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Abstract

Let C and K be centrally symmetric convex bodies in R". We show that if C' is isotropic then
ftlors = [ - [ |32 tias] do--dor < erLottogn)® vint (i) el
c c iz
j=1

for every s > 1 and t = (t1,...,¢s) € R®, where L¢ is the isotropic constant of C' and M(K) :=
Jsn-1 €|l xdo(§). This reduces a question of V. Milman to the problem of estimating from above the
parameter M (K) of an isotropic convex body. The proof is based on an observation that combines results
of Eldan, Lehec and Klartag on the slicing problem: If p is an isotropic log-concave probability measure
on R" then, for any centrally symmetric convex body K in R" we have that

1K) = [l dua) < ea/inllogn)® M),

We illustrate the use of this inequality with further applications.

1 Introduction

Let K be a centrally symmetric convex body in R™. For any s-tuple C = (C1,...,Cs) of centrally
symmetric convex bodies C; of volume 1 in R", consider the norm on R®, defined by

tc,K:/ / H “”H di, - dy
el ) gK

where t = (t1,...,t,). fC = (C,...,C) then we write ||t|/cs x instead of ||t||c,x. A question posed
by V. Milman is to determine if, in the case C' = K, one has that || - |xs x is equivalent to the
standard Euclidean norm up to a term which is logarithmic in the dimension, and in particular,
if under some cotype condition on the norm induced by K to R” one has equivalence between
| - llks,x and the Euclidean norm.

This question was studied by Bourgain, Meyer, V. Milman and Pajor. For simplicity let us
assume that voln(K ) =1 (this is only a matter of normalization). It was proved in [6] that

5 1/s
Itlle.x > ev/s( T 14:1)
j=1

where ¢ > 0 is an absolute constant. Later, Gluskin and V. Milman obtained a better lower bound
in [15], in fact working in a more general context: Let A = (A, ..., A;) be an s-tuple of measurable
sets of volume 1 in R” and K be a star body of volume 1 in R” with 0 € int(X'). Then,

(1.1) [tllar = cllt]l2



forallt = (¢1,...,ts) € R®. Their argument was based on the Brascamp-Lieb-Luttinger inequality
(see also [3, Chapter 4]).

We are mainly interested in upper bounds for the quantity ||t cs & . Since [[t||cs k = [|t||(7cys K
for any T' € SL(n), we may restrict our attention to the case where C is isotropic (see Section
for the definition and background information). In fact, we are particularly interested in the case
where C' is isotropic and K = C, which corresponds to V. Milman’s original question.

For any centered log-concave probability measure p on R™ and any centrally symmetric convex
body K in R", consider the parameter

(1.2) LK) = / el scdpu(a).
Rn

Assume that C is isotropic. Chasapis, Giannopoulos and the author observed in [8] that one may
write

(1.3) [tllos k= [Itll2 Loty (ps, K),

where p¢ is an isotropic, compactly supported log-concave probability measure depending on t.
One may easily check that if x4 is an isotropic log-concave probability measure on R” and K is a
centrally symmetric convex body in R" then

L, im0y = [ [ el ) dute)
= M(K) [ elladte) = VM)

where M(K) := [g._1 [[€||xdo(§) and v, o denote the Haar probability measures on O(n) and S™
respectively. It follows that

(1.4 /O o0 () ~ (Ley M) [z

Therefore, one might hope to obtain a quantity of the order of Loy/nM(K)||t||2 as an upper
estimate for ||t||cs k. Using an argument which goes back to Bourgain (also, employing Paouris’
inequality and Talagrand’s comparison theorem) Chasapis, Giannopoulos and the author proved
in [8] that if C is an isotropic centrally symmetric convex body in R and K is a centrally symmetric
convex body in R" then

(1.5 [tlle s < ¢ (Lomax { Y, /1oL +3) } ) Vb (K|t

for every t = (¢1,...,t;) € R®, where ¢ > 0 is an absolute constant. To the best of our knowledge,
even in the case C' = K, general estimates such as were not available before [8]. In the same
work, starting from the basic identity (1.3), the authors also obtained an alternative proof of (L.1).

