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Abstract

We study the slicing inequality for the surface area instead of volume. This is the question whether
there exists a constant «,, depending (or not) on the dimension n so that

S(K)gan|K\% max S(K NET)
Eesn—l

where S denotes surface area and | - | denotes volume. For any fixed dimension we provide a negative
answer to this question, as well as to a weaker version in which sections are replaced by projections
onto hyperplanes. We also study the same problem for sections and projections of lower dimension
and for all the quermassintegrals of a convex body. Starting from these questions, we also introduce a
number of natural parameters relating volume and surface area, and provide optimal upper and lower
bounds for them. Finally, we show that, in contrast to the previous negative results, a variant of
the problem which arises naturally from the surface area version of the equivalence of the isomorphic
Busemann—Petty problem with the slicing problem has an affirmative answer.

1 Introduction

In this article we study the question whether it is possible to have a version of the slicing inequality for the
surface area instead of volume. More precisely, the question (which has been formulated by Koldobsky [28])
can be stated as follows: Is it true that there exists a constant «,, depending (or not) on the dimension n so
that

(1.1) S(K) < an\K|%§r%ax S(KNneh)
e n—1

for every centrally symmetric convex body K in R”? Here, S(A) denotes surface area and |A| denotes volume
of a convex body in the appropriate dimension, and ¢+ = {z € R" : (x,£) = 0} is the (n — 1)-dimensional
subspace orthogonal to & € S"~!. A lower dimensional slicing problem may be also formulated; for any
2 <k <n—1 one may ask for a constant o, j such that

(1.2) S(K) <ok |K|* max S(KNH)

’ HeGnn—wk
for every centrally symmetric convex body K in R", where G, s is the Grassmann manifold of all s-
dimensional subspaces of R™. Moreover, one may replace surface area by any other quermassintegral and
pose the corresponding question (see Section 2 for definitions and background information).

The slicing problem and its variants. In order to put our question into context we start by recalling the
classical Busemann-Petty problem [7]: Let K and D be centrally symmetric convex bodies in R and assume
that |K N &L < |DN &L for every € € S~ L. Is it then true that |K| < |D|? It is known that the answer is
affirmative if n < 4 and negative if n > 5; see [I3] and [22] for the history and the solution of the problem.
An isomorphic version of the Busemann-Petty problem was introduced in [3I]. Does there exist an absolute
constant C7 so that for any dimension n and any pair of centrally symmetric convex bodies K and D in R™



satisfying |K N &+ < [DNEL for all € € S~ we have that |K| < C1|D|? The isomorphic Busemann-Petty
problem is equivalent to the slicing problem which asks if there exists an absolute constant Cy > 0 such that
for every n > 2 and every convex body K in R™ with barycenter at the origin (we call these convex bodies
centered) one has

K| < C max |KN&L
EES”’_l

It is well-known that this problem is equivalent to the question if there exists an absolute constant Cs > 0
such that
L, :=max{Lg : K is isotropic in R"} < C3

for all n > 1, where Ly is the isotropic constant of K. Bourgain proved in [3] that L, < c¢;¢/nlogn,
and Klartag [20] improved this bound to L, < ca4/n. A breakthrough on this problem has been recently
announced by Y. Chen [I0]; from his results it follows that L, < C - exp(cy/logn - y/log(logn)) = o(n€) for
any € > 0 as the dimension n grows to infinity. From the equivalence of the two questions it follows that

n—1

|K|% <e3L, max |KNEL
565‘71—1

for every centered convex body K in R™. The lower dimensional slicing problem can be posed in the following
way: Let 1 <k <n—1 and let o, ; be the smallest positive constant & > 0 such that, for every centered
convex body K in R",
K| <af max |KnH|
HeGn n—k

Then the question is if there exists an absolute constant Cy > 0 such that o, ;; < C4 for all n and k.

The slicing problem can be posed for a general measure in place of volume. Let g be a locally integrable
non-negative function on R™. For every Borel subset B C R™ we define

u(B) = [ gy,

where, if B C H for some subspace H € G,, 5, 1 < s < n — 1, integration is understood with respect to the
s-dimensional Lebesgue measure on H. Then, for any 1 < k£ < n — 1 one may define «,, (1) as the smallest
constant o > 0 with the following property: For every centered convex body K in R™ one has

p(K) < ak|K|% Jp Jnax w(K N H).

n,n—k

Koldobsky proved in [25] that if K is a centrally symmetric convex body in R™ and if g is even and continuous
on K then

plK) <= vV K| F max p(K 0€Y),

n—1 esn

n—k

where, more generally, v, = |By|"% /|By*| < 1 forall 1 < k < n—1. In [26], Koldobsky obtained
estimates for the lower dimensional sections: if K is a centrally symmetric convex body in R™ and ¢ is even
and continuous on K then

n
n—=k

) < yup—— (V)R [K|* max  p(K N H)

€Gnn—k

for every 1 < k < n — 1. A different proof of this fact was given in [9]: the method in this work allows one
to drop the symmetry and continuity assumptions: Let K be a convex body in R™ with 0 € int(K). Let ¢
be a bounded non-negative measurable function on R™ and let y be the measure on R™ with density g. For
every 1 <k<n—1,
k
w(K) < (C4\/TL— k) |K|§ yJnax w(KNH),
€

n,n—k



In fact, the proof leads to the stronger estimate

1
n

u(E) < (e~ k) |K[H ( /G p(K N H)" dun,”<H>>

n,n—k

In this work we study the slicing problem for the surface area and other quermassintegrals of convex bodies.
In Section 3 we recall related results regarding the surface area of projections of convex bodies. However, the
natural generalization of the slicing problem for sections that we stated in the beginning of this introduction
has not been studied. As far as we know there are no general inequalities comparing the surface area S(K)
of a convex body K in R"™ to the average or maximal surface area of its hyperplane or lower dimensional
sections.

Main results. Our first main result states that it is not possible to have an inequality such as (|1.1)).
Theorem 1.1. For any n > 2 one has that

Sup{ S(K)

K|+ max S(KNE&+
| Igéns,ggl( &)

: K is a centrally symmetric convex body in R"} = +00.

