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Abstract

A question related to some conjectures of Lutwak about the affine quermassintegrals of a convex
body K in R" asks whether for every convex body K in R" and all 1 < k < n

L
kn

Dy (K) = voln(K)7% </G vol, (Pr(K))™" dynyk(F)> < ev/n/k,

where ¢ > 0 is an absolute constant. We provide an affirmative answer for some broad classes of random
polytopes. We also discuss upper bounds for ®)(K) when K = B, the unit ball of /7, and explain
how this special instance has implications for the case of a general unconditional convex body K.

1 Introduction

The affine quermassintegrals of a convex body K in R™ were introduced by Lutwak in [24]: they are defined
by

—1/n
() = </ VOlk(PF(K))"an,k(F)>
WE Gn,k
for 1 < k < n—1, where v, is the Haar probability measure on the Grassmannian G, j of all k-dimensional
subspaces of R™ and wy, is the volume of the Euclidean unit ball B in R¥. In what follows, we will also
adopt the notational convention ®4(K) = vol,(K) and ®,(K) = w,. Grinberg proved in [I8] that these
quantities are invariant under volume preserving affine transformations. Lutwak conjectured in [25] that the
affine quermassintegrals satisfy the inequalities

(1.1) Wi @ (K)* < wp @ (K

for all 0 < k& < j < n, with equality when k£ < j if and only if K is an ellipsoid, and, in particular for j = n,
that

n—k

(1.2) wp™ vol, (K)

3=

for all 0 < k < n with equality if and only if K is an ellipsoid (see [I5, Chapter 9] for related conjectures
about dual affine quermassintegrals and references).

The following variant of the quantity ®,,_; was considered by Dafnis and Paouris in [I4]: We define, for
every convex body K in R™ and every 1 < k < n, the normalized k-th affine quermassintegral of K by

L
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Dy (K) = vol, (K)~n < /G voly, (Pr(K))™" dyn,k(F)>
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Note that ®p,(K) = vol,(K)~

restated as

b, (K )%, so the conjectured inequality (1.2) can be equivalently

(1.3) Dy (K) = Ppiy(Bz)-



When k£ = 1 the above inequality follows by the Blaschke-Santalé inequality, which states that the volume
product of a convex body K with center of mass at the origin and its polar K° is maximal if K is an ellipsoid:

(1.4) vol,, (K) - vol, (K°) < w?.

In the case k = n — 1, note that
1
_1 (vol,(I*K)\  »&-D
By 1y (K) = vol, (K) (L)) |

where IT* K is the polar projection body of K (this is the polar of the convex body IIK, defined by hrx(0) =
vol,,_1(Py. K) for every § € S"~1). Then (1.3)) follows by the Petty projection inequality [33]:

Wn—1

(1.5) vol, (K)"vol, (I K) < ( n )n

The authors in [I4] studied an isomorphic variant of Lutwak’s conjecture; they ask if there exist absolute
constants ¢y, ce > 0 such that for every convex body K in R™ and any 1 < k < n — 1,

(1.6) civn/k < @py(K) < ea/n/k

(recall that w,i/ ¥ is of the order of k~1/ 2). Note that in the case k = 1, follows by the Blaschke-Santal6
and the reverse Santal6 inequality of Bourgain and Milman [8], while in the case k = n — 1 the conjectured
rate of growth for ®(,_1j(K) is again true, by the Petty projection inequality and its reverse, proved by
Zhang [37].

The left hand side of was proved by Paouris and Pivovarov in [32]; it confirms in an isomorphic
sense.

Theorem 1.1 (Paouris-Pivovarov). Let K be a convez body in R™ and 1 < k < n. Then,

The proof of Theorem relies on a duality argument, that employs the Blaschke Santalé inequality
(1.4) as well as its reverse, combined with an isoperimetric-type inequality on moments of sections of a
convex body proved by Grinberg [I8], according to which

1
*r 1/k
Wt

(1.8) Vol (K)~* ( /G voly (K N F)" dz/mk(F)) < Y

N 1/nc
wn/

The main question that we discuss in this note is related to the upper bound in . An almost optimal
estimate (up to a logn-term) was given by Dafnis and Paouris in [I4]. Let us briefly recall their argument:
The Aleksandrov inequalities (see [I0, Sections 20.1-20.2] and [35, Section 6.4]) imply that if K is a convex
body in R™ then the sequence

1/k
(1.9) Qu(K) = (1 /G vo1k(PF(K))dun,k(F)>

Wk

is decreasing in k. In particular, for any 1 < k < n — 1 we have Qr(K) < Q1(K), which may be written in
the equivalent form

(1.10) (/G volk(PF(K))dyn)k(F)> < w(K),



where w(K) is the mean width of K. Then, by Hélder’s inequality,

_ L L
kn k

</ volg (Pr(K))™" dyn’k(F)> < (/ volg (Pr(K)) dymk(F)) < w;/kw(K).
G,k Gn,k

Since the term on the left hand side of this inequality is invariant under volume preserving affine trans-
formations, we may assume that K has minimal mean width, and it is known that in this case we have
w(K) < ey/nlognvol,(K)Y™ for some absolute constant ¢ > 0 (see [I, Chapter 6]). Combining the above

with the fact that w,i/k is of the order of 1/Vk, we get

(1.11) @ (K) < c2v/n/klogn.

It was also shown in [14] that
D (K) < c3(n/k)*2\/log (en/k).

