = ZRr�Qn�r e��jT"zj2dz= 1j detT"j ZT"(Rr�Qn�r) e��jwj2dw� 1j detT"j ZT"(Rr�Qn�r) �Qn(w)dw= ZRr�Qn�r �Qn(T"z)dz= ZRr ZQn�r �Qn(Ax + "By)dydx:



34Pa�rnonta
 ìrio kaj¸
 "! 0+, èqoumeZRr ZQn�r e��jAx+"Byj2dydx ! ZRr ZQn�r e��jAxj2dydx= jQn�rj ZRr e��jAxj2dx= ZRr e��jAxj2dx:Apì thn �llh pleur�, gia k�je (x; y) isqÔei�Qn(Ax + "By)! �Qn(Ax)kaj¸
 "! 0+. 'Ara, ìpw
 parap�nw,ZRr ZQn�r �Qn(Ax + "By)dydx �! jQn�rj ZRr �Qn(Ax)dx:'Epetai ìti ZRr �Qn(Ax)dx � ZRr exp(��jAxj2)dx: 2Apìdeixh tou Jewr mato
 2.5.1: ParathroÔme pr¸ta ìti x 2 K an kai mìnoan Ax 2 2Qn, ìpou A o n� r p�naka
 pou èqei grammè
 ta wi, i � n. 'Ara,jKj = ZRr �2Qn(Ax)dx = 2r ZRr �Qn(Ax)dx:Apì thn Prìtash 2.5.1, pa�rnoumejKj2r � ZRr e��jAxj2dx = ZRr e��hA�Ax;xidx:O A�A e�nai summetrikì
 kai jetik� orismèno
 r � r p�naka
, �ra up�rqei summe-trikì
 kai jetik� orismèno
 r � r p�naka
 B tètoio
 ¸ste B2 = A�A. Dhlad ,jKj2r � ZRr e��jBxj2dx = 1detB= 1pdet(A�A) :Prèpei loipìn na broÔme �nw fr�gma gia thn det(A�A). ParathroÔme ìti (A�A)ii =Pnk=1 w2ki, �ratr(A�A) = rXi=1(A�A)ii = rXi=1 nXk=1w2ki = nXk=1 rXi=1 w2ki = nXk=1 jwk j2:



35H or�zousa tou A�A e�nai to ginìmeno twn idiotim¸n tou, en¸ to tr(A�A) e�nai to�jroism� tou
. AfoÔ o A�A e�nai summetrikì
 kai jetik� orismèno
, oi idiotimè
tou e�nai jetiko� pragmatiko� arijmo�. Apì thn anisìthta arijmhtikoÔ-gewmetrikoÔmèsou, det(A�A) � � tr(A�A)r �r = �Pnk=1 jwk j2r �r :Dhlad , jKj2r � � rPni=1 jwij2�r=2 ;kai to Je¸rhma apode�qjhke. 22.6 'Anw fr�gma gia thn eikas�a tou Koml�osUpojètoume ìti r � n kai u1; : : : ; ur e�nai dianÔsmata ston Rn , me juj j � 1. Gr�-foume uj = (a1j ; : : : ; anj) kai ai = (ai1; : : : ; air), j � r, i � n. ParathroÔme ìtikx1u1 + : : : + xrurk1 � � an kai mìno an jhx; aiij � � gia k�je i � n, ìpoux = (x1; : : : ; xr). Dhlad , an jewr soume to summetrikì kurtì sÔnoloK = fx 2 Rr : jhx; aiij � 1; i = 1; : : : ; ng;tìte kx1u1 + : : :+ xrurk1 � � () x 2 �K:[An ta uj e�nai grammik¸
 anex�rthta, tìte to K e�nai kurtì s¸ma.℄ Skopì
 ma
e�nai na apode�xoume to ex 
:Je¸rhma 2.6.1 MporoÔme na broÔme "1; : : : ; "r 2 f�1; 0; 1g pou ikanopoioÔn taex 
:(a) jfj � r : "j = 0gj � Ær,kai (b) ("1; : : : ; "r) 2 �K,ìpou Æ 2 (0; 1) kai � > 0 apìlute
 stajerè
.Apìdeixh: To shme�o pou y�qnoume mèsa sto �K èqei akèraie
 suntetagmène
�se
 me �1; 0   1. JewroÔme loipìn to kurtì s¸maW = �K \ (2� �)[�1; 1℄r = fx 2 Rr : jhx; aiij � �; jhx; ejij � 2� �; i � n; j � rg:To W e�nai tom  summetrik¸n lwr�dwn pou or�zontai apì ta dianÔsmata ai=� pouikanopoioÔn thn nXi=1 jaij2�2 = rXj=1 juj j2�2 � r�2 ;



36kai ta ej=(2� �) pou èqoun m ko
 mikrìtero apì 1=(2� �). Apì to Je¸rhma 2.5.1,èqoume èna k�tw fr�gma gia ton ìgko tou:jW j1=r � 2s rPni=1 jaij2�2 +Prj=1 jej j2(2��)2� 2s rr�2 + r(2��)2= 2�(2� �)p�2 + (2� �)2 :Dhlad , jW j � 2r �(2� �)p�2 + (2� �)2!r :MporoÔme na epilèxoume � > 0 arket� mikrì kai � > 0 arket� meg�lo, ¸ste�(2� �)p�2 + (2� �)2 > p2:[To ìrio aut 
 th
 posìthta
 kaj¸
 � !1, e�nai �so me 2��.℄ Epilègoume loipìnètsi thn (apìluth) stajer� �, kai èqoumejW j > 2r2r=2:Apì to Je¸rhma tou van der Corput, sto W mporoÔme na broÔme toul�qiston2r=2 zeug�ria akera�wn shme�wn. Apì ton orismì tou W ìmw
, èqoume W � (2��)[�1; 1℄r. 'Ara, ìla aut� ta akèraia shme�a an koun sto f�1; 0; 1gr. AfoÔ W ��K, èqoume j�K \ f�1; 0; 1grj > 2r=2:Or�zoume A = �K \ f�1; 0; 1gr.L mma 2.6.1 An 1 � k � r=2 kai p = k=r, tìtekXj=0�rj� � 2
ppr:Apìdeixh 'Eqoume kXj=0�rj� � (k + 1)�rk� = (k + 1) r!k!(r � k)! :Qrhsimopoi¸nta
 thn anisìthta k! � kkek�1 ;



37pa�rnoume(k + 1) r!k!(r � k)! = (k + 1)r(r � 1) : : : (r � k + 1)k! � ek+1 ek�1rkkk� �e2rk �k= �e2p �pr :Parathr¸nta
 ìti pp log(1=p) ! 0 kaj¸
 p ! 0+, sumpera�noume ìti up�rqeiapìluth stajer� 
 > 0 tètoia ¸ste�e2p �pr � 2
ppr: 2L mma 2.6.2 Up�rqei Æ 2 (0; 1) me thn ex 
 idiìthta: an A � f�1; 0; 1gr kaijAj � 2r=2, tìte up�rqei " = ("1; : : : ; "r) 2 A tètoio ¸stejfj � r : "j = 0gj � Ær:Apìdeixh: To pl jo
 twn " 2 f�1; 0; 1gr pou èqoun akrib¸
 s mhdenikè
 sun-tetagmène
, e�nai �rs�2r�s. 'Ara, to pl jo
 aut¸n pou èqoun perissìtere
 apì Ærmhdenikè
 suntetagmène
, e�nairXs=Ær�rs�2r�s � 2(1�Æ)r rXs=Ær�rs� = 2(1�Æ)r (1�Æ)rXs=0 �rs�:Apì to prohgoÔmeno l mma, h posìthta aut  e�nai mikrìterh apì2(1�Æ)r2
1p1�Ær � 2
2p1�Ær < 2r=2;an to Æ e�nai arket� kont� sto 1 (anex�rthta ìmw
 apì to r). 'Epetai ìti up�rqei" 2 A me jfj � r : "j = 0gj � Ær. 2Epistrèfoume t¸ra sthn apìdeixh tou Jewr mato
 2.6.1. Efarmìzonta
 to L mma2.6.2 gia to A = �K \ f�1; 0; 1gr, br�skoume " 2 f�1; 0; 1gr pou ikanopoie� ta (a)kai (b). 2Je¸rhma 2.6.2 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: gia k�jeepilog  dianusm�twn u1; : : : ; un 2 Rn me juj j � 1, mporoÔme na broÔme prìshma"1; : : : ; "n 2 f�1; 1g tètoia ¸stek"1u1 + : : :+ "nunk1 � C logn:



38Apìdeixh: Jètoume �0 = f1; : : : ; rg. Apì to Je¸rhma 2.6.1, up�rqoun "11; : : : ; "1r 2f�1; 0; 1g tètoia ¸ste: an �1 = fj � r : "1j = 0g, tìte j�1j � Ær, kaik Xj2�0n�1 "1jujk1 = k"11u1 + : : :+ "1rurk1 � �:Krat�me ta "1j , j 2 �0n�1, kai jewroÔme ta dianÔsmata uj , j 2 �1. Aut� èqounpl jo
 j�1j � Ær kai nìrma juj j � 1, opìte efarmìzetai p�li to Je¸rhma 2.6.1.Up�rqoun "2j 2 f�1; 0; 1g tètoia ¸ste: an �2 = fj 2 �1 : "2j = 0g, tìte j�2j �Æj�1j � Æ2r, kai k Xj2�1n�2 "2jujk1 = kXj2�1 "2jujk1 � �:Suneq�zoume me ton �dio trìpo, mèqri ton fusikì k0 gia ton opo�o ja èqoume j�k0 j �2. Tètoio
 fusikì
 up�rqei, giat� Æ 2 (0; 1) �ra j�kj � Ækr ! 0. Epiplèon,k0 � 
(Æ) logn. Se k�je b ma, ikanopoie�tai hk Xj2�k�1n�k "kjujk1 � �;ìpou "kj ta prìshma pou epilèqjhkan sto k-b ma. Gia k�je j 2 �k�1n�k jètoume"j = "kj , en¸ an j 2 �k0 jètoume "j = 1. 'Eqoume ètsi m�a epilog  pros mwn"1; : : : ; "r 2 f�1; 1g, gia thn opo�ak rXj=1 "jujk1 � k0Xk=1 k Xj2�k�1n�k "jujk1 + k Xj2�k0 ujk1� k0� + 2 � 2 + 
(Æ)� logn� C logn;kai h stajer� C e�nai apìluth, afoÔ oi �; Æ e�nai apìlute
 stajerè
. 2



