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Abstract

We study the question whether every centered convex body K of volume
1 in R™ has “supergaussian directions”, which means § € S"~! such that

'{x €K :|(zx,0) > t/K \(, 0)|d H > et

for all 1 < t < y/n, where ¢ > 0 is an absolute constant. We verify that a
“random” direction is indeed supergaussian for isotropic convex bodies that
satisfy the hyperplane conjecture. On the other hand, we show that if, for
all isotropic convex bodies, a random direction is supergaussian then the
hyperplane conjecture follows.

1 Introduction

A well known conjecture in the theory of convex bodies is the hyperplane conjecture:
there exists ¢ > 0 such that for any n > 1 and any convex body K of volume 1 in
R™ with centre of mass at the origin, there exists # € S"~! such that

(1.1) IK N6+ > e

This question was posed explicitly in [9]. A classical reference is the paper of
Milman and Pajor [45] (see also [22]). In the late 80’s, J. Bourgain verified the
conjecture in the case of “y5” bodies. These are the convex bodies for which every
direction is subgaussian: if x is the uniform measure on K, a direction # € S~ is
called subgaussian for p with constant » > 0, if

+2

(1.2) (s (2,0 > tmg}) < e 72,

for all 1 < t < ry/n, where my is the median of |(-, 8)| with respect to . The best
possible value of r > 0 for which (1.2) holds true is the subgaussian constant b, (#) of
w1 in the direction of #. Bourgain provided a lower bound in (1.1), depending on the
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parameter supg b, (6) (see [10], [11], [16]). The main idea that the uniform measure
pon K may “resemble” the Gaussian measure became a central and fruitful line
of research: a central limit theorem for convex bodies (proposed in [2], [14]) was
proved (see [29], [30], [21], [18], [20]), various concentration results ([49], [50]) have
appeared, and several strong conjectures have been proposed ([27], [6], [39], [19])
and have been verified in special cases ([54], [32], [43]).

In this setting, the following question was posed by V. Milman: is it true that
every convex body has at least one “subgaussian” direction? An affirmative answer
was given by Bobkov and Nazarov ([7], [8]) for the class of 1-unconditional convex
bodies; the same is true for the class of zonoids (see [48]). For a general convex
body, B. Klartag ([31]) established the existence of a “subgaussian” direction up to
a logarithmic in the dimension factor (see also [23]). The best known estimate is
infy b, (0) = O(y/logn) [24].

In this paper we consider the following “dual” question: is it possible to find at
least one “supergaussian” direction on every convex body? We say that a direction

N

6 € S™1 is supergaussian for y with constant > 0 if, for all 1 <t < Rl

(1.3) p{z: (2, 0)] > tme}) = et

The best possible value of » > 0 for which (1.3) holds true is called the supergaussian
constant of x in the direction of § and will be denoted by 5g,,(¢). The question
about supergaussian directions was considered in a recent paper of P. Pivovarov
[52], who gave an affirmative answer (up to a logarithmic in the dimension factor)
for the class of 1-unconditional bodies.

The first main result of this paper provides an affirmative answer to the question
for all convex bodies that satisfy the hyperplane conjecture. In fact, we show
that, for isotropic convex bodies which satisfy the hyperplane conjecture, a random
direction is supergaussian. Here, the randomness is with respect to the rotation
invariant probability measure o on S®~!. In order to give the precise formulation,
we recall that an isotropic convex body K in R™ is a convex body of volume 1 which
has centre of mass at the origin and satisfies

(1.4) JACIREE

for all # € S~! and some constant Lx > 0. The question if the isotropic constant
Lg of K is uniformly bounded from above is an equivalent formulation of the
hyperplane conjecture. This is based on the fact, proved by Hensley [25], that if K
has volume 1 and centre of mass at the origin, then

(1.5) / |(x,0)2dx ~ |K N6+ 2.
K

for all # € S"~'. We write E(sg,,) for the expectation of 5g,(f) with respect to o.
Then, we have the following:



Theorem 1.1. Let K be a convex body in R™ with centre of mass at the origin and
volume 1. Assume that L = O(1). Then, there exists € S"~* such that

—c1t?
ze !

(1.6) Hx €K (20) > t/K |<x,9>|dm}

for all 1 <t < \/n. More generally, for any isotropic convex body K in R™, one
has

(1.7) E(39k) < oLk,
where c1,co > 0 are absolute constants.

