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Å�óáãùãÞ

Ô� 2004 � Ben Green êá� � Terence Tao §ðÝäåéîáí �ôé ï� ðñ�ôïé §ñéèìï� ðåñéÝ÷ïõí
á�èáßñåôá ìåãÜëåò §ñéèìçôéê«ò ðñïüäïõò [1]: ®Áíáëõôéêüôåñá, êáôÝëçîáí óô¥ �î�ò äýï
èåùñÞìáôá:

Èåþñçìá 1.°Åóôù öõóéê�ò k ≥ 3: Óõìâïëßæïõìå ì« app(n; k) ô� ðë�èïò ô�í §ñé-
èìçôéê�í ðñïüäùí ìÞêïõò k ô�í �ðïßùí �ëïé ï� �ñïé ǻéíáé ðñ�ôïé §ñéèìï� ìéêñüôåñïé
ôï� n: ¯ÕðÜñ÷åé ìßá èåôéê� óôáèåñ¥ (k); � �ðïßá �îáñô¦ôáé ìüíïí §ð� ô� k; �ôóé �óôå
ãé¥ êÜèå §ñêåô¥ ìåãÜëï n > n0(k) í¥ �ó÷ýåé

app(n; k) ≥ (k)
n2

logkn
:

Èåþñçìá 2 (Èåþñçìá Szemer�edi ãé¥ ôï�ò ðñþôïõò). °Åóôù A �ðïóýíïëïí ô�í ðñþôùí
ì« èåôéê�í ó÷åôéê�í ©íù ðõêíüôçôá, äçëáä� ì« ô�í �äéüôçôá

lim sup
n→∞

�(n)−1|A ∩ [1; n]| > 0:

Ôüôå ô� A ðåñéÝ÷åé á�èáßñåôá ìåãÜëåò §ñéèìçôéê«ò ðñïüäïõò.

²Áò �îçãÞóïõìå ëßãï ô�í äéáôýðùóéí ôï� ÈåùñÞìáôïò 2: ì« �(n) óõìâïëßæïõìå ô�
ðë�èïò ô�í ðñþôùí §ñéèì�í ðï� âñßóêïíôáé óô� äéÜóôçìá [1; n] := {m ∈ N : 1 ≤ m ≤ n};
ðï� óçìáßíåé �ôé ô� êëÜóìá

|A ∩ [1; n]|
�(n)

ì¦ò äßíåé ô� ðïóïóô�í ô�í ðñþôùí ≤ n ðï� ðåñéÝ÷åé ô� A: ±Ïðùò ǻéíáé �ìöáíÝò, ì¦ò
�íäéáöÝñïõí �êå�íá ô¥ �ðïóýíïëá A ô�í ðñþôùí ãé¥ ô¥ �ðï�á �ðÜñ÷åé êÜðïéï � > 0 êá�
ìßá §êïëïõèßá öõóéê�í n1 < n2 < · · · < nj < · · · ; �óôå ó« êÜèå äéÜóôçìá [1; nj ] ô�
ðïóïóô�í ô�í ðñþôùí ðï� è¥ §íÞêïõí óô� óýíïëïí A í¥ ǻéíáé ≥ �: Ô� èåþñçìá ì¦ò
�îáóöáëßæåé �ôé ìðïñï�ìå í¥ âñï�ìå §ñéèìçôéê«ò ðñïüäïõò �óïäÞðïôå ìåãÜëïõ ìÞêïõò,
�÷é ìüíïí óôï�ò ðñþôïõò, §ëë¥ êá� ó« êÜèå ôÝôïéï �ðïóýíïëüí ôïõò, ðï� ðåñéÝ÷åé äçëáä�
ìßáí èåôéê�í ðïóüôçôá §ð� á�ôïýò, �óï ìéêñ� êé ²áí ǻéíáé � ðïóüôçò á�ôÞ.
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Á�ô�í ô�í �äéüôçôá ãíùñßæïõìå �äç �ôé ô�í �÷åé ô� óýíïëïí N ô�í öõóéê�í êá� ô¥
�ðïóýíïëÜ ôïõ ì« èåôéê�í ðõêíüôçôá, �ðùò §ðÝäåéîå ô� 1975 � Szemer�edi [33] ó' �íá ðïë�
óçìáíôéê�í ãé¥ ô¥ óýã÷ñïíá Ìáèçìáôéê¥ ©ñèñïí:

Èåþñçìá 3 (Szemer�edi). °Åóôùóáí k ≥ 3 öõóéê�ò êá� 0 < � ≤ 1 ðñáãìáôéêüò. ¯ÕðÜñ-
÷åé öõóéê�ò NSZ(k; �) ≥ 1 ôÝôïéïò �óôå ãé¥ êÜèå N ≥ NSZ(k; �); ãé¥ êÜèå �ðïóýíïëïí
A ôï� [1; N ] ì« ðëçèÜñéèìïí |A| ≥ �N; ô� A í¥ ðåñéÝ÷åé ôïõëÜ÷éóôïí ìßáí §ñéèìçôéê�í
ðñüïäïí ìÞêïõò k:

Ô� èåþñçìá Szemer�edi ìðïñå� í¥ äéáôõðùèå� êá� �ðùò ô� Èåþñçìá 2, ìðïñï�ìå äç-
ëáä� �óïäõíÜìùò í¥ ðï�ìå �ôé ²áí êÜðïéï �ðïóýíïëïí A ô�í öõóéê�í �÷åé èåôéê�í ©íù
ðõêíüôçôá, äçëáä� �ó÷ýåé

lim sup
n→∞

|A ∩ [1; n]|
n

> 0;

ôüôå ô� A ðåñéÝ÷åé á�èáßñåôá ìåãÜëåò §ñéèìçôéê«ò ðñïüäïõò (� ìßá êáôåýèõíóéò ô�ò �óïäõ-
íáìßáò ǻéíáé ðñïöáíÞò, �íÿ � ©ëëç ÷ñåéÜæåôáé ô� ®Áîßùìá ®Åðéëïã�ò). Äõóôõ÷�ò, ä«í è¥
ìðïñïýóáìå í¥ �öáñìüóïõìå ô� èåþñçìá Szemer�edi §ðåõèåßáò óô� óýíïëïí ô�í ðñþôùí
§ñéèì�í, �óôå í¥ óõìðåñÜíïõìå ô� èåþñçìá ô�í Green êá� Tao, äçëáä� �ôé �ðÜñ÷ïõí
á�èáßñåôá ìåãÜëåò §ñéèìçôéê«ò ðñüïäïé ðñþôùí. Á�ô� �ðåéä� §ð� ô� �ðßóçò äéÜóçìïí
Èåþñçìá ô�í Ðñþôùí ®Áñéèì�í �ó÷ýåé

�(n) ∼ n

log n
;

óõíåð�ò ï� ðñ�ôïé �÷ïõí ìçäåíéê�í ðõêíüôçôá óôï�ò öõóéêïýò.
Ãé¥ í¥ îåðåñÜóïõí á�ô� ô� ðñüâëçìá, ï� Green êá� Tao ÷ñçóéìïðïéï�í ìßáí ôå÷íéê�í

ô�í �ðïßáí êáëï�í §ñ÷�í ìåôáöïñ¦ò. Ï�óéáóôéêÜ, �ðéäéþêïõí í¥ äåßîïõí �ôé, �ðùò ô�
èåþñçìá Szemer�edi §ëçèåýåé ãé¥ ôï�ò öõóéêï�ò êá� ô¥ �ðïóýíïëÜ ôïõò ì« èåôéê�í ðõ-
êíüôçôá, è¥ �ó÷ýåé §íôßóôïé÷á êá� ²áí §íôéêáôáóôÞóïõìå ô� N §ð� êÜðïéï §ñêåô¥ êáë¥
êáôáíåìçìÝíïí �ðïóýíïëüí ôïõ B; ô� �ðï�ïí �ìùò ä«í �ðï÷ñåï�ôáé í¥ �÷åé èåôéê�í ðõ-
êíüôçôá óô� N; êá� �ðåéôá èåùñÞóïõìå ô¥ �ðïóýíïëá ôï� B ðï� �÷ïõí èåôéê�í ðõêíüôçôá
ìÝóá óô� B: Ì« á�ô�í ô�í ôñüðïí âåâáßùò, ä«í êáôáöÝñíïõí í¥ §ðïäåßîïõí êáôåõèåßáí
ô� Èåþñçìá 2, §öï� ô�ò êáë«ò �äéüôçôåò ðï� æçôï�í ãé¥ ô� óýíïëïí B ǻéíáé §êüìç ðïë�
äýóêïëïí í¥ ô�ò äåßîïõìå ãé¥ ôï�ò ðñþôïõò. ÊáôáöÝñíïõí �ìùò í¥ §ðïäåßîïõí �ôé ô�
B ìðïñå� í¥ ǻéíáé êÜðïéï óýíïëïí £ó÷åä�í ðñþôùí¤ §ñéèì�í ìÝóá óô� �ðï�ïí ï� ðñ�ôïé
�÷ïõí èåôéê�í ðõêíüôçôá. Á�ô� §ñêå� ãé¥ ô� Èåþñçìá 2.

Óô�í ðñáãìáôéêüôçôá, ô¥ ðáñáðÜíù ä«í §ðïäåéêíýïíôáé §ðåõèåßáò ãé¥ óýíïëá, §ëë¥
ìðïñï�í í¥ §ðïäåé÷èï�í ãé¥ óõíáñôÞóåéò ì« öïñÝá ô¥ óýíïëá ðï� §íáöÝñïõìå. Äçëáä�
ï� Green êá� Tao ÷ñåéÜóôçêå í¥ �ðéêáëåóôï�í ìßáí �êäï÷�í ôï� èåùñÞìáôïò Szemer�edi
� �ðïßá äéáôõðþíåôáé ãé¥ óõíáñôÞóåéò ðï� öñÜóóïíôáé êáô¥ óçìå�ïí §ð� ô�í óôáèåñ�í
óõíÜñôçóéí 1 (âëÝðå �íüôçôá 1.1), êá� §ðÝäåéîáí �íá §íôßóôïé÷ïí §ðïôÝëåóìá ãé¥ ì� öñá-
ãìÝíåò óõíáñôÞóåéò ðï� �ìùò �÷ïõí êÜðïéåò êáë«ò �äéüôçôåò, ì« óêïð�í âåâáßùò í¥ âñï�í
ìßáí ôÝôïéáí óõíÜñôçóéí ì« öïñÝá ôï�ò ðñþôïõò. ÌÜëéóôá, ì« ô¥ �ñãáëå�á ðï� §íÝðôõîáí
�óôå í¥ §ðïäåßîïõí ô�í ãåíßêåõóéí ôï� èåùñÞìáôïò Szemer�edi ðï� ÷ñåéáæüíôïõóáí, �
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Tao êáôÜöåñå í¥ äþóåé êá� ìßáí §ðüäåéîéí [2] ô�ò óõíáñôçóéáê�ò �êäï÷�ò ôï� èåùñÞìáôïò,
¨ðëïõóôåýïíôáò óô�í ï�óßáí ô�í �ñãïäéê�í §ðüäåéîéí ðï� ǻé÷å ðáñïõóéÜóåé � Furstenberg
[9] ô� 1977 ãé¥ ô� èåþñçìá Szemer�edi. Ô¥ �ñãáëå�á á�ô¥ ðï� �ìöáíßæïíôáé óô¥ ©ñèñá
[1] êá� [2]; êá� ðï� è¥ ðåñéãñÜøïõìå ó« á�ô�í ô�í �ñãáóßáí, ðñïÝñ÷ïíôáé ôüóï §ð� ô�í
ðñïáíáöåñèå�óáí §ðüäåéîéí ôï� Furstenberg, �óï êá� §ð� ô�í §ðüäåéîéí ôï� Gowers [17]
ãé¥ ô� èåþñçìá Szemer�edi � �ðïßá ÷ñçóéìïðïéå� §íÜëõóéí Fourier êá� §ðïôåëÝóìáôá ô�ò
ðñïóèåôéê�ò óõíäõáóôéê�ò. Ì« ëßãá ëüãéá, ï� Green êá� Tao §íáãêÜóôçêáí í¥ äáíåéóôï�í
�äÝåò §ð� ó÷åä�í �ëåò ô�ò §ðïäåßîåéò ôï� èåùñÞìáôïò Szemer�edi �óôå í¥ äåßîïõí ìßáí
ãåíéêåõìÝíçí ìïñöÞí ôïõ ðï� è¥ ìðïñï�óå í¥ �öáñìïóôå� óôï�ò ðñþôïõò §ñéèìïýò.

