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Selberg-type integrals and the variance conjecture for the
operator norm

Beatrice-Helen Vritsiou

Abstract

The variance conjecture in Asymptotic Convex Geometry stipulates that the Euclidean norm
of a random vector uniformly distributed in a (properly normalised) high-dimensional convex
body K < R” satisfies a Poincaré-type inequality, implying that its variance is much smaller than
its expectation. We settle the conjecture for the cases when K is the unit ball of the operator norm
in classical subspaces of square matrices, which include the subspaces of self-adjoint matrices.
Through the estimates we establish, we are also able to show that the unit ball of the operator
norm in the subspace of real symmetric matrices or in the subspace of Hermitian matrices is not
isotropic, yet is in almost isotropic position.

1 Introduction

This note is a follow-up on [37], in which we were concerned with the question whether the variance
(or thin-shell) conjecture holds true for unit balls of the p-Schatten norms. Given a convex body K in
R™, that is, a convex, compact set with non-empty interior, whose covariance matrix Cov(K), given
by
Cov(K)y 1= Jxxixjdx ~ Jxxidx [xxjdx
Jildx Jxldx [ildx
has small condition number, the variance conjecture is a statement that most of the mass of K
will be found in an annulus of width much smaller than its average radius, a “thin shell” (see the
e-Concentration Hypothesis of Anttila, Ball and Perissinaki [5], or the quantitatively stronger state-
ment (2) below suggested by Bobkov and Koldobsky [11]]). Supposing first for simplicity that K has
Lebesgue volume 1, barycentre at the origin, and that K is isotropic, that is, Cov(K) is a multiple of
the identity matrix, the conjecture can be stated as asking that

2 1 2
Varg (I1x13) :=fK||x||§dx—UK||x||§dx) sa(fKuxnédx) : @)

where || - ||z stands for the Euclidean norm on R, and ‘<’ implies a multiplicative constant that
should not depend on the dimension m or the body K.

Although stated separately and with different motivations initially, inequality (2) is a special case
of the KLS conjecture (put forth by Kannan, Lovasz and Simonovits [27]) when the latter is equiva-
lently reformulated as a Poincaré inequality for convex bodies (the equivalence following by works
of Maz'ya, Cheeger, Buser and Ledoux): according to this, given a convex body K < R™ of volume 1
with barycentre at the origin, and any (locally) Lipschitz function f :R"™ — R, we should have

forl<i,jsm, (1)

Varg(f) < Smax|Cov(K)] - fK IVF@I2dx, 3)

where smax[Cov(K)] denotes the largest singular value of the covariance matrix of K. To see the con-
nection, observe that when Cov(K) is a multiple of the identity matrix, we have

Smax[Cov(K)| = %tr[Cov(K)] = %lelxllgdx. 4)
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Of course, with the KLS conjecture in mind, it makes sense to ask about the validity of a suitably
modified inequality (2) even when Cov(K) is not a multiple of the identity, and when (4) is not true
even approximately (or we don’t know a priori whether it is).

Conjecture 1. (“Generalised Variance Conjecture”) There is an absolute constant C such that, given
any convex body K < R of volume 1 with barycentre at the origin, one has

Varg (|l x[13) < C - $max[Cov(K)] fK x5 dx. )

Remark 2. The assumption that K has volume 1 is merely for convenience: if we don’t make it, inte-
gration above is understood instead with respect to the density 1x(x)/( f xldx).

In this note we verify this conjecture for the unit ball of the operator norm on several classical
subspaces of square matrices.

Before we turn to particulars, let us recall that, despite the fact that Conjecture 1, or its more
restricted version for isotropic convex bodies only, seem like very special cases of the KLS conjecture,
they are in fact almost equivalent reformulations of it: according to a surprising result by Eldan [17],
whatever estimates one obtains for the constant C appearing in (5) (for all centred convex bodies), or
even just for inequality ) (for allisotropic convex bodies), the same estimates (up to a multiplicative
logarithmic factor in the dimension m) will also be valid for the implied constant in (3). Estimates for
the constant C = C(m) in (2) depending on the dimension have been obtained by Klartag [28], [29],
by Fleury, Guédon and Paouris [19], Fleury [18], and by Guédon and Milman [22] (moreover, prior to
Eldan’s result, estimates for the implied constant in the Poincaré inequality (3) had been obtained by
Kannan, Lovéasz and Simonovits [27] and by Bobkov [10]). A recent improvement to all these is given
by Lee and Vempala [33], who established inequality @) with C(m) = O(y/'m).

As far as specific cases of convex bodies are concerned, inequality (2) has been established (opti-
mally) for the unit balls of the £, norms by Ball and Perissinaki [8], for isotropic unconditional convex
bodies by Klartag [30], and, via extending Klartag’s method in [30], by Barthe and Cordero-Erausquin
[9] for isotropic (or almost isotropic) convex bodies that have many symmetries (maybe fewer than
those of an unconditional body, but still enough; one such example is the simplex, or any other con-
vex body which has the symmetries of the simplex). Furthermore, Conjecture 1 has been verified by
Alonso-Gutiérrez and Bastero [2] for hyperplane projections of the unit balls of the £, norms.

For background on and further results related to these conjectures, we refer the reader to the
books [1] and [12].

We now state the main result of this note. Let .4 ,(F) denote the space of all n x n matrices with
entries from the division algebra [, which stands either for R or C or the skew field H of quaternions
(note thatin all cases we view .4, (F) as a real vector space, which can thus be thought of as R where
m = Bn? with B = 1,2 or 4 respectively). For a matrix T € .#,(F) and p = 1, the p-Schatten norm of T
is given by

n 1/p
||T||s;:=||s(T)||p=(Zs,~(T)P) :
i=1

where s(T) = (s1(T),...,s,(T)) is the non-increasing rearrangement of the singular values of T, that
is, of the eigenvalues of (T* T)'/2. The limiting case of p = oo is defined in the usual way: || T||s» :=
1S(T) loo = Smax(T) is the operator or spectral norm of T. Also, the Euclidean norm || - ||, on .4, (F)
coincides with the 2-Schatten norm || - || S also known as the Hilbert-Schmidt or Frobenius norm.

We will focus on establishing Conjecture llwhen K is the unit ball of S’ on either of the spaces
A, (F), or moreover on its classical subspace of F-self-adjoint matrices.



Theorem 3. Let [ stand for either R or C or H, and let E = 4, (F) or the subspace of F-self-adjoint

matrices. Set d,, = dim(E), and write Bg, for the unit ball of || - |s» on E, and B, for its homothetic copy
Bg

TVolBa) T " Then there are absolute constants Cy > 0, C, so that

of volume 1, thatis, B_E =

Varg(IITI%,)
C < O'BE =dp . 2 < Co. (6)
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Remark 4. Obviously this implies Conjecture[Ilfor the (normalised) unit ball B, of the operator norm
on E since we always have 7~ [z-IIT|1%, dT = 4-tr[Cov(Bg)] < Smax[Cov(Bg)].
n 2 2 n

For most of the cases of E mentioned above these estimates were also established in [37] (with
somewhat similar methods as we will see); however, for the subspaces of symmetric (or real self-
adjoint) matrices, and of quaternionic self-adjoint matrices, the result is new.

The previous best result in the case of E = .4, (F) followed from the method of Barthe and Cordero-
Erausquin in [9]: they showed that the unit ball of the operator norm has sufficiently many symme-
tries for us to conclude that O'%E = O(n) = O(Vdim(E)); in fact the same was shown true for the unit
balls in ¢, (F) of all the other p-Schatten norms. This upper bound now also follows from [33].

Note, however, that it has been unclear whether either approach implies the same bound in the
subspaces of self-adjoint matrices given that it wasn’t known (to the best of our knowledge) if the con-
dition number of the covariance matrix of Bg in such a subspace E is small (similarly this appears not
to be known for any other p-Schatten norm besides p = 2). In this note we show this condition num-
ber to be small, at least when E consists of the real or complex self-adjoint matrices (see Theorem[5]
below). Observe nevertheless that the estimates in (6) are established regardless of that.

The starting point here, as well as for the arguments in [37], is the fact that the uniform distri-
bution on Bg defines an invariant ensemble of ‘random’ matrices from E: the distribution remains
the same under multiplication by an F-unitary matrix (by which we understand either multiplication
from left or from right when E = .4, (F), or conjugation by the matrix when Bg contains only F-self-
adjoint matrices). Equivalently, the distribution depends only on the non-increasing rearrangement
of the singular values s;(T) of T € E when E = .4, (F), or of the eigenvalues e;(T) of T € E when E con-
sists of the F-self-adjoint matrices. As a consequence the integrals in () which we wish to estimate,
given also that the integrands depend only on the singular values of T, can be reduced to integrals of
highly symmetric distributions over R” (see Lemmal6land Proposition[7).

It follows that to estimate O'%F, it is completely equivalent to obtain estimates for the variance of
the Euclidean norm with respect to the density

a ab c
x= (X)) €RT = 10 [T I =xf17- [T 1xl€dx,
1<i<j<n 1<isn

where a, b, c are integers depending only on E (a € {1,2}, b = f = dimg(F), and ¢ € {0, —1}). This
requires us to study integrals of the form

1 ol 1
b
fff sx) ] | xf = xF17 [T 1xil€dxy...dxdx @)
-1J-1 -1 I<i<j<n 1<is<n

where a =1 or 2, and where the integrand s(x) is a symmetric polynomial (in this case we will have
s(x)=Y; xl’.C with k=2or4, or s(x) =Y,; x?x?).