In this note we provide a poly-logarithmic in n, and independent from s, upper bound for

[tllos k-

Theorem 1.1. Let C be an isotropic centrally symmetric convex body in R™ and K be a centrally
symmetric convex body in R"™. Then,

[t]lcs,x < c1Le(logn)® vaM (K)|t]2

Joreveryt = (t1,...,ts) € R, where ¢; > 0 is an absolute constant.
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In the case C' = K, Theorem and show that, for any centrally symmetric convex body
K of volume 1 in R",

culltllz < [[tllre i < c2(logn)” v/nM (K*) L+t

for every s > 1 and every t = (t1,...,ts) € R%, where ¢; > 0 are absolute constants and K™ is
an isotropic linear image of K (note that Lx+ = Lg). Thus, we have a reduction of V. Milman’s
question to the problem of estimating the parameter M (K™*) for an isotropic centrally symmetric
convex body K* in R”. One may hope that /nM (K*)Lg+ < c3(logn)® for some absolute constant
b > 0, which would completely settle the problem, modulo the best possible exponent of logn.
However, the latter problem remains open; see Remark for a brief review of what is known.

The source of our improved estimate in Theorem is the next result which we believe is of
independent interest.

Theorem 1.2. Let p be an isotropic log-concave probability measure on R". For any centrally
symmetric convex body K in R" we have that

I (4, K) < eav/mlog n)® M(K)
where cy > 0 is an absolute constant.

Theorem follows from the recent developments on the Kannan-Lovasz-Simonovits conjec-
ture and the slicing problem. We simply combine the recent estimate of Klartag and Lehec [18]
with previous results of Eldan [10] and, in particular, with a theorem of Eldan and Lehec from [11]
which now leads to this strong and general estimate for I (i, K). We explain the details in Sec-
tion |3, In Section |4/ we combine Theorem with the approach and method that was introduced
in [8] to obtain Theorem

In Section [5| we make some observations on the geometry of the unit ball Bs := B,(C*, K) of
the norm || - [|¢s k. By the symmetry of C' we easily check that B is an unconditional 1-symmetric
convex body in R®. Therefore, one can determine the volume radius of B up to a /log s-factor: we

have
c 1

~Z MB) < ——
Vlog s (Bs) vrad(Bs)

for any s > 1, where ¢ > 0 is an absolute constant. In the case s > cin, where ¢; > 1 is an absolute
constant, a result of Bourgain, Meyer, V. Milman and Pajor from [6] is equivalent to the assertion

< M(Bs)

M(Bs) > CQLC\/E’M(K)

for some absolute constant ¢ > 0. Under the same assumption, that s > c¢;n, we obtain an upper
bound of the same order, and hence determine M (B;).

Theorem 1.3. There exist absolute constants ¢; > 0 such that: If C is an isotropic centrally sym-
metric convex body in R™ then, for any centrally symmetric convex body K in R" and any s > cin,

coLovnM (K) < M(Bs) < cgLovnM(K)
where B, is the unit ball of the norm || - ||cs k on R®.

Combining Theorem and Theorem with a well-known deviation inequality for Lipschitz
functions on the Euclidean sphere of R* we get:



Corollary 1.4. There exist absolute constants c¢; > 0 such that: If C is an isotropic centrally sym-
metric convex body in R" then for any centrally symmetric convex body K in R" and any s > cn,
an s-tuplet = (t1,...,ts) with |[t||2 = 1 satisfies

caLovnM(E)|t]l2 < |[tl, < csLovnM (K)|t]l2

with probability greater than 1 — exp(—cys/(logn)'?).

We believe that Theorem is a useful result and in Section [6 we illustrate its use with
some additional applications. In the language of convex bodies, Theorem has the following
reformulation.

Theorem 1.5. Let C and K be two centrally symmetric convex bodies inR™. There exists T € SL(n)

such that 1
10 ((voln(C)\ /"
Vol / lzllrxcdr < e(logn) <voln(K)

where ¢ > 0 is an absolute constant.

The inequality of Theorem is a reverse form of the well-known fact (see [20, Section 2.2])
that for any pair of centrally symmetric convex bodies K and C' in R” one has

n vol, (C) l/n
vol / lllsede > <voln(K)> '

Our second application is an affirmative answer to a question from [13] where Giannopoulos,
Paouris and Vritsiou presented a reduction of the slicing problem to the study of the parameter

R Z3E) = [ 16 ly00de

(where {Z,(K)}4>1 is the family of L,-centroid bodies of K). It was shown in [13] that if (for some
1/2 < s < 1) one had an upper bound of the form

(1.6) L(K,ZJ(K)) < eig®V/nL

for every isotropic convex body K in R" and all 1 < ¢ < n, then it would follow that

< ¢ {*/ﬁlogn/q%

where L, := max{Lk : K is an isotropic convex body in R"}. However, to the best of our knowl-
edge, it is only known that (I.6) holds true with s = 1, which via the reduction of [13] resulted in
an estimate of the form L,, = O(/n(logn)®). Using Theorem we confirm in Section |§I that
holds true with s = 1/2 up to some factors which are logarithmic in n.

