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Abstract

It is shown that every not-necessarily symmetric convex body K in R™ has an affine
image K of K such that the covering numbers of K by growing dilates of the unit Euclidean
ball, as well as those of the unit Euclidean ball by growing dilates of K, decrease in a regular
way. This extends to the non-symmetric case a famous theorem by Pisier, albeit with worse
estimates on the rate of decrease of the covering numbers. The affine image K can be chosen
to have either barycentre or Santalé point at the origin.

In the proof we use Pisier’s theorem as a black box, as well as a suggested approach
by Klartag and V. Milman. A key new ingredient is Blaschke-Santalé-type inequalities for
projections of a body K with Santalé point at the origin, which could be of independent
interest. Unlike the application to covering, these (as well as the analogous inequalities for
centred convex bodies that were already considered by Klartag and Milman [27]) can be
shown to be optimal up to absolute constants.

We also present an application to results around the mean norm of isotropic (not-
necessarily symmetric) convex bodies.

1 Introduction

Given convex bodies K, L in R", the covering number N (K, L) of K by L is the least number
of translates of L whose union covers K. Let us initially assume that K is origin-symmetric
(that is, K = —K), and that L is the unit Euclidean ball B} in R™. A celebrated theorem of
V. Milman [34] states that any such K has a linear image K = T(K), T € GL(n), such that

max{N (K, BY), N(K°,BY), N(BY, K), N(BY, K°)} < exp(Cn) (1)

for some constant C' > 0 independent of n or K. Here L° denotes the polar set of a convex
body L which contains 0 in its interior:

L°:={yeR":(z,y) <1forall x € L}.

Pisier [39] refined this theorem by acquiring additional information on how the covering
numbers may decrease if we consider larger and larger dilates of the covering bodies.

Theorem 1. (Pisier, 1989) For every a € (0,2) there exists a constant Co > 1 such that the
following holds: for every symmetric convex body K in R™ we can find an ellipsoid € = E(K, «)

in R™ with the property that, for everyt > C’;/a,
max {N (K, t€),N(K°,tE°),N(E,tK), N(E°,tK°)} < exp(Cyn/t?). (2)
Equivalently, we can find T € GL(n) such that, setting K = T(K), we will have
max{N (K,tBY), N(K°,tBY), N(BY,tK),N(BY,tK°)} < exp(Con/t%) (3)
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for every t > C;/a.

The constants Cy satisfy Co, = O((? - a)_o‘/2> as o — 27.

We say that a body K that satisfies ([II) is in M-position, or that K = T(K) is the M-position
of K. Similarly, we say that a body K that satisfies (3] for some a € (0,2) is in a-regular M-
position, while the ellipsoid £(K, «) appearing in (2) is called an a-regular M-ellipsoid of K.

In the case of Milman’s theorem, it was observed shortly thereafter that, with the use of
other central results in Convex Geometry, it can be extended to non-necessarily-symmetric
convex bodies K: the most usual choices for positioning K are to assume its barycentre or its
Santal6 point is at the origin, and then some linear transformation brings it to M-position (we
briefly go over the details for this in Section [2]).

In the case of Pisier’s theorem though, the reduction of the non-symmetric case to the
already known symmetric case was much more delicate. This was the main motivation of this

paper:

Theorem 2. For cvery B € (O,%) there exists a constant Dg > 1 such that the following

holds: for every convez body K in R™ we can find an affine image K of K (namely a linear
transformation of a translate of K ) which satisfies

max{N(K,tBY), N(K°,tBY), N(Bg,tK), N(By,tK°)} < exp(Dg n/t") (4)

for every t > D}B/B.

Moreover, if K has barycentre or Santalo point at the origin, then only a linear transforma-
tion suffices for finding K .

The constants Dg satisfy Dg ~ (C%)(Q_BB)/Q = O<(2 — 55)75) as B — %7, where Cl,

with o = zfgﬁ are the constants appearing in Theorem [I.

As is clear from the statement, the quantitative estimates here are worse than in the sym-
metric case. Moreover, as will be clear from the proofs, we do not analyse and try to adapt
Pisier’s proof of Theorem [Il but rather we use it as a black box, and, just as in the case of
Milman’s theorem, we resort to other tools that allow us to compare covering numbers of a
non-symmetric convex body with covering numbers of associated symmetric bodies. Thus we
expect that the estimates are far from optimal, and that a more direct approach would be
needed in order to obtain estimates considerably closer to those in Pisier’s theorem.

We should also observe that Pisier obtains Theorem [ by proving the following stronger
statement first: for every o € (0,2) and every symmetric convex body K in R" we can find a
linear image K of K such that, for every 1 <[ < n,

n)l/a, (5)

max{ci(K, By), a(K°, By)} < CoCy/ (7
where ¢;(K, L) is called the Gelfand number of the convex body K with respect to the convex

body L and is defined as follows:
c(K,L):=inf{r: 3F € Gy 41 such that KN F Cr(LNF)}

(in (@), C4 is the same constant as in the statement of Theorem[I]). Once this is established, one
can invoke a theorem by Carl [13] (see Section [2 for its statement), which connects the Gelfand
numbers with the covering numbers, to derive Theorem [I] as a corollary. We can recover the
analogue of this stronger statement too.



Proposition 3. For every 5 € (0, %), and every convex body K in R™ which has either

barycentre or Santalé point at the origin, we can find a linear image K of K such that,
forall1 <1< n,

% n [0 n /g (N 1/8

max{c(K, B), ¢(K°, B)} < CoD} <7) ,

where Dg is the same constant as in Theorem[d and Cy is an absolute constant.

One of the tools needed for reducing the non-symmetric case to the symmetric one is a
Blaschke-Santalé-type inequality for projections of convex bodies which have Santal6é point at
the origin. Recall that given a convex body L, the function z € int(L) — |L||(L — 2)°| is strictly
convex and has a unique point of minimum, called the Santalé point s of L (here |- |, or
sometimes | - |,,, will denote n-dimensional Lebesgue volume). The celebrated Blashke-Santald
inequality (first proved by Blaschke [7] in R? and R3, and then by Santal6 [46] in all dimensions;
see also [37], [45], [31] and [6] for further proofs of the inequality and/or its equality cases) states
that, over convex bodies L for which sz, = 0, the volume product |L||L°| is uniquely maximised
at ellipsoids.

Moreover, by the facts that (i) (L°)° = L and (ii) if L has barycentre at the origin, then
spe = 0 (another characterisation for the Santalé point of L°), we can also conclude that
|L||L°| < |B%|? for all bodies L with barycentre at the origin.

We give similar approximate results for projections of such convex bodies.

Theorem 4. Let K be a convex body in R™ which has either barycentre or Santald point at the
origin. For every 1 <1 <mn, and for every subspace F' € Gy, we have

. o n
(IProjp(FOl: - [K° N Fl)) ' < Co7 B! (6)

for some absolute constant Cy.
Furthermore, up to the value of the constant Cy, the conclusion is optimal: one example is
given by projections of the n-dimensional simplex.

2 Preliminaries

In the inequalities that we consider or establish in this paper, we will use the symbols C, C, ¢, ¢,
and so on, to denote absolute constants which do not depend on any of the parameters (and
certainly not on the dimension of the ambient space) unless specified otherwise by using a
subscript. The value of these unspecified constants may be different in different occurrences of
the symbol. We will sometimes also write a < b or b 2 a if there is an absolute constant such
that a < Cb. Finally, a ~ b means that both a < b and b < a hold.

A convex body K in R™ is a convex, compact subset of R™ with non-empty interior. We
write (-,-) for the standard dot product in R™, while |A| (or sometimes |A|,) stands for the
n-dimensional Lebesgue volume. If I € {1,2,...,n — 1}, by G,; we denote the Grassmannian
space of all I-dimensional (linear) subspaces of R™. If F' € G}, ;, then Projp(K) is the orthogonal
projection of K onto F, and K N F' is its section by F (assuming that K N F # (). Unless
specified otherwise, when we write

[Proj(K)| or |KnNFl,

we mean the [-dimensional Lebesgue volume of these sets (volume within the subspace F).
Recall that, if 0 € int(/), then the polar set (K N F)° = (K NF)> of the section K N F within
the subspace F' is well-defined and equal to the projection Proj(K°).



We write B3 for the unit Euclidean ball in R”, and S™~1 for the unit Euclidean sphere,
which is endowed with a (unique) rotationally invariant probablity measure o (the Haar prob-

ability measure). Given a convex body K with 0 € int(K), we define the inradius r(K) and
circumradius R(K) of K by

r(K):=sup{r>0:rBy CK} and R(K):=inf{R>0:K C RB3}.

