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Mèroc I

MetrikoÐ q¸roi





Kef�laio 1

MetrikoÐ q¸roi

1.1 Orismìc kai paradeÐgmata

Orismìc 1.1.1 (metrik ). 'Estw X èna mh kenì sÔnolo. Metrik  sto X lègetai k�je
sun�rthsh ρ : X ×X → R me tic parak�tw idiìthtec:
(i) ρ(x, y) ≥ 0 gia k�je x, y ∈ X (mh arnhtik ) kai ρ(x, y) = 0 an kai mìnon an x = y.

(ii) ρ(x, y) = ρ(y, x) gia k�je x, y ∈ X (summetrik  idiìthta).

(iii) ρ(x, z) ≤ ρ(x, y) + ρ(y, z) gia k�je x, y, z ∈ X (trigwnik  anisìthta).
An ρ eÐnai mia metrik  sto X tìte to zeÔgoc (X, ρ) lègetai metrikìc q¸roc. Ta stoiqeÐa
tou X ja lègontai kai shmeÐa.
ParadeÐgmata 1.1.2. (a) H sun jhc metrik  sto R eÐnai h

d(x, y) = |x− y|, x, y ∈ R.

(b) H EukleÐdeia metrik  ston Rm, ton q¸ro twn diatetagmènwn m-�dwn ~x = (x1, . . . , xm)
pragmatik¸n arijm¸n, orÐzetai wc ex c: an ~x = (x1, . . . , xm) kai ~y = (y1, . . . , ym) ∈ Rm,
tìte

ρ2(~x, ~y) =

(
m∑

i=1

(xi − yi)2
)1/2

.

Prèpei fusik� na elegjeÐ h trigwnik  anisìthta (blèpe §1.3).
(g) K�je mh kenì sÔnolo X mporeÐ na gÐnei metrikìc q¸roc kat� {tetrimmèno trìpo}:
JewroÔme th sun�rthsh δ : X ×X → R me

δ(x, y) =
{

1, x 6= y
0, x = y
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wc metrik  (elègxte ìti ikanopoieÐ tic (i), (ii) kai (iii) tou orismoÔ). Aut  h metrik 
lègetai diakrit  metrik  kai o q¸roc (X, δ) diakritìc metrikìc q¸roc.
(d) Sto Ðdio sÔnolo X mporoÔme na orÐsoume pollèc diaforetikèc metrikèc: An èqoume
mia sun�rthsh f : X → R h opoÐa eÐnai 1-1, tìte aut  ep�gei mia metrik  df sto X wc
ex c:

df (x, y) = |f(x)− f(y)|, x, y ∈ X.

EÔkola elègqetai ìti h df eÐnai metrik  sto X.
(e) O n-di�statoc kÔboc tou Hamming. JewroÔme to sÔnolo

Hn = {0, 1}n =
{
(x1, x2, . . . , xn)

∣∣ xi = 0   1, i = 1, . . . , n
}
.

JewroÔme thn h : Hn × Hn → R, ìpou h(x, y) eÐnai to pl joc twn jèsewn stic opoÐec
diafèroun oi n-�dec x = (x1, . . . , xn) kai y = (y1, . . . , yn), dhlad 

h(x, y) = card
({

1 ≤ i ≤ n : xi 6= yi

})
.

Af netai san �skhsh gia ton anagn¸sth na deÐxei ìti h h eÐnai metrik  sto Hn. O
(
Hn, h

)
lègetai kÔboc tou Hamming kai h h metrik  tou Hamming.

Orismìc 1.1.3 (sqetik  metrik ). 'Estw (X, ρ) ènac metrikìc q¸roc. An A eÐnai
opoiod pote mh kenì uposÔnolo tou X, h apeikìnish ρA : A×A → R me

ρA(x, y) = ρ(x, y), x, y ∈ A

(o periorismìc dhlad  thc ρ sto A× A) eÐnai metrik  sto sÔnolo A. H metrik  ρA eÐnai
h sqetik  metrik  pou ep�getai apì thn ρ sto A.

Gia par�deigma, k�je mh kenì uposÔnolo tou R eÐnai metrikìc q¸roc me ton periorismì
thc sun jouc metrik c se autì.

Orismìc 1.1.4 (di�metroc). 'Estw (X, ρ) ènac metrikìc q¸roc. O (X, ρ) lègetai frag-
mènoc an up�rqei C > 0 ¸ste gia k�je x, y ∈ X na isqÔei ρ(x, y) ≤ C. IsodÔnama,
an

sup{ρ(x, y) : x, y ∈ X} < ∞.

An autì sumbaÐnei, tìte h di�metroc tou (X, ρ) eÐnai o arijmìc

diam(X) := sup{ρ(x, y) : x, y ∈ X}.

ParadeÐgmata 1.1.5. (a) To R me th sun jh metrik  d(x, y) = |x− y| den eÐnai frag-
mènoc metrikìc q¸roc.
(b) To R me th metrik  pou ep�gei h arctan : R → (−π

2 , π
2 ), dhlad 

ρ(x, y) = | arctanx− arctan y|, x, y ∈ R

eÐnai fragmènoc metrikìc q¸roc kai m�lista diam (R, ρ) = π.
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(g) To R me th metrik 
σ(x, y) =

|x− y|
1 + |x− y|

, x, y ∈ R

eÐnai epÐshc fragmènoc metrikìc q¸roc, afoÔ σ(x, y) < 1 gia k�je x, y ∈ R. DeÐxte ìti
diam (R, σ) = 1.
(d) K�je diakritìc metrikìc q¸roc eÐnai fragmènoc (kai, an èqei perissìtera apì èna
shmeÐa, h di�metrìc tou eÐnai Ðsh me 1).
(e) StajeropoioÔme ènan pr¸to arijmì p kai jewroÔme to sÔnolo Z twn akeraÐwn. An
m,n ∈ Z me m 6= n, jètoume p(n, m) th megalÔterh dÔnamh tou p pou diaireÐ ton |n−m|,
dhlad  an m 6= n, tìte

p(m,n) = max{k ≥ 0 : m ≡ n mod pk}.

OrÐzoume σp : Z× Z → R me

σp(m,n) =
{

2−p(m,n), m 6= n
0, m = n

Tìte, h σp eÐnai metrik  sto Z kai o (Z, σp) eÐnai fragmènoc metrikìc q¸roc.
Apìdeixh. ApodeiknÔoume mìno thn trigwnik  anisìthta

σp(x, z) ≤ σp(x, y) + σp(y, z) gia k�je x, y, z ∈ Z.

An x = z tìte h anisìthta isqÔei kat� profan  trìpo. Upojètoume loipìn ìti x 6= z kai
epomènwc eÐte x 6= y   y 6= z (giatÐ?). An eÐnai x = y   y = z tìte h anisìthta p�li isqÔei
kat� profan  trìpo. Ac eÐnai loipìn x 6= y kai y 6= z. 'Estw p(x, y) = a, p(x, z) = c kai
p(y, z) = b. Tìte èqoume ìti x ≡ y mod pa kai y ≡ z mod pb, �ra z ≡ xmod pmin{a,b} kai
apì ton orismì tou p(x, z) èqoume ìti min{a, b} ≤ c. Epeid  jèloume na deÐxoume ìti

1
2c
≤ 1

2a
+

1
2b

,

arkeÐ isodÔnama na deÐxoume thn

2c−a + 2c−b ≥ 1

h opoÐa isqÔei diìti, apì thn min{a, b} ≤ c, èqoume eÐte a ≤ c   b ≤ c. 2

1.2 Q¸roi me nìrma

PolloÐ apì touc klasikoÔc metrikoÔc q¸rouc pou ja sunant soume se autì to m�jhma
eÐnai tautìqrona grammikoÐ q¸roi. Epiplèon, h metrik  touc sundèetai fusiologik� me th
grammik  touc dom . 'Opwc lème, {ep�getai apì mia nìrma}.
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Orismìc 1.2.1 (nìrma). 'Estw X ènac pragmatikìc grammikìc q¸roc. Nìrma ston X
eÐnai k�je sun�rthsh ‖ · ‖ : X → R me tic ex c idiìthtec:

(a) ‖x‖ ≥ 0 gia k�je x ∈ X kai ‖x‖ = 0 an kai mìnon an x = ~0 (mh arnhtik ).

(b) ‖λx‖ = |λ| · ‖x‖ gia k�je λ ∈ R kai k�je x ∈ X (jetik� omogen c).

(g) ‖x + y‖ ≤ ‖x‖+ ‖y‖ gia k�je x, y ∈ X (trigwnik  anisìthta).

An ‖ · ‖ eÐnai mia nìrma ston X, tìte to zeÔgoc (X, ‖ · ‖) lègetai q¸roc me nìrma.

Parathr seic 1.2.2. (a) An ‖·‖ eÐnai mia nìrma ston X, tìte h sun�rthsh d : X×X →
R me

d(x, y) = ‖x− y‖, x, y ∈ X

eÐnai metrik  (h metrik  pou ep�getai ston X apì th nìrma tou). Pr�gmati,

• d(x, y) = ‖x − y‖ ≥ 0 gia k�je x, y ∈ X kai isqÔei d(x, y) = ‖x − y‖ = 0 an kai
mìno an x− y = ~0 dhlad  an kai mìno an x = y.

• d(y, x) = ‖y − x‖ = ‖(−1)(x− y)‖ = | − 1| · ‖x− y‖ = ‖x− y‖ gia k�je x, y ∈ X.

• An x, y, z ∈ X tìte

d(x, z) = ‖x− z‖ = ‖(x− y) + (y − z)‖ ≤ ‖x− y‖+ ‖y − z‖ = d(x, y) + d(y, z).

Epiplèon, h d eÐnai sumbibast  me th grammik  dom  tou q¸rou:

• H d eÐnai analloÐwth wc proc metaforèc, dhlad  d(x + z, y + z) = d(x, y) gia k�je
x, y, z ∈ X.

• H d eÐnai omogen c, dhlad  d(λx, λy) = |λ|d(x, y) gia k�je x, y ∈ X kai gia k�je
λ ∈ R.

Parathr ste ìti oi teleutaÐec dÔo idiìthtec den èqoun nìhma se ìlouc touc metrikoÔc
q¸rouc, afoÔ sthn diatÔpws  touc emplèkontai oi pr�xeic thc prìsjeshc kai tou bajmw-
toÔ pollaplasiasmoÔ. Me �lla lìgia, mia metrik  pou ep�getai se ènan grammikì q¸ro
apì mia nìrma èqei prìsjetec idiìthtec kai o metrikìc q¸roc pou prokÔptei èqei polÔ pio
ploÔsia dom  apì aut n tou {genikoÔ} metrikoÔ q¸rou.
(b) Qr simo eÐnai na tonÐsoume ìti h kl�sh twn q¸rwn me nìrma eÐnai gn sia upokl�sh
thc kl�shc twn metrik¸n q¸rwn. Parathr ste ìti k�je grammikìc q¸roc X 6= {0} èqei
�peira to pl joc shmeÐa: an x ∈ X, x 6= 0, tìte o upìqwroc span({x}) = {λx : λ ∈ R}
tou X èqei �peira to pl joc shmeÐa (gia thn akrÐbeia, eÐnai isoplhjikìc me to R). Apì
thn �llh pleur�, k�je peperasmèno mh kenì sÔnolo gÐnetai metrikìc q¸roc me th diakrit 
metrik .

Parathr ste epÐshc ìti se k�je (mh mhdenikì) grammikì q¸ro mporoÔme na orÐsoume
metrik  h opoÐa den ep�getai apì nìrma. An jewr soume èna grammikì q¸ro X kai th
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diakrit  metrik  δ s� autìn, tìte den up�rqei nìrma ‖ · ‖ : X → R ¸ste δ(x, y) = ‖x− y‖.
H apìdeixh autoÔ tou isqurismoÔ eÐnai apl : an up rqe tètoia nìrma, paÐrnontac x ∈ X,
x 6= 0, ja eÐqame

n‖x‖ = ‖nx‖ = δ(nx, 0) = 1

gia k�je n ∈ N   isodÔnama ‖x‖ = 1/n gia k�je n = 1, 2, . . ., pou eÐnai profan¸c �topo.

Sto upìloipo autoÔ tou KefalaÐou orÐzoume merikoÔc klasikoÔc q¸rouc me nìrma.

1.2.1 Q¸roi peperasmènhc di�stashc
1. Ston Rm orÐzoume thn supremum nìrma ‖ · ‖∞ : Rm → R wc ex c: an x =
(x1, . . . , xm) ∈ Rm tìte

‖x‖∞ := max{|xi| : i = 1, . . . ,m}.

ApodeiknÔoume mìno thn trigwnik  anisìthta. 'Eqoume

‖x + y‖∞ = |xi0 + yi0 |

gia k�poion i0 ∈ {1, . . . , n}. Gia to sugkekrimèno i0,

|xi0 + yi0 | ≤ |xi0 |+ |yi0 | ≤ ‖x‖∞ + ‖y‖∞.

Sunep¸c,
‖x + y‖∞ ≤ ‖x‖∞ + ‖y‖∞.

O q¸roc (Rm, ‖ · ‖∞) sumbolÐzetai me `m
∞.

2. Ston Rm orÐzoume thn 1-nìrma ‖ · ‖1 : Rm → R me

‖x‖1 := |x1|+ · · ·+ |xm| =
m∑

i=1

|xi|.

H trigwnik  anisìthta eÐnai �mesh sunèpeia thc trigwnik c anisìthtac gia thn apìluth
tim  sto R. O q¸roc (Rm, ‖ · ‖1) sumbolÐzetai me `m

1 .

3. Ston Rm orÐzoume thn EukleÐdeia nìrma ‖ · ‖2 : Rm → R me

‖x‖2 :=

(
m∑

i=1

|xi|2
)1/2

.

'Olec oi idiìthtec thc nìrmac eÐnai tetrimmènec ektìc apì thn trigwnik  anisìthta gia thn
apìdeixh thc opoÐac apaiteÐtai h anisìthta Cauchy–Schwarz.
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Prìtash 1.2.3 (Anisìthta Cauchy–Schwarz). 'Estw x1, . . . , xm kai y1, . . . , ym

pragmatikoÐ arijmoÐ. Tìte, isqÔei h anisìthta

m∑
i=1

|xiyi| ≤

(
m∑

i=1

|xi|2
)1/2( m∑

i=1

|yi|2
)1/2

.

Apìdeixh. H apìdeixh pou parajètoume ofeÐletai ston Schwarz. Jètoume B =
∑m

i=1 |xiyi|,
A =

∑m
i=1 |xi|2 kai C =

∑m
i=1 |yi|2. Prèpei na deÐxoume ìti B2 ≤ AC   isodÔnama

(2B)2 ≤ 4AC. JewroÔme th sun�rthsh p : R → R me

p(λ) := (λ|x1|+ |y1|)2 + · · ·+ (λ|xm|+ |ym|)2 ≥ 0,

h opoÐa met� apì pr�xeic paÐrnei th morf 

p(λ) = Aλ2 + 2Bλ + C ≥ 0

gia k�je λ ∈ R. An A = 0 tìte xi = 0 gia i = 1, . . . ,m kai profan¸c h arqik  anisìthta
isqÔei (wc isìthta). Upojètoume loipìn ìti A > 0 kai tìte h p(λ) eÐnai tri¸numo to
opoÐo eÐnai mh arnhtikì gia k�je λ ∈ R. Apì th jewrÐa tou triwnÔmou prèpei na isqÔei
(2B)2 − 4AC ≤ 0, to opoÐo dÐnei kai th zhtoÔmenh anisìthta. 2

Epistrèfoume t¸ra sthn apìdeixh thc trigwnik c anisìthtac gia thn EukleÐdeia nìrma.
'Eqoume diadoqik�

‖x + y‖22 =
m∑

i=1

|xi + yi|2

=
m∑

i=1

|xi|2 + 2
m∑

i=1

xiyi +
m∑

i=1

|yi|2

≤ ‖x‖22 + 2
m∑

i=1

|xiyi|+ ‖y‖22

≤ ‖x‖22 + 2‖x‖2‖y‖2 + ‖y‖22

ìpou sthn teleutaÐa anisìthta qrhsimopoi same thn anisìthta Cauchy–Schwarz. 'Etsi,

‖x + y‖22 ≤ (‖x‖2 + ‖y‖2)2 =⇒ ‖x + y‖2 ≤ ‖x‖2 + ‖y‖2.

O q¸roc (Rm, ‖ · ‖2) lègetai EukleÐdeioc q¸roc kai sumbolÐzetai me `m
2 .

4. Genikìtera, ston Rm mporoÔme na jewr soume thn p-nìrma, 1 < p < ∞, ìpou

‖x‖p :=

(
m∑

i=1

|xi|p
)1/p

.
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ApodeiknÔoume kai s' aut  thn perÐptwsh mìno thn trigwnik  anisìthta h opoÐa den eÐnai
�mesh. Gia thn apìdeixh ja qreiasjoÔme dÔo anisìthtec.

Prìtash 1.2.4 (Anisìthta Hölder). An x1, . . . , xm kai y1, . . . , ym eÐnai pragmatikoÐ
arijmoÐ kai p, q > 1 ¸ste1 1

p + 1
q = 1, tìte isqÔei h anisìthta

m∑
i=1

|xiyi| ≤

(
m∑

i=1

|xi|p
)1/p( m∑

i=1

|yi|q
)1/q

.

Apìdeixh. Apì to gegonìc ìti h sun�rthsh log : (0,+∞) → R eÐnai koÐlh, gia k�je
x, y > 0 èqoume

log
(

1
p
xp +

1
q
yq

)
≥ 1

p
log(xp) +

1
q

log(yq)

  isodÔnama
log(xy) ≤ log

(
1
p
xp +

1
q
yq

)
.

Apì to gegonìc ìti h sun�rthsh log eÐnai aÔxousa èpetai ìti

(∗) xy ≤ xp

p
+

yq

q
gia k�je x, y ≥ 0.

'Estw t¸ra x1, . . . , xm kai y1, . . . , ym pragmatikoÐ arijmoÐ. MporoÔme na upojèsoume ìti
(|x1|p+· · ·+|xm|p)1/p 6= 0 kai (|y1|q+· · ·+|ym|q)1/q 6= 0. Alli¸c isqÔei x1 = · · · = xm = 0
  y1 = · · · = ym = 0 kai autì shmaÐnei ìti

∑m
i=1 |xiyi| = 0 opìte h zhtoÔmenh anisìthta

isqÔei kat� tetrimmèno trìpo.
JewroÔme touc arijmoÔc

ai =
|xi|

(|x1|p + · · ·+ |xm|p)1/p
, i = 1, . . . ,m

kai
bi =

|yi|
(|y1|q + · · ·+ |ym|q)1/q

, i = 1, . . . ,m

gia touc opoÐouc isqÔei ai, bi ≥ 0 kai
m∑

i=1

ap
i =

m∑
i=1

bq
i = 1.

An loipìn efarmìsoume thn (∗) gia k�je zeÔgoc ai, bi èqoume ìti

aibi ≤
ap

i

p
+

bq
i

q

1Oi p kai q lègontai suzugeÐc ekjètec.
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kai ajroÐzontac wc proc i = 1, . . . ,m blèpoume ìti
m∑

i=1

aibi ≤
1
p

m∑
i=1

ap
i +

1
q

m∑
i=1

bq
i =

1
p

+
1
q

= 1.

IsodÔnama, ∑m
i=1 |xi||yi|

(|x1|p + · · ·+ |xm|p)1/p(|y1|q + · · ·+ |ym|q)1/q
≤ 1,

pou dÐnei to zhtoÔmeno:
m∑

i=1

|xiyi| ≤ (|x1|p + · · ·+ |xm|p)1/p(|y1|q + · · ·+ |ym|q)1/q.

2

ShmeÐwsh 1.2.5. Parathr ste ìti h anisìthta Hölder apoteleÐ genÐkeush thc anisìth-
tac Cauchy–Schwarz: h deÔterh eÐnai eidik  perÐptwsh thc pr¸thc gia p = q = 2.

Prìtash 1.2.6 (Anisìthta Minkowski). An x1, . . . , xm kai y1, . . . , ym eÐnai prag-
matikoÐ arijmoÐ kai p > 1, tìte isqÔei h anisìthta(

m∑
i=1

|xi + yi|p
)1/p

≤

(
m∑

i=1

|xi|p
)1/p

+

(
m∑

i=1

|yi|p
)1/p

.

Apìdeixh. MporoÔme na upojèsoume ìti
∑m

i=1 |xi + yi|p > 0, alli¸c den èqoume tÐpota
na deÐxoume.

'Eqoume diadoqik�
m∑

i=1

|xi + yi|p =
m∑

i=1

|xi + yi|p−1|xi + yi| ≤
m∑

i=1

|xi + yi|p−1|xi|+
m∑

i=1

|xi + yi|p−1|yi|.

Efarmìzontac thn anisìthta Hölder sto �jroisma
∑m

i=1 |xi + yi|p−1|xi| paÐrnoume

m∑
i=1

|xi + yi|p−1|xi| ≤

(
m∑

i=1

|xi + yi|q(p−1)

)1/q ( m∑
i=1

|xi|p
)1/p

ìpou q o suzug c ekjèthc tou p, dhlad  1
p + 1

q = 1   q(p− 1) = p. 'Ara, h prohgoÔmenh
anisìthta gr�fetai

m∑
i=1

|xi + yi|p−1|xi| ≤

(
m∑

i=1

|xi + yi|p
)1/q ( m∑

i=1

|xi|p
)1/p

.
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Me an�logo trìpo paÐrnoume

m∑
i=1

|xi + yi|p−1|yi| ≤

(
m∑

i=1

|xi + yi|p
)1/q ( m∑

i=1

|yi|p
)1/p

.

Telik�,

m∑
i=1

|xi + yi|p ≤

(
m∑

i=1

|xi + yi|p
)1/q

( m∑
i=1

|xi|p
)1/p

+

(
m∑

i=1

|yi|p
)1/p


  (

m∑
i=1

|xi + yi|p
)1−1/q

≤

(
m∑

i=1

|xi|p
)1/p

+

(
m∑

i=1

|yi|p
)1/p

.

To zhtoÔmeno prokÔptei apì thn 1− 1
q = 1

p . 2

Parathr ste t¸ra ìti h trigwnik  anisìthta ‖x+ y‖p ≤ ‖x‖p + ‖y‖p gia thn p-nìrma
eÐnai akrib¸c h anisìthta Minkowski (ìpou x = (x1, . . . , xm) kai y = (y1, . . . , ym)). O
q¸roc (Rm, ‖ · ‖p) sumbolÐzetai me `m

p .

5. AxÐzei ton kìpo na doÔme th morf  pou paÐrnoun oi epagìmenec metrikèc dp(x, y) =
‖x− y‖p ston Rm. An x = (x1, . . . , xm) kai y = (y1, . . . , ym) ∈ Rm, tìte

dp(x, y) =

(
m∑

i=1

|xi − yi|p
)1/p

an 1 ≤ p < ∞ kai
d∞(x, y) = max{|xi − yi| : i = 1, . . . ,m}.

1.2.2 Q¸roi akolouji¸n
1. O q¸roc `∞ ≡ `∞(N) twn fragmènwn akolouji¸n x : N → R, dhlad 

`∞ = {x : N → R | up�rqei M ≡ M(x) > 0 : gia k�je n ∈ N isqÔei |x(n)| ≤ M}

eÐnai pragmatikìc grammikìc q¸roc me tic kat� shmeÐo pr�xeic. Ston `∞ orÐzoume thn
supremum nìrma ‖ · ‖∞ : `∞ → R me

‖x‖∞ := sup{|x(n)| : n = 1, 2, . . .}.

ApodeiknÔoume ìti h ‖ · ‖∞ eÐnai nìrma:
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(a) EÐnai ‖x‖∞ ≥ 0 gia k�je x ∈ `∞. An ‖x‖∞ = 0, tìte |x(n)| ≤ 0 gia k�je n ∈ N  
x(n) = 0 gia n = 1, 2, . . .. Sunep¸c, x = 0.
(b) IsqÔei ‖λx‖∞ = supn |λx(n)| = |λ| supn |x(n)| = |λ| · ‖x‖∞, gia k�je λ ∈ R.
(g) 'Estw x, y ∈ `∞ kai n ∈ N. Tìte,

|x(n) + y(n)| ≤ |x(n)|+ |y(n)| ≤ ‖x‖∞ + ‖y‖∞.

PaÐrnontac supremum wc proc n sumperaÐnoume ìti

‖x + y‖∞ = sup
n≥1

|x(n) + y(n)| ≤ ‖x‖∞ + ‖y‖∞.

2. O q¸roc c0 ≡ c0(N) twn mhdenik¸n akolouji¸n, dhlad 

c0 =
{

x : N → R
∣∣∣ lim

n→∞
x(n) = 0

}
eÐnai epÐshc grammikìc q¸roc (kai m�lista grammikìc upìqwroc tou `∞ afoÔ k�je sug-
klÐnousa akoloujÐa eÐnai fragmènh) me tic kat� shmeÐo pr�xeic. Se autìn jewroÔme thn
supremum nìrma pou klhronomeÐ apì ton `∞.

3. O q¸roc `1 ≡ `1(N) twn 1-ajroÐsimwn akolouji¸n2 dhlad ,

`1 =

{
x : N → R

∣∣∣∣ ∞∑
n=1

|x(n)| < +∞

}
eÐnai grammikìc upìqwroc tou c0. Pr�gmati, gnwrÐzoume ìti an

∑∞
n=1 |x(n)| < +∞ tìte

lim
n→∞

x(n) = 0. OrÐzoume th nìrma ‖ · ‖1 : `1 → R me

‖x‖1 :=
∞∑

n=1

|x(n)|.

4. Genikìtera, an 1 ≤ p < ∞, o q¸roc `p ≡ `p(N) twn p-ajroÐsimwn akolouji¸n
apoteleÐtai apì ìlec tic akoloujÐec x : N → R gia tic opoÐec isqÔei

∑∞
n=1 |x(n)|p < +∞.

Ston `p orÐzoume thn p�nìrma

‖x‖p :=

( ∞∑
n=1

|x(n)|p
)1/p

.

Qrhsimopoi¸ntac thn anisìthta Minkowski gia peperasmèna ajroÐsmata kai pern¸ntac
sto ìrio, apodeÐxte ìti h ‖ · ‖p ikanopoieÐ thn trigwnik  anisìthta (oi �llec idiìthtec thc
nìrmac elègqontai eÔkola).

2Mil�me loipìn gia tic akoloujÐec twn opoÐwn h seir� eÐnai apolÔtwc sugklÐnousa.
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5. JewroÔme ton q¸ro c00 ≡ c00(N) twn telik� mhdenik¸n akolouji¸n. Dhlad , x ∈ c00

an kai mìnon an up�rqei n0 ≡ n0(x) ∈ N ¸ste x(n) = 0 gia k�je n ≥ n0. Se autì to
q¸ro mporoÔme na orÐsoume opoiad pote apì tic p�nìrmec, 1 ≤ p ≤ ∞.

1.2.3 Q¸roi sunart sewn
1. O q¸roc C([0, 1]) twn suneq¸n sunart sewn epÐ tou [0, 1] eÐnai to sÔnolo

C([0, 1]) = {f : [0, 1] → R | f suneq c}

to opoÐo eÐnai grammikìc q¸roc me tic kat� shmeÐo pr�xeic. Ston C([0, 1]) orÐzoume thn
‖ · ‖∞ : C([0, 1]) → R, me

‖f‖∞ = sup{|f(t)| : t ∈ [0, 1]}.

Parathr ste ìti to sup ìntwc up�rqei, afoÔ h |f | : [0, 1] → R eÐnai suneq c, kai m�lista
eÐnai max diìti k�je suneq c sun�rthsh, pou eÐnai orismènh se kleistì di�sthma, paÐrnei
mègisth tim . Elègxte ìti h ‖ · ‖∞ eÐnai nìrma.

2. Ston C([0, 1]) mporoÔme epÐshc na jewr soume thn 1-nìrma

‖f‖1 :=
∫ 1

0

|f(t)| dt

kai genikìtera, gia k�je 1 ≤ p < ∞, thn p�nìrma

‖f‖p :=
(∫ 1

0

|f(t)|p dt

)1/p

.

Gia na deÐxoume ìti h ‖ · ‖p ikanopoieÐ thn trigwnik  anisìthta, arkeÐ na parathr soume
ìti oi anisìthtec Hölder kai Minkowski isqÔoun kai gia oloklhr¸simec sunart seic.
Anisìthta Hölder gia sunart seic. An f, g : [0, 1] → R eÐnai suneqeÐc sunart seic,
1 < p < ∞ kai q eÐnai o suzug c ekjèthc tou p (dhlad , 1

p + 1
q = 1), tìte

∫ 1

0

|f(t)g(t)| dt ≤
(∫ 1

0

|f(t)|pdt

)1/p(∫ 1

0

|g(t)|qdt

)1/q

.

H apìdeixh thc anisìthtac Hölder eÐnai entel¸c an�logh me aut n thc antÐstoiqhc
anisìthtac gia peperasmènec akoloujÐec. Qrhsimopoi ste to gegonìc ìti

(∗) |f(t)g(t)| ≤ 1
p
|f(t)|p +

1
q
|g(t)|q
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gia k�je t ∈ [0, 1]. An k�noume thn prìsjeth upìjesh ìti
∫ 1

0
|f(t)|pdt =

∫ 1

0
|g(t)|qdt = 1,

tìte paÐrnontac oloklhr¸mata sthn (∗) èqoume∫ 1

0

|f(t)g(t)| dt ≤ 1
p

∫ 1

0

|f(t)|pdt +
1
q

∫ 1

0

|g(t)|qdt

=
1
p

+
1
q

= 1

=
(∫ 1

0

|f(t)|pdt

)1/p(∫ 1

0

|g(t)|qdt

)1/q

.

Sth genik  perÐptwsh, {kanonikopoioÔme} tic f kai g, jewr¸ntac tic f1 := f/‖f‖p kai
g1 := g/‖g‖q.

Katìpin, qrhsimopoi¸ntac thn anisìthta Hölder gia sunart seic kai akolouj¸ntac
b ma proc b ma thn apìdeixh thc anisìthtac Minkowski gia peperasmènec akoloujÐec,
mporoÔme na deÐxoume thn trigwnik  anisìthta gia thn ‖ · ‖p:
Anisìthta Minkowski gia sunart seic. An f, g : [0, 1] → R eÐnai suneqeÐc sunart -
seic kai 1 ≤ p < ∞, tìte(∫ 1

0

|f(t) + g(t)|pdt

)1/p

≤
(∫ 1

0

|f(t)|pdt

)1/p

+
(∫ 1

0

|g(t)|pdt

)1/p

.

3. Ston C1([0, 1]), ton q¸ro twn sunart sewn f : [0, 1] → R pou èqoun suneq  par�g-
wgo, mporoÔme na jewr soume th nìrma

‖f‖ := ‖f‖∞ + ‖f ′‖∞.

Parathr ste ìti h
‖f‖′ := ‖f ′‖∞

den eÐnai nìrma (kai den ep�gei metrik ) ston C1([0, 1]).

4. AxÐzei ton kìpo na doÔme th morf  pou paÐrnoun oi epagìmenec metrikèc dp(f, g) =
‖f − g‖p ston C([0, 1]). An f, g : [0, 1] → R eÐnai suneqeÐc sunart seic, tìte

dp(f, g) =
(∫ 1

0

|f(t)− g(t)|pdt

)1/p

an 1 ≤ p < ∞ kai
d∞(f, g) = max{|f(t)− g(t)| : t ∈ [0, 1]}.
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1.3 Ask seic

1. 'Estw (X, ‖·‖) q¸roc me nìrma. DeÐxte ìti h nìrma eÐnai �rtia sun�rthsh kai ikanopoieÐ
thn anisìthta ∣∣ ‖x‖ − ‖y‖ ∣∣ ≤ ‖x− y‖
gia k�je x, y ∈ X.

2. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti:
(a) |ρ(x, z)− ρ(y, z)| ≤ ρ(x, y) gia k�je x, y, z ∈ X.
(b) |ρ(x, y)− ρ(z, w)| ≤ ρ(x, z) + ρ(y, w) gia k�je x, y, z, w ∈ X.

3. 'Estw ∅ 6= A ⊆ (0,+∞). ApodeÐxte ìti up�rqei metrikìc q¸roc (X, ρ) ¸ste

A = {ρ(x, y) : x, y ∈ X, x 6= y}.

4. Sto R jewroÔme th sun�rthsh σ : R×R → R me σ(a, b) =
√
|a− b|. ApodeÐxte ìti o

(R, σ) eÐnai metrikìc q¸roc.
Genikìtera, deÐxte ìti: an (X, ‖ · ‖) eÐnai q¸roc me nìrma kai an jewr soume thn

d : X ×X → R me
d(x, y) =

√
‖x− y‖, x, y ∈ X,

tìte o (X, d) eÐnai metrikìc q¸roc.

5. (a) 'Estw f : [0,∞) → [0,∞) aÔxousa sun�rthsh me f(0) = 0 kai f(x) > 0 gia k�je
x > 0. Upojètoume epÐshc ìti h f eÐnai upoprosjetik , dhl. f(x + y) ≤ f(x) + f(y) gia
k�je x, y ≥ 0. DeÐxte ìti: an h d eÐnai metrik  sto X tìte kai h f ◦ d eÐnai metrik  sto
X.
(b) 'Estw f : [0,∞) → R+ sun�rthsh. ApodeÐxte ìti kajemi� apì tic akìloujec idiìthtec
eÐnai ikan  na exasfalÐsei thn upoprosjetikìthta thc f :

(i) H f eÐnai koÐlh sun�rthsh.
(ii) H sun�rthsh x 7→ f(x)

x , x > 0 eÐnai fjÐnousa.
(g) Efarmogèc: 'Estw (X, d) metrikìc q¸roc. DeÐxte ìti oi sunart seic ρ1 = min{d, 1},
ρ2 = d

1+d kai dα = dα (0 < α < 1) eÐnai metrikèc sto X.

6. An d1, d2 eÐnai metrikèc sto sÔnolo X exet�ste an oi d1+d2, max{d1, d2}, min{d1, d2}
eÐnai metrikèc sto X. An h d eÐnai metrik  sto X, eÐnai h d2 metrik  sto X?

7. (Anisìthta Hölder gia sunart seic) 'Estw f, g : [0, 1] → R suneqeÐc sunart seic kai
p, q suzugeÐc ekjètec (dhl. p, q > 1 kai 1

p + 1
q = 1). DeÐxte ìti∫ 1

0

|f(t)g(t)| dt ≤
(∫ 1

0

|f(t)|p dt

)1/p(∫ 1

0

|g(t)|q dt

)1/q

.
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8. 'Estw 1 ≤ p < ∞. DeÐxte ìti o q¸roc (C([0, 1]), ‖ · ‖p) me

‖f‖p =
(∫ 1

0

|f(x)|p dx

)1/p

eÐnai q¸roc me nìrma.

9. 'Estw P to sÔnolo twn poluwnÔmwn me pragmatikoÔc suntelestèc. An p(x) = a0 +
a1x + · · ·+ anxn eÐnai èna polu¸numo apì to P, to Ôyoc tou p eÐnai to

h(p) = max{|ai| : i = 0, 1, . . . , n}.

(a) DeÐxte ìti o P eÐnai grammikìc q¸roc me tic pr�xeic kat� shmeÐo kai h sun�rthsh
h : P → R eÐnai nìrma ston P.
(b) DeÐxte ìti h sun�rthsh σ : P → R, me

σ(p) = |a0|+ |a1|+ · · ·+ |an|

eÐnai nìrma ston P.
(g) DeÐxte ìti h(p) ≤ σ(p) ≤ (n + 1) · h(p) gia k�je polu¸numo p bajmoÔ to polÔ n.

10. JewroÔme ton q¸ro (P, h) thc prohgoÔmenhc �skhshc kai ton (c00, ‖·‖∞). ApodeÐxte
ìti h sun�rthsh f : (P, h) → (c00, ‖ · ‖∞) me

p(x) = a0 + a1x + · · ·+ anxn f7−→ f(p) := a = (a0, a1, . . . , an, 0, 0, . . .)

eÐnai isomorfismìc grammik¸n q¸rwn pou diathreÐ tic apost�seic. Dhlad , h f eÐnai 1-1,
epÐ kai ikanopoieÐ tic sqèseic

(i) f(p + q) = f(p) + f(q)

(ii) f(λp) = λf(p)

(iii) ‖f(p)‖∞ = h(p)

gia k�je p, q ∈ P kai λ ∈ R.

11. JewroÔme touc q¸rouc `p, 1 ≤ p ≤ ∞ kai c0.
(a) DeÐxte ìti: an 1 ≤ p < q ≤ ∞ tìte `p ⊆ `q kai ìti o egkleismìc eÐnai gn sioc.
(b) DeÐxte ìti: an 1 ≤ p < ∞ tìte `p ⊆ c0 kai ìti o egkleismìc eÐnai gn sioc.
(g) Na brejeÐ akoloujÐa x = (xn) pou sugklÐnei sto 0 all� den an kei se kanènan `p,
1 ≤ p < ∞. Me �lla lìgia, o c0 perièqei gn sia thn ènwsh

⋃
{`p : 1 ≤ p < ∞}.

(d) Na brejeÐ akoloujÐa x = (xn) ¸ste x /∈ `1 all� x ∈ `p gia k�je p > 1.



1.3 Ask seis · 17

12. O kÔboc tou Hilbert H∞ eÐnai to sÔnolo ìlwn twn akolouji¸n x = (xn) me |xn| ≤ 1
gia k�je n ∈ N.
(a) DeÐxte ìti h

d(x, y) =
∞∑

n=1

2−n|xn − yn|

orÐzei metrik  sto H∞.
(b) An x, y ∈ H∞ kai k ∈ N, jètoume Mk = max{|x1 − y1|, . . . , |xk − yk|}. DeÐxte ìti

2−kMk ≤ d(x, y) ≤ 2−k+1 + Mk.

13. JewroÔme th monadiaÐa EukleÐdeia sfaÐra Sm−1 = {x ∈ Rm : ‖x‖2 = 1} ston Rm.
OrÐzoume {apìstash} ρ(x, y) dÔo shmeÐwn x, y ∈ Sm−1 na eÐnai h kurt  gwnÐa xoy sto
epÐpedo pou orÐzetai apì thn arq  twn axìnwn o kai ta x, y. DeÐxte ìti: an ρ(x, y) = θ
tìte

‖x− y‖2 = 2 sin
θ

2
kai sumper�nate ìti

2
π

ρ(x, y) ≤ ‖x− y‖2 ≤ ρ(x, y), x, y ∈ Sm−1.

EÐnai h ρ metrik  sthn Sm−1?

14. 'Estw (X, d) metrikìc q¸roc kai ∅ 6= A ⊆ X. H di�metroc diam(A) tou A eÐnai h
posìthta

diam(A) = sup{d(a, b) : a, b ∈ A}.

ApodeÐxte tic akìloujec idiìthtec thc diamètrou:
(a) An A 6= ∅ tìte diam(A) = 0 an kai mìno an to A eÐnai monosÔnolo (dhlad , A = {x}
gia k�poio x ∈ X).
(b) An ∅ 6= A ⊆ B ⊆ X tìte diam(A) ≤ diam(B).
(g) 'Estw A 6= ∅. An diam(A) < r, tìte A ⊆ {x : d(a, x) < r} gia k�poio a ∈ A.
(d) An ∅ 6= A,B ⊆ X tìte isqÔei h anisìthta

diam(A ∩B) ≤ min{diam(A),diam(B)} ≤ max{diam(A),diam(B)} ≤ diam(A ∪B)

IsqÔei h anisìthta
diam(A ∪B) ≤ diam(A) + diam(B)

gia k�je zeug�ri mh ken¸n uposunìlwn A,B tou X?
(e) An (An) eÐnai mia akoloujÐa mh ken¸n uposunìlwn tou X me diam(An) → 0 kaj¸c
n →∞, deÐxte ìti to

⋂∞
n=1 An eÐnai to polÔ monosÔnolo (èqei to polÔ èna stoiqeÐo).
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15. (a) DeÐxte ìti èna mh kenì uposÔnolo A tou metrikoÔ q¸rou (X, ρ) eÐnai fragmèno
an kai mìnon an up�rqoun x0 ∈ X kai r > 0 ¸ste ρ(a, x0) ≤ r gia k�je a ∈ A.
(b) 'Estw A1, . . . , Ak fragmèna mh ken� uposÔnola tou metrikoÔ q¸rou (X, ρ). DeÐxte
ìti to A1 ∪ · · · ∪Ak eÐnai fragmèno.

16. JewroÔme ton q¸ro S ìlwn twn akolouji¸n pragmatik¸n arijm¸n. 'Estw (mn)
akoloujÐa jetik¸n arijm¸n, me

∑
n mn < +∞. OrÐzoume apìstash d ston S wc ex c:

an x = (xn), y = (yn) ∈ S, jètoume

d(x, y) =
∞∑

n=1

mn
|xn − yn|

1 + |xn − yn|
.

DeÐxte ìti o (S, d) eÐnai metrikìc q¸roc, kai upologÐste th di�metrì tou.



Kef�laio 2

SÔgklish akolouji¸n kai

sunèqeia sunart sewn

2.1 SÔgklish akolouji¸n

Ston Apeirostikì Logismì melet same th sÔgklish akolouji¸n pragmatik¸n arijm¸n.
Me ton ìro akoloujÐa pragmatik¸n arijm¸n ennooÔme k�je sun�rthsh x : N → R (me
pedÐo orismoÔ to sÔnolo twn fusik¸n arijm¸n kai timèc sto R). Sun jwc, gr�foume
xn := x(n) gia ton n-ostì ìro thc akoloujÐac x kai sumbolÐzoume tic akoloujÐec me
{xn}∞n=1   {xn}   (xn).

An (xn) eÐnai mia akoloujÐa sto R, lème ìti h (xn) sugklÐnei ston pragmatikì arijmì
x an isqÔei to ex c:

Gia k�je ε > 0 up�rqei fusikìc n0 ≡ n0(ε) me thn idiìthta: an n ∈ N kai
n ≥ n0(ε), tìte |xn − x| < ε.

Se aut  thn perÐptwsh, gr�foume lim xn = x   lim
n→∞

xn = x  , pio apl�, xn → x.

Se aut  thn par�grafo dÐnoume ton orismì tou orÐou gia mia akoloujÐa (xn) se èna
metrikì q¸ro (X, ρ). O orismìc upagoreÔetai apì ton antÐstoiqo orismì gia akoloujÐec
pragmatik¸n arijm¸n: h basik  idèa eÐnai ìti mia akoloujÐa (xn) sugklÐnei sto x ∈ X
an mporoÔme na broÔme ìso kont� jèloume sto x èna telikì tm ma thc akoloujÐac.
IsodÔnama, ja lègame ìti h (xn) sugklÐnei sto x an h apìstash tou xn apì to x teÐnei
sto 0 ìtan to n teÐnei sto �peiro. Oi basikèc pr¸tec sunèpeiec tou orismoÔ tou orÐou
exakoloujoÔn na isqÔoun sto genikì plaÐsio twn metrik¸n q¸rwn. Oi apodeÐxeic den èqoun
kamÐa ousiastik  diafor� apì tic antÐstoiqec apodeÐxeic gia akoloujÐec pragmatik¸n
arijm¸n.
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2.1.1 SugklÐnousec akoloujÐec
'Estw (X, ρ) ènac metrikìc q¸roc. AkoloujÐa ston X eÐnai k�je sun�rthsh x : N →
X. Gr�foume xn := x(n) gia ton n-ostì ìro thc akoloujÐac x kai sumbolÐzoume tic
akoloujÐec me {xn}∞n=1   {xn}   (xn)   x = (x1, x2, . . . , xn, . . .).
Orismìc 2.1.1 (sÔgklish akoloujÐac). Lème ìti mia akoloujÐa (xn) sto metrikì
q¸ro (X, ρ) sugklÐnei sto x ∈ X wc proc th metrik  ρ (  eÐnai ρ-sugklÐnousa) an

gia k�je ε > 0 up�rqei n0 ≡ n0(ε) ∈ N ¸ste an n ≥ n0 na isqÔei ρ(xn, x) < ε.

Gia na to dhl¸soume autì gr�foume xn
ρ−→ x   apl¸c xn → x. To x lègetai ρ-ìrio ( 

apl¸c ìrio) thc akoloujÐac.
Prìtash 2.1.2. 'Estw (xn) mia akoloujÐa sto metrikì q¸ro (X, ρ) kai èstw x ∈ X.

Tìte, xn
ρ−→ x an kai mìno an h akoloujÐa (ρ(xn, x))n pragmatik¸n arijm¸n eÐnai mh-

denik .

Apìdeixh. ArkeÐ na sugkrÐnoume touc dÔo orismoÔc: h akoloujÐa (ρ(xn, x))n sto R
eÐnai mhdenik  an gia k�je ε > 0 up�rqei n0 ≡ n0(ε) ∈ N ¸ste an n ≥ n0 na isqÔei
ρ(xn, x) = |ρ(xn, x)− 0| < ε. 'Omwc autì sumbaÐnei an kai mìno an xn

ρ−→ x. 2

Prìtash 2.1.3. 'Estw (xn) mia akoloujÐa sto metrikì q¸ro (X, ρ). An up�rqei to ìrio
thc (xn), tìte autì eÐnai monadikì.

Apìdeixh. Upojètoume ìti xn
ρ−→ x kai xn

ρ−→ y, ìpou x, y ∈ X. Ja deÐxoume ìti x = y.
Pr�gmati: gia k�je n ∈ N èqoume

0 ≤ ρ(x, y) ≤ ρ(x, xn) + ρ(xn, y).

An jewr soume tuqìn ε > 0, up�rqei n0 ∈ N ¸ste, gia k�je n ≥ n0,

ρ(xn, x) <
ε

2
kai ρ(xn, y) <

ε

2
.

Tìte, gia k�je n ≥ n0,

ρ(x, y) ≤ ρ(x, xn) + ρ(xn, y) < ε.

AfoÔ to ε > 0  tan tuqìn, èpetai ìti ρ(x, y) = 0, �ra x = y. 2

Prìtash 2.1.4. 'Estw (X, ρ) metrikìc q¸roc. An (xn), (yn) akoloujÐec ston X kai

x, y ∈ X me xn
ρ−→ x kai yn

ρ−→ y, tìte ρ(xn, yn) → ρ(x, y).

Apìdeixh. Ja qrhsimopoi soume èna L mma pou èqei anex�rthto endiafèron:
L mma 2.1.5. 'Estw (X, ρ) metrikìc q¸roc. Tìte isqÔoun oi anisìthtec:

(a) |ρ(x, z)− ρ(y, z)| ≤ ρ(x, y) gia k�je x, y, z ∈ X.

(b) |ρ(x, y)− ρ(z, w)| ≤ ρ(x, z) + ρ(y, w) gia k�je x, y, z, w ∈ X.
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Apìdeixh tou L mmatoc. (a) 'Estw x, y, z ∈ X. Apì thn trigwnik  anisìthta thc metrik c
èqoume

ρ(x, z) ≤ ρ(x, y) + ρ(y, z) ⇒ ρ(x, z)− ρ(y, z) ≤ ρ(x, y),
ρ(y, z) ≤ ρ(y, x) + ρ(x, z) ⇒ ρ(y, z)− ρ(x, z) ≤ ρ(y, x).

Sundu�zontac tic duo anisìthtec paÐrnoume

|ρ(x, z)− ρ(y, z)| ≤ ρ(x, y).

(b) An x, y, z,∈ X, apì thn trigwnik  anisìthta sto R èqoume

|ρ(x, y)− ρ(z, w)| ≤ |ρ(x, y)− ρ(z, y)|+ |ρ(z, y)− ρ(z, w)|

'Omwc, apì to (a) isqÔei

|ρ(x, y)− ρ(z, y)|+ |ρ(z, y)− ρ(z, w)| ≤ ρ(x, z) + ρ(y, w).

Epistrèfoume t¸ra sthn apìdeixh thc prìtashc: qrhsimopoi¸ntac thn anisìthta (b) tou
l mmatoc blèpoume ìti

|ρ(xn, yn)− ρ(x, y)| ≤ ρ(xn, x) + ρ(yn, y) → 0

kaj¸c n →∞, afoÔ xn
ρ−→ x kai yn

ρ−→ y. 2

2.1.2 ParadeÐgmata sÔgklishc se metrikoÔc q¸rouc

1. 'Estw (X, δ) o diakritìc metrikìc q¸roc kai (xn) mia akoloujÐa ston X. H (xn) eÐnai
sugklÐnousa an kai mìnon an eÐnai telik� stajer .
Apìdeixh. AfoÔ, se k�je metrikì q¸ro, k�je telik� stajer  akoloujÐa eÐnai sugklÐ-
nousa, arkeÐ na deÐxoume ìti an mia akoloujÐa ston (X, δ) sugklÐnei, tìte eÐnai telik� s-
tajer . 'Estw loipìn xn

δ−→ x. Tìte, up�rqei n0 ∈ N ¸ste: an n ≥ n0 tìte δ(xn, x) < 1
2 .

All�, apì ton orismì thc diakrit c metrik c, èpetai ìti δ(xn, x) = 0 gia k�je n ≥ n0  
alli¸c, ìti xn = x gia k�je n ≥ n0. Sunep¸c h (xn) eÐnai telik� stajer . 2

To Ðdio epiqeÐrhma deÐqnei ìti ston kÔbo tou Hamming (Hn, h) mia akoloujÐa sugklÐnei
an kai mìnon an eÐnai telik� stajer : èstw (xm) akoloujÐa ston Hn me xm

h−→ x. Tìte,
up�rqei m0 ∈ N ¸ste an m ≥ m0 na isqÔei h(xm, x) < 1

2 . 'Omwc h h paÐrnei mìno tic timèc
0, 1, . . . , n. 'Ara, h(xm, x) = 0 gia k�je m ≥ m0. Dhlad , xm = x gia k�je m ≥ m0. 2
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2. Sto q¸ro (Z, σp) pou orÐsame sthn §1.1.5, mia akoloujÐa (xn) akeraÐwn sugklÐnei
ston x an kai mìnon an up�rqei akoloujÐa fusik¸n arijm¸n (kn) ¸ste kn → ∞ kai
xn ≡ xmod pkn .
Apìdeixh. 'Estw ìti up�rqei akoloujÐa (kn) ¸ste kn → ∞ kai xn ≡ xmod pkn . Tìte
p(xn, x) ≥ kn, �ra p(xn, x) →∞. IsodÔnama, σp(xn, x) → 0.

AntÐstrofa; an σp(xn, x) → 0 tìte 2p(xn,x) → ∞, �ra p(xn, x) → ∞. Jètoume
kn = p(xn, x). Tìte, kn →∞ kai xn ≡ xmod pkn . 2

3. Peperasmèno ginìmeno metrik¸n q¸rwn. 'Estw (X1, d1), . . . , (Xk, dk) metrikoÐ q¸roi
kai X =

∏k
i=1 Xi to kartesianì touc ginìmeno. Sto X orÐzoume th metrik  d =

∑k
i=1 di,

dhlad 

d(x, y) =
k∑

i=1

di(x(i), y(i)),

ìpou x = (x(1), . . . , x(k)), y = (y(1), . . . , y(k)) kai x(i), y(i) ∈ Xi. Tìte, mia akoloujÐa
sto X sugklÐnei an kai mìno an sugklÐnei kat� suntetagmènh. (Mia metrik  d sto q¸ro
ginìmeno me thn idiìthta aut  lègetai metrik  ginìmeno.)
Apìdeixh. 'Estw (xn) mia akoloujÐa sto X. Tìte, h (xn) èqei th morf 

xn = (xn(1), xn(2), . . . , xn(k)), n = 1, 2, . . . .

An loipìn upojèsoume ìti xn
d−→ x = (x(1), x(2), . . . , x(k)) tìte xn(i) di−→ x(i) gia

i = 1, . . . , k. Pr�gmati; an i ∈ {1, 2, . . . , k} èqoume

di(xn(i), x(i)) ≤
k∑

i=1

di(xn(i), x(i)) = d(xn, x) −→ 0

kaj¸c n →∞, dhlad  xn(i) di−→ x(i).
AntÐstrofa; an xn(i) di−→ x(i) gia i = 1, 2, . . . , k, autì shmaÐnei ìti di(xn(i), x(i)) → 0
gia i = 1, 2, . . . , k. Sunep¸c,

d(xn, x) = d1(xn(1), x(1)) + · · ·+ dk(xn(k), x(k)) −→ 0

kaj¸c n →∞, dhlad  xn
d−→ x. 2

4*. O kÔboc tou Hilbert H∞. To sÔnolo

[−1, 1]N =
{
x : N → R

∣∣ |x(n)| ≤ 1, n = 1, 2, . . .
}

to efodi�zoume me th metrik 

d(x, y) =
∞∑

n=1

|x(n)− y(n)|
2n

,
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ìpou x = (x(n)) kai y = (y(n)). O metrikìc q¸roc ([−1, 1]N, d) lègetai kÔboc tou Hilbert
kai sumbolÐzetai me H∞. H sÔgklish ston kÔbo eÐnai kat� suntetagmènh.
Apìdeixh. 'Estw (xm) mia akoloujÐa ston kÔbo, dhlad 

xm = (xm(1), xm(2), . . . , xm(n), . . .), m = 1, 2, . . .

ìpou |xm(n)| ≤ 1 gia m,n = 1, 2, . . . Upojètoume ìti xm
d−→ x = (x(1), x(2), . . . , x(n), . . .).

Tìte, gia k�je k ∈ N isqÔei

2−k|xm(k)− x(k)| ≤
∞∑

n=1

|xm(n)− x(n)|
2n

= d(xm, x)

gia k�je m ∈ N kai epeid  d(xm, x) → 0 èpetai ìti xm(n) → x(n) kaj¸c m → ∞ gia
k�je n = 1, 2, . . ..

IsqÔei kai to antÐstrofo: dhlad , an xm = (xm(1), xm(2), . . .) eÐnai mia akoloujÐa
ston H∞ (dhl. |xm(n)| ≤ 1, n, m = 1, 2, . . .) ¸ste xm(n) → x(n) gia k�je n =
1, 2, . . . tìte h x = (x(1), x(2), . . .) eÐnai stoiqeÐo tou H∞ kai m�lista xm

d−→ x: xekin�me
parathr¸ntac ìti, afoÔ xm(n) → x(n), èqoume |x(n)| = lim

m
|xm(n)| ≤ 1, �ra x ∈ H∞.

Gia na deÐxoume ìti xm
d−→ x arkeÐ gia k�je ε > 0 na broÔme èna m0 ∈ N ¸ste an

m ≥ m0 tìte d(xm, x) < ε. Ja qrhsimopoi soume thn anisìthta

d(x, y) =
∞∑

n=1

|x(n)− y(n)|
2n

≤ Mk+1 + 2−k, k = 1, 2, . . .

ìpou
Mk = max{|x(1)− y(1)|, |x(2)− y(2)|, . . . , |x(k)− y(k)|}.

'Estw ε > 0. Jètoume

Mm
k = max{|xm(i)− x(i)| : i = 1, . . . , k}.

Tìte, gia k�je k ∈ N isqÔei Mm
k → 0 kaj¸c m → ∞ (giatÐ?). EpÐshc, up�rqei k ≡

k(ε) ∈ N ¸ste 1
2k < ε

2 . Gi� autì to k isqÔei Mm
k+1 → 0, �ra up�rqei m0(ε, k) ≡ m0 ∈ N

¸ste an m ≥ m0 na isqÔei Mm
k+1 < ε

2 . An loipìn m ≥ m0, tìte

d(xm, x) ≤ Mm
k+1 +

1
2k

<
ε

2
+

ε

2
= ε

kai autì oloklhr¸nei thn apìdeixh. 2
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5*. 'Apeiro ginìmeno metrik¸n q¸rwn. 'Estw (Xn, dn), n = 1, 2, . . . akoloujÐa metrik¸n
q¸rwn ¸ste dn(x, y) ≤ 1 gia k�je x, y ∈ Xn, n = 1, 2, . . .. Sto X =

∏∞
i=1 Xi orÐzoume

th metrik  ginìmeno d : X ×X → R me

d(x, y) =
∞∑

n=1

1
2n

dn(x(n), y(n)),

ìpou x = (x(1), x(2), . . .), y = (y(1), y(2), . . .) me x(n), y(n) ∈ Xn gia k�je n = 1, 2, . . ..
H d eÐnai pr�gmati metrik .

'Estw (xm) akoloujÐa ston (X, d). Tìte h (xm) eÐnai akoloujÐa akolouji¸n:

x1 = (x1(1), x1(2), . . . , x1(n), . . .)
x2 = (x2(1), x2(2), . . . , x2(n), . . .)

...
xm = (xm(1), xm(2), . . . , xm(n), . . .)

...

Upojètoume ìti xm
d−→ x = (x(1), x(2), . . . , x(n), . . .) kaj¸c to m → ∞. Ja deÐxoume

ìti, gia k�je n = 1, 2, . . ., isqÔei xm(n) dn−→ x(n) kaj¸c m → ∞. 'Estw n ∈ N. Tìte,
gia k�je m ∈ N isqÔei

2−ndn(xm(n), x(n)) ≤
∞∑

n=1

2−ndn(xm(n), x(n)) = d(xm, x),

kai epeid  d(xm, x) → 0 èpetai ìti dn(xm(n), x(n)) → 0 kaj¸c m →∞.
To antÐstrofo af netai wc �skhsh. 2

2.1.3 Basikèc akoloujÐec kai fragmènec akoloujÐec
O orismìc thc akoloujÐac Cauchy (  basik c akoloujÐac) pragmatik¸n arijm¸n genikeÔe-
tai ki autìc �mesa sto plaÐsio twn metrik¸n q¸rwn.

Orismìc 2.1.6 (basik  akoloujÐa). 'Estw (xn) mia akoloujÐa sto metrikì q¸ro
(X, ρ). Lème ìti h (xn) eÐnai basik  (  Cauchy) an gia k�je ε > 0 up�rqei n0 ≡ n0(ε) ∈ N
¸ste an m,n ≥ n0 tìte ρ(xm, xn) < ε.

Prìtash 2.1.7. 'Estw (X, ρ) metrikìc q¸roc. Tìte, k�je sugklÐnousa akoloujÐa ston
X eÐnai akoloujÐa Cauchy.

Apìdeixh. 'Estw (xn) sugklÐnousa akoloujÐa. Tìte, up�rqei x ∈ X ¸ste xn
ρ−→ x.

'Estw ε > 0. AfoÔ xn
ρ−→ x, up�rqei n0 ∈ N ¸ste an n ≥ n0 tìte ρ(xn, x) < ε

2 .
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'Estw m,n ≥ n0. Tìte,

ρ(xn, xm) ≤ ρ(xn, x) + ρ(x, xm) <
ε

2
+

ε

2
= ε.

Sunep¸c, h (xn) eÐnai akoloujÐa Cauchy. 2

Orismìc 2.1.8 (fragmènh akoloujÐa). 'Estw (xn) mia akoloujÐa sto metrikì q¸ro
(X, ρ). Lème ìti h (xn) eÐnai fragmènh an to sÔnolo A = {xn : n ∈ N} eÐnai fragmèno
uposÔnolo tou X. Me �lla lìgia, an up�rqei C > 0 ¸ste ρ(xm, xn) ≤ C gia k�je
m,n ∈ N.

Prìtash 2.1.9. 'Estw (X, ρ) metrikìc q¸roc. Tìte, k�je basik  akoloujÐa ston X
eÐnai fragmènh.

Eidikìtera, k�je sugklÐnousa akoloujÐa ston X eÐnai fragmènh.

Apìdeixh. 'Estw (xn) basik  akoloujÐa ston (X, ρ). Tìte, up�rqei n0 > 1 ¸ste an
m,n ≥ n0 na isqÔei ρ(xn, xm) < 1. Eidikìtera, ρ(xn, xn0) < 1 gia k�je n ≥ n0. Jètoume

C = max {ρ(x1, xn0), . . . , ρ(xn0−1, xn0), 1} > 0.