For the proof of Theorem we show that for any a > 0 one may construct a centrally symmetric
ellipsoid &€ such that )
S(E) > al€|™ max S(ENED).
SES"*I

In order to do this, for a given ellipsoid £ in R™ we need to know the (n — 1)-dimensional section of £ that
has the largest surface area. This is a natural question of independent interest, which we answer in Section 4.
We show that if £ is an origin symmetric ellipsoid in R”, and if a1 < as < --- < a, are the lengths and
e1,€es,...,¢e, are the corresponding directions of its semi-axes, then

SENEL) < S(ENer)

for every ¢ € S"~1. Then, we combine this information with a formula of Rivin [35] for the surface area of

an ellipsoid: If £ is an ellipsoid in R™ with semi-axes a1 < a2 < -+ < a, in the directions of eq, ..., e, then
NN
(1.3) s@)=nlel | (>-2%) " dote).
T =1 e

In fact, as we will see, for any k—dimensional subspace H and any 0 < j < k — 1 we have that
Wj(ngk> < Wj(g ﬂH) < Wj(g ﬁEk)
and
W;(Pr, (£)) < W;(Pu(£)) < W;(Pg, (£)),

where Fj, = span{ei,...,ex}, Ey = span{e,_jpt1,...,€e,} and W, denotes the j-th quermassintegral of a
convex body (see Section 2 for the necessary definitions). These results are the analogues of a known fact
for the maximal and minimal volume of k-dimensional sections and projections of ellipsoids (see Section 4
for further details and references). As a consequence we obtain a more general negative result about all the
quermassintegrals of sections and projections of convex bodies.

Theorem 1.2. Letn>3,1<k<n—2andl<j<n—k—1. Then,

W;(K)
K| max  Wi(K 0 H)

n,n—k

sup : K is a convex body in R™ » = +o0.



In fact, we also have that

W; (K)
K| nax W;(Pp(K))

EGn,nfk

sup : K is a convex body in R™ » = +o0.

In Section 5 we provide some estimates, in the positive direction, for the surface area version of the
slicing problem. However, they depend on the parameter

where r(K) is the inradius of K, i.e. the largest value of > 0 for which there exists zy € K such that
xo + By C K. More precisely, we show:

Theorem 1.3. Let K be a convex body in R™ with barycenter at 0. Then,

ey L) 2 () K| & S(K N H)
C n—r n max
dp_k 1K HeGn n—k

S(K) <

1/s

where dg = sws’” and cp > 0 is an absolute constant.

d,

n
n—1

Note that in the case k = 1 (the hyperplane case) we have 5 (clLK)% ~ Li. We also provide a

variant of Theorem for the ratio S‘(TK‘)

Theorem 1.4. Let K be a convex body in R™ with 0 € int(K). Then, for all1 < k < n— 1 we have that

S(K) n S(KNH)
2 ¢ K L
K] S ok e A

Our proof of these results involves the Grinberg/Busemann-Straus inequality, an estimate for the dual
affine quermassintegrals of a convex body, and the classical Aleksandrov inequalities. In fact, the same more
or less argument leads to similar results for any quermassintegral and not only for surface area (the precise
statements are given in Section 5).

Our starting point in Section 6 are two simple inequalities relating the surface area of a convex body K

to its volume. One has
r(K)S(K) < n|K| < R(K)S(K),

where r(K) and R(K) denote the inradius and the circumradius of K respectively. In the case of an ellipsoid,
we observe that (1.3]), the formula which is used for the proof of Theorem can be rewritten as

S(€) = n|€|My(€),

where M3 (E) = [g.-1 [€l|Fdo(§) (and [|€]x denotes the Minkowski functional of a convex body K with
0 € int(K)). Using the fact that My(E) =~ M(E) = [gu_. [|€]ledo(€), we get

S(E) ~ n|E|M(E).

Note that r(K) < M(K)™! < w(K) < R(K), where w(K) is the mean width of K. Therefore, for a convex
body K C R™, we naturally introduce the parameters

S(K)

- oW w(E)S(K)
[K|M(K)

p(K) K]

and ¢(K) =



and we ask for upper and lower bounds for them. Theorems and show that there are absolute
constants ¢, ca > 0 such that for every convex body K € R™ we have

c1vn < p(K) < con®/?.

Moreover, the order of n cannot be improved in both the upper and the lower bound. However, we prove
that if K is in a classical position, such as John’s position or the minimal surface area position or the
isotropic position, then these estimates can be improved. The situation is different with ¢(K). We show
that ¢(K) > n for every convex body K in R™, while in general there can be no upper bound in any fixed
dimension: for any n > 2 one has sup{q(K) : K is a convex body in R"} = +cc.

In Section 7 we study a variant of our main problem. Our starting point is a surface area variant of the
equivalence of the isomorphic Busemann—Petty problem with the slicing problem: Assuming that there is a
constant -y, such that if K and D are centrally symmetric convex bodies in R™ that satisfy

S(KNET) <SDNEY)
for all £ € S™~1, then S(K) < 7,5(D), one can see that there is some constant ¢(n) such that

(1.4) S(K) < e(n)S(K)mT Jnax, S(K 0 ¢

for every convex body K in R™. We show that an inequality of this type holds true in general.

Theorem 1.5. Let K be a convex body in R™. Then,

S(K) < A, S(K)w [nax, S(K €Y
c n—1

where A, > 0 is a constant depending only on n.

We obtain this result for an arbitrary ellipsoid; then, it is not hard to extend it to any convex body,
using John’s theorem. The value of the constant A, that one can obtain in this way is clearly not optimal
and it would be interesting to determine its best possible dependence on the dimension n.

2 Notation and background information

We work in R", which is equipped with the standard inner product (-, -). We denote by || - ||2 the Euclidean
norm, and write BY for the Euclidean unit ball and S"~! for the unit sphere. Volume is denoted by |- |.
We write w,, for the volume of B and o for the rotationally invariant probability measure on S™~!. The
Grassmann manifold G, ; of all k-dimensional subspaces of R™ is equipped with the Haar probability measure
Upk. Forevery 1 <k <n—1and H € G, we write Py for the orthogonal projection from R™ onto H.
The letters c¢,c’,cq1,co etc. denote absolute positive constants which may change from line to line.
Whenever we write a ~ b, we mean that there exist absolute constants c¢1,co > 0 such that cia < b < cqa.
Also, if K, D C R" we will write K =~ D if there exist absolute constants ¢y, co > 0 such that et K C D C o K.
A convex body in R" is a compact convex subset K of R™ with non-empty interior. We say that K is
centrally symmetric if € K implies that —x € K, and that K is centered if its barycenter ﬁ [ xda is at

the origin. The support function of a convex body K is defined by hx(y) = max{(z,y) : * € K}, and the
mean width of K is

w(i) = [ hite) da(e).