In other words, if k is proportional to n then the upper bound for ®(; (k) is of the order of 1. The main
question that remains open is whether the log n-term in can actually be dropped.

In this note we study this question for some broad classes of random polytopes. First, we provide an
affirmative answer to the problem for the class of symmetric random polytopes with at most eV” vertices
uniformly distributed on a convex body. By the affine invariance of the problem, we may concentrate on
the isotropic case. Let N > n and x1,...,xy be independent random vectors chosen uniformly from an
isotropic convex body K in R™ (that is, with respect to the normalized Lebesgue measure on K). Consider
the symmetric random polytope

Ky :=conv{tzy,..., TN}

Theorem 1.2. Let K be an isotropic conver body in R, 1 <k <n and n® < N < eV™. Ifxq,...,xNn are
independent random vectors chosen uniformly from K, then

(I)[k] (Kn) < ey/n/k
for some absolute constant ¢ > 0, with probability greater than 1 — %

Next, we consider the case of the cone probability measure px on the boundary 9(K) of a convex body
K, which is defined by
vol,({rz:x € B,0 <r<1})

vol, (K)

for all Borel subsets B of 9(K). For any N > n we consider independent random points x1, . . ., x5 distributed
according to px and the random polytope My = conv{+tz,...,+xx}. We provide a description of the
“asymptotic shape” of My which is parallel to the available description for Kp; this can be done with
suitable modifications of the theory developed in [I2] and [I3]. This allows us to prove the analogue of
Theorem [[.2] for this model too.

px(B) =

Theorem 1.3. Let K be an isotropic convex body in R, 1 <k <n and n®> < N <eV". If xq,...,xN are
independent random vectors with distribution pg, then

‘I)[k](MN) g Cy\/ n/k:
for some absolute constant ¢ > 0, with probability greater than 1 — ﬁ

We also study a different model of random polytopes. Given 3 > —1, let vz be the probability measure

supported on BY, with density p, s(z) = cn 5(1 — ||2|3)?, where ¢, 5 := ﬂ_n/2%. Fix N > n, and

let xq,...,zy be random vectors, chosen independently according to the measure vg. The beta polytope in
R™ (with parameter ) is the random polytope

Pf,’n :=conv{zy,...,xN}.



Theorem 1.4. Let 8 > —1 and x1,...,xN be independent random points in R™, distributed according to
ntl
vg. If k > log (n (1 + log (4 B+ 5+ 1))) and N > c€+ 2, where cg > 0 is an absolute constant, then

Opyy (PN,) < ev/n/k
with probability greater than 1 — e™%, where ¢ > 0 is an absolute constant.

In the last part of this note we study the quantities ®p;(K) for the class of unconditional convex bodies
K. The emphasis is drawn on the case K = BY, since by known results of Bobkov and Nazarov (see Section
@ one can show that if K is an unconditional convex body in R™, then, for every 1 < k < n,

Py (K) < c®ppy(BY)

where ¢ > 0 is an absolute constant. Therefore, we only need to prove the following result for the case
K = B7}.

Theorem 1.5. Let K be an unconditional convex body in R™. Then, for any logn < k < n,

(1.12) Qp(K) < ev/n/k - /1 +log(n/k),
where ¢ > 0 is an absolute constant.
More generally, for any p # 0 one may consider the quantity

1
kp

Wikp (K) = Voln(K)_% (/G volg (Pr(K))P dun,k(F)>

n,k

and study its behavior with respect to p, n and k in the case where K is a convex body in R™ (note
that ®p,(K) = Wi _yy). In the unconditional case, studying the case K = B} and using the fact that
Wik, —p) (K) < Wiy, _p) (BY) for all p, we provide bounds for the “minimal value” of p for which Wy, _,(K) <
cy/n/k.

Theorem 1.6. Let K be an unconditional convex body in R™. Then, for any 1 < k < n and any p >
c1(n — k)logn we have

(1.13) W[k,—p] (K) < cav/n/k,

where c1,co > 0 are absolute constants.

2 Notation and background on isotropic convex bodies

We work in R™, which is equipped with a Euclidean structure (-, -). We denote by BY and S"~! the Euclidean
unit ball and sphere in R™ respectively. We write o for the normalized rotationally invariant probability
measure on S"~! and v for the Haar probability measure on the orthogonal group O(n). Let G, denote
the Grassmannian of all k-dimensional subspaces of R™. Then, O(n) equips Gy with a Haar probability
measure v, . We write vol, for k-dimensional volume and ||z||2 for the Euclidean norm of x. The letters
¢, e1,co ete. denote absolute positive constants which may change from line to line. Since usually the
exact numerical values of such absolute constants are not relevant, we further relax our notation: a < b will
then mean “a < cb for some (suitable) absolute constant ¢ > 07, and a =< b will stand for “a SbAa 2.

We refer to the book of Schneider [35] for basic facts from the Brunn-Minkowski theory and to the book
of Artstein-Avidan, Giannopoulos and V. Milman [I] for basic facts from asymptotic convex geometry.

A convex body in R™ is a compact convex subset K of R™ with non-empty interior. We say that K is
symmetric if z € K implies that —x € K, and that K is centered if its barycenter is at the origin. The polar



body of K is denoted by K°. The volume radius of K is the quantity vrad(K) = (vol,(K)/vol,(By))'/™.
Every convex body can be naturally associated to a probability measure A\ on R", given by the normalized
Lebesgue measure

vol, (AN K)

vol,(K)

for every measurable subset of R™. We call Ax the uniform probability measure on K.