Tìte, gia k�je n ∈ N èqoume
ρ(xn, xn0) ≤ C.

Apì thn trigwnik  anisìthta èpetai (exhg ste giatÐ) ìti

sup{ρ(xm, xn) : m,n ∈ N} ≤ 2C.

Sunep¸c, h (xn) eÐnai fragmènh.
O deÔteroc isqurismìc prokÔptei �mesa apì ton pr¸to, afoÔ k�je sugklÐnousa akoloujÐa
eÐnai basik . 2

Parathr seic 2.1.10. (a) Up�rqoun paradeÐgmata metrik¸n q¸rwn stouc opoÐouc den
sugklÐnoun ìlec oi basikèc akoloujÐec. 'Ena par�deigma eÐnai o q¸roc (Q, | · |) twn rht¸n
me th sun jh metrik : h akoloujÐa (qn) ìpou qn = (1 + 1

n )n, en¸ eÐnai basik , den
sugklÐnei se rhtì arijmì.

Gia èna �llo par�deigma, ac jewr soume to q¸ro (R, ρ) me th metrik 

ρ(x, y) = |f(x)− f(y)|, x, y ∈ R,

ìpou1 f(t) = t
|t|+1 . Tìte h akoloujÐa xn = n eÐnai ρ-basik  all� den eÐnai ρ-sugklÐnousa.

Pr�gmati, epeid  h (f(n)) eÐnai sugklÐnousa wc proc th sun jh metrik  eÐnai kai |·|-basik ,
dhlad 

ρ(n, m) = |f(n)− f(m)| → 0 kaj¸c m,n →∞.

1parathr ste ìti h f eÐnai 1-1 apì to R epÐ tou (−1, 1).
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All�, h (xn) den eÐnai ρ-sugklÐnousa, diìti an  tan tìte ja up rqe x ∈ R ¸ste ρ(n, x) →
0. Apì thn �llh pleur�, afoÔ f(n) → 1,

ρ(n, x) = |f(n)− f(x)| → |1− f(x)| .

'Omwc tìte, |1− f(x)| = 0, dhlad  x
|x|+1 = 1. Autì eÐnai �topo.

Apì ton Apeirostikì Logismì gnwrÐzoume ìti h kat�stash aut  den mporeÐ na em-
fanisteÐ sto R me th sun jh metrik : ekeÐ, k�je basik  akoloujÐa sugklÐnei. Oi metrikoÐ
q¸roi stouc opoÐouc k�je basik  akoloujÐa sugklÐnei lègontai pl reic metrikoÐ q¸roi
kai ja touc melet soume xeqwrist� argìtera.
(b) PolÔ aploÔstero eÐnai na d¸soume paradeÐgmata metrik¸n q¸rwn stouc opoÐouc m-
poroÔme na èqoume fragmènh akoloujÐa h opoÐa na mhn eÐnai basik . Sto R me th sun jh
metrik , h xn = (−1)n eÐnai fragmènh all� den eÐnai basik , afoÔ |xn − xn+1| = 2 gia
k�je n = 1, 2, . . ..

2.1.4 UpakoloujÐec
'Estw (X, ρ) ènac metrikìc q¸roc kai èstw (xn) mia akoloujÐa ston X. An k1 < k2 <
· · · < kn < · · · eÐnai mia gnhsÐwc aÔxousa akoloujÐa fusik¸n arijm¸n tìte h (xkn

) lègetai
upakoloujÐa thc (xn).

Parathr seic 2.1.11. (a) An k : N → N eÐnai gnhsÐwc aÔxousa akoloujÐa kai x : N →
X eÐnai akoloujÐa ston X, tìte h x ◦ k : N → X eÐnai upakoloujÐa thc (xn). Gia thn
akrÐbeia, k�je upakoloujÐa thc (xn) eÐnai h sÔnjesh thc akoloujÐac (xn) me mia gnhsÐwc
aÔxousa akoloujÐa fusik¸n arijm¸n.
(b) An (kn) eÐnai mia gnhsÐwc aÔxousa akoloujÐa fusik¸n arijm¸n, èqoume ìti kn ≥ n
gia k�je n = 1, 2, . . .. H (apl ) apìdeixh autoÔ tou isqurismoÔ gÐnetai me epagwg .

EÐnai logikì (kai apodeiknÔetai akrib¸c ìpwc sthn perÐptwsh twn akolouji¸n prag-
matik¸n arijm¸n) ìti an xn

ρ−→ x tìte gia k�je upakoloujÐa (xkn
) thc (xn) isqÔei

xn
ρ−→ x (�skhsh 11). 'Ena �llo apotèlesma pou metafèretai qwrÐc kami� duskolÐa apì

to plaÐsio twn pragmatik¸n arijm¸n se autì twn metrik¸n q¸rwn eÐnai to ex c:

Prìtash 2.1.12. 'Estw (X, ρ) ènac metrikìc q¸roc kai èstw (xn) akoloujÐa ston X.
An h (xn) eÐnai Cauchy kai èqei sugklÐnousa upakoloujÐa, tìte sugklÐnei.

Apìdeixh. 'Estw ìti h (xn) eÐnai basik  kai ìti xkn

ρ−→ x, ìpou h (xkn
) eÐnai upakoloujÐa

thc (xn).
Isqurismìc. H (xn) sugklÐnei sto x.

Pr�gmati, èstw ε > 0. Epeid  h (xn) eÐnai basik  èqoume ìti up�rqei n1 ∈ N ¸ste

ρ(xn, xm) <
ε

2
an n, m ≥ n1.
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Epiprosjètwc, xkn

ρ−→ x, �ra up�rqei n2 ∈ N ¸ste

ρ(xkn
, x) <

ε

2
an n ≥ n2.

Jètoume n0 = max{n1, n2}. Parathr ste ìti an n ≥ n0 tìte kn ≥ n ≥ n0, opìte
n, kn ≥ n1 kai n ≥ n2. Sunep¸c,

ρ(xn, x) ≤ ρ(xn, xkn
) + ρ(xkn

, x) <
ε

2
+

ε

2
= ε.

'Epetai ìti xn
ρ−→ x. 2

Sto (R, | · |) isqÔei h idiìthta Bolzano–Weierstrass: k�je fragmènh akoloujÐa èqei
sugklÐnousa upakoloujÐa. To apotèlesma autì epekteÐnetai sthn perÐptwsh tou Euk-
leÐdeiou q¸rou opoiasd pote di�stashc.

Je¸rhma 2.1.13 (Bolzano–Weierstrass). K�je fragmènh akoloujÐa ston Rm (me
thn EukleÐdeia metrik ) èqei sugklÐnousa upakoloujÐa.

Apìdeixh. 'Estw xn = (xn(1), . . . , xn(m)) akoloujÐa ston Rm. An h (xn) eÐnai fragmènh,
tìte h (xn(1)) eÐnai fragmènh akoloujÐa sto R. Apì thn idiìthta Bolzano–Weierstrass
sto R, èqei sugklÐnousa upakoloujÐa (xkn

(1)):

xkn
(1) → x1.

H upakoloujÐa (xkn
) thc (xn) èqei loipìn sugklÐnousa pr¸th suntetagmènh. H (xkn

(2))
eÐnai fragmènh akoloujÐa sto R, �ra èqei sugklÐnousa upakoloujÐa (xkλn

(2)):

xkλn
(2) → x2.

Parathr ste ìti
xkλn

(1) → x1,

diìti h xkn
(1) → x1 kai h (xkλn

(1)) eÐnai upakoloujÐa thc xkn
(1). 'Ara, h upakoloujÐa

(xkλn
) èqei sugklÐnousa pr¸th kai deÔterh suntetagmènh. SuneqÐzontac me parìmoio

trìpo mèqri thn m-ost  suntetagmènh kai paÐrnontac m diadoqikèc upakoloujÐec thc (xn)
brÐskoume upakoloujÐa thc h opoÐa èqei k�je suntetagmènh thc sugklÐnousa. 'Eqoume
deÐxei ìti h sÔgklish akoloujÐac ston EukleÐdeio q¸ro eÐnai isodÔnamh me th sÔgklish
kat� suntetagmènh, sunep¸c h (xn) èqei sugklÐnousa upakoloujÐa. 2

Se tuqìnta metrikì q¸ro h idiìthta Bolzano–Weierstrass den isqÔei ìpwc faÐnetai kai
apì to akìloujo par�deigma:

Par�deigma 2.1.14. JewroÔme to q¸ro (c0, ‖ · ‖∞) twn mhdenik¸n akolouji¸n me th
metrik  pou ep�getai apì thn supremum nìrma: an x = (xn) kai y = (yn) tìte

d∞(x, y) = sup{|xn − yn| : n = 1, 2, . . .}.
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Se autì to q¸ro jewroÔme thn akoloujÐa (en) ìpou

e1 = (1, 0, 0, 0, . . .)
e2 = (0, 1, 0, 0, . . .)
e3 = (0, 0, 1, 0, . . .)

...

h opoÐa eÐnai fragmènh afoÔ d∞(en, em) = ‖en − em‖∞ = 1 an n 6= m. H Ðdia isìthta
deÐqnei ìti h (en) den mporeÐ na èqei sugklÐnousa upakoloujÐa: oi ìroi thc ja èprepe
telik� na apèqoun apìstash mikrìterh apì 1.

2.2 Sunèqeia se èna shmeÐo kai arq  thc metafor�c

UpenjumÐzoume ton ε− δ orismì thc sunèqeiac gia pragmatikèc sunart seic. An A eÐnai
èna mh kenì uposÔnolo tou R, f : A → R kai x0 ∈ A, tìte lème ìti h f eÐnai suneq c sto
x0 an: gia k�je ε > 0 up�rqei δ > 0 ¸ste:

an x ∈ A kai |x− x0| < δ, tìte |f(x)− f(x0)| < ε.

Lème ìti h f eÐnai suneq c sto A an eÐnai suneq c se k�je x0 ∈ A. H genÐkeush tou
orismoÔ thc sunèqeiac sto plaÐsio twn metrik¸n q¸rwn eÐnai �mesh:

Orismìc 2.2.1. 'Estw (X, ρ) kai (Y, σ) dÔo metrikoÐ q¸roi. Mia sun�rthsh f : X → Y
lègetai suneq c sto x0 ∈ X an

gia k�je ε > 0 up�rqei δ ≡ δ(x0, ε) > 0 ¸ste: an x ∈ X kai ρ(x, x0) < δ tìte
σ(f(x), f(x0)) < ε.

Mia sun�rthsh f : X → Y lègetai suneq c ston X an eÐnai suneq c se k�je shmeÐo
tou X. To sÔnolo twn suneq¸n sunart sewn f : (X, ρ) → (Y, σ), to sumbolÐzoume me
C(X, Y ). Eidikìtera, an Y = R gr�foume C(X) antÐ tou C(X, R).

ParadeÐgmata 2.2.2. (a) 'Estw (X, δ) o diakritìc metrikìc q¸roc kai (Y, σ) tuq¸n
metrikìc q¸roc. K�je sun�rthsh f : X → Y eÐnai suneq c.
Apìdeixh. 'Estw f : (X, δ) → (Y, σ) tuqoÔsa sun�rthsh kai èstw x0 ∈ X. Ja deÐxoume
ìti h f eÐnai suneq c sto x0. Pr�gmati: èstw ε > 0. Epilègoume δ = 1

2 > 0. Apì
ton orismì thc δ, an x ∈ X kai δ(x, x0) < 1

2 tìte x = x0, �ra f(x) = f(x0) kai
σ(f(x), f(x0)) = 0 < ε. 2

(b) K�je akoloujÐa f : N → X eÐnai suneq c sun�rthsh (exhg ste giatÐ).
(g) H tautotik  sun�rthsh I : (c00, ‖ · ‖∞) → (c00, ‖ · ‖2) den eÐnai suneq c.
Apìdeixh. Parathr ste ìti h �rnhsh tou orismoÔ thc sunèqeiac miac sun�rthshc f :
X → Y sto x0 ∈ X diatup¸netai wc ex c:
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H f : X → Y eÐnai asuneq c sto x0 ∈ X an kai mìno an up�rqei ε > 0 ¸ste:
gia k�je δ > 0 up�rqei x ∈ X me ρ(x, x0) < δ kai σ(f(x), f(x0)) ≥ ε.

Ja apodeÐxoume ìti h I eÐnai asuneq c sto 0 = (0, 0, 0, . . .). Pr�gmati: an xn =

(
1√
n

,
1√
n

, . . . ,
1√
n︸ ︷︷ ︸

n−jèseic

, 0, 0, . . .), n ∈ N, tìte èqoume

‖I(xn)− I(0)‖2 = ‖I(xn)‖2 = ‖xn‖2 = 1

kai
‖xn − 0‖∞ = ‖xn‖∞ =

1√
n

.

An epilèxoume ε = 1
2 parathroÔme ìti gia k�je δ > 0 up�rqei xδ ∈ c00 me ‖xδ‖∞ < δ

kai ‖I(xδ)− I(0)‖2 > 1
2 (arkeÐ na epilèxoume xδ = xn gia k�poio n arket� meg�lo ¸ste

1√
n

< δ). Sunep¸c, h I : (c00, ‖ · ‖∞) → (c00, ‖ · ‖2) eÐnai asuneq c sto 0. 2

H sunèqeia perigr�fetai mèsw thc sÔgklishc akolouji¸n, akrib¸c ìpwc kai sthn
perÐptwsh sunart sewn pou orÐzontai se uposÔnola tou R.

Prìtash 2.2.3 (arq  thc metafor�c). 'Estw (X, ρ) kai (Y, σ) dÔo metrikoÐ q¸roi
kai èstw f : X → Y kai x0 ∈ X. Ta akìloja eÐnai isodÔnama:

(a) H f eÐnai suneq c sto x0.

(b) Gia k�je akoloujÐa (xn) stoiqeÐwn tou X me xn
ρ−→ x0 isqÔei f(xn) σ−→ f(x0).

(g) Gia k�je akoloujÐa (xn) me xn
ρ−→ x0, h (f(xn)) eÐnai σ-sugklÐnousa.

Apìdeixh. (a)⇒(b) 'Estw xn
ρ−→ x0 kai ε > 0. Epeid , h f eÐnai suneq c sto x0 up�rqei

δ > 0 ¸ste an x ∈ X kai ρ(x, x0) < δ tìte σ(f(x), f(x0)) < ε. Epiplèon, epeid  xn → x0

up�rqei n0 ∈ N ¸ste an n ≥ n0 tìte ρ(xn, x0) < δ. Sundu�zontac ta parap�nw blèpoume
ìti σ(f(xn), f(x0)) < ε an n ≥ n0, dhlad  f(xn) σ−→ f(x0).
(b)⇒(g) Profanèc: an f(xn) σ−→ f(x0), tìte h (f(xn)) eÐnai σ-sugklÐnousa.
(g)⇒(a) Ja deÐxoume ìti h f eÐnai suneq c sto x0. Upojètoume ìti den isqÔei to sumpèras-
ma. Tìte, up�rqoun ε0 > 0 kai akoloujÐa (xn) stoiqeÐwn tou X me xn

ρ−→ x0 kai
σ(f(xn), f(x0)) ≥ ε0 gia n = 1, 2, . . . (exhg ste giatÐ). Apì thn upìjesh èqoume ìti
h (f(xn)) eÐnai σ-sugklÐnousa, dhlad  up�rqei y ∈ Y ¸ste f(xn) σ−→ y. Tìte, apì
thn prìtash 2.1.4 èqoume σ(f(xn), f(x0)) → σ(y, f(x0)), �ra σ(y, f(x0)) ≥ ε0. Opìte
y 6= f(x0). JewroÔme thn akoloujÐa

zn = (x0, x1, x0, x2, x0, x3, . . .)   zn =
{

x0, n = 2k − 1
xk, n = 2k

,
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gia thn opoÐa eÔkola deÐqnoume ìti sugklÐnei sto x0 kai epiplèon h f(z2n) = f(xn) σ−→ y

en¸ f(z2n−1) = f(x0)
σ−→ f(x0). Epeid , y 6= f(x0) prokÔptei ìti h (f(zn)) eÐnai

apoklÐnousa, to opoÐo antif�skei me thn upìjesh. 2

Qrhsimopoi¸ntac thn arq  thc metafor�c mporoÔme na deÐxoume ìti h sÔnjesh suneq¸n
sunart sewn eÐnai suneq c.

Prìtash 2.2.4 (sÔnjesh suneq¸n sunart sewn). 'Estw (X, ρ), (Y, σ) kai (Z, τ)
treic metrikoÐ q¸roi. 'Estw f : X → Y kai g : Y → Z dÔo sunart seic. An h f eÐnai
suneq c sto x0 ∈ X kai h g eÐnai suneq c sto f(x0) ∈ Y , tìte h g ◦ f : X → Z eÐnai
suneq c sto x0.

Apìdeixh. 'Estw (xn) akoloujÐa shmeÐwn tou X me xn → x0. AfoÔ h f eÐnai suneq c sto
x0, h arq  thc metafor�c deÐqnei ìti f(xn) → f(x0). AfoÔ h g eÐnai suneq c sto f(x0) ∈
Y , gia k�je akoloujÐa (yn) shmeÐwn tou Y me yn → f(x0) èqoume g(yn) → g(f(x0)).

'Omwc, f(xn) ∈ Y kai f(xn) → f(x0). Sunep¸c,

g(f(xn)) → g(f(x0)).

Gia k�je akoloujÐa (xn) shmeÐwn tou X me xn → x0 deÐxame ìti

(g ◦ f)(xn) = g(f(xn)) → g(f(x0)) = (g ◦ f)(x0).

Apì thn arq  thc metafor�c, h g ◦ f eÐnai suneq c sto x0. 2

To je¸rhma pou akoloujeÐ dÐnei th sqèsh thc sunèqeiac me tic sun jeic algebrikèc
pr�xeic an�mesa se pragmatikèc sunart seic. H apìdeix  tou eÐnai �mesh, an qrhsi-
mopoi soume thn arq  thc metafor�c se sunduasmì me tic antÐstoiqec idiìthtec gia ta
ìria akolouji¸n.

Je¸rhma 2.2.5. 'Estw f, g : (X, ρ) → R, èstw λ ∈ R kai èstw x0 ∈ X. Upojètoume ìti
oi f, g eÐnai suneqeÐc sto x0. Tìte,

(a) Oi f + g, λf kai f · g eÐnai suneqeÐc sto x0.
(b) An epiplèon g(x) 6= 0 gia k�je x ∈ X, tìte h f

g orÐzetai sto X kai eÐnai suneq c
sto x0.

Apìdeixh. H apìdeixh ìlwn twn isqurism¸n eÐnai apl : gia par�deigma, gia na deÐxoume
ìti h f

g eÐnai suneq c sto x0, sÔmfwna me thn arq  thc metafor�c, arkeÐ na deÐxoume ìti,
gia k�je akoloujÐa (xn) shmeÐwn tou X pou sugklÐnei sto x0, h akoloujÐa

((
f
g

)
(xn)

)
sugklÐnei sto

(
f
g

)
(x0). Apì thn upìjesh, oi f kai g eÐnai suneqeÐc sto x0. Apì thn

arq  thc metafor�c èqoume èqoume f(xn) → f(x0) kai g(xn) → g(x0). AfoÔ g(xn) 6= 0
gia k�je n ∈ N kai g(x0) 6= 0, èqoume(

f

g

)
(xn) =

f(xn)
g(xn)

→ f(x0)
g(x0)

=
(

f

g

)
(x0).
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H apìdeixh thc sunèqeiac twn f + g, λf kai f · g sto x0 af netai wc �skhsh gia ton
anagn¸sth. 2

Pìrisma 2.2.6. 'Estw (X, ρ) metrikìc q¸roc. O q¸roc C(X) twn suneq¸n sunart sewn
f : X → R eÐnai grammikìc q¸roc.

2.3 Ask seic

1. 'Estw (X1, d1), . . . , (Xk, dk) peperasmènh oikogèneia metrik¸n q¸rwn. ApodeÐxte ìti
oi parak�tw sunart seic eÐnai metrikèc ginìmeno sto X =

∏k
i=1 Xi:

ρ∞(x, y) = max{di(x(i), y(i)) : i = 1, 2, . . . , k}

kai

ρp(x, y) =

(
k∑

i=1

[di(x(i), y(i))]p
)1/p

, 1 ≤ p < ∞,

ìpou x = (x(1), . . . , x(k)), y = (y(1), . . . , y(k)).

2. 'Estw (Xn, dn), n = 1, 2, . . . akoloujÐa metrik¸n q¸rwn ¸ste dn(x, y) ≤ 1 gia k�je
x, y ∈ Xn, n = 1, 2, . . .. JewroÔme to

X =
∞∏

n=1

Xn =
{

x = (x(1), x(2), . . . , x(n), . . .) : x(n) ∈ Xn

}
.

Dhlad , o X apoteleÐtai apì ìlec tic akoloujÐec oi opoÐec sth n-ost  jèsh èqoun s-
toiqeÐo tou Xn. OrÐzoume d : X ×X → R me

d(x, y) =
∞∑

n=1

1
2n

dn(x(n), y(n)).

DeÐxte ìti o (X, d) eÐnai metrikìc q¸roc kai h d eÐnai metrik  ginìmeno.

3. 'Estw (Xn, dn)n∈N akoloujÐa metrik¸n q¸rwn kai X =
∏∞

n=1 Xn. OrÐzoume d :
X ×X → R me

d(x, y) =
∞∑

n=1

1
2n

dn(xn, yn)
1 + dn(xn, yn)

.

DeÐxte ìti o (X, d) eÐnai metrikìc q¸roc kai h d eÐnai metrik  ginìmeno.

4. 'Estw 1 ≤ p < ∞ kai x = (x(k))k∈N ∈ `p. Gia k�je n ∈ N orÐzoume xn ∈ `p me

xn = (x(1), . . . , x(n), 0, 0, . . .).
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DeÐxte ìti lim
n→∞

‖xn − x‖p = 0. IsqÔei to antÐstoiqo apotèlesma ston `∞?

5. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). DeÐxte ìti h (xn) sugklÐnei sto x ∈ X
an kai mìno an h akoloujÐa (yn) = (x1, x, x2, x, x3, x, . . . , xn, x, . . .) sugklÐnei sto x.

6. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). Upojètoume ìti xn → x ∈ X. DeÐxte
ìti: gia k�je met�jesh (1-1 kai epÐ sun�rthsh) σ : N → N h akoloujÐa yn = xσ(n)

sugklÐnei ki aut  sto x.

7. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). JewroÔme thn akoloujÐa {En}
uposunìlwn tou X me

En = {xk : k ≥ n}, n = 1, 2, . . .

kai thn akoloujÐa jetik¸n arijm¸n

tn = sup{d(xk, xn) : k ≥ n}, n = 1, 2, . . .

DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) H (xn) eÐnai basik .

(b) diam(En) → 0 kaj¸c n →∞.

(g) tn → 0 kaj¸c n →∞.

8. 'Estw (xn) kai (yn) basikèc akoloujÐec sto metrikì q¸ro (X, ρ). DeÐxte ìti h αn =
ρ(xn, yn) eÐnai basik  akoloujÐa sto R.

9.'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). DeÐxte ìti h (xn) èqei basik  up-
akoloujÐa an kai mìno an èqei upakoloujÐa (xkn

) me thn idiìthta ρ(xkn
, xkn+1) < 1

2n gia
k�je n ∈ N.

10. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). Lème ìti h (xn) èqei fragmènh
kÔmansh an

∞∑
n=1

ρ(xn, xn+1) < +∞.

ApodeÐxte ta akìlouja:
(a) An h (xn) èqei fragmènh kÔmansh tìte eÐnai basik  (�ra, kai fragmènh). IsqÔei to
antÐstrofo?
(b) An h (xn) eÐnai basik  tìte èqei upakoloujÐa me fragmènh kÔmansh.
(g) An k�je upakoloujÐa thc (xn) èqei fragmènh kÔmansh, tìte h (xn) eÐnai basik 
akoloujÐa.
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(d) H (xn) èqei basik  upakoloujÐa an kai mìnon an èqei upakoloujÐa me fragmènh kÔ-
mansh.

11. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ) kai èstw x ∈ X. DeÐxte ìti:
(a) An h (xn) sugklÐnei sto x tìte k�je upakoloujÐa (xkn) thc (xn) sugklÐnei sto x.
(b) An k�je upakoloujÐa thc (xn) èqei upakoloujÐa h opoÐa sugklÐnei sto x, tìte h (xn)
sugklÐnei sto x.

12. 'Estw (X, ρ) metrikìc q¸roc kai (xn) akoloujÐa ston X me xn 6= xm gia n 6= m.
Jètoume

A = {xn : n = 1, 2, . . .}.

DeÐxte ìti: an xn → x ∈ X tìte gia k�je 1-1 sun�rthsh f : A → A isqÔei f(xn) → x.

13. 'Estw (X, ρ) metrikìc q¸roc. JewroÔme ton X×X me opoiad pote metrik  ginìmeno
d. DeÐxte ìti h ρ : (X ×X, d) → R me (x, y) 7→ ρ(x, y) eÐnai suneq c.

14. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). Upojètoume ìti gia k�poio x ∈ X
isqÔei to ex c: gia k�je suneq  sun�rthsh f : X → R isqÔei f(xn) → f(x). EÐnai swstì
ìti xn → x?





Kef�laio 3

TopologÐa metrik¸n q¸rwn

3.1 Anoikt� sÔnola

3.1.1 Anoikt� sÔnola
OrismoÐ 3.1.1. 'Estw (X, ρ) metrikìc q¸roc kai èstw x0 ∈ X.
(a) H anoikt  ρ-mp�la me kèntro to x0 kai aktÐna ε > 0 eÐnai to sÔnolo

Bρ(x0, ε) = {x ∈ X : ρ(x, x0) < ε}.

(b) H kleist  ρ-mp�la me kèntro to x0 kai aktÐna ε > 0 eÐnai to sÔnolo

B̂ρ(x0, ε) = {x ∈ X : ρ(x, x0) ≤ ε}.

(g) H ρ-sfaÐra me kèntro to x0 kai aktÐna ε > 0 eÐnai to sÔnolo

Sρ(x0, ε) = {x ∈ X : ρ(x, x0) = ε}.

'Otan den up�rqei kÐndunoc sÔgqushc sqetik� me th metrik  sthn opoÐa anaferìmaste, ja
paraleÐpoume ton deÐkth sta antÐstoiqa sÔnola kai ja gr�foume apl¸c B(x0, ε), S(x0, ε)
k.l.p.

ParadeÐgmata 3.1.2. (a) Sto diakritì metrikì q¸ro (X, δ) isqÔei

B(x, r) =
{
{x}, an 0 < r ≤ 1
X, an r > 1

kai

S(x, r) =
{

X \ {x}, an r = 1
∅, an r 6= 0, r 6= 1.

.
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(b) Sto R me th sun jh metrik ,

B(x, ε) = (x− ε, x + ε), B̂(x, ε) = [x− ε, x + ε], S(x, ε) = {x− ε, x + ε}.

(g) Sto q¸ro (Z, σp) (ìpou p > 1 stajerìc pr¸toc arijmìc) èqoume

B(x, 1/2) = {y ∈ Z : y ≡ xmod p2}.

Exhg ste giatÐ.
Orismìc 3.1.3 (eswterikì shmeÐo). 'Estw (X, ρ) metrikìc q¸roc kai èstw A ⊆ X.
To x ∈ A lègetai eswterikì shmeÐo (interior point) tou A an up�rqei εx > 0 ¸ste
Bρ(x, εx) ⊆ A.
Orismìc 3.1.4 (anoiktì sÔnolo). 'Estw (X, ρ) ènac metrikìc q¸roc kai èstw G ⊆ X.
To G lègetai ρ-anoiktì (open) an gia k�je x ∈ G up�rqei εx > 0 ¸ste Bρ(x, εx) ⊆ G.
Dhlad , an k�je shmeÐo tou G eÐnai eswterikì tou shmeÐo.
ParadeÐgmata 3.1.5. (a) K�je anoikt  mp�la eÐnai anoiktì sÔnolo. Pr�gmati: èstw
B(x, ε) mia anoikt  mp�la se èna metrikì q¸ro (X, ρ) kai èstw y ∈ B(x, ε). Epilègoume
0 < ε′ < ε− ρ(x, y). H mp�la B(y, ε′) perièqetai sthn B(x, ε), giatÐ an t ∈ B(y, ε′) tìte
ρ(y, t) < ε′ kai h trigwnik  anisìthta mac dÐnei

ρ(t, x) ≤ ρ(t, y) + ρ(y, x) < ε′ + ρ(x, y) < ε.

Apì thn teleutaÐa anisìthta èpetai ìti t ∈ B(x, ε), dhlad  B(y, ε′) ⊆ B(x, ε).
(b) K�je uposÔnolo enìc diakritoÔ metrikoÔ q¸rou eÐnai anoiktì. Pr�gmati, èstw (X, δ)
diakritìc metrikìc q¸roc kai èstw A ⊆ X. EÔkola elègqoume ìti k�je shmeÐo tou A
eÐnai eswterikì: an a ∈ A tìte gia 0 < ε < 1 isqÔei Bδ(a, ε) = {a} ⊆ A.
(g) Ta diast mata thc morf c (a, b] sto (R, | · |), a < b den eÐnai anoikt�. An jewr soume
th mp�la me kèntro to b kai aktÐna ε > 0 osod pote mikr , tìte B(b, ε) * (a, b], diìti
b + ε

2 ∈ B(b, ε) all� b + ε
2 /∈ (a, b].

(d) Ston (R, | · |), to Q den eÐnai anoiktì, diìti k�je di�sthma perièqei �rrhtouc.
H epìmenh prìtash perigr�fei basikèc idiìthtec thc oikogèneiac twn anoikt¸n upo-

sunìlwn enìc metrikoÔ q¸rou.
Prìtash 3.1.6. 'Estw (X, ρ) metrikìc q¸roc. Tìte, isqÔoun ta akìlouja:1

(a) Ta X, ∅ eÐnai anoikt�.
(b) An (Gi)i∈I eÐnai mia oikogèneia anoikt¸n uposunìlwn tou X tìte to sÔnolo

⋃
i∈I Gi

eÐnai anoiktì.

(g) An ta G1, G2, . . . , Gn eÐnai anoikt� tìte to
⋂n

i=1 Gi = G1 ∩ · · · ∩Gn eÐnai anoiktì.

1 'Otan èqoume mia oikogèneia uposunìlwn enìc sunìlou X h opoÐa perièqei to X, to kenì sÔnolo,
eÐnai kleist  wc proc en¸seic kai peperasmènec tomèc, tìte lème ìti èqoume mia topologÐa sto X. Me
aut  thn orologÐa, h Prìtash 3.1.6 mac lèei ìti h oikogèneia twn anoikt¸n uposunìlwn enìc metrikoÔ
q¸rou (ètsi ìpwc aut� orÐsjhkan) eÐnai mia topologÐa s� autìn.
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Apìdeixh. (a) 'Ameso apì ton orismì tou anoiktoÔ sunìlou.
(b) 'Estw x ∈

⋃
i∈I Gi. Tìte, up�rqei i0 ∈ I ¸ste x ∈ Gi0 . AfoÔ to Gi0 eÐnai anoiktì,

up�rqei ε0 > 0 ¸ste B(x, ε0) ⊆ Gi0 ⊆
⋃

i∈I Gi. 'Ara, to
⋃

i∈I Gi eÐnai anoiktì.
(g) 'Estw x ∈ G1 ∩ · · · ∩ Gn. Tìte, x ∈ Gi gia k�je i = 1, . . . , n. AfoÔ ìla ta
Gi eÐnai anoikt�, gia k�je i = 1, . . . , n up�rqei εi > 0 ¸ste B(x, εi) ⊆ Gi. Jètoume
ε = min{ε1, . . . , εn} > 0. Tìte, gia k�je i = 1, . . . , n èqoume ε ≤ εi, �ra

B(x, ε) ⊆ B(x, εi) ⊆ Gi.

Sunep¸c, B(x, ε) ⊆
⋂n

i=1 Gi. 2

ShmeÐwsh 3.1.7. An èqoume mia �peirh oikogèneia anoikt¸n sunìlwn se èna metrikì
q¸ro (X, ρ) tìte h tom  touc den eÐnai kat� an�gkhn anoiktì sÔnolo. Gia par�deigma,
an sto R me th sun jh metrik  jewr soume thn akoloujÐa twn anoikt¸n sunìlwn Gn =
(− 1

n , 1
n ), n ∈ N, parathroÔme ìti

⋂∞
n=1 Gn = {0}, to opoÐo den eÐnai anoiktì (exhg ste

tic leptomèreiec).

H epìmenh prìtash dÐnei èna qarakthrismì twn anoikt¸n sunìlwn mèsw thc sÔgklishc
akolouji¸n.

Prìtash 3.1.8. 'Estw (X, ρ) metrikìc q¸roc kai G ⊆ X. Ta akìlouja eÐnai isodÔnama:

(a) To G eÐnai anoiktì uposÔnolo tou X.

(b) Gia k�je x ∈ G kai gia k�je akoloujÐa (xn) sto X me xn
ρ−→ x up�rqei n0 ∈ N ¸ste

an n ≥ n0 tìte xn ∈ G.

Apìdeixh. Upojètoume pr¸ta ìti to G eÐnai anoiktì uposÔnolo tou X. 'Estw x ∈ G

kai (xn) akoloujÐa sto X me xn
ρ−→ x. AfoÔ to G eÐnai anoiktì, up�rqei ε > 0 ¸ste

B(x, ε) ⊆ G. AfoÔ xn
ρ−→ x, up�rqei n0 ∈ N ¸ste an n ≥ n0 tìte ρ(xn, x) < ε.

Sunep¸c, xn ∈ B(x, ε) ⊆ G gia k�je n ≥ n0.
AntÐstrofa; upojètoume ìti den isqÔei to (a), dhlad  ìti to G den eÐnai anoiktì. Tìte,
up�rqei x ∈ G ¸ste gia k�je ε > 0 na isqÔei

B(x, ε) ∩ (X \G) 6= ∅.

Tìte, gia n = 1, 2, ... mporoÔme na broÔme xn ∈ B
(
x, 1

n

)
∩ (X \G), dhlad 

xn /∈ G kai ρ(xn, x) <
1
n

.

Autì shmaÐnei ìti h (xn) sugklÐnei sto x kai ìloi oi ìroi thc eÐnai ektìc tou G, dhlad 
den isqÔei to (b). 2

Efarmog  3.1.9. To sÔnolo P twn pr¸twn arijm¸n den eÐnai anoiktì sto metrikì q¸ro
(Z, σp).
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Apìdeixh. 'Estw q ∈ P kai xn = q + npn gia n = 1, 2, ... Tìte isqÔei xn
σp−→ q. All�, h

(xn) den perièqetai telik� sto P, diìti h upakoloujÐa thc xnq = q(1 + npnq) apoteleÐtai
apì sÔnjetouc. 2

Pìrisma 3.1.10. 'Estw (X, ρ) metrikìc q¸roc. 'Ena uposÔnolo V tou X eÐnai anoiktì
an kai mìnon an eÐnai (endeqomènwc �peirh) ènwsh apì anoiktèc mp�lec tou X.

Apìdeixh. An to V eÐnai ènwsh apì anoiktèc mp�lec tìte eÐnai anoiktì sÔmfwna me thn
prìtash 3.1.6. AntÐstrofa, èstw ìti to V eÐnai anoiktì. Tìte, gia k�je x ∈ V up�rqei
εx > 0 ¸ste B(x, εx) ⊆ V . Parathr ste ìti V =

⋃
x∈V B(x, εx). 2

Prìtash* 3.1.1 (anoikt� uposÔnola thc eujeÐac). K�je anoiktì sÔnolo U sto R
gr�fetai wc arijm simh ènwsh xènwn an� dÔo anoikt¸n diasthm�twn.

Apìdeixh. 'Estw x ∈ U . AfoÔ to U eÐnai anoiktì, up�rqei εx > 0 ¸ste (x− εx, x+ εx) ⊆
U . Jètoume

ax = inf{s : (s, x] ⊆ U}.
Tìte (ax, x] ⊆ U . Me an�logo trìpo, an jèsoume

bx = sup{t : [x, t) ⊆ U}

tìte èqoume [x, bx) ⊆ U . Elègqoume ìti (ax, bx) ⊆ U : gia par�deigma, an x < t < bx

up�rqei t1 ¸ste t < t1 ≤ bx kai [x, t1) ⊆ U , �ra t ∈ U . Sunep¸c,

(∗) U =
⋃

x∈U

(ax, bx).

Isqurismìc 1. An z, x ∈ U kai z ∈ (ax, bx) tìte (ax, bx) = (az, bz).
Pr�gmati, [z, bx) ⊆ U �ra bx ≤ bz kai (ax, z] ⊆ U �ra az ≤ ax. Sunep¸c, (ax, bx) ⊆
(az, bz). T¸ra, afoÔ x ∈ (az, bz), to Ðdio epiqeÐrhma deÐqnei ìti (az, bz) ⊆ (ax, bx).

Isqurismìc 2. An x, y ∈ U tìte eÐte (ax, bx) ∩ (ay, by) = ∅   (ax, bx) = (ay, by).
Pr�gmati, èstw ìti (ax, bx) ∩ (ay, by) 6= ∅. Tìte, jewroÔme z ∈ (ax, bx) ∩ (ay, by) kai
qrhsimopoi¸ntac ton isqurismì paÐrnoume �mesa

(ax, bx) = (az, bz) = (ay, by).

Apì ton deÔtero isqurismì kai thn (∗) eÐnai fanerì ìti to U gr�fetai sth morf 

U =
⋃
j∈J

Ij ,

ìpou Ij xèna an� dÔo anoikt� diast mata. Tèloc, h parap�nw ènwsh eÐnai arijm simh:
orÐzoume τ : J → Q wc ex c: an j ∈ J epilègoume wc τ(j) tuqìnta rhtì qj ∈ Ij . H τ
eÐnai èna proc èna, diìti ta Ij eÐnai xèna. AfoÔ to Q eÐnai arijm simo, to J eÐnai epÐshc
arijm simo. 2
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3.1.2 Eswterikì sunìlou
Orismìc 3.1.11 (eswterikì sunìlou). 'Estw A èna uposÔnolo tou metrikoÔ q¸rou
(X, ρ). To eswterikì (interior) tou A eÐnai to sÔnolo ìlwn twn eswterik¸n shmeÐwn tou
A kai sumbolÐzetai me intA (  A◦). Dhlad ,

A◦ ≡ intA = {x ∈ A | ∃ ε > 0 : B(x, ε) ⊆ A} .

ShmeÐwsh 3.1.12. Gia k�je A ⊆ X to eswterikì A◦ tou A eÐnai anoiktì sÔnolo.
Pr�gmati, èstw x ∈ A◦. Tìte, up�rqei ε > 0 ¸ste B(x, ε) ⊆ A. An y ∈ B(x, ε) tìte
B(y, ε − ρ(x, y)) ⊆ B(x, ε) ⊆ A. Sunep¸c, k�je y ∈ B(x, ε) eÐnai eswterikì shmeÐo tou
A. Dhlad , B(x, ε) ⊆ A◦. 'Ara, to x eÐnai eswterikì shmeÐo tou A◦.

ParadeÐgmata 3.1.13. (a) To eswterikì tou (a, b] sto R wc proc th sun jh metrik 
eÐnai to (a, b).
(b) To eswterikì tou Q sto R eÐnai to ∅.
(g) To eswterikì miac anoikt c mp�lac se èna metrikì q¸ro eÐnai h Ðdia h mp�la.

Oi basikèc idiìthtec tou eswterikoÔ perigr�fontai sthn epìmenh prìtash.

Prìtash 3.1.14. 'Estw A,B uposÔnola enìc metrikoÔ q¸rou (X, ρ). Tìte, isqÔoun ta
ex c:

(a) A◦ ⊆ A.

(b) A◦ =
⋃
{V ⊆ A : V anoiktì}. IsodÔnama, to eswterikì tou A eÐnai to mègisto anoiktì

sÔnolo pou perièqetai sto A.

(g) A◦ = A an kai mìnon an to A eÐnai anoiktì.

(d) An A ⊆ B, tìte A◦ ⊆ B◦.

(e) (A ∩B)◦ = A◦ ∩B◦.

(st) A◦ ∪B◦ ⊆ (A ∪B)◦.

Apìdeixh. (a) EÐnai �meso apì ton orismì.
(b) An x ∈ A◦ tìte up�rqei ε > 0 ¸ste B(x, ε) ⊆ A. 'Ara

x ∈ B(x, ε) ⊆
⋃
{V ⊆ A : V anoiktì}

diìti to B(x, ε) eÐnai anoiktì pou perièqetai sto A.
AntÐstrofa, èstw x ∈

⋃
{V ⊆ A : V anoiktì}. Tìte, up�rqei Vx ⊆ A anoiktì, ¸ste

x ∈ Vx. 'Ara, up�rqei ε > 0 me B(x, ε) ⊆ Vx, dhlad  B(x, ε) ⊆ A, opìte x ∈ A◦.
(g) Apì ton prohgoÔmeno isqurismì èqoume ìti to A◦ eÐnai anoiktì. Sunep¸c, an A◦ = A
èpetai ìti to A eÐnai anoiktì.

AntÐstrofa, an to A eÐnai anoiktì tìte A◦ = A. Pr�gmati: arkeÐ na deÐxoume ìti
A ⊆ A◦. All�, afoÔ to A eÐnai anoiktì, èqoume ìti k�je shmeÐo tou eÐnai eswterikì
shmeÐo tou A, dhlad  A ⊆ A◦.
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(d) 'Estw A ⊆ B kai èstw x ∈ A◦. Tìte, up�rqei ε > 0 ¸ste B(x, ε) ⊆ A ⊆ B. Apì ton
orismì tou eswterikoÔ shmeÐou èqoume ìti x ∈ B◦.
(e) EÐnai A∩B ⊆ A, �ra (A∩B)◦ ⊆ A◦ apì to (d). OmoÐwc, èqoume ìti (A∩B)◦ ⊆ B◦.
Sunep¸c,

(A ∩B)◦ ⊆ A◦ ∩B◦.

Akìmh, A◦ ⊆ A kai B◦ ⊆ B, �ra A◦ ∩B◦ ⊆ A ∩B. AfoÔ to A◦ ∩B◦ eÐnai anoiktì, apì
to (b) èqoume

A◦ ∩B◦ ⊆ (A ∩B)◦.

Sundu�zontac ta parap�nw blèpoume ìti (A ∩B)◦ = A◦ ∩B◦.
(st) IsqÔei A ⊆ A ∪ B, �ra A◦ ⊆ (A ∪ B)◦. OmoÐwc, paÐrnoume B◦ ⊆ (A ∪ B)◦, opìte
èqoume A◦ ∪B◦ ⊆ (A ∪B)◦. 2

ShmeÐwsh 3.1.15. O teleutaÐoc egkleismìc mporeÐ na eÐnai gn sioc. Gia par�deigma,
sto R me th sun jh metrik  gia A = [0, 1] kai B = (1, 2) èqoume A◦ ∪B◦ = (0, 1)∪ (1, 2)
en¸, (A ∪B)◦ = (0, 2).

'Allo par�deigma mac dÐnoun ta A = Q kai B = R \ Q ston Ðdio q¸ro. 'Eqoume
A◦ = B◦ = ∅ kai A ∪B = R. Sunep¸c, A◦ ∪B◦ = ∅, en¸ (A ∪B)◦ = R.

3.1.3 Sqetik¸c anoikt� sÔnola
JumhjeÐte ton orismì thc sqetik c metrik c: an A eÐnai mh kenì uposÔnolo tou metrikoÔ
q¸rou (X, ρ), h apeikìnish ρA : A× A → R me ρA(x, y) = ρ(x, y), x, y ∈ A eÐnai metrik 
sto A. H epìmenh prìtash perigr�fei ta anoikt� sÔnola tou (A, ρA).

Prìtash 3.1.16. 'Estw (X, ρ) metrikìc q¸roc kai èstw A ⊆ X. Tìte:

(a) To G ⊆ A eÐnai anoiktì sto metrikì q¸ro (A, ρA) an kai mìnon an up�rqei V anoiktì
uposÔnolo tou X ¸ste G = A ∩ V .

(b) An B ⊆ A, tìte A ∩ intX(B) ⊆ intA(B).

Apìdeixh. (a) Upojètoume pr¸ta ìti to G eÐnai anoiktì sto metrikì upìqwro (A, ρA).
Tìte, gr�fetai wc ènwsh apì anoiktèc mp�lec tou A dhlad ,

G =
⋃

x∈G

BρA
(x, εx) =

⋃
x∈G

(
Bρ(x, εx

)
∩A) = A ∩

(⋃
x∈G

Bρ(x, εx)

)
.

[Gia thn pr¸th isìthta parathr ste ìti mia mp�la se ènan metrikì upìqwro eÐnai mia
mp�la pou èqei kèntro shmeÐo tou upoq¸rou kai perièqei mìnon shmeÐa tou, opìte eÐnai h
tom  thc antÐstoiqhc mp�lac tou meg�lou q¸rou me ton upìqwro.]

Jètontac V =
⋃

x∈G Bρ(x, εx) èqoume ìti to G gr�fetai sth morf  A ∩ V , ìpou V
eÐnai anoiktì uposÔnolo tou X (afoÔ eÐnai ènwsh apì anoiktèc mp�lec tou X).
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AntÐstrofa, èstw V anoiktì uposÔnolo tou X kai x ∈ G = A ∩ V . Tìte, x ∈ V �ra
up�rqei ε > 0 ¸ste Bρ(x, ε) ⊆ V . 'Epetai ìti BρA

(x, ε) = A ∩Bρ(x, ε) ⊆ A ∩ V , dhlad 
to x eÐnai eswterikì shmeÐo tou G. 'Ara, to G eÐnai anoiktì sto metrikì upìqwro (A, ρA).
(b) SÔmfwna me to prohgoÔmeno, to A ∩ intX(B) eÐnai èna ρA-anoiktì uposÔnolo tou A
kai perièqetai sto B. 'Ara, apì th megistikìthta tou eswterikoÔ èqoume ìti perièqetai
sto ρA-eswterikì tou B wc proc ton upìqwro A. Dhlad ,

A ∩ intX(B) ⊆ intA(B).

2

ShmeÐwsh 3.1.17. O egkleismìc sthn parap�nw sqèsh mporeÐ na eÐnai gn sioc. Gia
par�deigma, sto R me th sun jh metrik , an jewr soume to Z wc metrikì upìqwro me th
sqetik  metrik , tìte intZ(N) = N en¸ intR(N) = ∅. Dhlad ,

∅ = Z ∩ intR(N) $ intZ(N) = N.

3.2 Kleist� sÔnola

3.2.1 Kleist� sÔnola
Orismìc 3.2.1 (kleistì sÔnolo). 'Estw (X, ρ) metrikìc q¸roc kai èstw F ⊆ X. To
F lègetai ρ-kleistì (closed) an to sumpl rwm� tou F c ≡ X \ F eÐnai ρ-anoiktì.

ParadeÐgmata 3.2.2. (a) Se k�je metrikì q¸ro (X, ρ) ta monosÔnola {x}, x ∈ X eÐnai
kleist� (exhg ste giatÐ).
(b) K�je kleist  mp�la B̂(x, ε) eÐnai kleistì sÔnolo. Pr�gmati, to X \ B̂(x, ε) eÐnai
anoiktì: èstw y ∈ X \ B̂(x, ε). Tìte, ρ(x, y) > ε. Epilègoume 0 < η < ρ(x, y) − ε kai
èqoume ìti B(y, η) ⊆ X \ B̂(x, ε) diìti, an z ∈ B(y, η) èqoume ρ(z, y) < η kai

ρ(z, x) ≥ ρ(y, x)− ρ(z, y) > ρ(x, y)− η > ε,

dhlad  z ∈ X \ B̂(x, ε).
Eidikìtera, sto R me th sun jh metrik , k�je kleistì di�sthma [a, b] eÐnai kleistì

sÔnolo (exhg ste giatÐ).
(g) To Q sto R me th sun jh metrik  den eÐnai kleistì sÔnolo, diìti to R\Q den perièqei
di�sthma.
(d) Sto diakritì metrikì q¸ro (X, δ) k�je uposÔnolo eÐnai kleistì (exhg ste giatÐ).
(e) 'Estw (X, d) metrikìc q¸roc. 'Estw x ∈ X kai akoloujÐa (xn) ston X, ¸ste xn → x.
To sÔnolo

E = {xn : n = 1, 2, . . .} ∪ {x}

eÐnai kleistì ston (X, d).
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Pr�gmati, an y /∈ E, tìte δ = d(x, y) > 0. AfoÔ xn → x, up�rqei n0 ∈ N ¸ste
xn ∈ B(x, δ/2) gia k�je n > n0. Jètoume

r = min{d(y, xi) : i = 1, 2, . . . , n0} > 0.

An epilèxoume 0 < ε < min{r/2, δ/2}, elègqoume eÔkola ìti B(y, ε) ⊆ X \ E.
ShmeÐwsh 3.2.3. 'Opwc deÐqnoun ta prohgoÔmena paradeÐgmata, èna uposÔnolo tou
metrikoÔ q¸rou (X, ρ) mporeÐ na mhn eÐnai oÔte anoiktì oÔte kleistì. EpÐshc, èna sÔnolo
pou eÐnai anoiktì (antistoÐqwc, kleistì) mporeÐ na eÐnai kai kleistì (antistoÐqwc, anoik-
tì).2

Sthn prohgoÔmenh par�grafo d¸same qarakthrismì twn anoikt¸n sunìlwn mèsw
akolouji¸n. An (X, ρ) eÐnai ènac metrikìc q¸roc kai G ⊆ X, tìte to G eÐnai anoik-
tì an kai mìno an isqÔei to ex c: gia k�je x ∈ G kai gia k�je akoloujÐa (xn) sto X

me xn
ρ−→ x up�rqei n0 ∈ N ¸ste an n ≥ n0 tìte xn ∈ G. Qrhsimopoi¸ntac aut  thn

isodunamÐa mporoÔme na d¸soume antÐstoiqo qarakthrismì gia ta kleist� sÔnola: eÐnai
ekeÐna ta uposÔnola tou X pou eÐnai kleist� wc proc ta ìria sugklinous¸n akolouji¸n
pou perièqontai se aut�:
Prìtash 3.2.4. 'Estw (X, ρ) metrikìc q¸roc kai F ⊆ X. Ta akìlouja eÐnai isodÔnama:

(a) To F eÐnai kleistì uposÔnolo tou X.

(b) An (xn) eÐnai akoloujÐa sto F me xn
ρ−→ x ∈ X, tìte x ∈ F .

Apìdeixh. Upojètoume pr¸ta ìti to F eÐnai kleistì kai jewroÔme akoloujÐa (xn) sto F
h opoÐa sugklÐnei se k�poio x ∈ X. 'Estw ìti x /∈ F . Tìte, x ∈ X \F kai to X \F eÐnai
anoiktì. Apì ton qarakthrismì twn anoikt¸n sunìlwn, up�rqei n0 ∈ N ¸ste xn ∈ X \F
gia k�je n ≥ n0. Autì odhgeÐ se �topo: gia k�je n ≥ n0 p�irnoume xn /∈ F .

Gia thn antÐstrofh kateÔjunsh upojètoume ìti isqÔei to (b) all� to F den eÐnai
kleistì. Tìte, to X \ F den eÐnai anoiktì. Sunep¸c, up�rqei x ∈ X \ F me thn ex c
idiìthta: gia k�je ε > 0, B(x, ε) ∩ F 6= ∅. Epilègontac diadoqik� ε = 1

n , n = 1, 2, . . .,
brÐskoume xn ∈ F ¸ste ρ(xn, x) < 1

n , n = 1, 2, . . .. H (xn) eÐnai akoloujÐa sto F kai
xn

ρ−→ x. AfoÔ èqoume deqteÐ to (b), èpetai ìti x ∈ F . Autì eÐnai �topo. 2

Oi basikèc idiìthtec thc oikogèneiac twn kleist¸n uposunìlwn enìc metrikoÔ q¸rou
wc proc tic sunolojewrhtikèc pr�xeic prokÔptoun �mesa apì tic antÐstoiqec idiìthtec
thc oikogèneiac twn anoikt¸n uposunìlwn:
Prìtash 3.2.5. 'Estw (X, ρ) metrikìc q¸roc. Tìte isqÔoun ta akìlouja:

(a) Ta X, ∅ eÐnai kleist�.
(b) An F1, F2, . . . , Fn eÐnai mia peperasmènh oikogèneia kleist¸n uposunìlwn tou X, tìte
h ènws  touc

⋃n
i=1 Fi eÐnai kleistì sÔnolo.

(g) An (Ei)i∈I eÐnai oikogèneia kleist¸n uposunìlwn tou X, tìte h tom  touc
⋂

i∈I Ei

eÐnai kleistì sÔnolo.
2Ta sÔnola pou eÐnai sugqrìnwc anoikt� kai kleist� anafèrontai suqn� wc clopen.
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Apìdeixh. Ta apotelèsmata prokÔptoun �mesa apì touc tÔpouc tou De Morgan(⋃
i∈I

Ai

)c

=
⋂
i∈I

Ac
i kai

(⋂
i∈I

Ai

)c

=
⋃
i∈I

Ac
i

kai apì ton orismì tou kleistoÔ sunìlou wc sumplhr¸matoc anoiktoÔ sunìlou. 2

ShmeÐwsh 3.2.6. An èqoume mia �peirh oikogèneia kleist¸n sunìlwn se èna metrikì
q¸ro, tìte h ènws  touc den eÐnai kat' an�gkhn kleistì sÔnolo. Pr�gmati, sto R me
th sun jh metrik , an jewr soume thn akoloujÐa kleist¸n diasthm�twn Fn =

[
1
n , 1
]
,

n = 2, 3, . . ., tìte
⋃∞

n=1 Fn = (0, 1] kai to (0, 1] den eÐnai kleistì uposÔnolo tou R.

3.2.2 ShmeÐa epaf c
Orismìc 3.2.7 (shmeÐo epaf c). 'Estw (X, ρ) metrikìc q¸roc kai èstw A ⊆ X. To
x ∈ X lègetai shmeÐo epaf c tou A an gia k�je ε > 0 isqÔei A∩B(x, ε) 6= ∅ (dhlad  an
k�je mp�la me kèntro to x perièqei stoiqeÐa tou A).
ParadeÐgmata 3.2.8. (a) Sto (R, | · |) jewroÔme to sÔnolo A = (0, 1]. To shmeÐo 0
eÐnai shmeÐo epaf c tou A.
(b) An (xn) eÐnai mia akoloujÐa se èna metrikì q¸ro (X, ρ) ¸ste xn

ρ−→ x, tìte to x
eÐnai shmeÐo epaf c tou sunìlou A = {xn : n ∈ N}.
(g) Sto diakritì metrikì q¸ro (X, δ), an jewr soume tuqìn A ⊆ X, tìte èna x ∈ X eÐnai
shmeÐo epaf c tou A an kai mìnon an x ∈ A.
(d) Sto q¸ro (Z, σp) èna x ∈ Z eÐnai shmeÐo epaf c gia k�poio sÔnolo A ⊆ Z an kai
mìnon an gia k�je k ∈ N up�rqei λk ∈ Z ¸ste x− λkpk ∈ A. Gia par�deigma, to sÔnolo
E = {x + pm : m = 1, 2, . . .} èqei shmeÐo epaf c to x.

H leptomer c aitiolìghsh twn parap�nw isqurism¸n af netai wc �skhsh gia ton
anagn¸sth.

H epìmenh prìtash dÐnei qarakthrismì tou shmeÐou epaf c enìc sunìlou mèsw akolou-
ji¸n.
Prìtash 3.2.9. 'Estw (X, ρ) metrikìc q¸roc kai èstw A ⊆ X. To x ∈ X eÐnai shmeÐo

epaf c tou A an kai mìnon an up�rqei akoloujÐa (an) stoiqeÐwn tou A ¸ste an
ρ−→ x.

Apìdeixh. Upojètoume ìti to x ∈ X eÐnai shmeÐo epaf c tou A. Tìte, gia k�je n ∈ N
isqÔei A ∩ B

(
x, 1

n

)
6= ∅ gia n = 1, 2, . . .. Epilègontac an ∈ A ∩ B(x, 1

n ) èqoume mia
akoloujÐa (an) sto A me thn idiìthta an ∈ B(x, 1

n ), dhlad  ρ(an, x) < 1
n . Apì thn

teleutaÐa sqèsh prokÔptei ìti an
ρ−→ x.

AntÐstrofa, upojètoume ìti up�rqei akoloujÐa (an) stoiqeÐwn tou A me an
ρ−→ x.

Ja deÐxoume ìti to x eÐnai shmeÐo epaf c tou A. 'Estw ε > 0. AfoÔ an
ρ−→ x, up�rqei

n ∈ N ¸ste ρ(an, x) < ε, isodÔnama an ∈ B(x, ε). 'Omwc an ∈ A, �ra an ∈ A ∩ B(x, ε).
Autì shmaÐnei ìti A ∩B(x, ε) 6= ∅. 2
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3.2.3 Kleist  j kh sunìlou
Orismìc 3.2.10 (kleist  j kh). 'Estw (X, ρ) metrikìc q¸roc kai èstw A ⊆ X. H k-
leist  j kh (closure) A (  cl(A)) tou A eÐnai to sÔnolo twn shmeÐwn epaf c tou. Dhlad ,

A ≡ cl(A) = {x ∈ X : ∀ ε > 0, A ∩B(x, ε) 6= ∅}.

ShmeÐwsh 3.2.11. Gia k�je A ⊆ X h kleist  j kh A tou A eÐnai kleistì sÔnolo.
Pr�gmati, èstw (xn) akoloujÐa sto A me xn

ρ−→ x. Gia k�je n ∈ N mporoÔme na broÔme
an ∈ A ¸ste ρ(an, xn) < 1

n , diìti k�je xn eÐnai shmeÐo epaf c tou A. Tìte,

ρ(an, x) ≤ ρ(an, xn) + ρ(xn, x) <
1
n

+ ρ(xn, x) → 0,

dhlad  an
ρ−→ x. H (an) eÐnai akoloujÐa sto A kai an

ρ−→ x. Sunep¸c, x ∈ A.

ParadeÐgmata 3.2.12. (a) Sto (R, | · |) isqÔoun oi Q = R kai R \Q = R.
(b) Sto (R, | · |), an a, b ∈ R me a < b tìte cl (a, b) = cl (a, b] = cl [a, b) = [a, b].
(g) Sto diakritì metrikì q¸ro (X, δ), gia k�je sÔnolo A ⊆ X isqÔei A = A.

H epìmenh prìtash perigr�fei tic basikèc idiìthtec thc kleist c j khc.

Prìtash 3.2.13. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X. Tìte, isqÔoun ta ex c:

(a) A ⊆ A.

(b) A =
⋂
{F ⊇ A : F kleistì}. IsodÔnama, h kleist  j kh tou A eÐnai to el�qisto

kleistì uposÔnolo tou X sto opoÐo perièqetai to A.

(g) A = A an kai mìnon an to A eÐnai kleistì.

(d) An A ⊆ B, tìte A ⊆ B.

(e) A ∪B = A ∪B.

(st) A ∩B ⊆ A ∩B.

Apìdeixh. (a) Profanèc apì ton orismì thc kleist c j khc. K�je shmeÐo tou A eÐnai
shmeÐo epaf c tou A.
(b) EÐdame ìti to A eÐnai kleistì kai A ⊆ A. Sunep¸c, ∩{F ⊇ A : F kleistì} ⊆ A.