Since K C L = L° C K°, we have that r(K) = % and R(K) = ﬁ The barycentre
b(K) of K is defined as follows:

1
b(K) := m/[(xdx
We define the support function hx of K by
r € R" = hg(z) :=max{(y,z) 1y € K},
and if we also have 0 € int(K), we define its Minkowski functional by
z €R" = ||z||g :=inf{t >0:2 €tK}

(if K is origin-symmetric, then || - ||x is a norm on R™). We can check that ||z||x = hxo(x) and
hi(x) = ||z||ge. The mean width of K is defined by

and its mean norm by
M) = [ 10l doto).
Given what we just said, we have M*(K) = M (K°) and M(K) = M*(K°).

For the covering numbers, the following volumetric bounds hold:

3(LN(=L)) [LN(=L)]

K|
T SN(K, L) <
|L|

(we can even assume that L has been translated first so that L N (—L) has ‘large’ volume, or
even that |[LN(—=L)| = sup |[(L—=z)N(z—L)]).

x€int(L)

2.1 “Local theory”: results about projections and sections

1/
Given a convex body K in R", its volume radius is defined by vrad(K) := (“éill) " (observe
2

that it is ~ /n |K|/™). If F € G,,,, then vrad(Projz(K)) is understood to mean the volume
. 11
radius of Projz(K) within the subspace F', thus <%> ; similarly for vrad(K N F).
2
For any 1 <1 < n, we set

u(K):= Fselé'p vrad(Projp(K)) and v, (K) := Fé%f lvrad(ProjF(K)),
n,l n,

and if 0 € int(K), we also set

wy(K) = Fselép vrad(KNF) and w; (K):= Fé%f lvrad(KﬂF).
n,l n,



For any k > 1, we define the entropy number ey(K, L) of K by L as follows:
er(K,L) :=inf{R: N(K,RL) < 2" '}

Recall also the Gelfand number ¢ (K, L) that was already mentioned in the introduction: for
any k € {1,2,...,n}:

cp(K,L) :==inf{r: 3F € Gy y—py1 such that KNF Cr(LNF)}

(for convenience in what follows, we can also set c¢x(K, L) = 0 if £ > n). The following theorem
is what we referred to as Carl’s theorem in the introduction, and it shows that the entropy
numbers are dominated in a certain sense by the Gelfand numbers (that is, in terms of any
‘reasonable’ Lorentz norm).

Theorem 5. (Carl, [13], 1981) Suppose K, L are origin-symmetric convex bodies in R™. For
any o > 0 there exist constants pa, plh, > 0 such that, for every integer k > 1, we will have

sup m%n(K,L) < pq sup m (K, L)
m=1,2,....k m=1,2,....k

and

k k
> mT e (K, L) < ply > om0 (K, L).

m=1 m=1

2.2 Volume comparison results

1. The Bourgain-Milman inequality. In their seminal work [10], Bourgain and Milman es-
tablished an ‘asymptotic inverse’ to the Blaschke-Santalé inequality: there exists an absolute
constant ¢o > 0 (independent of n) such that, for all convex bodies K in R™ with 0 € int(K),

KK > |K|I(K = s(K))°| = c5| B3], (®)

Combining this with the Blaschke-Santalé inequality, we can conclude that

1

1
"By P~

(I K°)
if K is origin-symmetric, or if it has barycentre or Santalé point at the origin.
Moreover, if K is origin-symmetric, we have that

1

vrad(Projp(K)) = T e n

for any F' € Gy, 5, and hence also that v (K) ~ 1/w; (K°) and v; (K) ~ 1/w;(K°). (We will see
that, if L is not origin-symmetric, these equivalences may no longer hold.)

2. Volume of the difference body and of the symmetric convex hull. In [41] Rogers and Shephard
show that, for any convex body K in R",

2
rK—m<(”)m
n

with equality if and only if K is an n-dimensional simplex (here K — K :={z —y : z,y € K}
is the difference body of K). Moreover, in [42] they also prove that, if 0 € K, then

|conv(K,—K)| < 2"|K]|. 9)



It follows that vrad(K) ~ vrad(K — K) ~ vrad(conv(K, —K)).

3. The Milman-Pajor inequality: volume of the symmetric intersection. In [35] Milman and
Pajor prove that, if K is a centred convex body in R" (b(K) = 0), then

KA (-K)| > o |K]. (10)

Note that the base of the exponential may not be optimal (see e.g. [21] and [12]), but also that
for the arguments here an exact value is not needed, and instead all we require is an inequality
of the form:

KN (=K)| = c"[K]| (11)

for some absolute constant ¢ > 0.

As e.g. Rudelson has remarked in [44], for this it suffices to combine the Blaschke-Santald
and Bourgain-Milman inequalities, as well as the relation (conv(K, —K ))0 = K°N(—K?°), which
is valid for any convex body K with 0 € int(K). Rudelson applies this reasoning to obtain (ITI)
in the case when s(K) = 0.

Remark 6. We can now quickly explain how Milman’s theorem about the existence of an
M-position can be extended to non-symmetric convex bodies. Assume that K has barycentre
or Santal6 point at the origin, and that K := conv(K, —K) is in M-position. In other words,
assume that we know

max { N(K,By), N(By,K), N(K°N (-K°),By), N(By,K° N (—K°))} < exp(Cn).

Then the covering numbers N (K, BY) and N(Bjy,K°) are already controlled. For the cover-
ing number N (B, K), we instead use that it is < N(B%, K N (—K)). By the Milman-Pajor
inequality (or Rudelson’s variation), by the Rogers-Shephard inequality, and by the volumetric
bounds () for the covering numbers, we can check that

N(B},K N (=K)) < exp(C'n)N(BY, K) < exp(C"n),

where we also crucially use the fact that N (K, BY) < exp(Cn) (and thus the Brunn-Minkowski
inequality can be essentially reversed). Similarly we bound the covering numbers N(K°, BY)
and N(K°, BY) by comparing them to the number N(K° N (—K°), BY).

4. Rudelson’s result about sections of the difference body. Note that, given F' € G, ;, we have
Projp(K — K) = Projp(K) — Projp(K)
and Projp(conv(K,—K)) = conv(Projp(K), —Projp(K)),

thus the volumes of the projections of the difference body and of the symmetric convex hull of
K can be controlled well by the volume of the corresponding projection of K. In [43] Rudelson
suggests an analogue of these results for the sections of the difference body: he shows that

\(K—K)ﬂF\l/lngin{\/Z—,%}m%x]Kﬂ(m—i—F)]l/l. (12)
T€R™

Note that we will only make use of the bound with the 7} factor.

5. Fradelizi’s result about the mazimal-volume section. In [I8] Fradelizi proves that, for any
convex body K in R", any 1 <! < n and any F € G,

l
ggré%%ll(ﬂ(x—i-F)!g (?:;) |K N (b(K) + F)|. (13)



He also settles the equality cases.

6. Volume product of a projection and its orthogonal section. Rogers and Shephard [42] (see
also [14]) proved that, for any origin-symmetric convex body K in R", any 1 <! < n and any
F e Gn,la

. n
K1 < Projp ()] - [ 7 < () I (1)

(in fact the upper bound is shown to hold even when 0 € int(K)). Spingarn [48] extended the
lower bound to centred convex bodies too.

2.3 Isotropic convex bodies

A convex body K in R™ is called isotropic if |K| = 1, the barycentre of K is at the origin, and
its covariance matrix is a multiple of the identity, or equivalently, for every § € S"~! we have

/K<a:,9>2dx =L%.

The constant Ly is called the isotropic constant of K. Note that every convex body K in R"
has an affine image which is in isotropic position; this affine image is unique up to orthogonal
transformations.

It has been a central question in Asymptotic Convex Geometry, first asked by Bourgain [§],
whether all isotropic constants can be uniformly bounded from above (at the time Bourgain
needed uniform lower bounds instead, which he showed hold true as L > L Bp = ﬁ%ﬂl/" ~

1 for all K C R™). The first non-trivial bounds were by Bourgain [9] (Lx < ¥/nlog(n) for all
K C R") and by Klartag [24] (Lx < ¥/n). Very crucial reductions of the question to other
central problems in Asymptotic Convex Geometry, and recent huge breakthroughs in those
directions by Yuansi Chen [I5], Klartag and Lehec [26], Jambulapati, Lee and Vempala [22],
and even more recently by Klartag [25], have led to logarithmic bounds in the dimension n for
Ly (the second to last paper, from 2022, gave L < log??2%0(n) for every K C R™, while the
most recent one gives Lx < +/log(n) ).

