Topics on the

Asymptotic Geometry of Random Polytopes

Giorgos Chasapis

Abstract

In this set of notes we review several central results on the geometry of random polytopes in the
context of asymptotic geometric analysis, obtained within the last decade. In particular, we study the
method of Dafnis, Giannopoulos and Tsolomitis [20] on the determination of the asymptotic shape, and
the method of Klartag and Kozma [43] on the boundedness of the isotropic constant, of a polytope
generated by a set of N vectors chosen independently and uniformly from an isotropic convex body K.
Approximation of K by such a random polytope is also discussed. Most of the necessary background on
notions and tools from asymptotic geometric analysis that get involved is collected in a first introductory
section.
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1 Notation and background from asymptotic convex geometry

1.1 Basics on convex bodies

We work in R”, equipped with the standard inner product (-,-) which induces the euclidean norm || - ||2.
By dx we denote integration with respect to the Lebesgue measure in the appropriate dimension. We write
S™=1 and BY for the euclidean unit sphere and closed unit ball of R respectively. We write GL(n) for the
family of all invertible linear transformations 7' : R™ — R™. The subclass {T' € GL(n) : det(T) = 1} is
denoted by SL(n), and O(n) is the group of rotations. An ellipsoid in R™ can be always thought of as a
linear image of BY, that is T'(B%) for some T" € GL(n). By F. John’s theorem [40], every convex body K
contains an ellipsoid of maximal volume; this will be the mazimal volume ellipsoid of K. Equivalently, K
is contained in an ellipsoid of minimal volume. We say that K is in John’s position if its maximal volume
ellipsoid is B (respectively, K is in Lowner’s position if By is the minimal ellipsoid of K). We denote by
6+ the central hyperplane that is orthogonal to § € S"~1. For an integer 1 < k < n — 1, Gy, &, stands for the
set of all k-dimensional subspaces of R™, and if A C R"™ then Pr(A) is the orthogonal projection of A onto
F e Gn,k-

Moreover, o will usually denote the unique rotation-invariant Haar probability measure on S”~!. Avoid-
ing formal details, one way to define this is as follows: O(n) is a compact group, so it is naturally equipped
with a translation invariant Haar probability measure, let us call it v,,. Translation invariance amounts to
vn(0) = v, (U(O)) for every measurable O C O(n) and U € O(n). Now fix an arbitrary 6y € S"~! and set

o(A) :=v, ({U € O(n) : U(y) € A}).

for every measurable A C S"~!. Tt is immediate to check that that o is a probability measure (because v,
is), invariant under the action of O(n) (due to the translation invariance of v,,).

Similarly one constructs a probability measure on G, ; fix some arbitrary Fy € Gy, ; and define the
measure vy, i by

Unk(G) :=v,({U € O(n) : U(Fy) € G}),

for any measurable G C G, ;. This is also a rotation-invariant probability measure.

Asymptotic notation: In the context of asymptotic geometric analysis, the focus usually lies not on
detailed numerical calculations, but actually understanding the dependence of different quantities on a
varying set of parameters, most importantly the dimension of the base space n, as the latter tends to
infinity. It is often the case that various absolute numerical constants get involved in our computations:
We denote them by C, ¢, c; etc. Since the exact values of these constants are irrelative to the nature of the
results presented, we rarely pursue to compute them explicitly and might treat them a bit carelessly, e.g.
the same letter might refer to a different constant from line to line. Sometimes we might even relax our
notation: a < b will then mean “a < ¢b for some (suitable) absolute constant ¢ > 07, and a < b will stand
for “a S bAa 2z b. If A, B are sets, A = B will similarly state that c;A C B C ¢3A for some absolute
constants ci,co > 0.

Convex bodies and volume

A convex body in R™ is a compact and convex subset of R™ with non-empty interior. We say that a convex
body K is (origin) symmetric if K = —K (i.e. x € K & —x € K), and centered if its barycenter lies at the

origin, that is
/ (,0)dx =0
K
for all § € S™— 1.

Note that there is a one to one correspondence between the class of origin symmetric convex bodies in
R™ and the class of n-dimensional Banach spaces. This is because, on the one hand, due to compactness and
symmetry, the Minkowski functional of a convex body K is actually a norm on R"™. We will denote this by



I [ %. Conversely, if (X, || -||x) is any n-dimensional normed space then the closed unit ball Bx of X is the
unique convex body with || - ||y = | - ||x. This very correspondence gave rise to a fascinating and ongoing
interplay between convex geometry and functional analysis.

We refer to the n-dimensional Lebesgue measure of a convex body K in R" as its volume, which we
denote vol, (K). The quantity vol,(K)Y/" is called the volume mdiu of the convex body K. We often
abbreviate w, := vol, (BY). Using polar coordinates, one can compute the volume of BY, that is

71_n/2

Wy =

(n+1)/2

Since, by Stirling’s approximation formula, I' (% + 1) = \/2me"/? (%) , we get the estimate

1

n
that gets frequently involved in our calculations.

Remark 1.1. Since vol,(BL) = 2", note that w,/vol,(BYL) — 0 as n — oo; although the euclidean ball
is the maximal volume ellipsoid inside the cube, it captures only a tiny bit of its volume, that tends to
zero superexponentially as the dimension grows. Informally, this indicates that volume in the cube is not
distributed “uniformly”, but rather tends to concentrate “near its corners”. Although distribution of volume
is not our main focus in this text, the above provides a first hint at how our lower-dimensional intuition
might lead us astray when it comes to high-dimensional phenomena.

Note that, if K is a convex body in R™, normalization by the volume induces a probability measure on
K: We can actually define ug by
vol, (AN K)

vol, (K)
for any measurable A C R"™. This is what we call the uniform measure on K. The probability measure o

on S™! that we mentioned earlier can be equivalently defined via the Lebesgue measure as follows: If A is
a measurable subset of S"~1, consider the “cone” C(A) = {tf:6 € A,t € [0,1]} and let

i (A) =

vol, (C(4))

Wn

o(A) :=
The fact that the two definitions are equivalent is due to the uniqueness of the Haar measure.

Support function, radii and mean width

Given a convex body K in R", we define its support function hx : R — R by

hi(u) = Impea;(((x, u).

There is a clear geometric interpretation of the support function: If we choose a direction # € S*~!, then
hi (0) is actually the (signed) distance of the supporting hyperplane of K in the direction 6 from the origin.
We collect some elementary properties of the support function in the next Lemma.

Lemma 1.2 (Properties of the support function). Let K, L two convez bodies in R™. Then,

1We use this terminology for convenience throughout the text. Normally the volume radius of K is defined as

1/n
(M> , i.e. the radius of the euclidean ball that has volume equal to that of K.

Wn



(a) hx is positively homogeneous and subadditive, i.e.
hK(t[L') = thK(x),
for allt >0 and x € R™, and

hi(z+y) < hi(z) + hi(y)

for all x,y € R™.
(b) hx uniquely determines K, that is K C L if and only if hx < hy,.

(¢) Any positively homogeneous and subadditive function h : R™ — R is the support function of some
unique convex body K.

(d) K is symmetric if and only if hx (0) = hx(—0) for all € S™~1.
(e) 0 € K if and only if hx > 0.

The justification of (most of) the above statements is no more than an easy exercise, nevertheless this is
stuff that can be found everywhere in the literature, e.g. one can have a look at [24, Section 0.6], [60, Section
1.7.1], or [8, Appendix A.1] . Note that properties (a), (d) and (e) above imply that if K is a centrally
symmetric convex body in R™, then hyx defines a norm in R™. The unit ball of this norm is called the polar
body of K. Actually this set is defined even without the symmetry assumption: For any convex body K in
R™ with 0 € K, we define

K° .= {y € R™ : sup(z,y) < 1}.
reK
Some intuition on what the polar body represents (in the centrally symmetric case, at least) might come
from functional analysis: If Xk is the n-dimensional space whose closed unit ball is the body K, then K°
is simply the closed unit ball of the dual space (Xx)*. For example note that for an £,-ball, 1 < p < oo,
(B)° = By, where % + % = 1. One can easily check that (K°)° = K, and hg(-) = | - || ko for any centrally
symmetric convex body K.

The circumradius R(K) of a convex body K is the radius of the smallest euclidean ball enclosing K,

that is
R(K):=min{r >0: K CrBj}

Obviously, R(K) = maxgex ||z]|2, and thus R(K) = maxgegn-1 hx (6).
Respectively, the inradius r(K) of K is the radius of the largest euclidean ball that lies inside K, or

r(K) :=max{r >0:rB} C K}.

As with R(K), one can check that r(K) = minge gn-1 hx (6).

By definition of the support function, we can see that hx () + hx (—6) essentially measures the “width”
of the body K on the direction § € S™~!. Taking expectation (and dividing by 2), we get what is defined as
the mean width of a convex body K, w(K):

w(K) = /S hic (0) dor ().

More generally one can define, for every q € [—n,n], ¢ # 0,

wy(K) = (/S hK(G)qda(0)>1/q.

These quantitites are usually refered to as the mixed widths of K. The behaviour of such g-th moments of
hy will turn out to be of interest in the sequel.



Quermassintegrals of a convex body

Let us also introduce the family of quermassintegrals of a convex body K. We will try to do this without
mentioning the notion of mixed volume or getting into the deep related theory, for a detailed account of
which we refer e.g. to [8, Appendix B| or [60, Chapter 5]. We may start from Steiner’s formula, which
asserts that, given a convex body K in R", the volume of K + tBY can be expressed as a polynomial in ¢:
There are non-negative coefficients (W, (K))7_, such that

(1.1) vol, (K +tBy) = (Z) Wi (Kt
k=0

We call Wi (K) in the above expression the k-th quermassintegral of K. These quantities have a convenient
integral representation through Kubota’s formula:

Wn

(1.2) Wi(K) =

/ VOln,k(PF(K)) dun,n,k(F).
Gn,nfk

Wn—k
Remark 1.3. (a) An application of (1.2) for Kk =n — 1 gives us
Wh—1(K) = waw(K),

and, obviously, Wy (K) = vol,(K), W, (K) = wy.
(b) It is a corollary of the Alexandrov-Fenchel inequality on mixed volumes [8, Theorem B.2.1], that

(vwm> e (WK))*:

The contents of Remark motivate us to consider a different normalization. We define, for every
1<k<n,

for every 0 < j < k < n.

Wn_km)i |

Wn

Qr(K) = <

We refer to Qi (K) as the normalized k-th quermassintegral of K. Due to Kubota’s formula and the facts
stated in Remark we have the following:

Lemma 1.4. The normalized quermassintegrals Qi (K) of a conver body K in R™, 1 < k < n, salisfy the
following

(a) The integral representation

1/k
Qu(K) = (1 /G volk(PF(K))dun}k(F)>

Wi
1s valid for every 1 < k < n.

(b) Qi(K) = w(K) and Q,(K) = (M)l/”

Wn

(c) The sequence (Qk)k<n is decreasing in k.