AntÐstrofa, èstw F kleistì sÔnolo ¸ste A ⊆ F . An x ∈ A tìte up�rqei akoloujÐa
(xn) sto A me xn

ρ−→ x. Tìte, xn ∈ F kai afoÔ to F eÐnai kleistì sumperaÐnoume ìti
x = lim

n→∞
xn ∈ F . Dhlad , A ⊆ F . 'Epetai ìti A ⊆ ∩{F ⊇ A : F kleistì}.

(g) An A = A tìte to A eÐnai kleistì diìti to A eÐnai kleistì.
AntÐstrofa, an to A eÐnai kleistì tìte, afoÔ to A perièqetai ston eautì tou, èqoume

A =
⋂
{F ⊇ A : F kleistì} ⊆ A, dhlad  A ⊆ A. OÔtwc   �llwc isqÔei A ⊆ A, opìte

paÐrnoume telik� thn isìthta A = A.
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(d) An A ⊆ B tìte A ⊆ B ⊆ B, dhlad  A ⊆ B. To B eÐnai èna kleistì sÔnolo pou
perièqei to A, �ra perièqei kai to el�qisto kleistì pou perièqei to A, dhlad  thn kleist 
j kh tou A. 'Etsi, A ⊆ B.
(e) Qrhsimopoi¸ntac to (d) kai touc egkleismoÔc A ⊆ A ∪ B kai B ⊆ A ∪ B blèpoume
ìti A ⊆ A ∪B kai B ⊆ A ∪B, �ra A ∪ B ⊆ A ∪B. Epiplèon, eÐnai A ⊆ A kai B ⊆ B
�ra A ∪ B ⊆ A ∪ B. Apì to (b) prokÔptei ìti A ∪B ⊆ A ∪ B. Telik�, èqoume ìti
A ∪B = A ∪B.
(st) IsqÔei A∩B ⊆ A, opìte A ∩B ⊆ A. OmoÐwc, A ∩B ⊆ B, �ra A ∩B ⊆ A∩B. 2

ShmeÐwsh 3.2.14. O egkleismìc sthn teleutaÐa sqèsh mporeÐ na eÐnai gn sioc. Gia
par�deigma, sto (R, | · |) èqoume Q ∩Qc = ∅ en¸, Q ∩Qc = R.

3.2.4 Sqetik¸c kleist� sÔnola
Oloklhr¸noume aut  thn par�grafo me thn perigraf  twn kleist¸n uposunìlwn enìc
metrikoÔ upoq¸rou kai th sqèsh pou sundèei to eswterikì me thn kleist  j kh enìc
sunìlou. Tèloc, dÐnoume ton orismì twn Gδ kai Fσ sunìlwn kai k�poia paradeÐgmata.

Prìtash 3.2.15. 'Estw (X, ρ) metrikìc q¸roc kai èstw (A, ρA) metrikìc upìqwrìc tou.
Tìte isqÔoun ta akìlouja:

(a) To F ⊆ A eÐnai kleistì sto metrikì q¸ro (A, ρA) an kai mìnon an F = A ∩ E ìpou
E kleistì ston (X, ρ).
(b) An B ⊆ A tìte clA(B) = A ∩ clX(B).

Apìdeixh. (a) To F eÐnai kleistì sto A an kai mìnon an to A \ F eÐnai anoiktì sto
A, dhlad  an kai mìnon an A \ F = A ∩ G gia k�poio G anoiktì ston X. Dhlad ,
A ∩ F c = A ∩G.
Isqurismìc. EÐnai F = A ∩Gc.
DeÐqnoume pr¸ta ìti F ⊆ A∩Gc. ArkeÐ na deÐxoume ìti F ⊆ Gc. An upojèsoume ìti den
isqÔei to sumpèrasma tìte up�rqei x ∈ F ¸ste x ∈ G, dhlad  x ∈ F∩G ⊆ A∩G = A∩F c.
'Ara, x /∈ F , �topo. Sunep¸c, F ⊆ Gc.

Gia ton antÐstrofo egkleismì ja deÐxoume ìti A ∩ Gc ⊆ F . P�li me apagwg  se
�topo, upojètoume ìti up�rqei x ∈ A ∩ Gc ¸ste x /∈ F , dhlad  x ∈ A \ F kai x /∈ G.
Tìte x ∈ A ∩ F c kai x /∈ G, to opoÐo eÐnai �topo afoÔ A ∩ F c = A ∩G.

AfoÔ to Gc eÐnai kleistì, paÐrnontac E = Gc èqoume to zhtoÔmeno.
(b) Apì to pr¸to mèroc thc prìtashc, to sÔnolo A ∩ clX(B) eÐnai kleistì sto A kai
B ⊆ A ∩ clX(B). Tìte, h prìtash 3.2.13(b) deÐqnei ìti clA(B) ⊆ A ∩ clX(B).

AntÐstrofa, èstw x ∈ A∩ clX(B) kai èstw ε > 0. Tìte B(x, ε)∩B 6= ∅ kai epiplèon
x ∈ A, �ra x ∈ clA(B). 2

ParadeÐgmata 3.2.16. (a) Sto R me th sun jh metrik  jewroÔme to sÔnolo A =
(0, 1] ∪ {2}. Tìte ta (0, 1], {2} eÐnai sugqrìnwc anoikt� kai kleist� sto A.
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(b) Ston EukleÐdeio q¸ro (R3, ‖ · ‖) jewroÔme wc upìqwro to xy-epÐpedo H (dhlad 
stoiqeÐa thc morf c (x, y, 0)). Tìte o dÐskoc D2 tou xy-epipèdou (D2 = {(x, y, 0) ∈ R3 :
x2 + y2 ≤ 1}) eÐnai kleistì sÔnolo ston H. M�lista k�je uposÔnolo F tou H eÐnai
kleistì ston H an kai mìnon an eÐnai kleistì ston R3 (exhg ste giatÐ).

3.2.5 Sqèsh kleist c j khc kai eswterikoÔ
Prìtash 3.2.17. 'Estw (X, ρ) metrikìc q¸roc kai èstw A ⊆ X. Tìte isqÔoun oi
akìloujec sqèseic:

(a) X \A = (X \A)◦.
(b) X \A◦ = X \A.

Apìdeixh. (a) JewroÔme tuqìn x ∈ X. Tìte, isqÔei akrib¸c èna apì ta akìlouja:
1. Gia k�je ε > 0 isqÔei B(x, ε) ∩A 6= ∅. IsodÔnama, x ∈ A.
2. Up�rqei ε > 0 ¸ste B(x, ε) ∩ A = ∅, dhlad  B(x, ε) ⊆ X \ A. IsidÔnama,

x ∈ (X \A)◦.
Autì apodeiknÔei ìti ta sÔnola A kai (X \ A)◦ eÐnai xèna kai èqoun wc ènwsh to X.

'Epetai ìti X \A = (X \A)◦.
(b) Efarmìzontac thn prohgoÔmenh isìthta me to X \A sth jèsh tou A, paÐrnoume

X \X \A = (X \ (X \A))◦ = A◦.

PaÐrnontac sumplhr¸mata blèpoume ìti X \A = X \A◦. 2

3.2.6 SÔnola Gδ kai Fσ

Orismìc 3.2.18 (sÔnola Gδ kai Fσ). 'Estw (X, ρ) metrikìc q¸roc kai èstw A ⊆ X.
(a) To A lègetai Gδ�sÔnolo an gr�fetai wc arijm simh tom  anoikt¸n uposunìlwn tou
X.
(b) To A lègetai Fσ�sÔnolo an gr�fetai wc arijm simh ènwsh kleist¸n uposunìlwn tou
X.
ParadeÐgmata 3.2.19. (a) K�je kleistì sÔnolo eÐnai profan¸c Fσ. EÐnai ìmwc kai
Gδ.
(b) K�je anoiktì sÔnolo eÐnai profan¸c Gδ. EÐnai ìmwc kai Fσ.
(g) 'Ena sÔnolo A eÐnai Gδ an kai mìnon an to Ac eÐnai Fσ.
(d) Sto (R, | · |) to di�sthma (a, b] eÐnai Fσ kai Gδ. Pr�gmati, an epilèxoume k ∈ N ¸ste
a + 1

k < b, èqoume

(a, b] =
∞⋃

n=k

[
a +

1
n

, b

]
=

∞⋂
n=1

(
a, b +

1
n

)
.

Oi apodeÐxeic twn isqurism¸n (a), (b) kai (g) af nontai gia tic ask seic tou Ke-
falaÐou.
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3.2.7 ShmeÐa suss¸reushc kai sÔnoro
Orismìc 3.2.20 (shmeÐo suss¸reushc). 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X.
To x ∈ X lègetai shmeÐo suss¸reushc (accumulation point) tou A an se k�je anoikt 
mp�la me kèntro to x mporoÔme na broÔme shmeÐo tou A diaforetikì apì to x. Dhlad ,
an gia k�je ε > 0 isqÔei

B(x, ε) ∩ (A \ {x}) 6= ∅.

To sÔnolo twn shmeÐwn susss¸reushc tou A sumbolÐzetai me A′ kai lègetai par�gwgo
sÔnolo tou A.

Prìtash 3.2.21. 'Estw (X, ρ) metrikìc q¸roc, A ⊆ X kai x ∈ X. Ta akìlouja eÐnai
isodÔnama:
(a) To x eÐnai shmeÐo suss¸reushc tou A.
(b) Gia k�je ε > 0 to A ∩B(x, ε) eÐnai �peiro sÔnolo.
(g) Up�rqei akoloujÐa (an) stoiqeÐwn tou A ¸ste

ρ(x, a1) > ρ(x, a2) > · · · > ρ(x, an) > · · · kai an
ρ−→ x.

(d) Up�rqei akoloujÐa (an) stoiqeÐwn tou A ¸ste an
ρ−→ x kai an 6= x gia n = 1, 2, . . ..

Apìdeixh. (a) ⇒ (b): 'Estw ε > 0. AfoÔ to x eÐnai shmeÐo suss¸reushc tou A, up�rqei
toul�qiston èna y 6= x ¸ste y ∈ B(x, ε). Upojètoume ìti to mh kenì sÔnolo A ∩
(B(x, ε) \ {x}) eÐnai peperasmèno kai ja katal xoume se �topo. Gr�foume A∩ (B(x, ε) \
{x}) = {y1, . . . , yk} kai jètoume δ = min{ρ(x, y1), . . . , ρ(x, yk)} > 0. AfoÔ to x eÐnai
shmeÐo suss¸reushc tou A, up�rqei toul�qiston èna y 6= x ¸ste y ∈ B(x, δ). Tìte,
y ∈ B(x, ε) \ {x} (diìti δ < ε kai y 6= x). Sunep¸c, y = yi gia k�poio 1 ≤ i ≤ k. Autì
den mporeÐ na isqÔei diìti ρ(x, y) < δ ≤ ρ(x, yi).
(b) ⇒ (g): To A ∩ B(x, 1) eÐnai �peiro sÔnolo, �ra up�rqei a1 ∈ A ¸ste a1 6= x kai
ρ(x, a1) < 1. Upojètoume ìti èqoume orÐsei a1, . . . , an ∈ A ¸ste ai 6= x, ρ(x, ai) <
1
i gia k�je i = 1, . . . , n, kai ρ(x, a1) > ρ(x, a2) > · · · > ρ(x, an). Jètoume εn+1 =

min
{

ρ(x, an), 1
n+1

}
. To A ∩ B(x, εn+1) eÐnai �peiro sÔnolo, �ra up�rqei an+1 ∈ A

¸ste an+1 6= x kai ρ(x, an+1) < εn+1. Tìte, ρ(x, a1) > ρ(x, a2) > · · · > ρ(x, an) >
ρ(x, an+1) kai ρ(x, an+1) < 1

n+1 . Epagwgik�, orÐzetai akoloujÐa (an) stoiqeÐwn tou A

¸ste ρ(x, an) > ρ(x, an+1) gia k�je n ∈ N kai ρ(x, an) < 1
n , ap� ìpou èpetai ìti an

ρ−→ x.
Oi sunepagwgèc (g) ⇒ (d) kai (d) ⇒ (a) eÐnai aplèc (�skhsh). 2

ShmeÐwsh 3.2.22. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. Tìte,

A = A ∪A′.

Epomènwc, to A eÐnai kleistì an kai mìnon an perièqei ta shmeÐa suss¸reus c tou.
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Orismìc 3.2.23 (sÔnoro). 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. To x ∈ X lègetai
sunoriakì shmeÐo (boundary point) tou A an an se k�je anoikt  mp�la me kèntro to x
mporoÔme na broÔme shmeÐo tou A kai shmeÐo tou Ac. Dhlad , an gia k�je ε > 0 isqÔoun
oi B(x, ε)∩A 6= ∅ kai B(x, ε)∩Ac 6= ∅. To sÔnolo ìlwn twn sunoriak¸n shmeÐwn tou A
lègetai sÔnoro (boundary) tou A kai sumbolÐzetai me bd(A)   ∂(A).

Prìtash 3.2.24. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. Tìte,
(a) bd(A) = bd(Ac).
(b) A = bd(A) ∪ int(A).
(g) X = int(A) ∪ bd(A) ∪ int(Ac).
(d) bd(A) = A \ A◦. IsodÔnama, bd(A) = A ∩X \A. Eidikìtera, to bd(A) eÐnai kleistì
sÔnolo.
(e) To A eÐnai kleistì an kai mìnon an bd(A) ⊆ A.

Apìdeixh. Af netai gia tic ask seic autoÔ tou KefalaÐou. 2

3.3 Pukn� sÔnola kai diaqwrisimìthta

3.3.1 Pukn� uposÔnola
Orismìc 3.3.1 (puknì uposÔnolo). 'Estw (X, ρ) metrikìc q¸roc kai èstw D ⊆ X.
To D lègetai puknì (dense) ston X, an D = X.

ParadeÐgmata 3.3.2. (a) Ta Q, R \Q eÐnai pukn� sto (R, | · |).
(b) O (c00, ‖ · ‖1) eÐnai puknìc ston (`1, ‖ · ‖1).
Apìdeixh. Ja deÐxoume ìti k�je 1�ajroÐsimh akoloujÐa proseggÐzetai apì telik� mhdenik 
akoloujÐa. 'Estw a = (an) ∈ `1, dhlad 

∑∞
n=1 |an| < +∞, kai èstw ε > 0. Apì to

krit rio Cauchy gia ajroÐsimec seirèc èqoume ìti up�rqei n0 ∈ N ¸ste
∞∑

n=n0+1

|an| < ε.

Jètoume x = (a1, ..., an0 , 0, ...) ∈ c00. Tìte,

d1(a, x) = ‖a− x‖1 =
∞∑

n=n0+1

|an| < ε,

dhlad  x ∈ Bd1(a, ε). 'Ara, c00 ∩Bd1(a, ε) 6= ∅. AfoÔ to ε > 0  tan tuqìn, a ∈ c00. 2

(g) (Je¸rhma Kronecker). 'Estw θ ∈ R \Q. To sÔnolo

D(θ) := {(cos(2πnθ), sin(2πnθ)) : n ∈ N}

eÐnai puknì ston kÔklo S1 = {(x, y) ∈ R2 : x2 + y2 = 1} (�skhsh).
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Prìtash 3.3.3. 'Estw (X, ρ) metrikìc q¸roc kai èstw D ⊆ X. Ta akìlouja eÐnai
isodÔnama:

(a) To D eÐnai puknì ston X.

(b) An F kleistì kai D ⊆ F , tìte F = X.

(g) Gia k�je mh kenì anoiktì G ⊆ X isqÔei G ∩D 6= ∅.
(d) Gia k�je x ∈ X kai gia k�je ε > 0 isqÔei D ∩B(x, ε) 6= ∅.
(e) Gia k�je x ∈ X up�rqei akoloujÐa (xn) stoiqeÐwn tou D ¸ste xn

ρ−→ x.

(st) (X \D)◦ = ∅.

Apìdeixh. (a)⇒(b) 'Estw F kleistì uposÔnolo tou X ¸ste D ⊆ F . Tìte, D ⊆ F
dhlad  X ⊆ F .
(b)⇒(g) Upojètoume ìti up�rqei mh kenì anoiktì G ⊆ X me G ∩D = ∅. Tìte, D ⊆ Gc.
AfoÔ to Gc eÐnai kleistì, apì thn upìjesh èqoume ìti Gc = X, dhlad  G = ∅, �topo.
(g)⇒(d) Profan c, afoÔ k�je anoikt  mp�la eÐnai anoiktì sÔnolo.
(d)⇒(e) 'Estw x ∈ X. Tìte, gia k�je n ∈ N isqÔei D ∩ B(x, 1

n ) 6= ∅. 'Etsi, mporoÔme
na orÐsoume akoloujÐa (xn) ⊆ D me xn ∈ B(x, 1

n ) gia k�je n ∈ N. AfoÔ ρ(xn, x) → 0,
èqoume xn

ρ−→ x.
(e)⇒(st) Upojètoume ìti int(X \ D) 6= ∅. Tìte, up�rqei x ∈ X \ D kai ε > 0 ¸ste
B(x, ε) ⊆ X \ D. Dhlad , B(x, ε) ∩D = ∅. Apì thn upìjesh up�rqei (xn) ⊆ D ¸ste
xn

ρ−→ x. 'Ara, up�rqei n ∈ N ¸ste ρ(xn, x) < ε. Tìte, xn ∈ B(x, ε) kai xn ∈ D to
opoÐo eÐnai �topo, diìti B(x, ε) ∩D = ∅.
(st)⇒(a) Apì thn prìtash 3.2.16 èqoume X \ D = (X \ D)◦. 'Eqoume upojèsei ìti
(X \D)◦ = ∅, �ra X \D = ∅. Dhlad , D = X. 2

Efarmog  3.3.4. To Qn eÐnai puknì ston `n
p , 1 ≤ p ≤ ∞.

Apìdeixh. Exet�zoume thn perÐptwsh 1 ≤ p < ∞ (h perÐptwsh p = ∞ af netai wc
�skhsh).

'Estw x = (x(1), . . . , x(n)) ∈ `n
p . AfoÔ to Q eÐnai puknì sto R, gia k�je i = 1, . . . , n

up�rqei akoloujÐa rht¸n (qm(i))m∈N ¸ste qm(i) → x(i). Jètoume qm = (qm(1), . . . , qm(n)).
K�je qm an kei sto Qn. Apì ton orismì thc p�metrik c

dp(x, y) =

(
n∑

i=1

|x(i)− y(i)|p
)1/p

kai tic idiìthtec tou orÐou pragmatik¸n akolouji¸n eÐnai fanerì ìti

dp(x, qm) =

(
n∑

i=1

|x(i)− qm(i)|p
)1/p

→ 0

ìtan to m →∞. Dhlad , qm
dp−→ x. 2
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3.3.2 DiaqwrÐsimoi metrikoÐ q¸roi
Orismìc 3.3.5 (diaqwrÐsimoc metrikìc q¸roc). 'Estw (X, ρ) metrikìc q¸roc. O
X lègetai diaqwrÐsimoc (separable) an èqei arijm simo puknì uposÔnolo. Dhlad , an
up�rqei D ⊆ X arijm simo ¸ste D = X.
ParadeÐgmata 3.3.6. (a) O Rn, me opoiad pote apì tic p�metrikèc, eÐnai diaqwrÐsimoc
metrikìc q¸roc. 'Ena arijm simo puknì uposÔnolì tou eÐnai to Qn.
(b) Oi q¸roi `p, 1 ≤ p < ∞ eÐnai diaqwrÐsimoi.
Apìdeixh. Ja deÐxoume ìti to sÔnolo D = {x ∈ c00 : xi ∈ Q} eÐnai arijm simo kai
puknì ston `p. Arqik� deÐqnoume ìti to D eÐnai arijm simo. Pr�gmati, h apeikìnish
f : D →

⋃∞
n=1 Qn me

x = (x1, . . . , xn, 0, . . .)
f7−→ (x1, . . . , xn),

eÐnai 1-1 kai to sÔnolo
⋃∞

n=1 Qn eÐnai arijm simo wc arijm simh ènwsh arijm simwn sunìl-
wn. 'Epetai ìti to D eÐnai arijm simo.

DeÐqnoume t¸ra ìti to D eÐnai puknì ston `p. 'Estw ε > 0 kai x = (xn) ∈ `p. AfoÔ∑∞
n=1 |xn|p < +∞ apì to krit rio Cauchy up�rqei n0 ∈ N ¸ste

∞∑
n=n0+1

|xn|p <
εp

2
.

Gia k�je i = 1, . . . , n0, apì thn puknìthta tou Q sto R mporoÔme na broÔme qi ∈ Q ¸ste
|xi − qi| < εp

2n0
. An jèsoume q = (q1, . . . , qn0 , 0, . . .) èqoume q ∈ D kai

dp
p(x, q) =

n0∑
n=1

|xi − qi|p +
∞∑

n=n0+1

|xn|p < n0 ·
εp

2n0
+

εp

2
= εp,

dhlad , dp(x, q) < ε. Sunep¸c, to D eÐnai puknì ston `p. 2

'Opwc ja doÔme sto tèloc aut c thc paragr�fou, o (`∞, ‖ ·‖∞) den eÐnai diaqwrÐsimoc
(par�deigma 3.3.11(b)).
(g) O kÔboc tou Hilbert, H∞ eÐnai diaqwrÐsimoc metrikìc q¸roc.
Apìdeixh. Ja deÐxoume ìti to sÔnolo D twn telik� mhdenik¸n akolouji¸n me rhtèc sun-
tetagmènec sto [−1, 1] eÐnai arijm simo kai puknì ston H∞. Gia thn puknìthta jewroÔme
tuqìn x ∈ H∞ kai tuqìn ε > 0. Up�rqei n0 ∈ N ¸ste

∑
n≥n0

1
2n < ε

2 . Tìte, gia touc
xi, i = 1, . . . , n0 pou an koun sto [−1, 1] up�rqoun rhtoÐ qi ∈ [−1, 1] ¸ste |xi−qi|

2i < ε
2n0

.
Jètoume q = (q1, . . . , qn0 , 0, . . .) kai èqoume

d(x, q) =
n0∑

n=1

|xn − qn|
2n

+
∞∑

n=n0+1

|xn|
2n

< n0 ·
ε

2n0
+

ε

2
= ε.

H arijmhsimìthta tou D prokÔptei ìpwc kai sto prohgoÔmeno par�deigma. 2
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To epìmeno je¸rhma dÐnei èna qarakthrismì twn diaqwrÐsimwn metrik¸n q¸rwn mèsw
tou {plhjarÐjmou miac b�shc thc topologÐac}3 touc. Pio sugkekrimèna, ènac metrikìc
q¸roc eÐnai diaqwrÐsimoc an kai mìnon an èqei arijm simh b�sh gia thn topologÐa tou.

Je¸rhma 3.3.7. 'Estw (X, ρ) metrikìc q¸roc. Ta akìlouja eÐnai isodÔnama:

(a) O X eÐnai diaqwrÐsimoc.

(b) Up�rqei arijm simh oikogèneia O anoikt¸n uposunìlwn tou X, h opoÐa èqei thn ex c
idiìthta: Gia k�je anoiktì G ⊆ X kai gia k�je x ∈ G up�rqei U ∈ O ¸ste x ∈ U ⊆ G.

Apìdeixh. (a)⇒(b). 'Estw D = {xn : n = 1, 2, . . .} èna arijm simo puknì uposÔnolo tou
X. JewroÔme thn oikogèneia

O =
{
B(xn, q) : q ∈ Q+, xn ∈ D

}
,

h opoÐa eÐnai arijm simh kai apoteleÐtai apì anoikt� uposÔnola tou X. Ja deÐxoume ìti
aut  èqei thn zhtoÔmenh idiìthta. 'Estw G ⊆ X anoiktì kai èstw x ∈ G. Tìte, up�rqei
ε > 0 ¸ste B(x, ε) ⊆ G. Apì thn puknìthta tou Q sto R up�rqei q ∈ Q ¸ste 0 < 2q < ε.
AfoÔ to D eÐnai puknì ston X, h mp�la B(x, q) perièqei èna stoiqeÐo tou D, èstw xn.
Parathr ste ìti x ∈ B(xn, q) kai B(xn, q) ⊆ G. Pr�gmati, an y ∈ B(xn, q) tìte

ρ(x, y) ≤ ρ(x, xn) + ρ(xn, y) < q + q < ε,

dhlad  y ∈ B(x, ε) ⊆ G.
(b)⇒(a). Upojètoume ìti up�rqei mia arijm simh oikogèneia O anoikt¸n uposunìlwn
tou X pou ikanopoieÐ to (b). Gia k�je ∅ 6= U ∈ O epilègoume tuqìn xU ∈ U . Tìte, to
D = {xU : U ∈ O} eÐnai èna arijm simo puknì uposÔnolo tou X (exhg ste giatÐ). 2

Pìrisma 3.3.8. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc. K�je upìqwroc A tou X
eÐnai epÐshc diaqwrÐsimoc.

Apìdeixh. AfoÔ o X eÐnai diaqwrÐsimoc, up�rqei arijm simh oikogèneia O anoikt¸n up-
osunìlwn tou X me thn idiìthta: gia k�je anoiktì G ⊆ X kai x ∈ G up�rqei U ∈ O
¸ste x ∈ U ⊆ G. Tìte, h arijm simh oikogèneia OA = {U ∩ A : U ∈ O} apoteleÐtai
apì anoikt� uposÔnola tou upoq¸rou A kai èqei thn Ðdia idiìthta. 'Ara, o (A, ρA) eÐnai
diaqwrÐsimoc metrikìc q¸roc. 2

H epìmenh prìtash mac dÐnei krit rio kai {mèjodo} gia na deÐqnoume ìti ènac metrikìc
q¸roc den eÐnai diaqwrÐsimoc.

Prìtash 3.3.9. 'Estw (X, ρ) metrikìc q¸roc kai èstw A uperarijm simo uposÔnolo
tou X me thn ex c idiìthta: up�rqei ε > 0 ¸ste ρ(x, y) ≥ ε gia k�je x, y ∈ A me x 6= y.
Tìte, o (X, ρ) den eÐnai diaqwrÐsimoc.

3Mia oikogèneia B anoikt¸n uposunìlwn enìc metrikoÔ q¸rou (X, ρ) lègetai b�sh gia thn topologÐa
tou X an èqei thn ex c idiìthta: gia k�je anoiktì sÔnolo V ⊆ X kai gia k�je x ∈ V up�rqei B ∈ B
¸ste x ∈ B ⊆ V .
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Apìdeixh. Upojètoume ìti o (X, ρ) eÐnai diaqwrÐsimoc. Tìte, èqei èna arijm simo puknì
uposÔnolo D. JewroÔme tic mp�lec B(x, ε

2 ), x ∈ A. Autèc eÐnai xènec an� dÔo kai
uperarijm simec to pl joc. Kaj¸c to D eÐnai puknì, èqoume D ∩ B(x, ε

2 ) 6= ∅ gia
k�je x ∈ A, dhlad  up�rqei dx ∈ D ¸ste dx ∈ B(x, ε

2 ). OrÐzoume thn apeikìnish
A 3 x 7−→ dx ∈ D, h opoÐa eÐnai 1-1. Dhlad , to A eÐnai isoplhjikì me èna uposÔnolo
tou D. 'Atopo, diìti to D eÐnai arijm simo, en¸ to A uperarijm simo. 2

Pìrisma 3.3.10. Se k�je diaqwrÐsimo metrikì q¸ro (X, ρ) k�je oikogèneia apì xènec
anoiktèc mp�lec eÐnai to polÔ arijm simh.

KleÐnoume aut  thn par�grafo me k�poia paradeÐgmata mh diaqwrÐsimwn metrik¸n
q¸rwn.

ParadeÐgmata 3.3.11. (a) O (R, δ) dhlad , to R me th diakrit  metrik , eÐnai mh di-
aqwrÐsimoc metrikìc q¸roc.
Apìdeixh. Efarmìzoume thn prìtash 3.3.9 me A = R. Parathr ste ìti δ(x, y) = 1 an
x 6= y kai to R eÐnai uperarijm simo. Sunep¸c, o (R, δ) den eÐnai diaqwrÐsimoc, 2

Genikìtera, an èqoume èna uperarijm simo sÔnolo S kai to efodi�soume me th diakrit 
metrik  tìte o (S, δ) eÐnai mh diaqwrÐsimoc metrikìc q¸roc.
(b) O `∞ ≡ (`∞(N), ‖ · ‖∞) eÐnai mh diaqwrÐsimoc metrikìc q¸roc.
Apìdeixh. Ston `∞ jewroÔme to sÔnolo S = {χA : A ⊆ N}, ìpou χA h qarakthristik 
sun�rthsh tou sunìlou A ⊆ N. Dhlad , χA(n) = 1 an n ∈ A kai χA(n) = 0 an n /∈ A.
Tìte, to S eÐnai isoplhjikì me to {0, 1}N to opoÐo eÐnai uperarijm simo (blèpe Par�rthma
A'). Epiplèon, eÐnai ‖χA − χB‖∞ ≥ 1 gia A 6= B kai sunep¸c oi mp�lec B

(
χA, 1

2

)
eÐnai

xènec an� dÔo. Apì thn prìtash 3.3.9 sumperaÐnoume ìti o `∞ den eÐnai diaqwrÐsimoc
metrikìc q¸roc. 2

3.4 Ask seic

1. 'Estw (X, ρ) metrikìc q¸roc kai F,G uposÔnola tou X. An to F eÐnai kleistì kai to
G eÐnai anoiktì, deÐxte ìti to F \G eÐnai kleistì kai to G \ F eÐnai anoiktì.

2. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti k�je uposÔnolo A tou X gr�fetai wc tom 
anoikt¸n uposunìlwn tou (X, ρ).

3. 'Estw f : R → R suneq c sun�rthsh. DeÐxte ìti to G = {x ∈ R : f(x) > 0} eÐnai
anoiktì uposÔnolo tou R kai to F = {x ∈ R : f(x) = 0} eÐnai kleistì uposÔnolo tou R.

4. DeÐxte ìti k�je kleistì di�sthma sto R gr�fetai wc arijm simh tom  anoikt¸n di-
asthm�twn kai k�je anoiktì di�sthma sto R gr�fetai wc arijm simh ènwsh kleist¸n
diasthm�twn.
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5. ApodeÐxte ìti k�je peperasmèno uposÔnolo enìc metrikoÔ q¸rou eÐnai kleistì.

6. ApodeÐxte ìti k�je sfaÐra enìc metrikoÔ q¸rou eÐnai kleistì sÔnolo. MporeÐ se ènan
metrikì q¸ro mia sfaÐra na eÐnai to kenì sÔnolo?

7. 'Estw (X, d) metrikìc q¸roc, x ∈ X kai ε > 0. Exet�ste, an isqÔei p�ntote h isìthta

B(x, ε) = {y ∈ X : d(x, y) ≤ ε}.

[UpenjÔmish: Gia k�je A ⊆ X sumbolÐzoume me A thn kleist  j kh tou A.]

8. 'Estw (X, ‖ · ‖) q¸roc me nìrma. DeÐxte ìti B̂(x, r) = B(x, r) gia k�je x ∈ X kai
k�je r > 0.

9. 'Estw (X, d) metrikìc q¸roc. H diag¸nioc tou X ×X eÐnai to sÔnolo ∆ = {(x, x) :
x ∈ X}. ApodeÐxte ìti to ∆ eÐnai kleistì ston X ×X wc proc th metrik  d2, ìpou

d2((x1, y1), (x2, y2)) =
√

d2(x1, y1) + d2(x2, y2).

Genikìtera, apodeÐxte ìti to ∆ eÐnai kleistì wc proc k�je metrik  ginìmeno ston X ×X.

10. DeÐxte ìti o c0 eÐnai kleistì uposÔnolo tou `∞. Ti mporeÐte na peÐte gia ton c00?
EÐnai anoiktì uposÔnolo tou `∞? kleistì uposÔnolo tou `∞?

11. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti ta akìlouja eÐnai isodÔnama:
(a) To G eÐnai anoiktì.
(b) Gia k�je A ⊆ X, G ∩A ⊆ G ∩A.
(g) Gia k�je A ⊆ X, G ∩A = G ∩A.

12. Up�rqei �peiro kleistì uposÔnolo tou R to opoÐo apoteleÐtai mìno apì rhtoÔc?
Up�rqei anoiktì uposÔnolo tou R to opoÐo apoteleÐtai mìno apì �rrhtouc?

13. DeÐxte ìti k�je anoiktì uposÔnolo tou R gr�fetai wc ènwsh arijm simwn to pl joc
anoikt¸n diasthm�twn me rht� �kra.

14. ApodeÐxte ìti sto R den up�rqoun mh tetrimmèna uposÔnola (dhl�d  diaforetik� apì
to ∅ kai to R) ta opoÐa na eÐnai sugqrìnwc anoikt� kai kleist�.

15. (a) Gia k�je n ∈ Z, èstw Fn kleistì uposÔnolo tou (n, n + 1). Jètoume F =⋃
n∈Z Fn. ApodeÐxte ìti to F eÐnai kleistì sto R.

Upìdeixh: DeÐxte pr¸ta ìti gia k�je n up�rqei δn > 0 ètsi ¸ste |x−y| ≥ δn opoted pote
x ∈ Fn kai y ∈ Fm, n 6= m.
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(b) BreÐte mia akoloujÐa xènwn an� duo kleist¸n sunìlwn sto R twn opoÐwn h ènwsh
den eÐnai kleistì sÔnolo.

16. 'Estw A,B dÔo uposÔnola enìc metrikoÔ q¸rou (X, d). ApodeÐxte ìti:
(a) An A ∪B = X, tìte A ∪B◦ = X.
(b) An A ∩B = ∅, tìte A ∩B◦ = ∅.

17. 'Estw (X, d) metrikìc q¸roc. ApodeÐxte ìti:
(a) An to X èqei perissìtera apì èna stoiqeÐa, tìte up�rqei anoiktì G ⊆ X, ¸ste G 6= ∅
kai X \G 6= ∅.
(b) An to X eÐnai �peiro sÔnolo, tìte up�rqei anoiktì G ⊆ X ¸ste to G kai to X \ G
na eÐnai �peira.

18. Estw (X, ρ) metrikìc q¸roc kai x, y ∈ X me x 6= y. DeÐxte ìti up�rqoun anoikt�
sÔnola U, V ¸ste x ∈ U , y ∈ V kai U ∩ V = ∅.

19. Estw (X, ρ) metrikìc q¸roc, x ∈ X kai F kleistì uposÔnolo tou X me x /∈ F .
DeÐxte ìti up�rqoun anoikt� sÔnola U, V ¸ste x ∈ U , F ⊆ V kai U ∩V = ∅. MporoÔme
na petÔqoume na isqÔei, epiplèon, ìti U ∩ V = ∅?

20. 'Estw (X, d) metrikìc q¸roc. ApodeÐxte ìti:
(a) (A \B)◦ ⊆ A◦ \B◦ gia k�je A,B ⊆ X.
(b) A \B ⊆ A \B gia k�je A,B ⊆ X.
MporoÔme na antikatast soume touc egkleismoÔc me isìthtec?

21. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. Jètoume A′ to par�gwgo sÔnolo tou A,
dhlad  to sÔnolo twn shmeÐwn susss¸reushc tou A. ApodeÐxte ta akìlouja:
(a) A = A ∪ A′. Sumper�nate ìti to A eÐnai kleistì an kai mìno an perièqei ta shmeÐa
suss¸reus c tou.
(b) To A′ eÐnai kleistì sÔnolo.
(g) An A ⊆ B ⊆ X tìte A′ ⊆ B′.
(d) A′ = (A)′. Dhlad , ta A kai A èqoun ta Ðdia shmeÐa suss¸reushc.
(e) (A′)′ ⊆ A′. BreÐte uposÔnolo A tou R ¸ste o egkleismìc na eÐnai gn sioc.

22. Exet�ste an oi akìloujoi isqurismoÐ eÐnai alhjeÐc:
(a) Up�rqei A ⊆ R ¸ste A′ = N.
(b) Up�rqei A ⊆ R ¸ste A′ = Z.
(g) Up�rqei A ⊆ R ¸ste A′ = Q.

23. 'Estw (X, ρ) metrikìc q¸roc kai P ⊆ X. To P lègetai tèleio an eÐnai kenì   eÐnai
kleistì kai k�je shmeÐo tou eÐnai shmeÐo suss¸reushc gi� autì. ApodeÐxte ta akìlouja:
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(a) 'Ena sunìlo P ⊆ (X, ρ) eÐnai tèleio an kai mìno an P = P ′.
(b) K�je kleistì (mh tetrimmèno) di�sthma sto R (me th sun jh metrik ) eÐnai tèleio
sÔnolo. EpÐshc, to R eÐnai tèleio an jewrhjeÐ wc uposÔnolo tou R2.
(g) K�je mh kenì tèleio uposÔnolo P tou R eÐnai uperarijm simo. [Upìdeixh. To P eÐnai
�peiro. An eÐnai arijm simo, gr�fetai sth morf  P = {xn : n ∈ N}. OrÐste kat�llhlh
akoloujÐa kibwtismènwn diasthm�twn [an, bn] ¸ste, gia k�je n ∈ N, [an, bn]∩P 6= ∅ all�
xn /∈ [an, bn].]

24. 'Estw A ⊆ R kai x ∈ R. To x lègetai shmeÐo sumpÔknwshc tou A an gia k�je ε > 0
to sÔnolo A ∩ (x− ε, x + ε) eÐnai uperarijm simo. ApodeÐxte ta akìlouja:
(a) An to A eÐnai arijm simo tìte den èqei shmeÐa sumpÔknwshc.
(b) An to A eÐnai uperarijm simo kai P eÐnai to sÔnolo twn shmeÐwn sumpÔknwshc tou A
tìte P ′ = P kai to A \ P eÐnai arijm simo.
(g) An to A eÐnai kleistì uposÔnolo tou R tìte up�rqoun tèleio sÔnolo P kai arijm simo
sÔnolo Z ¸ste A = P ∪ Z kai P ∩ Z = ∅.

25. 'Estw (X, ρ) metrikìc q¸roc kai (xn) akoloujÐa sto X. To x ∈ X lègetai oriakì
shmeÐo thc (xn) an up�rqei upakoloujÐa (xkn) thc (xn) ¸ste xkn

ρ−→ x. Jètoume L(xn)
to sÔnolo twn oriak¸n shmeÐwn thc akoloujÐac (xn). ApodeÐxte ìti
(a) An xn

ρ−→ x tìte L(xn) = {x}. IsqÔei to antÐstrofo?
(b) An A = {xn : n ∈ N} ⊆ X tìte A′ ⊆ L(xn) ⊆ A. DeÐxte me èna par�deigma ìti oi
egkleismoÐ mporeÐ na eÐnai gn sioi.
(g) DeÐxte ìti to L(xn) eÐnai kleistì uposÔnolo tou X.
(d) An to A den eÐnai kleistì, deÐxte ìti L(xn) 6= ∅. An epiplèon, h (xn) eÐnai ρ-Cauchy,
tìte eÐnai ρ-sugklÐnousa.
(e) To x eÐnai oriakì shmeÐo thc (xn) an kai mìno gia k�je ε > 0 kai gia k�je n ∈ N
up�rqei m ≥ n ¸ste xm ∈ Bρ(x, ε).

26. 'Estw (X, ρ) metrikìc q¸roc kai ∅ 6= A ⊆ X. DeÐxte ìti diam(A) = diam(A). IsqÔei
to Ðdio gia to eswterikì tou A?

27. 'Estw (X, ρ) metrikìc q¸roc. An A,B ⊆ X, h apìstash tou A apì to B orÐzetai wc
ex c:

dist(A,B) = inf{ρ(a, b) : a ∈ A, b ∈ B}.

ApodeÐxte tic akìloujec idiìthtec thc apìstashc:
(a) an A ∩B 6= ∅, tìte dist(A,B) = 0.
(b) dist(A,B) = dist(A,B).
(g) dist(A,B ∪ C) = min{dist(A,B),dist(A,C)}.
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(d) D¸ste par�deigma kleist¸n kai xènwn uposunìlwn A,B enìc metrikoÔ q¸rou (X, ρ)
ta opoÐa èqoun mhdenik  apìstash.

28. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. An x ∈ X orÐzoume thn apìstash tou x
apì to A na eÐnai h apìstash twn sunìlwn {x}, A:

dist(x,A) = inf{ρ(x, a) : a ∈ A}.

ApodeÐxte ìti:
(a) dist(x,A) = 0 an kai mìno an x ∈ A.
(b) |dist(x,A)− dist(y, A)| ≤ ρ(x, y) gia k�je x, y ∈ X.
(g) To sÔnolo {x ∈ X : dist(x,A) < ε} eÐnai anoiktì, en¸ to sÔnolo {x ∈ X :
dist(x, A) ≤ ε} eÐnai kleistì.
(d) An A ⊆ B ⊆ A, tìte dist(x,A) = dist(x,B) gia k�je x ∈ X.

29. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. ApodeÐxte ìti

A′ = {x ∈ X : dist(x, A \ {x}) = 0} .

30. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti k�je kleistì uposÔnolo tou X gr�fetai
wc arijm simh tom  anoikt¸n sunìlwn kai k�je anoiktì uposÔnolo tou X gr�fetai wc
arijm simh ènwsh kleist¸n sunìlwn.

31. 'Estw (X, ρ) metrikìc q¸roc kai A ⊂ X. ApodeÐxte tic ex c idiìthtec tou sunìrou
tou A:
(a) bd(A) = bd(Ac).
(b) cl(A) = bd(A) ∪A◦.
(g) X = A◦ ∪ bd(A) ∪ (X \A)◦.
(d) bd(A) = A \A◦   isodÔnama bd(A) = A∩X \A. Epomènwc, to sÔnoro eÐnai kleistì
sÔnolo.
(e) To A eÐnai kleistì an kai mìno an bd(A) ⊆ A.

32. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X. ApodeÐxte ta akìlouja:
(a) An to A eÐnai anoiktì   kleistì uposÔnolo tou X tìte to bd(A) èqei kenì eswterikì.
(b) An A ∩B = ∅ tìte bd(A ∪B) = bd(A) ∪ bd(B).

33. BreÐte uposÔnolo A tou R ¸ste (bd(A))◦ = R.

34. (a) 'Estw A anoiktì uposÔnolo tou (X, ρ) kai G ⊆ A. DeÐxte ìti to G eÐnai anoiktì
sto A an kai mìno an eÐnai anoiktì ston X.
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(b) 'Estw A kleistì uposÔnolo tou (X, ρ) kai G ⊆ A. EÐnai swstì ìti to G eÐnai kleistì
sto A an kai mìno an eÐnai kleistì ston X?

35. 'Estw A uposÔnolo tou (X, ρ). An G kai H eÐnai xèna anoikt� sÔnola sto A, deÐxte
ìti up�rqoun xèna anoikt� sÔnola U kai V sto X ¸ste G = A ∩ U kai H = A ∩ V .

36. Swstì   l�joc? Gia k�je �peiro metrikì q¸ro (X, d) up�rqei �peiro uposÔnolo A
tou X ¸ste k�je G ⊆ A na eÐnai anoiktì wc proc th sqetik  metrik  sto A.

37. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc. DeÐxte ìti k�je oikogèneia xènwn anoik-
t¸n uposunìlwn tou X eÐnai peperasmènh   arijm simh.

38. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti:
(a) An D eÐnai èna puknì uposÔnolo tou X, tìte D ∩G = G gia k�je anoiktì uposÔnolo
G tou X.
(b) An to G eÐnai anoiktì kai puknì uposÔnolo tou X kai to D eÐnai puknì uposÔnolo
tou X, tìte to G ∩D eÐnai puknì uposÔnolo tou X. IsqÔei to Ðdio an to G den upotejeÐ
anoiktì?
(g) EÐnai swstì ìti h tom  miac akoloujÐac anoikt¸n kai pukn¸n uposunìlwn tou X eÐnai
puknì uposÔnolo tou X?

39. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc. ApodeÐxte ìti:
(a) To sÔnolo twn memonwmènwn shmeÐwn tou X eÐnai to polÔ arijm simo.
(b) An S eÐnai èna uperarijm simo uposÔnolo tou X tìte up�rqei akoloujÐa diaforetik¸n
an� duo stoiqeÐwn tou S, h opoÐa sugklÐnei se shmeÐo tou S.

40. 'Estw θ ∈ R \Q. DeÐxte ìti to sÔnolo

D(θ) := {(cos(2πnθ), sin(2πnθ)) : n ∈ N}

eÐnai puknì ston kÔklo S1 = {(x, y) ∈ R2 : x2 + y2 = 1}.

41. BreÐte èna arijm simo kai puknì uposÔnolo tou R \Q wc proc th sun jh metrik .

42. 'Estw (X, ρ) metrikìc q¸roc. To A ⊆ X lègetai poujen� puknì an int(A) = ∅.
ApodeÐxte ìti:
(a) To A ⊆ X eÐnai poujen� puknì an kai mìnon an A ⊆ (X \A).
(b) To A ⊆ X eÐnai poujen� puknì kai kleistì an kai mìnon an to X \A eÐnai puknì kai
anoiktì.
(g) An to A eÐnai kleistì uposÔnolo tou X, tìte to A eÐnai poujen� puknì an kai mìnon
an A = bd(A).
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(d) An to A eÐnai poujen� puknì uposÔnolo tou X kai to X \ B eÐnai puknì tìte to
X \ (A ∪B) eÐnai puknì ston X.
(e) H ènwsh peperasmènou pl jouc poujen� pukn¸n uposunìlwn tou X eÐnai poujen�
puknì uposÔnolo tou X.

43. 'Estw (qn) mia arÐjmhsh tou Q. OrÐzoume

In =
(

qn −
1
2n

, qn +
1
2n

)
, n ∈ N.

DeÐxte ìti to U =
⋃∞

n=1 In eÐnai anoiktì kai puknì uposÔnolo tou R kai ìti to U c eÐnai
poujen� puknì.

44. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:
(a) To A eÐnai poujen� puknì.
(b) To A den perièqei mh kenì anoiktì sÔnolo.
(g) K�je mh kenì anoiktì uposÔnolo tou X perièqei èna mh kenì anoiktì sÔnolo xèno
proc to A.
(d) K�je mh kenì anoiktì uposÔnolo tou X perièqei mia anoikt  mp�la xènh proc to A.

45. 'Estw (X1, d1), . . . , (Xn, dn) metrikoÐ q¸roi. JewroÔme ton q¸ro ginìmeno (X, d) me
X =

∏n
i=1 Xi kai d = max1≤i≤n di. DeÐxte ìti:

(a) An k�je Gi eÐnai di-anoiktì ston Xi, i = 1, . . . , n, tìte to
∏n

i=1 Gi eÐnai d-anoiktì
ston X.
(b) An k�je Fi eÐnai di-kleistì ston Xi, i = 1, . . . , n, tìte to

∏n
i=1 Fi eÐnai d-kleistì

ston X.
(g) An k�je Di eÐnai puknì ston Xi, i = 1, . . . , n, tìte to D =

∏n
i=1 Di eÐnai puknì ston

X.
Eidikìtera, an k�je (Xi, di), i = 1, ..., n eÐnai diaqwrÐsimoc tìte o (X, d) eÐnai di-

aqwrÐsimoc.

46. 'Estw (Xn, ρn), n = 1, 2, . . . akoloujÐa metrik¸n q¸rwn me ρn(x, y) ≤ 1 gia k�je
x, y ∈ Xn, n = 1, 2, . . .. JewroÔme to q¸ro ginìmeno (X, ρ), ìpou X =

∏∞
n=1 Xn kai

ρ(x, y) =
∑∞

n=1 2−nρn(x(n), y(n)). StajeropoioÔme α = (α(n)) ston X. JewroÔme ta
sÔnola

Dm = {x = (x(n)) ∈ X : x(n) = α(n), n > m}, m = 1, 2, . . .

kai orÐzoume

Dα :=
∞⋃

m=1

Dm.
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ApodeÐxte ìti to Dα eÐnai puknì ston X.

47. 'Estw A,B arijm sima, pukn� uposÔnola tou R. DeÐxte ìti up�rqei sun�rthsh
f : A → B h opoÐa eÐnai aÔxousa, 1-1 kai epÐ.





Kef�laio 4

Sunart seic metaxÔ metrik¸n

q¸rwn

4.1 SuneqeÐc sunart seic

'Estw (X, ρ) kai (Y, σ) dÔo metrikoÐ q¸roi. Sthn §2.2 d¸same ton orismì thc sunèqeiac
miac sun�rthshc f : X → Y se k�poio shmeÐo x0 ∈ X: lème ìti h f eÐnai suneq c sto
x0 an gia k�je ε > 0 up�rqei δ ≡ δ(x0, ε) > 0 ¸ste an x ∈ X kai ρ(x, x0) < δ tìte
σ(f(x), f(x0)) < ε.

Mia isodÔnamh diatÔpwsh eÐnai h ex c: gia k�je ε > 0 up�rqei δ > 0 ¸ste

f(Bρ(x0, δ)) ⊆ Bσ(f(x0), ε).

Dhlad , gia k�je ε > 0 up�rqei aktÐna δ > 0 ¸ste h mp�la (tou X) me kèntro to x0 kai
aktÐna δ na apeikonÐzetai, mèsw thc f , mèsa sth mp�la (tou Y ) me kèntro to f(x0) kai
aktÐna ε.

Orismìc 4.1.1 (perioq ). 'Estw (X, ρ) metrikìc q¸roc kai x ∈ X. To U ⊆ X lègetai
perioq  tou x an up�rqei ε > 0 ¸ste B(x, ε) ⊆ U , dhlad  an x ∈ U◦.

Me thn orologÐa twn perioq¸n, eÔkola elègqoume ìti h sunèqeia sun�rthshc se de-
domèno shmeÐo perigr�fetai wc ex c:

H f : (X, ρ) → (Y, σ) eÐnai suneq c sto x ∈ X an gia k�je perioq  V tou
f(x) up�rqei perioq  W tou x ¸ste f(W ) ⊆ V .

[Pr�gmati, an h f eÐnai suneq c sto x kai V eÐnai mia perioq  tou f(x), tìte up�rqei
ε > 0 ¸ste Bσ(f(x), ε) ⊆ V kai, lìgw thc sunèqeiac thc f sto x, up�rqei δ > 0
¸ste f(Bρ(x, δ)) ⊆ Bσ(f(x), ε) ⊆ V . Jètontac W = Bρ(x, δ) èqoume to zhtoÔmeno.
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Gia thn antÐstrofh kateÔjunsh, jètoume V = Bσ(f(x), ε), brÐskoume perioq  W tou x
¸ste f(W ) ⊆ V kai met� brÐskoume δ > 0 ¸ste Bρ(x, δ) ⊆ W . Tìte, f(Bρ(x, δ)) ⊆
Bσ(f(x), ε).]

H epìmenh prìtash qarakthrÐzei tic suneqeÐc sunart seic f : X → Y mèsw twn
anoikt¸n kai kleist¸n uposunìlwn twn X kai Y (upenjumÐzoume ìti h f lègetai suneq c
an eÐnai suneq c se k�je x ∈ X).

Prìtash 4.1.2. 'Estw f : (X, ρ) → (Y, σ). Ta akìlouja eÐnai isodÔnama:

(a) H f eÐnai suneq c.

(b) An G eÐnai anoiktì uposÔnolo tou Y , to f−1(G) eÐnai anoiktì uposÔnolo tou X.

(g) An F eÐnai kleistì uposÔnolo tou Y , to f−1(F ) eÐnai kleistì uposÔnolo tou X.

Apìdeixh. (a) ⇒ (b) 'Estw G anoiktì uposÔnolo tou Y . Ja deÐxoume ìti to f−1(G)
eÐnai anoiktì uposÔnolo tou X. An to f−1(G) eÐnai kenì tìte to sumpèrasma isqÔei. An
ìqi, èstw x ∈ f−1(G). Tìte, f(x) ∈ G kai to G eÐnai anoiktì, sunep¸c up�rqei ε > 0
¸ste B(f(x), ε) ⊆ G. AfoÔ h f eÐnai suneq c sto x, up�rqei δ > 0 ¸ste f(B(x, δ)) ⊆
B(f(x), ε) ⊆ G, dhlad  B(x, δ) ⊆ f−1(G). Sunep¸c, to f−1(G) eÐnai anoiktì.
(b)⇒ (g) EÐnai �meso apì th sqèsh f−1(Y \A) = X\f−1(A): èstw F kleistì uposÔnolo
tou Y . Tìte, to Y \F eÐnai anoiktì uposÔnolo tou Y . Apì thn upìjes  mac, to f−1(Y \F )
eÐnai anoiktì uposÔnolo tou X. 'Omwc, f−1(Y \ F ) = X \ f−1(F ). AfoÔ to X \ f−1(F )
eÐnai anoiktì, to f−1(F ) eÐnai kleistì.
(g) ⇒ (a) 'Estw x ∈ X. Ja deÐxoume ìti h f eÐnai suneq c sto x. 'Estw ε > 0.
JewroÔme th mp�la B = B(f(x), ε). Tìte to X \ B eÐnai kleistì kai apì thn upìjes 
mac to f−1(X \ B) = X \ f−1(B) eÐnai epÐshc kleistì, dhlad  to f−1(B) eÐnai anoiktì.
Epiplèon, x ∈ f−1(B) diìti f(x) ∈ B. 'Ara, up�rqei δ > 0 ¸ste B(x, δ) ⊆ f−1(B).
IsodÔnama, f(B(x, δ)) ⊆ B = B(f(x), ε). 2

Sthn epìmenh prìtash dÐnoume antÐstoiqouc qarakthrismoÔc twn suneq¸n sunart -
sewn f : X → Y mèsw thc kleist c j khc kai tou eswterikoÔ:

Prìtash 4.1.3. 'Estw f : (X, ρ) → (Y, σ). Ta akìlouja eÐnai isodÔnama:

(a) H f eÐnai suneq c.

(b) Gia k�je A ⊆ X isqÔei f(A) ⊆ f(A).
(g) Gia k�je B ⊆ Y isqÔei f−1(B) ⊆ f−1(B).
(d) Gia k�je C ⊆ Y isqÔei f−1(C◦) ⊆ (f−1(C))◦.

Apìdeixh. (a) ⇒ (b) 'Estw A ⊆ X kai y ∈ f(A). Tìte, up�rqei x ∈ A me y = f(x).
AfoÔ x ∈ A, up�rqei akoloujÐa (xn) sto A me xn → x. H f eÐnai suneq c sto x, �ra
f(xn) → f(x) = y. 'Omwc, f(xn) ∈ f(A) gia k�je n ∈ N. Sunep¸c, y ∈ f(A).
(b) ⇒ (g) An B ⊆ Y , jètontac A = f−1(B) sto (b) èqoume

f(f−1(B)) ⊆ f(f−1(B)) ⊆ B.
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O deÔteroc egkleismìc prokÔptei apì thn f(f−1(B)) ⊆ B pou isqÔei gia k�je sun�rthsh
f : X → Y kai k�je B ⊆ Y .

T¸ra, apì thn f(f−1(B)) ⊆ B sumperaÐnoume ìti f−1(B) ⊆ f−1(B).
(g) ⇒ (d) 'Estw C ⊆ Y . Gr�foume

X \ (f−1(C))◦ = X \ f−1(C) = f−1(Y \ C)

kai qrhsimopoi¸ntac thn upìjesh ìti f−1(Y \ C) ⊆ f−1(Y \ C) paÐrnoume

X \ (f−1(C))◦ ⊆ f−1(Y \ C).

Epiplèon, isqÔei
f−1(Y \ C) = f−1(Y \ C◦) = X \ f−1(C◦).

Sunep¸c,
X \ (f−1(C))◦ ⊆ X \ f−1(C◦),

dhlad  f−1(C◦) ⊆ (f−1(C))◦.
(d) ⇒ (a) 'Estw G anoiktì uposÔnolo tou Y . Jètontac C = G sthn (d) paÐrnoume

f−1(G) = f−1(G◦) ⊆ [f−1(G)]◦

diìti G = G◦. 'Epetai ìti to f−1(G) eÐnai anoiktì. Apì thn prìtash 4.1.2 h f eÐnai
suneq c. 2

4.2 Omoiìmorfa suneqeÐc sunart seic

Orismìc 4.2.1 (omoiìmorfh sunèqeia). 'Estw (X, ρ) kai (Y, σ) dÔo metrikoÐ q¸roi.
Mia sun�rthsh f : X → Y lègetai omoiìmorfa suneq c an gia k�je ε > 0 up�rqei
δ ≡ δ(ε) > 0 ¸ste an x, y ∈ X kai ρ(x, y) < δ tìte σ(f(x), f(y)) < ε.
ParadeÐgmata 4.2.2. (a) K�je sun�rthsh f : (X, δ) → (Y, σ) apì ton diakritì metrikì
q¸ro se opoiond pote metrikì q¸ro eÐnai omoiìmorfa suneq c.
Apìdeixh. 'Estw ε > 0. An x, y ∈ X kai δ(x, y) < 1

2 èpetai ìti x = y, �ra σ(f(x), f(y)) =
0 < ε. 2

Me ton Ðdio trìpo blèpoume ìti k�je akoloujÐa a : N → Y eÐnai omoiìmorfa suneq c
sun�rthsh.
(b) 'Estw A uposÔnolo enìc metrikoÔ q¸rou (X, ρ). H sun�rthsh apìstashc apì to
sÔnolo A eÐnai h dA : X → R me

t 7→ dist(t, A) ≡ inf{ρ(t, a) : a ∈ A}.

H dA eÐnai omoiìmorfa suneq c: mporoÔme na deÐxoume ìti

(∗) |dA(t)− dA(s)| ≤ ρ(t, s)



64 · Sunart seis metaxÔ metrik¸n q¸rwn

gia k�je t, s ∈ X. Tìte, gia dojèn ε > 0, epilègontac δ = ε èqoume ìti an t, s ∈ X kai
ρ(t, s) < δ ikanopoieÐtai h |dA(t)− dA(s)| < δ = ε.
Apìdeixh thc (∗): 'Estw t, s ∈ X. Gia k�je a ∈ A èqoume

dA(t) ≤ ρ(t, a) ≤ ρ(t, s) + ρ(s, a).

Sunep¸c, o dA(t) − ρ(t, s) eÐnai k�tw fr�gma tou sunìlou {ρ(s, a) : a ∈ A}. 'Epetai ìti
dA(t)− ρ(t, s) ≤ dA(s). Dhlad ,

dA(t)− dA(s) ≤ ρ(t, s).

To Ðdio akrib¸c epiqeÐrhma deÐqnei ìti

dA(s)− dA(t) ≤ ρ(t, s),

ap' ìpou paÐrnoume thn (∗). 2

(g) K�je suneq c sun�rthsh f : R → R h opoÐa {mhdenÐzetai sto �peiro}, dhlad 
limx→±∞ |f(x)| = 0, eÐnai omoiìmorfa suneq c (gnwstì apì ton Apeirostikì Logismì).
(d) K�je omoiìmorfa suneq c sun�rthsh eÐnai profan¸c suneq c. To antÐstrofo den
isqÔei. Pr�gmati, h sun�rthsh p : R → R me p(x) = x2 den eÐnai omoiìmorfa suneq c:
gia k�je δ > 0, an epilèxoume xδ = 1

δ kai yδ = 1
δ + δ

2 , tìte |xδ − yδ| < δ all�

|p(xδ)− p(yδ)| = 1 +
δ2

4
> 1.

Apì ton orismì èpetai ìti h p den eÐnai omoiìmorfa suneq c.
O qarakthrismìc thc omoiìmorfhc sunèqeiac mèsw akolouji¸n (pou gnwrÐzoume apì

ton Apeirostikì Logismì) metafèretai qwrÐc kamÐa allag  sto plaÐsio twn metrik¸n
q¸rwn:
Prìtash 4.2.3. 'Estw (X, ρ), (Y, σ) metrikoÐ q¸roi kai èstw f : X → Y . Ta akìlouja
eÐnai isodÔnama:

(a) H f eÐnai omoiìmorfa suneq c.

(b) An (xn), (zn) eÐnai akoloujÐec ston X me ρ(xn, zn) → 0, tìte σ(f(xn), f(zn)) → 0.