The best known upper bound for Ly is due to B. Klartag: Lx < O({/n) (see
[28]), although the hyperplane conjecture has been verified for a large variety of
classes of convex bodies: 1-unconditional bodies [45], projection bodies and polars of
projections bodies[26], [4], intersection bodies [36], unit balls of the Schatten classes
[37], polytopes with few vertices [1], various random polytopes [34], [17]. Therefore,
Theorem 1.1 shows that, at least in all these cases, there exists a supergaussian
direction.

We give two different proofs of Theorem 1.1. The first one is based on inequali-
ties for the volume of L,—centroid bodies, proved by Lutwak, Zhang and Yang [42].
The second proof is based on the techniques developed in [49], [50]. Actually, the
proof can be carried out in a setting much broader than the one of log-concave
measures. This is somehow expected: a recent result of B. Klartag [33] shows that
any non-degenerate n-dimensional measure has at least one direction which behaves
in a “supergaussian way” on a non-trivial interval.

The second main result of this paper shows that if, for all isotropic convex
bodies, a random direction is supergaussian, then the hyperplane conjecture follows:

Theorem 1.2. There exists an absolute constant ¢ > 0 such that for everyn > 1,

(1.8) sup  Lx<c  sup  [E(5gx)]°VIog[E(5gk)]2.

K isotropicin R™ K isotropicin R»

The proof of Theorem 1.2 is based on the techniques developed in [16]. The paper
is organized as follows: In §2 we introduce notation, terminology and some back-
ground material which is needed for the rest of the paper. In §3 we show some basic
properties of the supergaussian constant. In §4 we give a first proof of Theorem
1.1. In §5 we give a second proof of Theorem 1.1 and the proof of Theorem 1.2.

Acknowledgments. I would like to thank Apostolos Giannopoulos for many
interesting discussions.
2 Preliminaries

2.1 Basic notation. We work in R™, which is equipped with a Euclidean structure
(-,-). We denote by || - ||2 the corresponding Euclidean norm, and write B for the



Euclidean unit ball, and S™~! for the unit sphere. Volume is denoted by | - |.
We write wy, for the volume of By and o for the rotationally invariant probability
measure on S""!. The Grassmann manifold G, of k-dimensional subspaces of

R"™ is equipped with the Haar probability measure u, . We also write A for the

The letters ¢, ¢, ¢q, ¢y etc. denote absolute positive constants which may change
from line to line. Whenever we write a ~ b, we mean that there exist absolute
constants c1,ce > 0 such that cia < b < coa. Also, if K,L C R" we will write
K ~ L if there exist absolute constants c¢1, ¢y > 0 such that c; K C L C oK.

homothetic image of volume 1 of a compact set A C R", i.e. A=

2.2 Probability measures. We denote by Py, the class of all probability measures
on R” which are absolutely continuous with respect to the Lebesgue measure. The
density of u € Py, is denoted by f,. A probability measure u € Py, is called
symmetric if f,, is an even function on R". We say that u € Py, is centered if for
all§ € S7 1,

(2.1) / (2, 0)dpu(z) = 0.
A measure p on R™ is called log-concave if for any Borel sets A, B and any A € (0, 1),
(2.2) A+ (1= N)B) > p(A)P u(B)1 .

A function f : R™ — [0,00) is called log-concave if log f is concave on its support
{f > 0}. Tt is known that if u is log-concave and if u(H) < 1 for every hyperplane
H, then p € Py, and its density f, is log-concave (see [13]).

2.3 Convex bodies. A convex body in R™ is a compact convex subset C' of R"”
with non-empty interior. We say that C'is symmetric if z € C implies that —z € C.
We say that C' is centered if it has centre of mass at the origin: [ (z,0)dz = 0
for every # € S"!'. The support function he : R* — R of C is defined by
he(z) = max{(x,y) : y € C'}. The mean width of C is defined by

(2.3) W(C) = /S he(®)o ().

For each —0o < p < 00, p # 0, we define the p-mean width of C by

(2.4) W,(C) = ( /S - hg(a)a(da)>1/p.

The radius of C is the quantity R(C) = max{||z||2 : # € C} and, if the origin is an
interior point of C, the polar body C° of C' is

(2.5) C°:={yeR": (z,y) < lforallze C}.

Note that if K is a convex body in R™ then the Brunn-Minkowski inequality implies
that 1 is the density of a log-concave measure. We refer to the books [53], [46] and
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[51] for basic facts from the Brunn-Minkowski theory and the asymptotic theory of
finite dimensional normed spaces.