With suitable changes of variables, all such integrals can be related to integrals of a similar form:

1 1 1
fofofo 50 H tl!l—lu—ti)“’—l H |tl~—tj|2Kdtn...dt2dt1 8)

1<i<n I<i<j<n



where again §(¢) is a symmetric polynomial, and where © > 0, w > 0 and k¥ = 0 (we can even think
of u, w,x as complex numbers, with the inequalities-constraints then holding for their real part).
Selberg [41] was the first to study such a family of integrals in the case where §(¢) = 1 (using crucially
the fact that the change of variables ¢; — 1 — t; leaves the integrals in this family unchanged), and he
showed that each of them equals a certain product of Gamma factors (that is, of values of the Gamma
function) whose inputs depend only linearly on u«, w and « in a pre-specified manner:

1 1 1
Io(n;u,w,K)::f f [T e ta-@™ ] It-t1™ dty...dtdn
0 JO

0 1<isn Isi<jsn
T [(1+(n—-i+1x) T(u+(n-Dx)T(w+ (n-ix) ©
LSien I'(1+x) 1cien  Tu+w+@n-i-Dx)

Aomoto [6], and then Kadell [25], the latter confirming a conjecture by Macdonald [34} Conjecture
(C5)], have generalised this result by establishing completely analogous ‘closed-form’ expressions for
the corresponding integrals when §(¢) ranges in different families of non-constant symmetric poly-
nomials. In fact, Kadell’s result encompasses all the previous results since the family of polynomials
§(¢) which he proves one can consider contains the family of Jack symmetric polynomials (under a
standard normalisation) and therefore spans the space of symmetric polynomials (see Subsection
for definitions and specifics; also, for other proofs of Kadell’s result, see Kaneko [26], Baker and
Forrester [7] (see also [20] for a streamlined sketch of this proof), and Warnaar [44]).

In Section[Blwe show how to use Aomoto’s result (as well as an immediate extension of it) in order
to recover the conclusion of Theorem[Blwhen E = ./, (F), and furthermore how to use Kadell’s more
general result to obtain TheoremBlfor the subspaces of self-adjoint matrices too.

The estimates we obtain for integrals of the form (@) allow us to also deal with the question of what
the covariance matrix of By is when E is one of the subspaces of self-adjoint matrices. Note that in
the cases of the spaces .4, (F) it is not difficult to see that simply the symmetries/invariances of the
respective unit balls B 4, ) (and similarly of the unit balls of all other p-Schatten norms) guarantee
these bodies are isotropic (see e.g. [37, Proposition 26]); however in the case of the subspaces of
self-adjoint matrices the symmetries are no longer enough for a similar conclusion.

Let us observe that, since B has volume 1 and the origin as a centre of symmetry, computing the
entries of the covariance matrix as in (I)) reduces essentially to computing integrals of the form

f_|T,-,j|2dT, 1<i,js<n, aswellas f_Tl-,jT,,de for (i, j) # (1, k). (10)
BE BE

This is made possible through the Weingarten calculus which allows to estimate integrals of poly-
nomial functions of the entries of a random matrix belonging to several important types of matrix
ensembles by relating them to integrals of symmetric functions of the eigenvalues of these matrices:
for our setting we need a result of Collins, Matsumoto and Saad [14] for conjugate invariant ensem-
bles of self-adjoint matrices with real or complex entries (see Subsection [2.3]for details).

The estimates we obtain are summarised in the following theorem, and show that Bg is almost
isotropic when E is the subspace of symmetric matrices, or the subspace of Hermitian matrices (see
[for the details and more precise estimates including constants).

Theorem 5. Let E be the subspace of F-self-adjoint matrices with F = R or C. Then all integrals of
the first form in (I0) are of the order of 1, while all integrals of the second form are zero except when
i=j#l=k.Infact, when F =C and, say, i # j, we also have

f_Re(Ti,j) Re(Tl,k) dT = f_Im(T,-,j) Im(Tl_k) dT = f_Re(Ti,j) Im(Tl_k) dT = 0,
BE BE BE

as well as f_Re(Ti,j)Im(Ti,j) dT =0.
Bg



On the other hand, wheni = j # [ = k, we have
1
ﬁ_njmdez——.
Br n

The rest of the paper is organised as follows. In Section [2] we give exact statements for all the
abovementioned results that we need. Theorem [B]and Theorem [l are proven in Sections Bl and [4]
respectively.

We recall finally that Collins, Matsumoto and Saad deal in [14] also with the case of left-right
invariant ensembles (which covers e.g. integration of polynomial functions over B_4, ). In Section
Blwe exploit this to add to and complete the conclusions from [37] concerning the question whether
the entries of T ~ Unif(B.4, ) ) are negatively correlated in a certain sense (for the precise definitions
and statements see Section ).

2 Preliminaries and overview of key prior results

We will denote by |- ||, the £, norm on R" and by By, its unit ball, namely B, = {xeR" :|Ixl, =
T lxl? <1}

Let S;, be the symmetric group of permutations of the elements of [n] :={1,2,..., n}. We will say
a function F: R"” — R is symmetric if F(x1, x2,...,X,) = F(X51), X52), - - - » Xo(m)) fOT €very o € S,,. Given
s € R, we will say F is s-homogeneous if, for every ¢ > 0, we have F(tx) = t°F(x).

Let n be a positive integer. A partition A of n is a sequence of positive integers (A4,...,1,,) such
that A =---=2 A,;, and Z;’il A; = n; in such a case we write A - n or || = n. The integers A; are called
the parts of A, and their total number is the length of A and is denoted by /(1). Sometimes we may
need to consider sequences with a fixed number of terms, say m, in which case we will think of all
partitions A with I(A) < my as giving such sequences once we annex to them a finite number of parts
all equal to 0 as necessary (in this case /(A1) will just be the number of non-zero parts, and we can also
speak of partitions of 0 all of whose parts are necessarily 0).

Given a partition A, the monomial symmetric function m)(t) in n variables, where n = I(A), is
given by

h

M
o) oo

my(t1,..., tn) o1y

1
"~ |Stab()| 2,

g€eS,

where |Stab(1)| denotes the order of the stabiliser of any monomial of type A under the action of S,
(and dividing by it ensures we add each monomial only once). By convention, my(f,...,t;) = 0 if
n < I(A). Moreover, when A = (1,1,...,1) = (1¥) for some k = 1, then we may also write ei(t) instead
of mg«(t) and call this the k-th elementary symmetric function.

The letters ¢, ¢/, c1, ¢2 etc. denote absolute positive constants (which do not depend on the dimen-
sion of the Euclidean space we're in, or moreover on any of the other parameters unless specifically
stated); their value may change from line to line. We will use the notation A =~ B (or A < B) to mean
there exist absolute constants cj, ¢y > 0 such that c;A < B < ¢ A (or A < ¢1B). We will also use the
Landau notation: A = O(B) has the same meaning as A < B, whereas A = o(B) will mean the ratio
A/ B tends to 0 as the dimension grows to infinity.

Recall that the uniform distribution over the unit ball of any p-Schatten norm in .4, (F) or its
subspace of self-adjoint matrices defines an invariant ensemble of random matrices: we will call this
left-right invariant ensemble if the distribution remains unchanged under multiplication either from
the left or from the right by a fixed F-unitary matrix (this is true in the case of .#/,(F)), and we will call it
conjugate invariant if the distribution remains unchanged under conjugation by an F-unitary matrix
(this is true in the case of F-self-adjoint matrices). Equivalently, the underlying distribution of a left-
right invariant ensemble depends only on the distribution of the non-increasing rearrangement of



the singular values of the matrices, whereas that of a conjugate invariant ensemble depends only on
(the non-increasing rearrangement of) the eigenvalues.

2.1 Reduction to Selberg-type integrals

A consequence of left-right or conjugate invariance is that estimating integrals of functions that
would also only depend on the singular values or eigenvalues of a matrix T in the ensemble, as for
example the implied integrals in Theorem[3] can be reduced to computing integrals of highly sym-
metric distributions over R” (for which there may be more, analytic or combinatorial, tools to use). In
fact, if we consider the same question for unit balls of the other p-Schatten norms, then (given that
the integrands we are interested in, namely powers of the Euclidean norm, are also homogeneous
functions) we can equivalently try to estimate the corresponding integrals with respect to densities
of the form exp(—|| T|? .)dT. Proposition[7below was proven in [37] based on the following key fact
from Random Matrix Tfleory described above (see for example [36] or [3, Propositions 4.1.3 and 4.1.1]
for proofs).

Lemma 6. LetF =R or C or H, and let F : R"” — R be a measurable and symmetric function. Let us
write Ky, g for the unit ball of the p-Schatten norm on a subspace E of ,,(F), d, for the dimension of
E, and f, p for the function

b
xeR"— T[] | xf = x17- [T 1xilc
l<i<j<n 1<isn

Then:
(D if E = M, (F), there is a constant c, depending only on E, such that

f F(s1(T),-+,sn(T))dT = cnf E(lx1l,-=,1xnl) - fo,5,6-1 dx, 11
Kp,l:' BZ
where B = dimg(F); furthermore, if p < oo, and if F is also s-homogeneous for some s > —d,, then

Cn

F(s1(T),,sp(1)dT = ———
pryE F(1+%)

anle'v"' »|xn|)e_Hx”'€f2,ﬁ,ﬁ—1(x)dx- (12)

(ID) if E is the subspace of [F-self-adjoint matrices, there is a constant c,, depending only on E, such that
f F(ei(T),---,en(T))dT = Cnf F(x)- fipodx; (13)
Kp,i B}
similarly, if p < oo and F is s-homogeneous for some s > —d,,, then

f Fley(T), ++,en(1)) dT = —"— f Fe ¥ f 5000 dax. (14)
Kpe F(l + "TH) "

Denote by M,(f) the integral of a function f : R” — R with respect to the density f  (x) -
el dx, where a, b, c are going to depend appropriately on the subspace E we consider, and by
Ny (f) the corresponding integral with respect to the density fgp,¢(x)-1p2(x) d x. The following propo-
sition, following from Lemmal6l appears in [37]. (Note that one of the facts it relies on is that

Ny(Ix13) _ My(I%13) 12

1-2 2/d
~n r=>d,[vol(K, )] and ———===~n "7;
N,(1) " PE M, (1)

these estimates follow by the main results of [40] and [31] and by [23} Proposition 3].)



Proposition 7. Forevery p = 1, we have

Varz—(II T12,) N 4 N )2
O-%PE = dn K‘U'E - = n4/p Vaer ("x”g) = n4/p ?é“:;l)b) - ( l;V(HZl)lZ)) »
: : 3

2
||T||2ndT)
(]I\(p'); SZ

while, if p < oo too, then

M,(Ix1%) (M, (1x12)\? ]
Varas, (141) = z’\sz,,(l)2 _( z’\j4,,(1)2 = max{ %p.E';}'”Mp'

2

In the case of p = co it follows that, to accurately estimate o2 By’

Ko E
of the form

1 1 1
f f f S()C) H |x?—x;’|b- H |x,~|cdxn...dx2dx1
-1J-1 -1 I<i<j<n

= 0% _, we should study integrals

1<i<n

where a =1 or 2, and where the integrand s(x) is a symmetric polynomial (here of degree at most 4).