Standard properties of the isotropic position that we will need in the sequel are the following:

e if K is an origin-symmetric isotropic convex body in R", then K D LxgB%. If K is not
symmetric but only centred, then this inclusion may no longer hold, but there still is an
absolute constant ¢y < 1 such that K D coLg BY (see e.g. [11 Subsection 3.2.1]). In other

words, r(K) = % > coLk in the isotropic position.

e For every 1 <! < n—1, and for every F' € G),; we have (see e.g. [1I], Proposition 5.1.15])
that

‘KHFJ_‘l/l ~ L7TF(1K)
Lk
where mp (1) stands for the marginal distribution of the uniform distribution on K with
respect to the subspace F', and L, (1, is its isotropic constant (refer to [II] for the
history and details of how one extends the definition of the isotropic constant to log-
concave distributions, and how the general upper and lower bounds can be shown to be
the same).

As a consequence, by ([I4) we have that, for F' € G,,,

NS S 7 SN T
|K N FL)/t Loy ~ subyert Ly

[Projp(K)[ /! (15)

7



2.4 A suggested approach towards Theorem [2 by Klartag and Milman

Just as in the case of Milman’s theorem about the M-position, and the reasoning in Remark
[0 Klartag and Milman [27] 28] suggest sandwiching a convex body K that contains the origin
in its interior by the symmetric convex bodies K := conv(K,—K) and K := K N (—K) (for
which we can apply Pisier’s theorem). As we will see, the key question their approach leads
and reduces to is how well we can compare

[Projp(K)|"" and  [Projp(K)["/!

for arbitrary subspaces F' in all admissible dimensions .

Indeed, one could assume (without loss of generality) that K is in a-regular M-position for
some o € (0,2). If it happens that K is in a-regular M-position as well, then we are done
because all the covering numbers

N(K,tBy), N(K°,tBy), N(B,tK), N(B},tK°)

can be upper-bounded by corresponding covering numbers involving K or K. However what is
more likely is that the a-regular M-ellipsoid £ = £(K, a) of K is not going to be By but some
other ellipsoid. In this case, we should first control the covering numbers

N(E,tBY) and N(BY,t€) = N(E°,tBY), t>1. (16)

(In fact, estimating the covering numbers N(E°,tBY) is not needed for the application to the
covering numbers of K, but we sketch below this case as well in order to clarify the subtleties
that make the other case more difficult.) By the following lemma this reduces to controlling
the volume of arbitrary orthogonal projections of £ and £°.

Lemma 7. (see e.g. [40, Remark 5.15]) Let Q = T'(BY) be an ellipsoid in R™ with T positive
definite, and let \y = Ay = --- = A, be the eigenvalues of T'. For every k > 1 set

or(T) := sup {Q_k/l- [ H )\j] l/l}.

I<isn 1<l

Then for every k > 1 we have ¢ (T) < ex4+1(Q, BY) < 6¢(T).
Remark 8. (i) Since A1, Ag,..., A\, is a decreasing sequence, for any | < n we will have that

[ H )\j} 1/(1+1) . [ H )\j} 1/1.

1<j<i+1 1<j<l

11
Also 27*/1 ~ 1 for any | > k. We thus see that ¢ (T) ~ suplgk{Q_k/l : {HKKI )\j} }
(ii) If we know that there exist some positive constants v and C(vy) > 1 such that, for all

1 <1< n,
)" <et (3) w

1<j<l

then the numbers ¢ (7T'), and hence also the entropy numbers ej1(Q, BY), can be estimated
from above as follows:

v .
CO) (k) (2) ik € [y wam ]

- n C(y)n? : __
&k(T) ~ ep1(Q,B3) < (32@ if k< log@)
C(v) : b

8



Then by the definition of the entropy numbers we get

N(Q,tB3) < exp ( [6C ()] for every t > 6C(v)/e”.

i)

(iii) It can be shown using the Cauchy-Binet formula (see e.g. [28, Lemma 4.1]) that, for
any 1 <1 <n,

1
[T » : Proj - ¥

\Bl Frélgf,l’ rojr(Q)| |Bl] Frél%fl‘g ;
1<j<l

and similarly

1 1
[I %=ig i 1@nFl =B o
n—Il+1<j<n |B2| FeGn, Frgg’i(l ’PI‘O‘] (Q )‘

Lemma [7] and Remark [f(iii) show that, to upper-bound the covering numbers in (I6]), we
need to upper-bound the volume of projections of £ and £° in different dimensions. Klartag
and Milman use the assumptions made above: if for simplicity we assume we have considered
a l-regular M-position for K and a l-regular M-ellipsoid for K, then we have

max{N (K,tBy),N((K)°,tBy),N (B, tK),N (B3, t(K)°)} < exp(Cin/t)
and max{N(K,t&),N((K)°,t€°),N(E,tK),N(E°,t(K)°)} < exp(Cin/t)

for every t > C].
It follows immediately that, for any 1 <1 <n and any F' € G,

N (Projp(€°),tProjp((K)°)) < N(€°,t(K)°) < exp(Cin/t)
for every t > C1, and if we set t; = Cin/l we see that
N (Proj(£°),t Projp((K)°)) < €
Therefore
[Projp(€%)[" < [N (Projp(€°).t ProjF«f)C’))}”’ |t Projp((K)°)] "
< ety [Projp((K)*)|V! = eCry = [Projp((K)°)[V".
Similarly we can show that
[Projp((£)°)V! < eC17 2 BpY = Oy Y IBéll/l-
We conclude that

. o\ (1/1 < 2 . T\ |1/1
Frggf’l\PrOJp(E I < eCryg Anax [Projy((£)°)]

n 1l < 2 (M\? gL/
<Oy max [Projp((K)))' < (cCr)? () 1B

given that K C K = (K)° C (K)°, which gives an upper bound of the form discussed in

Remark [|(ii). Observe that the same upper bound holds even when [ = n, that is, we have
‘50,1/n (eC1)? ]Bgll/" by the same reasoning.

Obtaining a similar upper bound for the volume of projections of &£ is trickier since the
inclusion K C K does not work in our favour anymore. Let us describe how Klartag and
Milman deal with this.



Remark 9. Note that so far we have only prescribed that K contain the origin in its interior
(so that we can consider K°). We could choose a more specific position for K: what is assumed
n [27, 28], which is no longer without loss of generality, is that K has both its barycentre and
its Santaldé point at the origin, or equivalently that both K and K° are centred.

Of course not every convex body in R™ has this property. In fact, as has been examined by
Meyer, Schiitt and Werner [32], there are convex bodies in all dimensions whose barycentre and
Santalé point are far apart.

Recall that, if K is centred, then, by the Rogers-Shephard and Milman-Pajor inequalities,
K™ < 21K < Al (18)
For lower-dimensional projections Klartag and Milman argue as follows:

To upper-bound |Projz(K)|*/* By the Rogers-Shephard inequality again,
[Projp(K)["! = [Projp(K)| " < 2/Projp(5)]'".

Next we would like to compare |Proj(K)[*! to |K°NF|'/!, but this is not immediate from
the classical Blaschke-Santal6 inequality given that Projy (&) may have neither barycentre
nor Santalé point at the origin even though K is centred.

Instead Klartag and Milman establish an approximate Blaschke-Santalé-type inequality
for Projp(K) as follows: Projp(K) is the support of the marginal 7p(1x) = 7p(K) of
1x on F, which has a 1/(n — [)-concave density given by

VEF = gm0 = K0 w+FY) = [ 1kt 2)de

It is also not difficult to see that 7w (K') has barycentre at the origin. It is then known that
we can find an associated convex body T' € F' that will be centred and not too different
from the support of 7 (K) in the following sense:

1
n + T
[+1

1
-T C Projp(K) Ce (19)
e

(this is done by picking the right candidate from the family of sets

Ky(o) = {we Fs [ ot tas = g0 p>0,

linked to a log-concave density g with g(0) > 0; these were shown by Ball [3] to be convex
bodies for all p > 1 (see also [5], where it’s verified that the proof extends, with only
minor changes, to the not-necessarily-even-density case too, as well as to p € (0,1)); the
right candidate here is T = Kl+1(g7rF(K)), which is centred if the [-dimensional density
9 = 9np(k) is centred; the inclusions (I9) can be shown via a straightforward adaptation
of [23, Lemma 2.2] combined with Fradelizi’s result (I3))).

Once we have (I9) with some centred body T € F', we can write

1 1/l
[Projp (K)[V/' - |K° N F' < [eD-Er| T fere i
n+1 o 11 n+1
= (7)Y < @5 B

10



which gives

— X € .
‘Bé‘l/l [+1 |K°ﬂF|1/l

In the next section we are going to describe a somewhat different way to obtain (20]), which
takes advantage of more recent results (which however still rely on the 1/(n —[)-concavity
of the functions y € F +— |K N (y + F1))|).

To lower-bound |Projz(K)|'/* The goal here is again to relate |Projp(K)|*/! to |[K°NF[Y/¢,
and Klartag and Milman do so by assuming that K° is centred too.