Theorem 1.6. Let K be a convex body of volume 1 in R" with center of mass at the origin. Then,
Sor every 1 < g < n we have that

I(K, Z5(K)) < cy/qn(logn) Ly

where ¢ > 0 is an absolute constant.



Note that Theorem establishes with s = % (up to a factor which is logarithmic in n) in
accordance with the fact that the reduction of the slicing problem in [13] with ¢ ~ n then leads to a
poly-logarithmic in n upper bound for L,,. Of course, the order has been now reversed since in the
proof of Theorem [1.6|we use the results of Eldan, Lehec and Klartag as well as E. Milman’s bounds
for the mean width of the L,-centroid bodies Z,(K). However, we believe that this application
illustrates, once again, the strength and possible uses of Theorem

2 Notation and background information

In this section we introduce notation and terminology that we use throughout this work, and
provide background information on isotropic convex bodies. We write (-, -) for the standard inner
product in R"” and denote the Euclidean norm by || - ||2. In what follows, BY is the Euclidean
unit ball, S”~! is the unit sphere, and o is the rotationally invariant probability measure on S"~!.
Lebesgue measure in R" is denoted by vol,,. The Grassmann manifold G/, j; of all k-dimensional
subspaces of R" is equipped with the Haar probability measure v, ;. Forevery 1 < k < n —1
and F € G, ; we write P for the orthogonal projection from R" onto E. The letters c, d, Cjs c; etc.
denote absolute positive constants whose value may change from line to line. Sometimes we might
even relax our notation: a < b will then mean “a < cb for some (suitable) absolute constant ¢ > 07,
and a ~ b will stand for “a <bAa 2 )"

A convex body in R" is a compact convex set C' C R" with non-empty interior. We say that C'
is centrally symmetric if —C' = (', and that C is centered if its barycenter m Jo zdx is at the
origin. We say that C is unconditional with respect to the standard orthonormal basis {e1,...,e,}
of R" if x = (x1,...,2,) € C implies that (€11, ..., €,zy,) € C for any choice of signs ¢; € {—1,1}.
This is equivalent to the fact that the norm || - ||¢ on R"™ with unit ball C satisfies

n n
I3 et =[S
=1 =1

for any choice of signs {¢;}!" | and scalars t;. A centrally symmetric convex body C' in R" is called
1-symmetric if the norm induced by C' to R" is unconditional and permutation invariant, i.e.

n n
H Z €itiC()|| . = H th‘ei
i=1 i=1

for any choice of scalars ¢;, any choice of signs {¢;}!" ; and any permutation o of {1,...,n}.

The radius R(C') of a convex body C is the smallest R > 0 such that C C RBY. The volume
radius of C' is the quantity vrad(C) = (vol,(C)/ voln(Bg))l/ ". Integration in polar coordinates
shows that if the origin is an interior point of C' then the volume radius of C' can be expressed as

C

c

wad(€) = ([ el dote) "

where ||€||c = inf{t > 0: £ € tC'}. We also consider the parameter

M) = [ leledo(s).



The support function of C is defined by h¢(y) := max{(z,y) : # € C'}, and the mean width of C is
twice the average of h¢ on S 1:

w(©) =2 [ ho(€)do(e)

For notational convenience we write C' for the homothetic image of volume 1 of a convex body
C CR", ie. C:=vol,(C)"/"C.
The polar body C° of a centrally symmetric convex body C' in R" is defined by

C°:={yeR": (z,y) < lforallz e C}.

The Blaschke-Santalé inequality states that vol,(C)vol,(C°) < vol,(B%)?, with equality if and
only if C' is an ellipsoid. The reverse Santal6 inequality of Bourgain and V. Milman asserts that
there exists an absolute constant ¢ > 0 such that, conversely,

1/n
<VOln(C)V01n(CO)> / > cvol, (BY)?/™ ~ 1/n.

A convex body C' in R" is called isotropic if it has volume 1, it is centered and its inertia matrix is
a multiple of the identity matrix: there exists a constant Lo > 0 such that

2.1 |mwm@~émwM—%

for all £ € S”~!. The hyperplane conjecture asks if there exists an absolute constant A > 0 such
that