2.2 Selberg’s, Aomoto’s, and Kadell’s results

Recall the formula for the value of the Euler beta integral:

1
f 11— tdx= —F(u)l“(w),
0 I'(u+w)

where Re(u), Re(w) > 0. Selberg [41] (see also [36, Chapter 17] for a presentation of his original proof)
discovered a high-dimensional generalisation of this formula: for every triple of complex numbers

u, w,x with
. (1 Re(u) Re(w)
Re(u) >0, Re(w)>0, Re(x)>-min|{—, ——,——|,
n n-1 n-1
if we set
hit;u, w,x) = l_[ t;‘_l(l—ti)w_l- l_[ It,-—thZK

1<isn 1<i<js<n
we have
I(1+(n-i+Dx) T(u+(n-)x)T(w+ (n-ix)
I'd+x)

Iy(n; u, w,x) := f ht; u, w,x)dt = l_[

o) l<is<n 1<isn T(u+tw+@n-i-1)x)

Aomoto [6] extended Selberg’s result to more general integrals, where the integrand could be
h(t; u, w,x) multiplied by an elementary symmetric function e, (¢):

em(t) = > ti,++t;,  with 1sm<n.

1<i)<-<ipsn

We observe that by symmetry we have

fem(t)-h(t;u,w,K)dt :(n) H ti-h(t;u, w,x)dt (15)
m 1<ism
[0,1]" [0,1]"
which Aomoto showed =" I1 u+n l),K Io(n; u, w,x)
mliut+w+Q@n—-i—-1x



(recall that Iy(n; u, w,x) is Selberg’s integral, and we can naturally extend this notation by writing
Iy, = Iy (n; u, w,x) for the integral in (I5)). In fact, Aomoto used these expressions to conclude that
the ratio:

1
—_— (ti—y)-ht;u, w,x)dt
Io(n; u, w,x) f 1<l:[<n =y
[0,1]"
is equal to a certain Jacobi polynomial:
—— [ I G-y htuwodt= " PP a-2y),
Io(n; u, w,x) 1<i<n [lila+B+n+i)
(0,1]"

where a = -1+2u/x, f=-1+2w/x and Pi,a'ﬁ) is the Jacobi polynomial of degree n.

Aomoto’s approach relied on finding recurrence relations between the different I,,, which would
follow from integration by parts. It should be mentioned that our main argument in [37] was along
very similar lines.

With only a little more effort (see [4, Chapter 8]), Aomoto’s proof method can also give similar
formulas when the integrand involves slightly more general symmetric polynomials having terms of

the form
mi+my—ms

m

[Tu- 11 a-z
i=1 j:m1+1—m3

where mi, my, m3g =0 and ms3 < my, m; + my — mz < n: we have

my+my—ms

m
Iy, my,ms 1= f H L - H (A—tj)-ht;u, w,x)dt

[0,1]" i=1 j:m1+1—m3
nmy . mp .
s (utwe (n—i-1x) il;ll(u+(n—l)1<)i1;[1(w+(n—z)K)

= - . - Io(n; u, w,x). (16)
=1 (U w1+ @n-i=-1) mﬁm(u+w+(2n—i—1)1<)

i=1
Note that if m3 > 0, then there is some overlap in factors of the two products, something which allows

us to get additional factors of the form #;(1 — ¢;) for some i only (and will allow us, for instance, to
exactly compute [ | TI5,dT or [z TS, dT when E = .4,,(F)).
o 2 o 4

Kadell [25] (see also Kaneko [26], as well as later proofs in [7] and [44]) has extended these results
in the most general way: he has shown that, for each x = 0, there is an infinite family of homogeneous
symmetric polynomials {s’ (¢)} indexed by the partitions, which spans the space of symmetric poly-
nomials, and such that the polynomial corresponding to the partition A has the following properties:

o si{(tl, o) =my ) + Z a; un My (t) where n = [(1), and where “ﬁ,u, , are coefficients which
u#A
=11
depend on «, A and y, and which might also depend on the number of variables n (but, as we

will shortly see, don't).

i
fX1(0)]

where

» For every n = I(A) we have si(l”) =

= I A+ G-i), o [T~ (14 G- ),
i<j i<j ]_l+1
Ai=A;>0 Ai=A;j=0



and where (x),, := Hg&;”) stands for the Pochhammer function or rising factorial (here m can

take non-integer values too), and moreover we have

fsj(t)- [T 7'a-e " [I la-t*adt= f sy(@®) - ht;u, w,x) dt

1<isn l<i<js<n

[0,1]" [0,1]"

(u+(n-ix),

= Ip(n;u, w,x) - s5(1") H 17)

l-zl(u+w+(2n—i—1)1<)/1i

T(u+(n-ix+A;)T(w+(n-ix)
=l XA _
nl ]Kl,ln Mu+w+@2n-i-Dx+A;)

This family can in fact be taken to be the family of (monic) Jack polynomials corresponding to the
parameter 1/x, that is, s’Ac (t) = Py(t; 1/x) for every partition A.

Although we will not need this in the sequel, let us recall for the sake of completeness that one way
of defining the family of Jack polynomials {P, (¢; )} corresponding to a parameter ¢ is as follows (see
e.g. [35, Chapter VI]). Recall that, for any non-negative integer b, we can define the power-sum func-
tion py(ty,..., ty) =27, tl?’ ; we then extend this notion by defining for every partition A = (11,..., 1)
a power-sum function py () := H;.”: 1 PA; (t). We can also define a (partial) ordering of the partitions,
called the dominance ordering, by setting u < A if and only if [u| = [Aland gy + -+ p; S A+ + A;
for every i = 1. Finally, consider the field Q(¢) of all rational functions of ¢ (seen as an indeterminate)
with coefficients in @ and also the vector space Q(&) [{m(t1,..., t,) : A partition, /(1) < n}| of all sym-
metric polynomials in 7 variables with coefficients from Q({). We can define a scalar product -, -)¢

on this vector space by setting
(1P =28 iy, (18)
)

where z3 =17, a;!- i with a; being the number of parts of A equal to i. Then the family of Jack
polynomials {P) (¢;¢&) : A partition} in n variables is the unique family of functions in Q(&)[{m (£)}]
satisfying the following two properties:

 Orthogonality (P,l(t;f),P#(t;f)>'f =0 if u#A.

e Triangularity If we write

Prt;&)= > cQA,u,n;8) my(t)
wlws<n

for some coefficients c(A, u, n; &) € Q(&), then c¢(A, 1, n;&) #0 only if u < A and ¢(A, A, n;¢) = 1.

Actually this definition overdetermines the family of Jack polynomials, which means that a priori it is
not clear that there exists any family from Q(¢) [{m 1 (t)}] which has these two properties. However it
can be shown that such a family exists, and then necessarily it is unique.

Moreover, it can be shown that the coefficients c(A, u, n;¢) do not depend on 7, and therefore the
Jack polynomials have the following stability property: for every n; = n, = (1),

P/l((tl»---v tnzvonl—nz);f) = P/l((t]v---v tnz);f)

For convenience we also set P;L((tl,..., tm);f) =0if m<I(A).

Alternatively, we can obtain the Jack polynomials corresponding to ¢ by considering the eigen-
functions of the following operator arising in the Calogero-Sutherland model, which aims to describe
a system of n identical quantum particles on a circle (see e.g. [43], [42]):

., &0 o) 1 f) f)
0; =g |3 ) £ 2 )

XitXj
Xig - —Xj7
i=1 Xi i<j Xi —Xj 6x,- 6xj




The Jack polynomial Py (#,..., t;;€) is the unique homogeneous and symmetric polynomial eigen-
function with eigenvalue ¥ (A2 + %(n —1-2i)A;) which is monic and whose leading terms are of
type A (in other words, we choose the normalisation Py (¢;&) = my () + Z‘HA c(A, w; $ymy (t)).

Setting ¢ equal to different non-zero real values (although it has to be noted that the orthogonal-
ising inner product defined above will be positive definite only for positive real values), we obtain
different families of symmetric polynomials. With ¢ = 1 the corresponding family is the Schur poly-
nomials {P; (¢;1)}, which are intimately connected with the representation theory of the symmetric
groups S, and of the (complex) general linear groups. Other important values, and essentially the
only ones we care about for the main applications in this paper, are ¢ = 2, which gives the zonal poly-
nomials {P,l (t;2)} associated with real symmetric matrices, and ¢ = %, which gives the quaternion
zonal polynomials {P, (-;1/2)} associated with the quaternionic self-adjoint matrices.

What is important to us in this note is having transition matrices from the basis {sﬁ ®)) = {Pi/ K@)}
to the basis of monomial functions of degree up to 4 and vice versa. These can be found via the de-
terminantal expressions for the Jack polynomials in terms of the monomial functions which were es-
tablished by Lapointe, Lascoux and Morse [32]. They are given in the following tables (and of course,
in the specific cases of the special families of the Schur or zonal polynomials (k = 1,1/2 or 2), such
tables were known even before [32]).

L [me[men] mey |
L [ me [me ]
plix 1 ‘ 3k ‘ 6k
1/x _ 1/x 2K @) K+2 (x+1) (k+2)
Pgy =ma) Po || 1| &
Pl/K 0 1 6K
plix 0 1 (2,1) 2k+1
S ‘ ‘ plx 0 0 1
0 [ © | |
‘ H M) ‘ Mm@, ‘ M2z M2,12) mas ‘
plix 1 4k 6K (k+1) 12x? 24x3
@) x+3 K+2)(k+3) | &+2)(k+3) | K+DK+2)(K+3)
1/x 2K (5x+3)x 12x?
P 0 1 K+1 (k+1)? (k+1)2
1/x 2K 12x°
P(zz) 0 0 1 K+1 &+1)(2k+1)
1/x 12x
P(2,12) 0 ‘ 0 ‘ 0 1 3K+1 ‘
1/x
PN 0 ‘ 0 ‘ 0 0 1 ‘
1/x 1/x 1/x
plx | plix Por | Pey ‘ Puy
2) (12) ‘ 2
m 1 _3k | b
2% 3) K+2 (x+1)(2x+1)
m) 1 ‘ “xal ‘ (19)
6
mey || 0 ‘ 1 ‘ ~ 20T
m(12) 0 ‘ 1 ‘
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1/x 1/x 1/x 1/x 1/x
Pay | Py P ‘ Pare ‘ Pus
m 1 4k 2k (k=1) 42 _ 24x3
4 k+3 | k+1)(K+2) (k+1)2 (k+1D)(2xk+1)(3Bx+1)
2K K(K+3) 24x2
m,1) 0 1 Tx+1 T k+1)? 2x+D)Bx+1D) (20)
2K 12x>
mzz) 0 0 1 Tx+l 2x+1)(BK+1)
12x
m(2'12) 0 ‘ 0 ‘ 0 ‘ 1 ‘ T 3xrl ‘
mas 0 ‘ 0 ‘ 0 ‘ 0 ‘ 1 ‘

2.3 Weingarten calculus for invariant ensembles

A permutation o € Sy can be decomposed into cycles. If the numbers of lengths of cycles are y; =
U2 = --- =y, then the sequence p = (u1, Yo, ..., ;) is a partition of k. We will refer to u as the cycle-
type of o. Recall that the different cycle-types correspond to the different conjugacy classes of Si.
Recall also that characters of Sy, are class functions, that is, they take the same value at permutations
belonging to the same conjugacy class or, in other words, having the same cycle-type.