By the Bourgain-Milman inequality and by Rudelson’s result, we have that

rojp (&
Proj(K)|"/! BYY! , By
1 200 JE— )CO_
| By[M/! [(Keyn F|M/t " n max [Kon (y+ F)|Y!
yer+t

for some absolute constants cg, ¢, > 0.
Now, since K° has been assumed centred, by Fradelizi’s result we also have

1 [+1 1

> .
max |[K°N (y+ F)|Y! 7 n+1 |KenF|/!
yeFt

We therefore conclude that

. 1/1 9 11/

| B3|M! (Ko P!

n
for some absolute constant ¢ > 0, which combined with (20]) finally gives

.= . ny3 .
[Projp ()M < 2[Projp(K)[V' < C () [Projp ()"

One can now check that the above reasoning establishes the existence of a-regular ellipsoids
in the sense of Theorem [ for all non-symmetric convex bodies K with the property that their
barycentre and Santal6 point coincide (with a up to 2/9 non-inclusive, or even up to 2/5 non-
inclusive with an additional trick, as we will see via more careful computations below).

For example, this establishes the existence of regular ellipsoids for the simplex, although
the regularity of the covering numbers in this instance can in fact be chosen much stronger;
the latter may be seen by a more direct, and more specific to the simplex, argument which we
detail in the concluding remarks of this paper.

In the next section we slightly modify the above approach to also handle bodies which do
not have the property b(K) = s(K). Clearly it is the last two steps of the argument we need to
be careful about: as we will see, we will keep the second one as is, and only concern ourselves
with the first one. In other words, we will assume that K° is centred, or equivalently that K has
Santalé point at the origin, and will establish approximate Blaschke-Santalé-type inequalities
for the projections of K in this positioning too.

11



3 Blaschke-Santal6-type inequalities for projections: proof of
Theorem [

We apply crucially the key theorem of [31], where Meyer and Pajor reprove the classical
Blaschke-Santal6 inequality for all (not-necessarily symmetric) convex bodies via Steiner sym-
metrisation. We will use their terminology and say that, given a convex body K in R™, an affine
hyperplane H = {z € R" : (z,ug) = ag} and A € (0,1), H is A-separating for K if

IKNHT|:=|{z € K: {(z,ug) > ag}| = \K|.
Note that, no matter what A € (0,1) is, if H is A-separating for K, then int(K) N H # (.

Theorem 10. (Meyer-Pajor, [31]) Let K be a convez body in R™, and H an affine hyperplane
that is \-separating for K for some X € (0,1). Then there exists z € int(K) N H such that

| B3 2

K[ |(K = 2)°| < DI—)

(22)
More precisely (see [31, Lemma 2]), the optimal choice of z above (which minimises the

volume product on the left-hand side) is the unique point zy € int(K) N H with the property that
the barycentre of (K — 2)° lies in H- = Ruy.

Proof of Theorem [J] The desired inequality when b(K) = 0 has already been established by
Klartag and Milman, in the way that we sketched in the previous section. However we can give
one more argument which is along very similar lines to the second part of the proof (concerning
the Santal6 point), and which hopefully will help elucidate the key idea.

Stephen and Zhang [49] have shown that, for every 1 <1 < n, for every F' € G,,; and for
every £ € F\ {0}, if we set & == {y € F: (y,£) > 0}, we have

[Prop (K) Nl = |{y € Proip(K) : (4.6) > 0}y > (——) [Proje(K)ly  (23)

n+1

(recall that we are comparing [-dimensional volumes, thus the subscript [, which we will suppress
from here on). Applying this result with —¢ as well, we also see that

N
Proip (1) €1 < (1= (7)) IProi ()1

Let us rewrite this result as follows: for every & € F'\ {0} the subspace & := F N &L, which is
an affine hyperplane of F' passing through the origin, is A-separating for Projp(K) for some A

satisfying o o
A€ [(n—i—l) ’ 1_<n+1)]

The idea is to apply Theorem [I0] with the right hyperplane chosen from the above (that is,
with the right £ € F') in order to conclude that

. |B§|2 L/m+1IN\ ;9
P K)J|IK°NF g—g—( ) Bs|-. 24

To see that there is a suitable choice of £y € F' leading to this conclusion, note the following:
e if the barycentre of K°N F is at the origin, then the classical Blaschke-Santalé inequality
applies immediately and we have |Proj(K)||K° N F| < |BYJ2.

12



e If instead b(K° N F) # 0, denote it by &y; clearly & € F'\ {0} in this case. Applying
Theorem [I0, we see that there exists zy € int(Projp(K)) N & such that

. . o | By
[Projp(K)| - |(Projp(K) — 20)°| € 57—
| | 4)‘50(1 - )‘50)
where the polar set here is taken within F'. In fact, the optimal zy is the unique point
€ int(Projx(K)) N &y such that (Projp(K) — 20)° has barycentre € R¢y. By the fact that

(Projp(K) — 0)° = K° N F has this property already, we conclude that 0 is this unique
point and that (24]) holds.

We now assume that K has Santalé point at the origin, or in other words that K° has
barycentre at the origin. Fix 1 <! <n and F' € G,;. Again, if we manage to say that, for
every & € F\ {0}, the hyperplane & is A-separating for K° N F for some A satisfying

AE [le, 1-— le]

with ¢, ; very similar to the previous lower bound, we can then argue completely analogously to
above (with K°N F taking on the role of Proj(K) in the proof, and vice versa), and conclude
that

|Bé|2 < 1 ’ l ’2
4)\50(1 - )\50) = 20,17[ 2
We can do this because of an analogous result by Myroshnychenko, Stephen and Zhang [36],
which states that, for L C R" centred,

[Projp(K)| [K° N F| <

(25)

l
Lngih=ly e LnF: (5,6 > 0> () L0 Fl (26)
(just as in [49], this is also shown to be optimal). We apply this with L = K*° (this also shows
why we focused on K° N F' here, and not on Projz(K)).

Side Remark. It should be noted that our desired inequality is rather crude compared to these
results, since in the end we aim to bound volume radii, and therefore additional constant factors raised
to the power [ in an inequality such as (26]) would essentially not affect this application of it. Thus, even
an earlier result towards the same goal as in [36] would work here: in [I9] Corollary 9] Fradelizi, Meyer

and Yaskin show that
>(n+1 )21(l)l>c(l)l
Chgz2cl———) = —— = |—
ot n—I1l+1/ 12\n+1 2\n+1

for some absolute constant ¢ > 0, which is > (c’ %_H)l

We now discuss the optimality of Theorem @ Let S, be a regular simplex of edge-length
v/2 which has barycentre at the origin. Note that, if we consider [ of its vertices as well as the
average of the remaining n+ 1 —1[, the affine hull of these points coincides with an I-dimensional
(linear) subspace F} (which thus contains the barycentre of S,,). Moreover, by either embedding
S, in R™*! in the standard way:

Snzconv{ei— lzlgign—l—l}

n-+1

(where 1 = e +ea+...4+¢e,41), or by explicitly writing down its vertices in R™ (starting with n
of its vertices being the vectors e;, and then translating properly so that the barycentre becomes
the origin), we can directly calculate that

vn+1
NVn+1-1

13
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At the same time, Sy = —(n + 1)S,, and thus
Projg, (S,) = —(n + 1)Projg, (Sp).
We can thus write

. o 1 . 1
(IProj (S - 150 A 1) " = (m+ 1)(IProjg, (S.)| - 1S, 0 Fil)
n—+1 n+1

> (n+1)|S, ﬂFl]M ~ 7 ~ T\Bé]wl,
which shows optimality of the Blaschke-Santalo-type inequalities we got, both in the case of a
convex body with Santal6 point at the origin, and in the case of a centred convex body. O

In [16] Dirksen states the conjecture that, out of all sections of the regular simplex that
pass through its barycentre, the volume of the section that we considered is maximum. He also
establishes an upper bound for the volume of such sections which is asymptotically equivalent:
it £ € Gy, then

(VI+ 1)7%11
il '

A less precise but similar bound follows from the above result and reasoning: indeed,

1S, NE| <

l
1 /n+1 . o
3 (") B = IProi (5518 1 B> (04 1) 15,1 B

In the case of the subspace F; that we considered above, we could even estimate the volume
product [Projp, (S;)] - |S, N Fy| directly and more accurately (and only later compare it with the
given upper bound). Indeed, by the Rogers-Shephard inequality

. 1 Y
‘PrOJFL(Sn)Il/Z 2 §‘PrOJFl(Sn)’
and we can recall that S,, can be viewed as a projection of the ¢;-unit ball B?H:

S, = conv{i(ei — n+r11) 1<i<n+ 1} = Projy, (B)

with Hy the hyperplane orthogonal to the vector 1. But if we suppose that F; is the subspace
spanned by the first [ vertices of S, the vectors e; — n+r117 1 < j <, then it can be checked
that

ProjFl(S_n) = Projp, (B{“H) = conv{i(ej - %Hl) 1<j< l}.