The support function hg : R™ — R of K is defined by hx (§) = max,cx(z,§). The circumradius R(K) is
the radius of the smallest Euclidean ball enclosing K, that is R(K) := min{r > 0: K C rBZ}. Equivalently,
R(K) = max¢cgn-1 hg (§). The inradius r(K) of K is the radius of the largest Euclidean ball that lies inside
K,ie. r(K):=max{r >0:7By C K}. As with R(K), one can check that 7(K) = mingcgn-1 hx(§). The
mean width of K is the average

)\K(A) =

w(E) = [ (€ doto)

More generally one can define, for any ¢ € [-n,n], ¢ # 0,

w)= ([ hx@wcf(s))l/q.

These quantities are usually referred to as the mixed widths of K.
A convex body K in R” is called isotropic if it has volume 1, it is centered, and its inertia matrix is a
multiple of the identity matrix: there exists a constant L > 0 such that

/K (2,€)de = L%

for every ¢ in the Euclidean unit sphere S™~!. The hyperplane conjecture asks if there exists an absolute
constant C' > 0 such that
L, := max{Lg : K is isotropic in R"} < C

for all n > 1. Bourgain proved in [7] that L,, < ¢y/nlogn, while Klartag [22] obtained the bound L,, < c/n.
In the sequel we will need a number of notions introduced (and results proved by a series of authors) in
works closely related to the above problem. We refer the reader to the book of Brazitikos, Giannopoulos,
Valettas and Vritsiou [9] for an updated exposition of the theory of isotropic convex bodies (and log-concave
measures) and more information on the hyperplane conjecture.

The L,-centroid bodies were introduced, under a different normalization, by Lutwak and Zhang in [20],
and studied by Lutwak, Yang and Zhang in [27]. Paouris was the first to exploit their properties from an
asymptotic point of view. We shall use his notation and normalization: If K is a convex body in R™ with
vol, (K) =1, for any ¢ > 1 we define the L,-centroid body of K, denoted Z,(K), via its support function

q
hz,x) (&) = 1)L, rx) = (/ |(z, &) |qda7> , fesnh

For ¢ = 400, we define Zo(K) := conv{K,—K}. Some basic properties of this family of bodies are listed
below:

(a) If K is isotropic, then Z5(K) = Lk BY.

(b) Forall 1 < p < g <ooand&eS" ! wehave [|(-,€)| apng) < e 2¢O e (ak), and hence Z,(K) €
Z4(K) € c11Z,(K), where ¢1 > 0 is an absolute constant.

(c) If K is centered, then Z,(K) D c2Z(K), for every g > n, where co > 0 is an absolute constant.



The assertion (a) above is straightforward by the definition of Z5(K'), while (b) is a consequence of reverse
Holder inequalities for seminorms that hold due to Borell’s Lemma [6], see also [0, Lemma 2.4.5 and Theorem
2.4.6]. Fact (c) was first observed by Paouris [29], see also [9, Lemma 3.2.8].

The volume of the L,-centroid bodies is an important question, which is not yet completely understood.
We collect the known estimates in the next theorem.

Theorem 2.1. Let K be an isotropic convex body in R™.

(a) Lutwak, Yang and Zhang have proved in [27] that, for every 1 < ¢ < n,

(2.1) Vol (Zy(K))Y™ 2 a/n.

(b) Klartag and E. Milman have proved in [23] that if ¢ < \/n then the estimate of (a) above can be
strengthened to

(2.2) vol, (Z,(K)Y™ > \/q/nLk.
(c) On the other hand, Paouris has proved in [30] that the estimate
(2.3) vol, (Zy(K))Y™ < \/a/nLk
holds for every 1 < g < n.

For any isotropic convex body K in R™ and any ¢ # 0, ¢ > —n, we define

L= ([ ||:c|gdx)l/q.

Note that I5(K) = /nLg, since K is isotropic. A direct computation (see [9, Lemma 3.2.16]) shows that

1/q
(24) ) = val ([ [ e grdsa©) = Vil @)
A similar identity also holds for negative values of ¢; for every 1 < g < n,

(2.5) w_q(Z4(K)) =< mf—q(K)-

This was proved in [31], see also [9, Theorem 5.3.16].
An important result of Paouris (see [30] and [31]) states that the quantities I,(K) remain constant, of
the order of \/nLg, as long as 1 < |¢| < +/n.

Theorem 2.2 (Paouris). Let K be an isotropic convex body in R™. Then
I_(K)=I,(K)=+nLg,
for every 1 < g < y/n.

Theorem implies a very useful large deviation estimate (see [30]) as well as a strong small-ball type
inequality (see [31]]) for isotropic convex bodies.

Theorem 2.3 (Paouris). If K is isotropic in R™, then

vol,({z € K : ||z||2 > c1itv/nLk}) < e~ tvn
for everyt > 1 and
(2.6) vol,({z € K : ||z]|2 < ev/nLg}) <e2V™

for every 0 < € < gg, where €qg, ¢y, co > 0 are absolute constants.



Remark 2.4. A useful application of Theorem is the next estimate for the mean width of Z,(K), when
q < 4/n. If K is an isotropic convex body in R™ then, for every 1 < g < /n,

(2.7) w(Zy(K)) < \/qLk-.
This estimate is a standard consequence of the results of Paouris in [30]: note that
wq(Z4(K)) = v/ q/nly(K) =< v/ q/nlx(K) = /LK.