Kef�laio 3H mèjodo
 tou mètrou Gauss
3.1 Perigraf  th
 mejìdouJewroÔme to r-di�stato mètro tou Gauss 
r, to opo�o or�zetai apì thn
r(A) = 1(2�)r=2 ZA e�jxj2=2dx:To 
r èqei pollè
 kalè
 idiìthte
, ti
 opo�e
 ja qrhsimopoioÔme eleÔjera:(a) To 
r e�nai logarijmik� ko�lo: an A;B e�nai Borel uposÔnola tou Rr kai� 2 (0; 1), tìte 
r(�A+ (1� �)B) � [
r(A)℄�[
r(B)℄1��:(b) To 
r e�nai mètro ginìmeno (blèpe Kef�laio 2):
r = 
1 
 : : :
 
1:(g) To 
r e�nai anallo�wto w
 pro
 strofè
: an U e�nai èna
 orjog¸nio
 meta-sqhmatismì
 tou Rr , tìte 
r(U(A)) = 
r(A):Upojètoume ìti r � n kai u1; : : : ; ur e�nai dianÔsmata ston Rn , me juj j � 1  kujk1 � 1. Gr�foume uj = (a1j ; : : : ; anj) kai ai = (ai1; : : : ; air), j � r, i � n.'Opw
 kai sto prohgoÔmeno kef�laio, jewroÔme to summetrikì kurtì sÔnoloK = fx 2 Rr : jhx; aiij � 1; i = 1; : : : ; ng:Apì th summetr�a tou K kai ti
 idiìthte
 th
 puknìthta
 tou 
r, èpetai ìti
r("+ �K) � e� j"j22 
r(�K) = e�r=2
r(�K)39



40gia k�je � > 0. Sto shme�o autì qrhsimopoioÔme to L mma tou Sid�ak [Sid℄ gia nad¸soume k�tw fr�gma gia to 
r(�K):L mma tou Sid�ak An P1; : : : ; Pn e�nai summetrikè
 lwr�de
 ston Rr , tìte
r(P1 \ : : : \ Pn) � 
r(P1) : : : 
r(Pn):To �K e�nai tom  summetrik¸n lwr�dwn, �ra to L mma tou Sid�ak efarmìzetai gi�autì. Gia kat�llhlh epilog  th
 stajer�
 �, mporoÔme na de�xoume ìti 
r(�K) �2�pr, gia k�poia apìluth stajer� p 2 (0; 1). Tìte,ZRr X"2f�1;1gr �"+�K(x)
r(dx) = X"2f�1;1gr 
r("+ �K) � 2p1r;gia k�poia �llh stajer� p1 2 (0; 1), �ra up�rqei A � f�1; 1gr me jAj > 2p1r, tètoio¸ste \"2A ("+ �K) 6= ;:AfoÔ jAj > 2p1r, up�rqoun "(1); "(2) 2 A mejfj � r : "(1)j = "(2)j gj � Ær:Apì thn ("(1) + �K) \ ("(2) + �K) 6= ; kai th summetr�a tou K, èpetai ìti" := "(1) � "(2)2 2 �K;dhlad , k"1u1 + : : :+ "rurk1 � �;kai jfj � r : "j = 0gj � Ær. H apìdeixh tou jewr mato
 tou Spen
er kai th
{logn-ekt�mhsh
} gia thn eikas�a tou Koml�os, oloklhr¸nontai me epanalhptikè
diadikas�e
 an�loge
 aut 
 tou Kefala�ou 2.Ja apode�xoume to L mma tou Sid�ak sthn epìmenh par�grafo, kai ja d¸soumepl rei
 apode�xei
 twn parap�nw bhm�twn sti
 paragr�fou
 3.3 kai 3.4.3.2 To l mma tou Sid�akJewroÔme n summetrikè
 lwr�de
Pi = fx 2 Rr : jhx;wiij � tig; i = 1; : : : ; nston Rr , ìpou wi 2 Sr�1 kai ti > 0, i = 1; : : : ; n. To L mma tou Sid�ak d�nei k�twfr�gma gia to r-di�stato mètro Gauss th
 tom 
 tou
:



41Je¸rhma 3.2.1 An P1; : : : ; Pn e�nai summetrikè
 lwr�de
 ston Rr , tìte
r(P1 \ : : : \ Pn) � 
r(P1) : : : 
r(Pn):H apìdeixh ja g�nei me epagwg  w
 pro
 to pl jo
 twn lwr�dwn, h opo�a bas�zetaisto ex 
:Je¸rhma 3.2.2 'Estw K summetrikì, kleistì kai kurtì uposÔnolo tou Rr , kai Psummetrik  lwr�da ston Rr . Tìte,
r(K \ P ) � 
r(K)
r(P ):Gia thn apìdeixh tou Jewr mato
 3.2.2, ja qrhsimopoi soume merikè
 aplè
 para-thr sei
:(a) 'Estw K summetrikì, kleistì kai kurtì uposÔnolo tou Rr . Gia k�je s 2 R,or�zoume Ks = fx 2 Rr�1 : (x; s) 2 Kg:An JK = fs 2 R : Ks 6= ;g, tìte gia k�je s1; s2 2 JK kai k�je � 2 (0; 1), èqoumeK�s1+(1��)s2 � �Ks1 + (1� �)Ks2 :Autì
 o egkleismì
 prokÔptei �mesa apì thn kurtìthta touK. M�a pr¸th sunèpei�tou e�nai ìti to JK e�nai èna summetrikì di�sthma.(b) To 
r�1 e�nai logarijmik� ko�lo, �ra
r�1(K�s1+(1��)s2) � [
r�1(Ks1)℄�[
r�1(Ks2)℄1��gia k�je s1; s2 2 JK kai k�je � 2 (0; 1). Or�zoume f : JK ! R me f(s) = 
r�1(Ks).H f e�nai �rtia kai logarijmik� ko�lh. Epomènw
, to sÔnoloIK(z) := fs 2 JK : f(s) � zge�nai èna summetrikì (�sw
 kenì) upodi�sthma tou JK , gia k�je z � 0.Apìdeixh tou Jewr mato
 3.2.2: H apìdeixh ja g�nei me epagwg  w
 pro
 thdi�stash. An r = 1, tìte ta K;P e�nai summetrik� diast mata sto R, �ra to K\Pe�nai èna apì ta K;P . AfoÔ to 
1 e�nai mètro pijanìthta
,
1(K \ P ) = minf
1(K); 
1(P )g � 
1(K)
1(P ):Upojètoume ìti to je¸rhma èqei apodeiqje� an 1 � r0 < r. 'Estw K summetrikì,kleistì kai kurtì uposÔnolo tou Rr , kai P summetrik  lwr�da ston Rr . AfoÔ to
r e�nai anallo�wto w
 pro
 strofè
, mporoÔme na upojèsoume ìti P = fx 2 Rr :jxrj � tg gia k�poio t > 0. Tìte,
r(K \ P ) = Z t�t 
r�1(Ks)
1(ds)= Z 1�1 �[�t;t℄(s)f(s)
1(ds)= Z 10 
1(s : f(s) � z; s 2 [�t; t℄)dz



42apì to L mma 2.4.1. 'Omw
, afoÔ to Je¸rhma èqei apodeiqje� sthn per�ptwshr0 = 1, èqoume
1(s : f(s) � z; s 2 [�t; t℄) = 
1(IK(z) \ [�t; t℄) � 
1([�t; t℄)
1(IK(z));giat� k�je IK(z) e�nai summetrikì di�sthma. 'Ara,
r(K \ P ) � 
1([�t; t℄) Z 10 
1(IK(z))dz= 
1([�t; t℄) Z 10 
1(s 2 R : f(s) � z)dz= 
1([�t; t℄) Z 1�1 
r�1(Ks)ds= 
1([�t; t℄)
r(K):Tèlo
,
r(P ) = ZRr�1 Z t�t 
1(ds)
r�1(dx) = ZRr�1 
1([�t; t℄)
r�1(dx) = 
1([�t; t℄):'Ara, 
r(K \ P ) � 
r(K)
r(P ). 2Apìdeixh tou Jewr mato
 3.2.1: Upojètoume ìti to Je¸rhma èqei apodeiqje�an to pl jo
 twn lwr�dwn e�nai mikrìtero apì n. 'Estw P1; : : : ; Pn summetrikè
lwr�de
 ston Rr . To K = P1 \ : : :\Pn�1 e�nai summetrikì, kleistì kai kurtì, �ra
r(P1 \ : : : \ Pn�1 \ Pn) � 
r(P1 \ : : : \ Pn�1)
r(Pn);apì to Je¸rhma 3.2.2. T¸ra, mporoÔme na efarmìsoume thn epagwgik  upìjeshgia ti
 P1; : : : ; Pn�1:
r(P1 \ : : : \ Pn) � 
r(P1 \ : : : \ Pn�1)
r(Pn)� 
r(P1) : : : 
r(Pn�1)
r(Pn): 2'Ena polÔ gnwstì sqetikì prìblhma (pou paramènei anoiktì) e�nai h legìmenh{eikas�a th
 jetik 
 susqètish
} gia summetrik� kurt� s¸mata ston Rr :Eikas�a: An K1 kai K2 e�nai summetrik� kurt� s¸mata ston Rr , tìte
r(K1 \K2) � 
r(K1)
r(K2):H eikas�a aut  èqei apodeiqje� apì ton Pitt [Pi℄ sthn per�ptwsh r = 2, kaj¸
kai gia orismène
 eidikè
 kl�sei
 swm�twn ston Rr , r > 2 (blèpe [SSZ℄).