Geometric inequalities

We close this introductory section stating a number of classical geometric inequalities for convex bodies that
will be of use in the sequel. We start with a fundamental result in classical convexity.

Theorem 1.5 (Brunn-Minkowski inequality). Let K and L be two non-empty compact subsets of R™. Then,
(1.3) vol, (K 4+ L)Y/™ > vol,,(K)*™ + vol,, (L)'/™.

If we further suppose that K and L are convex bodies, then equality in (1.3|) holds if and only if K and L
are homothetical.

The Brunn-Minkowski inequality relates volume to Minkowski addition. It is often encountered in two
different (in the end, equivalent) forms: For any A € (0,1), and non-empty, compact K, L C R",

(1.4) vol, (AK 4 (1 — A)L)Y™ > Avol, (K)™ + (1 — A)vol, (L)Y,
or (using the arithmetic-geometric means inequality),
(1.5) vol,(AK + (1 — \)L) > vol,, (K)*vol, (L)~

The latter shows that volume is a log-concave function with respect to Minkowski addition. In particular, if
K is a convex body then the induced measure g is a log-concave probability measure on R"™.

A classical inequality can be derived as a consequence of the Brunn-Minkowski inequality and Steiner
symmetrization (for a proof, see e.g. [8, Theorem 1.5.11]). This is originally due to Urysohn.

Theorem 1.6 (Urysohn’s inequality). Let K be a convez body in R™. Then

w(K) > (\%yw

This inequality will let us estimate the mean width of K once we get a lower bound on the volume radius of
K (and vice versa).

The Blaschke-Santalé inequality essentially states that the volume product vol, (K )vol,(K°) is maxi-
mized when K is an ellipsoid. This allows one to estimate the volume of K in terms of the volume of its
polar body.

Theorem 1.7 (Blaschke-Santal6 inequality). Let K be a centrally symmetric convex body in R™. Then

vol,, (K)vol, (K°) < w?

with equality if and only if K is an ellipsoid.

Note that we chose to state the result for symmetric convex bodies, although it actually holds in greater
generality. As with Urysohn’s inequality, a proof can be given using Steiner symmetrization and the Brunn-
Minkowski inequality [8, Section 1.5.4].

On to another consequence of the Brunn-Minkowski inequality, the next result was proved by C. Borell
[12], and is often referred to as “Borell’s Lemma”. It can be viewed as a primitive “concentration of volume”
inequality.

Theorem 1.8 (Borell’s Lemma). Let K be a convex body of volume 1 in R™, and A C R"™ closed, convex
and symmetric, with vol(K NA) =4§ > % Then for every t > 1,

t+1

vol(K 1 (tA)°) < 6 (1;5) )



Indication of proof. Show that A¢ D t%(tA)c + Z—}A, then take intersection with K and apply the Brunn-

Minkowski inequality. O

A useful corollary of Borell’s lemma is the validity of reverse Holder inequalities for general seminorms
on R™.

Corollary 1.9. Let K be a convez body of volume 1 in R™. If f : R™ — R is a seminorm, then for every

1 < p < q we have
(/ |f (@) )1/p< </ |f(z)| >1/q <! (/ |f(z)|P )1/p
x)|P dz < x)|dx <c x)|P dz ,

where ¢ > 0 is an absolute constant

Proof. We have to prove only the right-hand side inequality, since the left-hand is simply Holder’s. We apply
Theorem [L8l for the set

A={z eR":[f(x)] <3| flln},

which is closed, symmetric and convex. By Markov’s inequality we can see that vol(KNA) >1-377 > 1/2.
Note that for § > 1/2 one has

o~
—

1-6\% a-0% (1 7T
s(=2 B9 (2
< 5 > =T (6 ) ’

and for § =1 —37P, % —1=-2"_<e /2 Theorem then yields

1-3-p

vol({z € K : |f(a)| > 3t fll,}) < =7

for any t > 1, with ¢; = 1/4. Now we write
/ ()] d = / g9 Wvol({z € K : |f(z)| > s}) ds
K 0

< @l fllp)* + (3||f||p)‘1/ gt le=erP(t=D) gy
1
o

@IS+ @I [ e ar
1
3 q
<+ er () e ),
ap

The wanted statement is proved applying Stirling’s approximation and the fact that (a + b)l/ 1L gl/a 4 pt/a
for all a,b >0 and ¢ > 1. O

Last, we quote a result of Griinbaum [35] according to which a hyperplane passing through the barycenter
of a convex body K divides the body in two parts of more or less the same volume.

Theorem 1.10 (Griinbaum’s Lemma). Let K be a centered convex body of volume 1 in R™. For every

0 € S" ! we have )
<vol,({z € K:(x,0) >0})<1——-.
e

Q| =

We remark that Theorems (thus also Corollary and actually hold in greater generality: We can
replace the uniform measure on K by any centered log-concave probability measure in R™.



1.2 Isotropic position and the slicing problem
Let us now get introduced to the notion of isotropicity, as well as the main open problem in the field.

Definition 1.11 (Isotropic convex body). A convex body K in R”™ is called isotropic if it is centered,
vol, (K) = 1, and satisfies the isotropic condition, that is: There exists a constant Lx > 0 such that

(1.6) | 0o =

for all # € S"~1. We call the constant Ly the isotropic constant of K.
Note that if K satisfies the isotropic condition (|1.6]), then

(1.7) / |2||? de = Z/ (z, ;)2 dx = nL3,
K i1 VK

where {e;};<n is the usual (or any) orthonormal basis of R™

In probabilistic terms, the isotropic condition says that the variance of all the 1-dimensional marginals in
K is the same. So, roughly speaking, an isotropic convex body is equally “spread” in all directions § € S™~!,
and the isotropic constant Ly measures this “spread”. Note that if K is an isotropic convex body, then
U(K) is also isotropic, for every U € O(n).

Although isotropicity seems to be a nice and special property, it is actually the case that any centered
convex body has a position (i.e. linear image) that is isotropic.

Proposition 1.12. Let K be a centered convex body in R™. Then there exists T € GL(n) such that T(K)
s 1sotropic.

Proof. If we define the linear operator A : R" — R"™ with A(y) = [, (z,y)zdz, one can see that A is
symmetric and positive definite; therefore it has a symmetric and positive definite square root S (i.e. S is
such that S? = A). If we consider the linear image K = S~1(K) of K, then for every § € S"~ 1,

/ (z,0)? dz = | det S|71/ (S71x,0) dx
S=HK)

K

= | det S|*1/ (x,8710)% dx
K

= |det S|7! </ (m,S’_19>xdm,s—10>
K
= |det S|71(AST'0,5710) = |det S|71||0||2 = | det S| 1.
Normalizing by voln(f{ ) we get the result. O

Actually more is true: The isotropic position of a convex body is uniquely determined (up to orthogonal
transformations) and arises as a solution of a specific minimization problem. Specifically, if K is a centered
convex body of volume 1 in R™, then K = Ty(K), Ty € SL(n), is an isotropic position of K if and only if Tj

minimizes the quantity
| lalpds
TK

over T' € SL(n) (see Theorem 2.3.4 in [I7]). We can thus give the following general definition.

Definition 1.13 (Isotropic constant, general definition). For every centered convex body K in R™, we define
the isotropic constant of K by

1 1
L% :=— min —2/ )13 dz
n TeGL(n) | vol, (T(K))'*= Jrk)



Note that, in view of the above, if K is an isotropic position of K, then for all € S"~! we have
/ (x,0)% = L%.
K

It is not hard to see that the isotropic constant of any convex body can be bounded below by an absolute
constant. Specifically,

Proposition 1.14. The Euclidean ball By minimizes the isotropic constant, that is, for any convex body K
in R", one has Lx > Lpy > ¢, where ¢ >0 is an absolute constant.

Proof. Set r, = wp 1/ " so that vol,(r,B%) = 1 and r,BY is isotropic. Note that vol,(K \ r,BY) =

vol, (r, B} \ K), since vol,(K) = vol,(r,BY) = 1. Moreover, ||z||2 > r, on K \ 7,BY and ||z]2 < r, on
rnBY \ K, so we can write

nli= [ Nelfdo= [ elfdes [ felpde
K Knr,BY} K\r, By

nbg
> [ lelBdet [ alpde= [ felfde =i,
Knr,BY rn B\ K r,BY

n B3 nB3
Now using polar coordinates and the fact that wy'™ = n=1/2 we get
—2/n
1 1 nw Wn,
LEn =~ z|fde = ——rit? =2 — > ¢
B; n/TBnH I2 nn+2" n+2 7
ny
for some absolute constant ¢ > 0. O

On the other hand, in 1986 J. Bourgain [I3] (see also [51]) formulated the conjecture that a uniform
upper bound on the isotropic constant of all convex bodies (of any dimension) should hold. This has become
a topic of ongoing studies and is still the central open problem in the field of asymptotic geometric analysis.

Conjecture 1.15 (Isotropic constant conjecture). There exists an absolute constant C > 0 such that
Lk <C
for every n € N and for every convex body K in R™.

Using a result of Hensley [39] (see also [51] Corollary 3.2]) which shows that for any n € N, any isotropic
convex body K in R™ and any § € S"~!,

1 1
(18) CIE < VOlnfl(K n GL) < CQE

for some absolute constants c1,c2 > 0, one can show (e.g. [I7, pp. 107-108]) that the Isotropic constant
conjecture is equivalent to the famous slicing problem, or hyperplane conjecture:

Conjecture 1.16 (Hyperplane conjecture). There exists an absolute constant ¢ > 0 such that for any n € N
and every centered convex body K in R™ of volume 1,

max_vol,_1(KN#t) >ec.
fesn—1

In view of (1.8)), we can give a simple upper bound on L. Let us state a lemma first, that compares
the inradius and circumradius of K to L.



Lemma 1.17. If K is an isotropic convex body in R™, then
c1Lg <r(K) < R(K) < conlLg,
where ¢1,co > 0 are absolute constants.

Proof. For the right hand side inequality, let § € S"~1 and consider xy € K such that hy(0) = (zg,0). If
C(8) is the cone conv{K N+, x4}, then C(f) C K, and hence

vol,_1 (K N 64 )h (6)
n

By (1.8)), it follows that h(0) < canLg, but § € S"~! was arbitrary, so R(K) < conL.
For the left hand side inequality, we fix again some § € S"~! and use Griinbaum’s Lemma (Lemma
1.10):

1 = vol,,(K) = vol,(C(6)) =

Q|

< : P < n— 2{w,0) =15).
<vol,({x € K : (2,0) > 0}) < hg(0 Oggg};(a)vol 1{z e K:(x,0)=t})

If we define fr () := vol,—1({z € K : (z,0) = t}), we have, by a result of Fradelizi [23] that || fx0cc <

efrk,0(0), so that

1 < hg(0) -evol, 1 (K NoL).
€

Now ((1.8) gives hi () > ¢1 Lk, and having proved this for every § € S~ ! we have r(K) > ¢ L. O

Remark 1.18. (a) Note that if K is symmetric, we actually have r(K) > Lk, because |(z,0)| < hx(0) for
all x € K, and hence
1/2
hic(6) > ( / <x,e>2daz) ~ Ly
K
for all € S™~1.