The circumradius of K is the quantity R(K) = max{||z|2 : * € K} i.e. the smallest R > 0 for which
K C RBY. We write r(K) for the inradius of K, the largest » > 0 for which there exists z¢ € K such that
2o+ rBY C K. If 0 € int(K) then we define the polar body K° of K by

K°:={yeR":(z,y) <lforallz e K}.



The volume radius of K is the quantity vrad(K) = (|K|/ |B§’\)1/ ". Integration in polar coordinates shows
that if the origin is an interior point of K then the volume radius of K can be expressed as

)= ([ pelan)

where ||z|| gk = min{t > 0: z € tK} is the Minkowski functional of K. We also define

M) = [ leldote)

A convex body K in R" is called isotropic if it has volume 1, it is centered and its inertia matrix is a multiple
of the identity matrix: there exists a constant Ly > 0 such that

/K (,€)2dz = L3,

for all £ € S~ !. The constant L is the isotropic constant of K.

From Minkowski’s fundamental theorem we know that if K,..., K, are non-empty, compact convex
subsets of R™, then the volume of t1 Ky + --- + ¢, K, is a homogeneous polynomial of degree n in ¢; > 0.
That is,

K+t K| = > V(K K )y et

1<i1,..., 0, <M

where the coefficients V(Kj,, ..., K; ) are chosen to be invariant under permutations of their arguments.
The coefficient V (K71, ..., K,) is the mixed volume of K7, ..., K,. In particular, if K and D are two convex

bodies in R™ then the function |K + ¢D] is a polynomial in ¢ € [0, c0):

K +tD] =Y (;‘) V,_;(K,D)#,

=0

where V,,_;(K,D) = V((K,n —j),(D,j)) is the j-th mixed volume of K and D (we use the notation (D, j)

for D,..., D j-times). If D = By then we set W;(K) :=V,,_;(K,By) = V((K,n — j), (B%, j)); this is the
j-th quermassintegral of K. Note that

1 K+1tD| - |K

Vo1(K,D) == lim |K +tD| — |K|

n t—0+ t ’

and by the Brunn-Minkowski inequality we see that

n—1 1

1D

n

Vn—l(K7D) 2 |K

for all K and D (this is Minkowski’s first inequality). The mixed volume V,,_;(K, D) can be expressed as

1

(2.1) Vaor (K, D) = — /SH hp(0)dox (0),

where o is the surface area measure of K; this is the Borel measure on S™~! defined by
ok (A) = A({z € bd(K) : the outer normal to K at x belongs to A}),
where ) is the Hausdorff measure on bd(K). In particular, the surface area S(K) := oy (S" 1) of K satisfies



Kubota’s integral formula expresses the quermassintegral W;(K') as an average of the volumes of (n — j)-
dimensional projections of K:

Wi (K) = /G (Pra (K| dv 5 (H).

Wn—j

n,n—j

Applying this formula for j =n — 1 we see that
Wh—1(K) = waw(K).
It is convenient to work with a normalized variant of W,_;(K). If we set

L
k

(2.2) Qk<K>=(W""“(K))'“=<1 /G |PH<K>dun7k<H>) ,

Wi
then k& — Qi (K) is decreasing. This is a consequence of the Aleksandrov-Fenchel inequality (see [6] and

[39]). In particular, for every 1 < k < n — 1 we have

1

(2.3) vrad(K) = <|K> < (1/G |PH(K)|dyn,k(H)> < w(K).

Wn, Wk

We will also use some estimates for the (normalized) dual affine quermassintegrals. For every convex body
K in R™ and every 1 < k < n — 1 we consider the quantity

~ 1 "
é[k](K) = W </G |KQHJ—‘ dl/n,k>
n nok

It was proved independently by Busemann and Straus [§], and Grinberg [17] that @[k](K) < @[k] (B%) € a1,
where ¢ > 0 is an absolute constant. Dafnis and Paouris showed in [12] that if K is a centered convex body
in R™ then

L
kn

C2
> =
= LK’
where c2 > 0 is an absolute constant and Lk is the isotropic constant of K. In particular, assuming that
Lg < C for an absolute constant we have that ®,;(K) = 1 for every centered convex body K in R™ and all
1<k<n—-1

We refer to the books [I3] and [39] for basic facts from the Brunn-Minkowski theory and to the book
[1] for basic facts from asymptotic convex geometry. We also refer to [4] for more information on isotropic
convex bodies.

D (K)

3 Surface area of projections

Related to our work is the article [16] of Giannopoulos, Koldobsky and Valettas, which provides general
inequalities that compare the surface area S(K) of a convex body K in R™ to the minimal, average or
maximal surface area of its hyperplane or lower dimensional projections. The same questions are also
discussed for all the quermassintegrals. Starting from two inequalities of Koldobsky about the surface area
of hyperplane projections of projection bodies (see [23] and [24]) the authors in [16] obtain inequalities for
the surface area of hyperplane projections of an arbitrary convex body K in R™. Let 0x denote the minimal
surface area parameter of K, defined by

n—1

x = min {S(T(K))/|T(K)| = Te GL(n)}.

7



By the isoperimetric and the reverse isoperimetric inequality (see [T, Chapter 2]) it is known that ¢1/n <
Ok < can for every convex body K in R™, where ¢1,co > 0 are absolute constants, It is proved in [I6] that
there exists an absolute constant cg > 0 such that, for every convex body K in R",

2bn
% min_ S(Pe(K)) < 81K S(K) < cadK
gesn—1 nwr Vn

where b, = "=1¥2=1 ~ 1 This inequality is sharp e.g. for the Euclidean unit ball. Since c39x /v/n < cv/n

for every convex body K in R"™, one has the general upper bound

|K

S(K),

(K| min | S(Pes (K)) < cav/n S(K).
e n—1

In the opposite direction, it is proved in [I6] that if K is a convex body in R™ then

/SH S(Pex (K)) do(€) > es S(K) =T,

where ¢; > 0 is an absolute constant. A consequence of this inequality is that if K is in the minimal surface
area, minimal mean width, isotropic, John or Léwner position (see [T, Chapter 2]) then

| K

3 /S S(Pe (K)) do(€) > ¢ S(K),

where ¢g > 0 is an absolute constant. In particular,

K|+ Jnax S(Pei (K)) > ¢ S(K).
€ n—1

In fact, these inequalities continue to hold as long as
S(K)™T < er| K

for an absolute constant c; > 0. This is a mild condition which is satisfied not only by the classical positions
but also by all reasonable positions of K. It should be noted that the question whether there exists a constant
«,, such that
1
S(K) < ap |K|» 6rrgauxl S(Per(K))
€sn—

for all convex bodies K in R™ is left open in [I6]. As we will see in the next section, it has a negative
answer. In [I6] the same questions are studied for the quermassintegrals V,,_,(K) = V((K,n — k), (By, k))
of a convex body K and the corresponding quermassintegrals of its hyperplane projections.