2.4 L,—centroid bodies. Let y1 € Pp,). For every ¢ > 1 and 0 € S™~1 we define

(2:6) i ® = ([ e opsea)”

where f is the density of p. If 41 is log-concave then hy (,)(0) < oo for every ¢ > 1
and every § € S"~1. We define the L,-centroid body Z,(u) of u to be the centrally
symmetric convex set with support function hz, ().

L ,~centroid bodies were introduced, with a different normalization, in [41] (see
also [42] where an L, affine isoperimetric inequality was proved). Here we follow
the normalization (and notation) that appeared in [49]. The original definition
concerned the class of densities 1x where K is a convex body of volume 1. In this
case, we also write Z,(K) instead of Z,(1k).

If K is a compact set in R™ and |K| = 1, it is easy to check that Z;(K) C
Zy(K) C Zy(K) C Zoo(K) forall 1 < p < ¢ < 00, where Zo (K) = conv({ K, —K}).
Note that if T € SL,, then Z,(T(K)) = T(Z,(K)). Moreover, if K is convex body,
as a consequence of the Brunn—Minkowski inequality (see, for example, [49]), one
can check that

(2.7) Zy(K) C ¢ qZ2(K)

for every ¢ > 2 and, more generally,

(2:8) 24(K) €’ Z,(K)

for all 1 < p < g, where ¢y > 1 is an absolute constant. Also, if K has its centre of
mass at the origin, then

(2.9) Z,(K) D¢k

for all ¢ > n, where ¢ > 0 is an absolute constant. For a proof of this fact and
additional information on L,—centroid bodies, we refer to [48] and [50].

2.5 Isotropic probability measures. Let 11 be a centered measure in Pp,;. We
say that p is isotropic if Zy(u) = BY. We say that a centered convex body K
is isotropic if Z5(K) is a multiple of the Euclidean ball. We define the isotropic
constant of K by

1/n
(2.10) L = ('le'g(?”) .

So, K is isotropic if and only if Z3(K) = Li BY. Note that K is isotropic if and only
if L"KILL is isotropic. We define the isotropic constant of u € Py, by L, := f(())%.

K
We refer to [45], [22] and [50] for additional information on isotropic convex bodies.



2.6 The bodies K,(p). A natural way to pass from log-concave measures to
convex bodies was introduced by K. Ball in [3]. Here, we will give the definition in
a somewhat more general setting: Let u € Pp,) and assume that 0 € supp(u). For
every p > 0 we define a set K,(p) as follows:

(2.11) K0 ={e ey [* otz po )

It is clear that K,(u) is a star shaped body with gauge function

p e —1/p
(2.12) 2l &, () = <fu(0)/o fu(rx)rpldr> .

2.7 The parameter k.(C). Let C be a symmetric convex body in R™. Define
k.« (C) as the largest positive integer k < n for which

1
o (F € Guss §WCIBE M) € Pr(C) € W(OBENE)) > 11

Thus, k.(C) is the maximal dimension k such that a “random” k-dimensional pro-
jection of C'is 4-Euclidean.

The parameter k. (C') is completely determined by the global parameters W (C')
and R(C): There exist absolute constants c1,ca > 0 such that

w(C)? _ k. (C) < an‘;/((cc));

(2.13) cn R(C)? <

for every symmetric convex body C' in R™. The lower bound appears in Milman’s
proof of Dvoretzky’s theorem (see [44]) and the upper bound was proved in [47].
We will need the following result (see [40], [35], [38] for a proof):

Proposition 2.1. Let C' be a symmetric convex body in R™ and p > 0. Then,
(i) Wy(C) = W(C) for all p < k- (C).
(ii) Wp(C) =~ +/p/nR(C) for all k.(C) < p < n.
(i11) Wp(C) ~ R(C) for all p = n.
(1v) W_cp, (C) =~ Wy, (C), where pg = k«(C) and ¢ > 0 is an absolute constant.

2.8 The parameters q.(p),q—.(p). Let p € Pp,) and p > —n, p # 0. We define
the quantities I,,(u) by

(214) L= ([ ||z|§du<x>)1/p.

As before, if K is a compact set of volume 1, we write I,(K) instead of I,(1k).
The following result is proved in [50]:



Proposition 2.2. Let i be a log-concave centered measure on R™ and let 1 < p <
n/2. Then,

(2.15) T \ /2y Z,(0)
and
(2.16) 1) ~ \/fwzp(u)).

It is known (see [50, Proposition 4.7]) that for any convex body K of volume 1 and
for all p > —n/2, p #£0,

(2.17) I,(K) 2 IP(le) ~ \/n.
Then, Proposition 2.2 implies that
(2.18) W(Zy(K)) 2 W_,(Zy(K)) = ¢\/p,

for 1 < p < n/2, where ¢ > 0 is an absolute constant.