Óô� ÊåöÜëáéïí 1 á�ô�ò ô�ò �ñãáóßáò è¥ äï�ìå ô�í óõíáñôçóéáê�í �êäï÷�í ôï� èåù-
ñÞìáôïò Szemer�edi êá� ô�í ãåíßêåõóßí ôçò §ð� ôï�ò Green êá� Tao, êá� è¥ ðåñéãñÜøïõìå
ëåðôïìåñ�ò ô¥ âáóéê¥ �ñãáëå�á ðï� ÷ñåéáæüìáóôå ãé¥ ô�ò §ðïäåßîåéò ôïõò. Óô� ÊåöÜ-
ëáéïí 2 è¥ ðáñïõóéÜóïõìå ðëÞñùò ô�í §ðüäåéîéí ô�ò óõíáñôçóéáê�ò �êäï÷�ò ðï� äßíåé �
Tao, ôüóï ãé¥ ëüãïõò ðëçñüôçôïò, §öï� ô� èåþñçìá Szemer�edi ǻéíáé §ðáñáßôçôïí ãé¥ ô�í
§ðüäåéîéí ôï� §íôéóôïß÷ïõ §ðïôåëÝóìáôïò óô� ©ñèñïí ô�í Green êá� Tao, �óï êá� ãéáô�
� ôñüðïò ì« ô�í �ðï�ïí §ðïäåéêíýåôáé ô� èåþñçìá §ð� ô�í Tao ǻéíáé �íôåë�ò §íÜëïãïò
ì« ô�í §ðüäåéîéí ô�ò ãåíéêåýóåþò ôïõ óô� [1]: ¯Ç ôåëåõôáßá è¥ ðåñéãñáöå� óô� ÊåöÜ-
ëáéïí 3, êá� è¥ ìðïñå� �ðïìÝíùò êÜðïéïò í¥ óõãêñßíåé ô¥ äéÜöïñá óçìå�á óô¥ �ðï�á ï�
äýï §ðïäåßîåéò ìïéÜæïõí �óôå í¥ êáôáëÜâåé êáëýôåñá ô�ò �äÝåò óô�ò �ðï�åò óôçñßæïíôáé.
ÔÝëïò, óô� ÊåöÜëáéïí 4 è¥ äï�ìå ð�ò ìðïñï�ìå í¥ �öáñìüóïõìå ô� ãåíéêåõìÝíïí èåþ-
ñçìá Szemer�edi �óôå í¥ óõìðåñÜíïõìå �ôé ô� óýíïëïí ô�í ðñþôùí ðåñéÝ÷åé á�èáßñåôá
ìåãÜëåò §ñéèìçôéê«ò ðñïüäïõò. Ãé¥ á�ôü, è¥ ÷ñåéáóôï�ìå êá� §ñêåô¥ §ðïôåëÝóìáôá §ð�
ô�í §íáëõôéê�í èåùñßáí §ñéèì�í, êÜðïéá �ê ô�í �ðïßùí ǻéíáé êëáóóéêÜ, �íÿ ©ëëá ðáñïõ-
óéÜóôçêáí ô�í �ðï÷�í ðï� ï� Green êá� Tao äïýëåõáí ðÜíù óô� èåþñçìÜ ôïõò (êÜðïéá
ìÜëéóôá ḉôáí §êüìç §äçìïóßåõôá). È¥ ðñÝðåé �ðïìÝíùò í¥ ãßíåé êáôáíïçô�í �ôé � §ðü-
äåéîéò ô�í Green êá� Tao ǻéíáé §ñêåô¥ ðåñßðëïêç, �êôåíÞò, §ëë¥ êá� �íäéáöÝñïõóá, �÷é
ìüíïí �ðåéä� äßíåé §ðÜíôçóéí ó« �íá óçìáíôéê�í �ñþôçìá ãé¥ ôï�ò ðñþôïõò, ôï�ò �ðïßïõò
ǻéíáé ó÷åä�í ðÜíôá äýóêïëïí í¥ ÷åéñéóôï�ìå, §ëë¥ êá� ãéáô� ó« á�ô�í ï� Green êá� Tao
§íáãêÜóôçêáí í¥ óõíäõÜóïõí �ñãáëå�á êá� §ðïôåëÝóìáôá §ð� ðïëëïýò, äéáöïñåôéêï�ò
ìåôáîý ôïõò, êëÜäïõò ô�í óõã÷ñüíùí Ìáèçìáôéê�í.

Êëåßíïíôáò, §îßæåé í¥ óçìåéþóïõìå �ôé ðñ�í §ð� ô� èåþñçìá ô�í Green êá� Tao �ð�ñ-
÷áí ðïë� ëßãá §ðïôåëÝóìáôá ãé¥ ô�í �ðáñîéí §ñéèìçôéê�í ðñïüäùí óôï�ò ðñþôïõò, êá�
ìÜëéóôá �ëá ãé¥ ô�í ðåñßðôùóéí k = 3: ÓõãêåêñéìÝíá, � van der Corput [37] ô� 1939,
êá� � Chowla [7] ô� 1944, ǻé÷áí äåßîåé �ôé �ðÜñ÷ïõí ©ðåéñåò §ñéèìçôéê«ò ðñüïäïé ìÞêïõò
3 óôï�ò ðñþôïõò. Ìüëéò ô� 2003 � Green êáôÜöåñå í¥ äåßîåé �ôé ²áí �ó÷ýïõí ï� �ðïèÝóåéò
ôï� ÈåùñÞìáôïò 2, ôüôå ô� �ðïóýíïëïí A ô�ò äéáôõðþóåùò ðåñéÝ÷åé ©ðåéñåò §ñéèìçôéê«ò
ðñïüäïõò ìÞêïõò 3 [19]: ¯Ï Green, �ðùò êá� ï� van der Corput êá� Chowla, ÷ñçóéìï-
ðïßçóå ìåèüäïõò ô�ò §íáëýóåùò Fourier ãé¥ ô� §ðïôÝëåóìÜ ôïõ, öáßíåôáé �ìùò �ôé ãé¥
ô�í §ðüäåéîéí ôï� ðëÞñïõò ÈåùñÞìáôïò 2 ÷ñåéáæüíôïõóáí ô¥ �ñãáëå�á §ð� ô�í �ñãïäéê�í
èåùñßáí ðï� è¥ äï�ìå ó« á�ô�í ô�í �ñãáóßáí. ®Åðßóçò �íäéáöÝñïíôá §ëë¥ êÜðùò äéáöï-
ñåôéê¥ ǻéíáé §ðïôåëÝóìáôá óô¥ �ðï�á �ðéôñÝðåôáé ï� §ñéèìçôéê«ò ðñüïäïé í¥ ðåñéÝ÷ïõí êá�
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�ñïõò ðï� ä«í ǻéíáé ðñ�ôïé §ëë¥ ãéíüìåíá ëßãùí ðñþôùí: �íá ôÝôïéï §ðïôÝëåóìá �öåßëå-
ôáé óô�í Heath-Brown [25]; � �ðï�ïò ô� 1981 §ðÝäåéîå �ôé �ðÜñ÷ïõí ©ðåéñåò §ñéèìçôéê«ò
ðñüïäïé ìÞêïõò 4 §ðïôåëïýìåíåò §ð� ôñå�ò ðñþôïõò êá� §ð� �íáí §êüìç öõóéê�í � �ðï�ïò
ǻéíáé ðñ�ôïò ²ç ãéíüìåíïí §êñéâ�ò äýï ðñþôùí. ¯ÕðÜñ÷åé §êüìç �íá, ó÷åôéê�ò ðñüóöáôïí
§ðïôÝëåóìá ðï� óõíåðÜãåôáé ô�í §ðåéñßáí §ñéèìçôéê�í ðñïüäùí ìÞêïõò 3 óôï�ò ðñþôïõò:
� Balog óô¥ [3]; [4] äåß÷íåé, ìåôáî� äéáöüñùí ©ëëùí §ðïôåëåóìÜôùí, �ôé ãé¥ êÜèå öõóéê�í
m ìðïñï�ìå í¥ âñï�ìå m äéáöïñåôéêï�ò ðñþôïõò p1; : : : ; pm �óôå êá� �ëïé ï� §ñéèìçôéêï�
ìÝóïé 1

2 (pi + pj) í¥ ǻéíáé ðñ�ôïé §ñéèìïß.

È¥ �èåëá í¥ å�÷áñéóôÞóù ðïë� ô�í êáèçãçôÞí ìïõ ê. Ãéáííüðïõëï, êõñßùò ãéáô� ì«
�ðåéóå êá� ì« âïÞèçóå í¥ §ó÷ïëçè� ì« ô� èåþñçìá ô�í Green êá� Tao óô�í �ñãáóßáí
ìïõ· ìï� äüèçêå �ôóé � å�êáéñßá í¥ ãíùñßóù §ðïôåëÝóìáôá êá� �ñãáëå�á §ð� äéáöüñïõò,
ðïë� �ëêõóôéêï�ò êëÜäïõò ô�í óõã÷ñüíùí Ìáèçìáôéê�í. ®ÅðéðëÝïí, è¥ �èåëá í¥ ô�í
å�÷áñéóôÞóù, ìáæ� ì« ôï�ò ©ëëïõò äýï êáèçãçô«ò ô�ò ôñéìåëï�ò �ðéôñïð�ò, ê. Ìåë¥ êá�
®ÁèáíáóéÜäç, êáè�ò êá� ôï�ò �ðïëïßðïõò êáèçãçôÝò ìïõ ó« ðñïðôõ÷éáê«ò êá� ìåôáðôõ-
÷éáê«ò óðïõäÝò, ãé¥ �ëá �óá ìï� �ìáèáí.



ÊåöÜëáéïí 1

¯Ç óõíáñôçóéáê� �êäï÷� êá� �
ãåíßêåõóéò ôï� èåùñÞìáôïò
Szemer�edi ãé¥ øåõäïôõ÷á�á ìÝôñá

1.1 Ï̄ñïëïãßá êá� óõìâïëéóìïß

Ô� §íôéêåßìåíïí óô� èåþñçìá Szemer�edi ǻéíáé �ðïóýíïëá ì« £§ñêåô¥¤ óôïé÷å�á ô�í
§ñ÷éê�í ôìçìÜôùí ôï� N; ô�í óõíüëùí äçëáä� ô�ò ìïñö�ò [1; N ] = {n ∈ N : 1 ≤ n ≤ N}:
±Ïðùò å�äáìå óô�í Å�óáãùãÞí, ìåëåôï�ìå �ðïóýíïëá ôï� [1; N ] ô¥ �ðï�á ðåñéÝ÷ïõí óôá-
èåñ�í èåôéê�í ðïóïóô�í §ð� ôï�ò ðñþôïõòN öõóéêïýò. Ðáñáôá�ôá, ó« êÜðïéåò §ðïäåßîåéò
ôï� èåùñÞìáôïò, ìåôáîý ôùí êá� ó« á�ô�í ðï� è¥ ðáñïõóéÜóïõìå, ðñïôéì¦ôáé í¥ äïõëÝ-
øïõìå §íô� ãé¥ óýíïëá ì« óõíáñôÞóåéò

f : [1; N ] → R+

�óôå í¥ ÷ñçóéìïðïéÞóïõìå �ñãáëå�á §ð� êëÜäïõò �ðùò � �ñãïäéê� èåùñßá. ÖáéíïìåíéêÜ,
á�ô� ãåíéêåýåé ô� èåþñçìá, §öï� êÜèå óýíïëïí ðáñéóôÜíåôáé §ð� ô�í ÷áñáêôçñéóôéêÞí ôïõ
óõíÜñôçóéí· êáô' ï�óßáí � �êäï÷� ì« óýíïëá êá� � óõíáñôçóéáê� �êäï÷� ôï� Szemer�edi
ǻéíáé �óïäýíáìåò.

Ì« ðáñüìïéïí óêåðôéêüí, �ðéëÝãïõìå ô� ðåäßïí �ñéóìï� ô�í óõíáñôÞóåùí í¥ ì�í
ǻéíáé ô� [1; N ] §ëë¥ � äáêôýëéïò ZN := Z=NZ ô�í §êåñáßùí modulo N �óôå í¥ ÷ñçóé-
ìïðïéÞóïõìå ô�í §ëãåâñéêÞí ôïõ äïìÞí. ÌÜëéóôá, �ðåéä� óô¥ �ðüìåíá è¥ ÷ñåéáóôï�ìå
êá� äéáßñåóéí ìåôáî� óôïé÷åßùí ôï� ðåäßïõ �ñéóìï�, ðåñéïñéæüìáóôå óô¥ ZN �ðïõ N ǻéíáé
ðñ�ôïò. °Åôóé, ô� ðåäßïí �ñéóìï� §ðïêô¦ äïì�í óþìáôïò §ëë¥ êá� äéáíõóìáôéêï� ÷þñïõ.