433.3 Apìdeixh tou jewr mato
 tou Spen
erTo je¸rhma tou Spen
er e�nai sqedìn �mesh sunèpeia tou ex 
 apotelèsmato
:Je¸rhma 3.3.1 Up�rqoun � > 0 kai 0 < Æ < 1, tètoia ¸ste: An r � n kaiu1; : : : ; ur 2 Rn me kujk1 � 1, tìte mporoÔme na broÔme "1; : : : ; "r 2 f�1; 0; 1g pouikanopoioÔn ta ex 
:(a) jfj � r : "j = 0gj < Ær.(b) k"1u1 + : : :+ "rurk1 � �prqlog( 2nr ).Apìdeixh: JewroÔme ton n� r p�naka A pou èqei san st le
 ta uj , kai gr�foumeai, i = 1; : : : ; n gia ti
 grammè
 tou A. An x = (x1; : : : ; xr) 2 Rr , tìtekx1u1 + : : :+ xrurk1 �M () x 2 K = K(M);ìpou K(M) = fx 2 Rr : jhx; aiij �M; i = 1; : : : ; ng:Ja qrhsimopoi soume dÔo apl� l mmata:L mma 3.3.1 An K e�nai èna summetrikì kurtì s¸ma ston Rr kai z 2 Rr , tìte
r(z +K) � e� jzj22 
r(K):Apìdeixh: Gr�foume
r(z +K) = 1(2�)r=2 Zz+K e�jxj2=2dx = 1(2�)r=2 ZK e�jz+xj2=2dx:Lìgw summetr�a
 tou K, èqoume kai thn
r(z +K) = 1(2�)r=2 ZK e�jz�xj2=2dx;kai prosjètonta
 ti
 dÔo isìthte
 pa�rnoume
r(z +K) = 1(2�)r=2 ZK e�jz�xj2=2 + e�jz�xj2=22 dx:Apì thn kurtìthta th
 ekjetik 
 sun�rthsh
 èpetai ìti
r(z +K) � 1(2�)r=2 ZK e�(jz+xj2+jz�xj2)=4dx;kai me th bo jeia tou kanìna tou parallhlogr�mmou, katal goume sthn
r(z +K) � 1(2�)r=2 ZK e�jzj2=2e�jxj2=2dx = e�jzj2=2
r(K): 2



44L mma 3.3.2 (a) Gia k�je s > 0,2p2� Z s0 e�t2=2dt � 1� e�s2=2:(b) An s � 2, tìte 1� e�s2=2 � exp��2e�s2=2�.Apìdeixh: (a) Me apl  allag  metablht 
, èqoume2p2� Z +1s e�t2=2dt = 2p2� Z +10 e�(s+t)2=2dt= 2p2�e�s2=2 Z +10 e�ste�t2=2dt� e�s2=2 2p2� Z +10 e�t2=2dt = e�s2=2:Epomènw
, 2p2� Z s0 e�t2=2dt = 1� 2p2� Z +1s e�t2=2dt � 1� e�s2=2:(b) Jètoume z = e�s2=2. Tìte, h zhtoÔmenh anisìthta g�netai 1� z � e�2z. 'Omw
,e�2z � 11 + 2z � 1� zan 0 � z � 1=2, to opo�o ikanopoie�tai sthn per�ptws  ma
. 2Gia k�je i = 1; : : : ; n, or�zoumePi = fx 2 Rr : jhx; aiij �Mg:K�je Pi e�nai summetrik  lwr�da me pl�to
 M=jaij. 'Omw
, jaij � pr giat� k�jeai èqei ìle
 ti
 suntetagmène
 tou apolÔtw
 mikrìtere
   �se
 tou 1 (autì prokÔ-ptei apì thn upìjes  ma
 ìti kujk1 � 1). Qrhsimopoi¸nta
 to L mma 3.3.2(a),blèpoume ìti
r(Pi) � 1p2� Z M=pr�M=pr 1(2�) r�12 ZRn�1 e�t2=2e�jyj2=2dydt= 1p2� Z M=pr�M=pr e�t2=2dt= 2p2� Z M=pr0 e�t2=2dt� 1� exp(�M2=2r):Qrhsimopoi¸nta
 kai to L mma tou Sid�ak, katal goume se èna k�tw fr�gma giato 
r(K):



45Prìtash 3.3.1 Gia k�je p 2 (0; 1), up�rqei � = �(p) > 0 me thn idiìthta: AnK = �x 2 Rr : jhx; aiij � �prrlog(2nr ); i � n	;tìte 
r(K) � 2�pr.Apìdeixh: ParathroÔme ìti, an p�roume M = �prqlog( 2nr ), tìteMpr = �rlog(2nr ) � �plog 2 � 2;arke� to � na e�nai arket� meg�lo. Tìte, apì ton prohgoÔmeno upologismì kai toL mma 3.3.2(b), blèpoume ìti
r(Pi) � 1� exp(�M2=2r) � exp(�2e��2 log(2n=r)=2):Apì ton orismì tou K kai to L mma tou Sid�ak,
r(K) = 
r(P1 \ : : : \ Pn) � nYi=1 
r(Pi)� nYi=1 �1� exp(�M2=2r)� � exp��2ne�M2=2r�= exp�� 2nexp(�2 log(2n=r)=2)� :Zht�me 
r(K) � 2�pr, dhlad  arke� na broÔme � > 0 pou na ikanopoie� thn2nexp(�2 log(2n=r)=2) � pr log 2:IsodÔnama, zht�me(�) �2 log(2nr ) � log( 2npr log 2):Den e�nai dÔskolo na doÔme ìti h (�) ikanopoie�tai an epilèxoume � > 
plog(1=p).Me aut n thn epilog  ikanopoioÔntai kai oi prohgoÔmenoi periorismo� pou jèsame,opìte h apìdeixh e�nai pl rh
. 2L mma 3.3.3 Up�rqei 
 2 (0; 1): an to � e�nai arket� meg�lo, kaiK = �x 2 Rr : jhx; aiij � �prrlog(2nr ); i � n	;tìte up�rqei A � f�1; 1gr me plhj�rijmo jAj > 2
r, tètoio ¸ste\"2A ("+K) 6= ;:



46Apìdeixh: StajeropoioÔme p; �(p) kai M(p) ìpw
 sthn Prìtash 3.3.1. Qrhsimo-poi¸nta
 kai to L mma 3.3.1, èqoumeZRn X"2f�1;1gr �"+K(x)
r(dx) = X"2f�1;1gr 
r("+K)� X"2f�1;1gr e�j"j2=2
r(K)� 2re�r=22�pr= 2(1� 12 log 2�p)r:Epilègoume t¸ra p0 = 12 �1� 12 log 2�, ki autì or�zei to � = �(p0) kai to K. Gia tosugkekrimèno K, èqoumeZRn X"2f�1;1gr �"+K(x)
r(dx) � 2p0r;�ra up�rqei x0 2 Rn me X"2f�1;1gr �"+K(x0) � 2p0r;kai an jèsoume A = f" : x0 2 "+Kg, tìte jAj > 2p0r kai\"2A ("+K) 6= ;:Autì oloklhr¸nei thn apìdeixh me 
 = p0 = 12 �1� 12 log 2�. 2Suneq�zoume akrib¸
 ìpw
 sthn Par�grafo 2.6. Up�rqei Æ = Æ(
) 2 (0; 1) methn idiìthta [Ær℄+1Xs=0 �rs� < 2
r:StajeropoioÔme "(1) 2 A. AfoÔ jAj > 2
r, up�rqei "(2) 2 A mejfj � r : "(1)j = "(2)j gj � Ær:Apì thn ("(1) +K) \ ("(2) +K) 6= ; kai th summetr�a tou K, èpetai ìti" := "(1) � "(2)2 2 K;dhlad , k"1u1 + : : :+ "rurk1 � �prrlog(2nr ):Epiplèon " 2 f�1; 0; 1gr, kai jfj � r : "j = 0gj � Ær. 'Ara, h apìdeixh touJewr mato
 3.3.1 e�nai pl rh
. 2Qwr�
 polÔ kìpo, mporoÔme t¸ra na de�xoume k�ti isqurìtero:



47Je¸rhma 3.3.2 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: An r � nkai u1; : : : ; ur 2 Rn me kujk1 � 1, tìte mporoÔme na broÔme "1; : : : ; "r 2 f�1; 1gtètoia ¸ste k"1u1 + : : :+ "rurk1 � Cprrlog(2nr ):Apìdeixh: Jètoume �0 = f1; : : : ; rg. Apì to Je¸rhma 3.3.1, up�rqoun "11; : : : ; "1r 2f�1; 0; 1g tètoia ¸ste: an �1 = fj � r : "1j = 0g, tìte j�1j � Ær, kaik Xj2�0n�1 "1jujk1 = k"11u1 + : : :+ "1rurk1 � �prrlog(2nr ):Krat�me ta "1j , j 2 �0n�1, kai jewroÔme ta dianÔsmata uj , j 2 �1. Aut� èqounpl jo
 j�1j � Ær kai nìrma kujk1 � 1, opìte efarmìzetai p�li to Je¸rhma 3.3.1.Up�rqoun "2j 2 f�1; 0; 1g tètoia ¸ste: an �2 = fj 2 �1 : "2j = 0g, tìte j�2j �Æj�1j � Æ2r, kaik Xj2�1n�2 "2jujk1 = kXj2�1 "2jujk1 � �pÆrrlog(2nÆr ):[H sun�rthsh t 7! ptplog(2n=t) e�nai aÔxousa sto di�sthma pou douleÔoume℄.Suneq�zoume me ton �dio trìpo, mèqri ton fusikì k0 gia ton opo�o ja èqoume j�k0 j �prqlog( 2nr ). Tètoio
 fusikì
 up�rqei, giat� Æ 2 (0; 1) �ra j�k j � Ækr ! 0. Sek�je b ma, ikanopoie�tai hk Xj2�k�1n�k "kjujk1 � �pÆk�1rrlog( 2nÆk�1r );ìpou "kj ta prìshma pou epilèqjhkan sto k-b ma. Gia k�je j 2 �k�1n�k jètoume"j = "kj , en¸ an j 2 �k0 jètoume "j = 1. 'Eqoume ètsi m�a epilog  pros mwn"1; : : : ; "r 2 f�1; 1g, gia thn opo�ak rXj=1 "jujk1 � k0Xk=1 k Xj2�k�1n�k "jujk1 + k Xj2�k0 ujk1� k0�1Xk=0 �pÆkrrlog( 2nÆkr ) +prrlog(2nr )� (� + 1)prrlog(2nr ) 1Xk=0 Æk=2 + �pr 1Xk=0 Æk=2qlog(Æ�k):Oi dÔo autè
 seirè
 sugkl�noun, �rak rXj=1 "jujk1 � (� + 1)A(Æ)prrlog(2nr ) + �B(Æ)pr



48 � C(�; Æ)prrlog(2nr ):Oi � kai Æ  tan apìlute
 stajerè
, �ra to �dio isqÔei kai gia thn C. 2Pa�rnonta
 r = n sto Je¸rhma 3.3.2, pa�rnoume to Je¸rhma tou Spen
er:Pìrisma 3.3.1 Up�rqei apìluth stajer� C > 0 tètoia ¸ste: An u1; : : : ; un 2 Rnme kujk1 � 1, tìte mporoÔme na broÔme "1; : : : ; "n 2 f�1; 1g mek"1u1 + : : :+ "nunk1 � Cpn: 23.4 'Anw fr�gma gia thn eikas�a tou Koml�osUpojètoume ìti r � n kai u1; : : : ; ur e�nai dianÔsmata ston Rn , me juj j � 1. Gr�-foume uj = (a1j ; : : : ; anj) kai ai = (ai1; : : : ; air), j � r, i � n. An�loga me thnprohgoÔmenh par�grafo, jewroÔme to summetrikì kurtì sÔnoloK = fx 2 Rr : jhx; aiij � 1; i = 1; : : : ; ng:Skopì
 ma
 e�nai na apode�xoume to ex 
:Je¸rhma 3.4.1 MporoÔme na broÔme "1; : : : ; "r 2 f�1; 0; 1g pou ikanopoioÔn taex 
:(a) jfj � r : "j = 0gj � Ær,kai (b) ("1; : : : ; "r) 2 �K,ìpou Æ 2 (0; 1) kai � > 0 apìlute
 stajerè
.Apìdeixh: StajeropoioÔme � > 0, kai gia k�je " 2 f�1; 1gr jewroÔme to "+�K.Apì to L mma, gia k�je " èqoume
r("+ �K) � e�r=2
r(�K):Ja d¸soume k�tw fr�gma gia to 
r(K), qrhsimopoi¸nta
 to L mma tou Sid�ak:ParathroÔme ìti to �K e�nai h tom  twn summetrik¸n lwr�dwnPi = fx 2 Rr : jhx; 1� aiij � 1g; i = 1; : : : ; n:Apì to L mma tou Sid�ak,
r(�K) � nYi=1 
r(Pi) = nYi=1 r 2� Z �=jaij0 e�s2=2ds! :



49Or�zoume li = jaij=�. Gnwr�zoume ìtinXi=1 jaij2 = rXj=1 juj j2 � r;epomènw
, nXi=1 l2i =:M � r�2 :L mma 3.4.1 Up�rqei apìluth jetik  stajer� 
 me thn idiìthta: an l1; : : : ; ln > 0kai Pni=1 l2i =M , tìte nYi=1 r 2� Z 1=li0 e�s2=2ds! � 
M :Apìdeixh: Or�zoume ta sÔnolaA = fi � n : li < 12g;B = fi � n : 12 � li < 1g;kai C� = fi � n : 2� � li < 2�+1g; � = 0; 1; 2; : : : :ParathroÔme ìti jC�j22� � Xi2C� l2i �M;�ra jC�j �M=22�. Omo�w
, jBj � 4M . Qrhsimopoi¸nta
 to L mma 3.3.2, pa�rnou-me Yi2A r 2� Z 1=li0 e�s2=2ds! � Yi2A e�2 exp(�1=2l2i )� Yi2A e�4l2i = e�4Pi2A l2i� e�4M :Tele�w
 an�loga, gia to B èqoumeYi2B r 2� Z 1=li0 e�s2=2ds! � Yi2B r 2� Z 10 e�s2=2ds!�  r 2�e!jBj � � 2�e�2M ;



50kai gia k�je � = 0; 1; 2; : : :,Yi2C� r 2� Z 1=li0 e�s2=2ds! � Yi2C� r 2�e 1li!� � 2�e� jC�j2 � 12�+1�jC�j� � 2�e� M22�+1 �1e� �+122� M :Pollaplasi�zonta
 kat� mèlh, pa�rnoumenYi=1 r 2� Z 1=li0 e�s2=2ds! � 
M :ìpou 
 = 1e4 � 2�e�2+P1�=0 122�+1 �1e�P1�=0 �+122� : 2L mma 3.4.2 MporoÔme na broÔme A � f�1; 1gr me jAj � 2pr, tètoio ¸ste\"2A ("+ �K) 6= ;;ìpou p 2 (0; 1) kai � > 0 apìlute
 stajerè
.Apìdeixh: Epilègoume p 2 (0; 1) me thn idiìthta 2p < 2=pe, kai � = �(p) > 0arket� meg�lo ¸ste 2
1=�2pe > 2p;ìpou 
 h stajer� tou prohgoÔmenou L mmato
. Tìte,ZRr X"2f�1;1gr �"+�K(x)
r(dx) = X"2f�1;1gr 
r("+ �K)� 2re�r=2
r=�2=  2
1=�2pe !r > 2pr:'Ara, up�rqei x0 2 Rr tètoio ¸ste P"2f�1;1gr 
r(" + �K) > 2pr. Jètoume A =f" 2 f�1; 1gr : x0 2 "+ �Kg. To A ikanopoie� ti
 apait sei
 ma
. 2AfoÔ jAj > 2pr, up�rqoun Æ = Æ(p) 2 (0; 1) kai "(1); "(2) 2 A mejfj � r : "(1)j = "(2)j gj � Ær:



51Apì thn ("(1) + �K) \ ("(2) + �K) 6= ; kai th summetr�a tou �K, èpetai ìti" := "(1) � "(2)2 2 �K:Epiplèon " 2 f�1; 0; 1gr, kai jfj � r : "j = 0gj � Ær. Autì oloklhr¸nei thnapìdeixh tou Jewr mato
 3.4.1. 2MporoÔme t¸ra na d¸soume m�a ekt�mhsh gia to prìblhma tou Koml�os:Je¸rhma 3.4.2 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: gia k�jeepilog  dianusm�twn u1; : : : ; un 2 Rn me juj j � 1, mporoÔme na broÔme prìshma"1; : : : ; "n 2 f�1; 1g tètoia ¸stek"1u1 + : : :+ "nunk1 � C logn:H apìdeixh e�nai akrib¸
 ìmoia me thn apìdeixh tou Jewr mato
 2.6.2.
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Kef�laio 4H eikas�a tou Koml�os
4.1 H anisìthta tou EhrhardSto Kef�laio 2 e�dame ìti to mètro tou Gauss 
n e�nai logarijmik� ko�lo. Dhlad ,an A;B e�nai Borel uposÔnola tou Rn kai � 2 (0; 1), tìte(�) 
n(�A+ (1� �)B) � [
n(A)℄�[
n(B)℄1��:JewroÔme th sun�rthsh katanom 
�(x) = 
1((�1; x℄) = 1p2� Z x�1 e�t2=2dt:H � : R ! (0; 1) e�nai gnhs�w
 aÔxousa, kai ep�. H anisìthta tou Ehrhard [Eh1,2℄e�nai m�a isqurìterh èkdosh th
 (�), gia kurt� uposÔnola tou Rn :Je¸rhma 4.1.1 An A;B e�nai kurt� uposÔnola tou Rn , kai � 2 (0; 1), tìte��1(
n(�A+ (1� �)B)) � ���1(
n(A)) + (1� �)��1(
n(B)):E�nai �gnwsto an to Je¸rhma 4.1.1 isqÔei gia tuqìnta Borel uposÔnola tou Rn(isqÔei p�ntw
 an èna apì ta A kai B e�nai kurtì, blèpe [La℄). De�qnoume pr¸taìti èqei san sunèpeia to ìti to 
n e�nai logarijmik� ko�lo, an perioristoÔme sthnkl�sh twn kurt¸n sunìlwn.Prìtash 4.1.1 H anisìthta tou Ehrhard e�nai isqurìterh apì thn (�).Apìdeixh: De�qnoume pr¸ta ìti h log� e�nai ko�lh. Pr�gmati,(log �)0(x) = �0(x)�(x) ;53