(b) For the bound R(K) < enLg, we also have the more precise bound R(K) < (n+ 1)Lk, by an argument
of Kannan, Lovész and Simonovits [41] (see also [I7, Theorem 3.2.1]).

Now the inequality r(K) > cLk lets us see that Ly < /n, for every K.
Proposition 1.19 (Simple upper bound on Lk ). For every isotropic convezr body K in R™,
Lk <cvn,
where ¢ > 0 is an absolute constant.
Proof. Since r(K) > ¢1 Lk, by it follows that ¢y L By C r(K)B% C K. Taking volumes we get
(c1Lg)"wp < r(K)"w, = vol, (r(K)B3) < vol,,(K) = 1.

This proves that Lx < cflw,fl/" < ¢y/n, for some absolute constant ¢ > 0. O

In the case that K is symmetric, the O(y/n) bound on Lk can be also easily obtained as a consequence
of John’s theorem [40]. However improving on this “trivial” bound turned out to be a difficult task. The
first argument of Bourgain [I4], whose presentation is of course beyond the scope of these notes, gave the
estimate Lxg < /nlogn. Since then, absolute uniform bounds were given for Lx in the case that K lies in
some special class of bodiesE|7 e.g. unconditional convex bodies, zonoids and duals of zonoids, bodies with
bounded outer volume ratio or unit balls of the Schatten p-classes. The general problem however remains
open; the only improvement upon Bourgain’s bound has only been up to the logn factor. This was done in
2006 by Klartag [42], who established the estimate Ly < ¢/n.

The basic step to the proof of the ¥/n bound was the solution of what was known as the “isomorphic
slicing problem”. Specifically, Klartag proved the following.

2For detailed references on each special case, we direct the reader to [8) Section 10.7] and for even more details to
[I7, Chapter 4].
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Theorem 1.20 (Klartag, [42]). Let K be a convex body in R™. For every e € (0,1) there exists a centered
convez body T in R™ and a point x € R™ such that

TCK+xzC (14T
1+¢€

and
o

7

Ly <
for some absolute constant C' > 0.

The solution of the isomorphic slicing, although closely related to the isotropic constant conjecture, could
still by itself yield no improvement on the /nlogn bound of Bourgain for Lg. The missing ingredient was
found in a -now famous- large deviation inequality on the distribution of volume on convex bodies, proved
earlier by Paouris.

Theorem 1.21 (Paouris, [57]). Let K be an isotropic convex body in R™. Then
(1.9) vol,({z € K : ||z]|2 > etv/nLg}) < e V7,
for every t > 1, where ¢ > 0 is an absolute constant.

Paouris’ inequality essentially states that the volume of a convex body K is practically concentrated
in a euclidean ball of radius of the order of \/nLy: what is left out of it tends to zero exponentially as
n — oco. Theorem let actually Klartag prove that a choice of ¢ = 1/4/n in Theorem would yield
Ly < Ly £ /n. We omit the details, which can be found in [I7, Lemma 7.3.4].

1.3 Moments of | - |2 and the L,-centroid bodies

Let g # 0, K be an isotropic convex body in R"™, and define

)= ([ ||z|3dx)1/q.

Note that I5(K) = /nL, since K is isotropic. The line of thinking to the proof of was as follows: For
any q > 2, Markov’s inequality yields

vol,({x € K : ||z|l2 = €*I,(K)}) = vol,({z € K : ||lz||3 > €31,(K)1}) < e~

Then applying Borell’s lemma (Theorem [1.8) for A = {z : ||z|s < €3I,(K)}, we have that for any ¢ > 1,

3 3 e—3q (t+1)/2
vol,({z € K : ||z]l2 2 e’tl(K)}) < (1 —e™79) <1_€_3q> e “t,
Note now that any bound of the form I (K) < A- I1(K) = Ay/nLk would give
vol,({x € K : ||z|]2 = e*At\/nLk}) < vol,({z € K : ||z|s = *tI,(K)}) < e,

so we would like A to be independent of n and ¢ (which can practically go up to n) to get the Theorem.
By Corollary [1.9 applied for f(z) = ||z||2, we have, for any 1 <p < g,

I,(K) < I(K) < c%fpao,

in particular I,(K) < c1ql2(K), for any g > 2, and even the estimate I;(K) < c2,/ql2(K) was known for
all 2 < ¢ < n (by the result of [2], see also [I7, Theorem 3.2.15]), however this was not sufficient. The
contribution of Paouris was the proof of the following.
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Theorem 1.22. There exist absolute constants cs,cy > 0 such that, for any isotropic convex body K in R™,
(1.10) I,(K) < csIr(K),

if 1 < q<eay/n.

From the discussion above, it is now clear that (1.10]) implies Theorem m
Paouris’ starting point for the study of the means I;(K) was a known formula at the time, which we
prove for completeness.

Lemma 1.23. Let K be a convex body of volume 1 in R™, and ¢ > 1. Then

(1.11) I,(K) = ﬁ(/s /K|<x79>|qudo(9)>l/q.

Proof. Let ¢ > 1 and x € R™. We will prove that

(112) ([ tworao®) < [T el

which gives the statement of the Lemma, applying Fubini’s theorem.
First, use polar coordinates to compute

1
| Newltdy =, [rrrtar [ worane) = 22 [ (o) aoto)

n-+q

On the other hand, due to rotational invariance of the Lebesgue measure, we also have

x
[ wapiray=lelt [ (o)
B} By [[2]l2

! gy no1 I (
:2wn—1llx||§/ t(1L = %) 7 dt = wn |25 —22
0

q
dy = ||z /B e, )17 dy

2

—
—
3
+
N
[
~—

Using Stirling’s approximation we then check the validity of (1.12]). O

A crucial observation is that the function ||(-,0)|y = ([} [(z,0)|9 dz) Y4 that appears in (|1.11) above
was known to be a norm, and thus the support function of a convex body.

The centroid bodies and their geometry

The notion of Ly-centroid bodies was introduced, under a different normalization, by E. Lutwak and G. Zhang

n [47], and studied by Lutwak, Yang and Zhang in [4§]. Paouris was the first to exploit their properties
from an asymptotic point of view, originally towards the proof of Theorem Here we will review their
definition and some basic facts that will be of use in our framework.

Definition 1.24 (L,-centroid body). Let K be a convex body in R™ with vol,(K) =1, and let ¢ > 1. We
define the L,-centroid body of K, denoted Z,(K), via its support function

/q
Bz 0) = 16 )l (/mqux) pesl,

For ¢ = 400, we define Zo(K) := conv{K, —K}.

The contents of the following remark are easy for one to see, coming straight from the definition of Z,(K)
and the properties of the support function (Lemma [1.2)).

12



Remark 1.25. (a) The function hz, (k) as defined above is positively homogeneous and, by Minkowski’s
inequality, subadditive. Therefore there exists a unique convex body having hz_ (k) as its support function.
(b) For any ¢ > 1, Z,(K) is an origin symmetric convex body.

(c) A centered convex body K of volume 1 in R™ is isotropic if and only if Z5(K) = Li BY.

(d) By the definition of hy, k), note that Lemma can now be restated as

(1.13) wq(Zy(K)) = | = 14(K),

for every ¢ > 1.

Next we collect several basic properties of the centroid bodies. The proofs are more or less standard, so
we will not examine them in detail, but provide the appropriate references instead.

Lemma 1.26. Let K be a convex body in R™ with vol,,(K) = 1. Then:
(a) If K is isotropic, then w(Zy(K)) = Lk.
(b) Foralll < p<q< oo,

Z,(K) C Z,(K) C c1§Zp<K>,

where ¢; > 0 is an absolute constant.

(¢) If K is centered, then
Z4(K) 2 c2Z(K),

for every q = n, where co > 0 is an absolute constant.

Indication of proofs. Part (a) is immediate from the fact that Z3(K) = Lx By . The inclusions in (b) are an
immediate application of Corollary [1.9|for the seminorm f(z) = |(x,0)|. As for part (c), it is due to the fact
that ||(-,0)]], < max{hk(0), hx(—0)}, observed by Paouris in [53], so the rest of the claim follows also from
Corollary O

Remark 1.27. Lemma (c) shows that the family (Z,(K))q>1 “stabilizes” after ¢ = n. In particular if
K is symmetric, we have that Z,(K) C K for all ¢ > 1, and Z,(K) ~ K for all ¢ > n.

We close this section recording the known estimates on the volume of the L,-centroid bodies. Although
they are crucial for the subsequent results presented, proofs of these deep facts are hard to fit in these notes
so we limit ourselves to providing exact references.

Theorem 1.28. If K is an isotropic convex body in R™, then

(a) For every 1 < q < mn,

(1.14) Vol (Z,(K)Y/™ > /2L,

3

(b) If ¢ < cy/n for an appropriate absolute constant ¢ > 0, the estimate of (a) above can be strengthened
to

(1.15) vol,, (Z,(K))Y/™ >, \/ELK.

(¢) On the other hand, the estimate

(1.16) vol, (Z, ()™ <\ L L

n

holds for every 1 < g < n.
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The lower bound y/g/n on the volume radius of Z,(K) is due to Lutwak-Yang-Zhang [48]. Later, the
work of Klartag-E. Milman [44] led to the stronger /q/nL, for ¢ < y/n. The upper bound is due to
Paouris [57] (see also [I7, Theorem 5.1.17]).

As a first application of the above, we can provide a convenient estimate for the mean width of Z,(K),
when ¢ is up to the order of \/n.

Lemma 1.29. Let K be an isotropic convex body in R™. There is an absolute constant ¢ > 0 such that, for
every 1 < g < ey/n,

(1.17) w(Zy(K)) = \/gLx.

Proof. In view of using Theorem (recall that I,(K) < Io(K) anyway, if 1 < ¢ < 2), and ignoring
the absolute constants involved, we have that

w7l K)) = \[ L1 00) =\ [0k = VL.

Now w(Z4(K)) < we(Z4(K)) holds, by Holder’s inequality. The lower bound can be justified immediately
using the lower bound on the volume of Z,(K) (Theorem [1.2§| (b)), and Urysohn’s inequality:

w(Zy(K)) > (V”Z(K”)/ NN

Wn

Negative moments and a small ball probability estimate

In the sequel, we will also need results on the behaviour of negative moments of || - ||2, as well as mixed widths
for ¢ < 0. We have already explained that I,(K) < \/n/qw,(Z,(K)) for any convex body K of volume 1 in
R™ and ¢ > 1 (recall Lemma|1.29)). A similar identity also holds for negative values of g.