(2.2) L,, := max{L¢ : C is isotropic in R"} < A

for all n > 1. Bourgain proved in [5] that L, < c\‘*/ﬁlogn; later, Klartag [17] improved this bound
to L, < ¢y/n. In a breakthrough work, Chen [9] proved that for any ¢ > 0 there exists ng(¢) € N
such that L, < n® for every n > ng(e). Very recently, Klartag and Lehec [18] showed that the
hyperplane conjecture and the stronger Kannan-Lovasz-Simonovits isoperimetric conjecture hold
true up to a factor that is poly-logarithmic in the dimension; more precisely, they achieved the
bound L,, < c(logn)*, where ¢ > 0 is an absolute constant. Even more recently, Jambulapati, Lee
and Vempala announced in [16] a slight improvement of this estimate to L,, < c(log n)2'2226. These
developments will be discussed in Section [3|and, together with previous work of Eldan and Lehec,
is the key for our main result.
A Borel measure p on R” is called log-concave if

PAA+ (L= N)B) > u(A) ' u(B)

for any compact subsets A and B of R" and any A € (0,1). A function f : R” — [0,00) is called
log-concave if its support {f > 0} is a convex set and the restriction of log f to it is concave. A
theorem of Borell [4] shows that if a probability measure p is log-concave and p(H) < 1 for every
hyperplane H, then . has a log-concave density f,. Note that if C' is a convex body in R" then the
Brunn-Minkowski inequality implies that 1¢ is the density of a log-concave measure.



If 11 is a log-concave measure on R" with density f;,, we define the isotropic constant of x by

_(SWDpern Ful@) )" n
(2.3) L, = < f]RnefH (xfdx ) [det Cov(1)]

where Cov(yu) is the covariance matrix of ;4 with entries

i@ de [ ifu(@) dz fp 2ifu(@) do
(2.4) Cov(p)ij = RfRn S d H}Rn o7 da H}Rn o

We say that a log-concave probability measure p on R” is isotropic if it is centered, i.e. if

25) | @&duta) = [ (@.&pda)ds =0

for all ¢ € S"~1, and Cov(u) is the identity matrix.
Let C be a centered convex body of volume 1 in R". For every ¢ > 1, the L,-centroid body

Z4(C) of C is the centrally symmetric convex body with support function

q

1/q
2.6) o) = ( / r<x,y>rqdw) .

From Holder’s inequality it follows that Z;(C) C Z,(C) C Z,(C) C Z(C) forall 1 < p < g < oo,
where Z,(C) = conv{C, —C'}. Using Borell’s lemma (see e.g. [7, Lemma 2.4.5 and Theorem 2.4.6])
one can check that

2.7) Z,(C) C 1 %zp(C)

for all 1 < p < ¢. One can also check that Z,(C) D c2Z(C) for all ¢ > n.

We refer to the books [2] and [3] for basic facts from asymptotic convex geometry. We also
refer to [20] and [7] for more information on isotropic convex bodies and log-concave probability
measures.

3 Proof of Theorem [1.2

Definition 3.1. Let i be a centered log-concave probability measure on R”. For any convex body
K in R™ with 0 € int(K) we define

1K) = [ elldta).

In this section we provide an estimate for I1(u, K) in the case where p is isotropic. It follows
from an upper bound for the same quantity, due to Eldan and Lehec [11], which involves the
constant "

72 =sup sup Z E,(zizi{z,£))?
M gESn71 Z,]:1

where the first supremum is over all isotropic log-concave probability measures p on R".



Theorem 3.2 (Eldan-Lehec). Let i1 be an isotropic log-concave probability measure on R". For any
centrally symmetric convex body K in R™ we have that

[ el dnte) < enognr, [l drala)

where 7y, is the standard Gaussian measure on R™ and c; > 0 is an absolute constant.

Proof of Theorem[.2] Let 1 be an isotropic log-concave probability measure on R". A result of
Eldan [10] relates the constant 7,, with the thin-shell constant

op, = sup 4/ Var,(|z|)
n

where the supremum is over all isotropic log-concave probability measures p on R”. Eldan proved
that

n 0_2

2 k

ey

k=1

where cp > 0 is an absolute constant. On the other hand, Klartag and Lehec [18] have obtained
a poly-logarithmic in n upper bound for o,,: their main result states that o, < c3(log n)4 where

c3 > 0 is an absolute constant. In fact, an improved upper bound o, < c3(log n)2'2226 has been
announced in [16]. In what follows, we write these estimates as

(3.1) on < c3(logn)?
in order to show the dependence of the next results on +; it is already known that this inequality

holds true for some absolute constant 0 < v < 2.3.
Combining the above estimates, one gets

<o % < allogn)H,

Therefore, the estimate of Eldan and Lehec immediately implies that
1K) = [ el duta) < esogny™™! [ el ()
where c5 > 0 is an absolute constant. Finally, integration in polar coordinates shows that
[ el da(o) = v [ el dote) ~ van(x)

and hence the proof of Theorem [1.2]is complete. O

4 Proof of Theorem [I.]]

In this section we provide the proof of Theorem It combines the approach of [8] with Theo-
rem



Proof of Theorem[L.I] Let C be an isotropic centrally symmetric convex body in R” and X1, ..., X;
be independent random vectors, uniformly distributed in C. For any t = (¢1 ...,ts) € R® we write
v for the distribution of the random vector t1.X; + - - - + t,X,. Since ||t||cs x is a norm, we may
always assume that ||t|2 = 1. Note that 14 is an even log-concave probability measure on R” (this
is a consequence of the Prékopa-Leindler inequality; see [2]). We write g¢ for the density of 1. Our
starting point is the next observation from [8].