54�ra (log �)00(x) = �00(x)�(x) � [�0(x)℄2�2(x) ;arke� epomènw
 na elègxoume thn �00(x)�(x) � [�0(x)℄2, h opo�a e�nai isodÔnamh methn g(x) = e�x2=2 + x Z x�1 e�t2=2dt � 0; x 2 R:Paragwg�zonta
 thn g, pa�rnoumeg0(x) = �xe�x2=2 + xe�x2=2 + Z x�1 e�t2=2dt > 0;dhlad , h g e�nai gnhs�w
 aÔxousa sto R. Apì thn �llh pleur�, qrhsimopoi¸nta
ton kanìna tou L'Hospital, blèpoume ìti g(x) ! 0 ìtan x ! �1. 'Ara, g > 0 kaih log� e�nai ko�lh.'Estw t¸ra A;B kurt� uposÔnola tou Rn , kai � 2 (0; 1). Apì thn��1(
n(�A + (1� �)B)) � ���1(
n(A)) + (1� �)��1(
n(B));qrhsimopoi¸nta
 to gegonì
 ìti h � e�nai aÔxousa, pa�rnoume
n(�A+ (1� �)B) � �(���1(
n(A)) + (1� �)��1(
n(B))):'Omw
 h � e�nai logarijmik� ko�lh, �ra�(���1(
n(A)) + (1� �)��1(
n(B))) � [�(��1(
n(A)))℄�[�(��1(
n(B)))℄1��= [
n(A)℄�[
n(B)℄1��:Dhlad , h (�) isqÔei gia kurt� sÔnola. 2To pla�sio sto opo�o prìkeitai na efarmìsoume thn anisìthta tou Ehrhard,e�nai to ex 
. JewroÔme èna kurtì V � Rn , kai gia k�je x 2 R or�zoumeVx = fy 2 Rn�1 : (x; y) 2 V g:Tìte, den e�nai dÔskolo na elègxoume ìti:L mma 4.1.1 An Vx 6= ;, tìte to Vx e�nai kurtì uposÔnolo tou Rn�1 . Ep�sh
, anVx1 ; Vx2 6= ; kai � 2 (0; 1), tìte�Vx1 + (1� �)Vx2 � V�x1+(1��)x2 : 2'Amesh sunèpeia tou L mmato
 e�nai h akìloujh Prìtash:Prìtash 4.1.2 'Estw V kleistì kai kurtì uposÔnolo tou Rn . Or�zoume I = fx 2R : Vx 6= ;g. Tìte, h sun�rthsh f : I ! R, pou or�zetai apì thnf(x) = ��1(
n�1(Vx));e�nai ko�lh.



55Apìdeixh: An x1; x2 2 I kai � 2 (0; 1), tìte V�x1+(1��)x2 � �Vx1 + (1 � �)Vx2 ,�ra 
n�1(V�x1+(1��)x2) � 
n�1(�Vx1 + (1� �)Vx2 ):H ��1 e�nai aÔxousa, epomènw
��1(
n�1(V�x1+(1��)x2)) � ��1(
n�1(�Vx1 + (1� �)Vx2)):Apì thn anisìthta tou Ehrhard pa�rnoumef(�x1 + (1� �)x2) = ��1(
n�1(V�x1+(1��)x2))� ��1(
n�1(�Vx1 + (1� �)Vx2))� ���1(
n�1(Vx1)) + (1� �)��1(
n�1(Vx2))= �f(x1) + (1� �)f(x2);to opo�o apodeiknÔei to zhtoÔmeno. 2'Eqonta
 sth di�jes  ma
 thn ko�lh sun�rthsh f , or�zoumeW = f(x; y) 2 R2 : x 2 I; y � f(x)g:AfoÔ h f e�nai ko�lh, toW e�nai kurtì uposÔnolo tou epipèdou. Epiplèon, 
2(W ) =
n(V ):Je¸rhma 4.1.2 'Estw V kleistì kai kurtì uposÔnolo tou Rn . Or�zoume f(x) =��1(
n�1(Vx)), gia eke�na ta x pou ikanopoioÔn thn Vx = fy 2 Rn�1 : (x; y) 2V g 6= ;. An W = f(x; y) 2 R2 : x 2 I; y � f(x)g, tìte, to W e�nai kurtì, kai
2(W ) = 
n(V ):Apìdeixh: Apì th m�a pleur�,
2(W ) = 12� ZR2 �W (x; y)e� x2+y22 dxdy= 1p2� ZR 1p2� Z f(x)�1 e�y2=2dy! e�x2=2dx= 1p2� ZR 
n�1(Vx)e�x2=2dx:Apì thn �llh pleur�,
n(V ) = 1(2�)n=2 ZRn �V (x; y)e� x2+jyj22 dxdy= 1p2� ZR� 1(2�)(n�1)=2 ZVx e�jyj2=2dy� e�x2=2dx= 1p2� ZR 
n�1(Vx)e�x2=2dx:'Ara, 
2(W ) = 
n(V ). H kurtìthta tou W e�nai sunèpeia tou ìti h f e�nai ko�lh. 2



564.2 H eikas�a twn Banasz
zyk kai SzarekOrismì
 'Estw V summetrikì kurtì s¸ma ston Rn . Or�zoume�(V ) = inf�� > 0 : 8u1; : : : ; un 2 Dn 9"1; : : : ; "n 2 f�1; 1g :X "iui 2 �V�:Oi Banasz
zyk kai Szarek [BSz℄ prosp�jhsan na d¸soun �nw fr�gma gia to �(V )sunart sei tou 
n(V ). To apotèlesm� tou
 den sqet�zetai �mesa me to parap�nwer¸thma, e�nai ìmw
 to pr¸to tou e�dou
:Je¸rhma 4.2.1 Up�rqei � > 0, � ' 1:3489795, me thn ex 
 idiìthta: 'Estw Vkleistì kai kurtì uposÔnolo tou Rn me 
n(V ) � 1=2, kai u1; : : : ; un 2 Rn mejuj j � �. An jewr soume to plègmaL = L(u1; : : : ; un) = �Xmjuj : mj 2 Z	;pou par�getai apì ta uj , tìte: gia k�je x 2 Rn ,(x + L) \ V 6= ;:Gia thn apìdeixh autoÔ tou jewr mato
, ja qreiastoÔme èna l mma:L mma 4.2.1 'Estw V kleistì kai kurtì uposÔnolo tou Rn me 
n(V ) � 1=2. AnF e�nai k-di�stato
 upìqwro
 tou Rn , 1 � k � n� 1, tìte
k(F \ V ) � 1=2:Apìdeixh: ParathroÔme pr¸ta ìti arke� na apode�xoume to l mma sthn per�ptwshk = n � 1 (katìpin, proqwr�me me epagwg ). Epilègoume orjokanonik  b�shfe1; : : : ; en�1g tou F , thn opo�a epekte�noume se orjokanonik  b�sh fe1; : : : ; engtou Rn . Taut�zoume dhlad  ton F me ton Rn�1 (autì e�nai dunatì, afoÔ to 
n e�naianex�rthto th
 epilog 
 orjokanonik 
 b�sh
).Ja apode�xoume to zhtoÔmeno me apagwg  se �topo. Upojètoume ìti 
n�1(F \V ) < 1=2. JewroÔme ta Vx � F ìpw
 sthn prohgoÔmenh par�grafo, kai or�zoumeW = f(x; y) 2 R2 : y � f(x)g;ìpou f(x) = ��1(
n�1(Vx)). ParathroÔme ìti V0 = F \ V , �raf(0) = ��1(
n�1(V0)) < ��1(1=2) = 0:Apì ton orismì tou W èpetai ìti (0; 0) =2 W . 'Omw
 to W e�nai kleistì kai kurtìuposÔnolo tou epipèdou, kai afoÔ den perièqei to (0; 0) diaqwr�zetai gn sia apìautì me m�a euje�a. Dhlad , up�rqei hmiep�pedo H pou den perièqei to (0; 0), tètoio¸ste W � H . Tìte ìmw
, apì to Je¸rhma 4.1.2,
n(V ) = 
2(W ) � 
2(H) < 1=2;



57to opo�o e�nai �topo apì thn upìjes  ma
 gia to V . 2Apìdeixh tou jewr mato
: Or�zoume � > 0 apì thn ex�swsh
1([��=2; �=2℄) = 1p2� Z �=2��=2 e�t2=2dt = 12 :Ja apode�xoume to je¸rhma me epagwg  w
 pro
 th di�stash n. Sthn per�ptwshk = 1, èqoume èna di�nusma u1 2 R me ju1j � �, kai k�poio x 2 R, to opo�omporoÔme na upojèsoume ìti an kei sto eujÔgrammo tm ma [0; u1℄. To V e�nai kurtìkai kleistì, dhlad  di�sthma sthn pragmatik  euje�a. An  tan (x+L(u1))\V = ;,to m ko
 tou V ja èprepe na e�nai mikrìtero apì ju1j. 'Omw
, an to m ko
 tou Ve�nai 2l < ju1j, tìte
1(V ) � 
1([�l; l℄) < 
1([��=2; �=2℄) = 1=2;to opo�o e�nai �topo. 'Ara, (x+ L) \ V 6= ;, gia k�je x 2 R.Gia to epagwgikì b ma, upojètoume ìti to je¸rhma isqÔei gia k = 1; : : : ; n�1,jewroÔme V kleistì kai kurtì ston Rn me 
n(V ) � 1=2, grammik¸
 anex�rthtadianÔsmata u1; : : : ; un 2 Rn me juj j � �, kai upojètoume ìti up�rqei x 2 Rn me(x+ L) \ V = ;.