For the (pairwise non-isomorphic) irreducible representations of S, there is a canonical way of
identifying each one of them with a unique partition of k and vice-versa (see e.g. [38, Section 2.3]
or [21I}, Chapter 4]). This also gives a natural one-to-one and onto correspondence between the ir-
reducible characters of Sy and partitions of k, which allows us to write the character table of Sy in
terms of partitions (in fact, to find y*(u), the value of the character correspoding to A at a permu-
tation with cycle-type , one can use the Frobenius formula, see e.g. [21}, Proposition 4.37]). In our
computations in Sections [ and Bl we will need to plug in values of characters of S,, S3 and Sy, so the
character tables for these are recalled here:

1% \ 2,1 \ 3) H
1?) \ 2) H
3)
X(Z) 1 ‘ 1 H XZI ! ‘ ! ‘ ! H 1)
(1?) PR 2 ‘ 0 ‘ ! H
u ! ‘ 1 H 1% _
I BN
a4 \ 2,13 \ 22) \ 3,1) \ (4) H
L I L B B
3,1) _ _
RN EIENEY
1@ | 2 0 2 | -1 ] o0
@0 3| -1 | -1] o |1
1 -1 1 1 | -1

11



2.3.1 The unitary case

For two sequences = (iy,..., i) and ¢’ = (i],..., i;c) of positive integers and for a permutation 7 € S,
set

n
Ox(i,3) = l_llain(s),ié’ (23)
s=

where §; j = 1= ).
Given a square matrix A and a permutation 7 € Sy of cycle-type p = (u1, to, ..., 1), set

l
Try(A) = [ ] Te(AM). (24)
j=1

Finally, given a partition A of k and a number z € C, define

IA) A
CG@=][]]E+j-1 (25)

i=1j=1

(in the applications below we are going to evaluate C, (z) at z = n; in this case, this is just the value
at1”=(1,...,1) of the Jack polynomial ]i t)y=cy- Pi(t) under a different normalisation, see e.g. [39,
Theorem 5.4]).

One of the equivalent ways of defining the unitary Weingarten function on Sy with one complex
parameter z € C (see [15] or [14]) is the following: it is the complex-valued function on Si given by

1 1@
Sy — WgUimz):= ) 26
e Sy g’ (m;2) = AEHC C,l(z)x () (26)
Cr(2)#£0

where e is the identity permutation in Si. Note that, unless z € {0, +1,...,+(k — 1)}, Cy(z) # 0 for all
partitions A - k. Note also that Wg (7; z) depends only on the cycle-type of 7.

It is convenient to also consider the convolution of two Weingarten functions. Recall that, for two
complex-valued functions fi, f> on Sg,

(fixf)m =Y fianfHa =Y A@LE .
T€Sk T€Sk
We set
TESE — WgU(n;z, w):= (WgU(-;z) *WgU(-; W)) (), (27)

where z, w € C.
By Schur’s lemma and the orthogonality relations it entails (see also [24, Theorem 2.13] for a
different derivation), we can also write

P

ARk C/l (Z)CA(LU)
C1(2)Ca (w)#0

1
wgY (1; 2, w) = o ). (28)

Theorem 8. (Conjugacy invariance, [14, Theorem 3.1]) Let T = (T; 7) be an n x n Hermitian random
matrix whose distribution has the property that UTU™ is distributed in the same way as T for any
unitary matrix U. For two sequencest = (i1,...,ix) and j = (ji,..., jx), we have

ElT:, Tinjo - Tijld = Y. 66, 5)Wg¥ (0 75 n) E[Tr, (T)].

0,TESK

12



Theorem 9. (Left-right invariance, [14, Theorem 3.4]) Let X be a complex n x p random matrix
which has the same distribution as UXV for any unitary matrices U,V. Then, for four sequences
= (il»---»ik)) 7:, = (li"’l;c)’j = (j]»---’jk) dndj, = (j{»---»j;c); we have

[E[Xiljl Xi2j2 "'Xikij" g X e X

Lkl ’;CJ;C] =

Y 66,,1)04,,5YWg¥ (to o251, p) E[Tr (X X)].

01,02,TESk

Remark 10. The proof of either theorem proceeds along very similar lines: one notes that T or X
has the same distribution as UDU™ or UDV ™ respectively, where D is a diagonal matrix (with the
same distribution of eigenvalues or singular values as T or X respectively), U, V are Haar-distributed
random unitary matrices, and D, U and V are all independent. Then, once the integrals we are
interested in are rewritten using these decompositions, one invokes the following pivotal result in
Weingarten calculus (see e.g. [15} Corollary 3.4]).

Theorem 11. Let U = (Ujj)1<i,j<n be an n x n Haar-distributed unitary matrix. For four sequences
i=(i1,...,0), 8 = (i},...,i}), 3 = (j1,..., ju) and ' = (j},..., ;) of positive integers in [n], we have

L( )Uiljl Uizjz “‘Ul'kij~r Uz ---Ui;cj;c dU = Z 6U(i,i,)51(j,j/)WgU(0'_lT;I’l).
n

L=l
0,TES

2.3.2 The orthogonal case

For every o € Sy; we can consider an undirected graph G(o) with vertices 1,2,...,2k and edge set
consisting of
{2i-1,2i}:i=1,2,...,k}ufloRi-1),0i}:i=1,2,...,k}

(note that we consider as different every two edges of the form {27 — 1,2i} and {0 (2j —1),0(2))} even
if the sets coincide). Then each vertex lies on exactly two edges, and the number of vertices in each
connected component is even. If the numbers of vertices in the connected components are 2; =
2up = -+ = 2y, then the sequence y = (U1, 2,..., {1) is a partition of k which is called the coset-type
ofo.

Let M>. be the set of all pair partitions of the set [2k] = {1,...,2k}. A pair partition o € My can be
uniquely expressed in the form

o={{oc(1),0)},{0B3),0@4)},...,102k-1),02k)}}

wherel=0(1)<0(3)<---<0Ri-1)<:--<0k—-1)ando(2i—1) <o (2i) foreveryl1 <i < k. Theno
2 ... 2k

ol) o2 - o(2k)

M, into Sz (in particular, we can talk about the coset-type of a pair partition o € May).

can also be regarded as a permutation in Syk. In this way we can embed

For a permutation o € Sy and a 2k-tuple ¢ = (i3, iy, ..., iz) of positive integers, set

k
6:7 @)= H Oisas-1yizes - 29
s=1

In particular, if o € My, then we can more simply write 6, (¢) = I ;i
{a,bleo
Given a square matrix A and o € Sy with coset-type u = (uy, Uz, ..., ), set

l
Tr), (A) = [ | Tr(AM). (30)
j=1

13



Finally, given a partition A of k and a number z € C, define

I Ai
Ci@=[][]E+2j-i-1 €3))
i=1j=1
(again C’A(n) = ]i(l”), see [39, Theorem 5.4]).

To be able to give the analogous definition for the orthogonal Weingarten function to the one we
gave above in the unitary case, we need first to recall the definition of the zonal spherical functions
on Syk. Let Hy be the hyperoctahedral group of order 2k ks this can be realised as the subgroup of
Sox generated by adjacent tranpositions (2i—1 2i) for any 1 < i < k and double transpositions of
the form 2i—-1 2j-1)(2i 2j) forany 1 <i < j < k. Then for each partition A of k, consider the
partition 24 = (241,245, ...,2A;(1)) of 2k and the corresponding character y** of Sy, and define the

zonal spherical function w” corresponding to A by
1 1
N —  oMo)i= — (¥ *1 0)=—— Mom) 1, (7). 32
2k 0):= s (0 * 1m,)(0) = neZSka (o) 1pg,(n77) (32)

Given that Hy is a subgroup of Sy and that My contains a unique representative of each left coset
o Hy. of Hy in Sy, this definition can be rewritten in a somewhat simpler way:

w'(0) = zkk Te%zkc;kx (07¢) 1 (x)7) zkk'(;x (00). (33)

Recall finally that the zonal sperical functions w* corresponding to partitions A of k form a linear

basis of L(S,k, Hy), the space of all complex-valued functions on S, which are Hi-bi-invariant, that
is, the set

{f:S2k—Cl f(0) = f(00) = f(o) for every o € Spt,{ € Hy}.

We now define the orthogonal Weingarten function on Sy; with one complex parameter z € C

(see [13] or [14]): ok
k!

€s WEIPHPPEL N e GG 34)
0 € Sox g”(0;2): @0 & C@ (o).
C,(2)#0

Note that all wA, and therefore also Wgo(-; z), take the same value at permutations 01,0, with the
same coset-type (where equivalently o; has the same coset-type as o, if and only if o7 € Hio Hy).