At the same time, we have that the average of the other vertices of S, is in the convex hull of

the vectors —(ej — %Hl), 1 < j <, and the origin, and thus

conv(S, N F,—(S, N F})) = conv{:l:(ej - %Hl) 1< < l} = Projp, (Sn)-
This implies that
(n+1)'[Sn N F? < [Projg (Sp)] - 19, N F| < (2(n +1))]S, N B[

This also shows that the ‘extreme’ case that we used to show optimality of Theorem Hlis very
far from any extreme cases in Fradelizi’s result (an instance of the latter is when the considered
[-dimensional subspace is parallel to the affine hull of an {-dimensional face of the simplex). It
is unclear to us whether there is a way to better combine the two results.

14



4 Proving Theorem [2] and Proposition

We begin with the

Proof of the theorem. Most of the steps we need have been discussed or hinted at in Subsection
241 We quickly go over the necessary adjustments to prove the result in the general case and
for all g € (O, %) (note also that a direct adjustment of the proof scheme already discussed
would lead to a range of (0, %) for B; instead we also insert a ‘balancing’ step in the middle or
the proof which will allow us to slightly improve the final estimates; we thank Alexander Litvak
for suggesting this trick).

Fix 3 € (0, —) and set a = 24@6’ note that o € (0,2). Let also K C R™ be a convex body.

Step 1. This time we start by assuming that K has Santalé point at the origin, and that
K := KN (—K) is in a-regular M-position, that is,

max{N (K,tBy), N ((K)°,tBy),N(B3,tK),N (B3, t(K)°)} < exp(Can/t*)
for every t > Col/ “. We also find an a-regular M-ellipsoid &£ for K := conv(K, —K):
max{N (K ,t&),N((K)°,t&),N(E,tK),N(E°,t(K)°)} < exp(Can/t®)

for every t > Col/ e,

Finally, along with the above assumptions we can make one more, which will help make
Step 2 easier to read: by applying an orthogonal transformation to K (and hence to K and K
too) if needed, we can assume that £ = AyBy with Ay a diagonal matrix with diagonal entries
A=Az 2N, >0.

We first observe that, by the Rogers-Shephard, Blaschke-Santalé and Bourgain-Milman
inequalities,
[(E)°| = |eonv(K®, —K°)| < 2"| K"
K- K7
()] - | K]
— |1V < 2Co Y By

— |K| <2"|K| <4 |K| < CylK]|

for some absolute constant C (depending on the constant in the Bourgain-Milman inequality).

Moreover, obtaining (20) by Theorem [4] (which we apply in the case that the Santalé point
is at the origin), and combining this with (2II) (which is true when K° is centred, as is the case
here), we can write, for every 1 <1 < n and every F € G, ,

. . n\ 3 .
[Projp(K)[M" < 2[Projs(K)[/ < C () [Projp (). (27)
We also have
1/a a
Proi (&) < e €Y ()" [Projp(R)M and [Proj ()" < e/ () By,

Therefore,

B |Proj (&) 2/a (243a)/c
u(é) = max B/ <Ca; <z) '

Step 2. Set Aﬁ to be the diagonal matrix with diagonal entries /A1 = vz = -V,

and Qg to be the ellipsoid A ;Bj = A&%E. We have that

max{N (A 1K, tQ¢), N (A 1K)°,1Q¢), N(Qg, tA 1K), N(Qe, HA 1K)°) } < exp(Can/t?)
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and
max{N (A 1K, tQ¢), N (A K)°,1Q¢), N(Qe, tA 1K), N(Qg, HA SK)°) } < exp(Can/t?)

Furthermore, for all 1 <1 < n,

- 143
w(Qe) = Vu(€) < Ccle (%) a'2

Now, applying Lemma [T (as in Remark [BJ(ii)), we see that

N(Qs,1BY) = N(BS,1Q2) < exp< 10003/(%3&)%)

t2+3a

for every t > Co Ca /2 for some absolute constant Co >
Step 3. Using the above, we can write

2 2
-177 ;1 pn 7 15 ~243a . (5 243«
N(A\FAK,tBQ) < N(AﬁK,ng) (sQ¢,tBy) < exp(Cyn/s®) - exp<a CyC23 n(;) )
as long as s > Cé/a and 2 > C’o C}/“.

Optimising in s, we see that

. 2 2 S 2
Co o 'CoCF™ s7im S
s = 2a = S§= 2430
t2+3a ( 100)4a+3a

24+3a

which is > C(y Yift > (oflé’o) 2a Cg/ Moreover, g C Cl/ for the same t. Therefore

o 4
N(A\/EK tBy) < exp(2C,n/s® ):exp(z(a—léo)ii% O3 ?a >

t4+3a

for every t > (a_léo)QJgga e,
Analogously,

N (B3 1A LK) < <B2, ng) ( Qfé,mgﬁ)
= N(Qs, 2By, )N (02,50 K)
< exp(ofléo Co%*% n<§)2i{§'a> -exp(C’an/so‘)

~ 243« _4 n
= exp<2(a7100)4+3a Cat™ — )

t4+3a

with s as before and t > (« *ICO) st o,
Finally, in the same way we can bound the covering numbers

N (B3, t(A K)°) < (BQ, Qg) (Qz,t(Agif)c’)

and N((A&%K)",tB;L) < N((A&%K)O,SQg)N(SQg,tBS)

for all t > (« 100)23204 c2le (and the auxiliary parameter s chosen as before).
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Step 4. Note that

max{N (A 1K, tB}),N((A 1K), tB}), N(B3,tA 1K), N(BS, (A 1 K)°) }

VA _\/_ VX Y2\ B
< maX{N(A*f;K, tBS),N((A\}iK)O, tBY), N (B, tA\}iK),N(BS, t(A\}iK)O) }.
Given our choice of «, we have that ﬁ% = . We set

243a _4
Dy := 2(a™'Co) Fi CFF,
and we can then write

max{N (A 1K, tB}), N((A 1K), tBY), N (B}, tA 1K), N (B}, t(A 1K)°) } < exp(Dsn/t?)

(28)
for all t > Dé/ h Having started with the assumptions that K is in a-regular M-position, while
A\BY is an a-regular M-ellipsoid for K, we conclude that the linear image A&;K of K is in
B-regular M-position.

This completes the proof of the theorem in the case that K has Santal6é point at the origin.
Note however that (28] is symmetric in K and K° (in the sense that N((Af)l\K)o,th) =

%
N(AA(KO),th) and N(A;{K, tBY) = N((AA(K)O)O,th) for instance), and recall that

%

K° runs over all centred convex bodies as K runs over all convex bodies with Santalé point at
the origin. Thus we are done in the case of a centred convex body too. U

Proof of Proposition [3. Again we start with the assumptions that K has Santalé point at the
origin, and that K is in a-regular M-position, where a = %. We now understand this to
mean that Pisier’s stronger statement holds true: for all 1 <1 < n,
n o pn 1a (T 1/e
max{e (K, BY), o ((K)°, By)} < CoC/ (7).
Recall that this also implies the bounds for the covering numbers of K and (K)° by dilates of
B that we stated before.
We also find an a-regular M-ellipsoid £ for K “in the strong sense”, that is, satisfying
regularity for the Gelfand numbers:

_ — 1/a
max{cl (K,E), cl((K)O,EO)} < COC;/O‘ <?)
(we can find this by first considering an a-regular M-position of K “in the strong sense”, which
we know exists, and then by transforming back to the current position of K; note that the
bounds will remain unchanged since ¢;,(TK1,TL1) = (K1, L) for any linear transformation
T). Again the bounds for the covering numbers involving K that we stated before also hold, so

we can conclude that v;(€) < écf/“ (n/l)(2+3a)/a foralll <l < n.

Finally, for convenience again, we can also assume that £ = AyBJ with Ay the diagonal
matrix from the proof of Theorem 2l As before, we set Q¢ = A By = A&%E , and we have

24 3a

w(Qe) = Vu(€) < G Yo (%) = (29)
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Moreover,

—17- —17-\0 o — o — [} « 1/04
max{e (A 1K, Qe),a((A,1K)%, QF), (A LK, QF),a((A LK), Qe) } < CoCa/™ (7))

foralll1 <l < n.

We start with { = 1: by the bound for ¢; (A\;%F, Qg) and by (29), we can write

A\;%K C A&%F C Co(Can) Q¢

C Co(Can) V@ - /M BE C Co(Can)V/e - CYon 5 BY C C DY*n'/8 By,

Analogously, we have

AsK° = (ALK)° € (ALK) € Co(Can)'/* Qs € CoDY/*n'/? By

Consider now an even [ € {2,...,n}. By the bound for ¢/, (A&%F, Qg), we can find a
subspace Fp € G, 1 such that
)

9 1/a
(A\;K) NEy C CoCl/ ( l”) (Qe N Fy).