JewroÔme ton upìqwro F = hu1; : : : ; un�1i, kai {prob�lloume} to x+L, par�l-lhla pro
 ton F , sthn euje�a huni. Qwr�
 periorismì th
 genikìthta
 (gia eukol�asto sumbolismì), mporoÔme na upojèsoume ìti F = Rn�1 (den ja qrhsimopoi sou-me kajetìthta, poujen� sto epiqe�rhma). An x = (~x; xn) = (x1; : : : ; xn) w
 pro
 thb�sh fujg, tìte h probol  tou x+ L sthn huni e�nai toM = f(m+ xn)un : m 2 Zg:



58Gia k�je z 2 huni or�zoume Vz = fw 2 F : w + z 2 V g kaiW = f(v; z) 2 R2 : v � ��1(
n�1(Vz))g:Tìte, Vz \ (~x + L \ F ) = ; gia k�je z 2 M , �ra 
n�1(Vz) < 1=2. Autì shma�neiìti (0; z) =2 W , z 2M .Apì thn �llh ìmw
 pleur�, èqoume 
2(W ) = 
n(V ) � 1=2, �ra
1(W \ huni) � 1=2apì to L mma 4.2.1. 'Epetai ìti ta W \ huni kai M = xnun + L(un) ikanopoioÔnti
 upojèsei
 tou Jewr mato
, kai afoÔ briskìmaste sth monodi�stath per�ptwsh,gnwr�zoume ìti up�rqei z0 2M me thn idiìthta(z0 \ (W \ huni)) 6= ;;dhlad  (0; z0) 2 W . Autì to �topo sumplhr¸nei thn apìdeixh. 2Parat rhsh To Je¸rhma twn Banasz
zyk kai Szarek d�nei to ex 
: an 
n(V ) �1=2, tìte gia k�je epilog  dianusm�twn u1; : : : ; un 2 Rn me juj j � �, up�rqounperitto� akèraioi �1; : : : ; �n tètoioi ¸ste �1u1 + : : : + �nun 2 2V . Pr�gmati, anjèsoume x =Pj uj=2, up�rqei w = t1u1 + : : :+ tnun, ti 2 Z, tètoio ¸ste12 nXj=1 uj + nXj=1 tjuj 2 V:Autì apodeiknÔei ton isqurismì ma
, me �j = 2tj + 1, j = 1; : : : ; n.Me b�sh ton orismì tou �(V ), h eikas�a tou Koml�os e�nai o ex 
 isqurismì
:up�rqei apìluth stajer� C > 0 me thn idiìthta �(Qn) � C gia k�je n 2 N.Oi Banasz
zyk kai Szarek proq¸rhsan se m�a genikìterh eikas�a, h opo�a e�naiasjenèsterh apì thn eikas�a tou Koml�os sthn per�ptwsh tou kÔbou:Eikas�a twn Banasz
zyk kai Szarek Up�rqei fj�nousa sun�rthsh f : (0; 1)!R+ me thn idiìthta �(V ) � f(
n(V ))gia k�je kleistì kai kurtì uposÔnolo V tou Rn . Eidikìtera, an 
n(V ) � 1=2, tìte�(V ) � C, ìpou C > 0 apìluth stajer�.To deÔtero mèro
 th
 eikas�a
 prokÔptei apì to pr¸to, giat� an 
n(V ) � 1=2, tìte�(V ) � f(
n(V )) � f(1=2) =: C:Skopì
 ma
 ed¸ e�nai na de�xoume thn akìloujh Prìtash [Gi℄:Prìtash 4.2.1 An V e�nai summetrikì, kleistì kai kurtì uposÔnolo tou Rn me
n(V ) � 1=2, tìte �(V ) � C logn.H apìdeixh th
 Prìtash
 ja basiste� se dÔo l mmata:



59L mma 4.2.2 Upojètoume ìti 7 � r � n. An u1; : : : ; ur 2 Rn me juj j � 1, tì-te up�rqoun � � f1; : : : ; rg me j�j � r=2 kai "j 2 f�1; 1g, j 2 �, tètoia ¸stePj2� "juj 2 4V .Apìdeixh: Gia k�je " = ("1; : : : ; "r) 2 f�1; 1gr, or�zoumeL(") = "1u1 + : : :+ "rur 2 Rn :To pl jo
 aut¸n twn dianusm�twn e�nai 2r. Gia kajèna apì aut�, jewroÔme thmetafor� tou V kat� L(")=4. Dhlad , jewroÔme 2r n-di�stata {ant�grafa} touV , me kèntra ta L(")=4. Sto Kef�laio 3 e�dame ìti
n�L(")4 + V � � e� jL(")j216�2 
n(V ):[To mègejo
 tou 
n(z + V ) exart�tai mìno apì ta jzj kai 
n(V ).℄ Apì thn �llhpleur�, o kanìna
 tou parallhlogr�mmou m�
 d�neiAve"2f�1;1gr jL(")j2 = 12r X"2f�1;1gr j"1u1 + : : :+ "rurj2 = rXi=1 juij2 � r:'Ara, qrhsimopoi¸nta
 kai thn kurtìthta th
 ekjetik 
 sun�rthsh
, pa�rnoumeX"2f�1;1gr 
n�L(")4 + V � � 0� 12r X"2f�1;1gr e� jL(")j232 1A 2r
n(V )� 2r
n(V ) exp0�� 12r X"2f�1;1gr jL(")j232 1A= 2r
n(V ) exp � 132 rXi=1 juij2!� 2r�1e� r32� 2�r;ìpou � = 1� 17 � 132 ln 2 . 'Omw
,X"2f�1;1gr 
n�L(")4 + V � = ZRn X"2f�1;1gr �L(")4 +V (x)
n(dx):'Ara, up�rqei x 2 Rn tètoio ¸steX"2f�1;1gr �L(")4 +V (x) � 2�r;



60dhlad , up�rqei A � f�1; 1gr me jAj � 2�r, tètoio ¸ste\"2A�L(")4 + V � 6= ;:SÔmfwna me thn epilog  twn paramètrwn (pou odhge� sto sugkekrimèno �), toepiqe�rhma tou L mmato
 3.3.3 de�qnei ìti up�rqoun "(1); "(2) 2 A tètoia ¸ste to� = fj � r : "(1)j 6= "(2)j g na èqei plhj�rijmo j�j � r=2. Akìma,14Xj2� 2"(1)j uj = L("(1))4 � L("(2))4 2 2Vapì thn kurtìthta kai th summetr�a tou V , dhlad ,Xj2� "(1)j uj 2 4V:Autì oloklhr¸nei thn apìdeixh, me "j = "(1)j , j 2 �. 2L mma 4.2.3 An 
n(V ) � 1=2, tìte to V perièqei th mp�la �Dn gia k�poio � >1=2.Apìdeixh: To V e�nai summetrikì kai kurtì, me 
n(V ) � 1=2, �ra perièqei k�poiamp�la me kèntro to o. 'Estw �Dn h eggegrammènh mp�la sto V . JewroÔme thlwr�da P = fx 2 Rn : jhx; �ij � �g, ìpou � 2 Sn�1 m�a dieÔjunsh sthn opo�a h �Dn{akoump�ei} to V . Tìte, V � P , �ra12 � 
n(V ) � 
n(P ) = 1p2� Z ��� e�s2=2ds � 2�p2� :Autì de�qnei ìti � � p2�=4 > 1=2. 2Apìdeixh th
 Prìtash
: D�nontai u1; : : : ; un 2 Dn. MporoÔme na upojèsoumeìti n � 7. Efarmìzonta
 to L mma 4.2.2 gia r = n, br�skoume �1 � f1; : : : ; ng mej�1j � n=2, kai "j = �1, j 2 �1, tètoia ¸ste Pj2�1 "juj 2 4V .Sth sunèqeia jewroÔme ta uj , j =2 �1. An j�
1j � 7 efarmìzoume p�li to L mma4.2.2 me r = j�
1j kai br�skoume �2 � �
1 me j�2j � j�
1j=2 kai "j , j 2 �2 tètoia ¸stePj2�2 "juj 2 4V . ParathroÔme ìti j(�1 [ �2)
j � n=22.Suneq�zoume me ton �dio trìpo: ìso h diadikas�a epitrèpetai br�skoume xèna�1; : : : ; �k me j([i�k�i)
j � n=2k, kai "j = �1, j 2 �i tètoia ¸steXj2�i "juj 2 4V; i = 1; : : : ; k:Stamat�me sto pr¸to k0 gia to opo�o j([i�k0�i)
j � 6. Apì ton trìpo orismoÔtwn �i èqoume 7 � 2k0�1 � n, �ra k0 � 
1 logn



61gia k�poia apìluth stajer� 
1 > 0. 'Eqoun me�nei s � 6 dianÔsmata ui1 ; : : : ; uis giata opo�a den èqoume prosdior�sei prìshma. Apì ton kanìna tou parallhlogr�mmou,Ave"j sXl=1 "luil j2 = sXl=1 juil j2 � s � 6;�ra, me th bo jeia kai tou L mmato
 4.2.3, exasfal�zoume epilog  pros mwn tètoia¸ste sXl=1 "luil 2 p6Dn � 2p6V:Gia thn epilog  pros mwn "j , j � n pou perigr�yame, isqÔeinXj=1 "juj 2 4k0V + 2p6V � 
 lognV;ìpou 
 > 0 apìluth stajer�, dhlad  to zhtoÔmeno. 2To apotèlesma autì d�nei m�a pr¸th ekt�mhsh gia to �(V ) me thn upìjesh
n(V ) � 1=2. To deÔtero mèro
 th
 eikas�a
 twn Banasz
zyk kai Szarek apode�qjh-ke apì ton Banasz
zyk. To je¸rhma autì ja melethje� sthn epìmenh par�grafo.Pro
 to parìn, ja doÔme poi� e�nai h sunèpei� tou gia thn eikas�a tou Koml�os:Je¸rhma 4.2.2 �(Qn) � 
plogn, ìpou 
 > 0 apìluth stajer�.Apìdeixh: 'Estw r > 0. 'Eqoume
n(rQn) = 1(2�)n=2 ZrQn e�jxj2=2dx = � 1p2� Z r�r e�t2=2dt�n� �1� e�r2=2�n :An to n e�nai arket� meg�lo, kai an epilèxoume r = 2plogn, tìte
n(2plognQn) � (1� n�2)n � 12 ;�ra, an deqtoÔme thn eikas�a twn Banasz
zyk kai Szarek, �(2plognQn) � C.'Omw
 autì shma�nei ìti�(Qn) � 2Cplogn � 
0plogn: 2Aut  e�nai h kalÔterh gnwst  ekt�mhsh sqetik� me thn eikas�a tou Koml�os.Den e�nai gnwstì an h eikas�a isqÔei   ìqi.