Ãé¥ êÜèå ðåðåñáóìÝíïí óýíïëïí A; ãé¥ êÜèå óõíÜñôçóéí f : A → R; óõìâïëßæïõìå
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ô�í ìÝóçí ôéì�í ô�ò f óô� A ì«∫
A

f ≡ EA(f) ≡ E(f(x)|x ∈ A) :=
1
|A|

∑
x∈A

f(x):

®Åðßóçò ãé¥ êÜèå �ðïóýíïëïí B ôï� A; óõìâïëßæïõìå ì« 1B ô�í ÷áñáêôçñéóôéêÞí ôïõ
óõíÜñôçóéí êá� �ñßæïõìå

PA(B) := EA(1B) = |B|=|A|:

Óõ÷í¥ è¥ èÝëïõìå í¥ äåßîïõìå �óüôçôá ìåôáî� ô�í ìÝóùí ôéì�í óõíáñôÞóåùí ðï�
�ñßæïíôáé ó« äéáöïñåôéê¥ óýíïëá (êá� ðéèáí�í � ìßá ðñïêýðôåé §ð� ô�í ©ëëçí ìÝóÿ §ë-
ëáã�ò ìåôáâëçô�í). ±Åíáò ôñüðïò ǻéíáé í¥ ÷ñçóéìïðïéÞóïõìå ô�í �î�ò ðáñáôÞñçóéí: ²áí
A;B ǻéíáé ðåðåñáóìÝíá óýíïëá, Φ ǻéíáé óõíÜñôçóéò §ð� ô� A óô� B; ëÝìå �ôé

£ô� (A;Φ) ǻéíáé �ìïéüìïñöïí êÜëõììá ôï� B¤

�ôáí ãé¥ êÜèå b ∈ B; ô� óýíïëïí Φ−1({b}) �÷åé ðëçèÜñéèìïí m = mA;B := |A|=|B|;
äçëáä� �ôáí � Φ ǻéíáé �ð� êá� m ðñ�ò 1. Ó« á�ô�í ô�í ðåñßðôùóéí, ãé¥ êÜèå f : B → R
�ó÷ýåé

E(f(Φ(a))|a ∈ A) = E(f(b)|b ∈ B):

Ãé¥ êÜèå 1 ≤ q ≤ ∞ óõìâïëßæïõìå ì« Lq(ZN ) ô�í ÷�ñïí ô�í óõíáñôÞóåùí §ð� ô�
ZN óô� R �öïäéáóìÝíïí ì« ô�í Lq íüñìá, �ðïõ

‖f‖Lq := (E(|f |q))1=q ãé¥ 1 ≤ q <∞;

‖f‖L∞ := sup
x∈ZN

|f(x)|:

Ðñïöáí�ò êÜèå Lq(ZN ) ǻéíáé ÷�ñïò Banach, ì« ô�í L2(ZN ) í¥ ãßíåôáé ÷�ñïò Hilbert ²áí
�ñßóïõìå �óùôåñéê�í ãéíüìåíïí

〈f; g〉 :=
∫

ZN
fg:

®ÅðéðëÝïí ï� íüñìåò ǻéíáé �ëåò �óïäýíáìåò, ï� óôáèåñ«ò �ìùò ðï� �ìöáíßæïíôáé óô�ò �óïäõ-
íáìßåò �îáñô�íôáé §ð� ô� N: °Áñá, �ö' �óïí óêïðüò ìáò ǻéíáé í¥ ìåëåôÞóïõìå ðïóüôçôåò
�ìïéüìïñöá öñáãìÝíåò �ò ðñ�ò N; è¥ èåùñï�ìå ô�ò íüñìåò äéáöïñåôéêÝò.

Óýìâáóéò. Ãé¥ ëüãïõò óõíôïìßáò óô�ò äéáôõðþóåéò êá� §ðïäåßîåéò ô�í èåùñçìÜôùí,
è¥ ëÝìå öñáãìÝíåò ô�ò óõíáñôÞóåéò f : ZN → R ãé¥ ô�ò �ðï�åò ‖f‖L∞ ≤ 1:

¯Ïñßæïõìå ãé¥ êÜèå f : ZN → R ô�ò ìåôáôïðßóåéò ô�ò f : ²áí n ∈ ZN ²ç n ∈ Z
óõìâïëßæïõìå ì« Tnf ô�í óõíÜñôçóéí §ð� ô� ZN óô� R ãé¥ ô�í �ðïßáí

Tnf(x) := f(x− n):
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®ÅðéðëÝïí, ãé¥ êÜèå �ðïóýíïëïí A ôï� ZN èÝôïõìå TnA := A+n (�ðüôå Tn1A = 1TnA):
¯Ïñßæïíôáé �ôóé óô�í ÷�ñïí ô�í ðñáãìáôéê�í óõíáñôÞóåùí ôï� ZN ï� �íäïìïñöéóìï� Tn;
ï� �ðï�ïé ǻéíáé �ìïìïñöéóìï� §ëãåâñ�í: ãé¥ êÜèå f; g : ZN → R; ãé¥ êÜèå � ∈ R;

Tn(�f + g) = �Tnf + Tng êá� Tn(fg) = (Tnf)(Tng):

ÊÜèå Tn §öÞíåé §ìåôÜâëçôåò ô�ò óôáèåñ«ò óõíáñôÞóåéò êá� ô� êõñéüôåñïí, §öÞíåé §ìåôÜ-
âëçôá ô¥ �ëïêëçñþìáôá, äçëáä� ∫

ZN
Tnf =

∫
ZN

f:

®Åðßóçò

〈Tnf; Tng〉 =
∫

ZN
Tn(fg) =

∫
ZN

fg = 〈f; g〉:

Ô� óýíïëïí ô�í �ìïìïñöéóì�í Tn ó÷çìáôßæåé �ìÜäá, §öï� TnTm = Tn+m; T 0 ǻéíáé �
ôáõôïôéê�ò �íäïìïñöéóìüò.

È¥ èåùñÞóïõìå êá� ó-©ëãåâñåò óô� ZN ; ï�êïãÝíåéåò äçëáä� �ðïóõíüëùí ôï� ZN ðï�
ðåñéÝ÷ïõí ô� ∅; êá� ǻéíáé êëåéóô«ò �ò ðñ�ò óõìðëçñþìáôá êá� �íþóåéò. Ìåôáî� ô�í ì�
êåí�í óôïé÷åßùí ìßáò ó-©ëãåâñáò B; è¥ ëÝìå ©ôïìá ô¥ �ëá÷éóôéê¥ �ò ðñ�ò ô�í ó÷Ýóéí
ôï� ⊆ : ®Åðåéä� ô� ZN ǻéíáé ðåðåñáóìÝíïí óýíïëïí, ãé¥ êÜèå ó-©ëãåâñá B óô� ZN

�ó÷ýïõí ô¥ �î�ò: (i) êÜèå óôïé÷å�ïí ôï� ZN §íÞêåé ó« ³åí ìïíáäéê�í ©ôïìïí ô�ò B; êá�
(ii) êÜèå óôïé÷å�ïí ô�ò B ãñÜöåôáé �ò (§ñéèìÞóéìç) �íùóéò §ôüìùí ô�ò ó-©ëãåâñáò (ì« ô�
∅ í¥ ãñÜöåôáé �ò � êåí� �íùóéò). Óõìðåñáßíïõìå �ôé ô¥ ©ôïìá ìßáò ó-©ëãåâñáò óô� ZN

ó÷çìáôßæïõí ìßáí äéáìÝñéóéí ôï� ZN ; êá� á�ô� � äéáìÝñéóéò �ñßæåé ô�í �äéáí ó-©ëãåâñá �ö'
�óïí èåùñÞóïõìå �ëåò ô�ò ðéèáí«ò �íþóåéò óôïé÷åßùí ô�ò äéáìåñßóåùò. ¯Ç §íôéóôïé÷ßá
á�ô� ìåôáî� ó-§ëãåâñ�í óô� ZN êá� äéáìåñßóåùí ôï� ZN è¥ ì¦ò öáíå� ðïë� ÷ñÞóéìç óô�ò
§ðïäåßîåéò.

Ãé¥ êÜèå ó-©ëãåâñá B; óõìâïëßæïõìå ì« Lq(B) 6 Lq(ZN ) ô�í �ðü÷ùñïí ô�í óõ-
íáñôÞóåùí ðï� ǻéíáé B−ìåôñÞóéìåò, ðï� §íôéóôñÝöïõí äçëáä� ô¥ Borel �ðïóýíïëá ôï�
R ó« óôïé÷å�á ô�ò B: Ǻéíáé å�êïëïí í¥ äï�ìå �ôé ìßá óõíÜñôçóéò f : ZN → R ǻéíáé
B−ìåôñÞóéìç ©í êá� ìüíïí ²áí ãé¥ êÜèå ©ôïìïí A ô�ò B; � ðåñéïñéóì�ò f|A ǻéíáé óôáèåñ�
óõíÜñôçóéò (§ð' á�ô� �ðåôáé ðïë� å�êïëá �ôé ô� Lq(B) ǻéíáé ãñáììéê�ò �ðü÷ùñïò ôï�
Lq(ZN )). ®Áöï� � L2(ZN ) ǻéíáé ÷�ñïò Hilbert, �ñßæåôáé � �ñèïãþíéá ðñïâïë�

E(·|B) : L2(ZN ) → L2(B):

ÌÜëéóôá ãé¥ êÜèå óõíÜñôçóéí f : ZN → R; ðñïóäéïñßæåôáé §êñéâ�ò � E(f |B) �ò � óõíÜñ-
ôçóéò � �ðïßá ó« êÜèå x ∈ ZN äßíåé ô�í ôéì�í

E(f |B)(x) := E(f(y)|y ∈ B(x))

�ðïõ B(x) ô� ìïíáäéê�í ©ôïìïí ô�ò B ðï� ðåñéÝ÷åé ô� x: ¯Ç E(f |B) ëÝãåôáé äåóìåõìÝíç
ìÝóç ôéì� ô�ò f: Ìðïñï�ìå ðëÝïí, ìÝóÿ ôï� ôýðïõ ô�ò äåóìåõìÝíçò ìÝóçò ôéì�ò êá� ô�í
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ðáñáðÜíù ðáñáôçñÞóåùí, í¥ äåßîïõìå �ôé

E(E(f |B)) = E(f);
²áí g ǻéíáé B − ìåôñÞóéìç, ôüôå E(fg|B) = gE(f |B);

²áí B′ ⊆ B; ôüôå E(E(f |B)|B′) = E(f |B′):

Ì« O(1) è¥ óõìâïëßæïõìå ìßáí ðïóüôçôá-óõíÜñôçóéí ôï� N � �ðïßá ǻéíáé ©íù öñá-
ãìÝíç êáô' §ðüëõôçí ôéì�í §ð� èåôéê�í óôáèåñ¥í C §íåîÜñôçôçí ôï� N: Óõ÷í¥ è¥ ãñÜ-
öïõìå X � 1 ãé¥ ìßáí ôÝôïéáí ðïóüôçôá X; êá� X � 1 ãé¥ ìßáí ðïóüôçôá êÜôù öñáãìÝ-
íçí §ð� èåôéê�í óôáèåñÜí. Ì« o(1) è¥ óõìâïëßæïõìå ìßáí ðïóüôçôá-óõíÜñôçóéí ôï� N �
�ðïßá ôåßíåé óô� 0 �ôáí ô� N ôåßíåé óô� ∞: Ðïëë«ò öïñÝò, � óôáèåñ¥ ðï� �ðïíïå�ôáé §ð�
ôï�ò óõìâïëéóìï�ò O êá� �; ²ç � ñ̄õèì�ò óõãêëßóåùò óô� 0 ðï� äçëþíåé � óõìâïëéóì�ò
o; è¥ �îáñô�íôáé §ð� êÜðïéåò äïèå�óåò ðáñáìÝôñïõò. ±Ïôáí è¥ ðñÝðåé í¥ ôïíéóèå� á�ô� �
�îÜñôçóéò, è¥ ãñÜöïõìå ô�ò ðáñáìÝôñïõò �ò äå�êôåò óô¥ óýìâïëá O; o êá� � : ®Åðßóçò,
è¥ ãñÜöïõìå O(Y ) êá� o(Y ) §íô� ô�í O(1) · Y êá� o(1) · Y; X � Y §íô� ôï� X = O(Y ):

Å�ìáóôå ðëÝïí �ôïéìïé í¥ äéáôõðþóïõìå ô�í óõíáñôçóéáê�í �êäï÷�í ôï� èåùñÞìáôïò
Szemer�edi:

Èåþñçìá 1.1.1. °Åóôùóáí k ≥ 3 öõóéê�ò êá� 0 < � ≤ 1 ðñáãìáôéêüò. ¯ÕðÜñ÷åé
èåôéê� óôáèåñ¥ c(k; �); ðï� �îáñô¦ôáé ìüíïí §ð� ô¥ k; �; �ôóé �óôå ãé¥ êÜèå ì� §ñíçôéêÞí,
öñáãìÝíçí óõíÜñôçóéí f : ZN → R ãé¥ ô�í �ðïßáí

∫
ZN f ≥ �; í¥ �ó÷ýåé

(1.1) E

k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN

 ≥ c(k; �):

ÐáñáôçñÞóåéò 1.1.2. (i) ±Ïðùò êá� ²áí �ðéëåãå�, � óôáèåñ¥ c(k; �) óõìðåñéöÝñåôáé ó¥í
£äåîé¥ óõíå÷�ò¤ óõíÜñôçóéò ôï� �; ì« ô�í �ííïéáí �ôé ãé¥ êÜèå ì� §ñíçôéêÞí, öñáãìÝíçí
óõíÜñôçóéí f : ZN → R ôÝôïéáí �óôå