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai omoiìmorfa suneq c kai jewroÔme akoloujÐec
(xn), (zn) ston X me ρ(xn, zn) → 0. 'Estw ε > 0. Apì ton orismì thc omoiìmorfhc
sunèqeiac, up�rqei δ > 0 ¸ste

an x, z ∈ X kai ρ(x, z) < δ tìte σ(f(x), f(z)) < ε.

AfoÔ ρ(xn, zn) → 0, up�rqei n0(δ) ∈ N ¸ste: an n ≥ n0 tìte ρ(xn, zn) < δ. 'Estw
n ≥ n0. Tìte, ρ(xn, zn) < δ kai xn, zn ∈ X, opìte σ(f(xn), f(zn)) < ε. AfoÔ to ε > 0
 tan tuqìn, sumperaÐnoume ìti σ(f(xn), f(zn)) → 0.

AntÐstrofa: an h f den eÐnai omoiìmorfa suneq c, up�rqei ε > 0 me thn ex c idiìthta:
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Gia k�je δ > 0 up�rqoun xδ, zδ ∈ X me ρ(xδ, yδ) < δ all� σ(f(xδ), f(yδ)) ≥ ε.

Epilègontac diadoqik� δ = 1, 1
2 , . . . , 1

n , . . ., brÐskoume zeug�ria xn, zn ∈ X ¸ste ρ(xn, zn) <
1
n all� σ(f(xn), f(zn)) ≥ ε. An jewr soume tic akoloujÐec (xn), (zn), èqoume ρ(xn, zn) →
0 all� σ(f(xn), f(zn)) 6→ 0 (exhg ste giatÐ). Autì eÐnai ètopo, sunep¸c èqoume apodeÐxei
thn antÐstrofh kateÔjunsh. 2

Prìtash 4.2.4. 'Estw f : (X, ρ) → (Y, σ). JewroÔme tic prot�seic:

(a) H f eÐnai omoiìmorfa suneq c.

(b) H f apeikonÐzei basikèc akoloujÐec tou X se basikèc akoloujÐec tou Y .

(g) H f eÐnai suneq c.

Tìte, isqÔoun oi sunepagwgèc (a) ⇒ (b) kai (b) ⇒ (g).

Apìdeixh. (a) ⇒ (b). 'Estw (xn) basik  akoloujÐa ston (X, ρ). Ja deÐxoume ìti h
(f(xn)) eÐnai basik  akoloujÐa ston (Y, σ). 'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa
suneq c, up�rqei δ > 0 ¸ste an x, y ∈ X kai ρ(x, y) < δ tìte σ(f(x), f(y)) < ε. H
(xn) eÐnai ρ�basik , sunep¸c up�rqei n0 ∈ N ¸ste an m,n ≥ n0 tìte ρ(xn, xm) < δ.
Sundu�zontac ta parap�nw blèpoume ìti an m,n ≥ n0 tìte σ(f(xn), f(xm)) < ε.
(b)⇒ (g). 'Estw x ∈ X. Ja deÐxoume ìti h f eÐnai suneq c sto x. ArkeÐ na deÐxoume ìti an
(xn) eÐnai akoloujÐa ston X me xn

ρ−→ x tìte f(xn) σ−→ f(x). JewroÔme thn akoloujÐa
yn = (x, x1, x, x2, x, x3, . . .). H (yn) sugklÐnei sto x (gnwstì) �ra eÐnai basik . Apì
thn upìjesh èqoume ìti h (f(yn)) eÐnai epÐshc basik . All�, h upakoloujÐa (f(y2n−1))
thc (f(yn)) eÐnai stajer  kai Ðsh me f(x), epomènwc sugklÐnei sto f(x). AfoÔ h (f(yn))
eÐnai basik  kai èqei sugklÐnousa upakoloujÐa, sugklÐnei, kai m�lista sto f(x) (an mia
akoloujÐa sugklÐnei tìte to ìriì thc sumpÐptei me to ìrio k�je upakoloujÐac thc). 2

Parathr seic 4.2.5. (a) MporoÔme na d¸soume par�deigma suneqoÔc sun�rthshc h
opoÐa den apeikonÐzei k�je basik  akoloujÐa se basik  akoloujÐa (�ra to antÐstrofo
thc sunepagwg c (b) ⇒ (g) den isqÔei). An jewr soume thn f : (0,+∞) → (0,+∞) me
f(x) = 1

x tìte aut  eÐnai suneq c, an ìmwc jewr soume thn basik  akoloujÐa
(

1
n

)
n∈N

sto (0,+∞) tìte aut  den apeikonÐzetai se basik  akoloujÐa, afoÔ f
(

1
n

)
= n.

(b) EpÐshc, den isqÔei to antÐstrofo thc sunepagwg c (a) ⇒ (b), dhlad  mporeÐ mia
sun�rthsh na apeikonÐzei basikèc akoloujÐec se basikèc akoloujÐec kai na mhn eÐnai
omoiìmorfa suneq c. Gia par�deigma, h sun�rthsh p : R → R me p(x) = x2 den eÐnai
omoiìmorfa suneq c. Par� ìla aut�, an èqoume mia basik  akoloujÐa (xn) sto R tìte,
ìpwc èqoume dei ston Apeirostikì Logismì, aut  eÐnai kai sugklÐnousa, dhlad  up�rqei
x ∈ R me xn → x kai, epeid  h p eÐnai suneq c, p(xn) → p(x), dhlad  h (p(xn)) eÐnai
sugklÐnousa kai �ra basik .
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4.2.1 Lipschitz sunart seic
Orismìc 4.2.6. 'Estw f : (X, ρ) → (Y, σ). Lème ìti h f eÐnai C�Lipschitz (  alli¸c, ìti
ikanopoieÐ sunj kh Lipschitz me stajer� C > 0) an ikanopoieÐ thn

σ(f(x), f(y)) ≤ C ρ(x, y)

gia k�je x, y ∈ X. Lème ìti h f eÐnai Lipschitz an ikanopoieÐ sunj kh Lipschitz me k�poia
stajer� C > 0.

Parathr seic 4.2.7. (a) K�je sun�rthsh Lipschitz eÐnai omoiìmorfa suneq c. To
antÐstrofo den isqÔei. An gia par�deigma jewr soume th sun�rthsh f : [0,∞) → R me
f(t) =

√
t, tìte aut  eÐnai omoiìmorfa suneq c all� den ikanopoieÐ sunj kh Lipschitz

gia kamÐa jetik  stajer� (�skhsh).
(b) SumbolÐzoume me Lip(X, Y ) thn kl�sh ìlwn twn sunart sewn Lipschitz f : X → Y .
Sthn perÐptwsh Y = R, gr�foume apl¸c Lip(X) antÐ gia Lip(X, R). H kl�sh Lip(X, Y )
eÐnai p�ntote mh ken  diìti perièqei tic stajerèc sunart seic. H kl�sh Lip(X) eÐnai
epÐshc mh ken  kai, genik�, perièqei {pollèc} sunart seic: an A eÐnai opoiod pote mh
kenì uposÔnolo tou X, tìte h sun�rthsh apìstashc dA : X → R me dA(x) = dist(x,A)
eÐnai 1�Lipschitz.
(g) An f, g ∈ Lip(X), tìte f + g ∈ Lip(X) kai an λ ∈ R tìte λf ∈ Lip(X). Me �lla
lìgia, h tri�da

(
Lip(X),+, ·

)
eÐnai grammikìc upìqwroc tou C(X).

(d) Gia k�je sun�rthsh f ∈ Lip(X, Y ) orÐzoume

‖f‖Lip = inf
{
C > 0 : σ(f(x), f(y)) ≤ C ρ(x, y), x, y ∈ X

}
.

Af netai wc �skhsh gia ton anagn¸sth na deÐxei ìti

‖f‖Lip = sup
{

σ(f(x), f(y))
ρ(x, y)

∣∣ x, y ∈ X, x 6= y

}
kai ìti σ(f(x), f(y)) ≤ ‖f‖Lip · ρ(x, y) gia k�je x, y ∈ X.

ParadeÐgmata 4.2.8. (a) Oi paragwgÐsimec sunart seic f : R → R pou èqoun fragmènh
par�gwgo eÐnai Lipschitz.
Apìdeixh. Upojètoume ìti up�rqei stajer� C > 0 ¸ste |f ′(x)| ≤ C gia k�je x ∈ R.
JewroÔme tuqìntec pragmatikoÔc arijmoÔc x, y me x < y. Efarmìzontac to je¸rhma
mèshc tim c gia thn f sto [x, y], brÐskoume ξ ∈ (x, y) ¸ste

f(x)− f(y)
x− y

= f ′(ξ).

Tìte,
∣∣∣ f(x)−f(y)

x−y

∣∣∣ ≤ C,   alli¸c, |f(x)− f(y)| ≤ C |x− y|. 2
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Eidikìtera, oi sunart seic sin, cos, arctan eÐnai Lipschitz.
(b) 'Estw X grammikìc q¸roc. K�je nìrma ‖ · ‖ : X → R eÐnai 1�Lipschitz, �ra omoiì-
morfa suneq c sun�rthsh.
(g) Gia th sun�rthsh f(x) = sin x, x ∈ R, isqÔei ‖f‖Lip = 1. H apìdeixh eÐnai apl : gia
thn anisìthta ‖f‖Lip ≤ 1 qrhsimopoi ste to gegonìc ìti |f ′(x)| = | cos x| ≤ 1 gia k�je
x ∈ R, en¸ gia thn anisìthta ‖f‖Lip ≤ 1 qrhsimopoi ste to gegonìc ìti lim

t→0+

sin t
t = 1.

Prìtash 4.2.9. 'Estw (X, ρ), (Y, σ) dÔo metrikoÐ q¸roi kai èstw f ∈ Lip(X, Y ). Tìte, h
f apeikonÐzei fragmèna uposÔnola tou X se fragmèna uposÔnola tou Y . Pio sugkekrimè-
na, an A eÐnai fragmèno uposÔnolo tou X, tìte

diam(f(A)) ≤ ‖f‖Lip · diam(A).

Apìdeixh. 'Estw A ⊆ X fragmèno. Tìte, diam(A) < ∞. 'Estw x, y ∈ A. Tìte,

σ(f(x), f(y)) ≤ ‖f‖Lip · ρ(x, y) ≤ ‖f‖Lip · diam(A) < ∞.

PaÐrnontac supremum wc proc x, y ∈ A sumperaÐnoume ìti diam(f(A)) ≤ ‖f‖Lip ·
diam(A). 2

ShmeÐwsh 4.2.10. H upìjesh ìti h f ikanopoieÐ sunj kh Lipschitz de mporeÐ na an-
tikatastajeÐ apì thn asjenèsterh upìjesh thc omoiìmorfhc sunèqeiac. An jewr soume
thn tautotik  sun�rthsh I : (R, δ) → (R, | · |) ìpou δ h diakrit  metrik , tìte aut  eÐnai
omoiìmorfa suneq c. Parathr ste ìti to N ⊆ R eÐnai fragmèno ston (R, δ) all� den
eÐnai fragmèno ston (R, | · |).

4.3 IsometrÐec, omoiomorfismoÐ, isodÔnamec metrikèc

4.3.1 IsometrÐec
Orismìc 4.3.1 (isometrÐa). 'Estw (X, ρ), (Y, σ) dÔo metrikoÐ q¸roi. Mia sun�rthsh
f : X → Y lègetai isometrÐa (isometry) an diathreÐ tic apost�seic, dhlad 

σ(f(x), f(y)) = ρ(x, y)

gia k�je x, y ∈ X.

Parathr seic 4.3.2. (a) K�je isometrÐa eÐnai 1-1 sun�rthsh.
(b) K�je isometrÐa eÐnai Lipschitz sun�rthsh.

(g) An up�rqei isometrÐa f : X → Y , tìte gr�foume X
isom
↪→ Y kai lème ìti o X em-

futeÔetai isometrik� ston Y . An, epiplèon, h f eÐnai epÐ, tìte lème ìti oi q¸roi X, Y
eÐnai isometrikoÐ (kai san metrikoÐ q¸roi {tautÐzontai}).
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(d) MporoÔme na orÐsoume isometrÐec oi opoÐec na mhn eÐnai epÐ. Gia par�deigma, an
jewr soume ton telest  thc dexi�c metatìpishc (shift operator) Sr : `2 → `2 me

Sr(x1, x2, x3, . . .) = (0, x1, x2, . . .),

tìte autìc eÐnai isometrÐa apì ton `2 ston eautì tou, h opoÐa den eÐnai epÐ.

ParadeÐgmata 4.3.3. (a) (Metaforèc) Oi apeikonÐseic σu : R → R me σu(x) = x+u kai
τu : R → R me τu(x) = −x + u (ìpou u ∈ R) eÐnai isometrÐec. Genikìtera, k�je metafor�
Ty : `n

2 → `n
2 me Ty(x) = x + y, ìpou y ∈ Rn, eÐnai isometrÐa epÐ.

(b) An n < m tìte `n
2

isom
↪→ `m

2 .
Pr�gmati, h apeikìnish i : `n

2 → `m
2 me

i(x1, x2, . . . , xn) = (x1, x2, . . . , xn, 0, . . . , 0︸ ︷︷ ︸
m−jèseic

)

eÐnai isometrÐa.

4.3.2 IsodÔnamec metrikèc
Orismìc 4.3.4 (isodÔnamec metrikèc). 'Estw X èna mh kenì sÔnolo kai ρ, σ dÔo
metrikèc sto X. Oi ρ kai σ lègontai isodÔnamec (kai gr�foume ρ ∼ σ) an orÐzoun tic Ðdiec
sugklÐnousec akoloujÐec. Dhlad  ρ ∼ σ an kai mìnon an isqÔei h isodunamÐa

xn
ρ−→ x ⇐⇒ xn

σ−→ x.

Prìtash 4.3.5. 'Estw X èna mh kenì sÔnolo kai ρ, σ dÔo metrikèc sto X. Ta akìlouja
eÐnai isodÔnama:

(a) Oi ρ, σ eÐnai isodÔnamec.

(b) H tautotik  sun�rthsh I : (X, ρ) → (X, σ) eÐnai amfisuneq c. Dhlad , h I eÐnai
suneq c kai h I−1 epÐshc.

(g) (Krit rio Hausdorff) Gia k�je ε > 0 kai gia k�je x ∈ X up�rqoun δ1, δ2 > 0 ¸ste
Bρ(x, δ1) ⊆ Bσ(x, ε) kai Bσ(x, δ2) ⊆ Bρ(x, ε).
(d) To G ⊆ X eÐnai ρ�anoiktì an kai mìnon an eÐnai σ�anoiktì.

(e) To F ⊆ X eÐnai ρ�kleistì an kai mìnon an eÐnai σ�kleistì.

Apìdeixh. (a) ⇒ (b). Aplì apì thn upìjesh kai thn arq  thc metafor�c gia tic I kai
I−1.
(b) ⇒ (g). 'Estw ε > 0 kai x ∈ X. AfoÔ h I eÐnai suneq c, up�rqei δ1 > 0 ¸ste
I(Bρ(x, δ1)) ⊆ Bσ(I(x), ε)   isodÔnama Bρ(x, δ1) ⊆ Bσ(x, ε). 'Omoia, afoÔ h I−1 eÐnai
suneq c up�rqei δ2 > 0 ¸ste Bσ(x, δ2) ⊆ Bρ(x, ε).
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(g) ⇒ (d). Upojètoume ìti to G eÐnai ρ�anoiktì. Ja deÐxoume ìti eÐnai σ�anoiktì. An
x ∈ G, afoÔ to G eÐnai ρ�anoiktì up�rqei ε > 0 ¸ste Bρ(x, ε) ⊆ G. Apì thn upìjesh
up�rqei δ > 0 ¸ste Bσ(x, δ) ⊆ Bρ(x, ε). Telik�, Bσ(x, δ) ⊆ G. AfoÔ to x ∈ G  tan
tuqìn, to G eÐnai σ�anoiktì. 'Omoia deÐqnoume thn �llh kateÔjunsh.
(d) ⇒ (e). Aplì: jewroÔme to sumpl rwma tou F kai efarmìzoume thn upìjesh ìti
isqÔei to (d).
(e)⇒ (a). 'Estw (xn) akoloujÐa sto X me xn

ρ−→ x. Ja deÐxoume ìti xn
σ−→ x. An den

sumbaÐnei autì, tìte up�rqoun ε0 > 0 kai upakoloujÐa (xkn
) thc (xn) ¸ste σ(xkn

, x) ≥ ε0

gia n = 1, 2, . . .. JewroÔme to sÔnolo F = {y ∈ X : σ(y, x) ≥ ε0}. Tìte to F eÐnai
σ�kleistì kai apì thn upìjesh èpetai ìti eÐnai ρ�kleistì. Epiplèon, èqoume xkn ∈ F (ek
kataskeu c) gia n = 1, 2, . . . kai xkn

ρ−→ x. 'Epetai ìti x ∈ F , �ra σ(x, x) ≥ ε0, �topo.
Sunep¸c, xn

σ−→ x. 'Omoia deÐqnoume thn �llh kateÔjunsh. 2

SÔmfwna me thn prohgoÔmenh prìtash, an sto Ðdio sÔnolo èqoume dÔo isodÔnamec
metrikèc tìte oi dÔo metrikoÐ q¸roi pou prokÔptoun eÐnai ìmoioi afoÔ èqoun akrib¸c ta
Ðdia anoikt� sÔnola. Lème ìti oi isodÔnamec metrikèc par�goun akrib¸c thn Ðdia topologÐa.

Prìtash 4.3.6. An ρ eÐnai mia metrik  sto sÔnolo X, tìte up�rqei isodÔnamh metrik 
σ sto X h opoÐa eÐnai fragmènh.

Apìdeixh. OrÐzoume th metrik  σ : X ×X → R me σ(x, y) = ρ(x,y)
1+ρ(x,y) , x, y ∈ X. H σ eÐnai

fragmènh metrik  kai ρ ∼ σ, afoÔ σ(xn, x) → 0 an kai mìnon an ρ(xn, x) → 0. 2

4.3.3 OmoiomorfismoÐ
Orismìc 4.3.7 (omoiomorfismìc). 'Estw f : (X, ρ) → (Y, σ). H f lègetai omoiomor-
fismìc (homeomorphism) an eÐnai 1-1, epÐ kai amfisuneq c. Tìte, oi metrikoÐ q¸roi (X, ρ)
kai (Y, σ) lègontai omoiomorfikoÐ kai gr�foume X

hom∼ Y   X ' Y .

Parathr seic 4.3.8. (a) H sqèsh omoiomorfismoÔ metaxÔ metrik¸n q¸rwn eÐnai sqèsh
isodunamÐac.
(b) 'Estw ρ kai σ dÔo metrikèc sto sÔnolo X. An oi ρ, σ eÐnai isodÔnamec, tìte oi
metrikoÐ q¸roi (X, ρ) kai (X, σ) eÐnai omoiomorfikoÐ. To antÐstrofo den isqÔei: mporoÔme
na broÔme sÔnolo X kai metrikèc ρ, σ sto X ¸ste oi q¸roi (X, ρ) kai (X, σ) na eÐnai
isometrikoÐ, all� oi ρ, σ na mhn eÐnai isodÔnamec. JewroÔme to sÔnolo X = c00 twn
telik� mhdenik¸n akolouji¸n kai orÐzoume th sun�rthsh T : c00 → c00 me

T (x1, x2, . . . , xn, 0, . . .) = (x1, 2x2, . . . , nxn, 0, . . .).

Mèsw tou T orÐzoume mia nèa nìrma ston c00 wc ex c: ‖y‖T = ‖Ty‖∞ gia y ∈ c00. Tìte,
oi q¸roi (c00, ‖ · ‖∞) kai (c00, ‖ · ‖T ) eÐnai isometrikoÐ (mèsw thc T ) all� oi metrikèc pou
ep�goun oi nìrmec den eÐnai isodÔnamec ston c00 (�skhsh).
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Prìtash 4.3.9. 'Estw f : (X, ρ) → (Y, σ) sun�rthsh 1-1 kai epÐ. Ta akìlouja eÐnai
isodÔnama:

(a) H f eÐnai omoiomorfismìc.

(b) An (xn) eÐnai akoloujÐa ston X kai x ∈ X, tìte xn
ρ−→ x an kai mìnon an f(xn) σ−→

f(x).
(g) To G ⊆ X eÐnai ρ�anoiktì an kai mìnon an to f(G) ⊆ Y eÐnai σ�anoiktì.

(d) To F ⊆ X eÐnai ρ�kleistì an kai mìnon an to f(F ) ⊆ Y eÐnai σ�kleistì.

(e) H d(x, y) = σ(f(x), f(y)) orÐzei metrik  sto X isodÔnamh me thn ρ.

Apìdeixh. Af netai wc �skhsh. 2

Prìtash 4.3.10. K�je metrikìc q¸roc (X, ρ) eÐnai omoiomorfikìc me ènan fragmèno
metrikì q¸ro.

Apìdeixh. 'Epetai �mesa apì thn prìtash 4.3.6 kai thn parat rhsh 4.3.8(b). 2

Je¸rhma 4.3.11. K�je diaqwrÐsimoc metrikìc q¸roc emfuteÔetai1 ston kÔbo tou Hilbert
H∞.

Apìdeixh. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc. Ja deÐxoume ìti up�rqei suneq c
sun�rthsh F : X → H∞ h opoÐa eÐnai 1-1 kai h F−1 : F (X) → X eÐnai epÐshc suneq c.
Tìte, X ' F (X) ⊆ H∞.

JumÐzoume ìti o H∞ eÐnai o q¸roc twn sunart sewn y : N → [−1, 1] me th metrik 
d(y, y′) =

∑∞
n=1 2−n|y(n)− y′(n)|.

QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti gia ton (X, ρ) isqÔei
ρ(x, y) ≤ 1 gia k�je x, y ∈ X (autì mac to exasfalÐzei h prohgoÔmenh prìtash). 'Estw
D = {xn : n = 1, 2, . . .} èna arijm simo puknì uposÔnolo tou X. OrÐzoume thn apeikìnish
F : X → H∞ me F (x) = y ìpou y(n) = ρ(x, xn), n ∈ N.
Isqurismìc. H F eÐnai 1-1.
'Estw x, y ∈ X me F (x) = F (y) dhlad , ρ(x, xn) = ρ(y, xn) gia k�je n = 1, 2, . . .. 'Estw
ε > 0. AfoÔ to D eÐnai puknì, up�rqei xn ∈ D ¸ste ρ(y, xn) = ρ(x, xn) < ε

2 . Tìte,

ρ(x, y) ≤ ρ(x, xn) + ρ(y, xn) < ε

kai afoÔ to ε eÐnai tuqìn sumperaÐnoume ìti ρ(x, y) = 0, dhlad  x = y.
Isqurismìc. H F eÐnai suneq c (m�lista Lipschitz).
Ja deÐxoume ìti isqÔei d(F (x), F (y)) ≤ ρ(x, y) gia k�je x, y ∈ X, ìpou d h metrik  tou
kÔbou tou Hilbert. 'Eqoume

d(F (x), F (y)) =
∞∑

n=1

2−n|ρ(x, xn)− ρ(y, xn)| ≤
∞∑

n=1

2−nρ(x, y) = ρ(x, y).

1Lème ìti o X emfuteÔetai ston Y an up�rqei f : X → Y suneq c, 1-1 kai h f−1 : f(X) → X eÐnai
epÐshc suneq c. Me �lla lìgia, an o X eÐnai omoiomorfikìc me ènan upìqwro tou Y .
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Tèloc, deÐqnoume ìti h antÐstrofh thc F eÐnai suneq c deÐqnontac ìti an am, a ∈ X kai
F (am) d−→ F (a) tìte am

ρ−→ a (to zhtoÔmeno prokÔptei apì thn arq  thc metafor�c).
Pr�gmati: èstw ìti F (am) d−→ F (a). AfoÔ h d eÐnai metrik  ginìmeno, èqoume

lim
m→∞

F (am)(n) = F (a)(n) gia k�je n ∈ N, dhlad  lim
m→∞

ρ(am, xn) = ρ(a, xn) gia
k�je n ∈ N. 'Estw ε > 0. AfoÔ to D eÐnai puknì sto X, up�rqei n0 ∈ N ¸ste
ρ(a, xn0) < ε

3 . Epiplèon, afoÔ ρ(am, xn0) → ρ(a, xn0) up�rqei m0 ∈ N ¸ste an m ≥ m0

tìte ρ(am, xn0) < ε
3 + ρ(a, xn0). Sunep¸c, an m ≥ m0 tìte

ρ(am, a) ≤ ρ(am, xn0) + ρ(a, xn0) <
ε

3
+ 2ρ(a, xn0) <

ε

3
+

2ε

3
= ε,

dhlad  am
ρ−→ a kaj¸c m →∞. 2

KleÐnoume aut  thn par�grafo me èna par�deigma zeÔgouc metrik¸n q¸rwn pou eÐnai
omoiomorfikoÐ all� den eÐnai isometrikoÐ kai me k�poiec parathr seic epÐ twn omoiomor-
fik¸n diasthm�twn sto R.

ParadeÐgmata 4.3.12. (a) Ta (−π
2 , π

2 ) kai R(kai ta dÔo me th sun jh metrik ) eÐnai
omoiomorfik� mèsw thc sun�rthshc arctan : R → (−π

2 , π
2 ), ìmwc den eÐnai isometrik� diìti

diam((−π
2 , π

2 )) = π en¸ diam(R) = ∞.
(b) Diast mata ta opoÐa {moi�zoun} eÐnai omoiomorfik�, dhlad  (0, 1) ' (a, b), [0, 1) '
[a, b) ' (c, d] kai [0, 1] ' [a, b]. Gia thn pr¸th kai trÐth perÐptwsh èqoume ton omoiomor-
fismì f(t) = a + t(b − a). Gia th deÔterh èqoume ìti h sun�rthsh g : [0, 1) → (c, d] me
g(t) = d− t(d− c) eÐnai 1-1, epÐ kai amfisuneq c.
(g) To (0, 1) den eÐnai omoiomorfikì me to [0, 1).
Apìdeixh. Upojètoume ìti up�rqei f : [0, 1) → (0, 1) omoiomorfismìc kai jètoume c =
f(0). Tìte 0 < c < 1 kai epÐshc h f |(0,1) : (0, 1) → (0, 1) \ {c} eÐnai omoiomorfismìc,
dhlad  ta (0, 1) kai (0, c) ∪ (c, 1) eÐnai omoiomorfik�. 'Omwc tìte, to R eÐnai ki autì
omoiomorfikì me to (0, c) ∪ (c, 1), dhlad  to R mporeÐ na grafeÐ wc xènh ènwsh duo
anoikt¸n (mh tetrimmènwn) uposunìlwn tou, to opoÐo eÐnai �topo diìti sto R den up�rqoun
mh tetrimmèna uposÔnola pou na eÐnai sugqrìnwc anoikt� kai kleist� (�skhsh apì to 3o
Kef�laio). 2

4.4 Basik� apotelèsmata gia sunart seic se metrikoÔc
q¸rouc

4.4.1 To l mma tou Urysohn

Je¸rhma 4.4.1 (Urysohn). 'Estw (X, ρ) metrikìc q¸roc kai A,B kleist� uposÔnola
tou X me A ∩ B = ∅. Tìte, up�rqei suneq c sun�rthsh f : X → R me tic akìloujec
idiìthtec:
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(a) 0 ≤ f(x) ≤ 1 gia k�je x ∈ X.
(b) f(x) = 0 gia k�je x ∈ A.
(g) f(x) = 1 gia k�je x ∈ B.

Apìdeixh. JewroÔme th sun�rthsh f : X → R me

f(x) =
dist(x, A)

dist(x,A) + dist(x,B)
,

h opoÐa eÐnai kal� orismènh diìti ta A,B eÐnai kleist� kai A∩B = ∅ (an o paronomast c
mhdenizìtan gia k�poio x ∈ X tìte ja eÐqame x ∈ A ∩ B = A ∩ B). H f eÐnai suneq c
wc phlÐko suneq¸n sunart sewn. Epiplèon, 0 ≤ f(x) ≤ 1 gia k�je x ∈ X. Tèloc,
parathroÔme ìti f(x) = 0 gia k�je x ∈ A kai f(x) = 1 gia k�je x ∈ B. 2

Orismìc 4.4.2. 'Estw A,B dÔo xèna uposÔnola enìc metrikoÔ q¸rou (X, ρ).
(a) Ta A,B diaqwrÐzontai an up�rqoun anoikt� G, H ¸ste A ⊆ G, B ⊆ H kai G∩H = ∅.
(b) Ta A,B diaqwrÐzontai pl rwc an diaqwrÐzontai apì ta G, H ìpwc sto (a) kai epiplèon
isqÔei G ∩H = ∅.

Prìtash 4.4.3. 'Estw (X, ρ) metrikìc q¸roc kai E,F dÔo xèna kleist� uposÔnola tou
X. Tìte ta E,F diaqwrÐzontai pl rwc.

Apìdeixh. H apìdeixh ja basisteÐ sto l mma tou Urysohn. Up�rqei suneq c sun�rthsh
f : X → R me f(x) = 0 gia k�je x ∈ E kai f(x) = 1 gia k�je x ∈ F . Jètoume
U = (−1/3, 1/3) kai V = (2/3, 4/3)). Tìte isqÔoun ta ex c:
(a) Ta G = f−1(U), H = f−1(V ) eÐnai anoikt� ston X diìti h f eÐnai suneq c.
(b) E ⊆ G, F ⊆ H.
(g) IsqÔei ìti G ∩H = ∅. Pr�gmati, an x ∈ G jewroÔme akoloujÐa (xn) sto G. Tìte,
f(xn) ∈ U dhlad  f(xn) < 1/3 gia k�je n ∈ N. Apì thn arq  thc metafor�c èqoume
f(xn) → f(x), �ra f(x) ≤ 1/3. Me ton Ðdio trìpo blèpoume ìti an y ∈ H tìte f(y) ≥ 2/3.
'Ara, isqÔei G ∩H = ∅. 2

4.4.2 DiamerÐseic thc mon�dac
Orismìc 4.4.4. 'Estw (X, ρ) metrikìc q¸roc kai f : X → R. O forèac (support) thc f
eÐnai to sÔnolo

supp(f) = {x ∈ X : f(x) 6= 0}.

Je¸rhma 4.4.5 (diamèrish thc mon�dac). 'Estw (X, ρ) metrikìc q¸roc kai U1, . . . , Uk

anoikt� uposÔnola tou X ¸ste X = U1 ∪ · · · ∪Uk. Tìte, up�rqoun suneqeÐc sunart seic
φi : X → [0, 1], i = 1, . . . , k me thn idiìthta supp(φi) ⊆ Ui gia i = 1, . . . , k kai φ1(x) +
· · ·+ φk(x) = 1 gia k�je x ∈ X.

Ja qreiastoÔme to akìloujo l mma:
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L mma 4.4.6. 'Estw (X, ρ) metrikìc q¸roc kai U1, . . . , Uk anoikt� uposÔnola tou X
¸ste X = U1 ∪ . . . ∪ Uk. Tìte, up�rqoun anoikt� sÔnola W1, . . . ,Wk ¸ste Wi ⊆ Ui gia
i = 1, . . . , k kai X = W1 ∪ · · ·Wk.

Apìdeixh. ArkeÐ na deÐxoume ìti up�rqei W1 anoiktì ¸ste W1 ⊆ U1 kai X = W1∪U2∪· · ·∪
Uk. Katìpin, to sumpèrasma èpetai me epagwg . ParathroÔme ìti to X \ (U2 ∪ · · · ∪Uk)
eÐnai kleistì kai eÐnai xèno proc to kleistì X \ U1. Sunep¸c, diaqwrÐzontai pl rwc.
Eidikìtera, up�rqei anoiktì W1 ¸ste X \(U2∪· · ·∪Uk) ⊆ W1 kai W1∩X \ U1 = ∅ (giatÐ,
an W2 eÐnai anoiktì me U c

1 ⊆ W2 kai W1 ∩W2 = ∅, tìte W1 ∩X \ U1 ⊆ W1 ∩W2 = ∅).
'Ara,

W1 ⊆ X \ (X \ U1) ⊆ X \ (X \ U1) = U1.

Tèloc, isqÔei X = W1 ∪ U2 ∪ · · · ∪ Uk. 2

Apìdeixh tou jewr matoc. Apì to prohgoÔmeno l mma up�rqoun anoikt� sÔnola Vi, i =
1, . . . , k ¸ste V i ⊆ Ui kai X =

⋃k
i=1 Vi. Gia ton Ðdio lìgo up�rqoun anoikt� Wi, i =

1, . . . , k ¸ste W i ⊆ Vi gia i = 1, . . . , k kai X =
⋃k

i=1 Wi. Apì to l mma tou Urysohn,
gia k�je i = 1, . . . , k up�rqei suneq c sun�rthsh fi : X → [0, 1] ¸ste fi(x) = 1 gia k�je
x ∈ W i kai fi(x) = 0 gia k�je x /∈ Vi gia i = 1, 2, . . . , k. ParathroÔme ta ex c:

(i) f1(x)+f2(x)+· · ·+fk(x) > 0 gia k�je x ∈ X diìti X = W1∪· · ·∪Wk kai fi(x) = 1
gia k�je x ∈ Wi gia i = 1, . . . , k.

(ii) supp(fi) ⊆ Ui gia i = 1, . . . , k, diìti an x ∈ X ¸ste fi(x) 6= 0 tìte x ∈ Vi. 'Ara,

supp(fi) = {x : fi(x) 6= 0} ⊆ V i ⊆ Ui

JewroÔme tic suneqeÐc sunart seic φi : X → R me φi = fi

f1+···+fk
. Autèc eÐnai kal�

orismènec kai supp(φi) ⊆ Ui (exhg ste giatÐ). Tèloc,
∑k

i=1 φi(x) = 1 gia k�je x ∈
X. 2

4.4.3 Tal�ntwsh kai shmeÐa sunèqeiac
Orismìc 4.4.7 (tal�ntwsh). 'Estw (X, ρ), (Y, σ) metrikoÐ q¸roi kai f : X → Y
sun�rthsh. An A ⊆ X, h tal�ntwsh thc f sto A orÐzetai wc ex c:

τf (A) = diam(f(A)) = sup{σ(f(x), f(y)) : x, y ∈ A}.

Parathr seic 4.4.8. (a) Apì ton orismì, 0 ≤ τf (A) ≤ +∞.
(b) An h f den eÐnai fragmènh sto A tìte τf (A) = ∞.
(g) An f ∈ Lip(X, Y ), tìte h tal�ntwsh thc f se k�je fragmèno uposÔnolo tou X eÐnai
peperasmènh kai m�lista

τf (A) ≤ ‖f‖Lip · diam(A).
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(d) An f : (X, ρ) → R kai A ⊆ X tìte2

τf (A) = sup{|f(a)− f(b)| : a, b ∈ A} ≤ 2 sup
a∈A

|f(a)|.

(e) H sun�rthsh τf : P(X) → [0,∞] eÐnai {aÔxousa}: an A ⊆ B tìte τf (A) ≤ τf (B).

StajeropoioÔme èna shmeÐo x ∈ X kai orÐzoume wc tal�ntwsh thc f : X → Y sto x
thn posìthta

τf (x) := inf{τf (V ) : V anoiktì, x ∈ V }.

Ja deÐxoume ìti mia sun�rthsh eÐnai suneq c se èna shmeÐo an kai mìnon an h tal�ntws 
thc sto shmeÐo autì eÐnai mhdenik . Gia to skopì autì deÐqnoume pr¸ta èna l mma to
opoÐo mac dÐnei mia pio eÔqrhsth perigraf  thc τf (x).

L mma 4.4.9. 'Estw f : (X, ρ) → (Y, σ) kai x ∈ X. Tìte, gia thn tal�ntwsh thc f sto
x isqÔei h isìthta

τf (x) = lim
ε→0+

diam(f(Bρ(x, ε))) = lim
ε→0+

τf (Bρ(x, ε)).

Apìdeixh. 'Estw V anoiktì me x ∈ V . Tìte, up�rqei ε0 > 0 ¸ste B(x, ε0) ⊆ V . Apì
th monotonÐa thc tal�ntwshc èqoume τf (B(x, ε0)) ≤ τf (V ). JewroÔme th sun�rthsh
g : (0,∞) → [0,∞] me g(ε) = τf (B(x, ε)) h opoÐa eÐnai aÔxousa. 'Ara,

lim
ε↓0

τf (B(x, ε)) ≤ τf (B(x, ε0)) ≤ τf (V ).

'Epetai ìti limε↓0 τf (B(x, ε)) ≤ inf{τf (V ) : V anoiktì, x ∈ V } = τf (x).
Gia thn antÐstrofh anisìthta parathroÔme ìti

τf (x) ≤ τf (B(x, ε))

gia k�je ε > 0, diìti to B(x, ε) eÐnai anoiktì kai perièqei to x. 'Ara, τf (x) ≤ limε↓0 τf (B(x, ε)). 2

Je¸rhma 4.4.10. 'Estw f : (X, ρ) → (Y, σ) kai x ∈ X. Ta akìlouja eÐnai isodÔnama:
(a) H f eÐnai suneq c sto x.
(b) H tal�ntwsh thc f sto x eÐnai mhdenik , dhlad  τf (x) = 0.

Apìdeixh. (a) ⇒ (b). 'Estw ε > 0. AfoÔ h f eÐnai suneq c sto x, up�rqei δ > 0 ¸ste
f(B(x, δ)) ⊆ B

(
f(x), ε

2

)
. Apì th monotonÐa thc diamètrou èqoume

diam(f(B(x, δ))) ≤ diam
(
B
(
f(x),

ε

2

))
≤ ε.

'Omwc,
τf (x) = lim

r↓0
diam(f(B(x, r))) ≤ ε

2DeÐte thn Parat rhsh 4.2.7 (d).
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kai, afoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti τf (x) = 0.
(b) ⇒ (a). Upojètoume ìti h f eÐnai asuneq c sto x. Tìte, up�rqei ε0 > 0 me thn ex c
idiìthta: gia k�je δ > 0 up�rqei xδ ∈ X ¸ste ρ(xδ, x) < δ kai σ(f(xδ), f(x)) ≥ ε0. 'Ara,
τf (B(x, δ)) ≥ ε0 gia k�je δ > 0. Tìte,

τf (x) = lim
δ↓0

τf (B(x, δ)) ≥ ε0.

2

Je¸rhma 4.4.11. 'Estw f : (X, ρ) → (Y, σ). SumbolÐzoume me D(f) to sÔnolo twn
shmeÐwn asunèqeiac thc f . Tìte, to D(f) eÐnai Fσ�uposÔnolo tou X.

Apìdeixh. Apì to prohgoÔmeno je¸rhma èqoume ìti h sun�rthsh f eÐnai asuneq c se èna
shmeÐo x ∈ X an kai mìnon an τf (x) > 0. 'Ara, D(f) = {x ∈ X : τf (x) > 0}   isodÔnama

D(f) =
∞⋃

n=1

{
x ∈ X : τf (x) ≥ 1

n

}
.

Ja deÐxoume ìti, gia k�je n ∈ N, to sÔnolo An =
{
x ∈ X : τf (x) ≥ 1

n

}
eÐnai kleistì.

ArkeÐ na deÐxoume ìti k�je sÔnolo A = {x ∈ X : τf (x) < a} me a > 0 eÐnai anoiktì.
'Estw x ∈ A. ParathroÔme ìti

τf (x) = lim
δ↓0

τf (B(x, δ)) < a.

'Ara, up�rqei δ > 0 ¸ste τf (B(x, δ)) < a.
Isqurismìc. IsqÔei B

(
x, δ

2

)
⊆ A (�ra, to A eÐnai anoiktì).

Pr�gmati, èstw y ∈ B
(
x, δ

2

)
. ParathroÔme ìti B

(
y, δ

2

)
⊆ B(x, δ). Autì isqÔei diìti, an

z ∈ B
(
y, δ

2

)
tìte ρ(z, x) ≤ ρ(z, y) + ρ(y, x) < δ

2 + δ
2 = δ. 'Etsi, prokÔptei ìti

τf (y) ≤ τf

(
B

(
y,

δ

2

))
≤ τf (B(x, δ)) < a,

dhlad  y ∈ A. 2

Pìrisma 4.4.12. 'Estw f : (X, ρ) → (Y, σ). SumbolÐzoume me C(f) to sÔnolo twn
shmeÐwn tou X sta opoÐa h f eÐnai suneq c. Tìte, to C(f) eÐnai Gδ�uposÔnolo tou X.

Apìdeixh. To C(f) eÐnai to sumpl rwma enìc sunìlou Fσ, tou D(f). Sunep¸c, eÐnai
sÔnolo Gδ.

'Enac �lloc trìpoc eÐnai na parathr soume ìti

C(f) =
∞⋂

n=1

{
x ∈ X : τf (x) <

1
n

}
kai na jumhjoÔme ìti, sÔmfwna me ton isqurismì tou prohgoÔmenou jewr matoc, ta sÔno-
la sto dexiì mèloc eÐnai anoikt�. 2
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4.5 Ask seic

1. 'Estw f, g : (X, ρ) → (Y, σ) duo suneqeÐc sunart seic kai D puknì uposÔnolo tou
(X, ρ). DeÐxte ìti:
(a) To sÔnolo E = {x ∈ X : f(x) = g(x)} eÐnai kleistì.
(b) An f(x) = g(x) gia k�je x ∈ D, tìte f ≡ g.

2. 'Estw f : (X, ρ) → (Y, σ) kai x0 ∈ X. DeÐxte ìti h f eÐnai suneq c sto x0 an kai mìno
an gia k�je ε > 0 up�rqei δ > 0 ¸ste an x, y ∈ X kai ρ(x, x0) < δ, ρ(y, x0) < δ tìte
σ(f(x), f(y)) < ε.

3. 'Estw f : (X, ρ) → (Y, σ). DeÐxte ìti, an gia k�je A ⊆ X isqÔei f(A′) ⊆ (f(A))′,
tìte h f eÐnai suneq c. IsqÔei to antÐstrofo?

4. 'Estw (X, ρ) metrikìc q¸roc kai G ⊆ X. DeÐxte ìti to G eÐnai anoiktì an kai mìno
an up�rqoun suneq c sun�rthsh f : (X, ρ) → R kai V ⊆ R anoiktì, ¸ste G = f−1(V ).

5. (a) 'Estw f : (X, d) → R sun�rthsh kai Z(f) to sÔnolo mhdenismoÔ thc f , dhlad 

Z(f) = {x ∈ X : f(x) = 0}.

DeÐxte ìti: an h f eÐnai suneq c tìte to Z(f) eÐnai kleistì ston X.
(b) 'Estw F ⊆ X. DeÐxte ìti to F eÐnai kleistì an kai mìno an up�rqei suneq c sun�rthsh
f : (X, ρ) → R ¸ste Z(f) = F .

6. DÐnetai mia sun�rthsh f : R → (Y, δ), ìpou δ h diakrit  metrik  ston Y . DeÐxte ìti h
f eÐnai suneq c an kai mìno an eÐnai stajer .

7. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. SumbolÐzoume me χA thn qarakthristik 
sun�rthsh tou A, ìpou χA : X → R orÐzetai wc

χA(t) =
{

1, t ∈ A
0, t /∈ A

.

ApodeÐxte ìti to sÔnolo twn shmeÐwn sunèqeiac thc χA einai to A◦ ∪ (X \A)◦, to sÔnolo
twn shmeÐwn asunèqei�c thc eÐnai to bd(A) kai ìti h χA eÐnai suneq c an kai mìno an to
A eÐnai anoiktì kai kleistì (clopen).

8. 'Estw f : (X, ρ) → (Y, σ). To gr�fhma thc f eÐnai to sÔnolo

Gr(f) =
{
(x, f(x)) : x ∈ X

}
⊆ X × Y.
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DeÐxte ìti, an h f eÐnai suneq c sun�rthsh, tìte to gr�fhma Gr(f) thc f eÐnai kleistì
ston X × Y wc proc k�je metrik  ginìmeno. D¸ste par�deigma to opoÐo na deÐqnei ìti
to antÐstrofo den isqÔei.

9. Mia sun�rthsh f : (X, ρ) → (Y, σ) lègetai topik� fragmènh (locally bounded) an gia
k�je x ∈ X up�rqei perioq  Ux tou x ¸ste h f |Ux na eÐnai fragmènh.
(a) 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh. Tìte h f eÐnai topik� fragmènh. IsqÔei
to antÐstrofo?
(b) 'Estw f : R → R. DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(i) H f eÐnai suneq c.
(ii) H f eÐnai topik� fragmènh kai èqei kleistì gr�fhma.

10. 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh kai èstw A diaqwrÐsimo uposÔnolo tou
X (dhlad , o (A, ρA) eÐnai diaqwrÐsimoc). DeÐxte ìti to f(A) eÐnai diaqwrÐsimo uposÔnolo
tou Y .

11. 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh kai D puknì uposÔnolo tou X.
Exet�ste an oi parak�tw isqurismoÐ eÐnai alhjeÐc.
(a) An h f |D eÐnai fragmènh, tìte h f eÐnai fragmènh.
(b) An h f |D eÐnai omoiìmorfa suneq c, tìte h f eÐnai omoiìmorfa suneq c.
(g) An h f |D eÐnai 1-1, tìte h f eÐnai 1-1.

12. D¸ste par�deigma fragmènhc, suneqoÔc sun�rthshc f : R → R h opoÐa den eÐnai
omoiìmorfa suneq c. MporeÐ mia mh fragmènh sun�rthsh na eÐnai omoiìmorfa suneq c?

13. 'Estw (X, ρ), (Y, σ) metrikoÐ q¸roi kai f : X → Y . DeÐxte ìti ta akìlouja eÐnai
isodÔnama:
(a) H f eÐnai omoiìmorfa suneq c.
(b) Gia k�je ε > 0 up�rqei δ = δ(ε) > 0 ¸ste: an A,B ⊆ X me dist(A,B) < δ, tìte
dist(f(A), f(B)) < ε.

14. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X kleist� kai xèna. An f : X → [0, 1] eÐnai
h sun�rthsh tou Urysohn, dhlad  f(x) = dist(x,A)

dist(x,A)+dist(x,B) , apodeÐxte ìti:
(a) An dist(A,B) = 0, tìte h f den eÐnai omoiìmorfa suneq c.
(b) An dist(A,B) = δ > 0, tìte h f eÐnai δ−1�Lipschitz.

15. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X me dist(A,B) > 0 kai f1 : A → R,
f2 : B → R (omoiìmorfa) suneqeÐc sunart seic. ApodeÐxte ìti h sun�rthsh f : A∪B → R
me

f(x) =
{

f1(x), x ∈ A
f2(x), x ∈ B
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eÐnai (omoiìmorfa) suneq c.

16. D¸ste èna par�deigma duo xènwn uposunìlwn enìc metrikoÔ q¸rou ta opoÐa diaqwr'-
izontai, all� de diaqwrÐzontai pl rwc.

17. 'Estw F mh kenì kleistì uposÔnolo tou R kai f : F → R suneq c sun�rthsh.
DeÐxte ìti up�rqei suneq c sun�rthsh g : R → R me thn idiìthta g(x) = f(x) gia k�je
x ∈ F .

18. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. An f : A → R eÐnai omoiìmorfa suneq c
sun�rthsh, apìdeixte ìti h f epekteÐnetai se mia omoiìmorfa suneq  sun�rthsh F : A →
R.

19. 'Estw f : (X, ρ) → (Y, σ) omoiomorfismìc. DeÐxte ìti o (X, ρ) eÐnai diaqwrÐsimoc an
kai mìno an o (Y, σ) eÐnai diaqwrÐsimoc.

20. Exet�ste an isquoun ta parak�tw.
(a) To R eÐnai omoiomorfikì me to Z.
(b) To R eÐnai omoiomorfikì me to Q.
(g) To Q eÐnai omoiomorfikì me to Z.
(d) To Z eÐnai omoiomorfikì me to N.

21. 'Estw f : (X, ρ) → (Y, σ). H f lègetai anoikt  an gia k�je anoiktì G ⊆ X to
f(G) eÐnai anoiktì uposÔnolo tou Y . An�loga, h f lègetai kleist  an gia k�je kleistì
F ⊆ X to f(F ) eÐnai kleistì uposÔnolo tou Y .
(a) D¸ste par�deigma: suneqoÔc sun�rthshc h opoÐa den eÐnai anoikt , anoikt c sun�rthsh-
c h opoÐa den eÐnai suneq c, suneqoÔc sun�rthshc h opoÐa den eÐnai kleist , kleist c
sun�rthshc h opoÐa den eÐnai suneq c.
(b) An h f : (X, ρ) → (Y, σ) eÐnai 1-1 kai epÐ, deÐxte ìti ta ex c eÐnai isodÔnama: (i) h f
eÐnai anoikt , (ii) h f eÐnai kleist , (iii) h f−1 eÐnai suneq c.

Sunep¸c, an h f eÐnai suneq c kai anoikt  (  kleist ) tìte eÐnai omoiomorfismìc.

22. 'Estw (Xi, di) , i = 1, . . . ,m metrikoÐ q¸roi kai X =
∏m

i=1 Xi o q¸roc ginìmeno me
th metrik  d =

∑m
i=1 di. H sun�rthsh i−probol  eÐnai h πi : X → Xi pou orÐzetai wc

ex c:
πi(x1, . . . , xi, . . . , xm) = xi.

ApodeÐxte ìti h πi eÐnai suneq c, epÐ kai anoikt .

23. 'Estw f : (X, ρ) → (Y, σ). DeÐxte ìti h f eÐnai anoikt  an kai mìno an f(A◦) ⊆
(f(A))◦ gia k�je A ⊆ X. D¸ste par�deigma miac suneqoÔc, anoikt c sun�rthshc f :
X → Y kai k�poiou A ⊆ X ¸ste to f(A◦) na perièqetai gn sia sto (f(A))◦.
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Sumplhrwmatikèc ask seic
24. 'Estw (X, ρ), (Y, σ) metrikoÐ q¸roi kai f : X → Y . Gia k�je δ ≥ 0 orÐzoume to
mètro sunèqeiac (modulus of continuity) thc f wc ex c:

ωf (δ) = sup{σ(f(x), f(y)) : d(x, y) ≤ δ, x, y ∈ X}.

(a) DeÐxte ìti h sun�rthsh ωf : [0,∞) → [0,∞] eÐnai aÔxousa, dhlad  an 0 ≤ δ1 < δ2

tìte ωf (δ1) ≤ ωf (δ2).
(b) DeÐxte ìti h sun�rthsh f : X → Y eÐnai omoiìmorfa suneq c an kai mìno an isqÔei
ωf (δ) → 0 kaj¸c δ → 0+. [Upìdeixh. DeÐxte ìti σ(f(x), f(y)) ≤ ωf (d(x, y)) gia k�je
x, y ∈ X].

25. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:
(a) H ρ eÐnai isodÔnamh me th diakrit  metrik  ston X.
(b) K�je sugklÐnousa akoloujÐa ston X eÐnai telik� stajer .
(g) O X den èqei shmeÐa suss¸reushc.
(d) Gia k�je metrikì q¸ro Y , k�je f : X → Y eÐnai suneq c.
(e) H kleist  j kh k�je anoiktoÔ sunìlou G ⊆ X eÐnai anoiktì sÔnolo.

26. (a) Mia sun�rthsh f : (X, ρ) → R lègetai k�tw hmisuneq c an gia k�je t ∈ R to
sÔnolo {x ∈ X : f(x) ≤ t} eÐnai kleistì uposÔnolo tou X. DeÐxte ìti h f eÐnai k�tw
hmisuneq c an kai mìno an, gia k�je akoloujÐa (xn) ston X me xn → x ∈ X, isqÔei

f(x) ≤ lim inf
n→∞

f(xn).

D¸ste par�deigma k�tw hmisuneqoÔc sun�rthshc h opoÐa den eÐnai suneq c.
(b) Mia sun�rthsh f : (X, ρ) → R lègetai �nw hmisuneq c an h −f eÐnai k�tw hmisuneq c.
Diatup¸ste kai apodeÐxte qarakthrismoÔc thc �nw hmisuneqoÔc sun�rthshc, antÐstoiqouc
me touc qarakthrismoÔc thc k�tw hmisuneqoÔc sun�rthshc pou perigr�fthkan sto (a).

27. DÐnontai oi metrikoÐ q¸roi (X1, d1), . . . , (Xk, dk) kai o q¸roc ginìmeno
∏k

i=1 Xi me
metrik  ginìmeno thn d∞ = max{di : 1 ≤ i ≤ k}. 'Estw (X, d) ènac metrikìc q¸roc kai
f : X →

∏k
i=1 Xi me f = (f1, . . . , fk), ìpou fi : X → Xi gia i = 1, . . . , k. DeÐxte ta ex c:

(a) H f eÐnai suneq c an kai mìno an oi fi, i = 1, . . . , k eÐnai suneqeÐc.
(b) H f eÐnai Lipschitz an kai mìno an k�je fi eÐnai Lipschitz.
(g) H f eÐnai omoiomìrfa suneq c an kai mìno an oi fi, i = 1, . . . , k eÐnai omoiìmorfa
suneqeÐc.
(d) EÐnai swstì ìti h f eÐnai isometrÐa an kai mìno an oi fi eÐnai isometrÐec?
(e) EÐnai swstì ìti h f eÐnai omoiomorfismìc an kai mìno an oi fi eÐnai omoiomorfismoÐ?
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28.* ApodeÐxte ìti up�rqoun dÔo metrikoÐ q¸roi (X, ρ), (Y, σ) oi opoÐoi den eÐnai o-
moiomorfikoÐ all� ikanopoioÔn to ex c: up�rqoun sunart seic f : X → Y, g : Y → X oi
opoÐec eÐnai suneqeÐc, 1-1 kai epÐ.



Mèroc II

Plhrìthta kai sump�geia





Kef�laio 5

Plhrìthta

5.1 Pl reic metrikoÐ q¸roi

Orismìc 5.1.1 (pl rhc metrikìc q¸roc). 'Enac metrikìc q¸roc (X, ρ) lègetai pl rhc
(complete) an k�je ρ�basik  akoloujÐa (xn) ston X eÐnai ρ�sugklÐnousa.
ParadeÐgmata 5.1.2 (pl reic q¸roi). (a) K�je diakritìc metrikìc q¸roc (X, δ) eÐnai
pl rhc. Pr�gmati: an (xn) eÐnai basik  akoloujÐa ston X, tìte aut  eÐnai telik� stajer .
Sunep¸c, sugklÐnei.
(b) O (R, | · |) eÐnai pl rhc metrikìc q¸roc. Ston Apeirostikì Logismì eÐdame ìti k�je
basik  akoloujÐa pragmatik¸n arijm¸n sugklÐnei se pragmatikì arijmì.
(g) O (Rm, ρ2), ìpou ρ2 h EukleÐdeia metrik , eÐnai pl rhc metrikìc q¸roc.
Apìdeixh. 'Estw (xn) basik  akoloujÐa ston Rm. Gr�foume xn = (xn(1), . . . , xn(m)),
ìpou xn(i) ∈ R.

'Estw ε > 0. H (xn) eÐnai basik  akoloujÐa, epomènwc up�rqei n0 ∈ N ¸ste an
n, s ≥ n0 tìte

(∗) ρ2(xn, xs) =

 m∑
j=1

(xn(j)− xs(j))2

1/2

< ε.

Parathr ste ìti, gia k�je i = 1, . . . ,m,

|xn(i)− xs(i)| ≤

 m∑
j=1

(xn(j)− xs(j))2

1/2

.

Sunep¸c, an n, s ≥ n0, tìte gia k�je i = 1, . . . ,m qwrist� èqoume

|xn(i)− xs(i)| < ε.
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Autì shmaÐnei ìti: gia k�je i = 1, . . . ,m h akoloujÐa (xn(i)) eÐnai basik  akoloujÐa sto
R. Apì thn plhrìthta tou R èpetai ìti up�rqoun x(1), . . . , x(m) ∈ R ¸ste

xn(i) → x(i), i = 1, . . . ,m

kaj¸c to n → ∞. OrÐzoume x = (x(1), . . . , x(m)) ∈ Rm kai mènei na deÐxoume ìti
ρ2(xn, x) → 0 kaj¸c to n →∞.

Epistrèfoume sthn (∗): gia k�je n, s ≥ n0 èqoume m∑
j=1

(xn(j)− xs(j))2

1/2

< ε.

StajeropoioÔme n ≥ n0. Apì thn lim
s→∞

xs(j) = x(j), j = 1, . . . ,m, èqoume

 m∑
j=1

(xn(j)− x(j))2

1/2

= lim
s→∞

 m∑
j=1

(xn(j)− xs(j))2

1/2

≤ sup
s≥n0

 m∑
j=1

(xn(j)− xs(j))2

1/2

≤ ε

lìgw thc (∗). 'Ara, gia k�je n ≥ n0 èqoume

ρ2(xn, x) =

 m∑
j=1

(xn(j)− x(j))2

1/2

≤ ε.

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti ρ2(xn, x) → 0. 2

(g) 'Estw {(Xi, di)}k
i=1 peperasmènh akoloujÐa metrik¸n q¸rwn. O (

∏k
i=1 Xi,

∑k
i=1 di)

eÐnai pl rhc an kai mìno an oi (Xi, di) eÐnai pl reic gia i = 1, 2, . . . , k. H apìdeixh autoÔ
tou isqurismoÔ akoloujeÐ ta b mata thc apìdeixhc sto prohgoÔmeno par�deigma.
(d) 'Estw {(Xn, dn)}∞n=1 akoloujÐa metrik¸n q¸rwn ¸ste dn(x, y) ≤ 1 gia k�je x, y ∈
Xn, n = 1, 2, . . . JewroÔme ton X =

∏∞
n=1 Xn me metrik  thn

d(x, y) =
∞∑

n=1

1
2n

dn(x(n), y(n))

ìpou x = (x(1), . . . , x(n), . . .) kai y = (y(1), . . . , y(n), . . .) ∈ X. An oi Xn eÐnai pl reic
metrikoÐ q¸roi tìte kai o (X, d) eÐnai pl rhc metrikìc q¸roc. H apìdeixh eÐnai epÐshc
parìmoia me aut n pou d¸same sto par�deigma (b) kai af netai gia tic ask seic.
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(e) O q¸roc tou Baire eÐnai o (NN, σ) ìpou

σ(x, y) =
{

1
2η(x,y) , x 6= y
0, x = y

kai η(x, y) = min{n ∈ N : xn 6= yn} me x = (xn), y = (yn). O q¸roc tou Baire eÐnai
pl rhc metrikìc q¸roc (�skhsh).

ParadeÐgmata 5.1.3 (mh pl reic q¸roi). Sthn §2.1.3 eÐdame paradeÐgmata metrik¸n
q¸rwn stouc opoÐouc up�rqoun basikèc akoloujÐec pou den sugklÐnoun.
(a) JewroÔme to sÔnolo Q twn rht¸n arijm¸n, me metrik  thn d(x, y) = |x−y|. O (Q, d)
den eÐnai pl rhc: autì prokÔptei eÔkola an jumhjoÔme ìti Q = R. An α ∈ R \ Q tìte
up�rqei akoloujÐa (qn) sto Q ¸ste qn → α. AfoÔ h (qn) sugklÐnei (sto R) eÐnai basik 
sto R �ra kai sto Q. 'Omwc, den up�rqei q ∈ Q ¸ste |qn − q| → 0, giatÐ tìte ja eÐqame
q = α, to opoÐo eÐnai �topo.
(b) O q¸roc (R, ρ) me th metrik  ρ(x, y) = | arctanx− arctan y| den eÐnai pl rhc. Exhg -
same ìti h akoloujÐa xn = n eÐnai ρ-basik  all� den eÐnai ρ-sugklÐnousa.