Let u be a centered log-concave measure in R™ and let § > 1. The parameters

(219) elpsd) = sup {0 < r < B ) > S}
and
(2.20) G« (1, 9) := sup {0 <r<n:kJ(Z.(n) = g}

played a crucial role in [49], [16]. In the sequel, we collect some basic facts for these
two parameters.

Lemma 2.3. Let C be a symmetric conver body in R™ and assume that p,d > 1
satisfy W(C) = W, (C). Then, k.(C) > c¢k.

Proof. We may assume that p > k.(C) (otherwise, we have nothing to prove).
Then,

(2.21) IW(C) = W,(C) =~ +/p/nR(C).

But this implies that

2
(2.22) p < cd’n (W> .

This completes the proof. O



We say that the centered convex body K of volume 1 has small diameter (with
constant o > 1) if

(2.23) R(K) < a I(K).

Let K be a centered convex body of volume 1 in R™. We define V' = K N4ly(K)B3
and K = V. It is easy to check that K is a body of small diameter and I5(K) ~
I,(K). Moreover, we have the following.

Lemma 2.4. Let K be a centered convex body of volume 1 in R™ and let 1 < q <
n/2. Then,

(2.24) I_,(K) <2I_4(K).
Proof. Recall that K := |V|~#V, where V := K N4I,(K)Bg. Note that |V] > 12

So, we have that

o= (4 1 1
(2.25) I_q(K):/ dz dz < SI79(K).
! & [zl VI Jv lll 4R

This implies that I_,(K) < 2I_,(K). O

Proposition 2.5. Let K be a centered convex body of volume 1 in R™ and let § > 1
Then,

(i) q(K,c16%) = q_o(K,0) > q_.(K, c20).

(i) q-o(K,cd) > =050,

(iii) If p > q.(K,0) then I(K) < cR(Zy(K)) < R(K).

(iv) I pa = p1 > qu(K,6) then k(Zyy (K)) > cky(Zy, (K)).

(v) If 61,62 > 1 and q.(K,6102) < cn, then q.(K,8102) > 02q.(K,d1).
(vi) If K is isotropic, then q.(K,d) = cy/n.
(vii) q_o(K,cL(K)) = n/2 and q¢.(K,cL(K)?) > n,

where L(K) := 12\5?,

Proof. We first note that since K has small diameter we have

(2.26) Wy (Zy(K)) ~ ;Ip(f() ~ /PL(K)
forall 1 <p < n.
(i) Let ¢ := q_.(K,5). Then,
W(Zq(K)) > I/qu(Zq(Kr))_2 \/‘%Ifqi(K)
s AR | VAL
- Wo(Zy(K))
a 0



Then, Lemma 2.3 shows that k.(Z,(K)) > ¢4, and this implies that ¢.(K,¢16%) >
q=q-(K,9). _
Moreover, by Lemma 2.4 we have that q_.(K,d) = q—.(K, c20).
(i) Let 7 := ¢ (K, d) (we may assume that r > 2§). Then, k.(Z,(K)) > r/d. So,
EVRLK) < [T () = W (2 (50)
< W% (ZT(K)) < CW—C% (ZT‘(K))

r

< CéW—c%(Zc%(K)) <<l n —c%(K)'
This implies that ¢_.(K,cd) > & (Clg’é) as claimed.
(iil) Since
(2.27) L mLr) <\ L1 (K) ~ We (2o (K)) ~ | 2 R(2,(K))
on on" 9 s on- P ’

we get (iii).
(iv) From (iii) we see that, for p > ¢.(K,d), we have R(Z,(K)) ~ /nL(K). It
follows that, for pa > p1 > ¢.(K,9),

22)  k(Zu(R) = IR S TN o k2, )

v) Let 1 := ¢.(K,61). Then, k.(Z,, (K)) > ©. We may assume that, if ry :=
1 1

¢« (K ,8102), then k.(Z,,(K)) = 5.2~ The result follows from (iv).

(vi) From (iii) we see that /nLg < cq.(K,0)Lk.