Since w(Z,(K)) < wq(Z4(K)), by Hélder’s inequality, we see that w(Z,(K)) < \/qLk. For the reverse
inequality we use the estimate on the volume of Z,(K) (Theorem [2.1] (b)), and Urysohn’s inequality to write

vo. 1/n
w(Z,(K)) > (”Z‘K”) > ivalnLx.

Wn

3 Random convex hulls in isotropic convex bodies

Let N > n and z1,...,zyx be independent random vectors chosen uniformly from an isotropic convex body
K in R™. Consider the symmetric random polytope

Ky = conv{£zy,...,+an}.

The next two facts were proved in [I2] and [I6, Lemma 3.1]:

(P1) There exist absolute constants «, ¢y, c2,c3 > 0 such that if N > an and ¢ < ¢ log(N/n) then the
inclusion

(3.1) Ky =conv({£z1,...,2zn}) D c2Zy(K)
holds with probability greater than 1 — e~esVN,

(P2) For any g > log N and t > 1, the inequality

(3.2) w(Ky) < estw(Zy(K))

holds with probability greater than 1 —¢~9.

Combining these basic asymptotic properties of a random Ky with the results of the previous section we
get:

Theorem 3.1 (Dafnis-Giannopoulos-Tsolomitis). Let n, N € N, and K be an isotropic convez body in R™.
(a) If n <N < ev™, then
(3.3) vol,, (Kn)Y™ > \/log(2N/n) /nLy

with probability greater than 1 — exp(—cx/ﬁ) for some absolute constant ¢ > 0.

(b) If n <N < ev™, then for every 1 < k < n we have

VI0g(2N/n) Lk < Qr(Kn) < w(Ky) < /log NLg

with probability greater than 1 — %



For a proof of all these assertions see [12], [I3], and also [9, Chapter 11]. Moreover, in the range
n <N < eV™, one can further check that an upper bound of the order \/log NLg holds for the volume
radius of a random k-dimensional projection of a random K (see [I3] Fact 4.6]). Starting from the inequality

1/k
Qu(Kn) = <1 /G Volk(PF(KN))dun,k(F)> < log NLx

W
and applying Markov’s inequality, we get:

Lemma 3.2. [fn S N < eV™ then with probability greater than 1 — % the random polytope K satisfies the
following: for every 1 <k <n andt>1,

(3.4) Vnk({F € G : (M)W < clt\/@LK}) >1-t".

Wik
These estimates suffice for a proof of Theorem [1.2

Proof of Theorem[I.4 From Theorem [3.I] and Lemma [3.2] we know that with probability greater than 1 —

% — e’c\/ﬁ, the random polytope Ky satisfies the volume bound

(3.5) vol, (Kn)Y™ > \/log(2N/n) /nLx

1/k
and also v, x(A) > 1 — 2% where A = {F €Gni: (M> < 2c14/log NLK}. Therefore,

Wk

/ voly(Pr(Kx)) " dvm(F) > / voly(Pr(Kx))~" dvmx(F)
G,k A

> (1-27%)(2¢11/1og Nw;/kLK)_k”
> (4c1+/log Nw,i/kLK)_k".

It follows that, with probability greater than 1 — %, we have that for every 1 < k < n,

L
kn

>0 (/G V°1k<PF<KN>>”dun,k<F>) < ca/log Nl L.

Combining with (3.5) we write

Oppy(Kn) = vol, (Kn)™n ( /G voly (Pp(Kn))™" an,k(F)>

n,k
log N
< YoeN_ Vi < auT,
V1og(N/n) w, /
since w_ Y% = V& and log N < 2log(N/n) (because N > n?). O
k g g

4 Random polytopes with vertices on convex surfaces

We assume that K is an isotropic convex body in R™. Recall that the cone probability measure @ x on the
boundary 9(K) of K is defined by

vol,({rz:x € B,0<r<1})
vol, (K)

i (B) =



for all Borel subsets B of 9(K). For any N > n we consider independent random points z1, . ..,z distributed
according to px and the random polytope My = conv{£zy,...,+xy}. We can describe the asymptotic
shape of My with some modifications of the approach of [I2]. We start with the next inclusion lemma.

Lemma 4.1. There exist absolute constants «, cy,ca,c3 > 0 such that if N > an and g < ¢1log(N/n) then
the inclusion

(4.1) My = conv({£x1,...,2zn}) D c2Zy(K)

holds with probability greater than 1 — e—esVN,

Proof. We sketch the argument from [19]. Consider N independent random points yi,...,yny with distri-
bution A\g. We define N points x1,...,xxy € O(K) as follows: if y; # 0 for all 1 < ¢ < N then we set
x; = yi/||yill k- In all other cases we choose x1 = - -+ = 2y = u, where u is an arbitrary point in 9(K). Note
that for every Borel subset B of 9(K) we have

Mc({y € K :y/llyllx € B}) = px(B),

which means that the independent random points z1, ...,z are distributed according to the cone measure
wr. Therefore, the distribution of conv{+tzy,...,£xy} is exactly the same as the distribution of My.
Moreover, we have

conv{:t I ey yiN}Qconv{:I:yl,...,:I:yN}:KN
2l 5 lyw I
with probability 1. Then, the lemma follows from (P1). O

Lemma 4.2. If n <N < eV” and gy = 21og(2N), then the inequality

(4.2) w(My) S Wy (Zao(K)) = /log NLc

1

holds with probability greater than 1 — 7= .