624.3 To Je¸rhma tou Banasz
zykSthn par�grafo aut  ja de�xoume ìti h eikas�a twn Banasz
zyk kai Szarek e�naiswst  [Ban℄:Je¸rhma 4.3.1 'Estw K kurtì s¸ma ston Rn , me 
n(K) � 1=2. Tìte, �(K) � 
,ìpou 
 > 0 apìluth stajer�.H apìdeixh tou Jewr mato
 ja g�nei me epagwg , h opo�a bas�zetai sto ex 
:Je¸rhma 4.3.2 'Estw K kurtì s¸ma ston Rn me 
n(K) � 1=2, kai u 2 Rn mejuj � 1=5. Tìte, to (K+u)[ (K�u) perièqei èna kurtì s¸ma K 0 me 
n(K 0) � 1=2.Me dedomèno to Je¸rhma 4.3.2, h apìdeixh tou Jewr mato
 4.3.1 e�nai polÔapl :Apìdeixh: Ja de�xoume ìti, an u1; : : : ; um 2 Rn kai juj j � 1=5, tìte up�rqoun"1; : : : ; "m 2 f�1; 1g tètoia ¸ste Pmj=1 "juj 2 K.'Estw ìti 
n(K) � 1=2, all� to parap�nw den isqÔei. Up�rqoun dhlad u1; : : : ; um 2 Rn me juj j � 1=5, ta opo�a èqoun thn idiìthta: gia k�je "1; : : : ; "m 2f�1; 1g, mXj=1 "juj =2 K:Apì to Je¸rhma 4.3.2, up�rqei kurtì s¸ma K1 � (K+um)[(K�um) me 
n(K1) �1=2. Tìte, gia k�je "1; : : : ; "m�1 2 f�1; 1g,m�1Xj=1 "juj =2 K1:Pr�gmati, an gia k�poia "�j 2 f�1; 1g, j � m � 1, e�qame v = Pm�1j=1 "�juj 2 K1,tìte ja  tan: e�te v 2 K+um opìte v�um 2 K, e�te v 2 K�um opìte v+um 2 K.Se k�je per�ptwsh, autì e�nai �topo apì thn upìjes  ma
.Suneq�zonta
 me ton �dio trìpo, or�zoume akolouj�a kurt¸n swm�twn Ks, s =1; 2; : : :, me 
n(Ks) � 1=2 kai m�sXj=1 "juj =2 Ksgia k�je epilog  pros mwn "1; : : : ; "m�s 2 f�1; 1g. Sto b ma s = m�1, prokÔpteikurtì s¸ma Km�1 me 
n(Km�1) � 1=2, kai �u1 =2 Km�1. 'Omw
 tìte, up�rqeikurtì s¸ma Km = W � (Km�1 + u1) [ (Km�1 � u1), tètoio ¸ste: 
n(W ) � 1=2kai o =2 W . Autì e�nai �topo, giat� to W prèpei na diaqwr�zetai gn sia apì to o,dhlad  na perièqetai gn sia se ènan hm�qwro H me 
n(H) < 1=2. 2Arke� loipìn na apode�xoume to Je¸rhma 4.3.2. MporoÔme na upojèsoume ìtiu = ren. JewroÔme ton kÔlindro Z pou apotele�tai apì ìle
 ti
 euje�e
 l pou e�nai



63par�llhle
 pro
 to u kai èqoun thn idiìthta to m ko
 touK\ l na e�nai megalÔtero  �so tou 2r.

Or�zoume K � u := [(K + u) [ (K � u)℄ \ Z:Apì ton trìpo orismoÔ tou Z, prokÔptei ìti K � u = K \ Z + ftu : jtj � 1g, �rato K � u e�nai kurtì (blèpe sq ma), kai K � u � (K + u) [ (K � u). Autì pou jade�xoume e�nai ìti:Je¸rhma 4.3.3 An 
n(K) � 1=2 kai r � 1=5, tìte 
n(K � u) � 
n(K) � 1=2.Gia thn apìdeixh autoÔ tou isqurismoÔ, gr�foume  (K) gia thn probol  touK ston Rn�1 . Tìte, up�rqoun sunart sei
 h1; h2 :  (K)! R, tètoie
 ¸steK = f(x; xn) 2 Rn : x 2  (K); h1(x) � xn � h2(x)g;ìpou h1 kurt , h2 ko�lh, kai h1 � h2 sto  (K). Jètoume A = int( (K)), kaior�zoume h3 : A! R mèsw th
Z h3(x)�1 e�t2=2dt = Z h2(x)h1(x) e�t2=2dt; x 2 A:Qrhsimopoi¸nta
 thn anisìthta tou Ehrhard gia n = 2, blèpoume ìti h h3 e�naiko�lh sto A. Epomènw
, toU = f(x; xn) 2 Rn : x 2 A; xn < h3(x)g



64e�nai kurtì uposÔnolo tou Rn . Epiplèon,
n(U) = 1p2� ZA Z h3(x)�1 e�t2=2dt
n�1(dx)= 1p2� Z (K) Z h2(x)h1(x) e�t2=2dt
n�1(dx)= 
n(K):

Or�zoume � = supfh3(x) : x 2 Ag. Apì thn 
n(U) = 
n(K) � 1=2 èpetai ìti � > 0.JewroÔme ta sÔnola B = fx 2  (K) : h2(x)� h1(x) � 2rgkai C = fx 2 A : h3(x) > �pg;ìpou p o arijmì
 pou or�zetai apì th sqèshZ 1p e�t2=2dt = 2 Z r0 e�t2=2dt:Ja qrhsimopoi soume di�fora l mmata pou prokÔptoun apì stoiqei¸dei
 idiìthte
th
 sun�rthsh
 e�t2=2:L mma 4.3.1 An r � 1=5, tìte p > 1. Eidikìtera, p > r=2. 2



65L mma 4.3.2 'Estw r > 0. H sun�rthshx 7! Z x+rx e�t2=2dte�nai aÔxousa sto (�1;�r=2℄ kai fj�nousa sto [r=2;+1). Gia k�je x � 0,Z x+rx e�t2=2dt � Z xx�r e�t2=2dt: 2L mma 4.3.3 'Estw a; b 2 R me a < b. Tìte,Z ba e�t2=2dt � 2 Z (b�a)=20 e�t2=2dt: 2L mma 4.3.4 'Estw a; b; 
 2 R, pou ikanopoioÔn thnZ ba e�t2=2dt = Z 
�1 e�t2=2dt:Tìte, gia k�je r > 0 èqoumeZ b+ra�r e�t2=2dt > Z 
+r�1 e�t2=2dt: 2'Eqoume B =  (K) \ Z, kai to C e�nai mh kenì, giat� � = suph3 > 0. Ep�sh
,to C e�nai kurtì, giat� h h3 e�nai ko�lh. Ja de�xoume ìti C � B: 'Estw x 2 C.Tìte, 2 Z r0 e�t2=2dt = Z 1p e�t2=2dt = Z �p�1 e�t2=2dt< Z h3(x)�1 e�t2=2dt = Z h2(x)h1(x) e�t2=2dt� 2 Z h2(x)�h1(x)20 e�t2=2dt:'Ara, h2(x) � h1(x) � 2r, dhlad  x 2 B.Erqìmaste sto K � u. 'EqoumeK � u = f(x; xn) 2 Rn : x 2 B; h1(x) � r � xn � h2(x) + rg;kai, an jewr soume toV = f(x; xn) 2 Rn : x 2 C; xn < h3(x) + rg;
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tìte, 
n(V ) = 1p2� ZC Z h3(x)+r�1 e�t2=2dt
n�1(dx)� 1p2� ZB Z h2(x)+rh1(x)�r e�t2=2dt
n�1(dx)= 
n(K � u);giat�, C � B ìpw
 e�dame, kai apì thnZ h3(x)�1 e�t2=2dt = Z h2(x)h1(x) e�t2=2dtèpetai h Z h3(x)+r�1 e�t2=2dt � Z h2(x)+rh1(x)�r e�t2=2dtgia k�je r > 0 (L mma 4.3.4). Blèpoume loipìn ìti to Je¸rhma ja apodeiqje� anisqÔei to ex 
:Prìtash 4.3.1 
n(V ) � 
n(U).Apìdeixh: Gia k�je t 2 R or�zoume Ht = f(x; xn) : xn = tg, kai m�a sun�rthshf : (�1; �)! R mèsw th
1p2� Z f(t)�1 e�s2=2ds = 
n�1( (U \Ht)):



67Apì thn anisìthta tou Ehrhard, h f e�nai ko�lh. EÔkola elègqoume ìti e�nai kaifj�nousa (blèpe sq ma). Ep�sh
,
n(K) = 
n(U) = 12� Z ��1 Z f(t)�1 e� s2+t22 dsdt:Akrib¸
 ìpw
 gia to U , or�zoume gia to V sun�rthsh g : (�1; �+ r)! R pou naikanopoie� thn1p2� Z g(t)�1 e�s2=2ds = 
n�1( (V \Ht)); �1 < t < �+ r:

MporoÔme na ekfr�soume thn g sunart sei th
 f :g(t) = 8<: f(�p) , �1 < t � �p+ r,f(t� r) , �p+ r � t < �+ r.Me th bo jeia th
 g, to 
n(V ) gr�fetai sth morf 
n(V ) = 12� Z �+r�1 Z g(t)�1 e� s2+t22 dsdt:Autì loipìn pou zht�me na de�xoume e�nai h anisìthta(�) Z �p+r�1 Z f(�p)�1 e� s2+t22 dsdt + Z �+r�p+r Z f(t�r)�1 e� s2+t22 dsdt� Z ��1 Z f(t)�1 e� s2+t22 dsdt;



68èqonta
 exasfal�sei ti
 ex 
 pro�pojèsei
: (a) to r e�nai jetikì, kai arket� mikrì.(b) R +1p e�t2=2dt = R r�r e�t2=2dt, kai an r � 1=5 tìte p � 1 (L mma 4.3.1).(g) � > 0.(d) H f : (�1; �)! R e�nai fj�nousa, ko�lh, me f(0) � 0.Autè
 e�nai oi mìne
 upojèsei
 pou ja qreiastoÔme apì d¸ kai pèra.