Theorem 1.30. Let K be an isotropic convez body in R™. For every 1 < q¢ <mn,

(1.18) w_q(Z4(K)) = \/g—r—q(K)~

The proof is slightly more involved than that of Lemma [1.23] so we chose to omit it and refer the reader
to [T, Section 5.3.3]. It is also explained there how, using ((1.18]), one can deduce the following extension of
Theorem [[.221

Theorem 1.31. Let K be an isotropic convexr body in R™. Then
I_4(K) =< I4(K),
for every 1 < g < ¢cy/n, where ¢ > 0 is an absolute constant.

To see that Theorem implies (|1.10), note that I_,(K) < I (K), for any ¢ > 1: Write

_a __a
1= / 2|3 il 7 de
K

and then apply Holder’s inequality for p = (¢ + 1) /q.

Let us remark that while, as explained in the beginning of Section 1.3, Theorem [1.22[immediately implies
the large deviation estimate , a direct corollary of the stronger statement Theorem is a small-ball
type inequality for isotropic convex bodies:

14



Theorem 1.32. If K is isotropic in R™, then
(1.19) vol,({z € K : ||z]|y < ev/nLi}) < V"

for every 0 < € < gg, where g, co > 0 are absolute constants.

Deduction of Theorem[1.39 from Theorem[I1.31] Let k < ¢y/n, where ¢ > 0 is the constant in Theorem
Applying Theorem and Markov’s inequality we get that, for some absolute constant ¢; > 0,

vol,({z € K : ||z||2 < ela(K)}) < vol,({z € K : ||z]|2 < c1el_(K)})
= vol,({z € K : ||z[|5* > (c16) *T_(K)*}) < (ere)".

Since (c1e)F < eF/2if 0 < € < g := ¢ 2, the Theorem follows with ¢y = ¢/2. O

Theorem is due to Paouris [58], where also Theorems and are proved, see also [I7, Chapter
5.3].

1.4 Polytopes generated by random points in convex bodies

We finally introduce our central object of study in these notes. Generally speaking, by a random polytope
in R™ we mean the convex hull of N > n points which are chosen idependently according to a common
probability distribution p. Specific cases of interest might be the following:

e 4 is taken to be the Gauss measure in R”, that is the rotationally invariant probability measure in
R" with density f,(z) = (27)~"/2e~12/2, If we choose Xi,..., Xy points in R" independently
according to u, the resulting polytope conv{Xy,..., Xy} is called a Gaussian polytope (and every X;
is a gaussian random vector, that is X; = (g¢,...,¢%) with g¢, ..., g/, independent standard gaussians).

e 4 is taken to be the uniform measure on the discrete cube {—1,1}", and we form the polytope
conv{Xy,...,Xn} choosing X1,..., Xy independently according to p. Then for every i € [N], X; is
a Bernoulli random vector i.e. X; = (x},...,2%) with z},..., 2% independent +1 Bernoulli random
variables.

e We have explained how every convex body K in R™ induces a natural probability measure ux on
R™. A pg-random polytope constructed as above will be our main object of interest in what follows.

Obviously, in this instance the vertices X, ..., Xy are points chosen uniformly and independently in
K.
Given a convex body K in R®, N > n and N independent random points X7,..., Xy uniformly dis-

tributed in K, we denote
Ky = conv{+Xy,...,£Xn}.

This is a symmetric random polytope with 2N vertices. Although most of these notes deals with this
symmetric case, we might also refer to the non-symmetric one: If N > n, let

Cy :=conv{Xy,...,Xn}

be the non-symmetric analogue.

In what follows, we will get a glimpse on the study of such random polytopes in connection with the
theory of isotropic convex bodies. In Section 2 we describe a technique which gives meaningful estimates on
various geometric characteristics that determine what we call the “asymptotic shape” of a random polytope.
In Section 3 we outline a general method, variations of which can provide absolute upper bounds on the
isotropic constant of several classes of random polytopes.
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2 Asymptotic shape of random polytopes

Determining the “asymptotic shape” of a random polytope P amounts to getting sharp estimates on various
geometric parameters associated with P. Our goal in sections 2.1 and 2:2]is to exploit a method introduced
by N. Dafnis, A. Giannopoulos and A. Tsolomitis [20] that leads to estimates on the mean width and volume
radius, but also of the whole sequence of quermassintegrals of the symmetric random polytope Ky formed
by vertices chosen uniformly at random from an isotropic convex body K. We can sum up the results in the
following statement ﬂ

Theorem 2.1 (Dafnis-Giannopoulos-Tsolomitis [20], [21]). Let n, N € N, and K be an isotropic convex body
i R™.
(a) Ifn <N < eV, then
log(2N/n)
O T e

vol,, (Kn)Y/™ > -

with probability greater than 1 — exp(—cV' N) for some absolute constant ¢ > 0.
On the other hand, for every n®> < N < e™

log(2N
Voln(KN)l/"S M[/K’

with probability greater than 1 — 5=
(b) If n < N < eV™, then

V010g(2N/n)Lx SE(w(Kn)) S v/log NLk.
(¢) If n < N < eV, then for every 1 < k < n we have

V01og(2N/n)Lx SE(Qr(KN)) S Vieg NLk.

Roughly speaking, the central idea in [20] is to try to compare Ky to the class of the Ly-centroid bodies
of K, whose geometry was already well studied in conjuction with the distribution of volume in convex
bodies and the isotropic constant conjecture. The machinery developed in section will then lead to the
estimates of Theorem This idea has its origins in the earlier study [26] on random polytopes generated
by vertices of the discrete cube {—1,1}", as explained below.

In section we exploit a variation of the method of [20] to attack a different problem on the geometry
of random polytopes in convex bodies. That is wellness of approximation, i.e. how well does Ky, or its
non-symmetric analogue Cp, “fit” inside K. This is actually an old problem, studied in many aspects, see
e.g. the surveys [I8], [32]. In the case that one is interested in approximation of K by a polytope with “few”
(that is O(n)) number of vertices, the following result was obtained in [I1]: if K is an origin symmetric
convex body in R", then for any d > 1 there exist IV < dn points x1,...,xy € K such that

K C ygv/nconv{tzy,...,+xn},

where 74 := ?*i Later, in [I5] a non-symmetric analogue of this statement was proved, namely that there

exist x1,...,2x € K, N < an, such that K C ¢n3/2 conv{xy,...,zN}, for some absolute constants a,c > 0.
This motlvated us to study the random aspect of this instant: can one, for linear number of points N chosen
independently and uniformly in K, get a better dependence on n with high probability? The following result
is proved in [16].

3In the statement of the Theorem, we assume N to be greater than a constant multiple of n. Nevertheless, similar
bounds also hold in in the linear regime n < N < an, see [29], [59]
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Theorem 2.2. There exists an absolute constant a > 1 with the following property: If K is a centered
convex body in R™ and N = [an], then with probability greater than 1 — e~ “™ we have

K C conCl,
where c1,co > 0 are absolute constants.

In section we present the proof of the above theorem (actually a more general result is obtained),
adjusting the argument of [20] to the non-symmetric setting of our problem.

2.1 Comparison with the centroid bodies

The idea of comparing the random polytope Kx to the class of L,-centroid bodies for suitable values of
g > 1, has its origins in the study of Giannopoulos and Hartzoulaki [26] on the behaviour of symmetric
random +1-polytopes. These are polytopes

Kf}v =conv{+Xy,...,£Xn}

formed by N > n independent random points Xi,..., Xy chosen according to the uniform probability
measure on {—1,1}". It was proved in [26] that for every n > ng and N > n(logn)?, the inclusion

(2.1) KX\ Dec (Mlog(N/n)Bg N BQO)

holds with probability greater than 1 — e™", where ¢ > 0 is an absolute constant. By John’s theorem

aBy N BY DO ﬁ ", so (2.1) states that, with high probability, Kf}v contains a cube with edge length

V0og(N/n)/n.

The result of [26] was then improved, and the assumptions relaxed, in a work of Litvak, Pajor, Rudel-
son and Tomczak-Jaegermann [46] who obtained an inclusion similar to for a large class of random
polytopes K that includes the previous Bernoulli model, and the Gaussian (and sub-gaussian) model as
well: The polytopes considered in [46] arise as absolute convex hulls of the rows of the random matrix
Con = (&i5)(i.5)e[N] x[n)> With certain mild assumptions imposed on the random variables £;;. The proofs in
[46] rely on a lower bound of the order of v/N for the smallest singular value of T, x.

A key observation, first stated explicitly in [20], is that can be rewritten in terms of the L,-centroid
bodies of the body %Bgo To be more specific, one starts from the fact that for any a > 1,

haBpnpn (0) = K1 2(0,a)
for every 6 € S"~!, where
Kia(x,t) = inf{|[ylls + t]z —yl2: y € R"}

(to see this, recall that hapyrpn = | - [|a-15pupr). If we write (7)<, for the decreasing rearrangement of
(lz;1)j<n, then Holmsted’s approximation formula (see [36, Theorem 4.1]) yields

6] n 1/2

Ky 2(z,t) xe}‘—Ft Z (3:;")2
j=1

J=[t*1+1
On the other hand, one also has
1/2

n

IOmey = 3205+ | D 07

Ji<q Jj=q+1
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for every ¢ > 1 and § € S"~! (see [10, Lemma 6, Proposition 7]). It is thus the case that h gBpnpn =<
th(aBQo)’ which shows that

n n 1 n
VaBr N B ~ Z, (2300) .
In view of all this, (2.1) essentially states that

1
Ki}v 2 CIZIOg(N/n) <2Bgo> .

The above observation gave rise to the idea of comparing a random polytope K inside a convex body
K to the body Ziog(n/n)(K). This was carried out succesfully in [20]. We will review the proof of this central
theorem which follows a modification of an idea of [40].

Theorem 2.3 ([20]). Let 5 € (0, %], v > 1. If N > cyn where ¢ > 0 is an absolute constant, then for every
isotropic convex body K in R™ we have that

Kn D caZy(K)
for all ¢ < caBlog(N/n), with probability greater than 1 — exp(—coyvV'N).
Proof. We will prove the desired inclusion via the support function: We actually need to prove that

hiey (2) 2 all( 2) g

holds for all z € R™ and for as large a q as possible, with probability greater than 1 — exp(—f(n,~)), where
f is a suitable function of N > yn and n.
Let I' : ¢3 — ¢ be the random operator defined by

F(y) - (<X1ay>7 ) <XN7y>)’

and define m := |8(N/n)??| and k := | N/m|. We can then fix a partition oy, ..., 04 of [N] with m < |o;]
for all ¢ € [k], and define the norm

??‘M—l

[|ullo :=

k
Z w)]oo, u€RY.

Since
hicy (2) = max [(X;, 2)] > max [(X;, 2)| = [ Po.I(2)]lo0

for all z € S"~! and i € [k], we have hy,(2) = ||[T(2)||o for all 2 € S"~1. We thus need to prove that an
estimate of the form ||T'(2)[|o = ¢||(-, 2) ||, holds with high probability, for all z € S"~!. We will first estimate
this probability for a fixed z € S~ !, and then use a net argument to pass from a finite collection of points
to the whole space.