Lemma 4.1. Forany t = (t1...,t;) € R%, we write vy for the distribution of the random vector
t1X1+ -+ tsXs. Then,

Ithers = [ lellcdn(a).

It is easily verified that the covariance matrix Cov (1) of 14 is a multiple of the identity: more
precisely,
Cov(ny) = Li 1,,.

It follows that the function f¢(x) = Li.g (Lc) is the density of an isotropic log-concave probability
measure g on R". Indeed, we have

n

fe(x)ziz; do = Lg/ gt(Lox)zizj dx = LE2/ gt (V)yiyj dy = 6ij
Rn n

foralll <i,5 < n.

Note. It is proved in [8, Lemma 3.2] that if ||t||2 = 1 then ||g¢||c < €. From this inequality we see
that

1 1
Ly, = |Ifell& = Lellgellde < eLe
for all t € R® with [|t]|s = 1.

We compute

It = /R ek de(e) = L /R el fe(e/Le) de = Le /R oy (v)
and hence we get
4.1 lltlcs k = Lol (e, K)

for all t € R® with ||t||2 = 1. Now, we use Theorem|[1.2]to estimate I} (y, K). As a result, we obtain
the upper bound

[t]|cs,ic < e1Le(logn) ™t y/nM(K)
which is the assertion of Theorem L)

Remark 4.2. We mentioned in the introduction that the question to estimate the parameter M (K)
for an isotropic centrally symmetric convex body K in R" remains open. The currently best known
estimates are due to Giannopoulos and E. Milman (see [12]; also, [14] for previous work on this
question). In view of the recent developments on the slicing problem, we briefly recall the main
computations in their argument and make some slight modifications to get the next result.



Theorem 4.3 (Giannopoulos-E. Milman). Let K be an isotropic centrally symmetric convex body in
R™. Then,

en'/3(log n)VTJr1

N

where ¢ > 0 is an absolute constant and 0 < v < 4 is the constant in (3.1).

4.2) M(K) <

Proof. 1t is proved in [12, Corollary 4.4] that for every centrally symmetric convex body K in R"
with K D rBY, one has

1
(4.3) < clzmln{ " log (e—l— %) vk_(K)}

where v, (K') := inf {vrad(Pg(K)) : E € Gy }. Now, since K is isotropic and centrally symmetric,
we know that

k(&) = I O L) Z 16Ol Loy = Ly

and hence K D Ly BY, therefore we may use with r = L. We also know (see [7, Proposi-

tion 5.1.15]) that
Ly,

vol(K N EH)VF L ey =5

Lk

for every E € Gy, .. Applying the Rogers-Shephard inequality
vol(Pg(K))Y*vol(K N EX)Vk > 1

(see e.g. [2, Lemma 1.5.6]) we see that vol(Pg(K))'/* > c3L /Ly for every E € G, . Therefore,
vrad(Pg(K)) > 04\/ELK/L]€, which gives

v (K) = caVkLg [ Ly.

2(y+1)
Set k, = n*/3(logn) 5 Inserting the above estimates into and using the fact that Ly =
O((logn) 1), we get

VRS e

i: zn: n(logn) | nt/3(logn) s
LK ! = 2 - Lk ‘

This proves the theorem. O

5 Geometry of the unit ball

Let C' and K be centrally symmetric convex bodies in R"” and assume that C is isotropic. In this
section we fix C' and K, and write B := Bs(C*, K) C R? for the unit ball of the norm

||t||0s,K=/~--/ H txH das - - - dzy
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By the symmetry of C' we easily check that || - ||¢cs x is an unconditional norm. Moreover, it is
1-symmetric. Therefore, 5 is a 1-symmetric convex body in R® and hence it is known that it
satisfies the M M*-estimate

(5.1) M (Bs)w(Bs) < cy/log s
where ¢ > 0 is an absolute constant (see [22]). We also recall the general bounds

1
(5.2) M < Vrad(Bs) < 'LU(BS)

that hold for any convex body which contains the origin as an interior point (see e.g. [21] Page xi]).