L mma 4.3.5 IsqÔei h anisìthtaZ +12p e�t2=2dt � Z p+rp e�t2=2dt:Apìdeixh: Or�zoume 	(x) = Z +1x e�t2=2dt;kai zht�me thn 	(2p) � 	(p)�	(p+ r). ParathroÔme ìti h sun�rthsh p 7! 	(p+r)=	(p) e�nai fj�nousa. Pr�gmati, eÔkola elègqoume ìti h log	 e�nai fj�nousa,kai autì m�
 exasfal�zei ìti�log 	(p+ r)	(p) �0 (p) = 	0(p+ r)	(p+ r) � 	0(p)	(p) < 0:'Ara, qrhsimopoi¸nta
 kai ton orismì tou p pa�rnoume	(p)�	(p+ r)	(p) > 	(0)�	(r)	(0) = 	(p)2	(0) ;dhlad , 	(p)�	(p+ r)	(2p) > 12	(0) 	2(p)	(2p) :



69Omo�w
, h sun�rthsh p 7! 	2(p)=	(2p) e�nai aÔxousa, giat��log 	2(p)	(2p)�0 (p) = 2	0(p)	(p) � 2	0(2p)	(2p) > 0;�ra, 	(p)�	(p+ r)	(2p) > 12	(0) 	2(p)	(2p) � 12	(0) 	2(1)	(2) ;to opo�o mporoÔme eÔkola na doÔme ìti xepern�ei to 1. Autì sumplhr¸nei thnapìdeixh. 2L mma 4.3.6 'Estw r > 0 kai q � 0. Tìte, h sun�rthshy 7! 	(y)�	(y + r)	(y + q)e�nai aÔxousa sun�rthsh tou y.Apìdeixh: Sthn apìdeixh tou prohgoÔmenou L mmato
 e�dame ìti h sun�rthsh	(y + r)=	(y) e�nai fj�nousa. Me ton �dio trìpo elègqoume ìti h 	(y + q)=	(y)e�nai ep�sh
 fj�nousa. Arke� t¸ra na parathr soume ìti	(y)�	(y + r)	(y + q) = �1� 	(y + r)	(y) � � 	(y)	(y + q) : 2Apìdeixh th
 (�): Qwr�
 periorismì th
 genikìthta
, mporoÔme na upojèsoumeìti h f e�nai gnhs�w
 fj�nousa kai limt!a f(t) = �1. Gr�foume b = limt!�1 f(t)kai jewroÔme thn ant�strofh sun�rthsh th
 f , h : (�1; b) ! (�1; a). H h e�naiko�lh, gnhs�w
 fj�nousa, h(0) � 0, kai h (�) pa�rnei thn isodÔnamh morf (��) Z bf(�p) Z h(s)�1 e� t2+s22 dtds � Z f(�p)�1 Z h(s)+rh(s) e� t2+s22 dtds:Gr�foume u = f(�p) kai v = f(�r=2). Apì to L mma 4.3.1, p > r=2 �ra u > v.'Estw l h grammik  sun�rthsh me l(u) = �p kai l(v) = �r=2 (h l sump�ptei me thn



70h sta u kai v). H l e�nai gnhs�w
 fj�nousa.

Isqurismì
: IsqÔoun oi anisìthte
(1) Z +1u Z l(s)�1 e� t2+s22 dtds � Z bu Z h(s)�1 e� t2+s22 dtds;kai(2) Z u�1 Z l(s)+rl(s) e� t2+s22 dtds � Z u�1 Z h(s)+rh(s) e� t2+s22 dtds:Apìdeixh tou isqurismoÔ: H h e�nai ko�lh kai taut�zetai me thn l sta u kai v.'Ara,(3) l(s) � h(s); �1 < s � v;(4) l(s) � h(s); v < s � u;(5) l(s) � h(s); u < s � b:H anisìthta (1) e�nai �mesh sunèpeia th
 (5). Apì ti
 (3), (4) kai to gegonì
 ìti hx 7! R x+rx e�t2=2dt e�nai aÔxousa sto (�1;�r=2℄ (L mma 4.3.2), pa�rnoumeZ l(s)+rl(s) e�t2=2dt � Z h(s)+rh(s) e�t2=2dtgia k�je s � u (exet�zoume qwrist� ti
 peript¸sei
 s � v kai s � v). AutìapodeiknÔei thn (2). 2



71Me b�sh ton isqurismì, gia thn apìdeixh th
 (��) arke� na apode�xoume thn(6) Z +1u Z l(s)�1 e� s2+t22 dtds � Z u�1 Z l(s)+rl(s) e� s2+t22 dtds:

H f e�nai gnhs�w
 fj�nousa, f(0) � 0, kai �r=2 < 0, �ra v = f(�r=2) > 0.Jètonta
 s = 0 sthn (3), pa�rnoume l(0) � h(0) � 0. Gr�foume w = l�1(0), opìtew � 0. AfoÔ l(u) = �p < 0, èpetai ìti w < u. Or�zoume d = u � w. Gia thnapìdeixh th
 (6), arke� na de�xoume ti
 akìlouje
 tre�
 anisìthte
:(7) 12 Z u+du Z l(s)�1 e� s2+t22 dtds � Z uw Z l(s)+rl(s) e� s2+t22 dtds;(8) 12 Z u+du Z l(s)�1 e� s2+t22 dtds � Z ww�d Z l(s)+rl(s) e� s2+t22 dtds;(9) Z +1u+d Z l(s)�1 e� s2+t22 dtds � Z w�d�1 Z l(s)+rl(s) e� s2+t22 dtds:AfoÔ 0 � w < u, èqoume(10) e�(s+u)2=2 < e�(s�w)2=2gia k�je s � 0. H l e�nai gnhs�w
 fj�nousa kai l(w) = 0, �ral(s) = �m � (s� w)



72gia k�poion suntelest  m > 0. H sunj kh l(u) = �p d�nei �m � (u � w) = �p,dhlad  m � d = p. Oi anisìthte
 (7) kai (8) gr�fontai(11) 12 Z d0 Z l(s+u)�1 e� (s+u)2+t22 dtds � Z d0 Z l(s+w)+rl(s+w) e� (s+w)2+t22 dtdskai(12) 12 Z d0 Z l(s+u)�1 e� (s+u)2+t22 dtds � Z d0 Z l(w�s)+rl(w�s) e� (w�s)2+t22 dtdsant�stoiqa. StajeropoioÔme s 2 (0; d). Me b�sh tou
 orismoÔ
 ma
, mporoÔme nagr�youmeZ l(s+u)�1 e�t2=2dt = Z �m�(s+u�w)�1 e�t2=2dt = Z 1m�(s+d) e�t2=2dt= Z 1p+m�s e�t2=2dt:Apì ton orismì tou p kai to L mma 4.3.6,Rm�s+rm�s e�t2=2dtR1p+m�s e�t2=2dt > R r0 e�t2=2dtR1p e�t2=2dt = 12 :Epomènw
, apì to L mma 4.3.2,12 Z 1p+m�s e�t2=2dt < Z m�s+rm�s e�t2=2dt � Z m�sm�s�r e�t2=2dt:'Ara, 12 Z l(s+u)�1 e�t2=2dt < Z m�sm�s�r e�t2=2dt = Z �m�s+r�m�s e�t2=2dt= Z l(s+w)+rl(s+w) e�t2=2dt;kai 12 Z l(s+u)�1 e�t2=2dt < Z m�s+rm�s e�t2=2dt = Z l(w�s)+rl(w�s) e�t2=2dt:Qrhsimopoi¸nta
 thn (10), gr�foume12e�(s+u)2=2 Z l(s+u)�1 e�t2=2dt < e�(s+w)2=2 Z l(s+w)+rl(s+w) e�t2=2dt;kai 12e�(s+u)2=2 Z l(s+u)�1 e�t2=2dt < e�(w�s)2=2 Z l(w�s)+rl(w�s) e�t2=2dt;



73kai oloklhr¸nonta
 autè
 ti
 anisìthte
 w
 pro
 s 2 (0; d), pa�rnoume ti
 (11) kai(12) ant�stoiqa.H (9) e�nai isodÔnamh me thnZ +1d Z l(s+u)�1 e� (s+u)2+t22 dtds � Z +1d Z l(w�s)+rl(w�s) e� (w�s)2+t22 dtds:StajeropoioÔme s 2 (d;+1). Tìte, m�s > m�d = p. Qrhsimopoi¸nta
 ta L mmata4.3.5 kai 4.3.6, pa�rnoumeRm�s+rm�s e�t2=2dtR1p+m�s e�t2=2dt > R p+rp e�t2=2dtR12p e�t2=2dt � 1:'Ara, Z l(s+u)�1 e�t2=2dt = Z �m�(s+u�w)�1 e�t2=2dt = Z +1m�(s+d) e�t2=2dt= Z +1p+m�s e�t2=2dt � Z m�s+rm�s e�t2=2dt= Z l(w�s)+rl(w�s) e�t2=2dt:Pa�rnonta
 up� ìyin kai thn (10), èqoumee�(s+u)2=2 Z l(s+u)�1 e�t2=2dt < e�(w�s)2=2 Z l(w�s)+rl(w�s) e�t2=2dt;kai oloklhr¸nonta
 w
 pro
 s 2 (d;+1) pa�rnoume thn (9). 2
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