4 Ellipsoids and a negative answer to the problem

In this section we provide a negative answer to the slicing problem for the surface area.

Theorem 4.1. For any n > 2 and any o > 0 there exists a centrally symmetric conver body K in R™ such
that

S(K) > a|K|" max S(Pei(K)) > a|K|* max S(KNE&Y).
gesn-t gesn—t

In fact, our examples will be given by ellipsoids. They will be based on the next result which answers a
natural question and might be useful in other situations too.



Theorem 4.2. Let £ be an origin symmetric ellipsoid in R™ and write a1 < az < -+ < ay, for the lengths
and ey, ez, ..., e, for the corresponding directions of its semi-azes. If 1 < k < n —1 then for any H € G, 4
and any 0 < j < k we have that

where Fj, = span{ey,...,ex} and E, = span{en_k11, ..., en}. In particular, for every £ € S"1,
S(ENEL) < S(Pe2(€)) < S(ENet).

The analogue of Theorem [£.2] for the volume of sections and projections of ellipsoids is known to be true
(for a proof see [2I] and [11]). With the same notation, for all 1 <k < n — 1 one has

min |ENH| = HllIl |PH |fwkHal
HeG

and
n

max |[ENH|= max |Py(€)| = wy H a;.
s, €0 H = o @l = ] @

For the proof of Theorem we will use the following form of Cauchy’s interlacing theorem (see [34],
pp. 64]).

Theorem 4.3. Let A be a symmetric n X n matriz and consider the k x k matric B = PAP*, where
k < n and P is the orthogonal projection onto a subspace of dimension k. If the eigenvalues of A are
A <A << Ay, and those of B are pp < po < -+ < g, then for all i < k we have

Ai < Hi < Ap—kepie

Now, let £ be an origin symmetric ellipsoid in R™ and let a; < --- < a, be the lengths of its principal
semi-axes. We can write & = {z € R" : (Az,z) < 1}, where A is an n X n symmetric positive definite matrix.
The relation between the eigenvalues A\j(A) < -+ < A, (A) of A and the lengths of the principal semi-axes
of the ellipsoid £ is given by

1
A ()

A k-dimensional section of £ can be obtained by restriction onto a k—dimensional subspace H:

ENH={zxe H: (Az,z) < 1}.

a; =

Let by < --- < by be the lengths of the principal semi-axes of €N H. If {uy,...,ux} is an orthonormal basis
of H then we can write any = € H as
T =yiur + -+ YpUg,

for some vector y = (y1,...,yx) € R¥. Thus, we can write z = Uy, where U is an n x k matrix with columns
u; for 1 <4 < k. Using this language we can write

ENH={ycR": (AUy,Uy) <1} ={yeR*: (U*AUy,y) < 1}.
By our previous observations we conclude that the j-th principal semi-axis of £ N H is given by
bj = My (UTAU)) V2,
We can now use Theorem fori=k—j+1 to get
Ae—j+1(A) < Ne—j1 (UTAU) < An—j1(4),

which implies that
a; <bj < an_pyy-

Therefore we obtain the following geometric consequence of Theorem



Lemma 4.4 (Generalisation of Rayleigh’s formula). Let £ be an origin symmetric ellipsoid in R™ and write
a1 < as < -+ < ay for the lengths of its semi-axes. If H is a k-dimensional subspace of R"™ then &€ N H is
an origin symmetric ellipsoid and its semi-azes by < by < -+ - < by satisfy

aj; <bj < an_pyy,
forall1 < j <k.

Proof of Theorem[d:2] We may assume that {ey,...,e,} is the standard basis of R™ and write

n xQ
E= {x eER": Y 2 < }
as
j=1 "
Consider the ellipsoid
n—k+1 2 n 2
I . L5
¢={rer: Y + 3 s 1.
j=1 n— k+1 j=n— ]

We clearly have £ C &’. Then, for any k—dimensional subspace H we have that £EN H C £ N H, and hence

Kubota’s formula implies that
Wi (ENH)<W,;(E'NH)

for all 0 < j < k. On the other hand, if by < by < -+ < by are the lengths of the semi-axes of the ellipsoid
&' N H then Lemma 4] shows that

p—f+1 < b1 < ap_pr1 < b2 < apopyo < -+ < by <ay,

therefore a,—g+1 = b1 and b; < ap—g4; for all 1 < j < k. Thus, all the semi-axes of &' N H are smaller than
or equal to the corresponding ones of £’ N Fj, which implies that

W;(E'NH) < W;(E' NEy)
for all 1 < j < k. Combining the above we get
Wi(ENH) <KW, (E'NH) < W;(E'NEy) =W;(ENEy),
where the last equality follows from the observation that & N E, = £ N E,. The proof of the inequality
W, (€N Fy) < W,;(ENH) is similar.
For the proof of the corresponding result for projections we may use a duality argument. Given two

ellipsoids & and &, with semi-axes a; < --- < a,, and by < --- < b, respectively, we will write & < & if
a; < b; for all 4. Using this notation, what we have proved is that

ENF,.XENH=ENE

for every H € Gy, ;. Now, we start with the ellipsoid £°. Since the lengths of the semi-axes of £° are the
reciprocals of the ones of £, we see that

E°NE,XE°NHXE N Fy,
and hence their corresponding polars satisfy
Pp, (€) 2 Pu(&) 2 Pp, (€).