Orismìc 5.1.4 (q¸roc Banach). 'Estw (X, ‖ · ‖) ènac q¸roc me nìrma. O X lègetai
q¸roc Banach an eÐnai pl rhc metrikìc q¸roc wc proc th metrik  pou ep�getai apì th
nìrma, dhlad  an o (X, d) ìpou d(x, y) = ‖x− y‖ eÐnai pl rhc metrikìc q¸roc.

Oloi oi klasikoÐ q¸roi akolouji¸n pou orÐsame sto pr¸to Kef�laio eÐnai q¸roi
Banach: apodeiknÔoume ed¸ ìti o `∞ kai o c0 eÐnai pl reic. H apìdeixh gia ton `p,
1 ≤ p < ∞ af netai gia tic ask seic. Se epìmeno Kef�laio ja melet soume analutik�
ton (C([0, 1]), ‖ · ‖∞) kai, metaxÔ �llwn, ja doÔme ìti eÐnai pl rhc.

Prìtash 5.1.5. 'Estw Γ mh kenì sÔnolo. O q¸roc `∞(Γ) twn fragmènwn sunart sewn
x : Γ → R, me metrik  thn

d∞(x, y) = sup{|x(γ)− y(γ)| : γ ∈ Γ}

eÐnai pl rhc.

Apìdeixh. 'Estw (xn) basik  akoloujÐa ston `∞(Γ). 'Estw ε > 0. H (xn) eÐnai basik 
akoloujÐa, �ra up�rqei n0 ∈ N ¸ste an n, s ≥ n0 tìte sup{|xn(γ)− xs(γ)| : γ ∈ Γ} < ε.
Sunep¸c, an n, s ≥ n0 tìte gia k�je γ ∈ Γ isqÔei

(∗) |xn(γ)− xs(γ)| < ε.

Autì shmaÐnei ìti gia k�je γ ∈ Γ h akoloujÐa (xn(γ))n eÐnai basik  akoloujÐa sto R.
'Ara, up�rqoun x(γ) ∈ R ¸ste

lim
n→∞

xn(γ) = x(γ), γ ∈ Γ.
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OrÐzetai ètsi mia sun�rthsh x : Γ → R pou se k�je γ ∈ Γ antistoiqeÐ ton arijmì x(γ).
Prèpei pr¸ta na deÐxoume ìti x ∈ `∞(Γ).

Gia k�je γ ∈ Γ, èqoume |xn(γ) − xs(γ)| → |xn(γ) − x(γ)| kaj¸c s → ∞. 'Ara, apì
thn (∗) èpetai ìti

(∗∗) |xn(γ)− x(γ)| ≤ ε gia k�je n ≥ n0 kai gia k�je γ ∈ Γ.

Epomènwc, gia k�je γ ∈ Γ,

|x(γ)| ≤ |xn0(γ)|+ ε ≤ ‖xn0‖∞ + ε.

'Epetai ìti supγ |x(γ)| ≤ ‖xn0‖∞ + ε < ∞, dhlad  x ∈ `∞(Γ). 1

EpÐshc apì thn (∗∗), èqoume ìti, gia k�je n ≥ n0,

d∞(xn, x) = sup{|xn(γ)− x(γ)| : γ ∈ Γ} ≤ ε.

AfoÔ to ε > 0 eÐnai tuqìn, deÐxame ìti xn → x wc proc thn d∞. 2

Efarmìzontac thn prìtash sthn eidik  perÐptwsh Γ = N, èqoume:

Pìrisma 5.1.6. O q¸roc `∞ twn fragmènwn akolouji¸n, me metrik  thn

d∞(x, y) = sup{|x(i)− y(i)| : i ∈ N}

eÐnai pl rhc.

Prìtash 5.1.7. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai èstw F ⊆ X. To F eÐnai
kleistì ston X an kai mìnon an o (F, ρ|F ) eÐnai pl rhc metrikìc q¸roc.

Apìdeixh. Upojètoume pr¸ta ìti to F eÐnai kleistì uposÔnolo tou X. Ja deÐxoume ìti
eÐnai pl rhc metrikìc upìqwroc tou (X, ρ). 'Estw (xn) basik  akoloujÐa stoiqeÐwn tou
F . Tìte, h (xn) eÐnai basik  akoloujÐa kai ston X kai, afoÔ o X eÐnai pl rhc, èpetai
ìti up�rqei x ∈ X ¸ste xn → x. All�, apì thn upìjesh ìti to F eÐnai kleistì, èpetai
ìti x ∈ F . 'Ara, o F eÐnai pl rhc metrikìc upìqwroc.

AntÐstrofa; èstw ìti o F eÐnai pl rhc metrikìc upìqwroc. Ja deÐxoume ìti eÐnai
kleistìc. 'Estw (yn) ⊆ F me yn → y ∈ X. AfoÔ h (yn) eÐnai sugklÐnousa, eÐnai basik 
akoloujÐa kai perièqetai ston pl rh metrikì q¸ro F . 'Ara, sugklÐnei se shmeÐo tou F .
Apì th monadikìthta tou orÐou, afoÔ yn → y, èqoume ìti y ∈ F . 'Epetai ìti to F eÐnai
kleistì uposÔnolo tou X. 2

Efarmog  5.1.8. O q¸roc c0 twn mhdenik¸n akolouji¸n me th metrik  pou ep�getai
apì ton `∞ eÐnai pl rhc metrikìc q¸roc.

1Alli¸c: h (xn) eÐnai basik , �ra fragmènh. An M = supn ‖xn‖∞, tìte gia k�je γ ∈ Γ kai k�je
n ∈ N èqoume |xn(γ)| ≤ M kai sunep¸c |x(γ)| ≤ M gia k�je γ ∈ Γ, dhlad  ‖x‖∞ ≤ M < ∞.
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Apìdeixh. O c0 eÐnai upìqwroc tou `∞. Gia na deÐxoume ìti eÐnai pl rhc, arkeÐ na deÐxoume
ìti eÐnai kleistì uposÔnolo tou `∞.

'Estw x = (x(i)) ∈ c0. Dhlad , up�rqoun xn = (xn(i)) ∈ c0 me ‖xn − x‖∞ → 0.
Prèpei na deÐxoume ìti x ∈ c0, dhlad  ìti lim

i→∞
x(i) = 0.

'Estw ε > 0. AfoÔ xn → x, up�rqei n0 ∈ N ¸ste ‖x − xn‖∞ < ε gia k�je n ≥ n0.
Dhlad , gia k�je n ≥ n0 kai gia k�je i ∈ N,

|x(i)− xn(i)| < ε.

H xn0 = (xn0(i)) an kei ston c0, �ra, up�rqei i0 ∈ N ¸ste, gia k�je i ≥ i0,

|xn0(i)| < ε.

Sundu�zontac tic parap�nw anisìthtec blèpoume ìti, gia k�je i ≥ i0,

|x(i)| ≤ |x(i)− xn0(i)|+ |xn0(i)| < ε + ε = 2ε.

'Ara, x(i) → 0 ìtan to i →∞, dhlad  x ∈ c0. 2

5.2 To je¸rhma tou Cantor

To je¸rhma tou Cantor genikeÔei thn arq  twn kibwtismènwn diasthm�twn sto plaÐsio
twn metrik¸n q¸rwn. Sthn pragmatikìthta, h arq  kibwtismoÔ sto R ofeÐletai ston
Cantor, en¸ h ekdoq  tou jewr matoc stouc metrikoÔc q¸rouc apodÐdetai ston Fréchet.
Par� ìla aut� èqei epikrat sei na fèrei to ìnoma tou pr¸tou.

L mma 5.2.1. 'Estw (X, ρ) metrikìc q¸roc kai èstw {An} akoloujÐa uposunìlwn tou
X me diam(An) → 0. Tìte, to sÔnolo

⋂∞
n=1 An perièqei to polÔ èna stoiqeÐo.

Apìdeixh. Upojètoume ìti up�rqoun x, y ∈ X me x 6= y kai x, y ∈
⋂∞

n=1 An. AfoÔ
diam(An) → 0, up�rqei n ∈ N ¸ste diam(An) < ρ(x, y). 'Atopo, diìti x, y ∈ An. 2

L mma 5.2.2. 'Estw (X, ρ) metrikìc q¸roc kai èstw (xn) akoloujÐa ston X. OrÐzoume
thn akoloujÐa sunìlwn

Rn = {xk : k ≥ n}

gia n = 1, 2, . . .. Ta akìlouja eÐnai isodÔnama:

(a) H akoloujÐa (xn) eÐnai basik .
(b) diam(Rn) → 0 kaj¸c to n →∞.

Apìdeixh. Arqik� upojètoume ìti h (xn) eÐnai basik . 'Estw ε > 0. Up�rqei n0 ∈ N ¸ste
an m,n ≥ n0 tìte ρ(xn, xm) < ε

2 . Apì ton orismì twn Rn èpetai ìti diam(Rn0) ≤ ε
2 .

ParathroÔme ìti h {Rn} eÐnai fjÐnousa akoloujÐa (R1 ⊇ R2 ⊇ · · ·), �ra an n ≥ n0 tìte

diam(Rn) ≤ diam(Rn0) < ε.
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'Epetai ìti diam(Rn) → 0.
AntÐstrofa, upojètoume ìti h akoloujÐa twn diamètrwn (diam(Rn)) eÐnai mhdenik .

'Estw ε > 0. Tìte up�rqei n0 ∈ N ¸ste diam(Rn0) < ε. An m,n ≥ n0 tìte xn, xm ∈
Rn0 , opìte

ρ(xn, xm) ≤ diam(Rn0) < ε

Sunep¸c, h (xn) eÐnai basik  akoloujÐa ston (X, ρ). 2

Je¸rhma 5.2.3 (Cantor–Fréchet). 'Estw (X, ρ) metrikìc q¸roc. Ta akìlouja eÐnai
isodÔnama:

(a) O q¸roc (X, ρ) eÐnai pl rhc.
(b) Gia k�je fjÐnousa akoloujÐa {Fn}n∈N mh ken¸n, kleist¸n uposunìlwn tou X me
diam(Fn) → 0, isqÔei

⋂∞
n=1 Fn = {x} gia k�poio x ∈ X.

Apìdeixh. Upojètoume pr¸ta ìti o X eÐnai pl rhc kai jewroÔme mia akoloujÐa {Fn}
ìpwc sthn upìjesh. AfoÔ k�je Fn eÐnai mh kenì, mporoÔme na epilèxoume xn ∈ Fn gia
k�je n. 'Etsi, sqhmatÐzoume mia akoloujÐa (xn).

Gr�foume Rn = {xk : k ≥ n}. AfoÔ h {Fn} eÐnai fjÐnousa, èqoume Rn ⊆ Fn. 'Ara,
isqÔei h anisìthta diam(Rn) ≤ diam(Fn). AfoÔ diam(Fn) → 0, èpetai ìti diam(Rn) → 0
kai apì to prohgoÔmeno l mma h (xn) eÐnai basik . O (X, ρ) eÐnai pl rhc, sunep¸c up�rqei
x ∈ X ¸ste ρ(xn, x) → 0.

DeÐqnoume t¸ra ìti x ∈
⋂∞

n=1 Fn. 'Estw m ∈ N. Tìte, h (xn+m)n∈N èqei ìlouc touc
ìrouc thc sto Fm kai eÐnai upakoloujÐa thc (xn). Epomènwc, sugklÐnei ki aut  sto x kai
epeid  to Fm eÐnai kleistì èpetai ìti x ∈ Fm.

Apì to l mma 5.2.1 to
⋂∞

n=1 Fn èqei to polÔ èna stoiqeÐo, �ra èqoume to zhtoÔmeno.
AntÐstrofa, upojètoume ìti isqÔei to (b). 'Estw (xn) mia basik  akoloujÐa ston X.
JewroÔme ta sÔnola Rn = {xk : k ≥ n} ìpwc sto l mma 5.2.2. Tìte, ta Rn eÐnai mh
ken�, sqhmatÐzoun fjÐnousa akoloujÐa uposunìlwn tou X kai diam(Rn) → 0. Gia na
qrhsimopoi soume thn upìjesh jewroÔme ta Rn ta opoÐa eÐnai epiplèon kleist�. GnwrÐ-
zoume ìti diam(Rn) = diam(Rn) → 0. 'Etsi, apì thn upìjesh, up�rqei x ∈ X ¸ste⋂∞

n=1 Rn = {x}. 'Omwc, gia k�je n ∈ N isqÔei xn, x ∈ Rn, �ra

ρ(xn, x) ≤ diam(Rn) → 0

kaj¸c to n →∞, dhlad  xn
ρ−→ x. 2

Parathr seic 5.2.4. (a) H upìjesh ìti ta sÔnola Fn eÐnai kleist� den mporeÐ na
paraleifjeÐ. Ston pl rh metrikì q¸ro (R, | · |) h akoloujÐa Gn = (0, 1

n ) eÐnai fjÐnousa
kai diam(Gn) = 1

n → 0, all�
⋂∞

n=1 Gn = ∅. Parathr ste ìti ta Gn den eÐnai kleist�
sto R.
(b) H upìjesh ìti diam(Fn) → 0 den mporeÐ na paraleifjeÐ. Ston pl rh metrikì q¸ro
(R, | · |) ta sÔnola En = [n, +∞) eÐnai kleist� kai En ⊇ En+1 gia n = 1, 2, . . ., all�⋂∞

n=1 En = ∅. Parathr ste ìti diam(En) = ∞ gia k�je n.
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(g) SÔmfwna me to je¸rhma 5.2.3, se k�je metrikì q¸ro pou den eÐnai pl rhc, up�rqei
fjÐnousa akoloujÐa {Fn}n∈N mh ken¸n, kleist¸n uposunìlwn tou X me diam(Fn) → 0
kai ken  tom . Gia par�deigma, an jewr soume to metrikì q¸ro (R \ Q, | · |) kai thn
akoloujÐa kleist¸n sunìlwn Fn = [− 1

n , 1
n ] ∩ Qc tìte isqÔoun oi Fn ⊇ Fn+1 gia n =

1, 2, . . . kai diam(Fn) → 0 kaj¸c to n →∞, all�
⋂∞

n=1 Fn = ∅.

5.3 To je¸rhma kathgorÐac tou Baire

Se aut  thn par�grafo ja qrhsimopoi soume to je¸rhma tou Cantor gia na apodeÐxoume
to je¸rhma kathgorÐac tou Baire. To je¸rhma tou Baire èqei pollèc efarmogèc sth
Sunarthsiak  An�lush (ìpwc eÐnai h arq  omoiìmorfou fr�gmatoc, to je¸rhma anoikt c
apeikìnishc, to je¸rhma kleistoÔ graf matoc). Ed¸ ja d¸soume mia geÔsh apì tic
efarmogèc tou sthn klasik  an�lush, parousi�zontac to je¸rhma tou Osgood kai thn
apìdeixh tou Banach gia thn Ôparxh suneq¸n kai poujen� paragwgÐsimwn sunart sewn.
Prin ìmwc per�soume sth diatÔpwsh kai thn apìdeixh tou jewr matoc, k�noume k�poia
sqìlia.

Se èna metrikì q¸ro (X, ρ), an èqoume mia peperasmènh akoloujÐa G1, G2, . . . , Gm

apì anoikt� kai pukn� uposÔnola tou X, tìte to
⋂m

i=1 Gi eÐnai puknì (kai fusik�, anoik-
tì). AntÐstoiqo apotèlesma den isqÔei an jewr soume �peira to pl joc sÔnola. Gia
par�deigma, ston (Q, | · |) jewroÔme mia arÐjmhsh (qn) tou Q kai orÐzoume ta sÔnola
Gn = Q\{qn}. Tìte, ta Gn eÐnai anoikt� kai pukn� ston Q, all� h tom  touc eÐnai ken .
Autì sundèetai me to gegonìc ìti to Q den eÐnai pl rhc metrikìc q¸roc. To je¸rhma tou
Baire mac lèei ìti se ènan pl rh metrikì q¸ro, opoiad pote arijm simh tom  anoikt¸n
kai pukn¸n sunìlwn eÐnai mh ken  (kai m�lista puknì uposÔnolo tou q¸rou).

Je¸rhma 5.3.1 (Baire). 'Estw (X, ρ) pl rhc metrikìc q¸roc kai èstw (Gn) akoloujÐa
anoikt¸n kai pukn¸n uposunìlwn tou X. Tìte, to sÔnolo

⋂∞
n=1 Gn eÐnai puknì ston X.

Eidikìtera,
⋂∞

n=1 Gn 6= ∅.

Apìdeixh. JewroÔme tuqìn anoiktì sÔnolo V ston X. Ja deÐxoume ìti V ∩ (
⋂∞

n=1 Gn) 6=
∅.

AfoÔ to G1 eÐnai puknì, èqoume V ∩G1 6= ∅. To V ∩G1 eÐnai anoiktì, �ra up�rqoun
0 < r1 < 1 kai x1 ∈ V ∩G1 ¸ste B̂(x1, r1) ⊆ V ∩G1.

To sÔnolo B(x1, r1) eÐnai anoiktì, �ra to sÔnolo G2 ∩ B(x1, r1) eÐnai mh kenì kai
anoiktì. Up�rqoun x2 ∈ G2 ∩B(x1, r1) kai 0 < r2 < 1

2 ¸ste

B̂(x2, r2) ⊆ G2 ∩B(x1, r1) ⊆ V ∩G1 ∩G2.

SuneqÐzontac me ton Ðdio trìpo, paÐrnoume mia akoloujÐa apì kleistèc mp�lec B̂(xn, rn)
pou ikanopoioÔn ta ex c:

• diam(B̂(xn, rn)) ≤ 2
n
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• B̂(xn, rn) ⊆ Gn ∩B(xn−1, rn−1), �ra B̂(xn, rn) ⊆ B̂(xn−1, rn−1) kai

• B̂(xn, rn) ⊆ V ∩G1 ∩ · · · ∩Gn.

Apì to je¸rhma tou Cantor, up�rqei x ∈ X ¸ste x ∈
⋂∞

n=1 B̂(xn, rn). Tìte x ∈
V ∩ G1 ∩ . . . ∩ Gn gia k�je n ∈ N. Sunep¸c, x ∈ V ∩ (

⋂∞
n=1 Gn). Autì apodeiknÔei to

je¸rhma. 2

Pìrisma 5.3.2. 'Estw G puknì kai Gδ�uposÔnolo tou R. Tìte, to G eÐnai uperarijm -
simo.

Apìdeixh. Me apagwg  se �topo. Upojètoume ìti G = {x1, x2, . . . , xn, . . .} kai ìti
up�rqoun Gn anoikt� uposÔnola tou R me G =

⋂∞
n=1 Gn. ParathroÔme ìti ta sÔnola

Gn eÐnai pukn� (diìti to G eÐnai puknì). EpÐshc, gia k�je n ∈ N to sÔnolo Vn = R\{xn}
eÐnai anoiktì kai puknì. 'Omwc,( ∞⋂

n=1

Vn

)
∩

( ∞⋂
n=1

Gn

)
= (R \G) ∩G = ∅.

Autì èrqetai se antÐfash me to je¸rhma tou Baire. 2

Pìrisma 5.3.3. To sÔnolo twn arr twn R \Q den eÐnai Fσ�uposÔnolo tou R.

Apìdeixh. An to R \Q  tan Fσ�uposÔnolo tou R ja eÐqame ìti to Q eÐnai Gδ uposÔnolo
tou R. 'Omwc, to Q eÐnai arijm simo kai, sÔmfwna me to prohgoÔmeno pìrisma, den mporeÐ
na eÐnai sÔnolo Gδ. 2

Pìrisma 5.3.4. Den up�rqei sun�rthsh f : R → R me sÔnolo shmeÐwn asunèqeiac
D(f) = R \Q.

Apìdeixh. ProkÔptei �mesa apì to pìrisma 5.3.3 kai to je¸rhma 4.4.11: gia k�je f :
(X, ρ) → (Y, σ), to sÔnolo D(f) twn shmeÐwn asunèqeiac thc f eÐnai Fσ�uposÔnolo tou
X. 2

Mia isodÔnamh kai pio eÔqrhsth morf  tou jewr matoc tou Baire eÐnai h akìloujh:
Je¸rhma 5.3.5 (Baire). 'Estw (X, ρ) pl rhc metrikìc q¸roc kai èstw Fn akoloujÐa
kleist¸n uposunìlwn tou X ¸ste X =

⋃∞
n=1 Fn. Tìte, up�rqei k ∈ N ¸ste int(Fk) 6= ∅.

Apìdeixh. Upojètoume ìti gia k�je n ∈ N isqÔei int(Fn) = ∅. Tìte, ta Gn = X \ Fn

eÐnai anoikt� kai pukn�, diìti X \ Fn = X \ int(Fn) = X. EpÐshc,
∞⋂

n=1

Gn = X \
∞⋃

n=1

Fn = ∅.

Autì eÐnai �topo sÔmfwna me to je¸rhma 5.3.1. 2

Apì thn prohgoÔmenh isodÔnamh morf  tou je¸rhmatoc tou Baire odhgoÔmaste stouc
epìmenouc orismoÔc:
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Orismìc 5.3.6. 'Estw (X, ρ) metrikìc q¸roc.
(a) 'Ena uposÔnolo A tou X lègetai poujen� puknì   araiì an isqÔei int(A) = ∅.
(b) 'Ena uposÔnolo B tou X lègetai pr¸thc kathgorÐac (ston X) an gr�fetai wc ari-
jm simh ènwsh poujen� pukn¸n uposunìlwn tou X, dhlad  an up�rqoun En, n = 1, 2, . . .
poujen� pukn� uposÔnola tou X, ¸ste B =

⋃∞
n=1 En.

(g) 'Ena uposÔnolo C tou X lègetai deÔterhc kathgorÐac (ston X) an den eÐnai pr¸thc
kathgorÐac.

Me aut  thn orologÐa, to je¸rhma Baire diatup¸netai wc ex c: k�je pl rhc metrikìc
q¸roc eÐnai sÔnolo deÔterhc kathgorÐac (ston eautì tou).

5.3.1 Efarmogèc tou jewr matoc tou Baire

Je¸rhma 5.3.7 (Osgood). 'Estw fn : [0, 1] → R, n ∈ N, suneqeÐc sunart seic. Up-
ojètoume ìti gia k�je t ∈ [0, 1] h akoloujÐa (fn(t)) eÐnai fragmènh. Tìte, up�rqoun
[a, b] ⊆ [0, 1] kai M > 0 ¸ste, gia k�je t ∈ [a, b] kai gia k�je n ∈ N,

|fn(t)| ≤ M.

Dhlad , h (fn) eÐnai omoiìmorfa fragmènh sto [a, b].

Apìdeixh. Gia k�je m ∈ N orÐzoume

Am = {t ∈ [0, 1] : ∀n ∈ N, |fn(t)| ≤ m}.

ParathroÔme ta ex c:

(i) K�je Am eÐnai kleistì: parathr ste ìti

Am =
∞⋂

n=1

{t ∈ [0, 1] : |fn(t)| ≤ m}

kai kajèna apì ta sÔnola {t ∈ [0, 1] : |fn(t)| ≤ m} eÐnai kleistì afoÔ k�je fn eÐnai
suneq c.

(ii) [0, 1] =
⋃∞

m=1 Am: 'Estw t ∈ [0, 1]. Apì thn upìjesh, h (fn(t)) eÐnai fragmènh,
dhlad  up�rqei Mt > 0 tètoioc ¸ste, gia k�je n ∈ N, |fn(t)| ≤ Mt. Up�rqei
m = m(t) ∈ N me m ≥ Mt, kai gi� autì to m èqoume t ∈ Am.

O [0, 1] eÐnai pl rhc metrikìc q¸roc, opìte to je¸rhma tou Baire mac exasfalÐzei ìti
k�poio Am0 èqei mh kenì eswterikì, dhlad  up�rqei di�sthma [a, b] ⊆ Am0 . 'Omwc tìte,
h (fn) eÐnai omoiìmorfa fragmènh sto [a, b]: gia k�je t ∈ [a, b] kai gia k�je n ∈ N, isqÔei
|fn(t)| ≤ m0. 2
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Je¸rhma* 5.3.1. JewroÔme to q¸ro C([0, 1]) twn suneq¸n sunart sewn sto [0, 1] me
metrik  thn d∞(f, g) = maxt∈[0,1] |f(t)− g(t)| (se epìmeno kef�laio ja deÐxoume ìti eÐnai
pl rhc metrikìc q¸roc). To sÔnolo M twn f ∈ C([0, 1]) pou den èqoun par�gwgo se
kanèna shmeÐo tou [0, 1] eÐnai puknì ston C([0, 1]).

Gia thn apìdeixh ja qrhsimopoi soume to je¸rhma tou Baire kai to ex c l mma:

L mma* 5.3.1. Gia k�je suneq  f : [0, 1] → R kai k�je ε > 0, mporoÔme na broÔme
suneq  {polugwnik  sun�rthsh} g : [0, 1] → R me thn idiìthta d∞(f, g) < ε.

[Mia suneq c sun�rthsh g lègetai polugwnik  an to gr�fhm� thc eÐnai polugwnik  gram-
m , dhlad  an up�rqei diamèrish P = {0 = t0 < t1 < · · · < tN = 1} tou [0, 1] ¸ste
g(t) = ait + bi se k�je (ti−1, ti), i = 1, . . . , N .]
Apìdeixh tou l mmatoc. Ja qrhsimopoi soume thn omoiìmorfh sunèqeia thc f : Gia to
dosmèno ε > 0 up�rqei δ > 0 ¸ste: an t, s ∈ [0, 1] kai |t− s| < δ tìte |f(s)− f(t)| < ε/2.

BrÐskoume fusikì arijmì N pou ikanopoieÐ thn 1/N < δ kai qwrÐzoume to [0, 1] se
N Ðsa tm mata. PaÐrnoume dhlad  th diamèrish P =

{
0 = t0 < t1 < · · · < tN = 1

}
me

ti = i
N . OrÐzoume g ètsi ¸ste na eÐnai grammik  se k�je [ti−1, ti], i = 1, . . . , N kai sta

�kra k�je upodiast matoc na sumpÐptei me thn f :

g(ti) = f(ti), i = 0, 1, . . . , N.

'Estw t ∈ [0, 1]. Up�rqei deÐkthc 1 ≤ i ≤ N ¸ste ti−1 ≤ t ≤ ti. Tìte,

(∗) |f(t)− g(t)| ≤ |f(t)− f(ti)|+ |f(ti)− g(t)|.

'Omwc |t− ti| < δ �ra |f(t)− f(ti)| < ε
2 kai, apì th grammikìthta thc g sto [ti−1, ti] kai

to gegonìc ìti |ti − ti−1| = 1
N < δ, blèpoume ìti

|f(ti)− g(t)| = |g(ti)− g(t)| ≤ |g(ti)− g(ti−1)| = |f(ti)− f(ti−1)| <
ε

2
.

Epistrèfontac sthn (∗) blèpoume ìti |f(t) − g(t)| < ε
2 + ε

2 = ε. AfoÔ to t  tan tuqìn,
d∞(f, g) < ε. 2

Apìdeixh tou jewr matoc. Gia k�je n ∈ N jewroÔme to sÔnolo

Dn =
{

f ∈ C([0, 1]) : ∀t ∈ [0, 1] ∃y ∈
(
t− 1

n
, t +

1
n

)
∩ (0, 1) : |f(y)− f(t)| > n|y − t|

}
.

Isqurismìc. K�je f ∈
⋂∞

n=1 Dn eÐnai suneq c, poujen� paragwgÐsimh sun�rthsh.
Apìdeixh. 'Estw f ∈

⋂∞
n=1 Dn. Gia k�je t ∈ [0, 1] kai k�je n ∈ N up�rqei yn = yn(t) ∈

(0, 1) ¸ste |t− yn| < 1
n kai |f(yn)− f(t)| > n|yn − t|. AfoÔ yn 6= t, yn → t kai

lim
n→∞

∣∣∣∣f(yn)− f(t)
yn − t

∣∣∣∣ = ∞,
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h f ′(t) den up�rqei. 2

ArkeÐ loipìn na deÐxoume ìti to
⋂∞

n=1 Dn eÐnai puknì ston C([0, 1]), kai, sÔmfwna me
to Je¸rhma tou Baire, arkeÐ na deÐxoume ìti k�je Dn eÐnai anoiktì kai puknì.
Isqurismìc. K�je Dn eÐnai anoiktì uposÔnolo tou C([0, 1]).
Apìdeixh. EÐnai pio eÔkolo na deÐxoume ìti to sumpl rwma Dc

n tou Dn eÐnai kleistì.
'Estw fk ∈ Dc

n kai fk → f wc proc thn d∞.
AfoÔ fk ∈ Dc

n, up�rqei tk ∈ [0, 1] ¸ste, gia k�je y ∈ (0, 1) me |y− tk| < 1/n na isqÔei
|f(y)− f(tk)| ≤ n|y − tk|.

AfoÔ tk ∈ [0, 1], up�rqoun t ∈ [0, 1] kai upakoloujÐa (tkm
) thc (tk) me tkm

→ t. Ja
deÐxoume ìti an y ∈ (0, 1) kai |y−t| < 1/n tìte |f(y)−f(t)| ≤ n|y−t| (sunep¸c, f ∈ Dc

n.)
'Estw ε > 0 kai y ∈ (0, 1) me |y − t| < 1/n. ParathroÔme ta ex c:
(i) An ykm

= y + (tkm
− t), tìte ykm

→ y. 'Ara, gia meg�la m èqoume ykm
∈ (0, 1) kai

|ykm
− tkm

| = |y − t| < 1/n. Sunep¸c, afoÔ fkm
∈ Dc

n,

|fkm
(ykm

)− fkm
(tkm

)| ≤ n|y − t|.

(ii) H f eÐnai omoiìmorfa suneq c kai tkm
→ t. EpÐshc, ykm

− y = tkm
− t → 0. 'Ara, gia

meg�la m isqÔoun oi

|f(t)− f(tkm
)| < ε kai |f(y)− f(ykm

)| < ε.

(iii) P�li gia meg�la m, d∞(fkm
, f) < ε (diìti fkm

→ f).
PaÐrnoume m tìso meg�lo pou na ikanopoioÔntai ta (i), (ii) kai (iii), kai gr�foume

|f(y)− f(t)| ≤ |f(y)− f(ykm)|+ |f(ykm)− fkm(ykm)|+ |fkm(ykm)− fkm(tkm)|
+|fkm(tkm)− f(tkm)|+ |f(tkm)− f(t)|

< ε + d(f, fkm) + n|y − t|+ d(fkm , f) + ε

< n|y − t|+ 4ε.

To ε > 0  tan tuqìn, �ra |f(y)− f(t)| ≤ n|y− t|. Autì isqÔei gia to tuqìn y ∈ (0, 1) me
|y − t| < 1/n, �ra f ∈ Dc

n. 2

Isqurismìc. K�je Dn eÐnai puknì uposÔnolo tou C([0, 1]).
Apìdeixh. 'Estw f ∈ C([0, 1]) kai èstw ε > 0. Apì to l mma, up�rqei g : [0, 1] → R
suneq c, polugwnik , ¸ste d∞(f, g) < ε/2. Sunep¸c, arkeÐ na broÔme h ∈ Dn ¸ste
d∞(g, h) < ε/2.

H g eÐnai polugwnik , dhlad  up�rqoun 0 = t0 < t1 < . . . < tN = 1 ¸ste h g na èqei
stajer  par�gwgo se k�je (ti−1, ti). 'Estw li h klÐsh thc g sto (ti−1, ti).

OrÐzoume mia mikr  {odontwt } sun�rthsh w : [0, 1] → R ètsi ¸ste: (i) 0 ≤ w(t) <
ε/2 sto [0, 1] kai (ii) oi klÐseic thc w eÐnai (kat� apìluth tim  Ðsec kai) megalÔterec apì
Q = n + max{|lj | : j = 1, . . . , N}. Autì mporeÐ na gÐnei wc ex c: qwrÐzoume to [0, 1] se
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diadoqik� diast mata m kouc mikrìterou apì ε/2Q, orÐzoume thn w na paÐrnei enall�x tic
timèc 0 kai ε/2 sta �kra aut¸n twn diasthm�twn, kai epekteÐnoume thn w se polugwnik 
sun�rthsh. Jètoume h = g + w, opìte

d∞(g, h) = max
t∈[0,1]

|w(t)| < ε

2
.

Ja deÐxoume ìti h ∈ Dn. 'Estw t ∈ [0, 1]. Up�rqei deÐkthc i ≤ N gia ton opoÐo t ∈
[ti−1, ti]. Epilègoume |s| < 1/n tìso mikrì ¸ste sto di�sthma me �kra ta t, t + s oi g kai
w na èqoun kai oi dÔo stajerèc parag¸gouc (to s mporeÐ na eÐnai jetikì   arnhtikì). An y
eÐnai èna shmeÐo tou anoiktoÔ diast matoc me �kra t, t+s, èqoume y ∈ (0, 1), |y− t| < 1/n
kai

|h(y)− h(t)| ≥ |w(y)− w(t)| − |g(y)− g(t)|

>

(
n + max

j
|lj |
)
|y − t| − |li||y − t|

= n|y − t|.

Sunep¸c, h ∈ Dn. 2

5.4 Pl rwsh metrikoÔ q¸rou*

Se aut  thn par�grafo ja doÔme me poiìn trìpo k�je metrikìc q¸roc X mporeÐ na {gÐnei}
puknìc mèsa se ènan pl rh metrikì q¸ro X̃ o opoÐoc eÐnai me mia ènnoia monadikìc kai
lègetai pl rwsh tou X. Akribèstera ja apodeÐxoume to ex c: K�je metrikìc q¸roc
emfuteÔetai isometrik� kai pukn� se ènan pl rh metrikì q¸ro.

Orismìc 5.4.1 (pl rwsh metrikoÔ q¸rou). 'Estw (X, ρ) metrikìc q¸roc. 'Enac
pl rhc metrikìc q¸roc (Y, σ) lègetai pl rwsh tou X an up�rqei isometrÐa T : X → Y
gia thn opoÐa o T (X) eÐnai puknìc upìqwroc tou Y .

ApodeiknÔoume pr¸ta ìti k�je metrikìc q¸roc èqei mia pl rwsh.

Je¸rhma 5.4.2 (Ôparxh pl rwshc). 'Estw (X, ρ) metrikìc q¸roc. Tìte, up�rqoun
pl rhc metrikìc q¸roc (X̃, ρ̃) kai T : X → X̃ isometrÐa ¸ste o T (X) na eÐnai puknìc
upìqwroc tou X̃.

Ja perigr�youme dÔo apodeÐxeic. H pr¸th basÐzetai sto epìmeno l mma (upenjumÐzoume
ìti o `∞(X) eÐnai o q¸roc twn fragmènwn sunarthsewn f : X → R. An efodiasjeÐ me thn
metrik  d∞ ìpou d∞(f, g) = sup{|f(x)− g(x)| : x ∈ X}, eÐnai pl rhc metrikìc q¸roc).

L mma 5.4.3. 'Estw (X, ρ) metrikìc q¸roc. Tìte up�rqei isometrik  emfÔteush T :
(X, ρ) → (`∞(X), d∞).
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Apìdeixh. Epilègoume kai stajeropoioÔme èna shmeÐo a ∈ X. Gia k�je x ∈ X, orÐzoume
thn sun�rthsh fx : X → R apì ton tÔpo

fx(t) = ρ(t, x)− ρ(t, a), t ∈ X.

ParathroÔme ìti h fx eÐnai fragmènh sto X. Pr�gmati, gia k�je t ∈ X èqoume |fx(t)| =
|ρ(t, x)− ρ(t, a)| ≤ ρ(x, a). Dhlad  fx ∈ `∞(X) afoÔ ‖fx||∞ ≤ ρ(x, a). OrÐzetai loipìn
mia apeikìnish

T : X → `∞(X) mex 7→ fx.

H apeikìnish aut  eÐnai isometrÐa. Pr�gmati an x, y ∈ X, tìte gia k�je t ∈ X èqoume
|fx(t)− fy(t)| = |ρ(t, x)− ρ(t, y)| ≤ ρ(x, y), �ra sup{|fx(t)− fy(t)| : t ∈ X} ≤ ρ(x, y) kai
sup{|fx(t)− fy(t)| : t ∈ X} ≥ |fx(y)− fy(y)| = ρ(x, y), opìte isqÔei isìthta. Dhlad 

d∞(T (x), T (y)) = ρ(x, y).

2

Apìdeixh tou jewr matoc 5.4.2. Onom�zoume X̃ thn kleist  j kh T (X) thc eikìnac tou
X mèsa ston (`∞(X), d∞) mèsw thc apeikìnishc T tou prohgoumènou L mmatoc. H T
eÐnai isometrÐa kai h eikìna thc, T (X), eÐnai apì thn kataskeu  thc pukn  ston X̃. 'Omwc
o X̃ eÐnai kleistìc upìqwroc tou pl rouc metrikoÔ q¸rou (`∞(X), d∞) kai sunep¸c me
thn epagìmenh metrik  eÐnai pl rhc metrikìc q¸roc. 2

DeÔterh apìdeixh tou jewr matoc 5.4.2. H apìdeixh tou jewr matoc ja gÐnei se trÐa
b mata.
(i) Orismìc tou (X̃, ρ̃). OrÐzoume mia sqèsh isodunamÐac ∼ sto sÔnolo twn basik¸n
akolouji¸n tou X: lème ìti oi basikèc akoloujÐec (xn) kai (x′n) eÐnai isodÔnamec kai
gr�foume (xn) ∼ (x′n) an

lim
n→∞

ρ(xn, x′n) = 0.

EÔkola elègqoume ìti h ∼ eÐnai ìntwc sqèsh isodunamÐac. Parathr ste epÐshc ìti an mia
akoloujÐa (yn) sugklÐnei se k�poio y ∈ X tìte eÐnai isodÔnamh me th stajer  akoloujÐa
zn = y:

yn → y ∈ X an kai mìno an (yn) ∼ (y, y, . . .).

OrÐzoume X̃ na eÐnai to sÔnolo twn kl�sewn isodunamÐac thc ∼. SumbolÐzoume tic kl�seic
isodunamÐac (ta stoiqeÐa tou X̃) me x̃, ỹ, z̃, . . . An (xn) ∈ x̃ tìte lème ìti h (xn) eÐnai
antiprìswpoc thc kl�shc x̃.

Sth sunèqeia, orÐzoume metrik  ρ̃ ston X̃. 'Estw x̃, ỹ ∈ X̃. JewroÔme tuqìntec
antipros¸pouc (xn) ∈ X̃, (yn) ∈ Ỹ , kai jètoume

ρ̃(x̃, ỹ) = lim
n→∞

ρ(xn, yn).
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Prèpei pr¸ta na deÐxoume ìti autì to ìrio up�rqei. JumhjeÐte ìti oi (xn), (yn) eÐnai
basikèc akoloujÐec: apì thn trigwnik  anisìthta,

|ρ(xn, yn)− ρ(xm, ym)| ≤ ρ(xn, xm) + ρ(yn, ym) → 0

kaj¸c n, m →∞. Autì shmaÐnei ìti h (ρ(xn, yn)) eÐnai basik  akoloujÐa sto R, �ra to
ìrio lim

n→∞
ρ(xn, yn) up�rqei.

Prèpei akìma na deÐxoume ìti h posìthta ρ̃(x̃, ỹ) eÐnai anex�rthth apì thn epilog 
twn antipros¸pwn (xn) ∈ x̃ kai (yn) ∈ ỹ. An ìmwc upojèsoume ìti (x′n) ∼ (xn) kai
(y′n) ∼ (yn) tìte apì thn

|ρ(x′n, y′n)− ρ(xn, yn)| ≤ ρ(xn, x′n) + ρ(yn, y′n) → 0

blèpoume ìti
lim

n→∞
ρ(x′n, y′n) = lim

n→∞
ρ(xn, yn).

Tèloc, prèpei na elègxoume ìti h ρ̃ ikanopoieÐ ta axi¸mata thc metrik c. 'Olec oi idiìthtec
thc metrik c elègqontai �mesa. 'Estw (xn) ∈ x̃, (yn) ∈ ỹ kai (zn) ∈ z̃. Tìte, gia
par�deigma, an ρ̃(x̃, ỹ) = 0 èqoume lim

n→∞
ρ(xn, yn) = 0, �ra (xn) ∼ (yn) kai autì shmaÐnei

ìti x̃ = ỹ. EpÐshc, h trigwnik  anisìthta

ρ̃(x̃, ỹ) ≤ ρ̃(x̃, z̃) + ρ̃(z̃, ỹ)

eÐnai �mesh sunèpeia thc

ρ(xn, yn) ≤ ρ(xn, zn) + ρ(zn, yn).

'Etsi, èqoume orÐsei ton (X̃, ρ̃).
(ii) Pukn  isometrik  emfÔteush tou X ston X̃. Se k�je y ∈ X antistoiqeÐ fusiologik� h
stajer  akoloujÐa (y, y, . . .), kaj¸c kai h kl�sh thc, pou eÐnai stoiqeÐo tou X̃. Parathr -
ste ìti an y 6= y′ ston X tìte den mporeÐ na isqÔei (y, y, . . .) ∼ (y′, y′, . . .) (exhg ste giatÐ).
Sunep¸c, diaforetik� shmeÐa tou X orÐzoun diaforetikèc kl�seic ston X̃.

OrÐzoume
W = {b̃ : b ∈ X},

ìpou b̃, b ∈ X, eÐnai h kl�sh thc stajer c akoloujÐac (b, b, . . .). Parathr¸ntac ìti

ρ̃(b̃1, b̃2) = lim
n→∞

ρ(b1, b2) = ρ(b1, b2)

an b1, b2 ∈ X, blèpoume amèswc ìti h apeikìnish T : (X, ρ) → (W, ρ̃) me b → b̃ eÐnai
isometrÐa epÐ.

DeÐqnoume ìti W
ρ̃

= X̃ (o X emfuteÔetai {pukn�} ston X̃). Pr�gmati, èstw x̃ ∈ X̃
kai èstw (xn) ∈ x̃. Gia k�je ε > 0 up�rqei n ∈ N ¸ste ρ(xm, xn) < ε/2 gia k�je m ≥ n
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(autì isqÔei diìti h (xn) eÐnai basik ). JewroÔme to x̃n ∈ W : dhlad , thn kl�sh thc
stajer c akoloujÐac (xn, xn, . . .). Tìte,

ρ̃(x̃, x̃n) = lim
n→∞

ρ(xm, xn) ≤ ε

2
< ε.

Elègxame ìti, gia k�je x̃ ∈ X̃ kai gia k�je ε > 0 isqÔei W ∩ Bρ̃(x̃, ε) 6= ∅. 'Ara, o W

eÐnai ρ̃�puknìc ston X̃.

(iii) Plhrìthta tou (X̃, ρ̃). 'Estw (x̃n) basik  akoloujÐa ston X̃. AfoÔ o W eÐnai ρ̃�
puknìc ston X̃, gia k�je n ∈ N mporoÔme na broÔme ỹn ∈ W ¸ste ρ̃(x̃n, ỹn) < 1/n. Apì
thn trigwnik  anisìthta,

ρ(ym, yn) = ρ̃(ỹm, ỹn) ≤ ρ̃(ỹm, x̃m) + ρ̃(x̃m, x̃n) + ρ̃(x̃n, ỹn)

<
1
m

+ ρ̃(x̃m, x̃n) +
1
n

,

ap� ìpou sumperaÐnoume ìti h (yn) eÐnai basik  akoloujÐa ston X. 'Estw ỹ h kl�sh
isodunamÐac thc (yn). Tìte,

ρ̃(x̃n, ỹ) ≤ ρ̃(x̃n, ỹn) + ρ̃(ỹn, ỹ) <
1
n

+ ρ̃(ỹn, ỹ).

'Omwc,
ρ̃(ỹn, ỹ) = lim

m→∞
ρ(yn, ym),

�ra
ρ̃(x̃n, ỹ) ≤ 1

n
+ lim

m→∞
ρ(yn, ym).

An dojeÐ ε > 0, epilègontac arket� meg�lo n èqoume ìti h teleutaÐa posìthta gÐnetai
mikrìterh apì ε (exhg ste giatÐ). Sunep¸c, x̃n

ρ̃−→ ỹ. Dhlad , o (X̃, ρ̃) eÐnai pl rhc.
2

Sth sunèqeia deÐqnoume ìti h pl rwsh enìc metrikoÔ q¸rou pou prokÔptei me thn
parap�nw kataskeu  eÐnai monadik  me thn akìloujh ènnoia.

Je¸rhma 5.4.4 (monadikìthta pl rwshc). 'Estw (X̃1, ρ1) kai (X̃2, ρ2) dÔo plhr¸seic
tou Ðdiou metrikoÔ q¸rou (X, ρ). Tìte, up�rqei τ : X̃1 → X̃2, isometrÐa kai epÐ. M�lista,
an Ti : X → X̃i (i = 1, 2) eÐnai oi dÔo isometrikèc emfuteÔseic, tìte τ(T1(x)) = T2(x) gia
k�je x ∈ X.

Gia thn apìdeixh tou jewr matoc 5.4.4 ja qreiastoÔme èna je¸rhma epèktashc gia
omoiìmorfa suneqeÐc sunart seic orismènec se pukn� uposÔnola metrik¸n q¸rwn. Pio
sugkekrimèna, isqÔei to akìloujo:
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Prìtash 5.4.5. 'Estw (M,ρ) metrikìc q¸roc kai èstw D puknì uposÔnolo tou M . An
(N,σ) eÐnai pl rhc metrikìc q¸roc kai f : D → N eÐnai omoiìmorfa suneq c sun�rthsh,
tìte aut  epekteÐnetai monadik� se mia omoiìmorfa suneq  sun�rthsh F : M → N .
Epiplèon, an h f eÐnai isometrÐa, tìte h F eÐnai isometrÐa.

Apìdeixh. Jèloume na epekteÐnoume thn f suneq¸c, se shmeÐa tou M \D. 'Estw x ∈ M .
Epeid  to D eÐnai puknì sto M up�rqei akoloujÐa (tn) stoiqeÐwn tou D ¸ste tn

ρ−→ x.
Eidikìtera, h (tn) eÐnai ρ�basik . AfoÔ h f eÐnai omoiìmorfa suneq c, apeikonÐzei basikèc
akoloujÐec se basikèc akoloujÐec, �ra h (f(tn)) eÐnai σ�basik . EpÐshc, o (N,σ) eÐnai
pl rhc, opìte up�rqei y ∈ N ¸ste f(tn) σ−→ y. OrÐzoume loipìn thn apeikìnish F :
M → N me x 7→ F (x) := limn→∞ f(tn), ìpou (tn) ⊆ D kai tn → x.
Isqurismìc 1. H F eÐnai kal� orismènh sun�rthsh.

An (an), (bn) eÐnai akoloujÐec stoiqeÐwn tou D me an → x kai bn → x, jètoume
y1 = lim f(an), y2 = lim f(bn). 'Omwc, ρ(an, bn) → ρ(x, x) = 0. 'Epetai ìti

σ(y1, y2) = lim
n→∞

σ(f(an), f(bn)) = 0,

diìti h f eÐnai omoiìmorfa suneq c. Epomènwc, h eikìna y tou x den exart�tai apì thn
epilog  thc akoloujÐac pou proseggÐzei to x.
Isqurismìc 2. H F eÐnai epèktash thc f dhlad , F |D = f .

An t ∈ D tìte gia thn tn = t, n = 1, 2, ... isqÔei tn → t, �ra F (t) = limn→∞ f(tn) =
f(t).
Isqurismìc 3. H F eÐnai omoiìmorfa suneq c sun�rthsh.

'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa suneq c, up�rqei δ > 0 ¸ste an t1, t2 ∈ D
me ρ(t1, t2) < δ, tìte σ(f(t1), f(t2)) < ε

3 . 'Estw x, y ∈ M me ρ(x, y) < δ
3 . Ja deÐxoume

ìti σ(F (y), F (x)) < ε. Up�rqei a ∈ D ¸ste ρ(a, x) < δ
3 kai σ(F (x), f(a)) < ε

3 (exhg ste
giatÐ). OmoÐwc, up�rqei b ∈ D ¸ste ρ(b, y) < δ

3 kai σ(F (y), f(b)) < ε
3 . Apì thn trigwnik 

anisìthta prokÔptei ìti ρ(a, b) < δ. Sunep¸c, σ(f(a), f(b)) < ε
3 . P�li apì thn trigwnik 

anisìthta èqoume σ(F (y), F (x)) < ε.
An h f eÐnai isometrÐa tìte isqÔoun oi isìthtec

σ(F (x), F (y)) = lim
n→∞

σ(f(an), f(bn)) = lim
n→∞

ρ(an, bn) = ρ(x, y)

ìpou (an), (bn) eÐnai akoloujÐec sto D me an → x kai bn → y.
H monadikìthta thc F eÐnai apl . 2

Apìdeixh tou jewr matoc 5.4.4. 'Estw T1 : X → X̃1 kai T2 : X → X̃2 oi isometrikèc
kai puknèc emfuteÔseic tou X stic plhr¸seic tou X̃1, X̃2 antistoÐqwc. Tìte, èqoume to
di�gramma

X̃1
τ−→ X̃2
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∪ ∪
T1(X) T2(X)
↑ T1 ↑ T2

X
i−→ X

JewroÔme thn profan  sun�rthsh T2 ◦ T−1
1 : T1(X) → T2(X) ⊂ X̃2 h opoÐa eÐnai

kal� orismènh diìti h T1 eÐnai isometrÐa epÐ tou T1(X) kai h T2 isometrÐa epÐ tou T2(X).
Epomènwc, h T2 ◦T−1

1 eÐnai mia isometrÐa apì to T1(X) sto X̃2. Epiplèon, to T1(X) eÐnai
puknì sto X̃1 �ra, apì thn prìtash 5.4.4 èpetai ìti h isometrÐa T2 ◦ T−1

1 epekteÐnetai se
mia isometrÐa τ s� ìlo ton X̃1.
Isqurismìc. H isometrÐa τ : X̃1 → X̃2 eÐnai epÐ.

'Estw y ∈ X̃2. AfoÔ to T2(X) eÐnai puknì sto X̃2, up�rqei akoloujÐa (xn) ston X
¸ste T2(xn) → y. 'Ara, h (T2(xn)) eÐnai basik . 'Epetai ìti h (xn) eÐnai basik  kai telik�
h (T1(xn)) eÐnai basik . Sunep¸c, up�rqei x ∈ X̃1 ¸ste T1(xn) → x. 'Etsi, paÐrnoume

τ(x) = lim
n→∞

τ(T1(xn)) = lim
n→∞

(T2 ◦ T−1
1 (T1(xn))) = lim

n→∞
(T2(xn)) = y.

Dhlad , h τ eÐnai epÐ tou X̃2. O teleutaÐoc isqurismìc oloklhr¸nei thn apìdeixh. 2

5.5 To je¸rhma stajeroÔ shmeÐou tou Banach

Se aut  thn par�grafo apodeiknÔoume to je¸rhma stajeroÔ shmeÐou tou Banach to opoÐo
exasfalÐzei ìti k�je sun�rthsh sustol c se ènan pl rh metrikì q¸ro èqei monadikì sta-
jerì shmeÐo. Ta jewr mata stajeroÔ shmeÐou èqoun poikÐlec efarmogèc sthn Arijmhtik 
An�lush, sthn epÐlush arijmhtik¸n exis¸sewn kai sthn epÐlush diaforik¸n exis¸sewn.
Orismìc 5.5.1 (stajerì shmeÐo). 'Estw f : X → X sun�rthsh kai èstw x0 ∈ X. To
x0 lègetai stajerì shmeÐo thc f an isqÔei f(x0) = x0.

SumbolÐzoume me Fix(f) to sÔnolo twn stajer¸n shmeÐwn thc f .
Prìtash 5.5.2. 'Estw f : (X, ρ) → (X, ρ) suneq c sun�rthsh. Tìte, to Fix(f) eÐnai
kleistì uposÔnolo tou X.

Apìdeixh. 'Estw (xn) akoloujÐa stajer¸n shmeÐwn thc f me xn
ρ−→ x. Ja deÐxoume

ìti to x eÐnai stajerì shmeÐo thc f . Apì th sunèqeia thc f èqoume ìti f(xn)
ρ−→ f(x).

All� f(xn) = xn
ρ−→ x. Apì th monadikìthta tou orÐou èqoume ìti f(x) = x, dhlad 

x ∈ Fix(f). 2

Je¸rhma 5.5.3 (Banach). 'Estw (X, ρ) pl rhc metrikìc q¸roc kai T : X → X
sun�rthsh me thn idiìthta: up�rqei 0 < c < 1 ¸ste

d(T (x), T (y)) ≤ c · ρ(x, y)

gia k�je x, y ∈ X. Tìte, up�rqei monadikì z ∈ X ¸ste T (z) = z.
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Apìdeixh. StajeropoioÔme tuqìn x ∈ X. JewroÔme thn akoloujÐa pou orÐzetai anadromik�
apì tic sqèseic x0 = x kai xn+1 = T (xn) gia n = 0, 1, . . . . Dhlad ,

(xn) = (x, T (x), T 2(x), . . .).

Isqurismìc. H (Tn(x))n eÐnai basik  akoloujÐa.
Gia k�je n ≥ 1 èqoume

ρ(Tn(x), Tn+1(x)) ≤ c · ρ(Tn−1(x), Tn(x))

kai epagwgik� paÐrnoume

ρ(Tn(x), Tn+1(x)) ≤ cn · ρ(x, T (x))

gia n = 0, 1, ... 'Etsi, gia k�je m > n èqoume

(5.1)

ρ(Tn(x), Tm(x)) ≤ (cn + cn+1 + · · ·+ cm−1)ρ(x, T (x)) ≤ cn

1− c
ρ(x, T (x)) → 0

kaj¸c ta m,n →∞. 'Ara, h (Tn(x))n eÐnai basik . Apì thn plhrìthta tou X èpetai ìti
up�rqei z ∈ X ¸ste Tn(x) → z. All�, h T eÐnai suneq c diìti eÐnai Lipschitz. Sunep¸c,
Tn+1(x) = T (Tn(x)) → T (z). Apì th monadikìthta tou orÐou èqoume ìti T (z) = z.

Gia th monadikìthta tou stajeroÔ shmeÐou parathroÔme ìti, an up�rqei k�poio �llo
stajerì shmeÐo z′ thc T , tìte

ρ(z, z′) = ρ(T (z), T (z′)) ≤ c · ρ(z, z′)

AfoÔ 0 < c < 1, èpetai ìti ρ(z, z′) = 0, dhlad  z = z′. 'Ara, to z eÐnai to monadikì
stajerì shmeÐo thc T . 2

Parathr seic 5.5.4. (a) Oi ìroi Tn(x) thc akoloujÐac pou qrhsimopoi jhke sthn
apìdeixh lègontai diadoqikèc proseggÐseic tou stoiqeÐou z. ParathroÔme ìti Tn(x) → z
anex�rthta apì thn arqik  epilog  tou x kai ìti to sf�lma sth n-ost  prosèggish den
xepern� ton cn

1−cρ(x, T (x)). Pr�gmati, an m > n tìte eÐdame ìti

ρ(Tn(x), Tm(x)) ≤ cn

1− c
· ρ(x, T (x)).

An af soume to m →∞ blèpoume ìti

ρ(Tn(x), z) = lim
m→∞

ρ(Tn(x), Tm(x)) ≤ cn

1− c
· ρ(x, T (x)).

(b) H sunj kh ρ(T (x), T (y)) < ρ(x, y) exasfalÐzei ìti h T èqei to polÔ èna stajerì
shmeÐo, den mporeÐ ìmwc na egguhjeÐ thn Ôparxh enìc toul�qiston stajeroÔ shmeÐou. H



5.6 Ask seis · 101

sun�rthsh T : R → R me T (x) = log(1 + ex) ikanopoieÐ thn asjenèsterh sunj kh, diìti
|T ′(x)| < 1 gia k�je x ∈ R, all� den èqei stajerì shmeÐo.
(g) H plhrìthta tou (X, ρ) den mporeÐ na paraleifjeÐ: an jewr soume thn f : (0, 1) →
(0, 1) me f(x) = x

2 tìte isqÔei |f(x) − f(y)| ≤ 2
3 |x − y| gia k�je x, y ∈ (0, 1), all� h f

den èqei stajerì shmeÐo. Parathr ste ìti o ((0, 1), | · |) den eÐnai pl rhc metrikìc q¸roc.

5.6 Ask seic

1. Sto sÔnolo N twn fusik¸n jewroÔme tic metrikèc d(m,n) = |m − n| kai ρ(m,n) =
| 1
m − 1

n |.
(a) DeÐxte ìti o (N, d) eÐnai pl rhc all� o (N, ρ) den eÐnai pl rhc.
(b) DeÐxte ìti k�je monosÔnolo {n} eÐnai d-anoiktì kai ρ-anoiktì.
(g) DeÐxte ìti oi metrikèc ρ kai d eÐnai isodÔnamec (�ra, oi (N, d) kai (N, ρ) eÐnai omoiomor-
fikoÐ).

2. JewroÔme to R me metrik  thn d(x, y) = | arctanx − arctan y|. DeÐxte ìti h d eÐnai
isodÔnamh me th sun jh metrik  tou R all� o (R, d) den eÐnai pl rhc.

3. (a) DeÐxte ìti o (`p, ‖ · ‖p), 1 ≤ p < ∞ eÐnai pl rhc.
(b) DeÐxte ìti o kÔboc tou Hilbert H∞ eÐnai pl rhc metrikìc q¸roc.
(g) DeÐxte ìti o (c00, ‖ · ‖∞) den eÐnai pl rhc.

4. JewroÔme ton C([0, 1]) me metrik  thn

ρ1(f, g) =
∫ 1

0

|f(t)− g(t)| dt.

DeÐxte ìti h (fn)n≥2 me

fn(t) =


0 , 0 ≤ t ≤ 1

2 ,

n
(
x− 1

2

)
, 1

2 < x < 1
2 + 1

n ,

1 , 1
2 + 1

n ≤ t ≤ 1,

eÐnai akoloujÐa Cauchy wc proc thn ρ1 all� den eÐnai sugklÐnousa.

5. JewroÔme dÔo metrikèc d1 kai d2 sto Ðdio sÔnolo X. Upojètoume ìti up�rqoun a, b > 0
¸ste: gia k�je x, y ∈ X,

ad1(x, y) ≤ d2(x, y) ≤ bd1(x, y).
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DeÐxte ìti mia akoloujÐa (xn) ston X eÐnai basik  ston (X, d1) an kai mìno an eÐnai
basik  ston (X, d2).

6. 'Estw (X, ρ) metrikìc q¸roc kai D puknì uposÔnolo tou X. DeÐxte ìti: an k�je
basik  akoloujÐa (xn) stoiqeÐwn tou D sugklÐnei se k�poio x ∈ X, tìte o X eÐnai
pl rhc.

7. DeÐxte ìti ènac metrikìc q¸roc (X, ρ) eÐnai pl rhc an kai mìnon an k�je kleist  mp�la

B̂(x, ε) = {z ∈ X : ρ(z, x) ≤ ε},

ìpou x ∈ X kai ε > 0, eÐnai pl rhc metrikìc upìqwroc tou X.

8. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti o X eÐnai pl rhc an kai mìnon an k�je
arijm simo, kleistì uposÔnolo tou X eÐnai pl rhc metrikìc upìqwroc.

9. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti o (X, ρ) eÐnai pl rhc an kai mìno an k�je
akoloujÐa fragmènhc kÔmanshc ston X eÐnai sugklÐnousa.

10. 'Estw (X, ρ) metrikìc q¸roc, (xn) akoloujÐa ston X kai x ∈ X ¸ste xn → x.
JewroÔme to sÔnolo A = {xn : n = 1, 2, . . .}∪{x}. ApodeÐxte ìti o (A, ρ|A) eÐnai pl rhc
metrikìc q¸roc.

11. 'Estw ρ metrik  sto R ¸ste: (i) o (R, ρ) eÐnai pl rhc kai (ii) h ρ eÐnai isodÔnamh me
th sun jh metrik . DeÐxte ìti up�rqei δ > 0 ¸ste diamρ([n,∞)) ≥ δ gia k�je n ∈ N.