Lemma 5.1. For any s > 1 we have that

C1

(&) 1 °
oz 18 < gy < Al

=1

~ ——— <
B,  vrad(Bs)
where c1, co > 0 are absolute constants.

Proof. Since B, is 1-symmetric, we know that B, := ]lefl/ 5B, is isotropic. A well-known result of
Bobkov and Nazarov (see [7, Chapter 4]) shows that

c1|Bs|V*BS, C B, C cos|Bs|/*B5.

Equivalently, for all ¢1,...,ts; € R we have that

3 1 S S
1B 23 Il < H S e
=1 =1

< | Bs| 7Y - max [ty

Bs 1<i<s
Choosing t1 = - -+ =t = 1 we get the equivalence
1< 1
— €; N ————.
Vs ; ‘B, vrad(Bs)

The remaining assertions of the lemma follow from and (5.2). O
The following theorem is proved in [6].

Theorem 5.2 (Bourgain-Meyer-V. Milman-Pajor). There exist absolute constants ¢; > 0 such that,
if C is an isotropic centrally symmetric convex body in R™ then for any centrally symmetric convex
body K in R™ and any s > cin,

/C.../C/QHZ;gj(w)xjHde(w)dxs...dxl > cp\/sLov/nM(K),

where g; are independent standard Gaussian random variables on some probability space (2, F, P).
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Note. Let 7, denote the standard Gaussian measure on R®. With the notation of Theorem we
easily check that

/C.../C/Q‘\;gj<w>wj(][(dwdws...dxl—A\);gﬂm\
_ /R Iylles,reds (y) = V/sM(By).

dw
Cs K

Therefore, Theorem states that if s > ¢;n then
(5.3) M (Bs) > coLev/nM(K)

for some absolute constant ¢y > 0. Theorem [.3] asserts that (for the same values of s) a reverse
inequality is also true.

Proof of Theorem[L.3] We shall use a well-known result of Adamczak, Litvak, Pajor and Tomczak-
Jaegermann from [I]: For every ¢ > 0 and ¢ > 1 there exists a constant C' = C(t,¢) > 0 with the
following property: if s > C(t,€e)n and Xj, ..., X, are independent random vectors in R" with the
same isotropic log-concave distribution, then we have

s

12<Xj,g)2 - 1‘ <e

5
J=1

= sup

1 S
5.4 H* X:® X — I,
(5.4) S; 3O X = Inf| = sup,

with probability greater than 1 — exp(—cty/n). Let C be an isotropic centrally symmetric convex
body in R" and consider independent random vectors Xj, ..., X distributed according to the
isotropic log-concave probability measure v¢ with density L#1c /Lc- Choosing € = % t =1and
applying the above result we get that there exists an absolute constant ¢; > 0 such thatif s > cin
then

1 2 - 2 _ 3 2

SsllzlE < D0(X5,2)2 < sl

j=1

for all z € R™, with probability greater than 1 — exp(—cay/n). It follows that if s > ¢;n then there
exists A C C* of measure |A| > 1 — e~ V™ such that for any s-tuple (z1,...,z,) € A we have that

1 > 3
(5.5) SSLElI2I3 < D _{wjr2)* < SsL 23
j=1

for every z € R". Fix (x1,...,2s) € A. We have

1 n s 3 n
§$L%Z<Z,€j>2 < Z<z7xj>2 < §$L%Z<Z,€j>2
j=1

Jj=1 J=1

for all z € R™. Consider the Gaussian processes

X, = <Zs:gja?j,z> and Y, := \/33/2chs:zjg; (z € K°)
=1 =1
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where g;, g; are independent standard Gaussian random variables on some probability space
(Q, F, P). Taking into account the right hand side inequality in (5.5) we check that || X, — X /|| <
|Y, — Y./||2 for all z, 2" € K°. Applying Slepian’s comparison principle (see [21, Lemma 5.7] or [2]
Theorem 9.1.7]) we get

(5.6) /Q H zs:gj(w)xjHK dw < 03\/§LC/Q H zn:g;-(w)ejHK dw < c4/sLev/nM (K)
i=1 =1

for every (z1,...,2s) € A. On the other hand, if (z1,...,zs) ¢ A then we may write

s

S n
D (2,27 <Y llaslilll3 < sR(C)|213 < essn®Le ) (z,e5)%,
J=1

J=1 J=1

recalling that R(C) < c¢gnLc because C is isotropic (see [7, Theorem 3.2.1]). Applying Slepian’s
comparison principle in a similar way as before, we obtain the bound