The result follows from these observations. O

10



Remark 4.5. A formula which is related to this discussion is proved in [I9]. If F is an ellipsoid in R then

Vlw oro
(4.1) Wi—j(F) = W;(F°)
Wi
for every 1 < j < k—1. Let £ be an elhpsmd in R, and let 1 <k <n-—1and H € G, ;. Keeping the

notation Fj and Fk as above, and applying (4.1)) for the ellipsoid £N H, for every 1 < j < k — 1 we see that

Wi (ENH) 1 ° 1 5 Wi—;(EN Fy)
ZEED L)) < 1w P )] =

In other words, the ratio Wi_;(€ N H)/|E N H| is maximized when H = Fy, and similarly it is minimized
when H = Ej. Analogously, applying (4.1 for the ellipsoid Py (£), for every 1 < j < k — 1 we see that

Wk—J(PH(S)) _ i (¢co o Wk j(PFkg)
a0 e 0 Rl = S

In other words, the ratio Wi_; (Py (£))/|Pu(£)] is also maximized when H = F};, and similarly it is minimized
when H = E,.

We pass now to the proof of Theorem and of the more general Theorem [£.7]

Proof of Theorem[41l We shall use the next formula of Rivin (see [35]): If £ is an ellipsoid in R™ with
semi-axes a1 < --- < a, in the directions of ey, ..., e, then

S(E) =nl€| (Z g—i)l/zdo(ﬁ)-

Sn—1 i1 ai

Recall also that for any norm || - || on R"™ we have that
E|G] = dn . €]l dor(£),

where G is a standard Gaussian random vector and d,, ~ /n.
Now assume that there exists a constant a,, > 0 such that we have the following inequality for ellipsoids:

(4.2) S(&) < an|g|1/"51%ax SENEY).
= n—1

From Theorem we know that the maximum is attained for the section £ Ne;i. Then we have

2, 1/2
égS%XlS(EﬂﬁJ‘) SENet)=(n-1) |Eﬂef‘\/n7 2 5' do(§).

We may assume that [, a; = 1. Then, we can rewrite (4.2)) as

1 . 912 1/2 1/n
nw"?E{(ZT) }<anw/ - (n—1)wp— 1

n a; [(Zn:z%)lﬂl

=1 =2

)
~M‘-N

1/2
) is a seminorm, using Holder and Khintchine’s inequality for this seminorm in Gauss

E[<Z?—1£)1/1>c E(Zfbl ) 1/2_C<w>1/2
o|(ond)”] \e(zng)) O \Eha)

11

Since x +— (ZZ 1=
space we get
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and hence

1/2
n—1 n 1N\ 1/2 n—1 n  al
< nwp ™ dp—1 Dic aZ? nwy ™ dp—1 1+30 aZ?
Qp = ¢ ai e = —
(’I’L — ]-)wnfl dn Zi:2 ? (n — 1)Wn71 dn 2272 g
Now choose ay = -+ = a, = r and a; =~ ("~ . Then,
n a? 1/2 1/2 1/2
21
T+3 0, a? 1+ = Tzn B 1 r?
) =) lEeEran) o
1=2 af r2
as r — 00. So, we arrive at a contradiction, i.e. there can be no upper bound for a,. O

Remark 4.6. Let us note here that a reverse inequality can be obtained at least when K is in some of the
classical positions. It is proved in [15] that for any convex body K in R™ and any £ € S"~! we have
S(Pei(K)) < 2(n—1) S(K)
[P (K) ~ n K|

therefore 2 0
n—
K S(Per(K)) < —=S(K P (K
K| anax S(Pes (K)) < = S(K) max [ Pes ().

Since we trivially have

1 1
PetR)l =5 [ 16.0)]dok() < 55(K),
we see that 1
K| max S(Pei(K)) < ——=S(K)2.

cesn—1 n
On the other hand, if K is in some classical position (e.g. isotropic or John’s position or minimal surface area
or minimal mean width position see [I, Chapter 2]) then we know that a reverse isoperimetric inequality

of the form S(K) < “w holds true (with an extra logn-term in the minimal mean width position).
Combining the above we see thaut7 in this case,

|K|* max S(Pei(K)) < enS(K)

§€S7L 1

for some absolute constant ¢ > 0.

For the more general question, where surface area is replaced by any quermassintegral, we may exploit
a formula from [32] for the j-quermassintegrals of ellipsoids of revolution, i.e. ellipsoids of the form

m 2 2
ST,Sz{xeR’”-Z; ’;\1}.

For every j =0,1,...,m one has
' 9 m—j m 1/2
(4.3) W) =warm [ (G0 30 ) o)
sm—1 AT i=m—j+1

Theorem 4.7. Letn>2, 1 <k<nand0<j<n—k—1. For every a > 0 there exists a convexr body K
in R™ such that

W;(K) > a|K|* max Wi(Pr(K)) > o |K|w Lmax Wi(K N F).

12



Proof. Assume that for some n > 2, 1 < k < n and 0 < j < n—k there exists a constant C(n, k,j) > 0 such
that

(4.4) W;(K) < C(n, k, j)| K| nax Wi(KNF).

n,n—k
Then, for any r > 1 > s with 7" ~!s = 1 consider the ellipsoid &, 5. Recall that

W56, 1) = W60 Py

where F,,_j, = span{es,...,e,—r}. Note that |E, 5| = w, and that &, s N F,,_j is a ball of radius r. Using
(4.3) and assuming that (4.4) holds true, we see that

_ g2 "TJ m 1/2 k o
%wﬁ/ (53004 Y 62) " da(0) < Cln b )it wn g™,
sno1 AT i=m—j+1
Since
2 n—j m o n—j m 1/2
S 2 2\ ~ s 2 2
for R X @) w0~ ([ (R 3 #)ew)
=1 i=m—j+1 1=1 i=m—j+1
_ (n—ﬂf AR (IR NEA RS
“\Un 2 n \n rm p ’
we must have - 12
n— \ Wn—
T'k( J . T l) < al(n,k, j) :71]:
n r n WnT
for every r > 1, which leads to a contradiction if we let r — oco. O

5 Bounds in terms of the parameter ¢(K)

Let K be a convex body in R™ with barycenter at the origin. Recall that r(K) denotes the inradius of K;
this is the largest » > 0 such that zo + B3 C K for some zo € K. We also define the parameter

In this section we provide some positive results on the slicing problem for quermassintegrals, which however
depend on t(K).

Theorem 5.1. Let K be a convex body with barycenter at the origin in R™. Then, for every 1 < j <
n—k—1<n—1 we have that
k(n—k—j)

Wi(K) < anpglc ™~ HKYIKIT  max  Wi(K 0 H),

n,n—k

A % n—k—j .
where o, 5 = (Wi Jwy—p)c "% and c > 0 is an absolute constant.