Let z € S"~! and suppose that ||[T'(2)[lo < 1(-,2)|lq- Since | - [l is the expected value of k random
variables, by Markov’s inequality we get that there exists I C [k] with |I| > k/2 such that | P,,T'(2)]|c <
L11(,2)|lq for all i € I. Using a union bound and independence we get

P(IGo < glta) < X

IC[k]
[1=(k+1)/2]

22) - X P(IPrG < gl6a).

IC[K] i€l
[I=1(k+1)/2]

1 ‘
P (IPeT Gl < 316l vi € 1)

To estimate the latter probability, we use the next lemma, which is a consequence of the Paley-Zygmund
inequality.
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Lemma 2.4. For every o C [N], independent random vectors Xi,..., Xy in R™ and any 0 € S"~!, ¢ > 1,

F (r?eaaX<Xj’0>| < ;|<'79>”q) < exp(—|o|/(4C9)),

where C > 0 is an absolute constant.

Proof. We will first treat each X; independently. For this we recall the Paley-Zygmund inequality: If Z > 0
is a random variable and ¢ € [0, 1], then

(2.3) P(Z > tE(Z)) > (1 —t)?

Apply this inequality for t = 1/2%, Z = |(X,0)|?, where X is a random vector in R™, and then use the fact
that, by the reverse Holder’s inequality (Corollary for f:= (-, 0)|,

E({X,0)1%) = [1(-,0) 159 < Qqq||<~,9>|q> = CU([I{, 0)19)* = CUEI(X, 0)|)?,

to get
P (101> 516000, ) = (1500 > ZE( .0 )
1\ EE
> (1 > E((X,0)P)
(2.4) 24—(3}7

since ¢ > 1. To finish the proof, we use the independence of the X;’s and the estimate above:

P (max 6,601 < 160l ) = TT# (10600 < 511001

JEOT
o}
1
<(1-—
(- )
< exp(—|o|/(4C7)),
by the inequality 1 — v < e™" for every v > 0. O

Back to the proof of the Theorem, in view of Lemma states that
P (0G0 < 116200 ) < (g 41y ) o(-crkm/C)
~11¢, < <D —
°S 7 “ [(k+1)/2]) TP
(2.5) < exp(klog2 — c1km/C?),
where ¢; = 1/8 (and we have used the trivial bound (ll“) < 2% for I < k). The choice

s
log C

q= log(IN/n)

will then give us

P (IMGIlo < 11620, ) < exp-eaN'=Pn),
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Now comes the net argument: We let S = {z € S~ : ||(-,2)||,/2 = 1}, and consider a é-net Ny C S
with respect to ||(, 2)||q/2, that is, for every z € S there exists some u € Ny such that £[|(-,z — u)[, < 6.
We can assume that |Ns| < (3/6)". By the discussion above, it is clear that for every u € Ny we have

1
P (|r<u>||o < 2) < exp(—csN' )

and hence,

(2.6) ( U IT ()]l < ) < exp(nlog(3/8) — caN*=Pnf).

u€N5

For v > 1 we define
Q, ={T:|0: 03 = Y| <yLxVN}.

Since Z,(K) 2 Lig By for all ¢ > 2 (Lemma (b)), we have, for all z € R™ and every I" € .,

llo < \fllF 2)lle < vLr V' N/El|zll2 < v/ N/E[{, 2)lg-
Let z € S. There exists u € Ns such that ||(-,z — u)|, < &, which implies that

IT(w)llo < IT(2)]lo + 275/ N,

for every I' € Q. The choice § = /k/N/(8y) yields

IT(2)

P(3z € 5" |T(2)llo < lI{ 2)llq/8) =P (3z € S+ T(2)]lo < 1/4)
SPEueNs: [F(w)lo <1/2)

< exp (nlog(24'y\/N/k) — 62N1_5n5> .

We now impose the restriction on N to assure that the last estimate is at most exp(—c3N'=#n?): First
recall the definitions of k and m, and note that, since 5 < 1/2, it is sufficient that

N\” ey [N
og{ev{ ) <o\

for some absolute constant ¢ > 0. Now if we take N > c4yn, the desired bound is achieved if

N\ co [N
1 / - <7 )
0g<c<n> 2 n

where ¢ = ¢/cy. Using again the fact that 8 < 1/2, we can see that the left hand side above is always
smaller than a constant multiple of log(N/n). It is thus sufficient to have

N N
lOg (> /S )
n n

(2.7)

which in turn is achieved if N > ¢sn for a suitable absolute constant ¢; > 0. Taking N > max{cs7,c5}tn
ensures then that the desired probability is less than exp(—czN'=#n?).

Summing up all of the above, and remembering that hx, (2) = ||[I'(2)]o for all z € R™, we have that, for
sufficiently large N, the probability that Ky D ¢Z,(K) is greater than

1 — exp(—csN'=Pnf) — P(Q5).
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The last step is to estimate P(Q,). In [20], this was done using results of Mendelson and Pajor [49] and
Guédon and Rudelson [34]. One can achieve a better bound using a result of Adameczak-Litvak-Pajor and
Tomczak Jaegermann [I] (see also [I7, Corollary 10.1.6]), which gives, as a special case, that if N > yn then

P (Hr Y > cyx/JVLK> < exp(—cyV/N),

for some absolute constant ¢ > 0. We thus have that P(Qg) < e VN for every N > yn, and given that
B < 1/2, we get the assertion of the Theorem. O

Remark 2.5. Regarding the sharpness of Theorem [2.3] actually we cannot expect an inclusion of the form
Kn CCZy(K)
for some absolute constant C' > 0 with probability close to 1, unless we choose g < n. This is because

P(Kn CCZ,(K)) =P(Xy,..., Xy € CZ,(K))
nN
=P (X1 € CZ,(K))" = vol,(CZ,(K))N < (C’\/ELK> :

by independence and (c). So, if we assume that Ly is bounded, ¢ has to be of the order of n for the
right hand side to remain close to 1. Nevertheless, in the next section we will see that a weaker type of
“reverse inclusion” holds, that can still yield upper bounds on the expected mean width of K, as well as
vol,, (K x)*/™, with high probability.

Proofs of the lower bounds

The lower bounds in Theorem (a), (b) and (c) are now easy to prove: The bound on the volume radius
is immediate, and then Urysohn’s inequality will lower bound w(Ky).

Proof of the lower bounds in Theorem [2.1]. Simply choose ¢ =< log(N/n) in Theorem to get that Ky D
¢Z,(K) with probability greater than 1 — exp(—c;v/N). It is then the case that

log(N/n)

vol, (Kn )™ 2 vol,(Z,(K))Y/™ =< voln(Zlogﬂ(K))l/” = -

LK7

if N < eV™, where we have used Lemma 1.26| (b) and (1.15). In the regime eV < N < e, we can only
apply the weaker bound vol,,(Z,(K))"/™ 2 /< of (L.14), that leads to the weaker estimate vol, (Ky)"/™ >
log(2N/n)

The lower estimate on Ew((Ky)) is now straight from Urysohn’s inequality (Theorem |1.6). Denote
I :={Kn D ¢Z,(K)} the “good” event. Then P(I) > 1 — 1/e for every n € N, and by the fact that

wi/™ = 1/\/n we get

E (w(Ky)) > B ((”l(f;N)’)/) 2 VAE (vola (K" 2 V(0B 2 fog Y e

as in the statement of the Theorem.
Regarding Q. (K ), note that, by Lemma

vol,, (K) ) L/m

Wn

E(Qu(Kn)) > E(Qu(Ky)) = E (

so the lower bound follows again by (a). Of course, this gives an alternate way to justify the estimate for
the mean width, since Q1 (Ky) = w(Ky). O
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2.2 Weak reverse inclusion

As we have pointed out in Remark one cannot hope that Ky C ¢Z,(K) with high probability for any
meaningful value of g. What we can still prove however is that, for any ¢ > 1 and ¢ > 1, there are, on
average, only a “few” directions § € S"~! on which Ky “exceeds” ¢Z,(K). We can state the result more
accurately as follows.

Lemma 2.6. Let K be a centered convexr body of volume 1 in R™. For any q > 1 and a > 1 one has
E (a({@ € S" i hg, () = ahzq(K)(H)})) < Na™9.
Proof. Let §# € S~ 1. If X is a random vector uniformly distributed in K, then by Markov’s inequality,
P((X,0)| = all(-,0)][q) < a™?.
A union bound gives then
P(hiy(0) = ahz, k) (0)) =P <JH€1%3<,] (X5, 0)] > a||<~,9>|q> < Na™.
Note finally that

E (0({6 € S" < hiey (6) > ahz, 1) (0)})) = /S Bl (6) > ahz, (10(6)) do (),

by Fubini’s theorem O

Upper bound for the average mean width and quermassintegrals

We will see how the “weak inclusion” of Lemmayields the v/log N Lk bound in Theorem (b). Towards
the proof, we first stress out how Lemma [2.6] provides a bound on the average mean width of Ky in terms
of the mean width of Zjoe n(K).

Proposition 2.7. Let n < N < e” and K be an isotropic convex body in R™. Then,
E(w(Ky)) < cw(Ziog n(K))
for some absolute constant ¢ > 0.

Proof. Let ¢ > 1 and define
Ay = {9 e sl hKN(Q) < ehzq(K)(é))}.
Using the simple fact that hx(0) < R(K) for every § € S"~!  Lemma and the definition of Ay, we

write

w(Ky) < /A hicy (0) do(60) + o (A% ) R(K)

< e/ hz,k)(0)do(0) + co(Ay)nLx
AN
< ew(Zy(K)) + co(Ay)nLk.

Now taking expectation we can use Lemma |2.6{to bound E(c(A%)), and using w(Z,(K)) > w(Z2(K)) = Lk
which is valid for any ¢ > 2 (Lemma|1.26) we get

E(w(Ky)) < ew(Z,(K)) +cNe InLk
< (e+ eNe In)w(Z,(K)).

Now any choice ¢ > 2log N makes the factor (e + cNe %n) independent of N and n (since n < N), so one
can choose ¢ = 2log N and then the fact that Zs 105 N (K) C ¢1 Z1og v (K) for some absolute constant ¢; > 0
to get the required statement. O
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Proof of the upper bounds in Theorem (b), (c). The statement of the Theorem is an immediate conse-
quence of Proposition and (|1.17]), which imposes the constraint N < eV™. For the quermassintegrals,
note that Qr(Kn) < Q1(Kn) = w(Ky) for every 1 < k < n. O

Remark 2.8 (Further reading). (a) A different proof of E(w(Ky)) =< v/log NLk in the low regime n <
N < n?, but not for all the quermassintegrals, was given later by Alonso-Gutiérrez and Prochno [7].

(b) In [21], the authors also proved that the asymptotic formula Q. (Ky) =< v/log NL for the range n? <
N < eV holds with high probability, and obtained estimates on the regularity of covering numbers and the
volume of random projections of K. These results were later (almost) extended to the regime eV” < N < e”
in [28]. This was possible due to the recent result of E. Milman [50] on the mean width of the centroid bodies:
We now know that w(Zy(K)) < /qlog(1 + ¢q)?Lx, for all ¢ € [\/n,n] (recall that on average, Qi (Ky) is
controlled by w(Ziog n(K))).