S
(5.7) / H Z gj(w)z; HK dw < c7v/snLev/nM (K)
Q4
7=1
for every (z1,...,x5) ¢ A. Integrating on .4 and using and we finally get

s | [ el

IS [ IS 00n], o
< esV/s(1+n-exp(—cv/n)) Lev/nM (K) < cgv/sLev/nM (K),

which shows that

M(Bs) < CloLC\/ﬁM(K).
The proof of (5.3), which was already obtained in [6], follows by a similar (and simpler) argument
if we start from the left-hand side inequality of (5.5) . O

Proof of Corollary[I.4] Let s > c¢in. Consider the norm ||t||cs x as a function on the unit sphere
S5~ We have

/551 [tllcs i do(t) = M(Bs) 2 Ley/nM(K)

by (5.3). and if b is the best constant for which |[t||cs x < bl|t[|2 for all t € R® then from Theorem|I.1]
we know that b < ¢; Leo(logn)Y™/nM(K). A standard application of the deviation inequality for
Lipschitz functions on the Euclidean sphere of R? (see [2, Proposition 5.2.4]) shows that an s-tuple
t = (t1,...,ts) with [|t||2 = 1 satisfies

1 3
SM(B[tls < s, < SM(B.) ]
with probability greater than 1 — exp(—c3s/(logn)?*1)) and hence, by Theorem 1.3

Itlls. = LovnM(K)||t]2
with probability greater than 1 — exp(—css/(logn)?0+1)) on S5, O
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6 Further remarks and applications

We believe that Theorem is a useful result that should find several applications. As a first
example, we prove Theorem If C'and K are two centrally symmetric convex bodies in R” then
there exists 7' € SL(n) such that

vol / ||| rxdz < c(logn)? <\\:(())11:(([C('))) 1/n

where ¢ > 0 is an absolute constant.

Proof of Theorem[I.5] By homogeneity we may assume that vol,,(C) = 1. We may find 77 € SL(n)
such that C; := T1(C) is isotropic. Consider the isotropic log-concave probability measure v with
density L1¢ .. Direct computation shows that

[ ellsrode = 1o, BT () Le

Ch

for every T' € SL(n). Using Theorem [1.2|we get
/C )|z xcd = /C zll7 7y de < erv/nlog n) ™™ LeM(T1T(K))

for every T' € SL(n), where c; > 0 is an absolute constant. From Pisier’s inequality (see [2]
Corollary 6.5.3]) and the Blaschke-Santalé inequality we may choose 7' so that

M(TT(K)) = w(TT(K))°) = w((TiT) (K°)) < cav/n(log n)vol, (K°)/"

w(
vol, (B2)?/™  logn
C3 f(log n) 01 (([{2))1/,” ~ \/ﬁ

since vol,,(B})?™ ~ 1/n. Combining the above we see that there exists T € SL(n) such that

vol, (K)~/,

/ 2| rrde < c(logn) 2 Levol, (K) ™™
C

and the result follows from the bound L¢ < L, = O((logn)7). O

As a second application we prove Theorem which gives an answer to a question from [13]
regarding the parameter

B Z5()) = [ )0

We shall use E. Milman’s estimates [19] on the mean width w(Z,(K)) of the L,-centroid bodies
Z4(K) of an isotropic convex body K in R".

Theorem 6.1 (E. Milman). Let K be an isotropic convex body in R"™. Then, for alll < g < n one has

(6.1) w(Zy(K)) < c14/qlog(l + q) max{\/aloig/(ﬁHQ),l}LK

where c¢; > 0 is an absolute constant.

14



Proof of Theorem[L.6] Note that I1(K, Z;(K)) is invariant under invertible linear transformations
of K and hence we may assume that K is isotropic. As in the proof of Theorem consider the
isotropic log-concave probability measure vx with density L1 /Ly - Direct computation shows
that

L(K, Z3(K)) = I (vic, Z3(K)) Lic.

Using Theorem we immediately see that

L(vk, Z,)(K)) < c1(logn)® / ]l z,(kye dn(z) < cav/n(logn) " w(Z,(K)).

Rn

Combining the above we get
L(K, Z(‘;(K)) = Il(VK,Z;(K))LK

log(1
< e1v/qn(logn) " log(1 + ¢) max {\/ng\;/(ﬁm, 1} L3

for all 1 < ¢ < n, which shows that I; (K, Z°(K)) < ea/qn(logn)3L2 . O
q )y “q q g K

References

[1] R. Adamczak, A. E. Litvak, A. Pajor and N. Tomczak-Jaegermann, Quantitative estimates of the convergence of the
empirical covariance matrix in log-concave ensembles, J. Amer. Math. Soc. 23 (2010), No. 2, 535-561.