(vii) For 1 < p < § we have

I(K)
LK)’

and hence, q_.(K,cL(K)) > n/2. Moreover, using (iii), (2.13) and (2.18), we have
that for p > ¢.(K,9),

(2.29) Ip(K) > I (By) =~ Vn=~

(2.30) k(Z,(K)) >

This completes the proof. O

Finally, we will need the main result of [16]:

Proposition 2.6. There exists an absolute constant ¢ > 0 such that for everyn > 1
and § > 1,

n n
2.31 sup L < sup cé\/\/log c———.
( ) K isotropic in R™ = K isotropicin R™ Q—C(K, 5) Q—C(K, 5)




3 Supergaussian directions

Let 1 be a probability measure on R™, and let § € S"~! and 1 < p < n. We define
the supergaussian constant 3g, ,(f) in the direction of ¢ at level p, as the least
value of r > 0 for which

(3.1) p({z €R™ {2, 0)] > tmg}) > e

forall 1 <t < @. We also write mg for the median of |(-, 8)| with respect to p.
In the case p = n we simply write @M(Q); we call this value “supergaussian

constant of #”. If C' is a compact set of volume 1 we write 5§-(0) instead of

591, (0).

Let p be a log-concave centered probability measure in R™ and let 1 < p < n. We

define a quantity g, ,(0) as follows:

Vi

5 hz, ()(0) for all 1 < ¢ < p} )

(3.2) Gu,p(0) = inf {(5 >0:hg,(0) >
Again, we define g, (0) = gu,»(0) and if K is a centered convex body of volume
1, we write g () instead of g1, (6). We have the following:

Lemma 3.1. Let pu be a log-concave centered probability measure on R™. For all
I<ps<n,

(3.3) 5G,p(0) = gup(0).

Proof. Let 1 < p < n and set 71 := g, ,(0) and ry :=3g, ,(0). For every ¢ < p we
have

q
(3.4) hz,(0) = %hzl(K)(a)
and
(35) hZ2q(H) (0) = th(ﬂ) (0)

Using the Paley—Zygmund inequality we see that, for every ¢ > 1,

(3.6) " ({x eR": |(z,0)] > ;hzq(“)(a)}> > e .

Under our assumptions, we have

(37) i({zer i@z Lzuw®}) >

for every 1 < g < p.
We set t := %. Then, if \/51?”1 <t< %, we have that

(3:8) u({z € R™ : [(2,0)] > thy,((0)}] = e 1117

10



This implies that ro < ¢rp. On the other hand, for all g > 2,

hza(®) = ahZ, (9)/0 s u({w € R™ < [(2,0)] > shz,(u(6)})ds
N
T2 1 —g2p2
> qthQ(“)(g)./o s e 2 s
h? 0 VP
q Zz(;z])( ) / Sq_le_szds
) 0
= <hZ2(M)(9)>qq /OO SqileistS _ /00 SQ*lefsts
7‘2 0 \/ﬁ
> Cﬁhzz(u)(e) !
= T 5

taking into account the fact that, for every 8 > /3 > 1,
> 1 2 241
(3.9) 2/ s97le™ ds < e P 1Y,
B

Since Zs(p) ~ Z1 (1), we conclude that r1 < era. ]

Working with the quantities g, ,(0) instead of 5g,, ,(f) is much more convenient
for us. Lemma 3.1 shows that, in the case of log-concave measures, these two
quantities are equivalent up to an absolute constant.

We also define the following quantities:

Eg.p, = / 71§u7p(9)d0(9)
Qup = sup gup(0)
fesn—1
Jup = gei‘sl'lf—l Gu.p(0)-

Note that the quantities g, , and a,, are SL,-invariant: for every T' € SL,,, we
have

(3.10) GuoT,p = Ju,p » QuoT,p = Qpp-

Indeed, one can easily check that if T € SL,, then guor(f) = g.(T*0), where

T
T = 2.
[E3P

Intuitively, the directions in which a convex body has “large subgaussian con-
stant” are the ones in which K “resembles” a cone. In particular, it follows by a
result of Berwald (see [5]) that for all symmetric convex bodies of volume 1 and for
all 0 < p < ¢, one has that

th(K)(a) < hzq(ce)(‘g)
th(K)<9) = th(cs)(Hy

(3.11)

11



where Cp is a “double cone” in the direction of 4, i.e Cy := conv{A4, 8, —6} for some
A C 6+, normalized to have volume 1.

On the other hand, the directions in which a convex body has “large super-
gaussian constant” are the ones in which K “resembles” a “cylinder” Qy in the
direction of 6, i.e. Qg := aA x rf for some A C 0§+, where |A| = 1 and a,r > 0
satisfy ar = 1. More precisely, we have the following;:

Proposition 3.2. Let K be a symmetric convex body of volume 1 in R™ and let
6 € S"L. Then,

(i) For all0 < p < gq,

h 0) _h 0 v
(3.12) 2,0 0)  hzien ) _ (417
hz,)(0) = hz,@0(0)  (q+1)7
with equality if and only if K = Qp.
(i) For all1 < p < n,
(3.13) 9x.p(0) < 9Qo.p(0) < cy/p,

where ¢ > 0 is an absolute constant.