(1.2)

∫
ZN

f ≥ � − o(1);

�ó÷ýåé

(1.3) E

k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN

 ≥ c(k; �)− o(1);

�ðïõ ô¥ óöÜëìáôá óô�í (1:3) �îáñô�íôáé ìüíïí §ð� ô� k êá� ô¥ óöÜëìáôá óô�í (1:2): È¥
§ðïäåßîïõìå á�ô�í ô�í ðáñáôÞñçóéí ìáæ� ì« ô� Èåþñçìá 1:1:1 óô�í �íüôçôá 1.4. Ãé¥ á�ôü,
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è¥ ì¦ò ÷ñåéáóôå� ô� ãåãïí�ò �ôé ²áí f : ZN → R ǻéíáé ì� §ñíçôéêÞ, öñáãìÝíç óõíÜñôçóéò
ôÝôïéá �óôå

∫
ZN f ≥ � − o(1); ôüôå ìðïñï�ìå í¥ âñï�ìå ì� §ñíçôéêÞí ferr : ZN → R ì«

f + ferr ≤ 1 óô� ZN ;∫
ZN

ferr = o(1) êá�
∫

ZN
(f + ferr) ≥ �:

(ii) Ôïíßæåôáé �ôé óô� �î�ò, �ôáí è¥ ëÝìå £�óôù óõíÜñôçóéò f : ZN → R¤, ä«í è¥ �ííïï�ìå
êÜôé óôáôéêüí, §ëë¥ è¥ §íáöåñüìáóôå ó« ìßáí ï�êïãÝíåéáí ðñáãìáôéê�í óõíáñôÞóåùí
ì« ô�í êëáóóéê�í �ííïéáí, ô�ò ìïñö�ò

{fN : N ðñ�ôïò, ðåäßïí �ñéóìï� ô�ò fN = ZN ; ðåäßïí ôéì�í ô�ò fN = R} :

ÓõìðåñéëáìâÜíïõìå óô�í óýìâáóéí á�ô�í �ðïéáíäÞðïôå ôÝôïéáí ï�êïãÝíåéáí· ä«í §ðáéôå�-
ôáé �ðïìÝíùò, ï�ôå óô�ò �öáñìïã«ò è¥ ǻéíáé �í ãÝíåé §ëçèÝò, � fN í¥ ǻéíáé ðåñéïñéóì�ò ô�ò
fM �ôáí N < M:Ì« ô�í �äéïí ôñüðïí è¥ êáôáëáâáßíïõìå êá� ô�ò äéÜöïñåò �êôéìÞóåéò ðï�
ìðïñå� í¥ �÷ïõìå ãé¥ ô�í f : ð.÷. £‖f‖L∞ = O(1)¤ è¥ óçìáßíåé �ôé �ðÜñ÷åé èåôéê� óôáèåñ¥
C §íåîÜñôçôç ôï� N; �óôå ãé¥ êÜèå N í¥ �ó÷ýåé ‖fN‖L∞ ≤ C; £

∫
ZN f ≥ � − o(1)¤ è¥

óçìáßíåé �ôé �ðÜñ÷åé ìçäåíéê� §êïëïõèßá (an)n∈N ðñáãìáôéê�í §ñéèì�í, �óôå ãé¥ êÜèå
N í¥ �÷ïõìå

∫
ZN fN ≥ � − aN ; ê.ï.ê. ®ÁíÜëïãåò ï�êïãÝíåéåò è¥ �ðïíïï�íôáé êá� �ôáí

ëÝìå £�óôù �ðïóýíïëïí A ôï� ZN ¤ ²ç £�óôù ó-©ëãåâñá B óô� ZN ¤.

(iii) ¯Ï Tao �íïìÜæåé ô�í �êäï÷�í 1:1:1 ôï� èåùñÞìáôïò Szemer�edi £ðïóïôéêÞí¤, §öï� ô�
óõìðÝñáóìÜ ôçò ä«í �îáóöáëßæåé ô�í �ðáñîéí ¨ðë�ò êÜðïéïõ (x; r) ∈ Z2

N ; r 6= 0; ì« ô�í

�äéüôçôá
∏k−1
j=0 T

jrf(x) 6= 0; §ëë¥ äßíåé êÜôù öñÜãìá ãé¥ ô� ðë�èïò á�ô�í ô�í æåõã�í

ó« ó÷Ýóéí ì« ô� N2: Ðñïöáí�ò, ²áí f ǻéíáé � ÷áñáêôçñéóôéê� êÜðïéïõ óõíüëïõ A ⊆ ZN ;
è¥ �÷ïõìå êÜôù öñÜãìá ãé¥ ô� ðë�èïò ô�í §ñéèìçôéê�í ðñïüäùí ìÞêïõò k óô� A: È¥
ìðïñïýóáìå âåâáßùò í¥ äåßîïõìå �ôé ô� Èåþñçìá 3 êá� ô� Èåþñçìá 1:1:1 ǻéíáé �óïäýíáìá:
å�êïëá âëÝðïõìå �ôé ²áí

∫
ZN f ≥ �; ôüôå ô� óýíïëïí D := {x ∈ ZN : f(x) ≥ �=2} �÷åé

ðëçèÜñéèìïí ≥ �N=2: Ãé¥ ô� ©ëëïí óêÝëïò �ìùò, ãé¥ í¥ óõìðåñÜíïõìå äçëáä� �ôé ä«í
�ðÜñ÷åé ìßá §ëë¥ ðïëëÝò, ó« ó÷Ýóéí ì« ô� N2; §ñéèìçôéê«ò ðñüïäïé óô� D; ÷ñåéáæüìáóôå
ðïë� ðé� ðåñßðëïêá �ðé÷åéñÞìáôá. ¯Ï ðñ�ôïò ðï� ÷ñçóéìïðïßçóå ôÝôïéïõ å�äïõò �ðé÷åé-
ñÞìáôá, äïõëåýïíôáò óô�í ðåñßðôùóéí k = 3; ḉôáí � Êýðñéïò ìáèçìáôéê�ò Ðáíáãéþôçò
Âáñíáâßäçò [39]:

¯Ç êýñéá �öáñìïã� ôï� èåùñÞìáôïò Szemer�edi, �ðùò êá� ²áí á�ô� äéáôõðùèå�, ǻéíáé
ôåëéê�ò óô�í å�ñåóéí §ñéèìçôéê�í ðñïüäùí ìÝóá ó« £ìåãÜëá¤ �ðïóýíïëá ôï� [1; N ]: ®Áñêå�
�ðïìÝíùò í¥ äï�ìå ð�ò á�ô� �îáóöáëßæåôáé §ð� ô� èåþñçìá 1:1:1; ô� �ðï�ïí è¥ §ðïäåé÷èå�
óô�í óõíÝ÷åéáí.

®Áðüäåéîéò ôï� èåùñÞìáôïò 3 �ðïèÝôïíôáò ô� èåþñçìá 1:1:1: ÈÝôïõìå NSZ(k; �) í¥ ǻéíáé
� �ëÜ÷éóôïò §ñéèì�ò > c(k; �

2k )−1; êá� äåß÷íïõìå �ôé á�ô�ò �÷åé ô�í �äéüôçôá ðï� èÝëïõìå:
èåùñï�ìå N ≥ NSZ(k; �) êá� A ⊆ [1; N ] ì« |A| ≥ �N: ®Áð� ô� èåþñçìá Bertrand-
Chebyshev (ô� �ðï�ïí ǻéíáé ðüñéóìá ôï� ÈåùñÞìáôïò Ðñþôùí ®Áñéèì�í, §ëë¥ ìðïñå� í¥
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§ðïäåé÷èå� êá� §íåîÜñôçôá), �ðÜñ÷åé ðñ�ôïò §ñéèì�ò N ′ ìåôáî� ô�í kN êá� 2kN: ®Åì-
öõôåýïõìå ô� A óô� ZN ′ ìÝóÿ ôï� êáíïíéêï� �ðéìïñöéóìï� §ð� ô� Z; êá� óõìâïëßæïõìå
ì« A′ ô�í å�êüíá ôï� A: ®Éó÷ýåé ôüôå

∫
ZN′

1A′ ≥ �=2k; ©ñá

E

k−1∏
j=0

T jr1A′(x)
∣∣x; r ∈ ZN

 ≥ c(k;
�

2k
)

§ð� ô� Èåþñçìá 1:1:1: ®ÉóïäõíÜìùò

|{(x; r) ∈ Z2
N ′ : x; x− r; : : : ; x− (k − 1)r ∈ A′}| ≥ c(k;

�

2k
) · (N ′)2;

êá� �ðåéä� N ′ ≥ N ≥ NSZ(k; �);

|{(x; r) ∈ Z2
N ′ : x; x− r; : : : ; x− (k − 1)r ∈ A′}| > N ′;

©ñá �ðÜñ÷ïõí x; r ∈ ZN ′ ì« r 6= 0 �óôå ô� A′ í¥ ðåñéÝ÷åé ô¥ x; x− r; : : : ; x− (k − 1)r:

®Áöï� A ⊆ [1; N ] ⊂ [1; N ′]; êÜèå x − jr; 0 ≤ j ≤ k − 1; ǻéíáé å�ê�í ìÝóÿ ôï�
êáíïíéêï� �ðéìïñöéóìï� �í�ò ìïíáäéêï� yj ∈ A: È¥ äåßîïõìå �ôé á�ô¥ ô¥ y0; y1; : : : ; yk−1

ó÷çìáôßæïõí §ñéèìçôéê�í ðñüïäïí óô� A : �ö' �óïí y0 ∈ [1; N ] êá� N ≤ N ′=k; è¥
�÷ïõìå �ôé x ∈ [1; N ′=k] mod N ′ êá� r ∈ [1; N ′=k] ∪ [(k − 1)N ′=k;N ′ − 1] mod N ′:
ÐñÜãìáôé, ²áò óõìâïëßóïõìå ì« r0 ô�í §íôéðñüóùðïí ô�ò êëÜóåùò �ðïëïßðùí r óô� [1; N ′]
(� §íôßóôïé÷ïò §íôéðñüóùðïò ãé¥ ô� x ǻéíáé ô� y0): ²Áí �ðåèÝôáìå �ôé ô� r §í�êå óô�
äéÜóôçìá (N ′=k; (k − 1)N ′=k) mod N ′; è¥ å�÷áìå ãé¥ ôï�ò §êåñáßïõò y0; r0 �ôé

1 ≤ y0 ≤ N ′=k êá� N ′=k < r0 < (k − 1)N ′=k ⇒ −(k − 1)N ′=k + 1 < y0 − r0 < 0;

äçëáä� è¥ ðñïÝêõðôå �ôé y0 − r0 ∈ (N ′=k + 1; N ′ − 1] mod N ′: Á�ô� �ìùò ǻéíáé ©ôïðïí,
�ðåéä� ãíùñßæïõìå �ôé y0 − r0 ≡ x− r mod N ′ êá� x− r ∈ A′ ⊆ [1; N ′=k] mod N ′:

Å̄ðïìÝíùò, å�ôå r0 ∈ [1; N ′=k] å�ôå r0 ∈ [(k−1)N ′=k;N ′−1]: Óô�í ðñþôçí ðåñßðôùóéí,
ðï� r0 ∈ [1; N ′=k]; �÷ïõìå ãé¥ ô�í §êïëïõèßáí §êåñáßùí y0; y0 − r0; : : : ; y0 − (k − 1)r0;
�ôé

N ′=k ≥ y0 > y0 − r0 > · · · > y0 − (k − 1)r0 ≥ −(k − 1)N ′=k + 1 = N ′=k −N ′ + 1:

Ôáõôï÷ñüíùò ãé¥ êÜèå 0 ≤ i ≤ k − 1; ô� y0 − ir0 ǻéíáé §íôéðñüóùðïò ô�ò êëÜóåùò
�ðïëïßðùí x − ir ∈ ZN ′ ; ©ñá ǻéíáé � ìïíáäéê�ò ôÝôïéïò §íôéðñüóùðïò óô� äéÜóôçìá
[N ′=k−N + 1; N ′=k]: Ô� �äéïí �ìùò �ó÷ýåé ãé¥ ô� óôïé÷å�ïí yi ôï� óõíüëïõ A; óõíåð�ò
yi = y0 − ir0: Äçëáä� ô¥ y0; y1; : : : ; yk−1 ó÷çìáôßæïõí §ñéèìçôéê�í ðñüïäïí ì« §ñ÷éê�í
�ñïí ô� yk−1 = y0 − (k − 1)r0 êá� êïéí�í äéáöïñ¥í r0:

Ðáñïìïßùò, óô�í ðåñßðôùóéí ðï� r0 ∈ [(k − 1)N ′=k;N ′ − 1]; �ó÷ýåé

1 ≤ y0 < y0 + (N ′ − r0) < · · · < y0 + (k − 1)(N ′ − r0) ≤ N ′=k + (k − 1)N ′=k = N ′;
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�ðüôå ðÜëé ô� y0 + i(N ′ − r0) = y0 − ir0 + iN ′ êá� ô� yi ∈ A ôáõôßæïíôáé �ò §íôéðñüóù-
ðïé ô�ò êëÜóåùò �ðïëïßðùí x − ir ∈ ZN ′ óô� äéÜóôçìá [1; N ′]: Óô�í ðåñßðôùóéí á�ôÞí,
ô¥ y0; y1; : : : ; yk−1 ó÷çìáôßæïõí §ñéèìçôéê�í ðñüïäïí ì« §ñ÷éê�í �ñïí ô� y0 êá� êïéí�í
äéáöïñ¥í Í ′ − r0:

²Áò äï�ìå ôþñá ì« ðïé�í ôñüðïí �ðÝëåîáí ï� Green êá� Tao í¥ ãåíéêåýóïõí ô� èåþñçìá
Szemer�edi. Ãé¥ á�ôü, ÷ñåéáæüìáóôå ô�í �ííïéáí ôï� øåõäïôõ÷áßïõ ìÝôñïõ:

Ï̄ñéóìüò 1.1.3. ÌÝôñïí ëÝãåôáé ìßá óõíÜñôçóéò � : ZN → R+ ãé¥ ô�í �ðïßáí

(1.4) E(�) = 1 + o(1):

ÌÝôñïí ëïéð�í ëÝãåôáé ìßá êáôáíïì� ðéèáíüôçôïò óô� ZN ; � �ðïßá �íäå÷ïìÝíùò óõã-
êåíôñþíåôáé ó« ìéêñ¥, �ò ðñ�ò ô�í ðëçèÜñéèìïí, �ðïóýíïëÜ ôïõ, êá� ³ùò �ê ôïýôïõ, ä«í
§ðáéôå�ôáé í¥ �ó÷ýåé ‖�‖L∞ = O(1): ®Åö' �óïí � �äÝá ô�í Green êá� Tao ḉôáí í¥ §íá-
äéáôõðþóïõí ô� èåþñçìá Szemer�edi ãé¥ óõíáñôÞóåéò ðï� öñÜóóïíôáé êáô¥ óçìå�ïí §ð�
êÜðïéï ìÝôñïí �; êá� � §íáäéáôýðùóéò á�ô� í¥ äïõëåýåé ãé¥ êÜðïéáí óõíÜñôçóéí ì« öïñÝá
ôï�ò ðñþôïõò, ǻéíáé óßãïõñï �ôé ô� ìÝôñïí ðï� è¥ �ñßóïõìå óô� ÊåöÜëáéïí 4 ä«í è¥ �êá-
íïðïéå� ô�í ‖�‖L∞ = O(1):ÌÜëéóôá, è¥ óõãêåíôñþíåôáé, ì« ô�í �ííïéáí �ôé è¥ ðáßñíåé ô�ò
ì� öñáãìÝíåò ôéìÝò ôïõ, ó« êÜðïéï �ðïóýíïëïí ó÷åä�í ðñþôùí §ñéèì�í, §ñéèì�í äçëáä�
ì« ëßãïõò ðñþôïõò äéáéñÝôåò. ÔÝôïéá óýíïëá ô¥ ÷åéñßæåôáé êáíå�ò ðé� å�êïëá §ð� ôï�ò
ðñþôïõò, ÷ñçóéìïðïé�íôáò ôå÷íéê«ò §ð� ô�í èåùñßáí êïóêßíïõ.

Ãé¥ í¥ ìðïñÝóïõí êáôáñ÷¥ò í¥ §ðïäåßîïõí �ôé � §íáäéáôýðùóéò ôï� èåùñÞìáôïò Sze-
mer�edi ðï� óêÝöôçêáí, êá� ðï� è¥ äï�ìå ó« ëßãï, §ëçèåýåé, ÷ñåéÜóôçêå í¥ ðåñéïñéóôï�í
ó« ìÝôñá ðï� �êáíïðïéï�í äýï ðïë� �ó÷õñ«ò óõíè�êåò:

Ï̄ñéóìüò 1.1.4 (ÓõíèÞêç ãñáììéê�í ìïñö�í). °Åóôù ìÝôñïí � : ZN → R+: °Åóôùóáí
m0; t0 êá� L0 ∈ N ðáñÜìåôñïé. ËÝìå �ôé ô� � �êáíïðïéå� ô�í (m0; t0; L0)−óõíèÞêçí ãñáì-
ìéê�í ìïñö�í ²áí �ó÷ýåé ô� �î�ò: �ðïèÝôïõìå �ôé m ≤ m0; t ≤ t0; �ôé (Lij)1≤i≤m;1≤j≤t
ǻéíáé ñ̄çôï� §ñéèìï� ì« §ñéèìçô«ò êá� ðáñïíïìáóô«ò §ðïëýôùò ≤ L0; êá� �ôé bi; 1 ≤ i ≤ m;
ǻéíáé óôïé÷å�á ôï� ZN : Óõìâïëßæïõìå ì«  i : Zt

N → ZN ô�í ãñáììéê�í ìïñö�í

 i(x) =
t∑

j=1

Lijxj + bi;

�ðïõ x = (x1; : : : ; xt) ∈ Zt
N ; êá� �ðïõ ï� §ñéèìï� Lij èåùñï�íôáé óôïé÷å�á ôï� ZN (ðñïû-

ðïèÝôïíôáò �ôé � N ǻéíáé ðñ�ôïò ìåãáëýôåñïò ôï� L0): ²Áí �ðïèÝóïõìå �ðéðëÝïí �ôé
êáíÝíá äéÜíõóìá (Lij)1≤j≤t ∈ Qt ä«í ǻéíáé ðïëëáðëÜóéïí êÜðïéïõ §ð� ô¥ �ðüëïéðá (êá�
ðñïöáí�ò �ôé êáíÝíá ä«í ǻéíáé ô� 0); ôüôå �÷ïõìå

(1.5) E(�( 1(x)) · · · �( m(x))|x ∈ ZtN ) = 1 + oL0;m0;t0(1):

(Ô¥ óöÜëìáôá óô�í (1:5) �îáñô�íôáé §ð� ô� ðïé¥ ǻéíáé � óõíÜñôçóéò �; §ëë¥ ä«í ðñÝðåé
í¥ �îáñô�íôáé §ð� ô�í �ðéëïã�í ô�í b1; : : : ; bm:)
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ÐáñáôÞñçóéò 1.1.5. ¯Ç ðáñÜìåôñïò m0; � �ðïßá êáèïñßæåé ô�í ìÝãéóôïí §ñéèì�í ãñáì-
ìéê�í ìïñö�í, ǻéíáé � ðé� óçìáíôéê� §ð� ô�ò ôñå�ò êáß, �ðùò è¥ äï�ìå, è¥ æçôÞóïõìå í¥
�îáñô¦ôáé ìüíïí §ð� ô� k; ô� ì�êïò äçëáä� ô�í §ñéèìçôéê�í ðñïüäùí ðï� §íáæçôï�ìå.
¯Ç ðåñßðôùóéò m = t = 1;  1(x1) = x1 ǻéíáé §êñéâ�ò � óõíèÞêç (1:4); � �ðïßá óõíåðÜ-
ãåôáé �ôé ô� � ǻéíáé ìÝôñïí. °Áëëá ¨ðë¥ ðáñáäåßãìáôá ô�ò óõíèÞêçò ãñáììéê�í ìïñö�í
ðï� è¥ óõíáíôÞóïõìå óô�ò §ðïäåßîåéò ǻéíáé ô¥

(1.6) E(�(x)�(x+ h1)�(x+ h2)�(x+ h1 + h2) |x; h1; h2 ∈ ZN ) = 1 + o(1)

(�ä� (m0; t0; L0) = (4; 3; 1));

(1.7) E(�(x+ h1)�(x+ h2)�(x+ h1 + h2) |h1; h2 ∈ ZN ) = 1 + o(1)

ãé¥ êÜèå x ∈ ZN (�ä� (m0; t0; L0) = (3; 2; 1); �íÿ ô� óôïé÷å�ïí x ǻéíáé � óôáèåñ�ò �ñïò
êá� óô�ò ôñå�ò ãñáììéê«ò ìïñöÝò),

E
(
�((x− y)=2)�((x− y + h2)=2)�(−y)�(−y − h1)×(1.8)

× �((x− y′)=2)�((x− y′ + h2)=2)�(−y′)�(−y′ − h1)×

× �(x)�(x+ h1)�(x+ h2)�(x+ h1 + h2)
∣∣x; h1; h2; y; y

′ ∈ ZN

)
= 1 + o(1)

(�ä� (m0; t0; L0) = (12; 5; 2)):

Ï̄ñéóìüò 1.1.6 (ÓõíèÞêç óõó÷åôéóìï�). °Åóôù ìÝôñïí � : ZN → R+: °Åóôù m0 ∈
N ðáñÜìåôñïò. ËÝìå �ôé ô� � �êáíïðïéå� ô�í m0−óõíèÞêçí óõó÷åôéóìï� ²áí �ðÜñ÷åé
óõíÜñôçóéò âÜñïõò � : ZN → R+; ãé¥ ô�ò ñ̄ïð«ò ô�ò �ðïßáò �÷ïõìå

(1.9) E(� q) = Oq(1) ãé¥ êÜèå 1 ≤ q <∞;

ôÝôïéá �óôå ãé¥ êÜèå 1 < m ≤ m0 í¥ �ó÷ýåé

(1.10) E(�(x+ h1)�(x+ h2) · · · �(x+ hm)|x ∈ ZN ) ≤
∑

1≤i<j≤m

�(hi − hj)

ãé¥ êÜèå h1; : : : ; hm ∈ ZN (�÷é §ðáñáéôÞôùò äéáöïñåôéêÜ).

Ï̄ñéóìüò 1.1.7. °Åóôù ìÝôñïí � : ZN → R+: È¥ ëÝìå ô� � k−øåõäïôõ÷á�ïí (�ðïõ
k ≥ 3 öõóéêüò), ²áí �êáíïðïéå� ô�í (k · 2k−1; 3k − 4; k)−óõíèÞêçí ãñáììéê�í ìïñö�í êá�
ô�í 2k−1−óõíèÞêçí óõó÷åôéóìï�.
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Ï� ðáñÜìåôñïé óô�í �ñéóì�í ä«í �÷ïõí �äéáßôåñçí óçìáóßáí, á�ô� ðï� êõñßùò ì¦ò �í-
äéáöÝñåé ǻéíáé í¥ �îáñô�íôáé ìüíïí §ð� ô� k êá� �÷é §ð� ô� N; �óôå í¥ ìðïñÝóïõìå í¥
�ñßóïõìå ôÝôïéïõ å�äïõò ìÝôñá ãé¥ ôï�ò ðñþôïõò. Êáô¥ ô' ©ëëá, �ðéëÝãïõìå á�ô«ò ô�ò
ðáñáìÝôñïõò �ðåéäÞ, ðáñáäåßãìáôïò ÷Üñéí, è¥ ÷ñåéáóôå� ó« êÜðïéáí §ðüäåéîéí í¥ ÷ñçóéìï-
ðïéÞóïõìå ô�í óõíèÞêçí ãñáììéê�í ìïñö�í ãé¥ k ·2k−1 ìïñö«ò, êá� ä«í è¥ ì¦ò ÷ñåéáóôå�
ãé¥ ðåñéóóüôåñåò.

Ðñïöáí�ò, � óôáèåñ� óõíÜñôçóéò 1 ǻéíáé k−øåõäïôõ÷á�ïí ìÝôñïí, ô� �ðï�ïí è¥ óõìâï-
ëßæïõìå ì« �const: ÌÜëéóôá, ô� óýíïëïí ô�í k−øåõäïôõ÷áßùí ìÝôñùí ǻéíáé §óôñüìïñöïí
�ò ðñ�ò ô� �const; �ðùò äåß÷íïõìå óô� �ðüìåíïí ë�ììá:

Ë�ììá 1.1.8. °Åóôù � k−øåõäïôõ÷á�ïí ìÝôñïí. Ãé¥ êÜèå � ∈ (0; 1); � óõíÜñôçóéò
�� + (1− �)�const : ZN → R+ ǻéíáé k−øåõäïôõ÷á�ïí ìÝôñïí �ðßóçò.