Theorem 12. (Conjugacy invariance, [14, Theorem 3.3]) Let T = (T;;) be an n x n real symmetric ran-
dom matrix with the invariance property that OT O has the same distributionas T for any orthogonal
matrix O. For any sequencet = (iy, ..., i2x), we have
[E[Tiliz Tigiy -+ Ti2k71i2k] = Z 6;(i)wgo(o-_l‘[; n) [E[TIJT(T)] :

0, 7€ Moy
Theorem 13. (Left-rightinvariance, [14, Theorem 3.5]) Let X be a real n x p random matrix which has
the same distribution as OXQ for any orthogonal matrices O, Q. Then, for two sequencest = (iy, ..., i2x)
and j = (j1,..., j2k), we have

E[Xiji Xijo** Xinejor ] = Y 6,,@0,, W0y ti;my W05 Tas p) EITY,, (XXY)).
01,02,T1,T2€ Mo L

Remark 14. Again the proof of the theorems follows from a decomposition of T or X as ODO" or
ODQ' respectively (with D diagonal with the same distribution of eigenvalues or singular values as

T or X respectively, O and Q Haar-distributed random orthogonal matrices, and D, O and Q inde-
pendent), combined with the use of the following result (see [15, Corollary 3.4] and [13]).

14



Theorem 15. Let O = (O;j)1<i,j<n be an n x n Haar-distributed orthogonal matrix. For sequences
t=(11,...,12%), J = (j1,-.., j2k) Of positive integers in [n], we have

fO()Oiljloizjz"'oizkakdoz Z 627(i)5/T(-j)WgO(O-_1T;n)'
n

o, TE My

Note that the statement of Theorem [I3] above is slightly different from that in [14], the conclusion
following from the proof on [14} p. 9], and being compatible with the invariances of ensembles such
as X ~ Unif(Kp, 4, ®) under taking transpose.

3 Proof of Theorem

Let us start with the case where E = .4, (F). By Proposition[/it suffices to show that

Noofl1413) (z\roo(llxllﬁ))2 -1,

Vaer(||x||§)= N (1) Ny (1)

where in this case

Neo(f) = f f@ - TT 18- I1 1xlP'dx

(=1,1]n 1<i<j<n 1<isn

with B = dimg(F). Since all the functions f we need to consider are symmetric and in addition their
values only depend on what the absolute values of the coordinates of their input are, we have

Nooll18) (Noo(nxné))z

Varw, (Illly) = === Noo(D)

where

_ 1
Notpi= [ e T 1at=adlf I] 1l de= Nl

(01]" 1<i<js<n 1<isn

for all the functions considered. Furthermore, by symmetry again,

Varp, (lxl15) = n— +nn-1)— (35)

Noo(x7) Noo(¥1%5) 5[ Noo(1)
Ngo(1) Noo(1)
Employing now the transformation x = (x1, x2,..., x,) € [0,1]" — (\/x—, \/x—,,\/x_n) which has

Jacobian x € (0,1)" — 27" []; x; /2, we can obtain the following:

5 B4
Ny()=27" IT x> - I le-—leﬁdxzz_"lo(n;g,l,g),
o1 1Sisn 1<i<j<n
- _ by _
Mot =27 [ o [] " [ Ix-xlfax=27n(nb12),
01" 1<is<n 1<i<js<n 2 2
b,
Noo(xfxg):z_” X1X2 H x} |xz'_xj|ﬁdx=2_"(11(n;é,1,é)—11,1,0(n;é,1,é)),
(0.1]" 1<isn I<i<j<n 2 2 2 2
and finally
- _ £, - B . B BB
Noo(x7) =27" f X H x? o H |x;—x;1Pdx=2 "(Il(n;g,l,g)—11,1,1(11;5,1,5))
(01" 1<isn l<i<jsn

15



(recall the notation in Subsection[2.2). Using the formulas in (I5) and (I6), we see that

Noo(x3) npl2
No@) 1+@n-1p/2
Neo(x3x3) npi2 np/l2(1+(n—1)p/2) n(n-1)p%/4

No() 1+@n-DBi2 (Q+@n-DB2(1+(n-1B) A+@rn-DB/2A+n-DP)’

Neo(x]) npi2 _1+m-1pr2 npl2(1+(n—1)B/2)
V() 1+@n-1B/2  2+@2n-1B/2 (1+@2n-DB/2)A+(n-1)p)
npl2(1/2+3(n-1)p/4) . np?18(1+(n—-1)p/2)

T+ en-1DBR0+ -1 2+2n-DB21+2n-1D2A+n-1p)

Plugging these into (35), we deduce that

Neld) | Relitd) (Ngo(x%))z
oo (1) Neo (1) Neo(1)
_n*BAIA-npPI8+ n?Bl2(1/12 - Bl4) . n3p3116 + n?B%/18(1 - B/2)
(1+@2n-1B/2)A+(n-1P) 2+@2n-DB2)A+2n-1)BI12)A+ (n-1)P)
~ n*p?/4 (1 ~ B2
(1+@2n-1B/2)A+(n-1)p) 1+@2n-1p/2
n?B12(1/12 - B14) n3B3/16+n?B?/8(1 - B/2)

TA+@n-1PI20+m-DP  @+@rn-1BI2A+2n-DBI2(1+(n-1H)
n3p218(B12—-1)
(1+@2n-1BI2)2(1+(n-1)p)

_nPBPI8+n®Bl2((1/12— /42— B/2) + BI4(1 - B/2)) s n3p218(BI2—1)

2+ @2n-1BI2)A+2rn-1)pI12)A+(n-1p) 2+@2n-1)p/12)1+@2n-1)B/221+(n-1)p)
1 1

= @ +O(;)

This agrees with the conclusion of [37, Theorem 1] (see more specifically the end of Section 4 in [37]).

We now turn to the cases of the subspaces of F-self-adjoint matrices. Recall that by Proposition[7]
it suffices to show

Varp,_ (Il xll3) =

Nool1x13) (z\foo(nxn%))2

N (1) Noo(1)
Noo 4 Noo 2.2 Noo 2112

- (x7) t -1 (x73) _nz( (xl)) ~1, (36)
Noo(1) Neo(1) Noo(1)

where now

Nt = [ - TT 1w-xiPds

(=1.1]n 1<i<j<n
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with B = dimg(F). For each of the functions f in we can write

Noo(f) = f 2" f@2x1,..,2%0) - [ 12x;i-2x;1P dx

g 1<i<js<n
2’2
— gn+pn(n-1)/2+s f FXL, s Xn) - H |xi—xj|ﬁdx
e 1<i<js<n
(=231
n+pn(n-1)/2+s 1 1 B
=2 f(tl——,...,tn——)- [T 1a-1¢Pdt,
(0.1]" 2 2 1<i<js<n

where s is the degree of homogeneity of f. Thus, upon writing

Jo(8) = f g [] |ti_tj|ﬁdt.

01" 1<i<jsn

we see that, to verify (36), we need to estimate

Joo{ (11 5)7) = ool = Joo 1)+ 3 JoolD) = o) =+ Joom)) + 1 JoolD)
0012 — Joo\l] oco\ll 400 —noo(Z) noo(l) 400»

1\2 1\2 1 1 1
Jool(1=5) (t2=5) ) = Tool B ) = Joo Btz + 1113 + oo 4 3) + Je(t182) = % Joo(11 + £2) + == Jeo1)

1
Joo(mp 1)) + %]oo(m(Z))

T =10 T o)

1 1
nn— 1)]00(’”(12)) - Ejoo(m(l)) + 1—6]00(1),

A A P
Joo{ (11 =5 ) ) = Joolth) = 2JaolE) + S Joolt) = S Jooltn) + 7 ToolD)
= a6 = o) + o JoaMy) = 5 Joamn) + Tl
= JoolM@) = —JooliM() +2n 0o lM2) = 5 Joo M) +16 ooll).

We will do so by recalling the decompositions of the monomial symmetric functions in the bases
of the Schur or the zonal or the quaternionic zonal polynomials (see tables (I9) and (20)), and by
using integration formula (I7). Denote by I} (1) the integral

fPi’“(t) [1 |r,~—tj|2"dt:fsi(t) [T 16-t~at.

0.1)" l<i<jsn (0.1]" I<i<j<n

For simplicity and to make it easier to check the tedious computations, in what follows we treat the
cases of C,R and H separately (note moreover that, even though the below computations could be
done for more general values of § (see Remark[I9), and would still have an interpretation via a ran-
dom matrix model (see [16]), this interpretation would not correspond to the same type of variance
problem as the one we are interested in here).

Proposition 16. (Case of f =2, x = 1; Hermitian matrices) The following estimates are true:

alet)_Jel0-3) 11y

Noo(1) Joo(1) 4 16n? n3
No(@d)  Jel(n-3)(e-8)) 1 0 1
No) Teo() =16~ 5n " 32 l53)
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and

Nale) el(n-)])

-0l
Neo(1) Jol) 32 n2
As a consequence,
Noo(x] Noo (%222 No(x2)\* 1 1
i) = G e S - () -5 eb)

Moreover,

Noo(xlx2)_2]"0((“_%)(@_%))_ 111

No() T T 4n 8n? 16n3+0(ﬁ)

(this is an estimate we will need in the following section).

Proof. We begin with the simple observation that for all x we have
Joo(1) = I3,((0)) and  Joo(mq)) = I,((1)) = —IK((O))

Furthermore, when x =1,

nn-1 n- n(n 1) 1 1 1 1
4  2n- = 1,((0) (Z T8n 16n2 3213 O(ﬁ))

- 1;((0));1(5—% +$+F1;12 +o(%))

Lo amtD) i+l n 3 1 1 1
and  I,((2) = 1,((0) 1 2n+1_1"((0))n(8+16+32n 64n2+0(n3))'

Joo(mg2)) = I:((1%) = I,((0))

Therefore,

_ 1 3_ 1 1
Joolmiz) = 1(@) = [,(1%) = () n 5 - =5 +0( ),

which also gives

12y 1 . 1
Joo{(11=5)) = o mn) = oo lma) + o) = IO (5 = =+ 0(=)). @)
Note also that
1 1 2 1 1 1 1 1 1
]oo((tl_i)(tZ_E)) = m]oo(m(lz))_Z]oo(m(l))‘i'zjoo(l) I, ((O))(_@_W_32n3+0(n_?3)2)'
Next observe that
1,43 _ 71 nn-1)(n-2) n-2 nn-)n 7 3 3 1
In{(17)) = I, ((0)) 24 2n—1_l”((o)) 2 (24 48+32n+64n2+0(n3))
_11((0))n(n_2_3_n+§_i+0(i))
oo 48 32 192 128n n2
1 o nn-1)(n+1) n+1 n-1 nn-Y)n 1 1 1 1
In(2, 1)) = 1,(0) 6 2n+12n-1 = 1(0) 2 (12 12 16n 16n2+0(n3))
-1 ((0))n(—2—1+0(i))
24 96 n?
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and
1N@) = 1oy LF2t Dn nt2 ((0))n(”—2+3” 28,3 +o(i))
n oo 24 on+l In 48 32 192 128n n2))