Proof. Using the monotonicity of mixed volumes we may write

Wj(K)=V((K,n—j),(B§,j))<V((K,n—j),(T(KK_),j)>: L vk, xy= JEL

13



We rewrite this inequality in the form

nk7

(5.1) W, (K) < wit(KY K| = wit(KY|K|*|K

Now, we use the estimate

1
nk

Co ~ 1 /

— < O (K) = — KNnH ndun,n,k

Ly [k]( ) |K| .k ( - | I >

from [12]. This gives

K| < b ( /
Co G

where ¢; = 1/¢p, and hence,

n,n—k
n,n—k

1
nE
|KﬂH|”dun’nk> <algk hax |K N H\%,
He

n—k—j k(n—k—j)
< (ClLK) n—k H max

n,n—k

K]

On the other hand, applying Aleksandrov’s inequalities for K N H we get

n—k—j __J_
KN H|F <w, " W;(K 0 H)
for every H € G, 5,—. Combining the above we see that

n—k—j 1 k(n—k—j)

n < . n—k .
|K| S I (CILK) k Herg?i(hk W](KQH),
Wk
and then (|5.1) takes the form
W3(K) < (@i fo 5 er L) 0 (R |K| | e W (K ).
n,n—=k
J k(n—k—j)
n—k

Setting o, k,; = (wn Jwi = )e we conclude the proof.

Remark 5.2. Let d, = sw;/ . In the particular case of surface area, we have the bounds

S(K) < an L #(K) |K|* max, S(KNEY)

for every € € S"~1, where a,, := ddil (2\/36)%7 and more generally,

S(K) < anpLy " t(K)|K[* max S(KNH)
HeGn n—k
d k(n—k—1)
for every 1 < k < n — 1, where a,, ; = e

A variant of Theorem [5.1]is the following result.

Theorem 5.3. Let K be a convex body in R™ with 0 € int(K). Then, for all1 < j<n—k <n—1 we have

that

W;(K) . W, (K N H)
<HUEY Wik nH)
K] SR amex =

14



A
n

Proof. Using the estimate W;(K) < |K|/r(K)? we may write W;(K) < wn't(K)j|K|n%j7 therefore

W, (K i 1
(5.2) ’I(f ) < wi t(K) —.
K| K|+
Next, we use Grinberg’s inequality
wTL
min  |[KNH|" < |K N H|"dvy, i (F) < =5 K| *
H n,n—k Gnon—k ’ g_k
to write
J Wy — J
(5.3) min |[KNH|7F < 225 Kw
HEGn, n—k w
' Wn,
From Aleksandrov’s inequality
nk— _ W;(KNH)
|IKNH| "% < ]73
ok
we see that K]
j =L N
KNH|"F 2w} =4,
FENHI > e R n
and hence
3 1 Kn H|
4 n KNHTF >0 min o
(5:4) peiin MKOHTE >y min e n
From (5.3) and (5.4) we get v
Wi o e WENH)
- < max —————",
|K|% ~ HEGn.x [KNH]|
and the theorem follows from (5.2)). O

Remark 5.4. In the particular case of surface area, we have the bounds

S(K) n S(KNn¢t)
—— < K _—T
K] S a1t e, ST

and more generally,
S(K) <N ma S(KNH)
X X T =
HEGnnx |[KNH|

forevery 1 < k<n—1.

6 Bounds for the parameters p(K) and ¢(K)

In this section we discuss two parameters relating volume and surface area of a convex body. Recall that if
r(K) is the radius of the largest Euclidean ball inscribed in K then o+ r(K)Bj C K for some zy € K, and
hence we get

r(K)S(K)=nV(K,...,K,zo +r(K)BY) < nV(K,...,K,K) =n|K|.
by the monotonicity and translation invariance of mixed volumes. On the other hand, if R(K) = max{hx (£) :

¢ € S"71} is the radius of K then the formula

k= [ hal©)doi(e)

15



where o is the surface area measure of K, implies that
n|K| < R(K)ok(S"") = R(K)S(K).

Starting from the observation we did in the introduction that for an ellipsoid £ in R™ we have the precise
formula

S(E) ~ n|E|M(E)

where M(E) = [q.-. [[€]ledo (), and the fact that r(K) < M(lK) < w(K) < R(K), it is natural to introduce

the parameters ) (K)S(K)
S(K w(K)S(K
Our aim is to provide optimal upper and lower bounds for p(K) and ¢(K), both in general and in the case
where K is in some of the classical positions.
Starting with p(K'), we show in Theorem and Theorem below that there exist absolute constants
c1,¢2 > 0 such that for every convex body K € R"™ we have ¢1/n < p(K) < con®/2. Moreover, both
estimates give the optimal dependence on the dimension.

Theorem 6.1. Let K be a centered convex body in R™. Then S(K) < cn®/?|K|M(K), where ¢ is an absolute
constant. In fact, sup{p(K) : K a centered convex body in R™} =~ n3/2,

Proof. First we consider the centrally symmetric case. By the simple case k& = 1 of the Rogers-Shephard
inequality we have that n|K| > |K N (u)| |P,. K| = 2pk (u) | P,+ K|, which may be written as

n

Sl ] > [P ]

Now we integrate over the sphere and using Cauchy’s surface area formula

Wn—1

| P dio) = 2L

NWy,

we get

n Wn—1 1
— > N — .
2M(K)\K|/ o S(K) \/ES(K)

For the general case we may use a different argument. Since r(K)S(K) < n|K], it is enough to check that
r(K)M(K) > ¢/+/n for some absolute constant ¢ > 0. Indeed, passing to the polars, it suffices to prove that

diam(K) < ev/nw(K).

To prove this, observe that K contains a segment I with length equal to diam(K). Since the value of the
mean width depends on whether K lives in a subspace of R™ or not, we compute the Gaussian mean-width
wa(K) = [gn hx (x)dyn(z), where , is the standard Gaussian measure on R", which does not depend on
it. Integration in polar coordinates shows that

Vnw(K) ~ we(K) > we(I) ~ diam(K).