Let p1 2 po =2 -+ 2 Hn Ly be the lengths of the semiaxes of the ellipsoid Qg N Fy, and
let F; < Fy be the subspace spanned by the n — [ + 1 shortest of those (thus the orthogonal
complement FlL N Fy of Fy within Fy is the subspace spanned by the [/2 longest semiaxes of
Q¢ ﬂFQ). Then Qe N F; C M%JFIBFl and
1/2 2/1
nyar < (TIm) = vrod(@e 0 P 1 Fo) < 1a(@2) = upa(Qe).
=1

Thus, by (29) we obtain

B 2 1/0: 2 1/04
@gRnA c@RnR caele () (@enm) cacy (F)upee by

24+3a

2n 1/e 2n\ 2o z n\1/8
c ocl/a<l> -C&/a<7> Br € CoD” (7)) Br.

This shows that cl(A\;;K, BY) < C:’ODé/ﬁ (n/)Y?.

Similarly we bound cl(A\/XK", Bg) by using the bound for cl/Q(( _1K)° Qg) and (29]).

Finally, we observe that the sequences [ € {1,2,...,n} — ¢ (K 1, BY ) where K1 = A\;%K or
= A ;5K°, are decreasing, so by slightly adjusting the absolute constant Cp, we can also bound
the remaining terms of those sequences.

As before, if K has barycentre at the origin instead, then we work along the same lines, but
with K° taking on the role of K. This completes the proof. O

Recall that to prove Theorem [2| we relied on (27]), which gives a comparison of the volumes
of corresponding projections of K and of K when s(K) = 0 (with estimates which depend on
the dimensions of the projections in a regular way). Using Theorem [2l now, we can establish a
similar comparison for volumes of such projections when K is centred.

Corollary 11. Let K be a centred convex body in R", and let 1 <1 < n. For every F' € Gy
we have

— 5
[Projp(B)[M' < € () (log(en/1))” [Proj ()|
We defer the proof of the corollary to the next section.
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5 Remarks and applications

1. The proof of Theorem [2] shows that, if K C R™ has Santalé point at the origin, then a (-
regular position of K can be found if we apply to K the linear transformation 7' € GL(n) that

takes K to a-regular M-position and then adjust a little so that K and (AK/)O are covered in
a regular way by the same ellipsoid. Similarly, if K has barycentre at the origin, then we start
by placing K in a-regular M-position, where o = %.

It seems very likely that the regularity of the covering numbers given by this method is
not optimal, and one could even conjecture that there exists a 1-regular M-position for any
not-necessarily symmetric convex body. That said, if we were to keep the core principle of this
method, which is to rely on an inequality for volumes of projections in the spirit of (27]), then
most probably we wouldn’t be able to achieve this. This is because the example of the simplex
shows that the exponent of 7 in any inequality of similar form to (27) should be at least %
(which plugged into the rest of our argument would give at best %—regularity).

Indeed, assume [ < 5. As we have already seen, the regular simplex S, with edge-length
"—\;%1 has [-dimensional sections through its barycentre with volume

<n +1 )l vn+1
2 UNvn+1-1
Again we recall that this simplex can be embedded in R™*! so that its barycentre is at the

origin, and so that the hyperplane containing it is the hyperplane H; orthogonal to the vector
l1=e+e+...+ept1- Then

Sp N (=S,) =iB2 N Hy

where $B = [—1, %]nﬂ is the (origin-symmetric) cube of volume 1 in R™*! (see e.g. [50]
where the idea for this normalisation is taken from).

Consider now any I-dimensional subspace F' of the hyperplane Hy; then
(SN (=S))NF=REBE nH)NnF=iBM"nF

It remains to recall a result by K. Ball [4] (optimal in many cases) which gives that, for any
such subspace F,

l
1
sanr< ().

It follows that we cannot have

A A 1/1 n\7 /4 A 1/1
(80 =8 N | < () [(San (=Sm) N F|
with v < % (note also that by polarity and the Blaschke-Santalé and Bourgain-Milman inequal-

ities, this last inequality is equivalent to an inequality of the form of (27])).

2. Our first remark notwithstanding, in the case of the simplex there does exist an a-regular
M-position for any « € (0,2). Still it should be said that it also seems likely this would not be
true in full generality.

To verify this, we now consider the regular simplex S, of edge-length v/2 and barycentre at
the origin, embedded in R™*1:

1
n+1

Sn:conv{ei— 1:1§i<n+1}.
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Again recall that S,, = conv{S,, —S,} can be viewed as a projection of the ¢;-unit ball B{”rl:
conv{S,, —S,} = Projy, (By).

Recall also that S, satisfies Sy = —(n+1)S,, (where the polar set is considered within Hy),
therefore

Sy = S (~8) = ni (520 (-53)) = ni (conv{Sy, —S,})°
= Pl (A1) = (),
Schiitt [47] has shown that
vn if k<log(n+1)
ekH(B{Hl’%BgH) ~ \/%\/m if log(n+1)<k<n+1
2~k/np if k>n+1

We combine this with the fact that, for every p > % and any 1 <k <n+1,

exp ((p - %) log(en/k‘)> > \/exp ((p - %) 10g(en/k)> > \/<p _ %) log(en,/k)
= en (B =B 5[5 Viesteni < A= (2

p_

N[

to obtain that ; )
1 1 —55 41
N(B{LJr ,%Bg”r > gexp(C(p—%) nft /p)
for any t > eP (p — , with C an absolute constant.
At the same time, by the dual Sudakov inequality (see e.g. [2, Theorem 4.2.2])

—-1/2
™

1
N<TB§L+1,tB{L+1) < exp(Cn/t?)
n

for every t > 0.
As a consequence,

t 1
max{ N (Proj, (B; "), %Bg) : N<%

—1/2
5

By, tProjy, (B{"H))} < exp(C'(p - %)7i n/tl/p>

for every t > eP (p — , and by the duality of covering numbers [1] the same bound (with

slightly different absolute constants) is valid for
max{ N ((Proj, (By™))°, tvnBg ), N (VB t(Projy, (B 1)) }.

We thus see that both \/n S,, and \/n S, are in a-regular M-position for any o € (0,2) with
a constant of the same form as in Theorem [l (in fact, here it suffices to know that one of them
is in regular position since (S, )° = (n+1)S,). This now obviously implies that \/n S, has the
same property as well.
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3. It should be clear from Subsection 2.4] that Klartag and Milman’s argument could also
be modified to work in the general case if there were a version of Fradelizi’s result:

. |K NF| (l—i—l)l
> 30
Frél(l}rilm%x\l(ﬂ(y—i—F)\ n+1 (30)
yEeR™

also available when K has Santal6 point at the origin.

Such a version, albeit with an estimate which, we should probably expect, is rather crude,
follows now by Theorem 2l Indeed, let K be a body with Santalé point at the origin and
1 <1 < n. Since the left-hand side of (B0) is invariant under linear transformations, we may
assume that K is in fj-regular position with

1

2
fr= 5  5log(en/l)

Then, for every F' € Gy,

. . o n\ 1/8
max{ |Projp ()|, [Projp ()"} < eDY/™ () 1By .

Combining this with the Bourgain-Milman inequality, we see that

B B (L
Projp (KoY~ cpl/a \a

o 1\2/Bi ) o 1\2/B
> — (=) Projp(K) M > — 4= (=) max|K 0 (y + )|
2D in 2D \n y€eR™
Bi Bi
Noting that D;l/ﬁl < (log(en/l))Q, we conclude that
, |K N F| c 1\l
min = <—)
n

= 21
Feunmax |K 0 (y+ F)| ™ (log(en/1))
for some absolute constant ¢ > 0.

5.1 Comparison of volumes of projections of K and K when K is centred

By repeating the steps from Subsection 2.4] with the only modification being that we replace
Fradelizi’s result with the analogue we obtained above, we could only get |(Projp(K))|"" <
C(n/1)og?(en/1)|(Projp(K))|V/! for F € G,;. Instead, we can get a better estimate if we
apply the 1st step of the proof of Theorem [2] carefully.

Proof of Corollary[I1l. Fix 1 <1 <mn, and set oy =2 — W. Since

),1/[
)|1/l

Proi
sup ’ 10j 2 (

7
FeG,, [Projp(K
is linearly invariant, we can choose a suitable position for the centred convex body K. As seen
in the proof of Theorem 2 if K is in og-regular M position, and D is an a-regular M-ellipsoid

for K, then
24+30;)/a
wl(Do) — Ul(Do) g chl/al (?)( l)/ 1
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We can then write

pp— o (MY
[Proj ()" < coyfer (7) 7 |By

l

L 1oy (T . 1/1
< — A -
<0ty i (3) Posro)

o a (T /ey .
= Cuy(D*) O3 (7) " |Projp(D)[!