It follows that

Joo(Me,1) = IL((2,1)) =211 ((1%) = I} ((0))

n(nz_ - (g B ﬁ - 325n2 - O(%))

and
_ gl 7l 1,013yy — 71 i L
Joo(m) = IN@3) - IL (2, 1)) + IL((13)) —1,1((0))11(16 +o(n2)).
Moreover,
1,44y 71 n(nl)(n2)(n3)n2n3 nn-1) n 27 9 33 1
In(7) = 1, ((0)) 96 2n—-12n ”((O)) 2 (192 24+256 128n 1024n2+0(n3))
_; ((0))n(n_3_3l+113n_ 45 39 +o(i))
384 128 1536 1536 2048n n?
1 2 g1 (n+nn-1)(n-2) n+1 n-2 nn-1) __ﬁ_ 11 7 53 1
In(2,170) = 1,((0) 32 on+l2n—1_ ((0)) 2 (64 32 256 128n+1024n2+ (n3))
S0 1] L LA~ R RO |
o 128 128 512 512 2048n  \nZ
1,02 71 nn-1)(n+n n+l n-1 nn-1) ﬁ_i_ 1 3 1 i
In(@9) = 1,((0) 48 2n+12n-1 =1,((0) 2 (96+96 128 128n 512n2+0(n3))

3

=303~ 755 * Tz * Ol )

while

@G 1))_Il((o))(n+2)(n+1)n(n—1) n+2 n-1 —Il((O)) (n3 +3_,12_3_n_2_5_ 3 O(L))
e 32 2n+12n-1 128 128 512 512 2048n n?
and
L e m+3)m+2)(n+1)n n+3 n+2 n® 3n® 113n 45 = 39 1
T (@) = 1, () 96 2n+32n+1 ”((0))n(384 128 1536 512 ' 2048n (nz))
It follows that
_1l02yy 7l 2 114y _ 7l nn-1)9 17 11 1
Joolmizzy) = L(@) = 1@ 1) + 1) = 100 ——— (o = 3=~ 1353 + 05
and
Joo (M) = I,((4) = I (3, ) + [,((2,1%) + I, (A* ))—11((0))n(3—5+o( 2))
ot 128 \n2
We conclude that
Jool (5= 3) (2= 3 ) ) = — Tz = ——— Joalmia.1) + oo 2
o 2 2 nn—1)"°"" N pp_1)7 T EDTT a7
1 1
(n_1)]oo(m(12))_%]oo(m(l))"'l_G]oo(l)
(o1 1
I((O))(64 128n 128n2+0(n3))’ (59)

19



while

J ((t —1)4)—1] (m )—EI (m )+—3 Joo(m )——1 Joo(m )+—1 Joo(1)
ool |1 2 = n’® 4) n’® (3) o ® 2) 2’ (eY] 16°%°
3 1
_ gl
= In((O))(128 + o(nz)). (40)
This completes the proof of Theorem[Bwhen F = C. O

Proposition 17. (Caseof f=1,x = % R-self-adjoint matrices) The following estimates are true:

Noo(l) Jo() 4 8n  16n2

olet) el )] x 0y

No(22) (-3 (e-3) 1 s s
NoD) Jeo) =16~ 320 " 322+ O33)

and

Noleh) o585 s rof)

Neo()  Jeo(D) 32 64n \n2)

As a consequence,

1 1
Vary,_ (I1x]2) = =+ o(;).

Moreover,

Noo(1%2) _ Joo ((fl—')(’fZ“))_ 1.t 1 +o(i).

Ngo(1) Joo(1) ~ 4n  8n? 16n3 nt
Proof. Whenk =3,
_ 71/2,92\y _ 712 nn-1) n nn-1) 1 1 1 1
Jeolmae) = L) = L/ ()= — ;—— = I;"(0) — (- i i 157 5 o))

= 1120 n (5 - % + % & 4 o(%))

nn+2)n+3 ) 1
—— = ((0))n(2 4).

and  I.2(2) = I,)*((0)

12 n+2
Therefore,
172 172 172 3 1 1 1
Joo(mezy) = IM2((2)) - 1 =1 ((0))n(§ -t +0($)),
which also gives
12y 1 1 1 e 11 1 1
ool (11=3) ) = % Jeotme) =~ Joolm) + 2 JooD) = (O (5 = 7+ == +0( )], wD)

Note also that

foo((tl—%)(tz—%)) E —n(nz_ UJoo(muz))—%foammnifoo(l) = 1,/*(O) (—$+Tlnz—$+0(%))-
(42)
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Next observe that

1123 = 120y

nn- ;L(n 2) 21; +1 11/2((0)) n(nz— 1) (ﬂ B % N 325n 645’12 N (%))
n> 3n 29 15 ( 1 ))

——t—- +
48 32 192 128n

= 12 onn (-

n2

1/2 12 nn-1)(n+2)n+3 n 1,2 nn-1) i_i 5 L
L@ 1) = 1,7(0) 16 nzone1 (O (16+32 64n+128n2+0(n3))
2
2oy 310, 15 1
=L (O)n (32 64 128 ' 256m (nz))
and )
1/2 12 (n+4)(n+2)nn+5 1/2 n° 3n 1
1@ = 12 (0) == —— = 1) n o + 25+ <)
It follows that
_ 12 1/2 1/2 n(n-1) 5 5 1
Jeo i) = 1Y@ 0 = S 123 = 1200 = (5 - == =0 )
and : 3 )
1/2 1/2 1/2 1/2
Joolme) = 152(@) = 21422 1) + S 14209 = 12 s = -+ 0[ )
Moreover,
12,014y _ 71/2 nn-1)n-2)(n-3) n-1 n-2 1,2 nn-1) n_z_ﬁ 3 5 95 1
L (@) = 1,700 96 anetzn—1 O (192 24" 256 32n  1024n% (n3))
—11/2((0)),1(”_3_3_’124_125”_14_ 255 + (i))
oo 384 128 1536 512 2048n n?

n+2)n(n-1)n-2)n+3 n—1

0/2(2,1%) = 1)/2((0))

80 n+22n+1
o e e s Ol
3 2
=1},’2((0))n(%—%—%+%—%+ (%))
3 2
- 1’11/2((0)) ”(”2 - (% - % * Z% B 1218n - 10274112 - (%))
3 2
=1,%(O)n (32;4 % - % - % 201458n " (%))

while

n+4)(n+2)n(n—-1)n+5 n

ns 5n2 29n 21 21 (1))

12(3,1) = 152(0) O] Pl L

+
144 n+22n+1 288 192 1152 256  512n n2
and
n+6)(n+4d)n+2)nn+7n+5 n®  3n? 107n 1
112(4)) = 1M2((0 =120l +=.
n ()= 1,7(0) 1680 n+4an+2 " () (1680 280 1680 8)
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It follows that

12,02 1/2 1/2 1/2 nn-1)¢9 23 13 1
ooz = (@) - 1Y@ 1) + 2120 = 1200 S (2 - = =2 w0 )

and

_71/2 1/2 1/2,52 1/2 1/2 1/2 35 29
Joo(my) =1,/ ((4))— I (3, 1)- I (2 ))+ 032, 1%)- I (" =120 n (128 o6

We conclude that

Jof(11=35) (2=5) ) = n(n el (22))—ﬁfm(m(z,l))*'ifoo(m(zﬂ

2 1 1
+ m]oo(m(ﬂ)) - %]oo(m(l)) + E]oo(l)
1/2 3 L
=1n ((0))(64 128n+128n2+0(n3))' (3)
while
Joo( (1 —1)4)—11 (m )—31 (M) + o Joo(12) ~ —— oo (1(17) + ~= Joo (1)
ool |1 2 = oo \/7L(4) oo \I7L(3) 27 oo \/7L(2) o oo U7E(1) 16 (e8]
1/2 __L 1
=In ((0))(128 2561 O(nz))' .
This completes the proof of Theorem[Blwhen [F = R. O

Proposition 18. (Case of f =4, x = 2; H-self-adjoint matrices) The following estimates are true:

No() Je((n-3)) 0 0 0
No®) 2 Je@® 4 E*ezmzw(ﬁ)’
Noo (x5 x3) ]w((tl_l)z(fz‘l)z) 1 3 1
00(11)2 =4 ];(1) 2 =E_256n2+0($)

and

Noo(1) Jo(1) 32 128n

Noo(x}) _4]00((&—%)4) _3,.5 +O(i)-

As a consequence,

1 1
vary,(Ix13) = = + O(Z).

Proof. Whenk =2,

9 9 nn-1)2n-3 , nn-Hr 1 1 1 1
Joolmey) = (12 = [(O) =1~ = [(0) = (1 =5~ — g5~ 5+ 0[]

= 12((0))”(5_%)

209y = 2oy PERHD _2n L, o
and 2@ =B L 2= opn(B 44— 4 0[ 1))
Therefore, 3 1 1 1
2 2
Joo (M) = I2((2)) - = 1 =1 ((0))n(8 o 128,12”)(?))’
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which also gives

1\2

Joo{ (115 ) ) = oo = o) + o) = (O 5+ =+ = +0(2)). @a5)

Next observe that

2 13y 12 nn-1)(n-2)2n-5 nn-Hn 7 1 1
In((@%)) = 1,00 96 n—-1 =1x((0) 2 (24 48+16n+16n2+0(n3))
n? 3n 5
_ 72
= 2((0)n (48 St o(n ).
) 2 nn-102n+1) n 2n—3_ 9 nn-1) i_ 11 3 59 i
In(@ 1) = 1,(0) 20 an-1n-1 = 1x((0) 2 (1o+4o 160n 640n2+o(n3))
—12((0))n(”—2—3—n—3— ; +o(i))
oon 20 80 64 256n n2
and )
9 2 (n+1)@2n+Dn2n+l1 , n” 3n ﬁ 15 1
In((3)) = I, () 24 4n-1 =1 ((O))n(24+32 384+512n+0(n2))'

It follows that

12 -1) (3 7 31 1
ool ) = B2, 1) - = 0% = Bon "2 (S - = - — o))