For the proof of Proposition 3.2 we will use the next lemma; a proof can be
found in [12].

Lemma 3.3. Let g be a non-negative, finite, not identically zero, integrable, strictly
decreasing on its support, convex function on [0,00). Then, the function

_ 00 q_lﬂ 1/q
(3.14) q <q(q+1)/0 t g(O)dt>

is strictly increasing in (0,00), unless if g(t) := alp o0)(1 —rt) for some a,r > 0.

Proof of Proposition 3.2. (i) Let t € [0, hk(6)]. We define a function g by

(3.15) 9(t) == gx(t) == {z € K: [(z,0)| > t}| = 2/ [f(s)ds,

t
where f(s) := |[{z € K : (x,0) = s}|. By the Brunn—Minkowski inequality, f is
log-concave and, since K is symmetric, f is decreasing and attains its maximum

at 0. So, g is a strictly decreasing convex function on its support. Note that
g(0) = |K| = 1. Moreover,

(3.16) h, i) (0) :q/o t1Lg(t)dt.

Note that gq, (t) :=aljy 1)(1 —1t) and hz, (g, (0) = (¢ + 1)_%. So,

h 0 o0 1
(3.17) hZZ((QK))(w)) - <q(q+ 1)/0 tqlg(t)dt>

12



and the result follows from Lemma 3.3. Assertion (ii) follows from the definition of

gK,p(G)- O
As an immediate consequence of Proposition 3.2 we get that, for all § € S7~1,
(3.18) gr(0) < cv/n.

Intuition suggests that it is not possible that all directions are “cylindrical”. So, we
expect that there exist directions with supergaussian constant much smaller than

NG

We conclude this section by pointing out the following immediate consequence
of the definitions: For all 1 < ¢1 < g2 <n and § € S"71,

_ _ q2 _
(3.19) G (0) < Gugo () < \/ q%glh‘h(e)‘

4 Proof of Theorem 1.1

We will use the L,, versions of the Blaschke-Santal6 inequality and of the Busemann-—
Petty inequality obtained by Lutwak—Zhang [41] and Lutwak, Yang and Zhang [42]
respectively (see also [15] for a proof in the convex case).

Theorem 4.1. Let K be a star-shaped, with respect to the origin, body of volume
1 in R™. Then,

(4.1) |\ Z2 (K™ < | Z2(By)|
and
(4.2) | Zp(K) V™ > | Z,(BE) V™,

with equality if and only if K is a centered ellipsoid of volume 1.

Using K. Ball’s bodies K, (p) we can extend Theorem 4.1 to the case of proba-
bility measures p € Py,

We will use the following lemma (see [45, p.76] for a proof).

Lemma 4.2. Let f be a bounded measurable, non-negative function on [0, c0].
Then, for every 0 < p < q we have

(4.3) (prloo /OOO tplf(t)dt>1/p < (Ileoo /OOO tqlf(t)dt)l/q.

There is equality if and only if f := || f|lco1jo,a) for some a > 0.

Proposition 4.3. Let y € Pj,) and let f, be its density. If 0 € supp(p) and
[fulloe <1, then

(4.4) |Zy(w)| > |Z,(B3)| and |Z3(w)| < |Z2(B3)),

with equality if and only if f,, :== 1g for some centered ellipsoid £ of volume 1.

13



Proof. Recall that for any p € Py, the set Kj(u) is star-shaped with respect to
the origin and

00 -1/p
(4.5) ||xHKp(u) = (chzo)/o fu(rx)rp_ldr) .
Integration in polar coordinates gives

1 1

4. K, = — dx =
(4.6) (K ()] 700 o fu(z)dz 70
and
(4.7) Zp (B (10) K ()] 7 £ (0)17 = Z, (1),

Lemma 4.2 implies that if ¢ > p > 1, then

1 1
Hfuoo)p_q
4.8 T < x .
(4.9 el < (e ) ™ el
We have equality only if f,.(r) = fu(rz) is constant for every x € S"~! or

equivalently, if = ff ‘ﬂ is the indicator function of some star-shaped set in R™. It
oo
follows that

n(h— k) G
49) Iyl (L) = (27

which implies

@100 0> (D) o 0 = 1

This shows that

(411)  Zy(0) 2 ull Zp (Ko () and Z5(s) € [1full 25 (Ko (1)
Taking volumes and using Theorem 4.1, we conclude that

(4.12) 12y ()| = 1 full 1 Zp(BE)] and [ Z5()] < || fullool Z5 (BE)].