12. 'Estw X pl rhc q¸roc me nìrma kai B̂(xn, rn) fjÐnousa akoloujÐa apì kleistèc
mp�lec. ApodeÐxte ìti

⋂∞
n=1 B̂(xn, rn) 6= ∅.

13. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai f : X → Y suneq c sun�rthsh. ApodeÐxte
ìti an (En) eÐnai fjÐnousa akoloujÐa kleist¸n uposunìlwn tou X, me diam(En) → 0,
tìte

f

( ∞⋂
n=1

En

)
=

∞⋂
n=1

f(En).

14. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai G mh kenì anoiktì uposÔnolo tou X.
OrÐzoume th sun�rthsh

σ(x, y) = ρ(x, y) +
∣∣∣∣ 1
dist(x, X \G)

− 1
dist(y, X \G)

∣∣∣∣
sto G × G. DeÐxte ìti o (G, σ) eÐnai pl rhc metrikìc q¸roc kai ìti h σ eÐnai isodÔnamh
me thn ρ|G.
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15. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai D puknì uposÔnolo tou X ¸ste to X \D
na eÐnai epÐshc puknì. DeÐxte ìti toul�qiston èna apì ta D, X \D den eÐnai sÔnolo Fσ.

16. 'Estw (Gn) akoloujÐa anoikt¸n kai pukn¸n uposunìlwn tou R. DeÐxte ìti to
G =

⋂∞
n=1 Gn eÐnai uperarijm simo.

17. 'Estw f : R → R. DeÐxte ìti h f eÐnai asuneq c se èna sÔnolo pr¸thc kathgorÐac
an kai mìno an eÐnai suneq c se èna puknì uposÔnolo tou R.

18. (a) 'Estw A = {a1, a2, . . . , an, . . .} arijm simo uposÔnolo tou R. DeÐxte ìti h
sun�rthsh FA : R → R me

FA(x) =
∑

{n:an≤x}

2−n

eÐnai aÔxousa, suneq c apì dexi� pantoÔ kai asuneq c akrib¸c sta shmeÐa tou A.
(b) 'Estw A arijm simo puknì uposÔnolo tou R. DeÐxte ìti den up�rqei sun�rthsh
g : R → R ¸ste to sÔnolo twn shmeÐwn asunèqeiac D(g) thc g na eÐnai to R \A.
(g) 'Estw E kleistì uposÔnolo tou R. Jètoume G = E◦ ∩Q kai orÐzoume th sun�rthsh
h : R → R me h(x) = χE(x)− χG(x). ApodeÐxte ìti D(h) = E.
(d) 'Estw E =

⋃∞
n=1 En èna Fσ�uposÔnolo tou R. OrÐzoume fE : R → R me

fE(x) =


1

min{n:x∈En} , x ∈ Q ∩ E

− 1
min{n:x∈En} , x ∈ (R \Q) ∩ E

0, x ∈ R \ E

ApodeÐxte ìti D(fE) = E.

19. DeÐxte ìti: an (Ln) eÐnai akoloujÐa eujei¸n sto R2 tìte int (
⋃∞

n=1 Ln) = ∅.

20. DeÐxte ìti den up�rqei metrik  d sto Q ¸ste h d na eÐnai isodÔnamh me th sun jh
metrik  kai o (Q, d) na eÐnai pl rhc.

21. DeÐxte ìti den up�rqei akoloujÐa suneq¸n sunart sewn fn : R → R me thn idiothta

gia k�je x ∈ R, lim
n→∞

fn(x) = χQ(x).

22. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai duo sunart seic f, g : X → X. ApodeÐxte
ìti:
(a) An up�rqei k ∈ N ¸ste h fk = f ◦ · · · ◦ f na eÐnai sustol , tìte up�rqei monadikì
shmeÐo x ∈ X ¸ste f(x) = x.
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(b) An h f eÐnai sustol  kai f ◦ g = g ◦ f , tìte up�rqei monadikì x ∈ X ¸ste f(x) =
g(x) = x.

23. 'Estw f : [0,∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqei anoiktì di�sthma
(a, b) ⊆ [0,∞) me thn ex c idiìthta: gia k�je y ∈ (a, b) isqÔei limn→∞ f(ny) = 0.
ApodeÐxte ìti limx→∞ f(x) = 0.

24. 'Estw f : R → R �peirec forèc paragwgÐsimh sun�rthsh. Upojètoume ìti: gia
k�je x ∈ R up�rqei nx ∈ N ¸ste, gia k�je n ≥ nx, f (n)(x) = 0. DeÐxte ìti h f eÐnai
polu¸numo.

25. 'Estw (X, d) pl rhc metrikìc q¸roc, E puknì kai Gδ�uposÔnolo tou X. ApodeÐxte
ìti gia k�je omoiomorfismì h : X → X isqÔei E ∩ h(E) 6= ∅.



Kef�laio 6

Sump�geia

6.1 Orismìc thc sump�geiac

'Opwc ja faneÐ sthn amèswc epìmenh par�grafo, up�rqoun di�foroi trìpoi me touc
opoÐouc mporeÐ kaneÐc na eis�gei thn ènnoia tou sumpagoÔc metrikoÔ q¸rou. O plèon eÔlh-
ptoc eÐnai autìc thc akoloujiak c sump�geiac, o opoÐoc genikeÔei thn {idiìthta Bolzano–
Weierstrass} twn kleist¸n diasthm�twn [a, b] thc pragmatik c eujeÐac sto plaÐsio twn
metrik¸n q¸rwn. Ja mporoÔsame na d¸soume ton ex c orismì:

'Enac metrikìc q¸roc (X, ρ) lègetai (akoloujiak�) sumpag c an k�je akolou-
jÐa (xn) ston X èqei upakoloujÐa (xkn

) h opoÐa sugklÐnei se k�poio x ∈ X.
Xekin�me apì ènan diaforetikì orismì thc sump�geiac, o opoÐoc mporeÐ na dojeÐ kai s-
to genikìtero plaÐsio twn topologik¸n q¸rwn kai basÐzetai sthn idèa ìti oi sumpageÐc
metrikoÐ q¸roi èqoun apì pollèc apìyeic th {dom  enìc peperasmènou metrikoÔ q¸rou}.
Sthn epìmenh par�grafo deÐqnoume ìti oi dÔo orismoÐ eÐnai isodÔnamoi kai ìti h sump�geia
sundèetai sten� me thn ènnoia thc plhrìthtac (stouc legìmenouc {olik� fragmènouc}
metrikoÔc q¸rouc).
Orismìc 6.1.1 (k�lumma). 'Estw X tuqìn mh kenì sÔnolo kai A ⊆ X. Mia oikogèneia
(Ui)i∈I uposunìlwn tou X lègetai k�lumma tou A an

A ⊆
⋃
i∈I

Ui.

An gia k�poio J ⊆ I isqÔei A ⊆
⋃

i∈J Ui, tìte lème ìti h (Ui)i∈J eÐnai upok�lumma tou
(Ui)i∈I gia to A.
Orismìc 6.1.2 (anoiktì k�lumma). 'Estw (X, ρ) metrikìc q¸roc kai (Ui)i∈I oikogèneia
anoikt¸n uposunìlwn tou X. H (Ui)i∈I lègetai anoiktì k�lumma tou X, an X =

⋃
i∈I Ui.

Genikìtera, an A ⊆ X, h (Ui)i∈I lègetai anoiktì k�lumma tou A, an A ⊆
⋃

i∈I Ui.
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Orismìc 6.1.3 (sump�geia). 'Estw (X, ρ) metrikìc q¸roc. O X lègetai sumpag c
(compact) an k�je anoiktì k�lumma tou X èqei peperasmèno upok�lumma. Me �lla
lìgia, an isqÔei to ex c:

Gia k�je oikogèneia (Ui)i∈I anoikt¸n uposunìlwn tou X pou ikanopoieÐ thn
X =

⋃
i∈I Ui mporoÔme na broÔme m ∈ N kai i1, . . . , im ∈ I ¸ste X =

Ui1 ∪ · · · ∪ Uim
.

'Ena uposÔnolo K tou X lègetai sumpagèc, an eÐnai sumpag c metrikìc q¸roc me th
sqetik  metrik . Autì eÐnai isodÔnamo me to ex c: gia k�je k�je k�lumma (Vi)i∈I tou
K apì anoikt� uposÔnola tou X, up�rqei peperasmèno upok�lumma (Vij

)m
j=1, ¸ste K ⊆⋃m

j=1 Vij
(�skhsh).

ParadeÐgmata 6.1.4. (a) 'Enac diakritìc metrikìc q¸roc (X, δ) eÐnai sumpag c an kai
mìnon an to X eÐnai peperasmèno sÔnolo.
(b) To sÔnolo twn pragmatik¸n arijm¸n R me th sun jh metrik  den eÐnai sumpag c
metrikìc q¸roc. Pr�gmati, an jewr soume to anoiktì k�lumma {(−n, n)}n∈N, tìte autì
den èqei peperasmèno upok�lumma.
(g) To sÔnolo S`∞ = {x = (xn) ∈ `∞ : ‖x‖∞ = 1} den eÐnai sumpagèc uposÔnolo tou
`∞. Pr�gmati; jewroÔme to anoiktì k�lumma {B(x, 1/2) : x ∈ S`∞}, to opoÐo den èqei
peperasmèno upok�lumma, diìti ‖en − em‖∞ = 1 gia n, m ∈ N, n 6= m.
(d) 'Estw (X, ρ) metrikìc q¸roc, x ∈ X kai (xn) ston X ¸ste xn → x. To sÔnolo

K = {xn : n = 1, 2, . . .} ∪ {x}

eÐnai sumpagèc ston X. Pr�gmati; èstw (Gi)i∈I anoiktì k�lumma tou K. Tìte up�rqei
i0 ∈ I ¸ste x ∈ Gi0 . AfoÔ xn → x kai to Gi0 eÐnai anoiktì, up�rqei N ∈ N ¸ste
xn ∈ Gi0 gia k�je n > N . Gia k�je 1 ≤ j ≤ N up�rqei ij ∈ I ¸ste xj ∈ Gij

. Tìte,
K ⊆

⋃N
j=0 Gij

.

Prìtash 6.1.5. 'Estw (X, ρ) metrikìc q¸roc kai èstw K sumpagèc uposÔnolo tou X.
Tìte, to K eÐnai kleistì ston X.

Apìdeixh. 'Estw y ∈ X \K. Gia k�je x ∈ K jètoume δx := ρ(x,y)
2 . Oi mp�lec {B(x, δx) :

x ∈ K} apoteloÔn anoiktì k�lumma tou K. 'Ara, up�rqoun x1, x2, . . . , xm ∈ K ¸ste
K ⊆

⋃m
j=1 B(xj , δxj ). 'Estw δ = min{δxj : j = 1, 2, . . . ,m} > 0. Tìte, B(y, δ) ⊆ X \K.

Pr�gmati, an x ∈ K tìte up�rqei 1 ≤ j ≤ m ¸ste ρ(x, xj) < δxj
. 'Ara,

ρ(x, y) ≥ ρ(y, xj)− ρ(xj , x) > 2δxj − δxj ≥ δ,

dhlad  x /∈ B(y, δ). DeÐxame ìti to X \K eÐnai anoiktì, sunep¸c to K eÐnai kleistì. 2

Prìtash 6.1.6. 'Estw (X, ρ) metrikìc q¸roc kai èstw K sumpagèc uposÔnolo tou X.
Tìte, to K eÐnai fragmèno uposÔnolo tou X.
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Apìdeixh. Epilègoume tuqìn x ∈ X kai jewroÔme thn oikogèneia {B(x, n) : n ∈ N}.
Parathr ste ìti aut  eÐnai anoiktì k�lumma tou X, �ra kai tou K:

K ⊆
∞⋃

n=1

B(x, n).

AfoÔ to K eÐnai sumpagèc, up�rqoun n1, . . . , nm ∈ N ¸ste

K ⊆ B(x, n1) ∪ · · · ∪B(x, nm).

An jèsoume r = max{n1, . . . , nm} èqoume B(x, nj) ⊆ B(x, r) gia k�je j = 1, . . . ,m,
dhlad 

K ⊆ B(x, r).

Sunep¸c, to K eÐnai fragmèno. 2

Prìtash 6.1.7. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai F kleistì uposÔnolo tou
X. Tìte, to F eÐnai sumpagèc.

Apìdeixh. 'Estw (Ui) anoiktì k�lumma tou F . Tìte h oikogèneia {X \ F} ∪ {Ui : i ∈ I}
apoteleÐ anoiktì k�lumma tou X (exhg ste giatÐ). AfoÔ o X eÐnai sumpag c, up�rqoun
i1, . . . , ik ∈ I ¸ste X = Ui1 ∪ . . . ∪ Uik

∪ (X \ F ). Tìte, F ⊆ Ui1 ∪ . . . ∪ Uik
. 2

6.2 Qarakthrismìc thc sump�geiac

Skopìc mac se aut  thn par�grafo eÐnai na qarakthrÐsoume touc sumpageÐc metrikoÔc
q¸rouc mèsw akolouji¸n. 'Opwc ja doÔme, ènac metrikìc q¸roc (X, ρ) eÐnai sumpag c an
kai mìno an èqei thn idiìthta Bolzano–Weierstrass: dhlad , an k�je �peiro uposÔnolo
A tou X èqei toul�qiston èna shmeÐo suss¸reushc sto X (A′ 6= ∅). Sthn poreÐa ja
d¸soume �llon ènan qr simo qarakthrismì thc sump�geiac: o (X, ρ) eÐnai sumpag c an
kai mìno an eÐnai pl rhc kai olik� fragmènoc. DÐnoume pr¸ta touc aparaÐthtouc orismoÔc.

Orismìc 6.2.1 (akoloujiak� sumpag c q¸roc). 'Estw (X, ρ) metrikìc q¸roc. O
X lègetai akoloujiak� sumpag c (sequentially compact) an k�je akoloujÐa (xn) ston X
èqei upakoloujÐa (xkn

) h opoÐa sugklÐnei se k�poio x ∈ X.

Orismìc 6.2.2 (olik� fragmènoc q¸roc). 'Enac metrikìc q¸roc (X, ρ) lègetai olik�
fragmènoc (totally bounded) an gia k�je ε > 0 up�rqoun m ∈ N kai x1, . . . , xm ∈ X ¸ste

X =
m⋃

i=1

B(xi, ε).

Dhlad , gia k�je ε > 0 mporoÔme na broÔme peperasmèna to pl joc shmeÐa sto q¸ro
¸ste oi mp�lec me kèntra aut� ta shmeÐa kai aktÐna to dosmèno ε > 0 na kalÔptoun to
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q¸ro. Genikìtera, an (X, ρ) eÐnai metrikìc q¸roc kai A ⊆ X, tìte to A lègetai olik�
fragmèno an gia k�je ε > 0 up�rqoun x1, . . . , xm ∈ X ¸ste

A ⊆
m⋃

i=1

B(xi, ε).

Me b�sh ton orismì pou d¸same, an to A ⊆ X eÐnai olik� fragmèno tìte k�je B ⊆ A
eÐnai epÐshc olik� fragmèno (exhg ste giatÐ).

Parathr ste epÐshc ìti mporoÔme na apait soume ta {kèntra} xi na an koun sto A:
pr�gmati, ac upojèsoume ìti to A eÐnai olik� fragmèno kai ac jewr soume tuqìn ε > 0.
Up�rqoun x1, . . . , xm ∈ X ¸ste A ⊆

⋃m
i=1 B(xi, ε/2). MporoÔme na upojèsoume ìti ìlec

oi B(xi, ε/2) èqoun mh ken  tom  me to A (alli¸c ja {di¸qname} tic perittèc apì autèc).
MporoÔme loipìn na broÔme ai ∈ B(xi, ε/2) ∩A, i = 1, . . . ,m. Tìte, a1, . . . , am ∈ A kai
B(xi, ε/2) ⊆ B(ai, ε) (exhg ste giatÐ). Sunep¸c,

A ⊆
m⋃

i=1

B(ai, ε).

ParadeÐgmata 6.2.3. (a) O (R, | · |) den eÐnai eÐnai olik� fragmènoc metrikìc q¸roc. An
 tan, ja up rqan x1 < x2 < · · · < xk ∈ R ¸ste R =

⋃k
i=1(xi−1, xi+1) ⊆ (x1−1, xk+1),

�topo.
(b) 'Enac diakritìc metrikìc q¸roc (X, δ) eÐnai olik� fragmènoc an kai mìnon an to X
eÐnai peperasmèno sÔnolo (exhg ste giatÐ).
(g) O n�di�statoc kÔboc tou Hamming Hn kai o kÔboc tou Hilbert H∞, eÐnai olik�
fragmènoi q¸roi (�skhsh).

Je¸rhma 6.2.4 (qarakthrismìc thc sump�geiac). 'Estw (X, ρ) metrikìc q¸roc.
Ta akìlouja eÐnai isodÔnama:

(i) O (X, ρ) eÐnai sumpag c.

(ii) K�je �peiro uposÔnolo A tou X èqei toul�qiston èna shmeÐo suss¸reushc sto X
(dhlad , A′ 6= ∅).

(iii) O X eÐnai akoloujiak� sumpag c.

(iv) O X eÐnai pl rhc kai olik� fragmènoc.

Apìdeixh. (i) ⇒ (ii): 'Estw A uposÔnolo tou X to opoÐo den èqei kanèna shmeÐo
suss¸reushc sto X. Tìte, gia k�je x ∈ X up�rqei εx > 0 ¸ste B(x, εx)∩(A\{x}) = ∅.
JewroÔme to anoiktì k�lumma {B(x, εx) : x ∈ X} tou X. AfoÔ o X eÐnai sumpag c,
mporoÔme na broÔme peperasmèno upok�lumma. Dhlad , up�rqoun x1, . . . , xm ∈ X ¸ste

X = B(x1, εx1) ∪ · · · ∪B(xm, εxm).
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Tìte,
A = (A ∩B(x1, εx1)) ∪ · · · ∪ (A ∩B(xm, εxm

)).

'Omwc, gia k�je i = 1, . . . ,m, apì thn B(xi, εxi) ∩ (A \ {xi}) = ∅ sumperaÐnoume ìti

A ∩B(xi, εxi
) ⊆ {xi}.

'Epetai ìti
A ⊆ {x1, . . . , xm}

dhlad  to A eÐnai peperasmèno sÔnolo.
(ii) ⇒ (iii): 'Estw (xn) akoloujÐa ston X. Ja deÐxoume ìti h (xn) èqei sugklÐnousa
upakoloujÐa.

JewroÔme to sÔnolo A = {xn : n ∈ N} twn ìrwn thc (xn). An to A eÐnai peperasmèno
sÔnolo, tìte up�rqoun x ∈ A kai deÐktec k1 < · · · < kn < kn+1 < · · · ¸ste xkn = x gia
k�je n ∈ N. Dhlad , h (xn) èqei stajer  upakoloujÐa kai to zhtoÔmeno isqÔei profan¸c.

Upojètoume loipìn ìti to sÔnolo A twn ìrwn thc (xn) eÐnai �peiro. Tìte, up�rqei x ∈
X to opoÐo eÐnai shmeÐo suss¸reushc tou A. Sunep¸c, se k�je perioq  tou x up�rqoun
�peiroi ìroi thc akoloujÐac (xn) (diìti perièqei �peira stoiqeÐa tou A). Epilègontac
diadoqik� ε = 1, 1

2 , . . . , 1
n , . . . kai qrhsimopoi¸ntac aut  thn idiìthta tou x, mporoÔme na

broÔme gnhsÐwc aÔxousa akoloujÐa deikt¸n (kn) ¸ste ρ(x, xkn) < 1
n . 'Ara, xkn → x.

(iii) ⇒ (iv): Upojètoume ìti o (X, ρ) eÐnai akoloujiak� sumpag c.
1. O X eÐnai pl rhc. 'Estw (xn) basik  akoloujÐa ston X. Apì thn upìjesh, h (xn)
èqei upakoloujÐa (xkn

) h opoÐa sugklÐnei se k�poio x ∈ X. Tìte, xn → x (gnwrÐzoume
ìti, se k�je metrikì q¸ro, an mia basik  akoloujÐa èqei sugklÐnousa upakoloujÐa tìte
eÐnai sugklÐnousa).
2. O X eÐnai olik� fragmènoc. Me apagwg  se �topo: an o X den eÐnai olik� fragmènoc,
tìte up�rqei ε > 0 me thn ex c idiìthta: gia k�je m ∈ N kai k�je u1, . . . , um ∈ X isqÔei

(∗) X \
m⋃

j=1

B(uj , ε) 6= ∅.

Qrhsimopoi¸ntac thn (∗) orÐzoume epagwgik� akoloujÐa (xn) ston X wc ex c: epilègoume
tuqìn x1 ∈ X kai qrhsimopoi¸ntac thn (∗) epilègoume

x2 ∈ X \B(x1, ε).

Parathr ste ìti ρ(x2, x1) ≥ ε.
Ac upojèsoume ìti èqoume epilèxei x1, . . . , xn ètsi ¸ste, an i, j ∈ {1, . . . , n} kai i 6= j

tìte ρ(xi, xj) ≥ ε. Tìte, qrhsimopoi¸ntac kai p�li thn (∗), epilègoume

xn+1 ∈ X \B(x1, ε) ∪ · · · ∪B(xn, ε).

Parathr ste ìti ρ(xn+1, xi) ≥ ε gia k�je i = 1, . . . , n.
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Kat� autì ton trìpo, orÐzetai akoloujÐa (xn) ston X me thn ex c idiìthta: an n 6= m
tìte ρ(xn, xm) ≥ ε. H akoloujÐa (xn) den èqei sugklÐnousa upakoloujÐa (exhg ste
giatÐ). Sunep¸c, katal goume se �topo.
(iv)⇒ (i): Me apagwg  se �topo. Upojètoume ìti o X den eÐnai sumpag c. Tìte, up�rqei
anoiktì k�lumma (Ui)i∈I tou X to opoÐo den èqei peperasmèno upok�lumma. Dhlad ,
X =

⋃
i∈I Ui all�, gia k�je m ∈ N kai k�je i1, . . . , im ∈ I isqÔei

X \ (Ui1 ∪ · · · ∪ Uim) 6= ∅.

Qrhsimopoi¸ntac thn upìjesh ìti o X eÐnai olik� fragmènoc, brÐskoume x11, . . . , x1N1 ∈
X ¸ste

X =
N1⋃
j=1

B(x1j , 1/2).

Isqurismìc. Up�rqei j0 ∈ {1, . . . , N1} ¸ste, gia k�je m ∈ N kai k�je i1, . . . , im ∈ I
isqÔei

B(x1j0 , 1/2) \ (Ui1 ∪ · · · ∪ Uim
) 6= ∅.

[Pr�gmati, an k�je B(x1j , 1/2) kaluptìtan apì peperasmèna to pl joc sÔnola thc
oikogèneiac (Ui)i∈I tìte kai o X =

⋃N1
j=1 B(x1j , 1/2) ja kaluptìtan apì peperasmèna to

pl joc sÔnola thc oikogèneiac (Ui)i∈I , �topo].
Jètoume x1 := x1j0 . ParathroÔme ìti, afoÔ B(x1, 1/2) ⊆ X, up�rqoun x21, . . . , x2N2 ∈

X ¸ste

B(x1, 1/2) ⊆
N2⋃
j=1

B(x2j , 1/22).

MporoÔme na upojèsoume ìti B(x1, 1/2) ∩ B(x2j , 1/22) 6= ∅ gia k�je j = 1, . . . , N2,
alli¸c paraleÐpoume ekeÐnec tic B(x2j , 1/22) pou den qrhsimopoioÔntai gia thn k�luyh
thc B(x1, 1/2).

'Opwc kai sto prohgoÔmeno b ma, brÐskoume j1 ∈ {1, . . . , N2} ¸ste, gia k�je m ∈ N
kai k�je i1, . . . , im ∈ I isqÔei

B(x2j1 , 1/22) \ (Ui1 ∪ · · · ∪ Uim
) 6= ∅.

Jètoume x2 := x2j0 . Parathr ste ìti

ρ(x1, x2) <
1
2

+
1
22

=
3
22

diìti B(x1, 1/2) ∩ B(x2, 1/22) 6= ∅ (paÐrnoume w sthn tom  touc kai efarmìzoume thn
trigwnik  anisìthta).

SuneqÐzoume me ton Ðdio trìpo (h apìdeixh tou epagwgikoÔ b matoc eÐnai ìmoia me aut n
tou deÔterou b matoc). Epagwgik�, orÐzetai akoloujÐa (xn) me tic parak�tw idiìthtec:



6.2 Qarakthrismìs ths sump�geias · 111

(i) Gia k�je n ∈ N, gia k�je m ∈ N kai k�je i1, . . . , im ∈ I isqÔei

B(xn, 1/2n) \ (Ui1 ∪ · · · ∪ Uim
) 6= ∅

(h B(xn, 1/2n) den kalÔptetai apì kamÐa peperasmènh upooikogèneia thc (Ui)i∈I).

(ii) Gia k�je n ∈ N,
ρ(xn, xn+1) <

3
2n+1

.

'Eqoume dei ìti h
∞∑

n=1

ρ(xn, xn+1) ≤
∞∑

n=1

3
2n+1

< ∞

exasfalÐzei ìti h (xn) eÐnai basik  akoloujÐa ston X. 'Eqoume upojèsei ìti o X eÐnai
pl rhc, �ra, up�rqei x ∈ X ¸ste xn → x.

Katal goume se �topo wc ex c: afoÔ h (Ui)i∈I kalÔptei ton X, up�rqei i0 ∈ I ¸ste
x ∈ Ui0 . To Ui0 eÐnai anoiktì, �ra up�rqei δ > 0 ¸ste B(x, δ) ⊆ Ui0 . BrÐskoume n ∈ N
¸ste 1/2n < δ/2 kai ρ(xn, x) < δ/2 (autì eÐnai dunatì, diìti xn → x kai 1/2n → 0).
Tìte, gia k�je z ∈ B(xn, 1/2n) èqoume

ρ(z, x) ≤ ρ(z, xn) + ρ(xn, x) <
1
2n

+
δ

2
< δ.

Autì shmaÐnei ìti
B(xn, 1/2n) ⊆ B(x, δ) ⊆ Ui0 ,

to opoÐo eÐnai �topo afoÔ, apì thn kataskeu  pou k�name, h B(xn, 1/2n) den kalÔptetai
apì kamÐa peperasmènh upooikogèneia thc (Ui)i∈I . 2

SqetikoÐ me thn apìdeixh tou jewr matoc 6.2.4 eÐnai oi parak�tw qarakthrismoÐ tou
olik� fragmènou kai tou pl rouc metrikoÔ q¸rou:

(i) 'Enac metrikìc q¸roc (X, ρ) eÐnai olik� fragmènoc an kai mìnon an k�je akoloujÐa
(xn) ston X èqei basik  upakoloujÐa.

(ii) 'Enac metrikìc q¸roc (X, ρ) eÐnai pl rhc an kai mìno an k�je �peiro, olik� fragmèno
uposÔnolo tou X èqei shmeÐo suss¸reushc.

Sto upìloipo aut c thc paragr�fou perigr�foume en suntomÐa thn apìdeixh aut¸n twn
dÔo prot�sewn.

L mma 6.2.5. 'Estw (X, ρ) metrikìc q¸roc kai èstw A = {xn : n ∈ N} to sÔnolo twn
ìrwn miac akoloujÐac (xn) sto Q. Tìte isqÔoun ta akìlouja:

(a) An h (xn) eÐnai basik  akoloujÐa, tìte to A eÐnai olik� fragmèno.

(b) An to A eÐnai olik� fragmèno, tìte h (xn) èqei basik  upakoloujÐa.
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Apìdeixh. (a) 'Estw ε > 0. Epeid  h (xn) eÐnai basik  up�rqei n0 ∈ N ¸ste an m,n ≥ n0

tìte ρ(xn, xm) < ε. ParathroÔme ìti

A ⊆
n0⋃
i=1

B(xi, ε),

�ra to A eÐnai olik� fragmèno.
(b) AfoÔ to A eÐnai olik� fragmèno up�rqoun C1

1 , . . . , C1
k1
⊆ A me diam(C1

i ) ≤ 1 gia
i = 1, . . . , k1 kai A =

⋃k1
i=1 C1

i (wc {C1
i } paÐrnoume tic tomèc tou A me peperasmènec

to pl joc anoiktèc mp�lec aktÐnac 1/2 pou h ènws  touc kalÔptei to A). Epeid  to A
perièqei �peirouc ìrouc thc akoloujÐac (san sÔnolo bèbaia mporeÐ na eÐnai peperasmèno)
kai ta C1

i eÐnai peperasmèna to pl joc, k�poio apì aut� perièqei �peirouc ìrouc thc (xn)�
èstw to C1. Tìte, to C1 eÐnai uposÔnolo tou olik� fragmènou sunìlou A kai perièqei
�peirouc ìrouc thc akoloujÐac (xn). DouleÔontac t¸ra me to C1 èqoume ìti autì eÐnai
olik� fragmèno, �ra mporoÔme na to kalÔyoume me peperasmèna to pl joc uposÔnol� tou
C2

1 , . . . , C2
k2

diamètrou mikrìterhc   Ðshc me 1
2 . Dhlad , C1 =

⋃k2
i=1 C2

i me diam(C2
i ) ≤ 1

2
gia i = 1, . . . , k2. 'Opwc prin, to C1 perièqei �peirouc ìrouc thc akoloujÐac (xn) kai,
epeid  ta C2

i eÐnai peperasmèna to pl joc, k�poio apì aut� perièqei �peirouc ìrouc (apì
autoÔc pou perièqei to C1) thc (xn). SuneqÐzontac me autì ton trìpo kataskeu�zoume
fjÐnousa akoloujÐa uposunìlwn tou A, thn C1 ⊇ C2 ⊇ . . . ⊇ Cn ⊇ . . . me diam(Cn) ≤ 1

n
gia n = 1, 2, . . ., ìpou k�je Cn perièqei �peirouc ìrouc thc akoloujÐac (xn). Apì k�je
Cn epilègoume èna stoiqeÐo xmn ¸ste na sqhmatisteÐ upakoloujÐa thc (xn) dhlad  na
isqÔei m1 < m2 < · · · < mn < · · ·. Autì mporeÐ na gÐnei, diìti k�je Cn perièqei �peirouc
ìrouc thc (xn).
Isqurismìc. H upakoloujÐa (xmn) eÐnai basik .
'Estw ε > 0. Tìte up�rqei n0 ∈ N ¸ste 1

n0
< ε. An i, j ≥ n0 tìte Ci, Cj ⊆ Cn0 kai �ra

xmi
, xmj

∈ Cn0 . Sunep¸c ρ(xmi
, xmj

) ≤ diam(Cn0) ≤ 1
n0

< ε. 2

ShmeÐwsh 6.2.6. H akoloujÐa xn = (−1)n èqei olik� fragmèno sÔnolo ìrwn kai den
eÐnai basik . 'Ara, h eÔresh basik c upakoloujÐac eÐnai to kalÔtero sto opoÐo mporoÔme
na elpÐzoume.

Prìtash 6.2.7. 'Enac metrikìc q¸roc (X, ρ) eÐnai olik� fragmènoc an kai mìnon an
k�je akoloujÐa (xn) ston X èqei basik  upakoloujÐa.

Apìdeixh. 'Estw ìti o (X, ρ) eÐnai olik� fragmènoc metrikìc q¸roc kai èstw (xn) akolou-
jÐa ston X. To sÔnolo A = {xn : n ∈ N} eÐnai olik� fragmèno wc uposÔnolo tou X kai
apì to l mma 6.2.5(b) èpetai to zhtoÔmeno.
AntÐstrofa, upojètoume ìti k�je akoloujÐa ston X èqei basik  upakoloujÐa. Ja
deÐxoume ìti o (X, ρ) eÐnai olik� fragmènoc. An ìqi, tìte up�rqei ε0 > 0 ¸ste gia
k�je n ∈ N kai gia k�je x1, . . . , xn ∈ X na isqÔei X \

⋃n
i=1 B(xi, ε0) 6= ∅. Epilègoume

tuqìn x1 ∈ X. Tìte, X \ B(x1, ε0) 6= ∅, �ra up�rqei x2 ∈ X ¸ste ρ(x1, x2) ≥ ε0.
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'Omoia, X \
⋃2

i=1 B(xi, ε0) 6= ∅, �ra up�rqei x3 ∈ X ¸ste ρ(x3, xi) ≥ ε0 gia i = 1, 2.
SuneqÐzontac kat� autì ton trìpo, orÐzoume epagwgik� akoloujÐa (xn) ston Q me thn
idiìthta ρ(xn, xm) ≥ ε0 gia n 6= m. Profan¸c, aut  h akoloujÐa den èqei kamÐa basik 
upakoloujÐa kai ètsi èqoume katal xei se �topo. 2

Prìtash 6.2.8. 'Enac metrikìc q¸roc (X, ρ) eÐnai pl rhc an kai mìno an k�je �peiro,
olik� fragmèno uposÔnolo tou X èqei shmeÐo suss¸reushc.

Apìdeixh. Upojètoume pr¸ta ìti o (X, ρ) eÐnai pl rhc. 'Estw A �peiro, olik� fragmèno
uposÔnolo tou X. Up�rqei akoloujÐa (an) stoiqeÐwn tou A me an 6= am gia n 6= m.
To sÔnolo B = {an : n = 1, 2, . . .} perièqetai sto olik� fragmèno sÔnolo A, �ra eÐnai
ki autì olik� fragmèno. Apì to l mma 6.2.5(b) h (an) èqei basik  upakoloujÐa (akn

).
AfoÔ o X eÐnai pl rhc, up�rqei x ∈ X ¸ste akn → x. H (akn) apoteleÐtai apì ìrouc
diaforetikoÔc an� dÔo kai perièqetai sto A. 'Epetai ìti x ∈ A′.
AntÐstrofa, upojètoume ìti k�je �peiro, olik� fragmèno uposÔnolo tou X èqei shmeÐo
suss¸reushc. JewroÔme tuqoÔsa basik  akoloujÐa (xn) ston X. To epiqeÐrhma pou
qrhsimopoi same sthn apìdeixh thc sunepagwg c (ii) ⇒ (iii) tou jewr matoc 6.2.4 deÐqnei
ìti h (xn) èqei sugklÐnousa upakoloujÐa. AfoÔ eÐnai kai basik , eÐnai sugklÐnousa. 'Ara,
o (X, ρ) eÐnai pl rhc. 2

6.3 Basikèc idiìthtec twn sumpag¸n sunìlwn

'Eqoume  dh apodeÐxei k�poiec basikèc idiìthtec twn sumpag¸n uposunìlwn enìc metrikoÔ
q¸rou. An K eÐnai sumpagèc uposÔnolo tou (X, ρ) tìte:

(i) To K eÐnai kleistì kai fragmèno uposÔnolo tou X.

(ii) K�je akoloujÐa (xn) sto K èqei upakoloujÐa (xkn
) h opoÐa sugklÐnei se k�poio

x ∈ K.

EpÐshc, k�je sumpag c metrikìc q¸roc eÐnai pl rhc kai olik� fragmènoc. To epìmeno
je¸rhma deÐqnei ìti oi sumpageÐc metrikoÐ q¸roi eÐnai diaqwrÐsimoi.

Je¸rhma 6.3.1. K�je olik� fragmènoc metrikìc q¸roc eÐnai diaqwrÐsimoc. Eidikìtera,
k�je sumpag c metrikìc q¸roc eÐnai diaqwrÐsimoc.

Apìdeixh. 'Estw (X, ρ) olik� fragmènoc metrikìc q¸roc. SÔmfwna me ton orismì, gia
k�je ε > 0 up�rqei peperasmèno uposÔnolo Fε tou X ¸ste oi anoiktèc mp�lec me kèntra
sto Fε kai aktÐna ε > 0 na kalÔptoun ton X. Efarmìzontac diadoqik� ton orismì
gia 1, 1

2 , 1
3 , . . . paÐrnoume mia akoloujÐa D1, D2, D3, . . . peperasmènwn uposunìlwn tou X

¸ste
X =

⋃
x∈Dn

B
(
x,

1
n

)
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gia k�je n = 1, 2, . . .. Jètoume D =
⋃

n∈N Dn. To D eÐnai arijm simo wc arijm simh
ènwsh peperasmènwn sunìlwn.
Isqurismìc. To D eÐnai puknì ston X.
ArkeÐ na deÐxoume ìti k�je anoikt  mp�la tèmnei to D. 'Estw B(x, ε) mia anoikt  mp�la
ston X. Tìte, up�rqei n ∈ N ¸ste 1

n < ε. EpÐshc, X =
⋃

y∈Dn
B(y, 1

n ). Sunep¸c,
x ∈

⋃
y∈Dn

B(y, 1
n ) dhlad  up�rqei y ∈ Dn ¸ste x ∈ B(y, 1

n ). Tìte, x ∈ B(y, ε),  
isodÔnama, y ∈ B(x, ε). 'Ara, Dn ∩B(x, ε) 6= ∅, dhlad  D ∩B(x, ε) 6= ∅. 2

Orismìc 6.3.2 (idiìthta peperasmènwn tom¸n). 'Estw X mh kenì sÔnolo kai (Fi)i∈I

oikogèneia uposunìlwn tou X. Lème ìti h (Fi)i∈I èqei thn idiìthta peperasmènwn
tom¸n an gia k�je mh kenì peperasmèno J ⊆ I isqÔei⋂

i∈J

Fi 6= ∅.

Gia par�deigma, h oikogèneia {(−∞, x] : x ∈ R} uposunìlwn tou R èqei thn idiìthta
peperasmènwn tom¸n. To Ðdio isqÔei gia thn oikogèneia ìlwn twn uposunìlwn A tou N
gia ta opoÐa to N \A eÐnai peperasmèno sÔnolo (exhg ste giatÐ).

Je¸rhma 6.3.3. 'Estw (X, ρ) metrikìc q¸roc. Ta ex c eÐnai isodÔnama:

(i) O (X, ρ) eÐnai sumpag c.

(ii) An (Fi)i∈I eÐnai oikogèneia kleist¸n uposunìlwn tou X pou èqei thn idiìthta
peperasmènwn tom¸n, tìte ⋂

i∈I

Fi 6= ∅.

Apìdeixh. (i) ⇒ (ii): Upojètoume ìti up�rqei oikogèneia (Fi)i∈I kleist¸n uposunìlwn
tou X pou èqei thn idiìthta peperasmènwn tom¸n, all�

⋂
i∈I Fi = ∅. Tìte,

X =
⋃
i∈I

(X \ Fi).

Dhlad , h oikogèneia (X \Fi)i∈I eÐnai anoiktì k�lumma tou X. AfoÔ o X eÐnai sumpag c,
up�rqoun i1, . . . , im ∈ I ¸ste X =

⋃m
j=1(X \ Fij

). Tìte,
⋂m

j=1 Fij
= ∅, to opoÐo eÐnai

�topo.
(ii) ⇒ (i): Upojètoume ìti o X den eÐnai sumpag c. Tìte, up�rqei anoiktì k�lumma
(Gi)i∈I tou X gia to opoÐo den mporoÔme na broÔme peperasmèno upok�lumma. Jètoume
Fi = X \Gi, i ∈ I. Gia k�je m ∈ N kai i1, . . . , im ∈ I èqoume X 6= Gi1 ∪ · · · ∪Gim

, �ra

Fi1 ∩ · · · ∩ Fim
= (X \Gi1) ∩ · · · ∩ (X \Gim

) = X \
m⋃

j=1

Gij
6= ∅.
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Dhlad , h oikogèneia (Fi)i∈I èqei thn idiìthta peperasmènwn tom¸n. Apì thn upìjesh,⋂
i∈I Fi 6= ∅, �ra ⋃

i∈I

Gi = X \
⋂
i∈I

Fi 6= X,

to opoÐo eÐnai �topo. 2

Orismìc 6.3.4 (arijmìc Lebesgue). 'Estw (X, ρ) metrikìc q¸roc. Lème ìti èna anoik-
tì k�lumma (Vi)i∈I tou X èqei arijmì Lebesgue, an up�rqei δ > 0 me thn akìloujh
idiìthta:

Gia k�je E ⊆ X me diam(E) < δ up�rqei i ∈ I ¸ste E ⊆ Vi.

K�je arijmìc δ pou ikanopoieÐ to parap�nw lègetai arijmìc Lebesgue tou kalÔmmatoc.
Lème epÐshc ìti o X eÐnai q¸roc Lebesgue an k�je anoiktì k�lumma (Vi)i∈I tou X èqei
arijmì Lebesgue.

Gia par�deigma, o metrikìc q¸roc (Z, d) me d(n, m) = |n−m| eÐnai q¸roc Lebesgue.
Pr�gmati, èstw (Vi)i∈I anoiktì k�lumma tou Z. Tìte, gia δ = 1 èqoume: an E ⊆ Z kai
Z 6= ∅ me diam(E) < 1 èpetai ìti up�rqei n ∈ Z ¸ste E = {n}. 'Omwc, up�rqei in ∈ I
¸ste n ∈ Vin

, dhlad  E ⊆ Vin
. Parìmoia, an (X, δ) eÐnai ènac diakritìc q¸roc, tìte

autìc eÐnai q¸roc Lebesgue.
O (R, | · |) den eÐnai q¸roc Lebesgue. An jewr soume th sun�rthsh r : R → (0,∞) me

x 7→ rx := 1
1+|x| kai to anoiktì k�lumma

Ux = B(x, rx) = (x− rx, x + rx), x ∈ R

tìte gia k�je δ > 0 up�rqei Eδ ⊆ R me diam(Eδ) < δ ¸ste gia k�je x ∈ R na isqÔei
Eδ * Ux. Pr�gmati, an mac d¸soun δ > 0, tìte up�rqei x0 > 0 ¸ste rx0 < δ/4.
JewroÔme y0 > x0 + 1. Jètoume Eδ = [y0, y0 + δ/2]. Tìte, gia k�je x ∈ R isqÔei
Eδ * Ux. Pr�gmati, an up rqe x ∈ R ¸ste Eδ ⊆ Ux, tìte

x− rx < y0 < y0 + δ/2 < x + rx

Apì thn teleutaÐa èpetai ìti rx > δ/4, �ra x < x0 (efìson rx0 < δ/4). 'Etsi, y0 <
x + rx < x0 + 1, �topo.

Je¸rhma 6.3.5 (Lebesgue). 'Estw (X, ρ) sumpag c metrikìc q¸roc. K�je anoiktì
k�lumma tou X èqei arijmì Lebesgue. Dhlad , k�je sumpag c metrikìc q¸roc eÐnai
q¸roc Lebesgue.

Apìdeixh. 'Estw (Ui)i∈I anoiktì k�lumma tou X. Tìte, gia k�je x ∈ X up�rqoun εx > 0
kai ix ∈ I ¸ste B(x, εx) ⊆ Uix . H oikogèneia {B(x, εx/2)}x∈X eÐnai anoiktì k�lumma tou
X. AfoÔ o X eÐnai sumpag c, up�rqoun x1, x2, . . . , xk ∈ X ¸ste X =

⋃k
j=1 B(xj , εxj /2).

Jètoume
δ :=

1
2

min{εxj
: j = 1, 2, . . . , k} > 0
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Ja deÐxoume ìti gia k�je A ⊆ X me diam(A) < δ, up�rqei i ∈ I ¸ste A ⊆ Ui. 'Estw
A ⊆ X mh kenì, me diam(A) < δ. An a ∈ A tìte up�rqei xj ∈ X ¸ste a ∈ B(xj , εxj

/2).
Tìte, A ⊆ Uixj

. Pr�gmati, an z ∈ A tìte isqÔei

ρ(z, xj) ≤ ρ(z, a) + ρ(a, xj) < δ + εxj /2 ≤ εxj

dhlad , z ∈ B(xj , εxj
) ⊆ Uixj

. 2

To epìmeno je¸rhma exasfalÐzei, se k�poiec peript¸seic, th sump�geia gia ton q¸ro
ginìmeno sumpag¸n metrik¸n q¸rwn.

Je¸rhma 6.3.6. (a) 'Estw (Xi, di)m
i=1 sumpageÐc metrikoÐ q¸roi. An X =

∏m
i=1 Xi eÐnai

o q¸roc ginìmeno twn Xi kai d eÐnai opoiad pote metrik  ginìmeno sto X, tìte o (X, d)
eÐnai sumpag c.

(b) 'Estw (Xn, dn), n = 1, 2, . . . akoloujÐa sumpag¸n metrik¸n q¸rwn me dn(x(n), y(n)) ≤
1 gia k�je x(n), y(n) ∈ Xn, n = 1, 2, . . .. Tìte, o q¸roc ginìmeno

∏∞
n=1 Xn me metrik 

thn d(x, y) =
∑∞

n=1 2−ndn(x(n), y(n)) eÐnai sumpag c.

Apìdeixh. (a) Ja deÐxoume ìti o (X, d) eÐnai akoloujiak� sumpag c. H apìdeixh eÐnai
ìmoia me aut n tou jewr matoc 2.1.13. 'Estw xn = (xn(1), . . . , xn(m)) akoloujÐa ston
(X, d). AfoÔ o X1 eÐnai sumpag c, h akoloujÐa (xn(1)) èqei sugklÐnousa upakoloujÐa
(xkn

(1)):
xkn

(1) → x(1) ∈ X1.

AfoÔ o X2 eÐnai sumpag c, h (xkn(2)) èqei sugklÐnousa upakoloujÐa (xkλn
(2)):

xkλn
(2) → x(2) ∈ X2.

Parathr ste ìti
xkλn

(1) → x(1),

diìti h xkn
(1) → x(1) kai h (xkλn

(1)) eÐnai upakoloujÐa thc xkn
(1). 'Ara, h upakoloujÐa

(xkλn
) èqei sugklÐnousa pr¸th kai deÔterh suntetagmènh. SuneqÐzontac me parìmoio

trìpo mèqri thn m-ost  suntetagmènh kai paÐrnontac m diadoqikèc upakoloujÐec thc
(xn) brÐskoume upakoloujÐa thc h opoÐa èqei k�je suntetagmènh thc sugklÐnousa. H d
eÐnai metrik  ginìmeno sto X, �ra h (xn) èqei sugklÐnousa upakoloujÐa. 2

(b) Af netai gia tic ask seic. 2

Pìrisma 6.3.7. O kÔboc tou Hilbert H∞ eÐnai sumpag c metrikìc q¸roc.

Sto kef�laio 2 (je¸rhma 2.1.13) eÐdame ìti k�je fragmènh akoloujÐa ston Rm (me thn
EukleÐdeia metrik ) èqei sugklÐnousa upakoloujÐa. Apì autì to apotèlesma prokÔptei
o ex c qarakthrismìc twn sumpag¸n uposunìlwn tou Rm.

Je¸rhma 6.3.8. JewroÔme ton Rm, m ≥ 1, me thn EukleÐdeia metrik . 'Ena uposÔnolo
K tou Rm eÐnai sumpagèc an kai mìno an eÐnai kleistì kai fragmèno.
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Apìdeixh. H mÐa kateÔjunsh isqÔei genik�: se k�je metrikì q¸ro, k�je sumpagèc sÔnolo
eÐnai kleistì kai fragmèno. Gia thn antÐstrofh kateÔjunsh, èstw K kleistì kai fragmèno
uposÔnolo tou Rm. Ja deÐxoume ìti to K eÐnai akoloujiak� sumpagèc. 'Estw (xn)
akoloujÐa sto K. AfoÔ to K eÐnai fragmèno, h akoloujÐa (xn) eÐnai fragmènh. Apì to
je¸rhma 2.1.13, up�rqei upakoloujÐa (xkn

) thc (xn) h opoÐa sugklÐnei se k�poio x ∈ Rm.
'Omwc, to K eÐnai kleistì kai h (xkn

) perièqetai sto K. 'Ara, x = lim
n→∞

xkn
∈ K.

AfoÔ k�je akoloujÐa sto K èqei upakoloujÐa pou sugklÐnei se shmeÐo tou K, to K
eÐnai sumpagèc. 2

ShmeÐwsh. Eidikìtera, k�je kleistì di�sthma [a, b] eÐnai sumpagèc uposÔnolo tou R.
'Omoia, k�je orjog¸nio Rm = [a1, b1] × · · · × [am, bm] kai k�je kleist  mp�la B̂ρ2(x, ε)
eÐnai sumpagèc uposÔnolo tou EukleÐdeiou q¸rou (Rm, ρ2).

Sto genikìtero plaÐsio twn pl rwn metrik¸n q¸rwn den isqÔei ìti k�je kleistì kai
fragmèno sÔnolo eÐnai sumpagèc: sto par�deigma 6.1.4(g) eÐdame ìti, ston (`∞, ‖ · ‖∞),
h sfaÐra S`∞ , �ra kai h kleist  mp�la B̂(0, 1), den eÐnai sumpagèc sÔnolo.

6.4 SuneqeÐc sunart seic se sumpag  sÔnola

Se aut  thn par�grafo deÐqnoume ìti ta perissìtera apotelèsmata pou isqÔoun gia
suneqeÐc sunart seic f : [a, b] → R exakoloujoÔn na isqÔoun gia suneqeÐc sunart seic
pou orÐzontai se ènan sumpag  metrikì q¸ro.

Je¸rhma 6.4.1. 'Estw (X, ρ) sumpag c metrikìc q¸roc, (Y, σ) metrikìc q¸roc kai
f : X → Y suneq c sun�rthsh. Tìte, h f eÐnai omoiìmorfa suneq c.

Apìdeixh. Ja d¸soume dÔo apodeÐxeic. H pr¸th basÐzetai sto gegonìc ìti k�je sumpag -
c metrikìc q¸roc eÐnai q¸roc Lebesgue, en¸ h deÔterh basÐzetai sthn akoloujiak 
sump�geia.
Pr¸th apìdeixh. 'Estw ε > 0. AfoÔ h f eÐnai suneq c, gia k�je x ∈ X up�rqei
δx = δx(ε) > 0 ¸ste f(B(x, δx)) ⊆ B(f(x), ε/2). H oikogèneia {B(x, δx) : x ∈ X}
apoteleÐ anoiktì k�lumma tou X, �ra up�rqei arijmìc Lebesgue δ > 0 ¸ste: an A ⊆
X me diam(A) < δ tìte up�rqei x ∈ X ¸ste A ⊆ B(x, δx). 'Estw z1, z2 ∈ X me
ρ(z1, z2) < δ. Tìte, to A = {z1, z2} èqei di�metro ρ(z1, z2) < δ, opìte up�rqei x ∈ X
¸ste A ⊆ B(x, δx). 'Etsi, apì th sunèqeia thc f sto x kai thn trigwnik  anisìthta
paÐrnoume

σ(f(z1), f(z2)) ≤ σ(f(z1), f(x)) + σ(f(z2), f(x)) <
ε

2
+

ε

2
= ε.

Sunep¸c, h f eÐnai omoiìmorfa suneq c. 2

DeÔterh apìdeixh. Upojètoume ìti h f den eÐnai omoiìmorfa suneq c. Tìte, mporoÔme na
broÔme ε > 0 kai akoloujÐec (xn), (yn) ston X ¸ste ρ(xn, yn) → 0 all� σ(f(xn), f(yn)) ≥
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ε gia k�je n ∈ N. Apì thn (akoloujiak ) sump�geia tou X mporoÔme na broÔme up-
akoloujÐa (xkn

) thc (xn) kai x ∈ X ¸ste xkn
→ x. Tìte, apì thn

ρ(ykn , x) ≤ ρ(ykn , xkn) + ρ(xkn , x) → 0 + 0 = 0

blèpoume ìti ykn → x. Apì th sunèqeia thc f sto x sumperaÐnoume ìti f(xkn) → f(x)
kai f(ykn

) → f(x). Tìte, σ(f(xkn
), f(ykn

)) → 0, to opoÐo eÐnai �topo (jumhjeÐte ìti
σ(f(xkn

), f(ykn
)) ≥ ε gia k�je n ∈ N). 2

Je¸rhma 6.4.2. 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi kai f : X → Y suneq c sun�rthsh.
Tìte, h f apeikonÐzei sumpag  uposÔnola tou X se sumpag  uposÔnola tou Y .

Apìdeixh. 'Estw K ⊆ X sumpagèc. Ja deÐxoume ìti to f(K) eÐnai sumpagèc ston Y .
An (Vi)i∈I eÐnai anoiktì k�lumma tou f(K), tìte to {f−1(Vi) : i ∈ I} eÐnai anoiktì
k�lumma tou K. 'Ara, up�rqoun i1, . . . , im ∈ I ¸ste K ⊆

⋃m
j=1 f−1(Vij

). Tìte, f(K) ⊆⋃m
j=1 Vij

. 2

Pìrisma 6.4.3. 'Estw (X, ρ) sumpag c metrikìc q¸roc, (Y, σ) metrikìc q¸roc kai f :
X → Y suneq c sun�rthsh. Tìte, to f(X) eÐnai sumpagèc uposÔnolo tou Y .

Je¸rhma 6.4.4. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → R suneq c
sun�rthsh. Tìte, h f paÐrnei mègisth kai el�qisth tim .

Apìdeixh. Apì to pìrisma 6.4.3 èqoume ìti to f(X) eÐnai sumpagèc uposÔnolo tou R, �ra
kleistì kai fragmèno. Tìte, up�rqoun ta min f(X) kai max f(X) (exhg ste giatÐ). 2

Mia �llh qr simh sunèpeia tou jewr matoc 6.4.2 eÐnai h ex c:

Prìtash 6.4.5. 'Estw f : (X, ρ) → (Y, σ) suneq c, 1 − 1 kai epÐ sun�rthsh. An o
(X, ρ) eÐnai sumpag c, tìte h g = f−1 : (Y, σ) → (X, ρ) eÐnai epÐshc suneq c. Dhlad , h
f eÐnai omoiomorfismìc.

Apìdeixh. 'Estw F kleistì uposÔnolo tou X. Apì to je¸rhma 6.4.2, to B = f(F ) eÐnai
sumpagèc, �ra kleistì, uposÔnolo tou Y . AfoÔ to g−1(F ) = f(F ) = B eÐnai kleistì
ston Y kai to F  tan tuqìn, èqoume ìti ta kleist� uposÔnola tou X antistrèfontai se
kleist� uposÔnola tou Y mèsw thc g, �ra h g eÐnai suneq c. 2

ShmeÐwsh. H upìjesh ìti o (X, ρ) eÐnai sumpag c den mporeÐ na paraleifjeÐ. Gia
par�deigma, jewr ste th sun�rthsh f : [0, 1) ∪ [2, 3] → [0, 2] me f(x) = x an 0 ≤ x < 1
kai f(x) = x − 1 an 2 ≤ x ≤ 3. Parathr ste ìti h f eÐnai suneq c, 1-1 kai epÐ, ìmwc h
f−1 den eÐnai suneq c (h f−1 eÐnai asuneq c sto shmeÐo y = 1).

6.5 To sÔnolo tou Cantor

1. Kataskeu . JewroÔme to di�sthma C0 = [0, 1] kai to qwrÐzoume se trÐa Ðsa diast -
mata. AfairoÔme to anoiktì mesaÐo di�sthma

(
1/3, 2/3

)
. Onom�zoume C1 to sÔnolo pou
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apomènei, dhlad 
C1 =

[
0, 1/3

]
∪
[
2/3, 1

]
.

To C1 eÐnai profan¸c kleistì sÔnolo. QwrÐzoume kajèna apì ta diast mata
[
0, 1/3

]
kai[

2/3, 1
]
se trÐa Ðsa diast mata kai afairoÔme, apì kajèna, to mesaÐo anoiktì di�sthma.

Onom�zoume C2 to kleistì sÔnolo pou apomènei, dhlad 

C2 =
[
0, 1/9

]
∪
[
2/9, 1/3

]
∪
[
2/3, 7/9

]
∪
[
8/9, 1

]
.

SuneqÐzontac me autì ton trìpo, kataskeu�zoume gia k�je n = 1, 2, . . . èna kleistì
sÔnolo Cn ètsi ¸ste h akoloujÐa (Cn) na èqei tic ex c idiìthtec:

(i) C1 ⊃ C2 ⊃ C3 ⊃ · · ·.

(ii) To Cn eÐnai h ènwsh 2n kleist¸n xènwn diasthm�twn, kajèna apì ta opoÐa èqei
m koc 1/3n.

To sÔnolo tou Cantor eÐnai to sÔnolo

C =
∞⋂

n=1

Cn.

Ta diast mata thc morf c
[
k/3n, (k + 1)/3n

]
, n ∈ N, k = 0, 1, . . . , 3n − 1, onom�zontai

triadik� diast mata.
2. Idiìthtec. To C eÐnai sÐgoura mh kenì, afoÔ perièqei ta �kra ìlwn twn triadik¸n
diasthm�twn pou apartÐzoun k�je Cn (ìpwc ja doÔme parak�tw perièqei kai poll� �lla
shmeÐa). EpÐshc to C eÐnai kleistì, afoÔ h tom  kleist¸n sunìlwn eÐnai kleistì sÔnolo.
Epiplèon, to C èqei tic ex c idiìthtec:
(1) To C eÐnai tèleio sÔnolo, dhlad  eÐnai kleistì kai k�je shmeÐo tou C eÐnai shmeÐo
suss¸reushc tou C.

EÐdame ìti to C eÐnai kleistì. Gia na deÐxoume ìti k�je x ∈ C eÐnai shmeÐo suss¸reush-
c tou C, parathroÔme ìti gia to tuqìn x ∈ C up�rqei monadik  akoloujÐa kleist¸n tri-
adik¸n diasthm�twn In(x), n = 1, 2, . . ., me x ∈ In(x), In(x) ⊂ Cn kai m koc `(In(x)) =
1
3n . Oi akoloujÐec (αn(x)) kai (δn(x)) twn arister¸n kai dexi¸n �krwn twn In(x) antÐs-
toiqa perièqontai sto C, kajemÐa apì autèc sugklÐnei sto x, kai h mÐa toul�qiston apì
tic dÔo den eÐnai telik� stajer . 'Ara, to x eÐnai shmeÐo suss¸reushc tou C. 2

(2) To C den perièqei kanèna di�sthma. Ac upojèsoume ìti, gia k�poia a < b èqoume
[a, b] ⊆ C. Gia k�je n ∈ N èqoume C ⊂ Cn, �ra [a, b] ⊆ Cn. AfoÔ to Cn eÐnai ènwsh
2n xènwn an� dÔo kleist¸n diasthm�twn m kouc 1/3n, to [a, b] prèpei na perièqetai se
k�poio apì aut�, kai sunep¸c, prèpei na isqÔei h anisìthta b − a ≤ 1/3n. Autì odhgeÐ
se antÐfash, afoÔ b− a > 0 kai 1/3n → 0. 2

(3) To C eÐnai uperarijm simo. Stic ask seic tou kefalaÐou 3 eÐdame ìti k�je mh kenì
tèleio uposÔnolo tou R eÐnai uperarijm simo. AfoÔ deÐxame ìti to C eÐnai tèleio, èpetai
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o isqurismìc. Ja d¸soume ìmwc mia deÔterh apìdeixh, h opoÐa mac dÐnei thn aform  na
doÔme mia diaforetik  perigraf  tou sunìlou C: mporoÔme na orÐsoume mia èna proc èna
kai epÐ apeikìnish Φ tou C sto sÔnolo

{0, 2}N =
{
(αn)∞n=1 | gia k�je n, αn = 0   αn = 2

}
.