To see why this upper bound is sharp, consider the family of polyhedra

171
PS: e R"™: - Zgl )
feems i 13 m <

where s > 0. The distance from the origin to each facet of P; is equal to

T(PS) = =

1_1_77,5721

16



Note also that |P| = 1 5(P;)r(P;). On the other hand,

M(P,) = /S @ %Z ) do(0) ~ %(1 + ”;1)
2

Therefore,
S(P,) n /214 25t
P = = = .
P = TR (Py) ~ MR~ 14 i
Since
1+ ns—21

s—oo |+ nT

the result follows. O

Theorem 6.2. Let K be a convex body in R™ and let r(K) denote the radius of the largest Fuclidean ball

inscribed in K. Then, S(K) > % In fact, inf {%T‘(K) : K a conver body in R"} =1.
Proof. The first inequality is a consequence of the following Bonnesen-type inequality that can be found in
133]:

K|

r(K)

To check the second assertion of the theorem, consider the family of parallelepipeds

S(K) > + (n — Dwpr(K)" L.

P,s={x: |x1| < s,|z;| < afori>2}

where 0 < s < a. Then, r(P,5) = s, |Pys| = 2"sa™ ! and S(P, ) = 2"a" "' + 2"(n — 1)sa™ 2. Letting
a — 00 gives
27s(a™ "1 + (n — 1)a"2s)

a—00 |Pa,s‘ a—00 2nggn—1

=1

)

and the result follows. O
Theorem 6.3. Let K be a centrally symmetric convexr body in R™. Then

S(K) > Vil K|M(K).
In fact, inf{p(K) : K a centered convex body in R"} ~ \/n.

Proof. From the Rogers-Shephard inequality we have that

2
K| < [KN ()| Py K| = 7——|P, L K],
[[ull x
which gives that
Ll ey < 1, i),
Now we integrate over the sphere to get
CM(K)|K| < LS (K) ~ -5 (K)
2 = nw, ~n ’

17



This bound cannot be improved in general. To see this, first recall that for every symmetric convex body D
in R™ we have TlD) < ey/nM (D). Then, observe that for the parallelepipeds P, , in the proof of Theorem
we have that

S(Pa.s) S(Py,s)r(Ps)
p(Pa,s) = < c\/ﬁ)i
| Pa,s|M(Pa,s) | Pa.s|
and hence
S Pa s Ps
inf{p(K) : K a centered convex body in R"} < lim p(P, ;) < cv/n lim (|P)r|() =cy/n,
a— o0 a oo a,s
which completes the proof. O

Assume that K is in John’s position; this means that the Euclidean unit ball Bf is the ellipsoid of
maximal volume which is inscribed in K. In this case, one can get a better estimate for p(K), which is
actually sharp as one can check from the example of the cube Q,, = [~1,1]"; note that S(Q,) = 2n - 2"~1

and M (Q.,) =~ /logn/+/n, therefore
n3/2

Q) = 370 = Viogn

Theorem 6.4. Let K be a convex body in R™ which is in John’s position. Then,

3/2
S(K) € c——— |K|M(K),
(K) < e KIM(K)

where ¢ is an absolute constant.

Proof. Since By C K we have S(K) = nV(K,...,K,BY) < n|K|. Schmuckenschldger has proved in [3§]
(see also [2] for the dual result) that M(K) > M(A,), where A,, is a regular simplex in John’s position.

Moreover,
Vlogn
v

and the result follows. O

M(A,) =2c

The next result provides some bounds for p(K) when K is in the minimal surface position.

Theorem 6.5. Let K CR"™ be a centrally symmetric convex body in minimal surface area position. Then,

n

U< M)

| K|M(K).

Proof. Let us assume that K is a centrally symmetric polytope in minimal surface area position, with facets
{F;}7L, and outer normal vectors {u;}72; Then,

K ={zeR" : |(w,u)] < hieluy), 1 <j < m}

and

where ¢; = % for every 1 < j < m (see [T, Chapter 2]).

18



Let ¢ > 0. Using the Brascamp-Lieb inequality (see [T, Chapter 2]) we get

2
m e gy
e j=1 2

Yn (LK) / HX[ thK(uJ)thK(uJ)](@Tj ua>)Wd$
2

thi (uj) 67% .

Since the 1-dimensional Gaussian measure is log-concave, we have that
m i tC]‘hK(Uj) n |K| n
g thK 'LLJ thK(u])]) 71((]2_:1 T) [-61,61]) = Yn tn mB

Therefore, for any ¢ > 0 we have that

1K) < (g ).

and since M (K) is a multiple of the integral [;~(1 — v, (tK))dt this implies that

1 S(K) n
(K) > ﬁWM(BOO),

which is the assertion of the theorem. O

Our last result relates p(K) with the average section parameter as(K), defined by

(i) = [ 1K neddn(e).

Theorem 6.6. Let K be a convex body in R™. Then, S(K)
K = By.

> “mas(K). The estimate is sharp when

Proof. We write S(K) = nW;(K) =nV(K,...,K, BY) and

as(K) = w1 / o (€) do(€) = LV (K, . K, BY).

Sn—1 Wn,

Therefore, the inequality S(K) > J**as(K) is equivalent to

n—

V(K,...,K,B}) > V(K,...,K,BY}),
which is true by Corollary 1.3 in [30]. O
Since in the isotropic position we have that |K Nu't| ~ i, and we also know that M(K) < =7 for
some € > 0 (the currently best known estimate is with ¢ = 1/10, due to Giannopoulos and E. Milman, see

[14]) we get

Corollary 6.7. Let K be an isotropic convex body in R™. Then,
S() > S o /2 K (),
K

where € > %. Therefore, p(K) > cnl/?te,
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Note. The only general lower bound that we know for as(K) is as(K) > c\/ﬁ%, from [5].

The situation is different with the parameter ¢(K). Regarding the lower bound, if we combine the
isoperimetric inequality S(K) > nwy/ MK * with Urysohn’s inequality w(K) > vrad(K), we readily see

that

1
K]
w!™

n—1
n

w(K)S(K) > nwl/™| K| = nlK]|.

Therefore, g(K) > n for every convex body K in R"™ with equality if K = BY is the Euclidean unit ball.
However, we observe that for any fixed dimension n > 2 there is no upper bound for ¢(K).
Theorem 6.8. For any n > 2 one has that ¢(K) > n and

sup{¢(K) : K is a centrally symmetric convex body in R"} = +c0.

Proof. We have explained the first assertion and for the second one we consider, again, the class of ellipsoids.