2 8 32n 128n2 ns
and . 3 )
2 2 2 3 2
Joolmi) = (@) = 3 L@ D)+ 2 B9 = B(o) == + == +0( ).
Moreover,
- -2)(n-3)2n-52n-7 nn-1)(n*> n 25 5 5 1
2(1%) = 2 nn-1)(n _p n n 25 5 1
n((19)=1,((0) 1536 n-1 n-2 n((0)) 2 (192 24 256 128n 128n2+0(n3))
E 12((0));1(”—3 3 loTn 35 +o(i))
oon 384 128 1536 1536 n2lV

2n+1)nn-1)(n-2) n 2n-5

I2((2,1%)) = I2((0))

112 an-1n-1
_ 2o n(n—l)( n® 1ln 15 15 129 705 (1))
S 2 56 224 896  3584n 1433612 n3
) n® 15n> 29n 27 27 1
oy ((0))n(—— + + + +o(—))
112 448 1792 1024 4096n n?

nn-1)2n+1)2n-1) 2n 2n-22n-3

12((2%) = I2((0))

60 4n—-14n—-34n—-4
nn-1)(n®> n 1 1 5 1
= I2((0 —_——— 1 0|—=
n((®) 2 (60 120 64 128n 1024n? (n3))
3 2
n n n 1 3 1
—12 0)n -————t—+ +0|—
(@) (120 80 1920 256 2048n (nz))
while
3 2

2n+2)2n+1nn-1)2n+12n-3
72 4n—-14n-4

n n 25n 43 25 (%))

= 2(0)n ( -2 +0
72" 96 1152 1536 20487

I2((3,1)) = I%((0))
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and

) s 2n+3)2n+2)2n+1n2n+22n+1 n® 3n? 25n 71 51
(@) = I2((0) = (O (o o +0[
240 dn+14n-1 120 80 384 1280 2048n
It follows that
220 42 20, 48 5 4 nn-1) (9 7 127 1
Joolmizm) = L (@) = S L@ 1) + 2 L") = L) =5 (== o =1 +0( 5 )
and
2 e 2 2 2 I 2 2 3_5 29 L
Joo (M) = I2((4)) 1 (CRVES L2 ))+ % 2(2,12) 1 a*y=r “0””(128+512 O(nz))'
We conclude that
Jool (=3 (=3 ) ) = ooz =~ Joalmia.) + 5 o)
o 2 2 nn-17"°""%"" pm-1 BV T op
2 1 1
m]oo(m(lz)) - %]oo(m(l)) + E]oo(l)
_ 3 1
=1 ((0))(64 1024n2+0(n3))’ (46)
while
Joo{ (1= 5) ) = 5 oo 0704 = = Jea M)+ = oo ) = 5 Jeam) + == oo
o 2 °° o 2n" % 2n" % 16"
_2qon( 3.5 1
=1 ((0))(128+512n o)) (47)
This completes the proof of Theorem[3]in all cases. O

Remark 19. We can sum up the above computations, which can be made for all large enough §, as
follows: as long as f§ = 2« is bounded away from zero, i.e. § = B for some fixed o > 0, we have
1

[5/27([ muy (@) 1A, (@))P dz + 2[ M2 () IAn(m)lﬁdﬂC)
1o Vb =zl

2
1 f

- me) @) |An @) dsc)

(1‘”2((0)) =340

(G ) B P ) s ), )

64['3 0 n ’

4 Almost isotropicity of By in the subspaces of self-adjoint matrices

Here we establish Theorem/[5l

Proof in the case where E is the subspace of Hermitian matrices. The orthonormal basis that we fix is
the following:

U<k <mU{G 0" + 1) k< fUIG UM -1%) k< 1}

where J¥/ is the single-entry matrix whose only non-zero entry is the (k, I)-th one and is equal to 1.
According to Theorem|[8] we have

1
—— | T, Tw,dT=0
vol(Bg) fBE kil Skl
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whenever {kj, ko} # {I1,l}. This immediately shows that any pair of marginals of the distribution
which correspond to one diagonal and (either the real or the imaginary part of) one non-diagonal
entry is linearly uncorrelated. Similarly, if they correspond to two non-diagonal entries (ky, [1), (ko, [2)
with (ky, ) ¢ {(k1, [1), (I1, k1)} we can observe the following:

1

VOI(BE)
1

~ vol(Bn) Jp,

f T 1, Theyt, aT
Bg

(Re(T,1,) Re(Tk,1,) — Im (T, ;) Im(Ty,1,)) dT

—a | (Re(Tk ) Im(T, Im(Ty, ;) Re(T,1,)) dT,
+V01(BE) BE( e( klll) m( k212)+ m( klll) e( kzlz))

while

1
0=—— | T, TprdT
vol(Bg) fBE kb Slzke

1

" Vol(Bp) Js,
i

(Re(Tkl A ) Re(lekZ) - III](T]C1 A ) III](lekZ)) aT

+— Re(Tk,1,) Im(Ty,k,) +Im(Ty, ) Re(Ty,x,) ) dT
VOI(BE) BE( kil bk kil bk, )

1
~ vol(Bg) Jg,
i

(Re(T,1,) Re(Ty, 1) +Im(Ty, ;) Im(Ty,1,)) d T

+ —Re(Tk, 1) Im(Ty,;,) +Im(Ty, ;) Re(Ty,1,)) dT.
VOI(BE) BE( kil kol kil kol )

Combined, these show that all the above integrals are equal to 0.

Let us examine the remaining cases, where the marginals correspond to two different diagonal
entries (k, k), (1, 1), or to the real and to the imaginary part of the same non-diagonal entry (k, ), k # [.
In the latter case, we can write

1
VOI(BE)

R
~ vol(Bg) Ja,

f Tk T dT (48)
Bg

(Re(Ty)* —Im(Tx)?) dT +

Re(Ti)Im(Ty)) dT,
vol(Bp) Jg,” = M ki

which shows that the marginals are uncorrelated.
In the former case, we have from Theorem[8land from Proposition 16 that

1 — Ug,. U . 1 f
volBy) Jp, Tk TudT =WeZ(esm S | Tre(MdT+Wegm((2sm s | Trazy (T dT

= : (Te(D)*dT - ! Te(T2) dT
(n=1)(n+1) vol(Bg) JB; n(n-Dn+1) vol(Bg) Ja,

= : (nNoo(x%) +n(n—1)N°°(x1x2))_ ! Noo(x7)
(n=Dn+1) | Neo(l) Neo(D) | (n=Dm+1) Ne()

N 2

_ 1 ( 00(x1)+nNoo(x1x2))

n+1\| Ny(1) Ny (1)

- _8n(r1t+ 1) +O(%)'
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Moreover, turning to second moments of the marginals, we see that

1
vol(Bg) JB;

Tr.(T)d T +WgY ((12);
vol(Bg) Ja, re(T)dT +Wg™(( )’n)vol(BE) By

Tr(T)dT +WgY (e; n) fTr (T)dT
vol(Bg) JB, € 8 vol(Bg) Jp, 12)

TZ.dT=Wg"(e;n) Traz)(T)dT

+wgV((12);n)

o)

~ 8n(n+1) n3

- L 1 (Te(T))*d T + L 1
n(n—-1)(n+1) vol(Bg) Jg, (n—1)(n+1) vol(Bg) Jg,

Te(T?) dT

- O(L)
~ 8n(n+1) ns
1 (nNoo(xz) Noo(xle)) . n Noo(x2)

- +nn-1)
nn-1n+1) Noo(1) Noo(1) (n—=1(n+1) Ng(1)

- _8n(11+ D O(%)

_;(lm(_)% n (1_ 1 +O(L))
nn-Dn+1) \8 n2 n-Dn+1 \4 16n2 ns

I (— + O(iz)
4n-1)(n+1) n

On the other hand, when we consider a non-diagonal entry (k, /), (48) shows that

Re(T)?dT = Im(Ty)? dT.

vol(Bg) Ja, vol(Bg) JB,

To compute this integral, we note that

1
(Re(Txp)* +Im(Tx)?) dT = ——— | Ty TydT

2Re(Ty)%dT =
ki vol(Bg) Js,

vol(Bg) Jg, vol(Bg) Ja,

1
—waU oy
=We ((25m) C o BETre(T)dT+Wg ) oiBE) Bg

% +O(%)) * (n- I)YEn+ 1) (% B 161n2 +O(%))

SN (— +O(L3).
4n—-1n+1) n

Tr(lg) (T) aT

1
nn-D(n+1)

We conclude that the covariance matrix Cov(Bg) of Bg has the following form: all its diagonal
entries are = ;o + O( ) while the only non-zero non-diagonal entries are those giving the
correlation between marginals corresponding to two different diagonal entries of T € Bg, and these
are = — g -y n(n i O( ) It follows that, in order to find all eigenvalues of Cov(Bg), it suffices to find the
eigenvalues of the 7 x n submatrix Dp, which involves only the marginals corresponding to diagonal
entries of T € B (since the remaining eigenvalues are all = m + O( ) as immediately seen
from the form of Cov(Bg)).

The submatrix Dp, is of the form

(a-b)I,+bJ,

where J, is the matrix with all entries equal to 1 and a = W’;(ml) + O(#), b= Sn(n+1) + O( )
is not difficult to see that such a matrix can only have two eigenvalues: the eigenvalue a+ (n—1)b
(corresponding to the vector (1,1,...,1)) and the eigenvalue a — b (which will have mutliplicity n—1).
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In our case, these eigenvalues are = (n ot O( ) and = m + O( ) respectively. This shows
that all eigenvalues of Dp,, and thus of Cov(Bg) too, are approximately equal.

Finally, the covariance matrix Cov(Bg) of the volume-normalised unit ball Bg can be found by
multiplying Cov(Bg) by [vol(Bg)] %/ "~ p, 0

Proof in the case where E is the subspace of R-self-adjoint matrices. Our aim is to compute integrals
of the form

Ti; Tip,dT, 1<ji,j2, 01,1 <nm,
VOI(BE) LE ]111 ]2[2 ]1 ]2 1,62

so we apply Theorem[I2lwith k = 2. Here
M =My = {{{1,2},{3,4}}, {11,313, 42,43}, {11, 4}, {2,3}}}
and if we express the pair partitions as permutations in S, per our convention

= {e, (23), (243)}.
Therefore,
M My :={07 10,7 € My} = {e,(23), (24), (243), (234)},

and all these permutations have coset-type (2) except for the trivial permutation e which has coset-

type (12).