To {0, 2}N eÐnai uperarijm simo (jumhjeÐte to diag¸nio epiqeÐrhma tou Cantor). 'Ara, to
C eÐnai uperarijm simo. H apeikìnish Φ orÐzetai wc ex c:

Gia k�je x ∈ C up�rqei monadik  akoloujÐa kleist¸n diasthm�twn In(x), n = 1, 2, . . .,
tètoia ¸ste: I1(x) ⊃ I2(x) ⊃ · · ·, kai gia k�je n, x ∈ In(x) kai to In(x) eÐnai èna apì ta
triadik� diast mata m kouc 1

3n pou apartÐzoun to Cn.
Me b�sh aut n thn akoloujÐa diasthm�twn orÐzoume mia akoloujÐa (αx

n)∞n=1 ∈ {0, 2}N

wc ex c:
(a) n = 1: Jètoume αx

1 = 0 an I1(x) =
[
0, 1/3

]
(dhlad , an x ∈

[
0, 1/3

]
) kai αx

1 = 2 an
I1(x) =

[
2/3, 1

]
(dhlad , an x ∈

[
2/3, 1

]
).

(b) Epagwgikì b ma: Gia k�je n, an In(x) =
[
k/3n, (k +1)/3n

]
tìte to In+1(x) eÐnai èna

apì ta dÔo diast mata
[
k/3n, (k/3n)+(1/3n+1)

]
, [(k/3n)+(2/3n+1), (k +1)/3n

]
: ekeÐno

pou perièqei to x. Jètoume αx
n+1 = 0 an In+1(x) eÐnai to pr¸to di�sthma, kai αx

n+1 = 2
an In+1(x) eÐnai to deÔtero di�sthma.

ParathroÔme ìti an x 6= y, tìte gia k�poio n ja isqÔei In(x) 6= In(y), alli¸c ja
èprepe na èqoume |x − y| ≤ 1

3n gia k�je n ∈ N. An n0 eÐnai o pr¸toc fusikìc gia ton
opoÐo In0(x) 6= In0(y), tìte apì ton orismì twn αx

n blèpoume ìti αx
n0
6= αy

n0
, �ra oi dÔo

akoloujÐec (αx
n)∞n=1 kai (αy

n)∞n=1 eÐnai diaforetikèc. Autì apodeiknÔei ìti h apeikìnish
Φ : C → {0, 2}N me Φ(x) = (αx

n)∞n=1 eÐnai èna proc èna.
Gia to epÐ, an (αn)∞n=1 eÐnai mia akoloujÐa apì 0   2, h akoloujÐa aut  orÐzei monadik 

akoloujÐa triadik¸n diasthm�twn (In)∞n=1 me I1 ⊃ I2 ⊃ · · ·, kai tètoia ¸ste gia k�je n
to In na eÐnai èna apì ta triadik� diast mata m kouc 1

3n pou apartÐzoun to Cn:
(a) n = 1: Jètoume I1 =

[
0, 1/3

]
an α1 = 0   I1 =

[
2/3, 1

]
an α1 = 2.

(b) Genik�, to In+1 eÐnai èna apì ta dÔo triadik� upodiast mata m kouc 1
3n+1 tou In pou

perièqontai sto Cn+1: to aristerì an αn+1 = 0,   to dexiì an αn+1 = 2.
AfoÔ ta m kh twn diasthm�twn In fjÐnoun sto 0, h tom  touc eÐnai monosÔnolo: èstw

{x} =
∞⋂

n=1

In.

(JumhjeÐte ìti h tom  eÐnai mh ken  lìgw tou jewr matoc twn kibwtismènwn diasthm�twn).
AfoÔ In ⊂ Cn gia k�je n, eÐnai fanerì ìti x ∈ C. EpÐshc, In(x) = In gia k�je n, kai
apì ton trìpo orismoÔ twn In èqoume

(αn)∞n=1 = (αx
n)∞n=1 = Φ(x).

Autì apodeiknÔei ìti h Φ eÐnai epÐ tou {0, 2}N, �ra to C eÐnai uperarijm simo.
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O trìpoc orismoÔ thc Φ mac odhgeÐ se mia �llh perigraf  tou sunìlou tou Cantor.
3. Triadik  par�stash arijmoÔ. An (an)∞n=1 eÐnai mÐa akoloujÐa me an ∈ {0, 1, 2} gia
k�je n ∈ N, tìte h seir�

∑∞
n=1

an

3n sugklÐnei se ènan arijmì x ∈ [0, 1]. An x =
∑∞

n=1
an

3n

me an ∈ {0, 1, 2} gia k�je n, h seir�
∑∞

n=1
an

3n (  h akoloujÐa (an)∞n=1) lègetai triadik 
par�stash tou x. Gr�foume x = (a1, a2, . . .) antÐ thc x =

∑∞
n=1

an

3n .
K�je arijmìc x sto di�sthma [0, 1] èqei mÐa triadik  par�stash. H akoloujÐa (an)∞n=1

mporeÐ na epilegeÐ wc ex c: QwrÐzoume to [0, 1] sta trÐa upodiast mata [0, 1/3], (1/3, 2/3)
kai [2/3, 1]. Jètoume

a1 =


0 , x ∈ [0, 1/3]

1 , x ∈ (1/3, 2/3)

2 , x ∈ [2/3, 1].

Me autìn ton orismì, se k�je perÐptwsh èqoume

a1

3
≤ x ≤ a1

3
+

1
3
.

Ac upojèsoume ìti x ∈ [0, 1/3]. QwrÐzoume autì to di�sthma sta trÐa upodiast mata
[0, 1/9], (1/9, 2/9), [2/9, 1/3] kai jètoume a2 = 0, 1   2 antÐstoiqa an to x an kei sto
aristerì, sto mesaÐo   sto dexiì apì aut� ta diast mata. An�loga orÐzetai to a2 ìtan
x ∈ (1/3, 2/3)   x ∈ [2/3, 1], ètsi ¸ste se k�je perÐptwsh na èqoume

a1

3
+

a2

32
≤ x ≤ a1

3
+

a2

32
+

1
32

.

SuneqÐzoume thn epilog  twn an me autìn ton trìpo ètsi ¸ste gia k�je n na èqoume
n∑

k=1

ak

3k
≤ x ≤

n∑
k=1

ak

3k
+

1
3n

.

AfoÔ loipìn

0 ≤ x−
n∑

k=1

ak

3k
≤ 1

3n
,

èpetai ìti h seir�
∑∞

k=1
ak

3k sugklÐnei ston x, dhlad 

x =
∞∑

k=1

ak

3k
.

ParadeÐgmata. Elègxte ìti 1/8 = (0, 1, 0, 1, 0, 1, . . .) kai 1/4 = (2, 0, 2, 0, 2, 0, . . .).
EÐnai fanerì ìti an x 6= y tìte h triadik  par�stash tou x eÐnai diaforetik  apì aut n

tou y, afoÔ mia seir� den mporeÐ na sugklÐnei se dÔo diaforetik� ìria. Up�rqoun ìmwc
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arijmoÐ x ∈ [0, 1] pou èqoun dÔo diaforetikèc triadikèc parast�seic. Gia par�deigma, an
x = 1/3 tìte

1
3

=
1
3

+
∞∑

k=2

0
3k

kai 1
3

=
∞∑

k=2

2
3k

.

(Me ton trìpo epilog c thc (an)∞n=1 pou parousi�same parap�nw, ja brÐskame th deÔterh
par�stash).

Genikìtera, isqÔei to ex c: O x ∈ [0, 1] èqei dÔo diaforetikèc triadikèc parast�seic
an kai mìno an o x eÐnai triadikìc rhtìc: dhlad  an x = k/3n gia k�poion n ∈ N kai
k�poion 1 ≤ k ≤ 3n (�skhsh).

To Je¸rhma pou akoloujeÐ dÐnei ènan �llo trìpo perigraf c tou sunìlou tou Cantor.

Je¸rhma 6.5.1. 'Estw x ∈ [0, 1]. Tìte, x ∈ C an kai mìno an o x èqei mÐa triadik 
par�stash h opoÐa perièqei mìno ta yhfÐa 0 kai 2. 2

Apìdeixh. 'Estw x ∈ [0, 1]. An h akoloujÐa (an) epilegeÐ me ton trìpo pou parousi�same
parap�nw, tìte isqÔei to ex c: x ∈ C an kai mìno an an 6= 1 gia k�je n. Autì apodeiknÔei
ìti an x ∈ C tìte o x èqei mÐa triadik  par�stash pou perièqei mìno ta yhfÐa 0 kai 2. H
olokl rwsh thc apìdeixhc af netai san �skhsh. 2

6.6 Ask seic

1. 'Ena uposÔnolo K tou X lègetai sumpagèc, an eÐnai sumpag c metrikìc q¸roc me
th sqetik  metrik . DeÐxte ìti autì eÐnai isodÔnamo me to ex c: gia k�je k�je anoiktì
k�lumma (Vi)i∈I tou K up�rqoun i1, . . . , im ∈ I ¸ste K ⊆

⋃m
j=1 Vij

.

2. 'Estw a < b sto R. Qrhsimopoi¸ntac mìno ton orismì tou sumpagoÔc metrikoÔ
q¸rou deÐxte ìti to [a, b] eÐnai sumpagèc uposÔnolo tou R me th sun jh metrik , en¸
ta diast mata (a, b), [a, b) kai [a,∞) den eÐnai sumpag  uposÔnola tou R me th sun jh
metrik .

3. An A,B eÐnai sumpag  uposÔnola enìc metrikoÔ q¸rou (X, ρ), apodeÐxte ìti to A∪B
eÐnai sumpagèc.

4. 'Estw (X, ρ) metrikìc q¸roc kai E,F uposÔnola tou X ¸ste to E na eÐnai sumpagèc,
to F kleistì kai E ∩ F = ∅. ApodeÐxte ìti dist(E,F ) > 0.

DeÐxte epÐshc ìti up�rqoun A,B kleist�, xèna uposÔnola tou R2 ¸ste dist(A,B) = 0.

5. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti:
(a) An x ∈ X kai A sumpagèc uposÔnolo tou X, tìte up�rqei y ∈ A ¸ste dist(x, A) =
ρ(x, y).



6.6 Ask seis · 123

(b) An A,B eÐnai sumpag  uposÔnola tou X tìte, up�rqoun x ∈ A, y ∈ B ¸ste
dist(A,B) = ρ(x, y).

6. 'Estw (X, ρ) metrikìc q¸roc.
(a) Upojètoume ìti up�rqei ε > 0 ¸ste gia k�je x ∈ X to sÔnolo B(x, ε) na eÐnai
sumpagèc. DeÐxte ìti o X eÐnai pl rhc metrikìc q¸roc.
(b) An gia k�je x ∈ X up�rqei ε > 0 ¸ste to sÔnolo B(x, ε) na eÐnai sumpagèc, tìte
eÐnai o X kat� an�gkhn pl rhc?

7. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → Y . DeÐxte ìti ta akìlouja eÐnai
isodÔnama:
(a) H f eÐnai suneq c.
(b) H sun�rthsh gr�fhma Gf : X → X × Y me Gf (x) = (x, f(x)) eÐnai suneq c.
(g) To gr�fhma Gr(f) = {(x, f(x)) : x ∈ X} eÐnai sumpagèc ston X × Y .
EÐnai anagkaÐa upìjesh o metrikìc q¸roc X na eÐnai sumpag c?

8. 'Estw (X, ρ) metrikìc q¸roc kai F ⊆ X. ApodeÐxte ìti to F eÐnai kleistì an kai
mìnon an gia k�je sumpagèc uposÔnolo K tou X to F ∩K eÐnai kleistì.

9. 'Estw (X, ρ) sumpag c metrikìc q¸roc. ApodeÐxte ìti:
(a) K�je isometrÐa f : X → X eÐnai epÐ.
(b) An (Y, σ) eÐnai metrikìc q¸roc ¸ste na up�rqoun isometrÐec g : X → Y kai h : Y → X,
tìte kai o Y eÐnai sumpag c.

10. GnwrÐzoume ìti k�je sumpagèc uposÔnolo K enìc metrikoÔ q¸rou (X, ρ) eÐnai frag-
mèno. ApodeÐxte ìti up�rqoun x, y ∈ K ¸ste ρ(x, y) = diam(K).

11. 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi me ton Y sumpag  kai f : X → Y sun�rthsh.
DeÐxte ìti ta akìlouja eÐnai isodÔnama:
(a) H f eÐnai suneq c.
(b) To gr�fhma Gr(f) thc f eÐnai kleistì ston (X × Y, ρ1).

12. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai (Fn) fjÐnousa akoloujÐa kleist¸n upo-
sunìlwn tou X. DeÐxte ìti:
(a) An G eÐnai anoiktì uposÔnolo tou X ¸ste

⋂∞
n=1 Fn ⊆ G, tìte up�rqei n0 ∈ N me

Fn0 ⊆ G.
(b) An

⋂∞
n=1 Fn = ∅, tìte up�rqei m0 ∈ N ¸ste Fm0 = ∅.

(g) An
⋂∞

n=1 Fn eÐnai monosÔnolo, tìte diam(Fn) → 0.
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13. 'Estw f : (X, d) → (Y, ρ) suneq c kai K1 ⊇ K2 ⊇ . . . akoloujÐa sumpag¸n upo-
sunìlwn tou X. ApodeÐxte ìti

f

( ∞⋂
n=1

Kn

)
=

∞⋂
n=1

f(Kn).

14. 'Estw E ⊆ R mh sumpagèc. DeÐxte ìti up�rqei suneq c sun�rthsh f : E → R h
opoÐa:
(a) den eÐnai fragmènh.
(b) eÐnai fragmènh all� den paÐrnei mègisth tim .

15. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai sun�rthsh f : X → X ¸ste ρ(f(x), f(y)) <
ρ(x, y) gia k�je x, y ∈ X me x 6= y. ApodeÐxte ìti h f èqei akrib¸c èna stajerì shmeÐo.

16. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:
(a) O X eÐnai sumpag c.
(b) K�je fjÐnousa akoloujÐa (Fn) mh ken¸n, kleist¸n uposunìlwn tou X èqei mh ken 
tom , dhlad 

⋂∞
n=1 Fn 6= ∅.

17. (a) 'Estw (X, ρ) pl rhc metrikìc q¸roc kai A ⊆ X. DeÐxte ìti to A eÐnai sumpagèc
an kai mìnon an eÐnai kleistì kai olik� fragmèno.
(b) 'Estw (X, ρ) olik� fragmènoc metrikìc q¸roc. DeÐxte ìti h pl rws  tou (X̃, ρ̃) eÐnai
sumpag c metrikìc q¸roc.

18. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti:
(a) An A1, . . . , Am eÐnai olik� fragmèna uposÔnola tou X tìte to A1 ∪ · · · ∪ Am eÐnai
epÐshc olik� fragmèno.
(b) An A eÐnai olik� fragmèno uposÔnolo tou X tìte to A eÐnai epÐshc olik� fragmèno.

19. (a) 'Estw f : (X, ρ) → (Y, σ) omoiìmorfa suneq c sun�rthsh. DeÐxte ìti h f
apeikonÐzei ta olik� fragmèna uposÔnola tou X se olik� fragmèna uposÔnola tou Y .
(b) DeÐxte ìti h idiìthta tou olik� fragmènou den diathreÐtai apì omoiomorfismoÔc. (Up-
ìdeixh: Ta R kai (0, 1) eÐnai omoiomorfik�.)

20. DeÐxte ìti o metrikìc q¸roc (X, d) eÐnai olik� fragmènoc an kai mìnon an o (X, ρ)
eÐnai olik� fragmènoc, ìpou ρ = d

1+d .

21. (a) 'Estw (X1, d1), . . . , (Xk, dk) peperasmènh oikogèneia olik� fragmènwn metrik¸n
q¸rwn. DeÐxte ìti o q¸roc (X, ρ1), ìpou X =

∏k
i=1 Xi kai ρ1 =

∑k
i=1 di eÐnai olik�

fragmènoc metrikìc q¸roc.
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(b) DeÐxte ìti èna uposÔnolo A tou Rk eÐnai olik� fragmèno an kai mìnon an eÐnai frag-
mèno.

22. 'Estw (X, ρ) metrikìc q¸roc kai (xn) basik  akoloujÐa ston X. DeÐxte ìti to
sÔnolo A = {xn : n ∈ N} eÐnai olik� fragmèno.

23. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti ta akìlouja eÐnai isodÔnama:
(a) K�je kleistì kai fragmèno uposÔnolo tou X eÐnai sumpagèc.
(b) O X eÐnai pl rhc kai k�je fragmèno uposÔnolo tou X eÐnai olik� fragmèno.

24. (a) 'Estw {(Xn, ρn)} akoloujÐa metrik¸n q¸rwn me ρn(x, y) ≤ 1 gia k�je x, y ∈ Xn

kai n = 1, 2, . . .. DeÐxte ìti o q¸roc ginìmeno (
∏∞

n=1 X,
∑∞

n=1
1
2n ρn) eÐnai sumpag c.

(b) DeÐxte ìti kÔboc tou Hilbert H∞ eÐnai sumpag c metrikìc q¸roc.

Sumplhrwmatikèc ask seic
25. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai (Gi)n

i=1 anoiktì k�lumma tou X. Jètoume
f : X → R me f(x) = max{dist(x,X \Gi) : i = 1, . . . , n} gia x ∈ X. ApodeÐxte ìti
(a) Gia k�je x ∈ X isqÔei f(x) > 0.
(b) H f eÐnai suneq c.
(g) Qrhsimopoi¸ntac ta (a) kai (b) apodeÐxte to l mma tou Lebesgue.

26. (a) 'Estw A ⊆ R ¸ste k�je suneq c sun�rthsh f : A → R na eÐnai omoiìmorfa
suneq c. DeÐxte ìti to A eÐnai kleistì uposÔnolo tou R. EÐnai kat� an�gkhn fragmèno?
(b) 'Estw A ⊆ R fragmèno kai ìqi kleistì. DeÐxte ìti up�rqei g : A → R Lipschitz kai
fragmènh, h opoÐa den paÐrnei mègisth tim .
(g) 'Estw K ⊆ R kleistì kai fragmèno. DeÐxte ìti k�je suneq c sun�rthsh f : K → R
eÐnai omoiìmorfa suneq c.
(d) 'Estw f : R → R omoiìmorfa suneq c kai A ⊆ R fragmèno. DeÐxte ìti to f(A) eÐnai
epÐshc fragmèno.

27. (a) DeÐxte ìti h sun�rthsh R : [0, 2π) → S1, me R(t) = (cos t, sin t), ìpou S1 = {x ∈
R2 : ‖x‖2 = 1} o monadiaÐoc kÔkloc eÐnai suneq c, 1-1 kai epÐ. EÐnai oi q¸roi [0, 2π) kai
S1 omoiomorfikoÐ?
(b) Exet�ste an oi q¸roi ([0, 2π], | · |) kai (S1, ‖ · ‖2) eÐnai omoiomorfikoÐ.

28. (a) 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → X sun�rthsh me thn idiìthta

ρ(f(x), f(y)) ≥ ρ(x, y)

gia k�je x, y ∈ X. DeÐxte ìti h f eÐnai isometrÐa kai epÐ.
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(b) 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → X 1-1, epÐ ¸ste

ρ(f(x), f(y)) ≤ ρ(x, y)

gia k�je x, y ∈ X. DeÐxte ìti h f eÐnai isometrÐa.

29. (a) 'Estw (En) akoloujÐa xènwn an� duo diasthm�twn tou [0, 1]. DeÐxte ìti diam(En) →
0 kaj¸c n →∞.
(b) 'Estw δ > 0. BreÐte akoloujÐa (Fn) xènwn an� dÔo kleist¸n uposunìlwn tou [0, 1]
¸ste diam(Fn) ≥ 1 − δ gia n = 1, 2, . . .. Exhg ste pou ofeÐletai h diafor� twn apote-
lesm�twn (a) kai (b).
(g) DeÐxte ìti gia k�je ε > 0 up�rqei akoloujÐa xènwn an� dÔo kleist¸n uposunìlwn
(Fn) tou monadiaÐou dÐskou D = {(x, y) : x2 + y2 ≤ 1} ¸ste diam(Fn) ≥ 2 − ε gia
n = 1, 2, . . ..
(d) 'Estw K ⊆ Rd fragmèno kai (Bn) akoloujÐa apì xènec an� dÔo kleistèc mp�lec sto
K. DeÐxte ìti diam(Bn) → 0 kaj¸c n →∞.
(e) 'Estw (X, ρ) olik� fragmènoc metrikìc q¸roc kai Bn akoloujÐa apì xènec an� dÔo
mp�lec ston X. DeÐxte ìti lim

n→∞

(
diam(Bn)

)
= 0.

30. 'Estw (X, ρ) metrikìc q¸roc kai δ > 0. 'Ena uposÔnolo A tou X lègetai δ�
diaqwrismèno an gia k�je x, y ∈ A me x 6= y isqÔei ρ(x, y) ≥ δ.
(a) DeÐxte ìti an k�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno kai an to
A ⊆ X eÐnai δ�diaqwrismèno, tìte up�rqei B ⊆ X megistikì δ�diaqwrismèno ¸ste A ⊆ B.
(b) DeÐxte ìti an k�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno, tìte o (X, ρ)
eÐnai diaqwrÐsimoc.

31. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti ta akìlouja eÐnai isodÔnama:
(a) O X eÐnai olik� fragmènoc.
(b) Gia k�je δ > 0, k�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno.

32. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. To A lègetai sqetik� sumpagèc uposÔnolo
tou X an to A eÐnai eÐnai sumpagèc uposÔnolo tou X.
(a) ApodeÐxte ìti to A eÐnai sqetik� sumpagèc an kai mìnon an k�je akoloujÐa (an)
stoiqeÐwn tou A èqei upakoloujÐa pou sugklÐnei (ìqi kat� an�gkhn se stoiqeÐo tou A).
(b) 'Estw (Y, ρ) metrikìc q¸roc kai f : X → Y suneq c. DeÐxte ìti h f apeikonÐzei
sqetik� sumpag  uposÔnola tou X se sqetik� sumpag  uposÔnola tou Y .
(g) ApodeÐxte ìti k�je sqetik� sumpagèc uposÔnolo eÐnai olik� fragmèno. IsqÔei to
antÐstrofo?
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Kef�laio 7

AkoloujÐec kai seirèc

sunart sewn

7.1 AkoloujÐec sunart sewn: kat� shmeÐo sÔgklish

Orismìc 7.1.1. 'Estw X sÔnolo, (Y, ρ) metrikìc q¸roc kai fn, f : X → Y (n = 1, 2, . . .).
Lème ìti h akoloujÐa sunart sewn (fn) sugklÐnei kat� shmeÐo (pointwise) sth sun�rthsh
f an gia k�je x ∈ X isqÔei

f(x) = lim
n→∞

fn(x).

IsodÔnama, an gia k�je x ∈ X kai gia k�je ε > 0 up�rqei n0 = n0(x, ε) ∈ N ¸ste an
n ≥ n0 tìte ρ(fn(x), f(x)) < ε. Gr�foume tìte ìti fn

pw−→ f   fn → f kat� shmeÐo  
akìmh ìti fn(x) → f(x) gia k�je x ∈ X.

ParadeÐgmata 7.1.2. (a) 'Estw (X, d) metrikìc q¸roc kai (xn) akoloujÐa ston X
¸ste xn → x. OrÐzoume thn akoloujÐa sunart sewn fn : X → R me fn(t) = d(t, xn) kai
f : X → R me f(t) = d(t, x) gia t ∈ X. Tìte, fn → f kat� shmeÐo. Pr�gmati, gia k�je
t ∈ X èqoume

fn(t) = d(t, xn) → d(t, x) = f(t)

ìtan n →∞.
(b) 'Estw X 6= ∅ kai f : X → R. An jèsoume fn(x) = f(x) + 1

n gia k�je n ∈ N, tìte
fn : X → R kai fn → f kat� shmeÐo: gia k�je x ∈ X èqoume fn(x) = f(x) + 1

n → f(x).
(g) JewroÔme thn akoloujÐa twn sunart sewn fn : R → R me fn(x) = x

n . Tìte, fn(x) →
0 gia k�je x ∈ R. Dhlad  fn → 0 kat� shmeÐo.
(d) JewroÔme thn akoloujÐa twn sunart sewn fn : [0,∞) → R me fn(x) = n

x+n2 . Tìte,
fn → 0 kat� shmeÐo (exhg ste giatÐ).



130 · AkoloujÐes kai seirès sunart sewn

(e) JewroÔme thn akoloujÐa twn sunart sewn fn : [0, 1] → R me fn(x) = xn. ParathroÔme
ìti: an x = 1, tìte fn(1) = 1 → 1. An 0 ≤ x < 1, tìte fn(x) = xn → 0. 'Ara, fn → f
kat� shmeÐo, ìpou h f : [0, 1] → R orÐzetai apì thn

f(x) =
{

0, 0 ≤ x < 1
1, x = 1.

(st) JewroÔme thn akoloujÐa twn sunart sewn fn : [0, 1] 7→ R me tÔpo

fn(x) =
{

1
1+nx , 1

n ≤ x ≤ 1
nx
2 , 0 ≤ x ≤ 1

n .

Parathr ste ìti: an x = 0, tìte fn(0) = 0 → 0. An 0 < x ≤ 1 tìte up�rqei n0 ∈ N
¸ste n0 ≥ 1

x . Sunep¸c, gia k�je n ≥ n0 èqoume fn(x) = 1
1+nx . 'Epetai ìti

lim
n→∞

fn(x) = lim
n→∞

1
1 + nx

= 0.

'Ara, fn(x) → 0 gia k�je x ∈ [0, 1]. Dhlad  fn → 0 kat� shmeÐo.
(z) JewroÔme thn akoloujÐa twn sunart sewn fn : [0, 1] → R me

fn(x) =
{ 1

(n+1)x−1 , 1
n ≤ x ≤ 1

n2x, 0 ≤ x ≤ 1
n .

ParathroÔme ìti: an x = 0, tìte fn(0) = 0 → 0. An 0 < x ≤ 1, tìte an to n eÐnai arket�
meg�lo isqÔei 1

n ≤ x, �ra fn(x) = 1
(n+1)x−1 → 0. Dhlad  fn → 0 kat� shmeÐo.

Prìtash 7.1.3. 'Estw X sÔnolo, f, g : X → R kai (fn), (gn) akoloujÐec sunart sewn
apì to X sto R. An fn → f kat� shmeÐo kai gn → g kat� shmeÐo, tìte: (i) gia k�je
t, s ∈ R isqÔei tfn + sgn → tf + sg kat� shmeÐo, kai (ii) fngn → fg kat� shmeÐo.

Apìdeixh. 'Estw x ∈ X. Tìte,

(tfn + sgn)(x) = tfn(x) + sgn(x) → tf(x) + sg(x) = (tf + sg)(x)

kai
(fngn)(x) = fn(x)gn(x) → f(x)g(x) = (fg)(x),

apì tic antÐstoiqec idiìthtec twn orÐwn akolouji¸n pragmatik¸n arijm¸n. 2

'Opwc ja diapist¸soume, h kat� shmeÐo sÔgklish eÐnai asjen c: den sumperifèretai
p�ntote kal� se sqèsh me th sunèqeia, to olokl rwma, thn parag¸gish kai thn enallag 
orÐwn. Ta basik� erwt mata pou suzht�me parak�tw èqoun arnhtik  ap�nthsh:

Prìblhma 1: 'Estw (X, ρ) metrikìc q¸roc kai fn, f : X → R. An fn → f
kat� shmeÐo kai k�je fn eÐnai suneq c sun�rthsh, eÐnai swstì ìti h f eÐnai
suneq c?
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H ap�nthsh eÐnai arnhtik : èna par�deigma mac dÐnei h akoloujÐa sunart sewn fn :
[0, 1] → R me fn(x) = xn. EÐdame ìti fn → f kat� shmeÐo, ìpou h f : [0, 1] → R orÐzetai
apì thn

f(x) =
{

0, 0 ≤ x < 1
1, x = 1.

Parathr ste ìti h f eÐnai asuneq c sto shmeÐo x0 = 0. MporoÔme m�lista na d¸soume
par�deigma akoloujÐac suneq¸n sunart sewn h opoÐa sugklÐnei se sun�rthsh me �peira
to pl joc shmeÐa asunèqeiac: jewroÔme to sÔnolo A = {1/k : k = 1, 2, . . .} kai, gia k�je
n ∈ N, orÐzoume sun�rthsh fn : [0, 1] → R wc ex c: me kèntro kajèna apì ta shmeÐa
1/k, k = 1, . . . , n jewroÔme to di�sthma Ik,n = [ 1

k −
1

3n(n+1) ,
1
k + 1

3n(n+1) ] kai orÐzoume
thn fn na eÐnai {trigwnik } se k�je Ik,n ¸ste sto shmeÐo 1/k na paÐrnei thn tim  1 kai
fn(x) = 0 an x /∈

⋃n
k=1 Ik,n. Tìte, k�je fn eÐnai suneq c kai sugklÐnei (kat� shmeÐo) sth

sun�rthsh f : [0, 1] → R me

f(x) =
{

1, x ∈ A
0, x ∈ [0, 1] \A

h opoÐa eÐnai asuneq c se k�je shmeÐo tou A.

Prìblhma 2: 'Estw fn, f : [a, b] → R. An fn → f kat� shmeÐo, kai k�je fn

eÐnai Riemann�oloklhr¸simh sto [a, b], eÐnai swstì ìti h f eÐnai Riemann�
oloklhr¸simh sto [a, b] kai ìti∫ b

a

fn(x) dx →
∫ b

a

f(x) dx ;

H ap�nthsh eÐnai arnhtik : gia par�deigma, jewroÔme thn akoloujÐa twn suneq¸n sunart -
sewn fn : [0, 1] → R me

fn(x) =

 2n2x, 0 ≤ x ≤ 1
2n

−2n2
(
x− 1

n

)
, 1

2n ≤ x ≤ 1
n

0, 1
n ≤ x ≤ 1

EÔkola elègqoume ìti fn → f ≡ 0 kat� shmeÐo. 'Omwc,∫ 1

0

fn(x) dx =
1
2
6→ 0

∫ 1

0

f(x) dx.

'Ena �llo par�deigma mac dÐnei h akoloujÐa twn sunart sewn fn : [0, 1] → R me fn(x) =
n2x(1− x)n. An x = 0 tìte fn(0) = 0 → 0. 'Omoia, an x = 1 tìte fn(1) = 0 → 0. Sthn
perÐptwsh 0 < x < 1 efarmìzoume to krit rio tou lìgou:

fn+1(x)
fn(x)

=
(n + 1)2x(1− x)n+1

n2x(1− x)n
=

(n + 1)2

n2
(1− x) → 1− x < 1.
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Sunep¸c, fn(x) → 0 ìtan n →∞.
Apì ta parap�nw blèpoume ìti fn → f ≡ 0 kat� shmeÐo. 'Omwc,∫ 1

0

fn(x) dx = n2

∫ 1

0

x(1− x)ndx = n2

∫ 1

0

(1− t)tndt = n2

∫ 1

0

(tn − tn+1) dt

= n2

(
1

n + 1
− 1

n + 2

)
=

n2

(n + 1)(n + 2)
→ 1.

Sunep¸c, ∫ 1

0

fn(x) dx → 1 6= 0 =
∫ 1

0

f(x) dx.

Prìblhma 3: 'Estw I di�sthma sto R kai fn, f : I → R. An fn → f kat�
shmeÐo kai k�je fn eÐnai paragwgÐsimh sto I, isqÔei ìti h f eÐnai paragwgÐsimh
sto I kai ìti f ′n → f ′ kat� shmeÐo?

'Opwc deÐqnoun ta epìmena paradeÐgmata, h ap�nthsh eÐnai arnhtik :
(a) JewroÔme thn akoloujÐa sunart sewn (fn), ìpou h fn : [0,∞) → R orÐzetai apì thn
fn(x) = x

1+nx . Tìte: (i) an x = 0 èqoume fn(0) = 0 → 0 kai (ii) an x > 0 èqoume

fn(x) =
x

1 + nx
=

1
n

x
1
n + x

→ 0.

'Ara, fn(x) → 0 gia k�je x ∈ [0,∞). Sunep¸c, fn → f ≡ 0 kat� shmeÐo. 'Omwc,
f ′n(x) = 1

(1+nx)2 kai gia x = 0 èqoume f ′n(0) = 1 → 1, en¸ gia x > 0 isqÔei ìti f ′n(x) → 0.
Dhlad , h (f ′n) den sugklÐnei kat� shmeÐo sthn f ′ ≡ 0.
(b) JewroÔme thn akoloujÐa twn sunart sewn fn : (0, π) → R me fn(x) = sin(nx)

n .
ParathroÔme ìti, gia k�je x ∈ [0, 2π] isqÔei |fn(x)| ≤ 1

n → 0. 'Ara, fn → 0 kat� shmeÐo.
'Omwc, h akoloujÐa f ′n : (0, π) → R me f ′n(x) = cos nx den sugklÐnei gia kami� tim  tou

x ∈ (0, π). Pr�gmati; an up�rqei x ∈ (0, π) ¸ste cos nx → α ∈ R, tìte cos(3nx) → α.
Apì thn tautìthta

cos(3nx) = 4 cos3(nx)− 3 cos(nx)

blèpoume ìti α = 4α3− 3α. Sunep¸c, α = 0   α2 = 1. An α = 0 tìte apì thn tautìthta
sin2(nx) + cos2(nx) = 1 sumperaÐnoume ìti sin2(nx) → 1. 'Omwc,

sin2(nx) =
1− cos(2nx)

2

opìte cos(2nx) → −1, �topo. An α2 = 1, apì thn tautìthta sin2(nx) + cos2(nx) = 1
èqoume ìti sin(nx) → 0. Tìte, apì thn

sin(n + 1)x = sin(nx) cos x + sinx cos(nx)



7.2 AkoloujÐes sunart sewn: omoiìmorfh sÔgklish · 133

paÐrnoume
sinx cos(nx) → 0

kai epeid  sinx 6= 0 gia x ∈ (0, π) èpetai ìti cos(nx) → 0, �topo.
(g) JewroÔme thn gn : (−1, 1) → R me

gn(t) =
{

t1+1/n, 0 ≤ t < 1
−(−t)1+1/n, −1 < t < 0

ParathroÔme ìti gn(t) → t gia k�je t ∈ (−1, 1), all� g′n(0) = 0 gia k�je n ∈ N en¸
g′(0) = 1.

ShmeÐwsh. H kat� shmeÐo sÔgklish den sumperifèretai kal� oÔte wc proc thn enallag 
orÐwn: up�rqoun suneqeÐc sunart seic fn : [0, 1] → R kai f : [0, 1] → R ¸ste fn(x) →
f(x) gia k�je x ∈ [0, 1] all� limn→∞ limx→0 fn(x) 6= f(0). Me �lla lìgia den isqÔei h
enallag  twn orÐwn

lim
n→∞

lim
t→x

fn(t) = lim
t→x

lim
n→∞

fn(t).

'Ena par�deigma mac dÐnoun oi fn : [0, 1] → R me fn(t) = (1 − t)n. 'Eqoume fn(t) → f(t)
gia k�je t ∈ [0, 1] ìpou

f(t) =
{

1, t = 0
0, 0 < t ≤ 1

Parathr ste ìti
lim

n→∞
lim
t→0

fn(t) = 1 6= 0 = lim
t→0

f(t).

PolÔ perissìtero, mporoÔme na èqoume akoloujÐa suneq¸n sunart sewn fn : [0, 1] → R,
h opoÐa na sugklÐnei se mia sun�rthsh f : [0, 1] → R h opoÐa na mhn èqei ìrio sto shmeÐo
0. Gia par�deigma, jewr ste tic fn : [0, 1] → R me

fn(t) =
{

0, 0 ≤ t ≤ 1/n
sin(π/t), 1/n ≤ t ≤ 1

EÔkola blèpoume ìti

fn(t) → f(t) =
{

0, t = 0
sin(π/t), 0 < t ≤ 1

7.2 AkoloujÐec sunart sewn: omoiìmorfh sÔgklish

Orismìc 7.2.1. 'Estw X sÔnolo, (Y, ρ) metrikìc q¸roc kai fn, f : X → Y , n = 1, 2, . . ..
H akoloujÐa (fn) sugklÐnei omoiìmorfa (uniformly) sthn f an gia k�je ε > 0 up�rqei
n0 = n0(ε) ∈ N ¸ste: gia k�je n ≥ n0 kai gia k�je x ∈ X na isqÔei ρ(fn(x), f(x)) < ε.
Gr�foume tìte fn → f omoiìmorfa (sto X)   fn

uni−→ f .
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AsqoloÔmaste kurÐwc me thn perÐptwsh pou to X eÐnai metrikìc q¸roc kai (Y, ρ)
eÐnai to R me th sun jh metrik . Tìte, o orismìc thc omoiìmorfhc sÔgklishc paÐrnei thn
akìloujh morf :

'Estw fn, f : (X, ρ) → R, n = 1, 2, . . .. H akoloujÐa (fn) sugklÐnei omoiìmorfa
sthn f an gia k�je ε > 0 up�rqei n0 = n0(ε) ∈ N ¸ste: gia k�je n ≥ n0 kai
gia k�je x ∈ X isqÔei |fn(x)− f(x)| < ε.

UpenjumÐzoume ìti `∞(X) eÐnai o q¸roc twn fragmènwn sunart sewn f : X → R me
nìrma thn

‖g‖∞ = sup{|g(x)| : x ∈ X}.

Sunep¸c, ènac �lloc trìpoc na perigr�youme thn omoiìmorfh sÔgklish eÐnai o ex c:

H akoloujÐa (fn) sugklÐnei omoiìmorfa sthn f an gia k�je ε > 0 up�rqei
n0 = n0(ε) ∈ N ¸ste: gia k�je n ≥ n0 isqÔei ‖fn − f‖∞ < ε.

Sqìlia 7.2.2. (a) Gewmetrik  ermhneÐa: Ac upojèsoume ìti to X eÐnai uposÔnolo tou R.
H anisìthta ‖fn − f‖∞ < ε shmaÐnei ìti to gr�fhma thc fn brÐsketai olìklhro an�mesa
sto gr�fhma thc f −ε kai to gr�fhma thc f +ε, dhlad  mèsa sth z¸nh pou dhmiourgeÐtai
gÔrw apì to gr�fhma thc f kai èqei katakìrufo pl�toc 2ε. Dhlad , fn → f omoiìmorfa
sto X an gia k�je ε > 0, apì ènan deÐkth kai pèra, ta graf mata ìlwn twn fn brÐskontai
olìklhra mèsa sth z¸nh katakìrufou pl�touc 2ε gÔrw apì to gr�fhma thc f .
(b) SÔgkrish me thn kat� shmeÐo sÔgklish: Parathr ste ìti, an fn → f omoiìmorfa sto
X tìte, gia k�je ε > 0 up�rqei n0, to opoÐo exart�tai apì to ε, ¸ste |fn(x)− f(x)| < ε
gia ìla ta n ≥ n0 kai gia ìla ta x ∈ X. An fn → f kat� shmeÐo sto X tìte, gia k�je
ε > 0 kai gia k�je x ∈ X up�rqei n0, to opoÐo exart�tai apì to ε kai apì to x, ¸ste
|fn(x)− f(x)| < ε gia ìla ta n ≥ n0.

Me �lla lìgia, sthn omoiìmorfh sÔgklish h epilog  tou n0 exart�tai apì to ε all�
eÐnai {omoiìmorfh} wc proc x ∈ X. Up�rqei k�poio n0 pou {douleÔei} gia ìla ta x ∈
X. 'Omwc, sthn kat� shmeÐo sÔgklish, gia diaforetik� x qrei�zetai Ðswc na epilèxoume
diaforetik� n0 (gia to Ðdio ε > 0) ¸ste na ikanopoieÐtai h |fn(x) − f(x)| < ε gia k�je
n ≥ n0.

SugkrÐnontac touc dÔo orismoÔc blèpoume ìti h omoiìmorfh sÔgklish eÐnai pio isqur 
apì thn kat� shmeÐo sÔgklish:

Prìtash 7.2.3. 'Estw fn, f : (X, ρ) → R, n = 1, 2, . . .. An fn → f omoiìmorfa sto X,
tìte fn → f kat� shmeÐo sto X.

Apìdeixh. 'Estw x ∈ X kai ε > 0. AfoÔ fn → f omoiìmorfa, up�rqei n0 ∈ N ¸ste: gia
k�je n ≥ n0,

‖fn − f‖∞ < ε.

'Omwc,
|fn(x)− f(x)| ≤ ‖fn − f‖∞.
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'Ara, gia k�je n ≥ n0 èqoume

|fn(x)− f(x)| ≤ ‖fn − f‖∞ < ε.

'Epetai ìti fn(x) → f(x). 2

ShmeÐwsh. SÔmfwna me thn prìtash 7.2.3, prokeimènou na exet�soume an mia akoloujÐa
sunart sewn (fn) sugklÐnei omoiìmorfa k�noume dÔo apl� b mata:

(i) Exet�zoume an up�rqei f ¸ste fn → f kat� shmeÐo. Autì eÐnai eÔkolo: gia k�je
x ∈ X èqoume mia akoloujÐa arijm¸n, thn (fn(x)). BrÐskoume to ìriì thc, an
up�rqei.

(ii) An to lim
n→∞

fn(x) up�rqei gia k�je x ∈ X, orÐzoume f : X → R me f(x) =

lim
n→∞

fn(x) kai mènei na exet�soume an fn → f omoiìmorfa. PolÔ suqn�, autì
eÐnai epÐshc aplì: jewroÔme th sun�rthsh fn− f kai upologÐzoume thn ‖fn− f‖∞.
'Eqoume omoiìmorfh sÔgklish thc (fn) sthn f an kai mìno an h akoloujÐa prag-
matik¸n arijm¸n (‖fn − f‖∞) sugklÐnei sto 0 ìtan n →∞.

ParadeÐgmata 7.2.4. Parak�tw exet�zoume wc proc thn omoiìmorfh sÔgklish ta pa-
radeÐgmata thc prohgoÔmenhc paragr�fou (blèpe §7.1.2).
(a) 'Estw (X, d) metrikìc q¸roc kai (xn) akoloujÐa ston X ¸ste xn → x. Gia thn
akoloujÐa sunart sewn fn : X → R me fn(t) = d(t, xn) eÐdame ìti fn → f kat� shmeÐo,
ìpou f : X → R me f(t) = d(t, x) gia t ∈ X. ParathroÔme ìti |fn(t)− f(t)| = |d(t, xn)−
d(t, x)| ≤ d(xn, x) gia k�je t ∈ X. Sunep¸c,

‖fn − f‖∞ = sup{|fn(t)− f(t)| : t ∈ X} ≤ d(xn, x) → 0.

'Epetai ìti h sÔgklish eÐnai omoiìmorfh.
(b) 'Estw X 6= ∅ kai f : X → R. Gia thn akoloujÐa sunart sewn fn(x) = f(x) + 1

n
eÐdame ìti fn → f kat� shmeÐo. ParathroÔme ìti fn − f ≡ 1

n , �ra

‖fn − f‖∞ =
1
n
→ 0.

'Epetai ìti h sÔgklish eÐnai omoiìmorfh.
(g) JewroÔme thn akoloujÐa twn sunart sewn fn : R → R me fn(x) = x

n . EÐdame ìti
fn → 0 kat� shmeÐo. 'Omwc,

‖fn − 0‖∞ = sup
{
|x|
n

: x ∈ R
}

= +∞

gia k�je n ∈ N. 'Epetai ìti h sÔgklish den eÐnai omoiìmorfh.
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(d) JewroÔme thn akoloujÐa twn sunart sewn fn : [0,∞) → R me fn(x) = n
x+n2 .

Elègqoume eÔkola ìti fn → 0 kat� shmeÐo. To Ðdio ousiastik� epiqeÐrhma deÐqnei ìti
h sÔgklish eÐnai omoiìmorfh: gia k�je x ≥ 0 èqoume

|fn(x)| = n

x + n2
≤ n

n2
=

1
n

.

Sunep¸c, ‖fn − 0‖∞ ≤ 1
n → 0.

(e) JewroÔme thn akoloujÐa twn sunart sewn fn : [0, 1] → R me fn(x) = xn. EÐdame ìti
fn → f kat� shmeÐo, ìpou

f(x) =
{

0, 0 ≤ x < 1
1, x = 1.

ParathroÔme ìti

‖fn − f‖∞ ≥ sup{xn : 0 ≤ x < 1} = lim
x→1−

xn = 1

gia k�je n ∈ N. AfoÔ ‖fn − f‖∞ 6→ 0, h sÔgklish den eÐnai omoiìmorfh.
(st) JewroÔme thn akoloujÐa twn sunart sewn fn : [0, 1] → R me tÔpo

fn(x) =
{

1
1+nx , 1

n ≤ x ≤ 1
nx
2 , 0 ≤ x ≤ 1

n .

EÐdame ìti fn → 0 kat� shmeÐo. ParathroÔme ìti

‖fn − 0‖∞ = fn(1/n) = 1/2.

AfoÔ ‖fn − 0‖∞ 6→ 0, h sÔgklish den eÐnai omoiìmorfh.
(z) JewroÔme thn akoloujÐa twn sunart sewn fn : [0, 1] → R me

fn(x) =
{ 1

(n+1)x−1 , 1
n ≤ x ≤ 1

n2x, 0 ≤ x ≤ 1
n .

EÐdame ìti fn → 0 kat� shmeÐo. ParathroÔme ìti

‖fn − 0‖∞ = fn(1/n) = n →∞.

AfoÔ ‖fn − 0‖∞ 6→ 0, h sÔgklish den eÐnai omoiìmorfh.

Orismìc 7.2.5. 'Estw fn : X → R, n ∈ N. H akoloujÐa sunart sewn (fn) lègetai
omoiìmorfa fragmènh sto X an up�rqei M > 0 ¸ste

|fn(x)| ≤ M gia k�je x ∈ X kai gia k�je n ∈ N.

Dhlad , an o M eÐnai koinì fr�gma gia ìlec tic |fn|.
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Prìtash 7.2.6. 'Estw X sÔnolo, f, g : X → R kai (fn), (gn) akoloujÐec sunart sewn
apì to X sto R kai t, s ∈ R.
(a) An fn → f omoiìmorfa kai gn → g omoiìmorfa sto X, tìte tfn + sgn → tf + sg
omoiìmorfa sto X.

(b) An, epiplèon, oi (fn), (gn) eÐnai omoiìmorfa fragmènec, tìte fngn → fg omoiìmorfa
sto X.

Apìdeixh. (a) ParathroÔme ìti

‖(tfn+sgn)−(tf +sg)‖∞ = ‖t(fn−f)+s(gn−g)‖∞ ≤ |t| ‖fn−f‖∞+ |s| ‖gn−g‖∞ → 0.

(b) Up�rqei M > 0 ¸ste |fn(x)| ≤ M kai |gn(x)| ≤ M gia k�je n ∈ N kai gia k�je
x ∈ X. Dhlad , ‖fn‖∞ ≤ M kai ‖gn‖∞ ≤ M gia k�je n ∈ N. EpÐshc, afoÔ fn → f
omoiìmorfa sto X, èqoume fn → f kat� shmeÐo. 'Ara, gia k�je x ∈ X isqÔei |f(x)| =
lim

n→∞
|fn(x)| ≤ M . Dhlad , ‖f‖∞ ≤ M . T¸ra gr�foume

‖fngn − fg‖∞ ≤ ‖(fn − f)gn‖∞ + ‖f(gn − g)‖∞ ≤ M‖fn − f‖∞ + M‖gn − g‖∞ → 0,

qrhsimopoi¸ntac kai thn

‖(fn − f)gn‖∞ = sup{|fn(x)− f(x)||gn(x)| : x ∈ X}
≤ supM sup{|fn(x)− f(x)| : x ∈ X}
= M‖fn − f‖∞

(ìmoia blèpoume ìti ‖f(gn − g)‖∞ ≤ M‖gn − g‖∞). 2

7.2.1 Krit ria omoiìmorfhc sÔgklishc
Se aut  thn par�grafo suzht�me qr simec ikanèc  /kai anagkaÐec sunj kec gia thn
omoiìmorfh sÔgklish miac akoloujÐac sunart sewn (fn).
Je¸rhma 7.2.7 (krit rio Cauchy). 'Estw fn : X → R, n ∈ N. H (fn) sugklÐnei
omoiìmorfa se k�poia sun�rthsh f : X → R an kai mìno an gia k�je ε > 0 up�rqei
n0 = n0(ε) ¸ste: an n, m ≥ n0 tìte ‖fn − fm‖∞ < ε.

Apìdeixh. Upojètoume pr¸ta ìti up�rqei sun�rthsh f : X → R ¸ste fn → f omoiìmorfa
sto X. 'Estw ε > 0. Tìte, up�rqei n0 = n0(ε) ¸ste, gia k�je n ≥ n0, ‖fn−f‖∞ < ε/2.
Sunep¸c, gia k�je n, m ≥ n0 èqoume

‖fn − fm‖∞ = ‖(fn − f) + (f − fm)‖∞ ≤ ‖fn − f‖∞ + ‖f − fm‖∞ <
ε

2
+

ε

2
= ε.

AntÐstrofa, upojètoume ìti gia k�je ε > 0 up�rqei n0 = n0(ε) ¸ste: an n, m ≥ n0 tìte
‖fn− fm‖∞ < ε. StajeropoioÔme x ∈ X. Gia k�je ε > 0 up�rqei n0 ¸ste: an n, m ≥ n0

tìte

(∗) |fn(x)− fm(x)| ≤ ‖fn − fm‖∞ < ε.
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'Ara, h akoloujÐa (fn(x)) eÐnai basik  akoloujÐa sto R. Sunep¸c, sugklÐnei se k�poion
arijmì, o opoÐoc exart�tai apì to x. OrÐzoume f : X → R me f(x) := lim

n→∞
fn(x).

Profan¸c, fn → f kat� shmeÐo.
Af nontac to m → ∞ sthn (∗) parathroÔme ìti (gia tuqìn ε > 0 kai to n0 = n0(ε)

pou qrhsimopoi same prohgoumènwc): gia k�je x ∈ X kai gia k�je n, m ≥ n0,

|fn(x)− f(x)| = lim
m→∞

|fn(x)− fm(x)| ≤ ε.

Sunep¸c, gia k�je n ≥ n0 èqoume

‖fn − f‖∞ = sup{|fn(x)− f(x)| : x ∈ X} ≤ ε.

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti fn → f omoiìmorfa. 2

Prìtash 7.2.8. 'Estw (X, d) metrikìc q¸roc kai fn : X → R akoloujÐa sunart sewn
¸ste fn → f omoiìmorfa, gia k�poia suneq  sun�rthsh f : X → R. Tìte, gia k�je
x0 ∈ X kai k�je (xn) ⊆ X me xn → x0 isqÔei fn(xn) → f(x0).

Apìdeixh. Gr�foume

|fn(xn)− f(x0)| ≤ |fn(xn)− f(xn)|+ |f(xn)− f(x0)| ≤ ‖fn − f‖∞ + |f(xn)− f(x0)|.

Apì thn omoiìmorfh sÔgklish thc (fn) sthn f èqoume ‖fn−f‖∞ → 0 kai apì th sunèqeia
thc f sto x0 (kai thn upìjesh ìti xn → x) èqoume |f(xn) − f(x0)| → 0. 'Epetai ìti
|fn(xn)− f(x0)| → 0. 2

Je¸rhma 7.2.9 (Dini). 'Estw (X, d) sumpag c metrikìc q¸roc kai fn : X → R monì-
tonh akoloujÐa suneq¸n sunart sewn, h opoÐa sugklÐnei kat� shmeÐo se mia suneq 
sun�rthsh f : X → R. Tìte, fn → f omoiìmorfa ston X.

Apìdeixh. Upojètoume, qwrÐc periorismì thc genikìthtac, ìti f = 0 (diaforetik�, jew-
roÔme thn gn = fn−f , h opoÐa eÐnai monìtonh akoloujÐa suneq¸n sunart sewn me gn → 0
kat� shmeÐo). EpÐshc upojètoume ìti h (fn) eÐnai fjÐnousa (diaforetik� jewroÔme thn
−fn). Sunep¸c, 0 ≤ fn+1 ≤ fn gia k�je n ∈ N.
Pr¸th apìdeixh: Ja qrhsimopoi soume thn ex c �mesh sunèpeia tou jewr matoc 6.3.3:
an mia fjÐnousa akoloujÐa kleist¸n uposunìlwn enìc sumpagoÔc metrikoÔ q¸rou èqei
ken  tom , tìte k�poio apì aut� ta sÔnola eÐnai kenì (�ra kai ìla ta epìmena).

'Estw ε > 0. JewroÔme thn akoloujÐa twn sunìlwn

Kn = {x ∈ X : fn(x) ≥ ε}.

K�je Kn eÐnai kleistì sÔnolo apì th sunèqeia thc fn. Gia k�je n ∈ N èqoume Kn+1 ⊆ Kn

apì th monotonÐa thc fn (an x ∈ Kn+1 tìte fn(x) ≥ fn+1(x) ≥ ε, �ra x ∈ Kn). EpÐshc⋂∞
n=1 Kn = ∅ (gia k�je x ∈ X èqoume fn(x) → 0, �ra fn(x) < ε telik�; dhlad , up�rqei

n ∈ N ¸ste x /∈ Kn). AfoÔ o (X, d) eÐnai sumpag c, up�rqei n0 ∈ N ¸ste Kn0 = ∅ kai
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to Ðdio isqÔei gia k�je Kn, n ≥ n0. Dhlad , 0 ≤ fn(x) < ε gia k�je n ≥ n0 kai gia k�je
x ∈ X. 'Epetai ìti ‖fn‖∞ < ε gia k�je n ≥ n0. 2

DeÔterh apìdeixh: 'Estw ε > 0. OrÐzoume ta sÔnola

Bn(ε) = {x ∈ X : fn(x) < ε}, n = 1, 2 . . .

H (Bn(ε)) eÐnai aÔxousa akoloujÐa anoikt¸n uposunìlwn tou X (diìti k�je fn eÐnai
suneq c kai fn ≥ fn+1). EpÐshc, X =

⋃∞
n=1 Bn(ε). Pr�gmati; an x ∈ X, apì thn

fn(x) → 0 blèpoume ìti up�rqei n ∈ N ¸ste fn(x) < ε, dhlad  x ∈ Bn(ε). AfoÔ o
X eÐnai sumpag c, up�rqoun n1, n2, . . . , nk ∈ N ¸ste X =

⋃k
j=1 Bnj

(ε) = Bn0(ε), ìpou
n0 = max{n1, . . . , nk}. 'Ara, gia k�je n ≥ n0 isqÔei Bn(ε) = X, dhlad  fn(x) < ε gia
k�je x ∈ X. AfoÔ to ε > 0  tan tuqìn, fn → 0 omoiìmorfa. 2

ShmeÐwsh: H upìjesh ìti h oriak  sun�rthsh f eÐnai ki aut  suneq c den mporeÐ na par-
aleifjeÐ. Autì faÐnetai apì to par�deigma thc fjÐnousac akoloujÐac suneq¸n sunart -
sewn fn : [0, 1] → R me fn(x) = xn. 'Eqoume dei ìti h (fn) sugklÐnei kat� shmeÐo all�
ìqi omoiìmorfa (h oriak  sun�rthsh f eÐnai asuneq c sto shmeÐo x0 = 1).

7.2.2 Sunèqeia, olokl rwma kai par�gwgoc
Sthn par�grafo §7.1 eÐdame ìti h kat� shmeÐo sÔgklish den sumperifèretai p�ntote kal�
se sqèsh me th sunèqeia, to olokl rwma kai thn parag¸gish. 'Opwc ja doÔme se aut  thn
par�grafo, an upojèsoume omoiìmorfh sÔgklish sth jèsh thc kat� shmeÐo sÔgklishc
tìte èqoume isqur� jetik� apotelèsmata.

Je¸rhma 7.2.10. 'Estw (X, ρ) metrikìc q¸roc, f, fn : X → R kai x0 ∈ X. Upojètoume
ìti:

(i) fn → f omoiìmorfa sto X, kai

(ii) k�je fn eÐnai suneq c sto x0.

Tìte, h f eÐnai ki aut  suneq c sto x0.

Eidikìtera, an k�je fn eÐnai suneq c sto X, tìte h f eÐnai suneq c sto X.

Apìdeixh. 'Estw ε > 0. AfoÔ fn → f omoiìmorfa, up�rqei n0 ∈ N ¸ste

‖fn0 − f‖∞ <
ε

3
.

AfoÔ h fn0 eÐnai suneq c sto x0, up�rqei δ > 0 ¸ste: gia k�je x ∈ B(x0, δ),

|fn0(x)− fn0(x0)| ≤
ε

3
.



140 · AkoloujÐes kai seirès sunart sewn

Tìte, gia k�je x ∈ B(x0, δ) gr�foume

|f(x)− f(t0)| ≤ |f(x)− fn0(x)|+ |fn0(x)− fn0(x0)|+ |fn0(x0)− f(x0)|
≤ ‖fn0 − f‖∞ + |fn0(x)− fn0(x0)|+ ‖fn0 − f‖∞
<

ε

3
+

ε

3
+

ε

3
= ε.

'Ara, h f eÐnai suneq c sto x0. 2

ShmeÐwsh. SÔmfwna me to prohgoÔmeno je¸rhma, an mia akoloujÐa suneq¸n sunart -
sewn sugklÐnei kat� shmeÐo se asuneq  sun�rthsh, tìte h sÔgklish den mporeÐ na eÐnai
omoiìmorfh.
Je¸rhma 7.2.11. 'Estw (fn) akoloujÐa sunart sewn pou eÐnai orismènec se èna kleistì
di�sthma [a, b]. Upojètoume ìti k�je fn : [a, b] → R eÐnai Riemann�oloklhr¸simh sto
[a, b] kai ìti fn → f omoiìmorfa sto [a, b]. Tìte, h f eÐnai Riemann�oloklhr¸simh sto
[a, b] kai ∫ b

a

fn(x) dx →
∫ b

a

f(x) dx.

Apìdeixh. DeÐqnoume pr¸ta ìti h f eÐnai oloklhr¸simh. JewroÔme tuqìn ε > 0 kai
brÐskoume n ∈ N ¸ste ‖fn − f‖∞ < ε

4(b−a) . Autì eÐnai dunatì, diìti fn → f omoiìmorfa
sto [a, b].

AfoÔ h fn eÐnai oloklhr¸simh, mporoÔme na broÔme diamèrish P = {a = x0 < x1 <
· · · < xm = b} tou [a, b] ¸ste

U(fn, P )− L(fn, P ) =
m−1∑
k=0

(Mk(fn)−mk(fn))(xk+1 − xk) <
ε

2

ìpou Mk = sup{fn(x) : x ∈ [xk, xk+1]} kai mk = inf{fn(x) : x ∈ [xk, xk+1]} (jumhjeÐte
to krit rio tou Riemann). Qrhsimopoi¸ntac thn ‖fn − f‖∞ < ε

4(b−a) , elègqoume ìti

mk(fn)− ε

4(b− a)
≤ mk(f) ≤ Mk(f) ≤ Mk(fn) +

ε

4(b− a)

gia k�je k = 0, 1, . . . ,m− 1. 'Epetai ìti

U(f, P )− L(f, P ) ≤ U(fn, P )− L(fn, P ) +
m−1∑
k=0

ε

2(b− a)
(xk+1 − xk) < ε.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh.
H sÔgklish twn oloklhrwm�twn eÐnai t¸ra �mesh sunèpeia thc ‖fn − f‖∞ → 0:

parathroÔme ìti∣∣∣∣∣
∫ b

a

fn(x) dx−
∫ b

a

f(x) dx

∣∣∣∣∣ ≤
∫ b

a

|fn(x)−f(x)| dx ≤
∫ b

a

‖fn−f‖∞dx = (b−a)‖fn−f‖∞ → 0,
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ap� ìpou èpetai to je¸rhma. 2

To par�deigma thc akoloujÐac sunart sewn (fn) sto (0, π) me fn(x) = sin(nx)
n deÐqnei

ìti den mporoÔme na perimènoume an�loga kal  sumperifor� gia tic parag¸gouc: èqoume
fn → 0 omoiìmorfa sto (0, π), all� h akoloujÐa f ′n(x) = cos(nx) den sugklÐnei gia kamÐa
tim  tou x ∈ (0, π). Par� ìla aut�, isqÔei to ex c:
Je¸rhma 7.2.12. 'Estw fn, g : [a, b] → R, n ∈ N. Upojètoume ìti k�je fn eÐnai
paragwgÐsimh sto [a, b] kai ìti h par�gwgìc thc, f ′n, eÐnai suneq c sto [a, b]. Upojètoume
epÐshc ìti:

(i) f ′n → g omoiìmorfa sto [a, b], kai

(ii) up�rqei x0 ∈ [a, b] ¸ste h (fn(x0)) na eÐnai sugklÐnousa se k�poion ξ ∈ R.