3+30y)/a

<oy (B) 7 proj )

e (T (4F301) e
< Cl/ Cal/ 1 <_)

: [Proj p (K)[!/".

The conclusion follows. U

Remark 12. We could also use Theorem [2] as a black box (that is, rely only on its statement),
but we gave the above proof first, which indicates that the almost %—regularity that we got is
already hinted at in applications of the first step of the proof of the theorem. If instead we start
with a linear image K of the centred convex body K which satisfies

max {N(K;,tBY), N(K?,tB})} < exp <D5ln/tﬁl>
for all t > Dél/ At with b = % — Wlen/l)’ then we can observe the following: since K is convex

and contains the origin in its interior, we have K; = conv(K;, —K;) = { Az + (1 = Ny : x,—y €
K;, A €10,1]} € K; — K, and hence

N(K;, 2tBy) < N(K, — K;,2tBY) < (N (K, tB}))* < exp <2D51n/tﬁl>
for ¢ in the same range. In the same way, we get
N(R?,2tBy) < (N(K7,tBy))? < exp <2Dﬁln/tﬁl> ,
which by the duality of covering numbers (see [I]) gives
N(BY,mt Ki) = N (B3, mt(K;)°) < exp ('YQDBln/tBl>

for some absolute constants 1,72, and for ¢ in the same range. We can now write, for any
F e Gyy,

2/B
") Projp (K,

Proje(R M < 0.0} (1) 1B < ¢t DY (7
which by our choice of ; leads to the same estimates as above.
With this we can also conclude the necessity and sufficiency of an inequality such as (27)) in
order to have regular covering of a non-symmetric convex body K (with 0 € int(K)): by Klartag
and Milman’s suggested approach, such an inequality (for the specific body K) leads to regular
M-ellipsoids for K, while if we know that K has S-regularity, or almost B-regularity, then an
inequality such as (27)) follows (with the exponent of the factor n/l being 2/, or 2/5 + o(1)).
Of course we don’t have precise equivalence, since the estimates become worse as we pass from
one result to the other.
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|Proj (K)|!/!

wd [Proje(K)|17T when K is centred,

As an aside, we also give two more estimates for suppcq
which could be useful in specific cases.

a. We have that

| Byt
|Proj - (K)[1/!

n

l

1/1

<OReNFM < 0 () max |[K°n @+ F) [ < 0" ( )| (5° —b(K*) N F|

by the Bourgain-Milman inequality, Rudelson’s and Fradelizi’s results.
We now observe that

K°=b(K") C K%+ || = b(K°) lxee K7 = [1+ || = (K)o ] K = [1 4 e (=b(K"))] K*.

Thus
(?)2 |(K° = b(K°) NF[Y" < [1+ hie(~b(K°))] (?)2 e
; 112/l
< O[1 + hi(=b(K°))] (7)3 %
, 112/l
< C'[1+ hg(—b(K°))] (7)3 %

with the penultimate inequality due to Theorem [ (or the argument by Klartag and Milman in
Subsection 2.4)).

We conclude that
Proj-(K)[M!
awp IPRL L

FeGy |Pr0JF(K)|

< ColL + hic(~b(K°))] (%)3 (31)

for some absolute constant Cy > 0 (note that this statement also recovers the corresponding
estimate for convex bodies K with Santalé point at the origin, which was to be expected since
we tried to emulate that one).

|Proj s (K)|'/!
.l [Projp (K)[*/!
position. Using both types of Rogers-Shephard inequalities that we stated (inequality (@) and

inequality (I4])), we have that, for every F' € G,,,

b. Since suppcqg is linearly invariant, we may assume that K is in isotropic

72V : 1/l n_ 1
|Projp(K)|"/" ~ |Projp(K)| <Cl K N FL

We now combine several of the properties of the isotropic position that we mentioned:

n 1 ,n  Lg

h <O <L
[ |[KnFL/ I L K

l

7TF(1K)

(given also that all isotropic constants are uniformly bounded from below), while K D ¢y Lk B
for some absolute constant ¢y immediately gives K D coLg By too. Thus

[Proje (K[! < €7 VIILiBYI'! < O [Projp(K)[
Despite its apparent crudeness, this is a better estimate, even than (31]), for small dimensions I

(in particular, for | < n?/ ®). Still, it has been unclear to us whether it could make a difference
in any part of the arguments of this paper.
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5.2 Application to results around the mean norm of isotropic convex bodies

Aside from its namesake conjecture, the isotropic position is a very useful normalisation that
comes up in other problems too, including ones that are motivated by algorithmic applications.
It thus appears natural to also examine how the position behaves with respect to parameters
which have been introduced in completely different contexts and are optimised in/characterise
different positions of a convex body. In certain cases we can observe a substantially worse
behaviour compared to the optimal position for the parameter in question (see e.g. [30] and the
results there regarding surface area), and in other cases we have a very comparable behaviour.

Here we focus on the corresponding questions regarding the parameters of mean width and
mean norm. First, let us recall that, by results of Figiel-Tomczak-Jaegermann [17], Lewis [29]
and Pisier [38], we have that, if K C R™ is origin-symmetric, then

inf MTKM*TK: inf M(TK) - M TKO< 1 9
TeGL(n) (TK) (TK) TG (n) (TK) - M((TK)°) < Clog(n) (32)

where C is an absolute constant. Also, that

1

MK < vrad(K) < M*(K),

where the first inequality follows by Jensen’s inequality, while the second one is the classical
Urysohn inequality (see e.g. [40], Corollary 1.4] for a proof). Thus, for every symmetric convex
body K of volume 1 in R", we can find Ty € GL(n) such that

M(TyK) < élo\g/(g)

In the case of a not-necessarily symmetric convex body L with 0 € int(L), we can instead use
the relations hr(0) = hr—o(0) < hp—r(0) = max{{(x — z,0) : ,z € L} < hp(0) + hr(—0) to
obtain

and M*((ToK)°) < Cv/nlog(n). (33)

M*(L) < M*(L — L) < 2M*(L),

and then we can suitably transform L — L or L° — L° to upper-bound M*(L) or M (L) = M*(L°)
respectively by the same, almost optimal, bounds above (that is, if we also assume that |L| = 1,
and in the latter case if we can also say that vrad((L° — L°)°) ~ vrad(L N (—L)) is ~ vrad(L);
by the Rogers-Shephard, Blaschke-Santalé and Bourgain-Milman inequalities, this will in fact
hold true if L has barycentre of Santalé point at the origin).

We should also remark that the best known analogue of (82]) in the not-necessarily symmetric
case is by Rudelson [44] (in a companion paper to [43]), who showed that

inf{M(T(L — z)) - M*(T'(L —z)) : T € GL(n), z € int(L)} < Cn'/3log®(n)

for some absolute positive constant a < 9.

Going back to the question of estimating the mean width and the mean norm in the isotropic
position, obviously we are no longer allowed to transform K (or K — K or K° — K°) further. In
the case of mean width, E. Milman [33] showed that, for every isotropic convex body K in R",

M*(Zn(K)) < Cy/nlog?(n) Lk

where Z,(K) is the L,-centroid body of K (its definition is not relevant here, see e.g. [33]
r [II] for references). One should then recall that Z,(K) ~ K — K (see e.g. [1I Corollary
3.2.9]), whence M*(Z,(K)) ~ M*(K — K) ~ M*(K) (regardless of whether K is symmetric or
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simply centred). In fact, following the recent breakthroughs leading to logarithmic bounds for
the isotropic constant, the bound here is now essentially optimal for all practical purposes.

In the case of mean norm however, it is not clear at all whether we should expect the
symmetric and the non-symmetric case to exhibit comparable behaviours. For symmetric n-
dimensional isotropic convex bodies, an approach by Giannopoulos and E. Milman [20] leads to
the following upper bound:
log”(n)
nl/6L
where the exponent b < 0.5 (note that at the time Giannopoulos and Milman didn’t have access
to the improved bounds for the isotropic constant that we can now plug into their intermediate
results). Their approach involved the following main steps.

M(K)<C

First, Dudley’s entropy estimate:
VnM*(K) < C Z (K, BY) (34)

(see [40, Theorem 5.5] for this formulation, and also note that, due to standard volumetric
estimates in an n-dimensional space, summation can be taken up to I = n). Observe that
this estimate holds true for non-symmetric convex bodies as well: we have already seen that
M*(K) ~ M*(K — K). Moreover, for every even integer | we have

el—l(K - K, B121) < 2€l/2(K’ B121)
(since N(K — K, 2toBY) < N(K,tgBY)N(—K,toBY) < 272 if tg = e12(K, By)).
Secondly, the following proposition:

Proposition 13. (|20, Theorem 1]) Let K be an origin-symmetric convez body in R™. For
every l € {1,2,...,n} we have

el(K,Bg)gCTlLlog( )sup{2 S%wm(K) 1<m<l}
n en L 1 )
:leog <7) sup{2 Smm.lgmgl}.