This proves the Proposition. O

Using Theorem 4.1 we can show that if K is an isotropic convex body, then
i (0) < CLk for a random direction 6.

Proposition 4.4. Let K be an isotropic convex body in R™. Then, for everyt > 1,

logyn

(4.13) o{0e S gr(0) <cthg) =1 o

where C1 > 0 is an absolute constant.

14



Proof. Since K is convex, we have that
(414) th(K)(Q) ~ thp(K)(9)7

for every p > 1 and 6 € S"~ 1. So, we can write

S

2
4.15 g (0) = L sup ——,
( ) gK( ) Kk:glog‘,n hZQk (K)(e)

where we have also used the fact that K is isotropic.
A direct computation shows that for p < n,

N wl/n
4.16 Zo(Bp)|Ym ~
(4.16) 1Z,(B3)| 7
Using polar coordinates, we get from Theorem 4.1 that
do(6) W,
(4.17) wn/ — < .
Gn—1 th(K)(G) c(/p)"
By Markov’s inequality we get that, for every ¢t > 1,
n—1 C 1
(418) o6 S S : th(K)(H) < ?\/]3 < tfn
This implies that
n—1 C log, n
(4.19) o460 S ihz2k(K)(9)> 22Lk k=1,...,loggn,>1——"—,
tLy t
and hence,
1
(4.20) o{0 € S": g (0) < CitLy} =1 — ij”,
as claimed. o

Proof of Theorem 1.1. Let K be an isotropic convex body in R™. From Propo-
sition 3.2 we have that gx(0) < ¢y/n. Let

(4.21) A:={0eS" g, (0) <2cLx}.
From Proposition 4.4 we have that o(A) > 1 — 2" Therefore,
Egx = / g (0)do(6)
Sn—1
— [ ax@do®)+ [ ax(®)do(0)
A Sn=1\A
< 2c1Lg +cey/no(S"H\ A)
< 9oL+ YMIoBan
277,
g 3ClLK,

15



since Li > ¢ > 0 for all convex bodies (see [45]).

Moreover, if K is a centered convex body of volume 1 and Kj,, is the isotropic
image of K, by (3.10) we have that

(4.22) Ik = 9K,y = GGiQ,ffngiso(a) <E(9k...) <3c1lk.
Now, Lemma 3.1 completes the proof. O

Note. (i) Using Proposition 4.3 instead of Theorem 4.1 one can prove the same
result for any log-concave measure. Recall that L, = f (0)%. We omit the details.

(ii) The only place where convexity is needed in the proof of Proposition 4.4 is
in assuming (4.14). So, the same result holds true for any u € Py,) which has some
“regularity” as the one expressed in (4.14).

5 Proof of Theorem 1.2

As we have already mentioned in the Introduction, J. Bourgain ([11]) has proved
that convex bodies for which every direction is subgaussian have bounded isotropic
constant (by a function which depends only on the subgaussian constant). We will
show that the same holds true in the “supergaussian” case; the proof is much easier.

Proposition 5.1. Let K be a convex body in R™ with volume 1 and centre of mass
at the origin. Let ax 1= supycgn-1 i (8). Then,

(5.1) Lk < crak,
where ¢1 > 0 is an universal constant.

Proof. Recall that ax is SL,-invariant. So, we can assume that K is isotropic.
Then, for every § € S"~1,

ViLx _  /iLk

(5.2) hi(0) = cihz, (k) (0) = c2 0 > e =

Since |K| = 1, there exists 6y € S"~! such that

(5.3) hi (00) < hgy (00) = Vn.

It follows that Lx < czak. O

Let K be an isotropic convex body in R™. We write K for the isotropic convex
body of small diameter created by K, i.e. the isotropic image of K N4+/nLy BY.
Note that R(K) < ¢y/nL. Moreover, if A C K with |A| > 1, then for every p > 1
and 6 € S7 1,

(A) (6).

p

(54) th(K)(g) = (A |<$79>|pd$) = |A|5+;th(A)(9) > ChZ

16



In particular, we have that Z,(K) C c¢Z,(K), where ¢ > 0 is a universal constant.
Note that Lg ~ Lg. By the definition of gk j,, we have that for every p > 1,

(55) gK,p CgK p*

Lemma 5.2. Let K be an isotropic convex body in R™ and let K be defined as
above. Then,

(i) . (K,1E*(gg)) = n,
(ii) For any § > 2, E(9g 4.(k 5) < < V0,

where c1,co > 0 are absolute constants.