Proof. Let £ € S~ 1. If X is a random vector distributed according to px then, for any ¢ > 1 we have

P((X,E)] = () laqur)) <%
by Markov’s inequality. Therefore,

(43) Pt (€) > thznur0) = P (a5 €1 3 1 Dl ) < N0,

Using the identity
f(x)dz = nvol,(K) / rnt / flrz)dugk () dr
R» 0 A(K)

which holds for every integrable function f : R™ — R (see [28, Proposition 1]) one can check that

J e = 2 [ g )

for every ¢ > 0; the computation can be found in [34, Lemma 3.2]. Equivalently, we may write

n
n—+q

(4.4) 1%y = Paza( ()

Since My C R(K)B3 C conLg By and Z,(K) D Z3(K) =< Lk Bjy, we have

hary (§) < einhz,x)(€) < el () |l La(ux)



for every £ € S"~!. Therefore,

M ! o — ar qflJ n—1 . .
/sw(|<-,§>||m(m) e / at” "o ({6 € 5" han (€) > 1 llzau ) .

Taking expectations and using (4.3)) we get, for every a > 1,

q cin
E / % do(€) | < al+ / Gt Nt dt = ¥ + gN log (@) .
gn—1 ||<.’€>||Lq(ILK) « (%

Note that the choice g := 21og(2N) implies e? = (2N)? > goN log (%), so applying the above for a@ = 2e

we get
hMN (§)q0 q0
E ——L2r <,
(/Snl ||<7€>| %OQO(H,K) 0'(5)) Cy

where c; > 0 is an absolute constant. Then by Markov’s inequality we get that

hMN (g)qa - coe )20
(4.5) L. ey 7)< (29

with probability greater than 1 —e~% =1 — ﬁ. Now, using successively Holder’s inequality, the Cauchy-

Schwarz inequality, (4.4) and (4.5)), we write

hMN (€)q0
n1 bz, (r)(§)®

do(£)

W)™ < ([ i (©/2do(©))” < (Zo ) [

n —+ q0 / hMN (g)qo
< W, (Zo: (K))® o
n lIo( lIo( )) gn—1 ||<a§>| %OQO(MK)

do (£)

< 2wQO(ZqO (K))qo (626)%7
and we conclude that
w(MN) § wQO(ZQO(K)) S \/QT)LK Y, lOgNLK

with probability greater than 1 — ﬁ, taking into account ([2.4)) and our choice of ¢q. O

These two lemmas establish the analogues of (P1) and (P2) in the case of My. Then, as with Ky, we
can immediately conclude the following.

Theorem 4.3. Let n, N € N, and K be an isotropic convex body in R™.
(a) Ifn <N < eV, then
vol,, (Mn)"/™ > \/log(2N/n) /nLk
with probability greater than 1 — exp(fcx/ﬁ) for some absolute constant ¢ > 0.

(b) If n SN < eV™, then for every 1 < k < n we have

V1og(2N/n)Lg < Qr(My) < w(My) S \/log NLg

1

with probability greater than 1 — i3 .

Having proved Theorem [£.3] we can repeat the proof of Theorem [I.2] to get Theorem [I.3}

We conclude this section with a proof of an upper bound for the volume radius of a random My .

10



Theorem 4.4. Let K be an isotropic body in R™. If n < N < e, then

vol, (My)"/™ < ey/log N/n L,
with probability greater than 1 — ﬁ, where ¢ > 0 is an absolute constant.
Proof. We fix qo = 2log(2N) and check that

(46) w—qo(MN) 5 w*qo/Q(Zqo (K)),

with probability greater than 1 — ﬁ. To see this, we write

2
(w*q0/2(Zqo (K)))_qo = </Sn1 W dO’(E))

([ ) ( L /m da(@)

(4.7 =gy (M) ™ ( [ e da<§>> .

In the proof of Lemma [£.2] we saw that

o o <o

with probability greater than 1 —e~% =1 — ﬁ. Combining the above we get (4.6)).
Recall that, for any symmetric convex body A in R™ and ¢ < n,

(BN ([ a0 ([ narrane) =

Using the Blaschke-Santalé inequality and the fact that wrl/ " = 1/y/n we get

w_q(A)
ﬁ )

(4.8) vol, (A)Y™ < w?/™vol,, (A°) V" < wl/mw_y(A) < e
for some absolute constant ¢; > 0.
Using successively (4.8) and (4.6), we get

vol, (My)Y" < ¢ wq (M) w*qo/2(Zqo(K))_

vnoo "~ vn
Since Zy, (K) C cZg, /2(K), we have
n o« Wego/2(Zgo2(K)) _ /B0
VOln(MN)l/ SJ % \/:*; = TI—‘IO/Q(K)’
taking into account (2.5)). Finally, since I_,/ < I2(K) = y/nL is valid for any ¢ < n, we get
Vl1og 2N
vol(My) !/ < Y0 Viee2N -
Vn Vn

with probability greater than 1 —e™% =1 — ﬁ.
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5 Beta polytopes

Recall that, for 8 > —1, vg is the probability measure supported on B, with density

Pap(@) = cnp(1—lz]3)7,
where
Cn,B = 71'_”/271—‘ (5—’_ 2 T 1)
’ rpg+1)
The one-dimensional marginal density of v is given by

n—1

fo(t) = anp(l =t te[-1,1],

where a,, 3 := ¢y 8/cn—1,. For d € [0,1], let

1
B(d) := /d fa(t) dt.

Note that B(0) = 1/2, B(1) = 0 and B is a decreasing function of d. We will use the following bounds on
B(d), originally established in [5, Lemma 2.2]. For any d € (0,1),

1 (1-d>)t s 1 (1-d»)P s
(5.1) ( T By < ( )"
VT B+ 5 +1 2T B+ 2
Let N > n, and z1,...,zx be random vectors, chosen independently according to the measure vg. Let

Pf, , =conv{zi,...,zN}.
We will refer to this random convex hull as the beta polytope (with parameter § > —1) in R™.
In this section, we prove Theorem [I.4] The statement will follow from the next two lemmas.