Note that the second inequality did not need to be stated in [20, Theorem 1] as it is an
immediate consequence of the Blaschke-Santalé and Bourgain-Milman inequalities. However,
in the non-symmetric case, as we have already seen, we would sometimes have to pay an extra
factor of 7 to pass from one quantity to the other one, so in what follows we will aim to show
the one of the two inequalities which is ‘less expensive’ to get (and which fortunately is also the
most convenient one for our application).

Furthermore, Giannopoulos and Milman obtain similar upper bounds for the Gelfand num-
bers of a symmetric convex body K (which due to Carl’s theorem (see Subsection [2]) could
replace the bounds for the entropy numbers in the application to the mean norm of K, and in
the end allowed them to slightly simplify those computations).

Proposition 14. ([20, Theorem 2]) Let K be an origin-symmetric convex body in R™. For
every l € {1,2,..., 5]} we have

en en 1
M <
cu-1(K, By) < C7 10g( ] )wz(K) 7 1°g< l ) v (K°)
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We can now give some analogous versions of these two propositions for not-necessarily
symmetric convex bodies.

Proposition 15. Let K be a convex body in R™, and let | € {1,2,...,n}. If K has barycentre
at the origin, then

e(K,By) < C% log (?) Sup{27# (%)2wm(K) 1<m< l} (35)

and

el(K, By) < C% log (?) sup{Q*ﬁ <%>3 vm(lKO) :1<m< l}.

On the other hand, if K has either barycentre or Santald point at the origin, then

n\% o /en _t 1
el(K, BY) \C<l> log ( i >sup{2 3 =) 1\m\l} (36)
Finally, if K has Santald point at the origin, then
n en Lo/ n\2
5) <O~ - - T3m | — I<m <y
(K, By) < O 10g< l)[1+\| b(K)||K]sup{2 3 (m) wn(K):1<m z} (37)

and

el(K, BY) < c% log (?) [+ || = b(K)||x] sup{Q‘ﬁ (%)3 %&(o) 1<m< z}.

Proof. Aside from inequality (B6l), we can prove the rest by simply reducing to the symmetric
case, covered by Proposition [[3], and then adjusting for the relevant parameters through the
volume comparison results we have seen. Indeed, if K has barycentre at the origin, then we can
write

en

ei(K, BY) < ey — K, B) < O log (5

i )sup{Q_#wm(K—K):lgmgl}

and then recall that

n n\2
— < — — <O (=
wn (K — K) < Cm msglgl wm (K —2) <C <m> Wi, (K)

by Rudelson’s and Fradelizi’s results. Finally, the companion inequality to (B5]) follows from
combining this with Theorem [l

Similarly, if K has Santalé point at the origin, then we have

w (K—K)gC’2 sup w (K—x)gC'(ﬁ)Qw (K —b(K))

nA 2
<O (=) L I = b)) w ().

On the other hand, to prove (B6l), we adapt the proof of Proposition [I3 (essentially repeating
it, except that we replace Theorem [l by Theorem [2]). For the reader’s convenience, we sketch
the argument.

Since [ — ¢;(K, BY) is decreasing, we can just try to bound e;(K, BY) for [ in some arithmetic
progression of integers, and also for [ = 1.
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If I =1, observe that v] (K°) > 2r(K°) and recall that m = 1 R(K), while e (K, BY) =
R(K). Thus the inequality holds for I = 1 (and in fact it is very crude as n gets larger and
larger).

Assume now that [ is a multiple of 3. By Theorem [2 we can find a S-regular M-ellipsoid &3

for K for any 3 € (0, 2) (we will eventually choose By = 2 — Wlen/l)) We can write

1/8
n n 1 3n n
et (K, BY) < e1j301 (K, Eg)eayz41 (€. BY) < DY’ (W) ea/3+1(Ea, BY).

At the same time, by Lemma [7] and Remark [§ (i) and (iii), we know that

1
ean/3+1(E3, By) < C sup 2_%wm(55) —C sup g— 2L

1<m<l 1<m<l vm(E3)

But for every F' € G, and every t > DE/B,

vrad(Proj(K°)) B |ProjF(K°)|1/m
vrad(Projg(£5)) B |Pr0jF(5§)|1/m

< t N(Projp(K°),tProjp(£5))"/™

SEN(K° Y™ < t exp(Dgn/(mt?)),

1/8
and if we choose t = DE/B (lo 3n > we obtain
g(2)!

vrad(ProjF(Ko))<D1/5< 3n )1/[32[/(31%).

vrad(Projp(£3)) =78 \log(2)1

It follows that

e <o (30" o s !
3m
€21/3+1\e8, B2 ) S Ll g log(2)1 13}21 vm(K°)

and

.5y < o (3N G i
e < su m
+1\, Do B log(2)1 1<mp<l U (K°)

On setting 8 = % — we complete the proof. O

1
5log(en/l)’

Proposition 16. Let K be a conver body in R™. If K has barycentre at the origin, then for
every l € {1,2,...,|5]|} we have

co-1(K,By) < C (%)%og (%) wy(K)

and cg-1(K,By) < C (%>4log (?) v(lK") . (38)
l

On the other hand, if K has Santald point at the origin, then, for l in the same range,

ena(K,BY) < 0 (7)) log? (T) - (1KO) . (39)
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Proof. Again for (38]) we reduce to the corresponding proposition about the symmetric case,
Proposition [Tk

n

en
ca-1(K, BY) < ear1 (K — K, BY) < O log () wi(K — K).

As we have seen

for K centred.

On the other hand, for (39) we make the necessary adjustments to the proof of Proposition
[I4] (by substituting the use of Pisier’s Theorem [Il with Theorem ] and Proposition [ in fact
the proof of that proposition and of (89]) are very similar).

Fixl € {0,1,2,..., L%J} By Theorem [2l and Proposition B, for any 5 € (0, %) we can find
a B-regular M-ellipsoid &3 for K for which we will have

n\1/8
a(K,&5) < CoDY” (—) .

l

Again we can assume that [ > 1 since the desired inequality obviously holds for [ = 1 (as

c(K,By)=R(K) = v,(zKo) ). By the definition of the Gelfand numbers, we can find a subspace
Fy € Gy 5—141 such thzit
1/8
K NF € DY’ (%) &N Fy.

Let 1 = p2 > -+ = pp—i41 be the lengths of the semiaxes of the ellipsoid €3 N Fp, and let
Fy < Iy be the subspace spanned by the n — 2 + 1 shortest of those. Then €3N Fy C w41 Br

and
l

11
I M) = vrad (s N F{ N Fy) < wi(€p) =
1

1=

1
v (€3)

As before, we can compare v, (EE) with v, (K°) using the regularity of the covering numbers of
K° by &£:
B

i1 < <

1 gCDé/ﬁ <%)1/5 1

v (€5) v (K°)
Thus
/B n\2/8 1
KnF cGpy® ()" &snk cony? () . Bp,.
L= g e N P T O
On setting 8 = % — m, we complete the proof. O

Corollary 17. (Corollary to Proposition [[5]) Let K be a not-necessarily symmetric isotropic
convex body in R™. Then

5
o s
M(K) < 182
TLELK

Moreover, we have the ‘conditional’ bound
oyyy 1085 (1)
M(K) <C[1+hg(=b(K°))] —5/—.
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Proof. We combine Dudley’s entropy estimate with (36l from Proposition [I5] (which we apply
with the convex body K°, that has Santalé point at the origin), and also the obvious bound

el(K°, BY) < R(K°) = 15

1<m<l U (K)

ﬁM(K):ﬁM*(KO)gCg%min{%, <%)5log2 (?) sup {2_# ! }}

By the properties of the isotropic position that we listed in Subsection 23] we have r(K) > ¢y L,
and moreover, for every F' € G, 1,

Lk

Vrad PI‘O' K > _— .
( JF( )) SUD a7 L

~

By using the latest progress on the bounds for sup,;-gm Ly, we obtain

1 1 4/log(m) 1 4/log(n)
< <C'—=r—
U (K) vm Lk vm Ly

and thus we can compute

sup
1<m<l

-t " log(n)
{2 vaK)} <0 %%

By bounding log?(en/l) by log?(n) too for simplicity, we can finally conclude that

n 5 5
1 n® log®?(n) nii log2z(n)
nM(K)<C» min , = <O ——mm—~2,
\/— ( ) lZ:; { \/ZLK 16 Ly L
Similarly we deduce the other bound, by using the inequality after ([B7) this time. U
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