Upper bound for the volume radius

We now turn to proving upper bounds for the volume radius of K. A bound of the order of /(log N)/nL
for E(vol,, (K)Y/™) in the regime n < N < eV™ is immediate by the upper bound in Theorem (b), and
Urysohn’s inequality.

Proposition 2.9. Let K be an isotropic convex body in R™, and n < N < eV™. Then
log N
E(vol, (Kx)V/™) < ey 22 Ly,
n

However it is the case that one can prove much more: Lemma can provide a bound on vol, (Ky)
of the same order but with high probability, for every N < e™. The exact statement is the following.

where ¢ > 0 is an absolute constant.

1/n

Theorem 2.10. For every K isotropic body in R™ and n®> < N < e”, one has

7

[log(2N
Voln(KN)l/"éc MLK,
n

L where ¢ > 0 is an absolute constant.

with probability greater than 1 — 7=,

For the proof of this fact, we will need the estimate of Paouris [58] on the negative moments of hy
(Theorem [1.30). We first state a general lemma that upper bounds the volume radius of a convex body in
terms of the negative moments w_,(K).

Lemma 2.11. For any symmetric conver body K in R™ and any 1 < g < n,

w_q(K)

vol,, (K)Y" < ¢ N

for some absolute constant c; > 0.

Proof. For any convex body L in R™, using integration in polar coordinates and Fubini we have

vol, (L) = / 1y (z)dx = nwn/ / 1ttt do(0) dt = nw, / / 1o (t)t" 1 dt do(6).
R 0 Sn—1 Sn—1J0

Next note that, for every § € S"~1, 0 € L if and only if ¢ < ||| ;*. This results in

ol
vol, (L) = . / / 1 dt do(0) = wn / 16117 do (6).
Sn=1.J0 gn—1
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Now if we take L = K° (remember that || - ||[ke = hk), the last identity and Holder’s inequality yield

(W)l/n _ (/S hi(0)~" dg(9)>1/n > (/S hK(e)‘qda(e))l/q = wa(K)'

Apply the Blaschke-Santalé inequality and the fact that w,l/ "= 1/y/n to get

w_q(K)
\/ﬁ b)

for some absolute constant ¢; > 0. O]

vol, (K)Y™ < w¥™vol, (K°) ™" < wt/™Mu_((K) < ¢

Now the next step is to connect w_,(K) to w_4(Z4(K)) for the appropriate g, that is, of the order log N.
This is where Lemma |2.6| comes in handy.

Lemma 2.12. Let K be an isotropic convex body in R™, and n < N < e™. Then
W_210g(2N) (KN) S W_10g(28) (Z210g(23) (K)),
with probability greater than 1 — ﬁ.

Proof. We start using Holder’s inequality, to write

w-as G = ([ o)

Since Ky C einLg By (recall Lemma [1.17) and Z,(K) 2 Z3(K) = Lix By, we have hy () < einhz, k) (0)
for every 6 € S"~!. Therefore

M ! o _ ar qflo_ n—1 .,
/sm (hzquo(e)) do(0) 7/0 qt""lo ({0 € 5™ - hiey (8) > thz, i) (6))) dt.

Taking expectations and using Lemma [2.6] we get, for every a > 1,

hrcy (6) ) /Cln e, cn
E —N 2 do(f) ] <a?+ t9 Nt 9dt =a?+qNlog (— ) .
(/Sn1 th(K) (9)’1 ( ) o q q & ( « )

Note that the choice ¢ := 2log(2N) implies e = (2N)? > gN log (%2), so applying the above for a@ = 2e
implies

hx (9)210g(2N)
E </§ = 2log(2N) do(@) < Cg,

n-1 hZ2log(2N)(K)(0)

where co > 0 is an absolute constant. Then by Markov’s inequality we get that

/ hKN (6)210g(2N)
Sn—1 hZz log(2n) (K) (0)2 log

CI3) do(0) < (cae)?

with probability greater than 1 —e 9 =1 — ﬁ. Plugging this last estimate into (2.8 we get the assertion

of the lemma. O

We can now give a proof of Theorem Remember that Lemma |2.11| provides us with an estimate
of vol,, (Kx)'/™ in terms of the negative moments w_,(K). By means of Lemma one can then use the
results of Paouris stated in section to get the statement.
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Proof of Theorem[2.10, Combining Lemma and Lemma [2.12] we have that
" 1
VOln(KN)l/ S ﬁw*q/Q(Zq(K))
for ¢ = 2log(2N), with probability greater than 1 —e™9. Due to Z,(K) C cZ,/2(K) (Lemma m (b)) and
Theorem we have
n q
Vol (Kn) " < VAL ().

Finally, since I_, /o < I2(K) = y/nLk is valid for any ¢ < n, and using n? < N, we get

log (2N
voln (Kw)'/" S :/@LK = @LK < Og\(f/n)LKa
n n n

with probability greater than 1 —e 9 =1 — ﬁ. O

2.3 A variation of the method: Random approximation of a convex body

We now turn to the problem of approximating a convex body K by the random polytope Cn. The result
we will prove in this section is the following.

Theorem 2.13. For every 8 € (0,1) there exist a constant a = a(B8) > 1 (depending only on (), and an
absolute constant ¢ > 0 with the following property: If K is a centered convex body in R™ and an < N < e”,

then loa( N
iy = I

)

with probability greater than 1 — e~ N'TIn?

Note that an application of the above for 8 = 1/2 and N = [an] yields immediately the statement of
Theorem On the other hand, in the case that N is exponential in n, a similar result was proved in
[30): For every ¢ € (0,1) there exists ng = ng(d) such that for every n > ng if C'log(n)/n < < 1 for some
absolute constant C' > 0, then if N = ¢ the inclusion Cy 2 ¢(§)7K holds with probability greater than
1 — 6, where ¢(d) > 0 is a constant depending only on §. See also the recent paper of Naszodi [52], where
the above results are reproved via an entirely different method.

One-sided centroid bodies

Due to non-symmetricity of C'y, using a “non-symmetric” generalization of the centroid bodies seems more
appropriate. The one sided centroid bodies, introduced below, were used by Guédon and E. Milman in [33].
A similar definition was used by Haberl [38]. In what follows, a4 := max{a, 0}.

Definition 2.14. Let K be an isotropic convex body in R”. The one-sided L4-centroid bodies Z (K) of
K, g > 1, are the bodies with support function

1/q
Bt (i) (0) = (2 / <x,9>3dx) ,
K K

for every § € S"1.
It is immediate to see that when K is symmetric Zf (K) = Z,(K), and generally we obviously have the
inclusion

ZH(K) € 2Y1Z,(K).
Note that Z;‘ (K) C 29K for all ¢ > 1. We also have an analouge of Lemma m
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Lemma 2.15. Let K be an isotropic convexr body in R™. Then
(a) Zy (K) 2 coLxBY, for some absolute constant cy > 0.

(b) If 1 < g <r < oo, then

(2>; ZHK)C ZHK)CC

where C > 0 is an absolute constant.

Indication of proof. Part (a) appears as Lemma A.4 in [33]. Part (b) can be recovered in the same way as
Lemma (b), using Griinbaum’s lemma (Theorem |1.10]). O

We will also need to approach K by Z; (K) from the outside, so we prove the next lemma.
Lemma 2.16. If K ia a centered convex body of volume 1 in R™, then
1/q 1/q
2 F(n)T'(g+1)
— —_ hrx(0) < h 0).
(e2> (I‘(n+q+1) K (0) < hi ) (6)
for every § € S"~ 1.

Proof. Let Hf = {z € R": (x,0) > 0}, Hp(t) = {x € R" : (x,0) = t}, and

fo(t) = vol,_1 (K N Hy(t)).

1
Note that f,'~' is a concave function of 8. This is due to the Brunn-Minkowski inequality. As a consequence,

we have
t

hio = (1- th>> £2(0)

for all t € [0, hx (0)]. Using this and the definition of fy we can write

; hK(H) . hK(O) . t n—1

AN() :2/0 1915 (t) dt > 2/0 ¢ <1 hK(9)> £4(0)
_ q+1 ! q — g n—1 s — F(n)F(Q+1) q+1
=200 0+ [0 = 9 tas = G o)

We finish as in the proof of Lemma observe that vol, (K N H} ) < hg(0)]| folloo- Using || folleo < efo(0)
(due to Fradelizi [23], or see [I7, Theorem 2.2.2]) and Griinbaum’s Lemma, we get the statement of the
Lemma. O

Comparison with Z/(K) and proof of the theorem

Here we prove Theorem The central feature is an inclusion theorem in the spirit of Theorem [2:3] which
in a sense generalizes the approach of [20] to the non-symmetric case.

Theorem 2.17. Let § € (0,1). There exist a constant a = a(8) > 1 and absolute constants c1,cq > 0
with the following property: If K is a centered convex body of volume 1 in R™ and N > an, then for
g = c18log(N/n) the inclusion

CN ;) CQZ;_(K)

holds, with probability greater than 1 —e=N'""n"
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For the proof we will require an estimate similar to that of Lemma[2.4] This is again obtained using the
Paley-Zygmund inequality.

Lemma 2.18. There exists an absolute constant C' > O such that for every n € N, every centered convex
body K of volume 1 in R™ and every q > 2, the bound

1
vol,, ({x eK:(x,0) > 2hzq+(K)(9)}> > (0

holds for every 6 € S™~1.

Proof. Let K be a centered convex body of volume 1 in R, ¢ > 2 and # € S”~!. Consider the non-negative
random variable

go(x) = 2(z,6)%
on K. By Lemma (b) for r = 2¢q, we see that

E(95) = hs (o)) < OIS 1o (0) = CY[E(go)?,

where C; > 0 is an absolute constant. Now, for every t € (0,271/9),

(
vol, ({x e K:(x,0) > ch;(K)}) = vol, ({33 € K:(x,0)4 > t[E(gé)]l/q}>
=vol, ({z € K : (2,0)% > t'E(go)})
=vol,, {z € K : gg(x) > 2t'E(go)})

E 1—2t9)2
2 (1 _ th)Z[ (992)} 2 ( 7 ) ,
E(gz) €1
where in the penultimate step we have used the Paley-Zygmund inequality (2.3]) for gg. Choosing ¢t = 1/2
we get the lemma with C' = 4C. O

The proof of Theorem is based on the method of Dyer-Fiiredi-McDiarmid [22]. This idea has been
used numerous times since, see e.g. [9], [27], [25].

Proof of Theorem[2.17. Let q > 2 and consider the random polytope Cy := conv{xy,...,zy}. With prob-
ability equal to one, Cy has non-empty interior and, for every J = {ji,...,jn} C {1,..., N}, the points
Zj,...,T;, are affinely independent. Write H; for the affine subspace determined by z;,,...,z;, and Hj,
H7 for the two closed halfspaces whose bounding hyperplane is H ;.