Lemma 5.1. Let § > —1 and N > n. Then if g(n,B) := 2y/an\/B+ 5 + 1(1 + log(4\/B+ 5 + 1)) and
N = Clg(n7ﬁ)7

vol,, (Py )t/ > C\/l - (g(n,\/ﬁ%/_]v)w.

n

holds with probability greater than 1 —e™".

Proof. For any R > %\/1 —(g(n,B)/N) 757571, note that

2

P 5V - G pm By ¢ P ) < PRBS ¢ P

so the statement of the Lemma will follow, once we prove that
P(RBS & Py,) <e ",

for a suitable value of R.

Fix some ¢ € (0,1) to be determined, and let A be an e-net on S"~ !, of cardinality |Nz| < (%)n Note
that, for any € By and a > 0, if (z,£) < a holds for some & € S"71, then (x,£) < a + € holds for some
¢ € N.. Using the union bound and the independence of the vertices X;, we can then write

P(RBy ¢ P§,) <P (hpgm(g) < R, for some & € S”—l)

<P (hpﬁn(g) < R+ ¢, for some & EA/}) < (i)nﬁ” <1r<n'§i}§v<Xi’€> < R+E>
2 n
- (3) euxg <r+oy”.

12



Next note that, for any £ € S"~! and d € (0,1), due to the rotational invariance of v,

d
P(X,&) <d) =P((X,e1) <d) =cpnp (1= l)|2)? d(zs,. .., z,) dr
—1Jy/1—22By~*

d n 2\ B

e [ s (1- B2 e iy
—1J4/1-22B} 1
d

n—1
e [ 0= [ G-I -2 deae
- 2

d
= anﬁ/ (1— )P+ gt /Bnilpn,l,ﬁ(z) dz
- 2

1

/_dl o) dt = 1 — B(d).

Combining the above, we get
p(rng ¢ 7)< (2) 0B +a)”

< (i)n exp(—NB(R + £)) = exp (nlog(2/2) — NB(R +¢)),

so we need to prove that nlog(2/e) — NB(R + ¢) < —n, or, equivalently,
NB(R+¢) = n(1+1log(2/e)).

_(B4ntt
Now let € = (2y/8 4+ 2EL)~1, and note that if we choose N > g(n, 8) (1 — 4¢?) (p+25) (which is satisfied

it N > c19(n,B) for an absolute constant ¢; > 0), it follows that € < %\/1 — (g(n,B)/N) 75771 . Taking
R= \/1 — (g(n,B)/N) Pt — ¢ and using the lower bound in (5.1]), we can see then that

2 n+41
N_(g(n, 8)/N) 7 (P+757) 9(n, 8)
NB(R+¢) > = >n(1+log(2/¢)),
N N/ E NN EE S S
which completes the proof. O

The average, on G,, i, of the volume of Pp (Pf,n) is related to the volume of P]"/\B,/,C7 for some 5’ > —1, as
follows: Recall that, for K = 1,...,n, the k-th intrinsic volume of a convex body K in R™ has an integral
representation, given by Kubota’s formula,

Vk(K) :’I"mk/G VOlk(PF(K))dl/mk(F),

where 1y, = (}) —22—. It is known (see [2I, Proposition 2.3]) that

kJ wrwn—k °
n—k
E(Vi(PY,) = rasE(volu(Pyy = ).

It follows, that
n—k

(5.2) E ( /G volk(PF(Pgm))dun,k(F)) — E(voly(Pgly ® ).

Using this fact, we prove Lemma [5.2

13



ntl
Lemma 5.2. For any 8 > —1 and k > log (n (1+10g (4 B+5+ 1))), if N > g(n,ﬁ)chr 2 then the

event

1 2
ynk({F € G : voly(Pr(Ph))Y* < czﬁ\h — (g(n, B)/N) = }) >1-e ",

holds, with probability greater than 1 —e™".

Proof. Let r = \/1 —(g9(n,B)/N) 771, and Sy = {F €Gnk: volk(PF(Pﬁ,,n))l/k > %} By Markov’s
inequality,

Vk

k
Unx(St) < (w) /G Mvolk(PF(Pﬁ,)n))dun?k(F).

We will prove that there is an absolute constant c3 > 0 such that

P (/G k voly(Pp(PL.)) dvn i (F) < (w\%)k) S1_ek

which implies the statement of the lemma (with co = cze) if we choose t = cze. Note that by Markov’s
inequality again, there exists an absolute constant ¢4 > 0 such that, applying also (5.2]),

coer\ " o vOli(Pp(Py,.,)) v i (F)
B cqer ok Gk ,
P (/Gnk VOlk(PF(PN’n)) dek(F) > ( \/E > ) < E ol (TBé)

n—k

VOlk(Pf,; 2)
vol, (rB) |’

n—k
so the problem is reduced to establishing a correct upper bound for I[*I(Volk(P]{j,ﬁC 27)). We will prove that

n—=k

Vol (P ) .