Tìte, h (fn) sugklÐnei omoiìmorfa se mia sun�rthsh f : [a, b] → R, h f eÐnai paragwgÐsimh
sto [a, b] kai f ′ ≡ g.

Apìdeixh. Apì to jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ,

fn(x) = fn(x0) +
∫ x

x0

f ′n(s) ds, x ∈ [a, b].

Apì to prohgoÔmeno je¸rhma sumperaÐnoume ìti∫ x

x0

f ′n(s) ds →
∫ x

x0

g(s) dx, x ∈ [a, b].

Sunep¸c,
fn(x) → ξ +

∫ x

x0

g(s) ds.

OrÐzoume
f(x) = ξ +

∫ x

x0

g(s) ds.

Apì to jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ èqoume f ′(x) = g(x) gia k�je
x ∈ [a, b]. Mènei na deÐxoume ìti fn → f omoiìmorfa sto [a, b]. Gr�foume

|fn(x)− f(x)| =
∣∣∣∣fn(x0) +

∫ x

x0

f ′n(s) ds− ξ −
∫ x

x0

g(s) ds

∣∣∣∣
≤ |fn(x0)− ξ|+

∣∣∣∣∫ x

x0

(f ′n(s)− g(s)) ds

∣∣∣∣
≤ |fn(x0)− ξ|+ |x− x0| ‖f ′n − g‖∞
≤ |fn(x0)− ξ|+ |b− a| ‖f ′n − g‖∞.

'Epetai ìti ‖fn − f‖∞ ≤ |fn(x0)− ξ|+ |b− a| ‖f ′n − g‖∞ → 0. 2



142 · AkoloujÐes kai seirès sunart sewn

7.3 Seirèc Sunart sewn

Orismìc 7.3.1. 'Estw fk : X → R, k ∈ N. Gia k�je n ∈ N jewroÔme th sun�rthsh
sn : X → R me

sn(x) = f1(x) + f2(x) + · · ·+ fn(x).

An up�rqei sun�rthsh s : X → R ¸ste sn → s kat� shmeÐo sto X, tìte lème ìti h seir�∑∞
k=1 fk sugklÐnei kat� shmeÐo sthn s sto X kai gr�foume

s =
∞∑

k=1

fk.

An, epiplèon, sn → s omoiìmorfa sto A, tìte lème ìti h seir�
∑∞

k=1 fk sugklÐnei omoiì-
morfa sthn s sto X.

Me b�sh touc parap�nw orismoÔc, h sÔgklish miac seir�c sunart sewn an�getai sth
sÔgklish miac akoloujÐac sunart sewn, thc akoloujÐac (sn) twn merik¸n ajroism�twn.

Par�deigma 7.3.2. H gewmetrik  seir�
∑∞

k=0 xk. 'Eqoume

fk(x) = xk, k = 0, 1, 2, . . . .

GnwrÐzoume ìti sto di�sthma (−1, 1) h seir� sugklÐnei kat� shmeÐo sth sun�rthsh s(x) =
1

1−x . Dhlad ,
∞∑

k=0

xk =
1

1− x

gia k�je x ∈ (−1, 1). Exet�zoume an h sÔgklish thc seir�c eÐnai omoiìmorfh sto (−1, 1).
Gia k�je x ∈ (−1, 1) èqoume

sn(x) =
n∑

k=0

xk =
1− xn+1

1− x

kai
sn(x)− s(x) = − xn+1

1− x
.

ParathroÔme ìti
lim

x→1−

|x|n+1

1− x
= +∞,

�ra
sup{|sn(x)− s(x)| : x ∈ (−1, 1)} = +∞

gia k�je n ∈ N. Sunep¸c, h sÔgklish thc (sn) sthn s den eÐnai omoiìmorfh.

Prìtash 7.3.3. 'Estw fk : X → R, k ∈ N. An h seir�
∑∞

k=1 fk sugklÐnei omoiìmorfa
sthn s sto X, tìte sugklÐnei kat� shmeÐo sthn s sto X.
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Apìdeixh. ArkeÐ na jumhjoÔme ìti an sn → s omoiìmorfa tìte sn → s kat� shmeÐo. 2

Prìtash 7.3.4. 'Estw fk, gk : X → R, k ∈ N kai a, b ∈ R. An
∑∞

k=1 fk = s kai∑∞
k=1 gk = t omoiìmorfa sto X, tìte

∑∞
k=1(afk + bgk) = as + bt omoiìmorfa sto X. To

Ðdio isqÔei gia thn kat� shmeÐo sÔgklish.

Apìdeixh. 'Amesh apì tic antÐstoiqec prot�seic gia akoloujÐec sunart sewn. 2

Prìtash 7.3.5 (krit rio Cauchy). 'Estw fk : X → R, k ∈ N. H seir�
∑∞

k=1 fk

sugklÐnei omoiìmorfa (se k�poia sun�rthsh) sto X an kai mìnon an isqÔei to ex c: gia
k�je ε > 0 up�rqei n0 = n0(ε) ∈ N ¸ste: gia k�je n > m ≥ n0 kai gia k�je x ∈ X,

|fm+1(x) + · · ·+ fn(x)| ≤ ε.

Apìdeixh. Efarmìzoume to krit rio Cauchy sthn akoloujÐa sunart sewn (sn). Parathr -
ste ìti: an n > m tìte sn − sm = fm+1 + · · ·+ fn. 2

Je¸rhma 7.3.6 (krit rio Weierstrass). 'Estw fk : X → R fragmènec sunart seic,
k ∈ N. Upojètoume ìti

sup{|fk(x)| : x ∈ X} ≤ Mk, k ∈ N

dhlad  ìti o Mk eÐnai �nw fr�gma thc |fk|, kai ìti
∞∑

k=1

Mk < +∞.

Tìte, h
∑∞

k=1 fk sugklÐnei omoiìmorfa sto X.

Apìdeixh. ParathroÔme pr¸ta ìti, gia k�je x ∈ X h seir�
∑∞

k=1 fk(x) sugklÐnei
apolÔtwc, afoÔ

∞∑
k=1

|fk(x)| ≤
∞∑

k=1

Mk < +∞.

Sunep¸c, h seir� sunart sewn
∑∞

k=1 fk sugklÐnei kat� shmeÐo sto X. Jètoume s =∑∞
k=1 fk. Tìte, gia k�je n ∈ N kai gia k�je x ∈ X èqoume

|s(x)− sn(x)| =

∣∣∣∣∣
∞∑

k=1

fk(x)−
n∑

k=1

fk(x)

∣∣∣∣∣ =
∣∣∣∣∣

∞∑
k=n+1

fk(x)

∣∣∣∣∣
≤

∞∑
k=n+1

|fk(x)| ≤
∞∑

k=n+1

Mk.

Apì thn
∑∞

k=1 Mk < +∞ èqoume

‖s− sn‖∞ ≤
∞∑

k=n+1

Mk → 0

ìtan n →∞. 'Ara, h sÔgklish thc seir�c
∑∞

k=1 fk eÐnai omoiìmorfh. 2
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Par�deigma 7.3.7. JewroÔme th seir� sunart sewn
∑∞

k=1
sin(kx)

k2 , x ∈ R. 'Eqoume Ed¸
fk(x) = sin(kx)

k2 , opìte

|fk(x)| ≤ 1
k2

gia k�je x ∈ R. H seir�
∑∞

k=1
1
k2 sugklÐnei, �ra h

∑∞
k=1

sin(kx)
k2 sugklÐnei omoiìmorfa

se k�poia sun�rthsh sto R.

Ta epìmena trÐa jewr mata prokÔptoun �mesa apì ta jewr mata 7.2.10, 7.2.11 kai 7.2.12
(an ta efarmìsoume gia thn akoloujÐa twn sunart sewn sn = f1 + · · ·+ fn).

Je¸rhma 7.3.8. 'Estw (X, ρ) metrikìc q¸roc, f, fk : X → R kai x0 ∈ X. Upojètoume
ìti:

(i) h seir�
∑∞

k=1 fk sugklÐnei omoiìmorfa sthn f sto X, kai

(ii) k�je fk eÐnai suneq c sto x0.

Tìte, h f eÐnai ki aut  suneq c sto x0.

Eidikìtera, an k�je fk eÐnai suneq c sto X, tìte h f eÐnai suneq c sto X.

Je¸rhma 7.3.9. 'Estw (fk) akoloujÐa sunart sewn pou eÐnai orismènec se èna kleistì
di�sthma [a, b]. Upojètoume ìti k�je fk : [a, b] → R eÐnai Riemann�oloklhr¸simh sto
[a, b] kai ìti h seir�

∑∞
k=1 fk sugklÐnei omoiìmorfa sthn f sto [a, b]. Tìte, h f eÐnai

Riemann=-oloklhr¸simh sto [a, b] kai∫ b

a

f(x) dx =
∞∑

k=1

∫ b

a

fk(x) dx.

Je¸rhma 7.3.10. 'Estw fk, g : [a, b] → R, n ∈ N. Upojètoume ìti k�je fk eÐnai parag-
wgÐsimh sto [a, b] kai ìti h par�gwgìc thc, f ′k, eÐnai suneq c sto [a, b]. Upojètoume epÐshc
ìti:

(i) h seir�
∑∞

k=1 f ′k sugklÐnei omoiìmorfa sthn g sto [a, b], kai

(ii) up�rqei x0 ∈ [a, b] ¸ste h seir�
∑∞

k=1 fk(x) na sugklÐnei se k�poion ξ ∈ R.

Tìte, h seir�
∑∞

k=1 fk sugklÐnei omoiìmorfa se mia sun�rthsh f : [a, b] → R, h f eÐnai
paragwgÐsimh sto [a, b] kai f ′ ≡ g. Dhlad ,( ∞∑

k=1

fk

)′
=

∞∑
k=1

f ′k.
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7.4 Ask seic

1. 'Estw fn(t) = 1
1+nt , t ∈ [0, 1]. DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo, all� ìqi

omoiìmorfa, se k�poia sun�rthsh f sto [0, 1]. Poi� eÐnai h f ?

2. 'Estw fn(t) = t2n

1+t2n , t ∈ R. DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo, all� ìqi
omoiìmorfa, se k�poia sun�rthsh f sto R. Poi� eÐnai h f ?

3. 'Estw fn : R → R me fn(t) =
{

0, t < 1
n+1   1

n < t

sin2
(

π
t

)
, 1

n+1 ≤ t ≤ 1
n

. DeÐxte ìti h (fn)

sugklÐnei kat� shmeÐo se k�poia f suneq  sto R. IsqÔei ìti fn → f omoiìmorfa sto R?

4. 'Estw fn(t) = npt(1− t2)n, t ∈ [0, 1], me p > 0 par�metro sto R. DeÐxte ìti gia k�je
p > 0 h (fn) sugklÐnei kat� shmeÐo se k�poia f sto [0, 1]. Gia poièc timèc tou p eÐnai h
sÔgklish omoiìmorfh? Gia poièc timèc tou p isqÔei ìti

∫ 1

0
fn →

∫ 1

0
f ?

5. 'Estw fn(t) = t
1+nt2 , t ∈ R. DeÐxte ìti up�rqei f ¸ste fn → f omoiìmorfa sto R.

DeÐxte ìti f ′n(t) → f ′(t) an t 6= 0, all� f ′n(0) 6→ f ′(0). Gia poi� diast mata [a, b] isqÔei
ìti f ′n → f ′ omoiìmorfa sto [a, b]?

6. 'Estw fn(t) = 1
ne−n2t2 , t ∈ R. DeÐxte ìti fn → 0 omoiìmorfa sto R kai f ′n → 0 kat�

shmeÐo sto R. ApodeÐxte ìti se k�je di�sthma to opoÐo perièqei to 0 h f ′n den sugklÐnei
omoiìmorfa sth mhdenik  sun�rthsh, en¸ se k�je kleistì di�sthma to opoÐo den perièqei
to 0 h f ′n sugklÐnei omoiìmorfa sth mhdenik  sun�rthsh.

7. DeÐxte ìti h akoloujÐa sunart sewn fn : [0,∞) → R me

f1(x) =
√

x, fn+1(x) =
√

x + fn(x)

sugklÐnei kat� shmeÐo, kai breÐte thn oriak  sun�rthsh.

8. 'Estw f : R → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti h akoloujÐa sunart -
sewn

fn(x) = f

(
x +

1
n

)
, n ∈ N

sugklÐnei omoiìmorfa sthn f .

9. 'Estw fn : [a, b] → R akoloujÐa auxous¸n sunart sewn. Upojètoume ìti h (fn)
sugklÐnei kat� shmeÐo se mia suneq  sun�rthsh f . DeÐxte ìti h f eÐnai aÔxousa kai ìti
h sÔgklish eÐnai omoiìmorfh.
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10. 'Estw fn : [0, 1] → R akoloujÐa suneq¸n sunart sewn pou sugklÐnei omoiìmorfa se
mia sun�rthsh f : [0, 1] → R. DeÐxte ìti∫ 1− 1

n

0

fn(t) dt →
∫ 1

0

f(t) dt.

IsqÔei p�nta to Ðdio an h sÔgklish eÐnai kat� shmeÐo?

11. OrÐzoume akoloujÐa sunart sewn fn : [0, 1] → R me

fn(x) = n2x(1− x)nx.

DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo kai breÐte thn oriak  sun�rthsh f . BreÐte to
ìrio twn oloklhrwm�twn

In =
∫ 1

0

fn(t) dt.

EÐnai h sÔgklish thc (fn) sthn f omoiìmorfh?

12. OrÐzoume fn : [0, π/2] → R jètontac f1(x) = sin x kai

fn+1(x) = sin(fn(x)). n ∈ N.

Exet�ste thn (fn) wc proc thn kat� shmeÐo kai thn omoiìmorfh sÔgklish.

13. Upojètoume ìti h seir�
∑∞

k=1 ak sugklÐnei apolÔtwc. DeÐxte ìti oi seirèc sunart -
sewn

∑∞
k=1 ak sin(kt) kai

∑∞
k=1 ak cos(kt) sugklÐnoun omoiìmorfa sto R.

14. DeÐxte ìti h
∑∞

k=0(1− x)xk sugklÐnei kat� shmeÐo, all� ìqi omoiìmorfa, sto [0, 1].
Antijètwc, deÐxte ìti h

∑∞
k=0(−1)kxk(1− x) sugklinei omoiìmorfa sto [0, 1].

15. DeÐxte ìti h seir� sunart sewn
∞∑

k=1

(−1)k

√
k

sin
(
1 +

x

k

)
sugklÐnei omoiìmorfa se k�je di�sthma thc morf c [−A,A], A > 0.

16. DeÐxte ìti h seir�
∑∞

k=1
1

1+k2x2 sugklÐnei gia k�je x 6= 0 kai apoklÐnei gia x = 0.
DeÐxte ìti h seir� sugklÐnei omoiìmorfa se k�je di�sthma thc morf c [A,∞)   (−∞,−A],
ìpou A > 0.

17. DeÐxte ìti h seir�
∑∞

k=1(−1)k x2+k
k2 sugklÐnei omoiìmorfa se opoiod pote di�sthma

thc morf c [−A,A], A > 0, all� den sugklÐnei apolÔtwc gia kami� tim  tou x.
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18. 'Estw α > 1/2. DeÐxte ìti h seir� sunart sewn

∞∑
k=1

x

kα(1 + kx2)

sugklÐnei omoiìmorfa sto R.

19. DeÐxte ìti h seir� sunart sewn

∞∑
k=0

(
x2k+1

2k + 1
− xk+1

2k + 2

)

sugklÐnei kat� shmeÐo, all� ìqi omoiìmorfa, sto [0, 1].

20. OrÐzoume I(x) = 0 an x ≤ 0 kai I(x) = 1 an x > 0. 'Estw (xk) akoloujÐa
diaforetik¸n an� dÔo shmeÐwn se k�poio di�sthma (a, b) kai èstw

∑∞
k=1 ck apolÔtwc

sugklÐnousa seir�. DeÐxte ìti h

∞∑
k=1

ckI(x− xk)

sugklÐnei omoiìmorfa sto (a, b) kai ìti h sun�rthsh pou orÐzetai apì aut  th seir� eÐnai
suneq c se k�je x0 ∈ (a, b) \ {xk : k ∈ N}.

21. 'Estw fn : X → R, n ∈ N. DeÐxte ìti: an fn → f omoiìmorfa sto X kai k�je fn

eÐnai fragmènh sto X, tìte h (fn) eÐnai omoiìmorfa fragmènh sto X.

22. 'Estw f, fn : (X, ρ) → [a, b] gia k�je n ∈ N kai fn → f omoiìmorfa sto X. 'Estw
g : [a, b] → R suneq c. DeÐxte ìti g ◦ fn → g ◦ f omoiìmorfa sto X.

23. 'Estw (X, ρ) metrikìc q¸roc, A ⊆ X, f, fn : A → R gia k�je n ∈ N kai fn → f
omoiìmorfa sto A. 'Estw t0 shmeÐo suss¸reushc tou A kai limt→t0 fn(t) = xn ∈ R.
DeÐxte ìti:

a. H (xn) sugklÐnei sto R kai

b. limt→t0 f(t) = limn→∞ xn. Dhlad ,

lim
t→t0

lim
n→∞

fn(t) = lim
n→∞

lim
t→t0

fn(t).
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24. BreÐte akoloujÐec (fn), (gn) orismènec sto R, oi opoÐec sugklÐnoun omoiìmorfa, all�
h (fngn) den sugklÐnei omoiìmorfa.

25. 'Estw fn(t) = tn sto [0, 1] kai g : [0, 1] → R suneq c sto [0, 1] me g(1) = 0. DeÐxte
ìti h (gfn) sugklÐnei omoiìmorfa sto [0, 1].

26. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc kai D = {xn : n ∈ N} puknì uposÔnolo
tou X. OrÐzoume thn akoloujÐa pragmatik¸n sunart sewn fn : X → R, n = 1, 2, . . . me

fn(x) = dist(x, {x1, x2, . . . , xn}), x ∈ X.

DeÐxte ìti:
(a) H (fn) eÐnai fjÐnousa kai fn → 0 kat� shmeÐo.
(b) fn → 0 omoiìmorfa ston X an kai mìnon an o X eÐnai olik� fragmènoc.

27. (a) D¸ste par�deigma akoloujÐac asuneq¸n sunart sewn pou sugklÐnei omoiìmorfa
se mia suneq  sun�rthsh.
(b) D¸ste par�deigma akoloujÐac oloklhr¸simwn sunart sewn fn : [a, b] → R pou
sugklÐnei kat� shmeÐo se mia mh oloklhr¸simh sun�rthsh f : [a, b] → R.

28. (a) 'Estw X sÔnolo, fn : X → R gia n = 1, 2, . . . kai f : X → R ¸ste fn → f
omoiìmorfa sto X. ApodeÐxte ìti |fn| → |f | omoiìmorfa sto X.
(b) 'Estw fn : [0, 1] → R me fn(x) = (−1)n

(
1 + x

n

)
gia n = 1, 2, . . . ApodeÐxte ìti h (|fn|)

sugklÐnei omoiìmorfa sto [0, 1] en¸ h (fn) den sugklÐnei.

29. 'Estw X sÔnolo, fn, gn, f, g : X → R gia n = 1, 2, . . . ¸ste fn → f kai gn → g
omoiìmorfa sto X. ApodeÐxte ìti an oi f, g eÐnai fragmènec tìte fngn → fg omoiìmorfa
sto X.

30. 'Estw δ > 0 kai f, fn : X → R ¸ste |fn(x)| ≥ δ gia k�je x ∈ X kai n = 1, 2, . . ..
An fn → f omoiìmorfa sto X, deÐxte ìti:
(a) f(x) 6= 0 gia k�je x ∈ X.
(b) 1

fn
→ 1

f omoiìmorfa sto X.

31. 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi kai fn, f : X → Y ¸ste fn → f omoiìmorfa sto
X. An k�je fn eÐnai omoiìmorfa suneq c sun�rthsh, apodeÐxte ìti h f eÐnai omoiìmorfa
suneq c.

32. (a) 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi me ton X sumpag . An fn : X → Y gia
n = 1, 2, . . . kai f : X → Y suneq c ¸ste gia k�je x ∈ X kai gia k�je (xn) akoloujÐa
ston X me xn → x isqÔei fn(xn) → f(x), apodeÐxte ìti fn → f omoiìmorfa.
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(b) ApodeÐxte ìti h sump�geia eÐnai aparaÐthth, jewr¸ntac thn akoloujÐa fn : (0, 1] → R
me

fn(t) =
{

n, 0 < x ≤ 1
n

1
x , 1

n < x ≤ 1

kai thn f : (0, 1] → R me f(x) = 1
x . Diapist¸ste ìti ikanopoieÐtai h upìjesh, all�

fn 6→ f omoiìmorfa.





Kef�laio 8

SuneqeÐc sunart seic se

sumpageÐc metrikoÔc q¸rouc

8.1 O q¸roc C(K)

Se autì to Kef�laio sumbolÐzoume me (K, d) ènan sumpag  metrikì q¸ro. Sto Kef�laio
5 jewr same to q¸ro `∞(K) twn fragmènwn sunart sewn f : K → R me nìrma thn

‖f‖∞ = sup{|f(x)| : x ∈ K}

kai apodeÐxame ìti o `∞(K) eÐnai pl rhc wc proc th metrik  pou ep�getai apì thn ‖ · ‖∞:
1. O (`∞(K), ‖ · ‖∞) eÐnai pl rhc.

SumbolÐzoume me C(K) to q¸ro twn suneq¸n sunart sewn f : K → R. 'Opwc eÐdame
sto Kef�laio 6, afoÔ o (K, d) eÐnai sumpag c, k�je suneq c sun�rthsh f : K → R eÐnai
fragmènh. 'Epetai ìti:

2. O (C(K), ‖ · ‖∞) eÐnai upìqwroc tou (`∞(K), ‖ · ‖∞).
Sto Kef�laio 7 eÐdame ìti an fn, f : K → R tìte ‖fn − f‖∞ → 0 an kai mìno an
fn → f omoiìmorfa sto K. Dhlad , h sÔgklish wc proc thn ‖ · ‖∞ eÐnai h omoiìmorfh
sÔgklish. EÐdame epÐshc ìti: an (fn) eÐnai mia akoloujÐa suneq¸n sunart sewn kai
fn → f omoiìmorfa, tìte h f eÐnai epÐshc suneq c. Mia isodÔnamh diatÔpwsh (exhg ste
giatÐ) eÐnai h ex c: an (fn) eÐnai akoloujÐa ston C(K) kai fn

‖·‖∞−→ f ∈ `∞(K) tìte
f ∈ C(K). Sunep¸c:

3. O C(K) eÐnai kleistì uposÔnolo tou (`∞(K), ‖ · ‖∞).
Sundu�zontac ta parap�nw paÐrnoume amèswc to ex c:

Je¸rhma 8.1.1. 'Estw (K, d) sumpag c metrikìc q¸roc. O q¸roc (C(K), ‖ · ‖∞) eÐnai
pl rhc.



152 · SuneqeÐs sunart seis se sumpageÐs metrikoÔs q¸rous

Apìdeixh. QrhsimopoioÔme to gegonìc ìti k�je kleistì uposÔnolo enìc pl rouc metrikoÔ
q¸rou eÐnai pl rhc metrikìc q¸roc me th sqetik  metrik , se sunduasmì me ta prohgoÔ-
mena trÐa apotelèsmata: o `∞(K) eÐnai pl rhc me thn ‖ · ‖∞ kai o C(K) eÐnai kleistì
uposÔnolì tou. 2

Skopìc mac se autì to Kef�laio eÐnai na doÔme k�poia basik� apotelèsmata sqetik�
me th dom  tou q¸rou C(K). Sthn epìmenh par�grafo jewroÔme thn perÐptwsh pou to K
eÐnai èna kleistì di�sthma [a, b] sto R. Ja apodeÐxoume ìti h oikogèneia twn poluwnÔmwn
(periorismènwn sto [a, b]) eÐnai pukn  ston C([a, b]).

8.2 To je¸rhma prosèggishc tou Weierstrass

ApodeiknÔoume ed¸ to je¸rhma prosèggishc tou Weierstrass.

Je¸rhma 8.2.1 (Weierstrass). 'Estw f : [a, b] → R suneq c sun�rthsh. Gia k�je
ε > 0 up�rqei polu¸numo p : R → R ¸ste o periorismìc tou p sto [a, b] na ikanopoieÐ thn

‖f − p‖∞ ≤ ε.

IsodÔnama, gia k�je x ∈ [a, b],
|f(x)− P (x)| ≤ ε.

ShmeÐwsh. Efarmìzontac diadoqik� to je¸rhma me ε = 1
n (n ∈ N) mporoÔme na broÔme

akoloujÐa poluwnÔmwn (pn) me thn idiìthta

‖f − pn‖∞ ≤ 1
n

, n ∈ N.

'Etsi, paÐrnoume thn akìloujh isodÔnamh diatÔpwsh tou jewr matoc 8.2.1:

Je¸rhma 8.2.2 (Weierstrass). 'Estw f : [a, b] → R suneq c sun�rthsh. Up�rqei
akoloujÐa poluwnÔmwn (pn) ¸ste pn → f omoiìmorfa sto [a, b].

Gia thn apìdeixh, parathroÔme ìti arkeÐ na exet�soume thn perÐptwsh tou C([0, 1]).
Autì prokÔptei apì to akìloujo l mma:

L mma 8.2.3. 'Estw a < b sto R. Up�rqei grammik  isometrÐa T : C([a, b]) → C([0, 1])
pou apeikonÐzei polu¸numa se polu¸numa.

Apìdeixh. ParathroÔme ìti o metasqhmatismìc σ : [0, 1] → [a, b] me σ(x) = a + x(b −
a) eÐnai 1-1 kai epÐ, me antÐstrofo ton metasqhmatismì σ−1(y) = y−a

b−a . OrÐzoume T :
C([a, b]) → C([0, 1]) me T (f) = g, ìpou g : [0, 1] → R h sun�rthsh g = f ◦ σ. H g = T (f)
eÐnai kal� orismènh kai suneq c wc sÔnjesh suneq¸n sunart sewn: gia k�je x ∈ [0, 1],

g(x) = f(σ(x)) = f(a + x(b− a)).
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EÔkola elègqoume ìti

‖T (f)‖∞ = max{|f(a + x(b− a))| : x ∈ [0, 1]} = max{|f(y)| : y ∈ [a, b]} = ‖f‖∞

gia k�je f ∈ C([a, b]). EpÐshc, h T eÐnai grammik  apeikìnish: an f1, f2 ∈ C([a, b]) kai
a, b ∈ R, tìte

T (af1 + bf2) = aT (f1) + bT (f2).

Tèloc, an p(y) =
∑n

k=0 λkyk eÐnai èna polu¸numo, èqoume

[T (p)](x) = p(a + x(b− a)) =
n∑

k=0

λk(a + x(b− a))k,

dhlad  h sun�rthsh T (p) eÐnai epÐshc polu¸numo. 2

ShmeÐwsh. Me b�sh to l mma 8.2.3 blèpoume eÔkola ìti, an apodeÐxoume to je¸rhma
sthn perÐptwsh tou C([0, 1]) tìte èqoume to Ðdio sumpèrasma gia opoiond pote C([a, b]).
Pr�gmati, èstw f : [a, b] → R suneq c kai èstw ε > 0. H T (f) : [0, 1] → R eÐnai suneq c,
�ra up�rqei polu¸numo q ¸ste

‖T (f)− q‖∞ ≤ ε.

OrÐzoume p : [0, 1] → R me p(y) = q(σ−1(y)). Tìte, h p eÐnai polu¸numo (akribèstera,
periorismìc poluwnÔmou sto [0, 1]) kai T (p) = q (exhg ste giatÐ). Tìte,

‖f − p‖∞ = ‖T (f − p)‖∞ = ‖T (f)− T (p)‖∞ = ‖T (f)− q‖∞ ≤ ε.

Sunep¸c, arkeÐ na apodeÐxoume to je¸rhma sthn perÐptwsh tou C([0, 1]). Ja qreiastoÔme
ta parak�tw l mmata.

L mma 8.2.4. Gia k�je x ∈ [0, 1] isqÔoun oi tautìthtec:

(a)
∑n

k=0

(
n
k

)
xk(1− x)n−k = 1.

(b)
∑n

k=0
k
n

(
n
k

)
xk(1− x)n−k = x.

(g)
∑n

k=0

(
k
n

)2 (n
k

)
xk(1− x)n−k =

(
1− 1

n

)
x2 + 1

nx.

Apìdeixh. (a) ProkÔptei �mesa apì ton diwnumikì tÔpo:
n∑

k=0

(
n

k

)
xk(1− x)n−k = [x + (1− x)]n = 1.

(b) ParathroÔme ìti, gia k�je k = 1, . . . , n,

k

n

(
n

k

)
=

(n− 1)!
(k − 1)!(n− k)!

=
(

n− 1
k − 1

)
.
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'Epetai ìti
n∑

k=0

k

n

(
n

k

)
xk(1− x)n−k = x

n∑
k=1

(
n− 1
k − 1

)
xk−1(1− x)n−k

= x
n−1∑
j=0

(
n− 1

j

)
xj(1− x)n−1−j

= x.

(g) ParathroÔme ìti, an k ≥ 1,(
k

n

)2(
n

k

)
=

k

n

(
n− 1
k − 1

)
=

n− 1
n

k − 1
n− 1

(
n− 1
k − 1

)
+

1
n

(
n− 1
k − 1

)
,

kai, an k ≥ 2, h teleutaÐa posìthta isoÔtai me(
1− 1

n

)(
n− 2
k − 2

)
+

1
n

(
n− 1
k − 1

)
.

Tìte,
n∑

k=0

(
k

n

)2 (n

k

)
xk(1− x)n−k =

(
1− 1

n

) n∑
k=2

(
n− 2
k − 2

)
xk(1− x)n−k

+
1
n

n∑
k=1

(
n− 1
k − 1

)
xk(1− x)n−k

=
(

1− 1
n

)
x2 +

1
n

x.

L mma 8.2.5. Gia k�je x ∈ [0, 1],

n∑
k=0

(
k

n
− x

)2(
n

k

)
xk(1− x)n−k =

x(1− x)
n

≤ 1
4n

.

Apìdeixh. Apì thn
(

k
n − x

)2
=
(

k
n

)2−2 k
nx+x2 kai to prohgoÔmeno l mma, sumperaÐnoume

ìti
n∑

k=0

(
k

n
− x

)2(
n

k

)
xk(1− x)n−k =

(
1− 1

n

)
x2 +

1
n

x− 2x2 + x2

=
x(1− x)

n
≤ 1

4n
,

afoÔ 4x(1− x) ≤ 1 gia k�je x ∈ [0, 1]. 2
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L mma 8.2.6. 'Estw δ > 0 kai x ∈ [0, 1]. An F = F (δ, x) eÐnai to sÔnolo twn k ∈
{0, 1, . . . , n} gia ta opoÐa

∣∣ k
n − x

∣∣ ≥ δ, tìte∑
k∈F

(
n

k

)
xk(1− x)n−k ≤ 1

4nδ2
.

Apìdeixh. ParathroÔme ìti

∑
k∈F

(
n

k

)
xk(1− x)n−k ≤ 1

δ2

∑
k∈F

(
k

n
− x

)2(
n

k

)
xk(1− x)n−k

≤ 1
δ2

n∑
k=0

(
k

n
− x

)2(
n

k

)
xk(1− x)n−k

≤ 1
4nδ2

apì to prohgoÔmeno l mma. 2

Orismìc 8.2.7. 'Estw f : [0, 1] → R suneq c sun�rthsh. Gia k�je n ∈ N orÐzoume to
n-ostì polu¸numo Bernstein Bn(f) thc f wc ex c:

[Bn(f)](x) =
n∑

k=0

f

(
k

n

)
·
(

n

k

)
xk(1− x)n−k, x ∈ [0, 1].

Parathr ste ìti to Bn(f) eÐnai ìntwc polu¸numo (me bajmì to polÔ Ðso me n) kai ìti
[Bn(f)](0) = f(0) kai [Bn(f)](1) = f(1).

EpÐshc, to l mma 8.2.4 deÐqnei ìti: an fk(x) = xk, k = 0, 1, 2, . . ., tìte, gia k�je
n ∈ N,

Bn(f0) = f0, Bn(f1) = f1, Bn(f2) =
(

1− 1
n

)
f2 +

1
n

f1.

Eidikìtera, gia k = 0, 1, 2,
‖fk −Bn(fk)‖∞ → 0

ìtan n →∞.
Je¸rhma 8.2.8 (Bernstein). Gia k�je f ∈ C([0, 1]) isqÔei ìti Bn(f) → f omoiìmorfa
sto [0, 1].

Apìdeixh. 'Estw f : [0, 1] → R suneq c kai èstw ε > 0. H f eÐnai omoiìmorfa suneq c,
�ra up�rqei δ > 0 ¸ste: an x, y ∈ [0, 1] kai |x − y| < δ tìte |f(x) − f(y)| < ε/2. Lìgw
thc

∑n
k=0

(
n
k

)
xk(1− x)n−k, gia k�je x ∈ [0, 1] èqoume

|f(x)− [Bn(f)](x)| =

∣∣∣∣∣f(x)−
n∑

k=0

f

(
k

n

)
·
(

n

k

)
xk(1− x)n−k

∣∣∣∣∣
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=

∣∣∣∣∣
n∑

k=0

f(x) ·
(

n

k

)
xk(1− x)n−k −

n∑
k=0

f

(
k

n

)
·
(

n

k

)
xk(1− x)n−k

∣∣∣∣∣
=

∣∣∣∣∣
n∑

k=0

(
f(x)− f

(
k

n

))
·
(

n

k

)
xk(1− x)n−k

∣∣∣∣∣
≤

n∑
k=0

∣∣∣∣f(x)− f

(
k

n

)∣∣∣∣ · (n

k

)
xk(1− x)n−k.

'Estw F = F (δ, x) to sÔnolo twn k ∈ {0, 1, . . . , n} gia ta opoÐa
∣∣ k
n − x

∣∣ ≥ δ. Apì to
l mma 8.2.6, ∑

k∈F

(
n

k

)
xk(1− x)n−k ≤ 1

4nδ2
.

EpÐshc, parathr ste ìti:
(a) An k ∈ F tìte |f(x)− f(k/n)| ≤ 2‖f‖∞, kai
(b) An k /∈ F tìte |f(x)− f(k/n)| < ε/2.

MporoÔme loipìn na gr�youme

|f(x)− [Bn(f)](x)| ≤
n∑

k=0

∣∣∣∣f(x)− f

(
k

n

)∣∣∣∣ · (n

k

)
xk(1− x)n−k

≤ ε

2

∑
k/∈F

(
n

k

)
xk(1− x)n−k + 2‖f‖∞

∑
k∈F

(
n

k

)
xk(1− x)n−k

<
ε

2
+ 2‖f‖∞

1
4nδ2

< ε,

an n > n0 =
[
‖f‖∞/(εδ2)

]
+ 1. H epilog  tou n0 eÐnai anex�rthth apì to x ∈ [0, 1], �ra,

gia k�je n > n0 èqoume
‖f −Bn(f)‖∞ < ε.

2

AfoÔ k�je Bn(f) eÐnai polu¸numo, to je¸rhma 8.2.1 eÐnai �mesh sunèpeia tou jewr -
matoc tou Bernstein.

8.3 Ask seic

1. DeÐxte ìti o C([0, 1]) eÐnai diaqwrÐsimoc.

2. 'Estw f : [0, 1] → R suneq c sun�rthsh me thn idiìthta∫ 1

0

xnf(x) dx = 0
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gia k�je n = 0, 1, 2, . . .. ApodeÐxte ìti f ≡ 0.

3. 'Estw f, g : [0, 1] → R suneqeÐc sunart seic.
(a) An isqÔei

∫ 1

0
xnf(x) dx =

∫ 1

0
xng(x) dx gia n = 0, 1, . . . deÐxte ìti f ≡ g.

(b) An isqÔei
∫ 1

0
x2nf(x) dx = 0 gia n = 0, 1, 2, . . . deÐxte ìti f ≡ 0.

4. D¸ste par�deigma akoloujÐac poluwnÔmwn pn : [0, 1] → R me pn(x) → 0 gia k�je
x ∈ [0, 1] kai

∫ 1

0
pn(x) dx → 1.

5. 'Estw f : [0, 1] → R suneq c sun�rthsh, h opoÐa den eÐnai polu¸numo. An (pn) eÐnai
akoloujÐa poluwnÔmwn ¸ste pn → f omoiìmorfa, deÐxte ìti deg(pn) →∞.

6. (a) 'Estw f, g : [0, 1] → R suneqeÐc sunart seic me f(x) < g(x) gia k�je x ∈ [0, 1].
ApodeÐxte ìti up�rqei polu¸numo p : [0, 1] → R ¸ste f(x) < p(x) < g(x) gia k�je
x ∈ [0, 1].
(b) ApodeÐxte ìti up�rqei polu¸numo q ¸ste ex ≤ q(x) ≤ e2x gia k�je x ∈ [0, 1].
(g) An h : [0, 1] → R suneq c sun�rthsh, apodeÐxte ìti up�rqei gnhsÐwc aÔxousa akolou-
jÐa poluwnÔmwn (pn) ¸ste pn → h omoiìmorfa sto [0, 1].

7. 'Estw f : [0, 1] → R suneq c sun�rthsh.
(a) DeÐxte ìti |Bn(f)| ≤ Bn(|f |) kai Bn(f) ≥ 0 an f ≥ 0.
(b) DeÐxte ìti ‖Bn(f)‖∞ ≤ ‖f‖∞.

8. 'Estw f : [0, 1] → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti, gia k�je ε > 0
up�rqei polu¸numo p ¸ste ‖f − p‖∞ < ε kai ‖f ′ − p′‖∞ < ε.

9. 'Estw 0 < a < b < 1 kai f : [a, b] → R suneq c sun�rthsh. DeÐxte ìti up�rqei
akoloujÐa (pn) poluwnÔmwn me akèraiouc suntelestèc, ¸ste pn → f omoiìmorfa sto
[a, b].

10. D¸ste par�deigma suneqoÔc kai fragmènhc sun�rthshc f : (0, 1] → R ¸ste na mhn
up�rqei akoloujÐa poluwnÔmwn pn : (0, 1] → R me pn → f omoiìmorfa sto (0, 1].

11. 'Estw f : [1,∞) → R suneq c sun�rthsh me limx→∞ f(x) = L ∈ R.
(a) An h f den eÐnai stajer , deÐxte ìti den up�rqei akoloujÐa poluwnÔmwn (pn) ¸ste
pn → f omoiìmorfa sto [1,∞).
(b) ApodeÐxte ìti up�rqei akoloujÐa poluwnÔmwn (pn) ¸ste pn( 1

x ) → f(x) omoiìmorfa
wc proc x sto [1,∞).

12. DeÐxte ìti to sÔnolo twn poluwnÔmwn (twn periorism¸n touc sto [0, 1]) eÐnai sÔnolo
pr¸thc kathgorÐac ston C([0, 1]).





Mèroc IV

Parart mata





Par�rthma Aþ

Arijm sima kai

uperarijm sima sÔnola

Aþ.1 Isoplhjik� sÔnola

Orismìc Aþ.1.1 (isoplhjikìthta). 'Estw A,B dÔo mh ken� sÔnola. Ta A,B lègontai
isoplhjik� an up�rqei mia sun�rthsh f : A → B, h opoÐa eÐnai 1-1 kai epÐ1. Tìte,
gr�foume A =c B   |A| = |B|   kai A ∼ B.

ParadeÐgmata Aþ.1.2. (a) Ta sÔnola (0, 1) kai (0, 2) eÐnai isoplhjik�, mèsw thc antis-
toiqÐac f : (0, 1) → (0, 2) me f(x) = 2x. Genikìtera, k�je anoiktì di�sthma (a, b), a, b ∈
R, a < b, eÐnai isoplhjikì me to (0, 1) mèsw thc antistoiqÐac f : (0, 1) → (a, b) me
f(t) = (1− t)a + tb.
(b) To sÔnolo twn fusik¸n arijm¸n N = {1, 2, . . .} eÐnai isoplhjikì me to sÔnolo twn
artÐwn A = {2n : n ∈ N} mèsw thc antistoiqÐac N � A me n 7→ 2n.
(g) To sÔnolo twn fusik¸n arijm¸n N eÐnai isoplhjikì me to sÔnolo twn akeraÐwn Z.
Pr�gmati: jewroÔme th sun�rthsh f : N → Z me

f(n) =
{

k, an n = 2k − 1, k ∈ N
1− k, an n = 2k, k ∈ N

H sun�rthsh f antistoiqÐxei touc perittoÔc fusikoÔc stouc jetikoÔc akeraÐouc kai touc
�rtiouc fusikoÔc stouc mh jetikoÔc akeraÐouc.
(d) Ta sÔnola [0, 1] kai [0, 1) eÐnai isoplhjik�. Pr�gmati: jewroÔme to sÔnolo A = { 1

n :
n = 1, 2, . . .}, to opoÐo eÐnai uposÔnolo tou [0, 1] kai orÐzoume th sun�rthsh f : [0, 1] →

1Mia tètoia sun�rthsh onom�zetai antistoiqÐa. Lème tìte ìti èqoume mia antistoiqÐa apì to A sto B
kai gr�foume A � B.
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[0, 1) me

f(x) =
{

1
n+1 , an x ∈ A kai x = 1

n

x, diaforetik�

EÔkola elègqoume ìti h f eÐnai antistoiqÐa.

H epìmenh prìtash mac lèei ìti h isoplhjikìthta metaxÔ sunìlwn eÐnai sqèsh iso-
dunamÐac.

Prìtash Aþ.1.3. 'Estw A,B,C mh ken� sÔnola. Tìte isqÔoun ta akìlouja:
(a) A ∼ A,
(b) an A ∼ B, tìte B ∼ A kai
(g) an A ∼ B kai B ∼ C, tìte A ∼ C.

Apìdeixh. 'Amesh. 2

Sumbolismìc. SumbolÐzoume me Tn to sÔnolo twn pr¸twn n fusik¸n, dhlad  Tn =
{1, 2, . . . n}.

Orismìc Aþ.1.4 (peperasmèna kai �peira sÔnola). (a) 'Estw A mh kenì sÔnolo2.
To A lègetai peperasmèno an up�rqoun n ∈ N kai sun�rthsh f : A → Tn h opoÐa eÐnai
1-1 kai epÐ. Tìte, lème ìti o plhj�rijmoc tou A eÐnai n   ìti to A èqei n stoiqeÐa kai
gr�foume card(A) = n   #A = n   kai |A| = n.

(b) 'Ena sÔnolo A lègetai �peiro an den eÐnai peperasmèno.

Prìtash Aþ.1.5. 'Ena sÔnolo A eÐnai �peiro an kai mìno an up�rqei 1-1 sun�rthsh
f : N → A, dhlad  up�rqei B ⊆ A ¸ste B ∼ N.

Apìdeixh. Upojètoume pr¸ta ìti to A eÐnai �peiro. Eidikìtera, to A eÐnai mh kenì.
'Ara, up�rqei a1 ∈ A. Tìte, to sÔnolo A \ {a1} eÐnai mh kenì. 'Ara, up�rqei a2 ∈
A \ {a1}. OmoÐwc, A \ {a1, a2} 6= ∅ kai mporoÔme na epilèxoume a3 ∈ A \ {a1, a2}.
Epagwgik�, orÐzetai akoloujÐa (an) stoiqeÐwn tou A. Pr�gmati: an up rqe n ∈ N ¸ste
A\{a1, a2, . . . , an} = ∅ tìte ja eÐqame A = {a1, a2, . . . , an} kai to A ja  tan peperasmèno.

OrÐzoume tìte f : N → A me f(n) = an. H f eÐnai 1-1 diìti ta an eÐnai diaforetik�
an� dÔo. An jèsoume B = f(N) tìte B ⊆ A kai h f : N → B eÐnai 1-1 kai epÐ. Dhl�d ,
B ∼ N.

AntÐstrofa, upojètoume ìti up�rqei 1-1 sun�rthsh f : N → A. An to A eÐnai peperas-
mèno, tìte up�rqoun m ∈ N kai g : A → Tm h opoÐa eÐnai 1-1 kai epÐ. Tìte, h sun�rthsh
g ◦ f : N → Tm eÐnai 1-1, �topo (exhg ste giatÐ). 2

2Gia to kenì sÔnolo deqìmaste ìti eÐnai peperasmèno me plhj�rijmo 0.
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Sumbolismìc. 'Estw A,B dÔo sÔnola. An up�rqei 1-1 sun�rthsh f : A → B,
gr�foume A ≤c B   A � B kai lème ìti to A èqei plhj�rijmo to polÔ Ðso me autìn
tou B. O sumbolismìc kai h orologÐa dikaiologoÔntai apì to gegonìc ìti to A eÐnai
isoplhjikì me to f(A) to opoÐo eÐnai uposÔnolo tou B.

ParadeÐgmata Aþ.1.6. (a) To sÔnolo Z twn akeraÐwn eÐnai �peiro, diìti N ⊆ Z.
(b) To sÔnolo twn rht¸n eÐnai �peiro diìti N ⊆ Q.
(g) K�je mh tetrimmèno di�sthma eÐnai �peiro sÔnolo.

Sqìlia Aþ.1.7. K�je �peiro sÔnolo A eÐnai isoplhjikì me k�poio gn sio uposÔnolì
tou. Pr�gmati, sthn prìtash A'.1.6. deÐxame ìti an to A eÐnai �peiro tìte up�rqei 1-1
sun�rthsh f : N → A. Gr�foume bn = f(n) gia n = 1, 2, . . . kai jètoume B = f(N) =
{b1, b2, . . .} ⊆ A. JewroÔme to sÔnolo C = A \ {b1}, to opoÐo eÐna gn sio uposÔnolo tou
A kai orÐzoume mia sun�rthsh g : A → C wc ex c:

g(x) =
{

bn+1, an x = bn gia k�poio n
x, an x ∈ A \B

EÔkola elègqoume ìti h g eÐnai 1-1 kai epÐ (�skhsh).

Aþ.2 Arijm sima kai uperarijm sima sÔnola

Orismìc Aþ.2.1 (arijm sima kai uperarijm sima sÔnola). 'Estw A èna �peiro
sÔnolo. To A ja lègetai arijm simo an up�rqei 1-1 kai epÐ sun�rthsh f : N → A,
dhlad  an A ∼ N. Diaforetik�, to sÔnolo A ja lègetai uperarijm simo.

Sumbolismìc. Ton plhj�rijmo twn fusik¸n arijm¸n twn sumbolÐzoume me ω   ℵ0

(�lef 0). 'Etsi, an to sÔnolo A eÐnai arijm simo gr�foume |A| = ℵ0.

ParadeÐgmata Aþ.2.2. (a) To sÔnolo Z twn akeraÐwn eÐnai arijm simo.
(b) To N × N = {(m,n) : m,n ∈ N} eÐnai arijm simo: h sun�rthsh f : N × N → N
me f(m,n) = 2m−1(2n − 1) eÐnai 1-1 kai epÐ. To gegonìc ìti eÐnai epÐ èpetai apì to
jemeli¸dec je¸rhma thc arijmhtik c (deÐxte ìti eÐnai 1-1).
(g) An A,B eÐnai arijm sima sÔnola, tìte to A × B = {(a, b) : a ∈ A, b ∈ B} eÐnai
epÐshc arijm simo. Pr�gmati, an ta A,B eÐnai arijm sima tìte up�rqoun f : A → N
kai g : B → N sunart seic 1-1 kai epÐ. JewroÔme th sun�rthsh h : A × B → N × N
ìpou h(a, b) = (f(a), g(b)). Qrhsimopoi¸ntac to gegonìc ìti oi f kai g eÐnai 1-1 kai epÐ
mporoÔme eÔkola na elègxoume ìti h h eÐnai 1-1 kai epÐ. 'Ara, A × B ∼ N × N. Apì to
prohgoÔmeno par�deigma èqoume N × N ∼ N, opìte apì thn prìtash A'.1.3. èpetai ìti
A×B ∼ N.

H epìmenh prìtash dÐnei qr simouc qarakthrismoÔc gia ta arijm sima sÔnola.
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Prìtash Aþ.2.3. 'Estw A �peiro sÔnolo. Ta ex c eÐnai isodÔnama:
(a) To A eÐnai arijm simo.
(b) Up�rqei sun�rthsh f : N → A, h opoÐa eÐnai epÐ.
(g) Up�rqei sun�rthsh g : A → N, h opoÐa eÐnai 1-1.

Gia thn apìdeixh thc prìtashc ja qreiastoÔme èna l mma to opoÐo parousi�zei anex�rth-
to endiafèron.

L mma Aþ.2.4. 'Estw A �peiro uposÔnolo tou N. Tìte, to A eÐnai arijm simo.

Apìdeixh. To A eÐnai �peiro, epomènwc eÐnai mh kenì. Apì thn arq  thc kal c di�taxhc
(arq  tou elaqÐstou) up�rqei to a1 = minA. To sÔnolo A \ {a1} eÐnai epÐshc mh kenì
(alli¸c to A ja  tan peperasmèno) opìte, p�li apì thn arq  thc kal c di�taxhc, up�rqei
to a2 = minA \ {a1}. H diadikasÐa aut  suneqÐzetai ep' �peiron, giatÐ an stamatoÔse
se k�poio b ma n0 ja eÐqame A \ {a1, . . . , an0} = ∅, dhlad  to A ja  tan peperasmèno.
'Etsi, orÐzetai epagwgik� mia akoloujÐa (an) stoiqeÐwn tou A. Parathr ste ìti h (an)
eÐnai gnhsÐwc aÔxousa akoloujÐa fusik¸n, �ra an ≥ n gia k�je n ∈ N.
Isqurismìc. A = {a1, a2, . . . , an, . . .}.

EÐnai profanèc ìti {a1, a2, . . . , an . . .} ⊆ A. An upojèsoume ìti o egkleismìc eÐnai
gn sioc, tìte up�rqei a ∈ A ¸ste a 6= an gia k�je n ∈ N. Profan¸c, eÐnai a > a1 kai
epÐshc up�rqei n ∈ N ¸ste an > a (diìti an ≥ n). 'Ara, up�rqei mègistoc n me thn idiìthta
a > an. Tìte, an < a < an+1. Autì eÐnai �topo, diìti èqoume a ∈ A \ {a1, . . . , an} kai
a < minA \ {a1, . . . , an}.

Apì ton isqurismì èpetai �mesa ìti to A eÐnai arijm simo. 2

T¸ra eÐmaste se jèsh na apodeÐxoume thn prìtash A'.2.3.
Apìdeixh thc prìtashc A'.2.3. H sunepagwg  (a) ⇒ (b) eÐnai �mesh apì ton orismì tou
arijm simou sunìlou.

Upojètoume ìti isqÔei to (b), dhlad  up�rqei sun�rthsh f : N → A, h opoÐa eÐnai
epÐ. Tìte, gia k�je a ∈ A isqÔei f−1({a}) 6= ∅. Jètoume na = min f−1({a}), a ∈ A (to
min up�rqei apì thn arq  thc kal c di�taxhc). H sun�rthsh g : A → N, me g(a) = na

eÐnai kal� orismènh kai 1-1. Pr�gmati: parathroÔme ìti an a, b ∈ A me a 6= b, tìte
f−1({a}) ∩ f−1({b}) = ∅ kai �ra na 6= nb.

'Estw ìti isqÔei to (g) dhlad , up�rqei 1-1 sun�rthsh g : A → N. Tìte, to B = g(A)
eÐnai �peiro uposÔnolo twn fusik¸n. Apì to l mma eÐnai arijm simo, dhlad  up�rqei h :
B → N, h opoÐa eÐnai 1-1 kai epÐ. JewroÔme th sun�rthsh φ : A → N me φ(a) = h(g(a)).
EÔkola elègqoume ìti eÐnai 1-1 kai epÐ, �ra to A eÐnai arijm simo. 2

ParadeÐgmata Aþ.2.5. To sÔnolo Q twn rht¸n arijm¸n eÐnai arijm simo. AfoÔ to Q
eÐnai �peiro, arkeÐ na deÐxoume ìti up�rqei 1-1 sun�rthsh g : Q → N. AfoÔ N ∼ Z × N,
arkeÐ na deÐxoume ìti up�rqei 1-1 sun�rthsh f : Q → Z × N. JewroÔme th sun�rthsh
f : Q → Z× N me f(m

n ) = (m,n), ìpou m ∈ Z, n ∈ N kai gcd (m,n) = 1.
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To epìmeno je¸rhma ofeÐletai ston Cantor kai deÐqnei ìti arijm simec to pl joc
pr�xeic metaxÔ arijm simwn sunìlwn par�goun arijm sima sÔnola. To epiqeÐrhma pou
qrhsimopoieÐtai gia thn apìdeixh eÐnai gnwstì wc pr¸to diag¸nio epiqeÐrhma tou Cantor.

Je¸rhma Aþ.2.6 (Cantor, 1899). 'Estw (Ai)i∈I mia oikogèneia arijm simwn sunìlwn.
An to I eÐnai arijm simo, tìte kai to

⋃
i∈I Ai eÐnai arijm simo.

Apìdeixh. To I eÐnai arijm simo, mporoÔme loipìn na upojèsoume qwrÐc periorismì thc
genikìthtac ìti eÐnai to N. 'Etsi, èqoume thn oikogèneia A1, A2, . . . , An, . . .. EpÐshc, k�je
Ai eÐnai arijm simo, epomènwc mporoÔme na aparijm soume ta stoiqeÐa tou wc

Ai = {ai
1, a

i
2, . . . , a

i
k, . . .}, i = 1, 2, . . .

Arijm¸ntac me autìn ton trìpo ta stoiqeÐa tou ek�stote sunìlou paÐrnoume ènan �peiro
pÐnaka, ìpwc faÐnetai sto akìloujo sq ma:

A1 : a1
1 a1

2 a1
3 . . . a1

k . . .

A2 : a2
1 a2

2 a2
3 . . . a2

k . . .

A3 : a3
1 a3

2 a3
3 . . . a3

k . . .

...
...

...
... . . . ... . . .

An : an
1 an

2 an
3 . . . an

k . . .

...
...

...
... . . . ... . . .

Tìte, eÐnai profanèc ìti o pÐnakac autìc perièqei ìla ta stoiqeÐa tou A =
⋃∞

i=1 Ai

(endeqomènwc me epanal yeic). AparijmoÔme ta stoiqeÐa autoÔ tou pÐnaka kat� m koc
twn diagwnÐwn me kateÔjunsh apì ta arister� proc ta dexi�, wc ex c:

π : {a1
1, a

2
1, a

1
2, a

3
1, a

2
2, a

1
3, . . .}

ìpou me π : N → A sumbolÐzoume thn epÐ apekìnish pou prokÔptei apì thn parap�nw
diadikasÐa arÐjmhshc. To sumpèrasma èpetai apì to (b) thc prìtashc A'.2.3. 2

H epìmenh prìtash apodeiknÔei ìti up�rqoun sÔnola ta opoÐa den eÐnai arijm sima.
Autì m�lista isqÔei gia ta mh tetrimmèna diast mata sto R.

Prìtash Aþ.2.7. To sÔnolo [0, 1] = {x ∈ R : 0 ≤ x ≤ 1} eÐnai uperarijm simo.

Apìdeixh. To sÔnolo [0, 1] eÐnai �peiro. 'Estw ìti eÐnai arijm simo. Tìte, mporoÔme na
gr�youme

[0, 1] = {xn : n = 1, 2, . . .}.

QwrÐzoume to [0, 1] se trÐa Ðsa mèrh wc ex c: [0, 1] = [0, 1/3] ∪ [1/3, 2/3] ∪ [2/3, 1].
Tìte, toul�qiston èna apì aut� ta trÐa diast mata den perièqei to x1. Onom�zoume
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autì to di�sthma I1 kai to qwrÐzoume se trÐa isom kh diadoqik� kleist� diast mata
m kouc 1/9. Toul�qiston èna apì aut� den perièqei to x2. Onom�zoume autì to di�sthma
I2. SuneqÐzoume me ton Ðdio trìpo, opìte paÐrnoume mia fjÐnousa akoloujÐa kleist¸n
diasthm�twn In = [an, bn] me xn /∈ In kai bn − an = 3−n → 0. Apì thn arq  kibwtismoÔ
isqÔei

⋂∞
n=1 In = {x}. AfoÔ x ∈ [0, 1], up�rqei n0 ∈ N ¸ste x = xn0 . 'Atopo, diìti

x ∈ In gia k�je n ∈ N en¸ xn0 /∈ In0 . 2

ShmeÐwsh: Parathr ste ìti h plhrìthta twn pragmatik¸n arijm¸n paÐzei ousiastikì
rìlo sthn apìdeixh: qrhsimopoi same thn arq  tou kibwtismoÔ. Se antidiastol , to
sÔnolo Q ∩ [0, 1] eÐnai arijm simo.

Pìrisma Aþ.2.8. To sÔnolo twn pragmatik¸n arijm¸n R kai to sÔnolo twn arr twn
R \Q eÐnai uperarijm sima.

Tèloc, deÐqnoume ìti to sÔnolo twn duadik¸n akolouji¸n eÐnai uperarijm simo.

Je¸rhma Aþ.2.9 (Cantor). To sÔnolo twn duadik¸n akolouji¸n

2N = {0, 1}N = {x = (x(n)) : x(n) ∈ {0, 1}, n = 1, 2, . . .}

eÐnai uperarijm simo.

Apìdeixh. To epiqeÐrhma thc apìdeixhc eÐnai gnwstì wc deÔtero diag¸nio epiqeÐrhma tou
Cantor. Arqik� parathroÔme ìti to sÔnolo 2N eÐnai �peiro. 'Estw ìti eÐnai arijm simo.
Tìte, up�rqei mia arÐjmhsh twn stoiqeÐwn tou: 2N = {xn : n = 1, 2, . . .}, ìpou k�je
xn eÐnai duadik  akoloujÐa. MporoÔme tìte na parast soume ta stoiqeÐa xn kai tic
suntetagmènec touc se morf  �peirou pÐnaka:

x1 = (x1(1), x1(2), x1(3), . . . , x1(k), . . .)
x2 = (x2(1), x2(2), x2(3), . . . , x2(k), . . .)
x3 = (x3(1), x3(2), x3(3), . . . , x3(k), . . .)

...
xn = (xn(1), xn(2), xn(3), . . . , xn(k), . . .)

...

Koit�me to pr¸to stoiqeÐo sthn pr¸th suntetagmènh, to deÔtero stoiqeÐo sth deÔterh
suntetagmènh, to trÐto stoiqeÐo sthn trÐth suntetagmènh k.o.k. Dhlad , kinoÔmaste sthn
{kÔria diag¸nio} tou pÐnaka kai b�sei aut c orÐzoume to ex c stoiqeÐo tou 2N:

y = (1− x1(1), 1− x2(2), . . . , 1− xk(k), . . .)

Tìte, gia k�je n ∈ N eÐnai xn 6= y diìti xn(n) 6= 1− xn(n) = y(n). Me �lla lìgia, to y
diafèrei apì to x1 sthn pr¸th jèsh, apì to x2 sth deÔterh jèsh k.o.k. 'Etsi odhgoÔmaste
se antÐfash. 2