If %Z;(K) Z Cp, then there exists x € %Z;(K) \ Cn, and hence, there is a facet of Cy defining some

affine subspace H; as above that satisfies the following: either x € H; and Cn C H}r, or r € H}r and
Cn C Hj . Observe that, for every J, the probability of each of these two events is bounded by

( sup ,uK({x {z,0) < Z+(K)(9)}>)N—n <(1- C—IJ)N—”,

fesn—t

where C > 0 is the constant in Lemma [2.18] It follows that
174+ N —q\N—n
P32z () g ov) <2 )Ja-cmn
Since (JZ) < (%)n, this probability is smaller than exp(—N!'=#n?) if

2eN\" 2eN\" -
(e> (1 _ C’*(I)an < <6> e,c I(N—n) < eXp(—Nli’Bn’B),

n n

27



and the second inequality is satisfied if

(2.9) % — 1> l(g)lﬂ +log (2‘:\7)] .

We choose ¢ = 55— log (¥) and a;(8) := C*5. Note that if N > aq(8)n then ¢ > 2 and that (2.9)
2log C n

becomes
N N\'"2  /N\7. (2N
(2.10) ——1> (> + <) log () .
n n n n
Since

lim [t 1% 43 log(Qet)} = 400,

t——+oo
we may find as(8) such that (2.10)) is satisfied for all N > aqo(8)n. Setting o = max{a1(8), a2(8)} we see
that the assertion of the theorem is satisfied with probability greater that 1 —e™V PP for all N > an, with
cL = and ¢y = L O

_1 1
2log C 2°

For the deduction of Theorem we will apply Theorem plus the fact that Z7(K) D ¢K. This
comes from Lemma 2.16

Proof of Theorem[2.13, Let 8 € (0,1) and a = a(8) be the constant from Theorem [2.17} Suppose an < N <
e™ and that X7,..., Xy are independent random points uniformly distributed in K. Lemma [2.16] for ¢ = n
gives us

Zr—l_ (K) ) ClKu

for some absolute constant ¢; > 0. From Theorem the choice g = ¢a1og(N/n) implies
CN D) Cng(K)

_N1-Bp8

with probability greater than 1 —e ’ , where cg, c3 > 0 are absolute constants. The right inclusion in

Lemma (b) gives us then that

nf2e—2\7 n
z;<K>gc4q< . ) 2 () € 20: 22 (),

where ¢4 > 0 is an absolute constant. Combining all of the above, we get

log(N
CNQ%%KQCGMK

Nt=8pn

with probability greater than 1 — e~ ﬁ, where c5, cg > 0 are absolute constants. O

3 The isotropic constant of random polytopes

Random polytopes have been studied in connection to the Isotropic constant conjecture essentially since the
formulation of the problem. Already in [51] the authors established a connection between the volume of a
random simplex in a convex body K and its isotropic constant L, namely

Li":n!/ / vol, (conv{o, x1,...,x, 1) dxy ... dz,
K K

(see Proposition 5.6 in [51], but also [I7, Section 3.5.1], where the links with Sylvester’s problem and the
simplex conjecture are discussed).
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On the other hand, random polytopes have a long history providing extremal examples in asymptotic
geometric analysis. This has its roots at the seminal work of E. Gluskin [31]], where it is proved that, with
very high probability, two convex bodies in R™ picked uniformly from a certain class of symmetric random
polytopes have maximal Banach-Mazur distance (that is, of the order of n). In view of this, as well as other
similar results, random polytopes were initially considered as a potential counterexample to the Isotropic
constant conjecture.

The first study on the isotropic constant of random polytopes was in the paper [43] of Klartag and
Kozma. They proved that, with probability close to 1, the absolute convex hull of N standard gaussian
vectors in R™ has an isotropic constant bounded by an absolute constant, and indicated that their method
can be used to provide upper bounds for the isotropic constant of different types of random polytopes as well.
Since then, the models that have been studied include random polytopes generated by random vertices in an
unconditional convex body [19], the euclidean unit sphere S*~! [3] as well as any ¢,-sphere [37], and more.
Note that, in the mentioned works, the method is always a variation of the one in [43]. Non-probabilistic
results for the isotropic constant of polytopes have also appeared in the literature: it is known that

L, S min{m,logN}

for every polytope Ky in R” with N vertices (see [4], [3]).

In this section we review the argument of [43] and apply it to give a y/log(2N/n) bound for the isotropic
constant of Ky when the vertices x1, ...,z are picked uniformly from a general isotropic convex body K.
This result can be found in [6] and [28]. In the special case that K is a 1p-body (see below for the definition),
the method yields an absolute upper bound on Ly, (see also [I7, Theorem 11.5.6]).

3.1 The method of Klartag and Kozma

Outline of the strategy

Let D be a convex body in R™. Our starting point is the fact that (recall the general definition of the
isotropic constant Lp),

1
1 lnDQ/"L2<7/ 2 dz.
(3 ) Vo ( ) nitp VOln(D) D||.’13||2d.%‘

Using for D := Ky, to prove that Ky has a bounded isotropic constant, with probability tending
to 1, it suffices to give appropriate lower and upper bounds for vol,(Ky) and E| - |3 on K respectively.
Since the problem is affinely invariant, we can assume that K is an isotropic convex body. The lower bound
on vol, (K ) will be the one established in our study of the asymptotic shape of Ky, stated in Theorem
(a). The method that we will follow to provide an upper bound for E| - ||3 is the following: We first
reduce the problem on bounding E|| - |2 on the facets F' of Ky (this is done in Lemma below). Next,
in Proposition we treat each facet F' = conv{ys,...,y,} seperately, providing an upper bound in terms
of max., —+1||e1y1 + ... + €n¥Ynl2. This leads us to try to bound the sum of the random variables (g;y;, ),
i=1,...,n, for every § € S"1.

This is achieved using Bernstein’s inequality. To treat the general case, as well as obtain an absolute
bound for a wide class of probability measures in R", we first give the definition of the ¢, norm and -
directions in convex bodies. The property that every § € S*~1 is a 1,-direction for K (or, as we say, that
K is a 1,-body) for some o > 1 is equivalent to a certain assumption on the probability distribution pg. In
particular, Bernstein’s inequality yields improved bounds on the probability estimate for the boundedness
of a sum of ¥y random variables than in the v, case. The result is that one can give an absolute bound
for Lk, if the vertices are chosen uniformly and independently from a 1»-body K. A weaker bound for the
general (that is, 11) case is also discussed.
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Reduction to the facets

We denote by F(K ) the family of facets of K. Note that, with probability equal to one, all the facets of
Ky are simplices. Moreover, if F' = conv{yi,...,y,} is a facet of Ky, then y; = ¢;2;, with i; # iy for all
1 < j # k < n, since the points x; and —x; cannot lie in the same facet.

The reduction of the problem on estimating the mean value of ||x]|3 on the facets of Ky is done in the
following Lemma.

Lemma 3.1. Let Fy,..., Fyy be the facets of K. Then
1 9 n
L de < " d
vol, (K n) /KN ]z dz < n+ 2 1958M voln 1( / el

Proof. Note that any x € Ky can be written in the form x = d—u for some u € Fy € F(Kn), t € [0,ds],
where ds := d(o, Fy) is the euclidean distance from the origin o to the affine subspace determined by F.
Using this change of variables, we write

1 5 tn 1
—_— dr = dtd
vol,,(K) /KN lell> vol Z/ / !
] Mo .
— tn+1 dt / 2d >
vol, (K) ;d?“ </0 ) ( p, 2

M
1 d(o, Fy) 9
= E d
vol, (Kn) = n+2 /F il du

Combining the above with the general formula for the volume of a polytope

vol, (Ky) = ZdoF )vol,_1(Fs)

s=1

we get the assertion of the lemma. O

Next, we bound the average 2-norm on the facets of Ky as follows.

Proposition 3.2. Let F = conv{yi,...,yn} for some y1,...,y, € R™. Then
1 9 2
EOK T du < ——— £ ot Enynll3
voln,l(F)/F”“”2 S amr) 2 flewys + -+ enynlly

Denote A"~ ! := conv{es,...,e,}. We will use the following fact for the (n — 1)-simplex A"~1. We include
its elementary proof for completeness.

Lemma 3.3. Let u = (u1,...,uy,) be a random vector uniformly distributed in A"~*. Then for any i,j =
1,...,n,
1 1+ 05
- - s du = 73’
vol,, (A1) /Anq Y= L+ 1)

where d;; is the Kronecker delta.

Proof. Recall that vol, 1 (A" 1) =

(ni1)!~ Assume that j; = jo = 1. Then

@ o [
—_—_— uidu=(n—1)! u dus ... du, | du
VOln_l(Anil) An—1 ! ( ) 0 ! ZJ S U Sl—uy '

=(n—-1)! /01 t2(1 — )" 2vol,_o (A" 2) dt

~(n—=1)'2I(n—1) 2
C (n=2!T(n+2) nn+1)
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If on the other hand j; # jo, assume without loss of generality that j; =1, jo = 2 and write

1 1 1—uq
Vol, (A1) du = (n —1)! dus ... duy, | dusd
vol—1 (A1) /A"—l watig e = (n ) / / R </Z;l 5 U Sl—ui—us UB ! ) e

1—t
/ / s(1—t—s)"3vol,_3(A"3) dsdt

<n—3>!’<n—2><n—1> (1) <n+1>

proving the claim. O

Proof of Proposition[3.4 If, j = 1,...,n, y; = (Y1, - -, Yjn), consider the matrix T' = (T;;) with T}; = y;;,
so that F' = T(A"~1). Assume that detT # 0 (since P(detT = 0) = 0). Then

1 9 1 / 9
_— ul|5 du = ul|5 du
VOln_l(F) /F || ||2 VOln_l(T(Anfl)) T(an-1) H ||2

1
R — Tul)3d
VOln_l(A"_l) /An—l ” ’LL||2 Y
2

= A” — /An 12 Zyﬂuj du.

i=1 \j=1
Note that, for every : =1,...,n,
2
n n
Zyjiuj YjiYkil; Uk,
j j=1k=1
so applying Lemma [3.3] we get
2
1 n n n 1
_— sug | du= _ w;ug du
wm 2 vt 22 v (1 G Jy )
=t :1yjzykz TL(TL + 1)
1 n n
= —"— YjiYki T Z Yji
nin+1) ==
2
1 n n
L R
j=1 j=1
Ultimately, we have that
2
1 1 n n n
3.2 _ 2du= ——— i 2
( ) VOlnfl(F)/pHu”2 u n(n+1) Z Zy.]l +Zy]z
=1 Jj=1 Jj=1
Finally note that
n n 2
Z Ziji :‘|y1+~-~+yn”§7
i=1 \j=1
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while, by the parallelogram law,

2

n n n n
S s | =Ave,—a Y D eiuii | = Avee,—sallergn + -+ nvall
i=1 \j=1

i=1 \j=1

and so we bound the sum on the left hand side of (3.2) by 2max.,—+1 [|[e1y1 +... + €n¥Ynl|3, which completes
the proof. O]

Combining the statements of Lemma and Proposition we have so far proved thatﬁ

1 2 )
max |e1x;, + ...+ eni,

3.3 _ 2dr < ————— ’
(3:3) vol, (Kn) /KN Iz d (n+1)(n+2) {il,...,nilf}xg[QN]E_j::tl 2

and this is true for any isotropic convex body K. Next we will use Bernstein’s inequality to bound the right
hand side above. As we will see, we can get a better estimate if some extra assumptions are made for K
(actually the underlying probability measure pig ).