®Áðüäåéîéò. ÐñÝðåé �îáéôßáò ôï� ¯Ïñéóìï� 1:1:7 í¥ äåßîïõìå �ôé ô� �� + (1 − �)�const
�êáíïðïéå� ô�í (k · 2k−1; 3k − 4; k)−óõíèÞêçí óõó÷åôéóìï� êá� ô�í 2k−1−óõíèÞêçí óõ-
ó÷åôéóìï�. °Åóôù �ôé �÷ïõìå m ãñáììéê«ò ìïñö«ò  i : Zt

N → ZN ; 1 ≤ i ≤ m ≤ k · 2k−1

êá� t ≤ 3k−4; ì« ô�ò �äéüôçôåò ðï� ðåñéãñÜöïíôáé óô�í �ñéóì�í ô�ò óõíèÞêçò ãñáììéê�í
ìïñö�í. ÈÝëïõìå í¥ äåßîïõìå �ôé

E
((
��( 1(x)) + 1− �

)
· · ·
(
��( m(x)) + 1− �

)
|x ∈ Zt

N

)
= 1 + ok(1):

®Áíáðôýóóïíôáò ô�í ìÝóçí ôéìÞí, �÷ïõìå �ôé

(1.11) E
((
��( 1(x)) + 1− �

)
· · ·
(
��( m(x)) + 1− �

)
|x ∈ Zt

N

)
=

∑
A⊆{1;:::;m}

�|A|(1− �)m−|A| · E

(∏
i∈A

�( i(x))
∣∣ x ∈ Zt

N

)
;

êá� �ðåéäÞ, §ð� ô�ò �ðïèÝóåéò ìáò, ô� ìÝôñïí � ǻéíáé k−øåõäïôõ÷á�ïí, óõìðåñáßíïõìå �ôé
ãé¥ êÜèå �ðïóýíïëïí A ôï� {1; : : : ;m};

E

(∏
i∈A

�( i(x))
∣∣ x ∈ Zt

N

)
= 1 + ok(1):

°Áñá, §öï� §ð� ô� äéùíõìéê�í èåþñçìá �ó÷ýåé∑
A⊆{1;:::;m}

�|A|(1− �)m−|A| = (� + (1− �))m = 1;

ðñïêýðôåé �ôé � ìÝóç ôéì� (1:11) ǻéíáé êé á�ô� 1 + ok(1):
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®Áíáëüãùò, ãé¥ ô�í 2k−1−óõíèÞêçí óõó÷åôéóìï� ãñÜöïõìå

E
((
��(x+ h1) + 1− �

)
· · ·
(
��(x+ hm) + 1− �

)
|x ∈ ZN

)
=

∑
A⊆{1;:::;m}

�|A|(1− �)m−|A| · E

(∏
i∈A

�(x+ hi)
∣∣ x ∈ ZN

)

≤
∑

A⊆{1;:::;m}
|A|≤1

�|A|(1− �)m−|A|(1 + o(1))

+
∑

A⊆{1;:::;m}
|A|≥2

�|A|(1− �)m−|A| ·
∑
i;j∈A
i<j

�(hi − hj)

≤
∑

A⊆{1;:::;m}

�|A|(1− �)m−|A| ·
∑

1≤i<j≤m

(�(hi − hj) + c�)

=
∑

1≤i<j≤m

(�(hi − hj) + c�);

�ðïõ m ≤ 2k−1; ô¥ hi ǻéíáé �ðïéáäÞðïôå óôïé÷å�á ôï� ZN ; � ǻéíáé � óõíÜñôçóéò âÜñïõò
ãé¥ ô� ìÝôñïí �; êá� c� > 0 ǻéíáé óôáèåñ¥ ì« ô�í �äéüôçôá E(�(x)|x ∈ ZN ) ≤ c� ãé¥ êÜèå
N: ®ÅðåéäÞ, �îáéôßáò ô�ò §íôßóôïé÷çò �äéüôçôïò ãé¥ ô�í �; �÷ïõìå êá� ãé¥ ô�í óõíÜñôçóéí
� + c� �ôé

E
(
(� + c�)q

)
= Oq(1) ãé¥ êÜèå 1 ≤ q <∞;

óõìðåñáßíïõìå ô� æçôïýìåíïí.

®Áð� á�ô¥ ô¥ k−øåõäïôõ÷á�á ìÝôñá ðï� ó÷åôßæïíôáé ì« ô� �; è¥ ì¦ò ÷ñåéáóôå� ìüíïí
ô� (� + 1)=2: È¥ ÷ñåéáóôå� �ðßóçò í¥ ìðïñï�ìå í¥ äéáôáñÜîïõìå ëßãï ô�ò ôéì«ò ôï� � :

Ë�ììá 1.1.9. ²Áí ô� � ǻéíáé k−øåõäïôõ÷á�ïí ìÝôñïí, êá� o(1) ǻéíáé ì� §ñíçôéê� ðïóü-
ôçò, ôüôå k−øåõäïôõ÷á�ïí ìÝôñïí ǻéíáé êá� ô� �′ := � + o(1):

®Áðüäåéîéò. ÐÜëé §íáðôýóóïõìå ô¥ ãéíüìåíá ìÝóá óô�ò ìÝóåò ôéìÝò: ãé¥ ô�í óõíèÞêçí
ãñáììéê�í ìïñö�í ðáñáôçñï�ìå �ôé

E
((
�( 1(x)) + o(1)

)
· · ·
(
�( m(x)) + o(1)

)
|x ∈ Zt

N

)
= E(�( 1(x)) · · · �( m(x))|x ∈ Zt

N ) + ok;�(1) = 1 + ok(1) + ok;�(1)

�ðïõ ô� äåýôåñïí óöÜëìá ok;�(1) ðñïÝñ÷åôáé §ð� ôï�ò �ñïõò

∑
A⊆{1;:::;m}
|A|<m

(o(1))m−|A|E

(∏
i∈A

�( i(x))
∣∣ x ∈ Zt

N

)
≤ (2m−1) max{o(1); (o(1))m}(1+ok(1)):
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®Áíáëüãùò ãé¥ ô�í óõíèÞêçí óõó÷åôéóìï�, ²áí � ǻéíáé � óõíÜñôçóéò âÜñïõò ãé¥ ô�
ìÝôñïí �; ôüôå ìðïñï�ìå ãé¥ ô� �′ í¥ èåùñÞóïõìå êÜðïéï êáôÜëëçëïí ðïëëáðëÜóéïí ô�ò

� + max{o(1); (o(1))2
k−1}:

Êëåßíïõìå á�ô�í ô�í �íüôçôá ì« ô�í æçôïõìÝíçí ãåíßêåõóéí ôï� èåùñÞìáôïò Sze-
mer�edi, � �ðïßá è¥ ì¦ò �ðéôñÝøåé ô�í å�ñåóéí §ñéèìçôéê�í ðñïüäùí óôï�ò ðñþôïõò:

Èåþñçìá 1.1.10 (Èåþñçìá Szemer�edi ãé¥ øåõäïôõ÷á�á ìÝôñá). °Åóôùóáí k ≥ 3 öõóé-
ê�ò êá� 0 < � ≤ 1 ðñáãìáôéêüò. °Åóôù �ðßóçò k−øåõäïôõ÷á�ïí ìÝôñïí � : ZN → R+:
Ãé¥ êÜèå f : ZN → R ãé¥ ô�í �ðïßáí �ó÷ýåé

0 ≤ f(x) ≤ �(x) ãé¥ êÜèå x ∈ ZN

êá� ∫
ZN

f ≥ �;

�÷ïõìå

(1.12) E

k−1∏
j=0

T jrf(x)|x; r ∈ ZN

 ≥ c(k; �)− ok;�(1)

�ðïõ c(k; �) > 0 ǻéíáé � óôáèåñ¥ ðï� ðñïêýðôåé §ð� ô� èåþñçìá 1:1:1: Ô¥ óöÜëìáôá óô�í
(1:12) ðñïöáí�ò �îáñô�íôáé êá� §ð� ô� �; óõãêåêñéìÝíá §ð� ô¥ óöÜëìáôá óô�í óõíèÞêçí
ãñáììéê�í ìïñö�í, êá� ô�ò ñ̄ïð«ò ô�ò óõíáñôÞóåùò âÜñïõò óô�í óõíèÞêçí óõó÷åôéóìï�.

±Ïðùò è¥ äï�ìå, ï� §ðïäåßîåéò ô�í ÈåùñçìÜôùí 1:1:1 êá� 1:1:10 ìïéÜæïõí ðÜñá ðïë�
�ò ðñ�ò ô�í óåéñ¥í êá� ô�í ëïãéê�í ô�í �ðé÷åéñçìÜôùí ôïõò, §ëë¥ êá� �ò ðñ�ò ô¥ �ñãá-
ëå�á ðï� ÷ñçóéìïðïéï�í êá� ô¥ �ðï�á ðñïÝñ÷ïíôáé (²ç ãåíéêåýïõí §íôßóôïé÷åò �ííïéåò) §ð�
ôï�ò êëÜäïõò ô�ò �ñãïäéê�ò èåùñßáò êá� ô�ò §íáëýóåùò Fourier. Ìåôáî� á�ô�í ô�í �ñãá-
ëåßùí ǻéíáé êá� äýï ï�êïãÝíåéåò §ð� íüñìåò, ô�ò �ðï�åò è¥ �ñßóïõìå óô�ò §ìÝóùò �ðüìåíåò
�íüôçôåò, êá� ï� �ðï�åò ìåôñï�í êáô¥ êÜðïéïí ôñüðïí ô� êáô¥ ðüóïí ìßá óõíÜñôçóéò f
�êáíïðïéå� §íéóüôçôåò ó¥í ô�ò (1:1); (1:12):

1.2 Ï� íüñìåò Ud ô�ò Gowers �ìïéïìïñößáò

±Åíáò ôñüðïò í¥ �ñßóïõìå ô�ò íüñìåò Ud ðñïêýðôåé §ð� ô� ë�ììá van der Corput, ô�
�ðï�ïí ãé¥ ô�ò óõíáñôÞóåéò ðï� ìåëåôï�ìå ǻéíáé ìßá ¨ðë� ðáñáôÞñçóéò:

Ë�ììá 1.2.1 (Van der Corput). Ãé¥ êÜèå f : ZN → R; �ó÷ýåé∣∣ ∫
ZN

f
∣∣2 = E

(∫
ZN

f Thf
∣∣h ∈ ZN

)
:
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®Áðüäåéîéò. ®Áíáðôýóóïíôáò ô�ò äýï �êöñÜóåéò, âëÝðïõìå �ôé

∣∣ ∫
ZN

f
∣∣2 = E (f(x)f(y)|x; y ∈ ZN ) =

E (f(x)f(x− h)|x; h ∈ ZN ) = E
(∫

ZN
f Thf

∣∣h ∈ ZN
)
:

Ï̄ñéóìüò 1.2.2. Ãé¥ êÜèå f : ZN → R �ñßæïõìå

(1.13) ‖f‖U0 :=
∫

ZN
f;

êá� §íáäñïìéê�ò ãé¥ d ≥ 1; �÷ïíôáò �ñßóåé ô�í ‖ · ‖Ud−1 ãé¥ �ëåò ô�ò ðñáãìáôéê«ò óõíáñ-
ôÞóåéò §ð� ô� ZN ; �ñßæïõìå

(1.14) ‖f‖Ud :=
[
E
(
‖f Thf‖2

d−1

Ud−1 |h ∈ ZN
)]1=2d

:

®Áð� ô� Ë�ììá 1:2:1 êá� ô�ò (1:13); (1:14); âëÝðïõìå �ôé ãé¥ êÜèå f : ZN → R;

(1.15) ‖f‖U1 =
∣∣ ∫

ZN
f
∣∣;

�íÿ ǻéíáé ðñïöáí«ò §ð� ô�í §íáäñïìéê�í ôýðïí �ôé ãé¥ d ≥ 2 ï� ‖ · ‖Ud ǻéíáé ì� §ñíçôéêÝò.
®ÅðéðëÝïí

‖f‖2U1 ≤ E
(∣∣ ∫

ZN
f Thf

∣∣ |h ∈ ZN

)
≤
[
E
(∣∣ ∫

ZN
f Thf

∣∣2 |h ∈ ZN

)]1=2
;

ðï� óçìáßíåé �ôé ‖f‖U1 ≤ ‖f‖U2 ; �ðüôå ì« �ðáãùã�í (÷ñçóéìïðïé�íôáò êá� ô�í §íéóü-
ôçôá H�older) ðñïêýðôåé �ôé ‖f‖Ud ≤ ‖f‖Ud+1 ãé¥ êÜèå d ≥ 1: ®Åðßóçò ì« �ðáãùãÞí,
âëÝðïõìå �ôé ãé¥ êÜèå d; � ‖f‖Ud ðáñáìÝíåé §íáëëïßùôç �ò ðñ�ò ô�ò ìåôáôïðßóåéò ô�ò
f ²ç óõíáñôÞóåéò ô�ò ìïñö�ò x 7→ f(x=�) =: f�(x); � ∈ ZN \ {0}; äçëáä� ãé¥ êÜèå
n ∈ ZN ; � ∈ ZN \ {0};

‖Tnf‖Ud = ‖f‖Ud = ‖f�‖Ud ;

�íÿ ãé¥ d ≥ 1 ï� ‖ · ‖Ud ǻéíáé êá� èåôéê�ò �ìïãåíå�ò. Ðñïöáí�ò, � ‖ · ‖U1 ä«í ǻéíáé íüñìá,
§öï� ìçäåíßæåôáé êá� ãé¥ óõíáñôÞóåéò ðë�í ô�ò ìçäåíéê�ò, §ëë¥ ǻéíáé �ìéíüñìá. ¯Ç ‖·‖U0