[2] S. Artstein-Avidan, A. Giannopoulos and V. D. Milman, Asymptotic Geometric Analysis, Vol. I, Mathematical
Surveys and Monographs 202, American Mathematical Society, Providence, RI, 2015.

[3] S. Artstein-Avidan, A. Giannopoulos and V. D. Milman, Asymptotic Geometric Analysis, Vol. II, Mathematical
Surveys and Monographs 261, American Mathematical Society, Providence, RI, 2021.

[4] C. Borell, Convex Set Functions in d-Space, Periodica Mathematica Hungarica, 6 (1975), no. 2, 111-136.

[5] J. Bourgain, On the distribution of polynomials on high dimensional convex sets, Lecture Notes in Mathematics
1469, Springer, Berlin (1991), 127-137.

[6] J. Bourgain, M. Meyer, V. D. Milman and A. Pajor, On a geometric inequality, Geometric aspects of functional
analysis (1986-87), Lecture Notes in Math., 1317, Springer, Berlin (1988), 271-282.

[7] S. Brazitikos, A. Giannopoulos, P. Valettas and B-H. Vritsiou, Geometry of isotropic convex bodies, Mathematical
Surveys and Monographs 196, American Mathematical Society, Providence, RI, 2014.

[8] G. Chasapis, A. Giannopoulos and N. Skarmogiannis, Norms of weighted sums of log-concave random vectors,
Commun. Contemp. Math. 22 (2020), no. 4, 1950036, 31 pp.

[9] Y. Chen, An almost constant lower bound of the isoperimetric coefficient in the KLS conjecture, Geom. Funct. Anal.
31 (2021), 34-61.

[10] R. Eldan, Thin shell implies spectral gap up to polylog via a stochastic localization scheme, Geom. Funct. Anal. 23
(2013), no. 2, 532-569.

[11] R. Eldan and J. Lehec, Bounding the norm of a log-concave vector via thin-shell estimates, Geometric aspects of
functional analysis, 107-122, Lecture Notes in Math., 2116, Springer, Cham, 2014.

[12] A. Giannopoulos and E. Milman, M -estimates for isotropic convex bodies and their L -centroid bodies, in Geom.
Aspects of Funct. Analysis, Lecture Notes in Mathematics 2116 (2014), 159-182.

[13] A. Giannopoulos, G. Paouris and B-H. Vritsiou, A remark on the slicing problem, Journal of Functional Analysis
262 (2012), 1062-1086.

[14] A. Giannopoulos, P. Stavrakakis, A. Tsolomitis and B-H. Vritsiou, Geometry of the L ,-centroid bodies of an isotropic
log-concave measure, Trans. Amer. Math. Soc. 367 (2015), 4569-4593.

15



[15]

[16]
(17
(18]

[19]

[20]

[21]
[22]

E. D. Gluskin and V. D. Milman, Geometric probability and random cotype 2, Geometric aspects of functional
analysis, 123-138, Lecture Notes in Math., 1850, Springer, Berlin, 2004.

A. Jambulapati, Y. T. Lee and S. S. Vempala, A Slightly Improved Bound for the KLS Constant, Preprint.
B. Klartag, On conwex perturbations with a bounded isotropic constant, Geom. Funct. Anal. 16 (2006), 1274-1290.

B. Klartag and J. Lehec, Bourgain’s slicing problem and KLS isoperimetry up to polylog, Geom. Funct. Anal. 32
(2022), no. 5, 1134-1159.

E. Milman, On the mean width of isotropic convex bodies and their associated L,-centroid bodies, Int. Math. Res.
Not. IMRN (2015), no. 11, 3408-3423.

V. D. Milman and A. Pajor, Isotropic position and inertia ellipsoids and zonoids of the unit ball of a normed
n-dimensional space, Lecture Notes in Mathematics 1376, Springer, Berlin (1989), 64-104.

G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge Tracts in Math., Vol. 94 (1989).

N. Tomczak-Jaegermann, Banach-Mazur Distances and Finite Dimensional Operator Ideals, Pitman Monographs
38 (1989), Pitman, London.

Keywords: convex bodies, log-concave probability measures, weighted sums of random vectors, isotropic
position.
2010 MSC: Primary 46B06; Secondary 52A23, 52A40, 60DO05.

Nikos SKARMOGIANNIS: Department of Mathematics, National and Kapodistrian University of Athens, Panepis-
timioupolis 157-84, Athens, Greece.

E-mail: nikskar@math.uoa.gr

16



	Introduction
	Notation and background information
	Proof of Theorem 1.2
	Proof of Theorem 1.1
	Geometry of the unit ball
	Further remarks and applications