Moreover,
H, =((12),(34),(13)(24)) = {e, (12),(34), (13)(24), (12)(34), (14)(23), (1324), (1423)}.

To compute the orthogonal Weingarten function on S4, we first find the zonal spherical functions
2
0@ and w7, It is easily seen that

1
w?(0) == Z )((4) (c)=1 for every o € S4.
8 (eH,
2

On the other hand,
1
oe=5 ¥ P 0=1

(eH,
while

1
0 (0) = 0w ((23)) = Z 1@ (23)0) = for every o € S, with coset-type (2)
(eH,

(in particular for every permutation o € M4‘1M4 \{e}).
We can now compute:

24
wg(o;n) = ZX ) o

44 Cy(n )
+1 : —
1 X(4) (e)w(z) ) X(ZZ) (e)w(lz)(a) ey o=
3 (n) m ) I . -1 '
(2) (12 =) (D) 1f0'€M4 M4\{€}

The orthonormal basis that we have fixed is the following:

T* 1<k mULHUM + 7% k< 1)
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According to Theorem[I2], we have

1
——— | T3 Tp;,dT=0
vol(Bg) fBE itz st

if there is at least one index that appears an odd number of times among the i}, j = 1,...,4. This im-
mediately shows that marginals of the distribution which correspond to two different non-diagonal
entries or to one non-diagonal and one diagonal entry are linearly uncorrelated.

The only other case, where we have correlation, is when i) = iy = j # k = i3 = i4. In this case

1

- .. — O¢,. / 0] . /
vol(Br) Js, TjjTiedT = We=(esm) oo s BETre(T)dT+Wg (@3)m) o BETr(zg)(T)dT
0((243): 1) — f /
= nrl ! (Te(T))*dT - 2 Te(T?) dT
n(n—1)(n+2) vol(Bg) JB; n(n—1)(n+2) vol(Bg) JB;
_ n+l (nNoo(x%) (- 1)Noo(x1x2))_ 2 Noo(x?)
nn-1)n+2) Noo(1) Ny (1) (n—-1)(n+2) Ny(1)

1 Neo(x3) L+l Noo(x1X2)
n+2 Ny(1) n+2 Ny(1)

1 1
=-———+0(—)
4n(n+2) n3
Turning to second moments, we first handle the case iy = i3 = j # k=i = iy:

1 (7 LT 2
vol(Bg) BE(ﬁ(Tf”T’”)) = 5B Jp, 2Tk 4T
_ 0] . ! Oy .. 1 f !
_Z(Wg ((23); n) Yol B BETre(T)dT+Wg (e;n) v—ol(BE) BETr(ZB)(T)dT
+W O((24)'n);f Y (T)dT)
& " vol(Bg) Jp, @
:2(_ ! L[ (rem)2ars — 1 (T2 dT
n(n—1)(n+2) vol(Bg) Ja, n(n—1)(n+2) vol(Bg) JB;
1 2
- Te(T )dT)
n(n—1)(n+2) vol(Bg) JB;
Noo(x2 Noo Noo(x2
=- 2 (n b1) +n(n-1) (xlxz)) + 2 n (x)
nn-1)((n+2) Noo(1) Noo(1) (n-1)(n+2)  Ng(1)
2 Noo(xf)_Noo(xlxz)
" n+2 | Ny Noo(1)
1 1
T 2(n+2) +O(ﬁ)'
Finally,
1

T#dT= Y (Wgo(a_le; n)

1
. T (T)dT +We° (o1 (23); 7fT’ T)dT
VOI(BE) Bg J oM, I‘e( )d + g (U (3) n) VOI(BE) 5, r(Z?))( )d

VOI(BE) Bg

1
WegO (071 (243); —f Tt!, o (T T)
+Wg~ (0™ (243); n) volBp) Js, T(043)(T)d

1

=— T;iTedT+2-
vol(Bg) Jp, 7/

— | r3d4r
vol(Bg) Jp, ¥

- 2(n1+ " O(#)'
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We conclude that the covariance matrix Cov(Bg) of Bg has the following form: all its diagonal

entries are = m + O(#), while the only non-zero non-diagonal entries are those giving the cor-

relation between marginals corresponding to two different diagonal entries of T € Bg, and these are
=—-—1 O(i).

4n(n+2) nd

As before, it follows that the volume-normalised unit ball B, is in almost isotropic position. This
completes the proof of Theorem[]in the orthogonal case too. O

5 Entrywise negative correlation property of B, & or B, )

According to one of the main results in [37], a necessary condition for the variance conjecture to be
true for the unit ball of any p-Schatten norm on .4, (F) is that the corresponding density f, 5 (x) -
e 1%lh gy appearing in Lemma[@ and Proposition [7] satisfies a certain negative correlation property:
more specifically, we need to have

Mp(xl?xi) _ Mp(xfxg) (Mp(xf))z _ Mp(x?) M,,(x?) (49)

My(1) My M,() | My1) MyQ)

for any i # j. This could be used to deduce similar inequalities for the original uniform densities on
the unit balls of the p-Schatten norms which satisfy the conjecture: in [37] we showed that, if p is
large enough (and, as a limiting case, if p = co as well), then holds true and, combined with the
invariances of K, 4, ), implies that

f_ |T,~,j|2|T,~,r|2dT:f_ |Tj,,-|2|Tr,,-|2dT<(f_ |T,-,j|2dT)(f_ |T,~,r|2dT)
Ko ttn(® Kp,.ttn®) K ttn® K ttn(®

for all i,j,r, j # r. However, it was unclear from our method whether a similar negative corre-
lation property is true for the remaining pairs of entries, that is, when we consider the integrals
fl?p,ﬁ,,m | T3, ;121 Ty, |*dT with i 1, j # 7.

We can now check that it fails to be true and that we do not have negative correlation for the
remaining pairs of entries of 7' ~ Unif(Kw,.«,® ) when F is either R or C (of course it doesn't fail by
much since the variance conjecture is correct in these cases). The key ingredients we will use to check
this are the relevant tools in the Weingarten calculus coming from [14] and the estimates we obtained
in Section[3] (which also allow us to verify again the negative correlation property for pairs of entries
coming from the same row or the same column).

Proof whenF = C. To compute and compare the integrals

_ T; 121 T; darT, _ T; aT| ,
S me| 1T it J 1l

we apply Theorem[@lwith k = 2 or 1 respectively. Starting with the latter, we see that

1 2 2
vol k) Ji 1T 2dT=7f Re*(T: deif Im*(Ty,1)dT
VOI(Koo) f];ool Lll VOI(KOO) Koo € ( 1’1) VOI(KOO) K m ( 1,1)

1 1
=— — T(TT*)dT
n? vol(Ky) wa r )

as expected from the isotropicity of Ko, ., c),

C 1 Neo(IxI3) 1

n> Nyl 2n
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Moreover,

)f Re?(T; ;) Re?(T;,)dT =

vol(Ks )f Im* (Tl])Im (Tlr)dT

vol(Ks

m[ T, Ty, TijTi,r AT

m[ Re (T,])Im (Tl r)dT

T, T, dT =
Vol(Koo)f Ty 21T, 12

andwheni#I[, j#r
1 2
~weV(e:n, 7fTTT* dT
g’ (e;n n)vol(Koo) Kw( r(TT™))

u . 1 f *12
+Wg~ ((12); n,n) oIk KOOTr((TT )?)dT

B n?+1 Noo(llxllg) 2 Noo(”x”jll)
T (n(2-1)2 N  nm2-12 Ne(D)
_ nf+1 n* 2 3n3-n
T m(n2-1)24n2-1 nn2-122@4n2-1)

nb —2n* + n? 1

T 22— 1)24n2-1) 4n2-1°
We thus see that

1 1 1
- T; 2T 2dT>(7f T-~2dT)(7f T; 2dT)
VOI(Km)Lwl l,]| | l,rl VOI(KOO) Koo| z,]| VOI(KOO) Koo| t,rl
1
1-0(1/n? 7f T; Ty, 12dT
> (L-00/m%) i | VT T

(the latter inequality being a necessary consequence of the variance conjecture holding true).
On the other hand,

f T, J121T;, 2 dT =
Ko

f \Tj 21T, 2 AT
Ko

VOI(KOO) VOI(Koo)
1
= (Wg¥(e;n,m) + Wg ((12); 1, ) - p~ree )f (Tr(TT*))2+Tr((TT*)2))dT
1 2n*+3n8 1
- Ty 117dT
n2(n+12 24n?2— 1) T 2n@n+l) (vol(Koo)f IT11] )
in accordance with the conclusions from [37]. O

Proof when F = R. Applying Theorem[I3]with k =1 or 2, we can obtain:

1 1 1 No(llxl? 1
7[ T2 PdT=— ——— | T(TTHdT=—;- oo "2)= :
vol(K) Jr,, n? vol(Ky) Jk,, n?  Ny(1) 2n+1

1 f 2 2 0 0
_ |T; :1°1T; 1°dT = E Wg”(t1; n)Wg"~ (15; 1)
Vol(Koo) Ji, P01 100 py, B THTNE T I(KOO)

£\ 2
vol(Koo) fKOO(Tr(TT ))°dT

+ (4awg® (e; myWgP((23); n) + 2(Wg°((23); m)?) VOMIK ) fK Tr((TTH?)dT

f Tr . (TTt)dT

= (Wgl(e; m)? +2(Wg((23); m))%)

_ n*+2n+3 Noo(llx1l3) B 4n+2 Noo(llx1I3)
C (n(n-1(n+2)? Ne(l) (n(n—-1)(n+2))?> Nyl
n+1

T h2n+1)@2n+3)
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when i #1, j # r, while

1 1
[ TZT Zdeif TszdT
Vol(Koo)wa| PITP AT = e [T

1

= WgP(r1; mWgP (o 125 n) 7f Y, (TTHdT

n,n;zem & TS T2 T2 ol Koo S, T2

2 2
Neo(llx113 Neo(llx113

O2€EMy Neo(1) 02,6My N (1)
B 1 ( n*+nd+n N 3n3+4n2—n)
T (nn+2)2\2n+1)2n+3) (2n+1)2n+3)

1
C @2n+1)@2n+3)°
These show that we have analogous conclusions as in the unitary case. a
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