ä«í ǻéíáé ï�ôå êÜí ì� §ñíçôéêÞ. Ãé¥ d ≥ 2 �ìùò, ï� ‖ · ‖Ud ǻéíáé êáíïíéê«ò íüñìåò. Ãé¥ í¥
ô� äåßîïõìå á�ôü, ðáñáôçñï�ìå êáôáñ÷¥ò ô� �î�ò: � ¯Ïñéóì�ò 1:2:2 ìðïñå� í¥ äéáôõðùèå�
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êá� ãé¥ óõíáñôÞóåéò f : ZN → C: Ó« á�ô�í ô�í ðåñßðôùóéí, ô� §ðïôÝëåóìá ôï� ëÞììáôïò
van der Corput ãßíåôáé

∣∣ ∫
ZN

f
∣∣2 = E

(∫
ZN

f̄ Thf
∣∣h ∈ ZN

)
;

êá� � �ñéóì�ò ô�í ‖ · ‖Ud ðáñáëëÜóóåôáé óô�í

‖f‖U0 :=
∫

ZN
f;

‖f‖Ud :=
[
E
(
‖f̄ Thf‖2d−1

Ud−1 |h ∈ ZN
)]1=2d

:

(¯Ç ìÝóç ôéì� ìßáò f : ZN → C �ñßæåôáé ì« �íôåë�ò §íÜëïãïí ôñüðïí, �íÿ §ð� ô� ë�ììá
van der Corput êá� �ðáãùãÞí, ðñïêýðôåé �ôé ãé¥ d ≥ 1; ‖f‖Ud ∈ R; ©ñá � �ñéóì�ò ǻéíáé
êáëüò.) ®Éó÷ýïõí �ëåò ï� ðñïçãïýìåíåò ðáñáôçñÞóåéò êá� ìðïñï�ìå í¥ äåßîïõìå ô� �î�ò:

Ë�ììá 1.2.3. Ãé¥ êÜèå f : ZN → C; � ‖f‖U2 ôáõôßæåôáé ì« ô�í `4 íüñìá ô�í óõíôåëå-
óô�í Fourier ô�ò f:

®Áðüäåéîéò. ®Áñêå� í¥ äåßîïõìå �ôé ‖f‖4U2 =
∑
�∈ZN

|f̂(�)|4; ²ç §ëëé�ò �ôé

E
(∣∣ ∫

ZN
f̄ Thf

∣∣2 |h ∈ ZN

)
=
∑
�∈ZN

∣∣E(f(x)e(−x�=N)|x ∈ ZN )
∣∣4:

±Ïìùò ãé¥ êÜèå � ∈ ZN ; ìðïñï�ìå í¥ ãñÜøïõìå

∣∣E(f(x)e(−x�=N)|x ∈ ZN )
∣∣4 =

(∣∣E(f(x)e(−x�=N)|x ∈ ZN )
∣∣2)2

;

êá� êÜíïíôáò ðñÜîåéò âëÝðïõìå �ôé∣∣E(f(x)e(−x�=N)|x ∈ ZN )
∣∣2 = E(f(x)e(−x�=N)|x ∈ ZN) · E(f(x)e(−x�=N)|x ∈ ZN)

= E
(
f̄(x)e(x�=N)f(x− h)e(−(x− h)�=N)

∣∣x; h ∈ ZN

)
= E

((∫
ZN

f̄ Thf

)
· e(h�=N)

∣∣h ∈ ZN

)
:

°Áñá

|f̂(�)|4 = E
((∫

ZN
f̄ Thf

)(∫
ZN

f̄ Th
′
f

)
· e((h+ h′)�=N)

∣∣h; h′ ∈ ZN

)
:
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®Áèñïßæïíôáò �ò ðñ�ò � êá� �íáëëÜóóïíôáò ô�í óåéñ¥í ô�í §èñïéóìÜôùí, ðñïêýðôåé �ôé

∑
�∈ZN

|f̂(�)|4 = N−2
∑

h;h′∈ZN

(∫
ZN

f̄ Thf

)(∫
ZN

f̄ Th
′
f

)
·
∑
�∈ZN

e((h+ h′)�=N)


= N−1

∑
h∈ZN

((∫
ZN

f̄ Thf

)(∫
ZN

f̄ T−hf

))
;

�ðïõ �÷ïõìå ÷ñçóéìïðïéÞóåé êá� ô�í ãíùóô�í ôáõôüôçôá:∑
�∈ZN

e((h+ h′)�=N) = 0 ²áí h+ h′ 6= 0;
∑
�∈ZN

e((h+ h′)�=N) = N §ëëé�ò.

Èõìüìáóôå ôÝëïò �ôé êÜèå Th §öÞíåé §ìåôÜâëçôá ô¥ �ëïêëçñþìáôá, ©ñá∫
ZN

f̄ T−hf =
∫

ZN
Th
(
f̄ T−hf

)
=
∫

ZN
f Thf̄ =

∫
ZN

f̄ Thf;

êá� óõíåð�ò ∑
�∈ZN

|f̂(�)|4 = E
((∫

ZN
f̄ Thf

)(∫
ZN

f̄ T−hf

) ∣∣h ∈ ZN

)

= E
(∣∣ ∫

ZN
f̄ Thf

∣∣2 |h ∈ ZN

)
:

ÓõíåðÜãåôáé �ôé � ‖ · ‖U2 ǻéíáé èåôéê� (äçëáä� ìçäåíßæåôáé ìüíïí óô�í ìçäåíéê�í
óõíÜñôçóéí), ©ñá §ð� ô�í ó÷Ýóéí ‖f‖Ud ≤ ‖f‖Ud+1 ; ô� �äéïí �ó÷ýåé êá� ãé¥ êÜèå ‖·‖Ud ; d >
2: ÌÜëéóôá, �îáéôßáò ôï� ðáñáðÜíù ëÞììáôïò, �÷ïõìå �äç �ôé � ‖ · ‖U2 ǻéíáé íüñìá, �íÿ
á�ô� ðï� ì¦ò ìÝíåé ãé¥ í¥ óõìðåñÜíïõìå ô� �äéïí ãé¥ ô�ò §íùôÝñáò ôÜîåùò ‖ · ‖Ud ; ǻéíáé
í¥ äåßîïõìå �ôé êá� á�ô«ò �êáíïðïéï�í ô�í ôñéãùíéê�í §íéóüôçôá. Ãé¥ ô�í óêïð�í á�ôüí,
è¥ ÷ñåéáóôå� í¥ §íáðôýîïõìå �ðáãùãéê�ò ô�í ôýðïí (1:14) ó« ©èñïéóìá §ð� ãéíüìåíá
ôéì�í ô�ò f ðÜíù ó« êýâïõò äéáóôÜóåùò d: ®Åîçã�íôáò ô� óçìáßíåé á�ôü, äßíïõìå �íáí
�íáëëáêôéê�í �ñéóì�í ô�í íïñì�í Ud :

Ï̄ñéóìüò 1.2.4. °Åóôù d ≥ 1 öõóéêüò. Èõìüìáóôå �ôé {0; 1}d ǻéíáé � äéáêñéô�ò êýâïò
ôï� Hamming äéáóôÜóåùò d; � �ðï�ïò §ðïôåëå�ôáé §ð� äéáíýóìáôá ! = (!1; : : : ; !d) ì«
!j ∈ {0; 1} ãé¥ j = 1; : : : ; d: ²Áí ! ∈ {0; 1}d êá� h = (h1; : : : ; hd) ∈ Zd

N ; óõìâïëßæïõìå ì«
! · h ô� óôïé÷å�ïí !1h1 + · · ·+ !dhd ∈ ZN : ¯Ïñßæïõìå ãé¥ êÜèå §êïëïõèßáí (f!)!∈{0;1}d
§ð� óõíáñôÞóåéò f! : ZN → R; ô� d−äéÜóôáôïí �óùôåñéê�í ãéíüìåíïí Gowers
〈(fω)ω∈{0,1}d〉Ud �ò �î�ò:

〈(f!)!∈{0;1}d〉Ud := E

 ∏
!∈{0;1}d

f!(x+ ! · h)
∣∣x ∈ ZN ; h ∈ ZdN

 :
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Óô� �î�ò è¥ êáëï�ìå êÜèå óýíïëïí ô�ò ìïñö�ò {x + ! · h : ! ∈ {0; 1}d} êýâïí
äéáóôÜóåùò d: ®ÅîåôÜæïõìå ôþñá êÜðïéåò ðåñéðôþóåéò ðï� ô� 〈(f!)!∈{0;1}d〉Ud ǻéíáé ì�
§ñíçôéêüí: ²áí ãé¥ ðáñÜäåéãìá � f! ä«í �îáñô¦ôáé §ð� ô� ôåëåõôá�ïí øçößïí !d ôï� !;
äçëáä� ²áí f(!1;:::;!d−1;0) = f(!1;:::;!d−1;1); �÷ïõìå �ôé

E

 ∏
!∈{0;1}d

f!(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zd

N

 =

E

 ∏
!′∈{0;1}d−1

(
f!′;0(x+ !′ · h′)f!′;0(x+ hd + !′ · h′)

) ∣∣x ∈ ZN ; h
′ ∈ Zd−1

N ; hd ∈ ZN

 ;

�ðïõ !′ := (!1; : : : ; !d−1) êá� h′ := (h1; : : : ; hd−1): ®ÉóïäõíÜìùò, �÷ïõìå �ôé

〈(f!)!∈{0;1}d〉Ud = E

∣∣∣E
 ∏
!′∈{0;1}d−1

f!′;0(y + !′ · h′)| y ∈ ZN

∣∣∣2 ∣∣h′ ∈ Zd−1
N

 ;

�ðïìÝíùò 〈(f!)!∈{0;1}d〉Ud ≥ 0 �ôáí � f! ä«í �îáñô¦ôáé §ð� ô� !d: ®Åîáéôßáò á�ôï�, ãé¥
êÜèå f : ZN → R �ó÷ýåé

〈(f)!∈{0;1}d〉Ud ≥ 0;

êá� ìðïñï�ìå í¥ �ñßóïõìå ô�í íüñìá ‖f‖Ud ô�ò Gowers �ìïéïìïñößáò ô�ò f èÝôïíôáò

(1.16) ‖f‖Ud := 〈(f)!∈{0;1}d〉
1=2d

Ud
= E

 ∏
!∈{0;1}d

f(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zd

N

1=2d

:

Ì« á�ô�í ô�í ôñüðïí å�óÜãåé � Gowers ãé¥ ðñþôçí öïñ¥í ô�ò íüñìåò Ud (Gowers unifor-
mity norms) óô� [17]:

Ë�ììá 1.2.5. Ãé¥ êÜèå d ≥ 1; � ¯Ïñéóì�ò 1:2:2 ãé¥ ô�í ‖·‖Ud óõìðßðôåé ì« ô�í �ñéóìüí
ôçò óô�í (1:16):

®Áðüäåéîéò. Ì« �ðáãùã�í óô� d : ãé¥ d = 1

E

 ∏
!∈{0;1}

f(x+ ! · h)
∣∣x ∈ ZN ; h ∈ ZN

1=2

=E
(
f(x)f(x+ h)

∣∣x ∈ ZN ; h ∈ ZN

)1=2 =
∣∣ ∫

ZN
f
∣∣;
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©ñá ï� äýï �ñéóìï� óõìöùíï�í ãé¥ �ëåò ô�ò óõíáñôÞóåéò f : ZN → R: ²Áí ô� �äéïí
óõìâáßíåé ãé¥ êÜðïéï d ≥ 1; äçëáä� ²áí ãé¥ êÜèå f : ZN → R; � ‖f‖Ud óýìöùíá ì« ô�í
¯Ïñéóì�í 1:2:2 �óï�ôáé êá� ì«

E

 ∏
!∈{0;1}d

f(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zd

N

1=2d

;

ôüôå ô� æçôïýìåíïí ãé¥ d + 1 ðñïêýðôåé �ò �î�ò: ðáñáôçñï�ìå �ôé ãé¥ ô�í ôõ÷ï�óáí
g : ZN → R;∏

!∈{0;1}d+1

g(x+ ! · h) =
∏

!′∈{0;1}d

(
g(x+ !′ · h′)g(x+ hd+1 + !′ · h′)

)
ãé¥ êÜèå x ∈ ZN ; h = (h′; hd+1) ∈ ZdN × ZN (�ðùò §êñéâ�ò �ó÷ýåé ãé¥ êÜèå §êïëïõèßáí
(f!)!∈{0;1}d+1 óô�í �ðïßáí � f! ä«í �îáñô¦ôáé §ð� ô� ôåëåõôá�ïí øçößïí !d+1); êá� ©ñá,
ó« óõíäõáóì�í ì« ô�í �ðáãùãéêÞí ìáò �ðüèåóéí,

E

 ∏
!∈{0;1}d+1

g(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zd+1

N


= E

E

 ∏
!′∈{0;1}d

(
g(x+ !′ · h′)g(x+ hd+1 + !′ · h′)