Let &€ be an ellipsoid in R™ with semi-axes a1 < as < -+ < ay, in the directions of eq, ..., e,. We may assume

that [[i~; a; = 1. Recall that S(£) = n|E|M(E), and hence

w(&)S(E)
€]

e = [ (38w

=1

q(&) = ~nw(E)M(E).

Now,

and

we)=mie)= [ (L) “aste)

It follows that

51 Gnp
w&)zen [ i) [ jeifandote) < 22,
Ssn—1 A1 Sn—1 ay
It is clear that if we choose a; = -+ = a,—1 = a < land a,, = 1/a" ! then [[_, a; = 1 and ¢(€) > ¢/a™ — o0
as a — 0T, which proves our claim. O

7 Isomorphic Busemann-Petty problem for the surface area

Busemann-Petty type problems for surface area are closely related to the questions we address in this
article. A first question that may be asked is if an origin-symmetric convex body is uniquely determined
by the surface area of its hyperplane central sections; it is well-known (see [37]) that origin-symmetric star
bodies are uniquely determined by the volume of their central sections. In its simplest form, when n = 3,
this question is asked by Gardner in his book [I3]: If K and L are two origin-symmetric convex bodies in R?
such that the sections K N &L and L N &L have equal perimeters for all € € S? is it then true that K = L?
To the best of our knowledge, the problem is open in full generality. An affirmative answer is given in [I8]
for the class of C! star bodies of revolution, and an infinitesimal version of the problem is settled in [36]
where it is shown that the answer is affirmative if one of the bodies is the Euclidean ball and the other is its
one parameter analytic deformation. Yaskin has proved in [40] that the answer is affirmative for the class
of origin-symmetric convex polytopes in R™, where in dimensions n > 4 the perimeter is replaced by the
surface area of the sections.

The analogue of the Busemann-Petty problem for surface area was studied by Koldobsky and Konig in
[29]: If K and D are two convex bodies in R™ such that S(K N¢&L) < S(DNEL) for all € € S does it
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then follow that S(K) < S(D)? Answering a question of Pelczynski, they prove that the central (n — 1)-
dimensional section of the cube B = [—1,1]" that has maximal surface area is the one that corresponds to

the unit vector &, = %(1, 1,0,...,0) (exactly as in the case of volume) i.e.

(max, S(B NEY) = S(BL NE&) =2((n —2)vV2+1).

Comparing with a ball of suitable radius one gets that the answer to the Busemann-Petty problem for surface
area is negative in dimensions n > 14. It is natural to ask whether an isomorphic version of the problem has
an affirmative answer. This corresponds to finding a constant 3, (possibly independent from the dimension
n) such that if K and D are two convex bodies in R” with S(K N¢+) < S(DNEL) for all € € S* 1 then
S(K) < puS(D).

Starting from the equivalence of the isomorphic Busemann—Petty problem with the slicing problem, one
may think of the corresponding connection if we consider surface area in place of volume. Suppose that there
is a constant -, such that if K and D are centrally symmetric convex bodies in R” that satisfy

S(Kngh) <s(Dne),
for all ¢ € S"71, then S(K) < 7,S(D). Now, let K be a convex body in R™ and choose & € S"~! such that

S(KN&) = (X, S(KNéEY)

and 7 > 0 such that r"~25(By~ ') = S(rBy~') = S(K N &3). Then,
S(KNer) < S(rByneb),

for all £ € S”~!. Therefore,

n—2
" n—2 " n—2 S Bn =1
S(r)i <t s(rmy) it = o BRI

S(KNér).
sy et SN

This implies that there is some constant ¢(n) such that

(7.1) S(K) < e(n)S(K)mT Jnax, S(K 0 eh.

The validity of (7.1]) is a new question, which is of course related to the question that we discuss in this
article.
We start with an estimate for ellipsoids.

Proposition 7.1. Let £ be an origin symmetric ellipsoid in R™. Then,

S(€) a1
< n—1
max S(ENEL) Dnr(£)
gesn—1

where Dy, > 0 is bounded by an absolute constant.

Proof. We may assume that |£| = 1. Let a1 < --- < a,, be the lengths of its principal semi-axes of £ in the
directions of ey, ...,e,. We have seen that

max S(ENEY) = SENef) = (n -1 €N et (Z%)l o (€).

Sn—2 i—2 ai
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Then,

;1,\:%

)"
)"
)in(ZL

) 2ima 3

no 1\ 1/2

S(E) Zi:l a? 1
<Oy | 7 =Cu |1+
max S(ENEL) “ (Zl 212> +Z:12

cesn—1
Using the arithmetic-geometric mean inequality we get

s :CGEKZL
(ax, S(ENE) ' 11E{(27 24

where C), is bounded by an absolute constant.

Since
) fe(s
7] ez

‘Q
SoP e

Q
S

EISH

B | (T
B (S0 4

Q

<00 | <l
]
m"“ <ol

>1/2

1/2

‘Ke

=S
‘Eﬁ

=

we have that

i)
S NN

n a% 1 n—1 9 =2 2n1
—=2nh-1a] | —— :n—laa” n—1a; .
~ af > (a%...a%) ( Jarai ™ = ( Jai

Moreover, 1 < —— and adding these two inequalities we get

anfl
1/2 1
1 1 1
It s|l="* = |
2ic2 af a;™" (n—1a;™"
therefore 5(€) ) )
<D =D,——
T S PnT 1 n I
gglggle S(gﬂf ) ain.fl r(&)"1
where D,, is bounded by an absolute constant. O
Remark 7.2. The example of an ellipsoid F with as =... =a, =7 and a1 = T,,%l gives that
S 1
(f) 1 > En 1 Y
maxeegn—1 S(FNEL) r(F)mT

therefore the inequality of Proposition is sharp.

From Theorem we know that ﬁ < S(K) for every convex body K of volume 1 in R™. Combining
this fact with Proposition we immediately get the next theorem which confirms (|7.1) for the class of
ellipsoids.

Theorem 7.3. Let £ be an origin symmetric ellipsoid in R™. Then,

S(E) < ApS(E)7T ' max, S(Ened)
esn—1

where A,, > 0 is bounded by an absolute constant.
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Using John’s theorem and the monotonicity of surface area one can easily deduce that a similar estimate
holds true in full generality: For any convex body K in R™ one has

S(K) < A, S(K)=T [ S(K 0 eh
c n—1

where A/, > 0 is a constant depending only on n. It is an interesting question to determine the best possible
behavior of the constant A/ with respect to the dimension n.
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