— | L
volp (rBE) ) S

for some absolute constant cs > 0.
We will use the fact, proved in [5, Lemma 3.3 (a)], that for every f > —1, m € N, and any bounded
ACR™
E(voly, (Py,, N A)) < N sup B(||/2)vol,, (A).
z€A

If A= BE\ rBE, then, since ||z|y > r for every x € A,

n—k n—k
voli(Pyh ™) voli(Pyh T N A)

<1+E <1+7r"FNB(r).
voly (rB%) voly (rB%) " )

Note that the hypothesis on N implies that r > cg for some absolute constant c¢g > 0. Using the upper

bound in we get, for k > log (nlog (\/B+ 5 +1)),

2 ntl
B < N L AN TR g 1,
QWW rk+1 Qﬁ\/m clﬁc+1 )
proving the desired result. O

It is now clear that, having proved Lemma [5.1|and Lemma [5.2] we can conclude Theorem exactly as
we did for Theorem [[.2

14



6 The unconditional case

Let K be an unconditional convex body in R™ (this means that K has a linear image that is symmetric
with respect to the coordinate subspaces e , where {ej,...,e,} is an orthonormal basis of R™). Since the
quantity @) (/) is linearly invariant, we may assume that K is in the isotropic position. Then, we may
assume that K is symmetric with respect to the coordinate subspaces and from a well-known result of Bobkov
and Nazarov (see [3] and [4]) we have

ca1BY C K CconBT

for some absolute constants ¢y, co > 0, and hence the problem can be reduced to the question to give precise

estimates for @ (K) in the case where K is the cross-polytope Bf = conv{+ei,...,+e,}. Indeed, we have
vol (Pr(K))* < canvoly(Pp(B}))* for every F € Gy 1, and hence

1
kp

W[k,—p] (K) = (/G vol,(Pr(K))™? dl/n,k(F)>

1
kp

< can (/ VOlk(PF(B?))ip dl/mk(F)) < CgW[k)_p](B?)
Gk

for every p # 0 and 1 < k < n — 1, if we recall that vol, (B}) = 2—, and hence vol, (B})~ /" < n.
We proceed to examine the case of the cross-polytope BY. A first observation is that B} 2 \}BQ and

then, clearly, Pp(B}) D —=B} N F for every 1 <k <n—1and F € G, ;. This implies that

7n
1/k
1 w 1
volp(Pr(BY))*x > “kEo = ——
1 \/* /7
On the other hand, it is known that voly (B2 N F) > vol,(B% ) = 2* and, since B N F is the polar body

of Pr(BY) in F, the Blaschke-Santal$ inequality gives

volg (Pr(BP)* < voly(B™, N F) Fw/* < g
for all k£ and F' € G,, . We summarize this preliminary information in the next lemma.

Lemma 6.1. For every 1 <k <n and any F' € G, 1, we have
C1

VEn

where c1,co > 0 are absolute constants. In particular,

csv/n/k < Wy _p(BY) < can/k

for every p # 0, where c3,cq > 0 are absolute constants.

< volu(Pr(BI)F < 2,

Next, we examine the typical behavior of a k-dimensional projection of BY. For a random F' € G, ; we
have the following upper bound:

Lemma 6.2. Let 1 < k < n. If k > logn then with probability greater than 1 — exp(—k) we have

cy/1log(1 4+ n/k)
Vkn '

Proof. We combine two well-known facts. The first one is the (upper estimate in the) Johnson-Lindenstrauss
lemma from [20] .

voly (P (B}))'/* <

15



There exist absolute constants ¢; > 0, i = 1,2,3, such that if e > 0 and N < exp(2k/16) then
for every {y1,...,yn} C S"~! there exists aset G C G, . of measure vy, (G) > 1—exp(—e2k/16)
such that for every F € G and all 1 < j < N we have

(6.1) 1Pr(y;)ll2 < (1+e)V/k/n

We also use well-known lower bounds for the volume of the intersection of a finite number of strips. Carl-Pajor
[11], and independently Gluskin [I7] (see also [2]), obtained a lower bound for the volume of a symmetric
polyhedron K = {z € R" : [{(z,w;)| < 1, =1,..., N} in terms of max{|jw;|l2: 1 < i< N}:

Letws, ..., wy, be vectors spanning R¥ with ||w;||2 < 1 for all1 < j < n. Consider the symmetric
convex body C = {z € RF : |(z,w;)| <1, =1,...,n}. Then,

(6.2) voly (O)/F > <

~ Vog(1+n/k)’

where ¢ > 0 is an absolute constant.

Consider the standard orthonormal vectors ey, ..., e, in R™. Let € > 0 to be chosen and consider a subspace
F € G, that satisfies | Pr(e;)|l2 < (1 4+¢)y/k/n for all 1 < j < n. If we set w; = %Jrg\/%PF(ej) we have
that

max [lw;ll2 < 1.
1<j<n

From ([6.2) we get that C' = {z € F: |(z,w;)| <1,i=1,...,n} has volume

Volk(c)l/k > C1

- Viog(1+n/k)

Therefore, the polar body C° = conv({xwy,...,+w,}) of C in F has volume

v/log(1
VOlk(Co)l/k < %Volk(c)fl/k < C3 Og(k +Tl/k')

Note that
Prp(BY) = conv({xPr(e1),...,£Pr(en)}) = 1 + )/ k/nC".

csy/1log(1 +n/k)
Vkn

with probability greater than 1 — exp(—e2k/16), provided that n < exp(g2k/16). If k > logn then choosing
€ = 4 we get the lemma. O