1, random variables and directions in convex bodies

Given a random variable f :  — R on a probability space (2,4, i) and some « > 1, recall the definition of

the Orlicz norm,
11 3= U lvey = int {20+ [ oxo (1)) i) <2}
Q

The cases o € {1,2} in the above definition are of particular interest: It is known that f € L¥2(u) if and
only if, for any t > 0,
2
P(f| > 1) <277,
where b is a constant multiple of || f||y,. This means that the tail decay of f is roughly similar to that
of a standard Gaussian random variable, and explains the terminology subgaussian random variables, used
normally to refer to the class L¥2(u). Examples of 1, random variables include Gaussian, Bernoulli, and

also any bounded random variable on R".
Similarly, the class L¥1(u) coincides with the random variables f : R* — R for which

P(|f| > t) <2«

for any ¢ > 0, where a can be taken a constant multiple of || f||,,. Here we have a “slower” (sub-exponential)
tail decay, so i1 random variables are often called subexponential.

We will use the following Bernstein type inequalities for sums of random variables that satisfy either the
11 or the ¥y condition.

Theorem 3.4 (Bernstein’s inequality). Let fi,..., fi be independent random variables with E(f;) = 0 for
every 1 < j < k, defined on some probability space (Q, ).

(a) If there is a constant A > 0 such that maxigi<k || fillw, < A, then

k 2
. [tk tk
P jEZIfj >tk | <2exp <—cm1n{AQ,A})

for every t > 0.

“For brevity, notation is slightly abused here, relabelling {1, ...,zon} = {£z1,...,£zN}.
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(b) If there is a constant B > 0 such that maxi<i<k || fillw, < B, then

u 2k
P ij >tk ngXp(—SBQ)

j=1
for every t > 0.
Let us draw our attention to the class of probability measures associated to convex bodies in R™. We
give the following definition.

Definition 3.5. Let u be a log—concaVGEI probability measure on R™ and o > 1. We say that a direction
0 € S"1is a v, -direction for u if there is a constant b, > 0, depending only on «, such that

1€ O e < Dall(: 0)]]2-
Moreover, we say that u is a 1,-measure if there is a constant B, > 0, depending only on «, such that

-0
wp 1Ol

pesn— 10,02

In particular, if K is a centered convex body of volume 1 in R™, we say that K is a ¥,-body if ugx is a
Po-measure.

In the above setting where f = (-,0), § € S*~1, the Orlicz norm has the following equivalent description.

Lemma 3.6. Let K be a centered convex body of volume 1 in R™. Then for every § € S*1,

1€ O lq

e xsup{l/a ta<qg< max{n,a}}.
q

I 001

A proof that the same estimate holds for a general f, but with the supremum on the right hand side
taken over all ¢ > « can be found in [I7, Lemma 2.4.2]. The fact that for f = (-,6) one can restrict the
choices of ¢ up to max{n, a} is due to the result ||{-, )|, < max{hg(0), hx(—8)} of Paouris stated in Lemma
1.26] (c).

It is easy to see that every isotropic convex body is a ¥;-body: Using Lemma |3.6] and the reverse Holder
inequalities of Corollary it is clear that

0
128y = sup <q>” <0

1<g<sn

for some absolute constant C' > 0. On the other hand, the 1, behaviour of the directions § € S"~! for a
convex body K is a much more delicate matter: It is known that every 1, body has a bounded isotropic
constant, and the known bounds on Ly are actually based on estimates on the 2 norm of (-, 6). However
one can not expect that an arbitrary K is a 1o-body: It is actually an open problem whether any convex
body K has at least one vs-direction. We record the explicit connection of Ly to the v, constant of a
convex body K, proved by of Klartag and E. Milman in [44].

Theorem 3.7. Let K be an isotropic conver body in R™. If K is a 1, body with constant B, for some
€ [1,2], then
LK < CBg/Qn(Q_a)/47

where C' > 0 is an absolute constant.

5 Actually the definition makes sense for any probability measure on R™ that is absolutely continuous with respect
to the Lebesgue measure.
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Bounding the isotropic constant

We will now treat the case that K is assumed to be a 13-body. As we shall see, in this case Lx, < C for
some absolute constant C' > 0. Remember that we need to bound the right hand side of (3.3). This is done
using Theorem for the functions f; = (g;y;,0).

Proposition 3.8. Let K be an isotropic convex body in R"™. Moreover, assume that ||{-,8)|ly, < bLk for
some absolute constant b > 0. Then with probability greater than 1 — exp(—cnlog(2N/n)) for some absolute
constant ¢ > 0,

srfl:afl llerzs, + ... + enai, ||l2 < CbLgn+/log(2N/n)

for every {xi,, ..., x;, } C{Ex1,..., LN}, where C > 0 is an absolute constant.

Proof. Fix some § € S*~1, some {y1,...,yn} C {£x1,...,+2N}, and a choice of €1,...,&, € {—1,1}. We
apply Theorem (b) for the random variables f;(y1,...,yn) = (€jy;,0) in Q@ = K™ We check that Ef; =0
for every j, since K is centered, and by assumption, || f;|4, < bLx. Then for every a > 0 we have

(3.4) P([(c1y1 + - - - + €nn, 0)] > abLgn) < 2exp(—cia’n)
for some absolute constant ¢ > 0. Using a union bound over all € = (e1,...,e,) € {—1,1}", we see that
P(3e e {-1,1}": [(e1ys + ... + Enln, 0)| > abLgn) < 2" exp(—cia®n) < exp((n +1)log?2 — cia’n),

so if @ > 0 is such that a2 > 213—1“52 we have that

P(3e € {-1,1}": [{e1y1 + - .. + €n¥n, 0)] > abLgn) < exp(—coa’n)

for some absolute constant ¢y > 0.
Now let A be a %—net in "1 with [NV < 5. Using once more the union bound as before, we can see
that

P30 € N,3e e {-1,1}": (141 + .. + €n¥Yn, 0)| > abLgn) < exp(—cza’n)

for some absolute constant cz > 0, if we choose a > 0 such that a? > . By a standard approximation

argument, any § € S"~! can be written in the form 6 = Z;’il 0,0 for some (Hj);";l CNand0<4; < 2-(-1)
for every j € N. Now

2logh
ca

P30 €5 3ee {(~1,1}" : |[(e1ys + ... + €nYn, 0)| > 2abLgn)

=P|3I0ecsSIeec{-1,1}": Zéj<51y1+...+5nyn70j> > 2abLgn

Jj=1

<P(30es5" ™ Iee{-11}": ) &lleryr + ... +enyn, 0;)| > 2abLgn
j=1

<P(30; e N,3e € {—1,1}" : |[{e11 + - .. + €nYn, 0;)| > abLgn)
<

exp(—c3a’n).
Up to this point, we have proved that if a is greater than an appropriate absolute constant, then
[{e1y1 + ... + enyn, 0)| < abLgn
for every € = (g1,...,6,) € {—1,1}" and for every € S"~!, and thus

max [le1y1 + ... + enynll2 < abLgn
Ej::tl
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holds with probability greater than 1 — exp(—cza®n), for given {y1,...,yn} C {£x1,...,+oN}.
It remains to take a union bound over all the n-tuplets of {+z1,...,+xx}. We have

P U max, llerwi, + ... +enmi, |l2 > abLgn
{i1rmrin}C2N]

/N

2N
< >IP’ (max llerxi, + ...+ enxi, |2 > abLKn>
n Ej:il

2eN\"
< (6 ) exp(—cza’n).
n

This is the very point that we need to choose a = C'y/log(2N/n) for some large enough absolute constant
C > 0, so that the resulting probability can be made less than exp(—cynlog(2N/n)). O

We can now prove the desired result. We will use the fact that if K is a 12-body, then it has a bounded
isotropic constant.

Theorem 3.9. Let K be an isotropic convez body in R™, which is a ¥2-body with constant b > 0, and some
n <N <e”. Then we have
Li, < Cb,

with probability greater than 1 — e~ ", for some absolute constants C,c > 0.

Proof. Recall that

1
voln(KN)2/nnL§<N < (KD ) /K Hx||§dw
n N

Combining (3.3) with the statement of Proposition we have
vol,, (Kn)?/"nL3 < Cob*L% log(2N/n),

with probability greater than 1 — e~¢*1°8(N/?) = On the other hand, note that Theorem actually gives us
two lower bounds on Voln(KN)l/": Ifn<NK eﬁ, we have

vol,,

log(2N/n

with probability greater than 1 — e=VN_ This gives
L%(N g C3b23

and this holds with probability greater than 1 — e~ (the fact that the lower bound for vol, (K )™ holds
with this probability follows from if N > n? and from the results of Pivovarov [59] for smaller values of
N).
In the regime evn < N < e”, we only have

log(2N/n)

vol, (Ky)¥/m > =2
n

so that L%N < C3b%L3. However, since K is a 19 body, Theorem still guarantees that L%(N <Oyt O

Now let K be any isotropic convex body in R™. Since generally we only know that ||(-,0)||y, < c¢Lk for
every § € S" !, we can repeat the steps of the proof of Proposition but application of the Bernstein
inequality for ¢; random variables would give the weaker bound exp(—can) on the wanted probability. This

35



causes no harm for the biggest part of the proof, since we can still get that for any fixed y1,...,yn, €
{:l:iL'l7 ey ZE.TN},
... <cL
A, lletyr + ..., +enynll2 < cLian

holds with probability greater than 1 —exp(—can), choosing a larger than an appropriate absolute constant.
However, in the last step where we take the union bound over all n-tuplets of 2N, we now need to choose
a > c3 ' log(2eN/n) (instead of \/log(2eN/n)) to keep the resulting probability estimate less than e=". The

cost is an extra /log(2N/n) factor in the final estimate for Ly, .

Proposition 3.10. Letn < N < e\/ﬁ, and K be an isotropic convex body in R™. Then we have

Lg, < Cy/log(2N/n),

with probability greater than 1 — e~<", for some absolute constants C,c > 0. In the case that eV™ < N < e”

we only have the weaker bound
LKN § C\/ log(QN/n)LK

Proof. By the discussion above, in the general case we have that

vol, (Kn)?/"nlL3 < CL% log(2N/n)?

with probability greater than 1 —e—¢"1°8(2N/7) " The known lower bounds on vol, (K N)l/ ™ give us the stated

results. O
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