Proof. (i) Let E := E(gz). By definition we have that, for all 1 <p < n

VP
5.6 hy, in(0) > ———Lg.
( ) Zp(K)() 91‘((9) K
Integrating over S"~! we see that
(5.7)
W) = [ gl 0o ) < [ arl)ioo) =
B gn1 2 »(K) h VPLg Jon—1 K VPL i

K
By Holder’s inequality we get that, for all 1 < p < n,

(5.8) W(Z,(R)) > W_r(Z,(K)) > YEEE
Recall that
(5.9) R(Zy(K)) < Rleonv({K, ~K})) < ¢'v/iLg.

So, by Milman’s formula (2.13), forall 1 <p < n
Sy 2
— W(Z,(K
(5.10) ko (Zy(K)) ~n (“’())> > L

This proves assertion (i).

(i) Let q1 := q.(K,d) and qo := ¢.«(K,2). Note that v/n < qo < q1. For all
1 < p<qo

— — p —
(5.11) W2y (R) = Wy(Z()) = \[E,(R) > eypig,
where we have used Propositions 2.1 and 2.2.
Moreover,
(5'12) \/ qu qo - I ( ) CILK
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By definition we have that, for all o < p < g1, k.« (Z,(K)) > &, or, using (2.13),

(5.13) W (Z,(K)) > c\/gR(Z\%K)) > c\/gR(Zf;éK)) > \/]j/LgK.

Thereore, for all 1 < p < ¢,

(5.14) W (Z,(K)) > c\/%f(.

Moreover, recall that k*(Zp(I_()) > y/n for all 1 < p < n. A standard argument,
based on the concentration of measure on S™~!, shows that for 1 < p < q1,

L,
(5.15) o ({9 c st hy, &) (0) = ¢ f\p}gK }> >1—e oV,

Since Z,(K) ~ Zy,(K), we get

o ({9 € 8" i hy k) (0) > \/ﬁ\/LgK for all p € [Lm]}) > 1—logy(q)e V"
> 11— e—cVn,
In other words,
(5.16) o ({6€5" 11 gy (0) < VEY) 21— eV,
Let
(5.17) A={0eS" " gz, (0) < Vo)
Then,
B o= [ ke 0do)

= [ @@ [ ok 0)00)

< eVi+o(S"\ A)vn

< V.
This proves assertion (ii). a

We can give now a second proof of Theorem 1.1.

Proposition 5.3. Let K be an isotropic convex body in R™. Then,
(i) B, m) < c1,
(i) B(gx) < c1v/m,
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(i) E(gx) < c2Lk,

where c1,co > 0 are absolute constants.

Proof. Let K be defined as above. Using (5.5) we have that

(5.18) E(gx,p) < cE(9x p)

for all 1 < p < n. By Proposition 2.5 (vi) we have that q.(K,c) > v/n. Then,
Lemma 5.2 shows that

(5.19) E(gk, m) < cB(gg, m) < -
This proves (i), while (ii) follows from (i) and (3.19). Finally, using Proposition 2.5
(i) and (vii), we have that q.(K,cL%) > n, and by Lemma 5.2,

(520) E(gl{) < CE(QR-) < e Llik.

This completes (iii). O

Proposition 5.3 (iii) provides an alternative proof of Theorem 1.1, although the
reader may notice that the measure estimate for the directions in S”~! with super-
gaussian constant bounded by Lk is much better in Proposition 4.4. Moreover, the
convexity plays more important role in the proof of the Proposition 5.3. The proof
of Proposition 5.3 can be certainly carried out in the case of log-concave measures.

Proof of Theorem 1.2. By Proposition 2.5 (ii) we have that, for any § > 1,
q-o(K,8) > %{5’65). Then, by Lemma 5.2,

¢ (K,a1E*(gg)) cn
)

5.21 e (K, e1E%(gg)) > — > S
(5.21) 4-e (K 1B (9)) B (gx 1 E?(gx)

Now, we apply Proposition 2.6: we have

sup Lxg < ¢ sup EQ@K)\/ " 5 \/log __" e
K isotropic K isotropic qd—c (K,ClE (gf()) q—c (chlE (gf())

< ¢ sup E*(gg)V1ogE2(gk)

K isotropic
< ¢ osup E3(gx)IogE2(gk).

K isotropic

This completes the proof. O
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