It follows that
voly (Pr(BP)VE < (1 +¢)

From Lemma [6.2] we easily deduce a strengthened version of Theorem for the cross-polytope, which
in turn implies Theorem [L.5]

Theorem 6.3. Let 1 < k< n. Ifk > logn then

Wik, —p)(BY) < ev/n/ky/log(1+n/k)

for allp > ¢’ /(nlogn), where c,¢’ > 0 are absolute constants. In particular,

@y (BY) < ey/n/ky/log(1 + n/k).
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Proof. Let A, i be the subset of G,, ;, on which we have

cy/1og(1 4+ n/k)
Vkn ’

From Lemma [6.2| we have vy, ;;(An k) = 1 — exp(—k). Now given p > 0 we may write

voly (P (B}))/* <

— %

cy/log(1 + n/k))

Wik, —p) (BY) < cin (/G volg (Pr(B7))™? dm,,,k(F)) < cln[ynyk(An,k)}_kip ( N

can/n/k/log(1 +n/k)(1 —e” “ < ez/n n/k+/log(1 + n/k),

if we take into account the fact that

(1—e )% > exp(—2¢7%/(kp)) =

l\D\H

because ke* > nlogn and p < ¢/(nlogn). O

We pass to the proof of Theorem[I.6] Our argument is based on the existence of k-dimensional subspaces
of R” for which voly (Pr(B}))Y* < =
such that voly(Pp(B}))Y/* < L. We can simply choose F, = span{e; : j € o} for any o C [n] with |o| = k.
Then,

n,k

2k
voly(Pr, (BY)) = 17
The next lemma provides concrete examples of subspaces F' € G, for which voly(Pr(BY)) \/;Tn

may assume that k < g, otherwise this estimate holds for a random F by Lemma [6.2]

10>
Lemma 6.4. Let 1 <k < n/10. There exists F € G, 1, such that

Cc

VOlk(PF(BIL))l/k < ﬁ,

where ¢ > 0 is an absolute constant.

Proof. We consider a partition [n] = o1 U --- U oy, into disjoint subsets o; with |o;| = m;, and we define

JEUz
We may choose my = --- =my_1 = [n/k| and my =n — (k—1)[n/k]. Note that 5 < 7 —1<m; < for
alli=1,...,k—1 and
k-1 n
=n— (k-1 k]l >n— = —.
mE=mn— ( Yn/k| =n =
Let F' = span{vy,...,v;}. Observe that vy,..., v, form an orthonormal basis for F' and that if j € o; then
U

Pr(e;) = (ej,vi)vi =

A<y/E o

Therefore, Pp(BY) is the absolute convex hull of k orthogonal vectors of lengths —

follows that
2K\ /?
<3

and hence voly(Pr(B)Y* < ¢/VEn. O

vol, (Pr(BY))
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The next lemma follows easily from the definition of the convex hull.

Lemma 6.5. Let P = conv({ui,...,un}) and Q = conv({wy,...,wx}) be two polytopes in R¥. Assume
that for some € > 0 we have ||u; — wj|l2 <€ forall j=1,...,N. Then,

PCQ+eBY and QC P+eBS.
We consider the metrics 0o (E,F) = |Pg — Pp|| and d(E, F) = inf{||I, = U|| : U € O(n),U(E) = F}
on G, ;. We will use the fact that
Ooo(E,F) < d(E,F) < V20, (E, F)
for all E, F' € G,, i. First, we fix a subspace Fy that satisfies the estimate of Lemma @

Lemma 6.6. Let E in G, with d(E, Fp) < ﬁ Then,

C
voly (P (BY)Y* <

2

where ¢ > 0 is an absolute constant.

Proof. Let U € O(n) such that U(E) = Fy and ||I, — U|| < € :== L. For every j = 1,...,n we set
uj = Pr,(e;) and w; = U(Pg(e;)). Then, u;j, w; € Fy and we have
1Pe(e;) — will2 = [ Pe(e;) — U(PE(e;))ll2 < d(E, Fo) | Pe(ej)ll2 < €
and
1Pe(e;) — ujlla = [ Pe(e;) — Pry(ej)ll2 < [|Pe — Prll = 00 (E, Fo) <¢,
which implies that
2
[y —wjll2 < 2e = NG
From Lemma [6.5 we get

2
U(Pg(BY)) C Pr,(BY) + —=Br, C 3P, (BY).

vn
Therefore,
3c
voly, (Pr(B!)* < 3voly(Pr, (BM))V/* < —=—,
k(Pp(BY)) k(Pr,(BT)) T
where ¢ > 0 is the constant in Lemma O

Remark 6.7. It was proved by Szarek in [36] that for every F' € G, and any € > 0 one has
Vn i (Ba(F,€)) = (cre)Fn=h),

Therefore, the upper bound

n C
volg (Pe(BY)/" < Vin

holds true with probability greater than (c1//n)*("~%). It follows that if p > 0 then

kp

(63) W[kyfp] (B?) < cin </ VO];C(PE<B{L))_pan7k(E)>
Ba(Fo,1/v/n)

< e1n [var(Ba(Fo, 1/v)]| % - —2= < (csn)™7 car/n/k.

2
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In particular we get: For every p > (n — k)(logn) we have

Wik, —p)(BT) < cy/n/k

where ¢ > 0 is an absolute constant, and hence Wy, _p, (B7') < /n/k by Lemma This proves Theorem

LL.0l
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