)∣∣x ∈ ZN ; h
′ ∈ Zd

N

∣∣∣hd+1 ∈ ZN


= E

(∥∥g (T (−hd+1)g)
∥∥2d

Ud

∣∣hd+1 ∈ ZN

)
= ‖g‖2

d+1

Ud+1 :

Äåß÷íïõìå ôþñá üôé ôü �óùôåñéê�í ãéíüìåíïí Gowers �êáíïðïéå� ìßáí ãåíéêåõìÝíçí
§íéóüôçôá Cauchy-Schwarz, §ð� ô�í �ðïßáí ðñïêýðôåé êá� � �ðïðñïóèåôéêüôçò ô�í Ud :

Ë�ììá 1.2.6 (®Áíéóüôçò Gowers-Cauchy-Schwarz). °Åóôù d ≥ 1: Ãé¥ êÜèå §êïëïõèßáí
(f!)!∈{0;1}d §ð� óõíáñôÞóåéò f! : ZN → R; �ó÷ýåé

|〈(f!)!∈{0;1}d〉Ud | ≤
∏

!∈{0;1}d
‖f!‖Ud :

®Áðüäåéîéò. Äåß÷íïõìå ãåíéêüôåñá ì« �ðáãùã�í óô� l ≤ d ô� �î�ò: ²áí (f!)!∈{0;1}d ǻéíáé
§êïëïõèßá óõíáñôÞóåùí ì« ô�í �äéüôçôá � f! í¥ ì�í �îáñô¦ôáé §ð� ô¥ ôåëåõôá�á d − l
øçößá, äçëáä� f! ≡ f!1;:::;!l;0;:::;0; ôüôå �ó÷ýåé

|〈(f!)!∈{0;1}d〉Ud | ≤
∏

!′∈{0;1}l
‖f!′;0d−l‖2

d−l

Ud ;
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�ðïõ 0d−l ǻéíáé ô� äéÜíõóìá ôï� {0; 1}d−l ì« ìçäåíéê«ò ìüíïí óõíôåôáãìÝíåò. Ðáñáôç-
ñï�ìå �ôé � §íéóüôçò Gowers-Cauchy-Schwarz ǻéíáé §êñéâ�ò � ðåñßðôùóéò l = d:

¯Ç âÜóéò ô�ò �ðáãùã�ò ìáò, � ðåñßðôùóéò l = 0; ðñïêýðôåé �î �ñéóìï� ô�ò Ud íüñìáò.
°Åóôù �ôé ô� æçôïýìåíïí �ó÷ýåé ãé¥ êÜðïéï 0 ≤ l < d; êá� �óôù §êïëïõèßá óõíáñôÞóåùí
(f!)!∈{0;1}d ì« ô�í �äéüôçôá � f! í¥ ì�í �îáñô¦ôáé §ð� ô¥ ôåëåõôá�á d − (l + 1) øçößá.
Ôüôå f! ≡ f!1;:::;!l;!l+1;0;:::;0 êá�〈

(f!)!∈{0;1}d
〉
Ud

= E

 ∏
!∈{0;1}d
!l+1=0

f!(x+ ! · h)
∏

!∈{0;1}d
!l+1=0

f!(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zd

N



= E

 ∏
!∈{0;1}d
!l+1=0

f!(x+ !′ · h′)
∏

!∈{0;1}d
!l+1=1

f!(x+ hl+1 + !′ · h′)
∣∣x; hl+1 ∈ ZN ; h′ ∈ Zd−1

N



= E

E

 ∏
!∈{0;1}d
!l+1=0

f!(y + !′ · h′)
∣∣ y ∈ ZN



×E

 ∏
!∈{0;1}d
!l+1=1

f!(y + !′ · h′)
∣∣ y ∈ ZN

∣∣∣h′ ∈ Zd−1
N

 ;

�ðïõ !′ = (!1; : : : ; !l; !l+2; : : : ; !d) ∈ {0; 1}d−1 êá� h′ = (h1; : : : ; hl; hl+2; : : : ; hd): Óõíå-
ð�ò, ÷ñçóéìïðïé�íôáò ô�í êëáóóéê�í §íéóüôçôá Cauchy-Schwarz,∣∣〈(f!)!∈{0;1}d

〉
Ud

∣∣
≤E

∣∣∣E
 ∏
!∈{0;1}d
!l+1=0

f!(y + !′ · h′)
∣∣ y ∈ ZN

∣∣∣2∣∣∣h′ ∈ Zd−1
N


1=2

× E

∣∣∣E
 ∏
!∈{0;1}d
!l+1=1

f!(y + !′ · h′)
∣∣ y ∈ ZN

∣∣∣2∣∣∣h′ ∈ Zd−1
N


1=2

=
〈
(g!)!∈{0;1}d

〉1=2
Ud

×
〈
(h!)!∈{0;1}d

〉1=2
Ud
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�ðïõ g! := f!1;:::;!l;0;!l+2;:::;!d êá� h! := f!1;:::;!l;1;!l+2;:::;!d : ±Åðåôáé �ôé � (g!)!∈{0;1}d
ǻéíáé §êïëïõèßá óõíáñôÞóåùí ì« ô�í �äéüôçôá � g! í¥ ì�í �îáñô¦ôáé §ð� ô¥ ôåëåõôá�á
d− l øçößá, ô� �äéïí êá� � (h!)!∈{0;1}d : °Áñá, §ð� ô�í �ðáãùãéê�í �ðüèåóéí,〈
(g!)!∈{0;1}d

〉1=2
Ud

×
〈
(h!)!∈{0;1}d

〉1=2
Ud

≤
∏

!′∈{0;1}l
‖g!′;0d−l‖2

d−l−1

Ud

∏
!′∈{0;1}l

‖h!′;0d−l‖2
d−l−1

Ud

=
∏

!′∈{0;1}l
‖g!′;0d−l‖2

d−l−1

Ud

∏
!′∈{0;1}l

‖h!′;1;0d−l−1‖2
d−l−1

Ud ;

äçëáä�

|〈(f!)!∈{0;1}d〉Ud | ≤
∏

!′∈{0;1}l
‖g!′;0d−l‖2

d−l−1

Ud

∏
!′∈{0;1}l

‖h!′;1;0d−l−1‖2
d−l−1

Ud

=
∏

!′′∈{0;1}l+1

‖f!′′;0d−l−1‖2
d−l−1

Ud :

Ðüñéóìá 1.2.7. Ãé¥ êÜèå f; g : ZN → R; �ó÷ýåé

‖f + g‖Ud ≤ ‖f‖Ud + ‖g‖Ud :

®Áðüäåéîéò. ®Áð� ô�í äéãñáììéêüôçôá ôï� �óùôåñéêï� ãéíïìÝíïõ Gowers �÷ïõìå �ôé

〈(f + g)!∈{0;1}d〉Ud =
∑

A⊆{0;1}d
〈(hA! )!∈{0;1}d〉Ud �ðïõ hA! =

{
f ²áí ! ∈ A
g §ëëé�ò

:

°Áñá, §ð� ô�í ôýðïí (1:16) ô�ò Ud íüñìáò êá� ô� ðñïçãïýìåíïí ë�ììá, ðñïêýðôåé

‖f + g‖2
d

Ud = 〈(f + g)!∈{0;1}d〉Ud ≤
∑

A⊆{0;1}d

∣∣〈(hA! )!∈{0;1}d〉Ud
∣∣

≤
∑

A⊆{0;1}d
‖f‖|A|

Ud
· ‖g‖2

d−|A|
Ud

= (‖f‖Ud + ‖g‖Ud)
2d
:

ÂëÝðïõìå ëïéð�í �ôé ï� Ud ãé¥ d ≥ 2 ǻéíáé êáíïíéê«ò íüñìåò, êá� �ôé ìðïñï�ìå í¥
èåùñÞóïõìå ô�ò äõúêÝò ôïõò, ï� �ðï�åò �ñßæïíôáé ì« ô�í óõíÞèç ôñüðïí:

‖g‖(Ud)∗ := sup{|〈f; g〉| : ‖f‖Ud ≤ 1}:

Å�óÜãïõìå �ðßóçò êÜðïéáí �ñïëïãßáí: èåùñ�íôáò öõóéê�í k ≥ 3 êá� ðñáãìáôéê�í " > 0;
è¥ ëÝìå "−Gowers �ìïéüìïñöçí, ²ç ¨ðë�ò Gowers �ìïéüìïñöçí ²áí ä«í �ðÜñ÷åé óýã÷õóéò,
êÜèå óõíÜñôçóéí f : ZN → R ãé¥ ô�í �ðïßáí �ó÷ýåé ‖f‖Uk−1 ≤ ": ¯Ç âáóéê� ðáñáôÞñçóéò
ãé¥ á�ô«ò ô�ò óõíáñôÞóåéò, � �ðïßá è¥ äéáôõðùèå� á�óôçñ¥ óô�ò �íüôçôåò 1.4, 1.5, ǻéíáé �
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�î�ò: ©í, ì« êÜðïéïí ôñüðïí ô�í �ðï�ïí è¥ äï�ìå §ñãüôåñá, êáôáöÝñïõìå í¥ ãñÜøïõìå
ô�í ôõ÷ï�óáí f ô�í ÈåùñçìÜôùí 1:1:1 êá� 1:1:10 �ò ©èñïéóìá äýï óõíéóôùó�í f1; f2;
ì« ô�í f1 í¥ ǻéíáé "−Gowers �ìïéüìïñöç ãé¥ êáôÜëëçëïí "; êá� ô�í f2 í¥ �êáíïðïéå�
§íéóüôçôåò ó¥í ô�ò (1:1); (1:12); ôüôå è¥ ìðïñï�ìå á�ôïìÜôùò í¥ óõìðåñÜíïõìå �ôé êá� �
f �êáíïðïéå� §íéóüôçôåò ó¥í ô�ò (1:1); (1:12); äåäïìÝíïõ �ôé è¥ �ó÷ýåé

E

k−1∏
j=0

T jrf(x)|x; r ∈ ZN

 ≈ E

k−1∏
j=0

T jrf2(x)|x; r ∈ ZN

 :

Ô�í ðáñáôÞñçóéí á�ô�í ìðïñï�ìå í¥ ô�í óêåöôüìáóôå êá� §íôéóôñüöùò: ²áí óô�í öïñÝá
êÜðïéáò ì� §ñíçôéê�ò óõíáñôÞóåùò g (�í ðñïêåéìÝíÿ ô�ò f2) ðåñéÝ÷ïíôáé §ñêåô«ò §ñé-
èìçôéê«ò ðñüïäïé ìÞêïõò k; ôüôå êá� í¥ ðñïóèÝóïõìå óô�í g ìßáí Gowers �ìïéüìïñöçí
óõíÜñôçóéí h (äçëáä� ìßáí óõíÜñôçóéí h ì« ‖h‖Uk−1 � 1); ìðïñï�ìå í¥ å�ìáóôå óßãïõñïé
�ôé ô� ðë�èïò ô�í §ñéèìçôéê�í ðñïüäùí ìÞêïõò k óô�í öïñÝá ô�ò êáéíïýñéáò óõíáñôÞóåùò
g + h ä«í è¥ äéáöÝñåé óçìáíôéê¥ §ð� ô� §íôßóôïé÷ïí ðë�èïò óô�í öïñÝá ô�ò g: Êáô¥
óõíÝðåéáí, ï� "−Gowers �ìïéüìïñöåò óõíáñôÞóåéò h (ì« ô� " í¥ �îáñô¦ôáé ìüíïí §ð� ô�
k êá� ô� �ëïêëÞñùìá

∫
ZN g) ǻéíáé §ìåëçôÝåò �ôáí èÝëïõìå í¥ ìåôñÞóïõìå §ñéèìçôéê«ò

ðñïüäïõò ìÞêïõò k óô�í öïñÝá ôï� §èñïßóìáôïò g + h:

®ÁíáöÝñïõìå ôÝëïò �ôé ï� íüñìåò Ud �÷ïõí êá� ©ëëåò �íäéáöÝñïõóåò �äéüôçôåò, ô�ò
�ðï�åò �ìùò ä«í è¥ ÷ñåéáóôï�ìå. Ðáñáäåßãìáôïò ÷Üñéí, �ó÷ýåé

‖f‖U1 ≤ ‖f‖U2 ≤ · · · ≤ ‖f‖Uk−1 ≤ · · · ≤ ‖f‖L∞

ì« ô�ò ‖f‖Ud í¥ óõãêëßíïõí óô�í ‖f‖L∞ ; ì« ñ̄õèì�í �ìùò ðï� ìðïñå� í¥ ǻéíáé §ñã�ò êá�
ðï� �îáñô¦ôáé §ð� ô� N:

1.3 Ï� íüñìåò UAP d ô�ò �ìïéüìïñöçò ó÷åä�í ðåñéïäéêüôçôïò

±Ïðùò è¥ äï�ìå, ï� Green êá� Tao ä«í §ðïäåéêíýïõí å�èÝùò ô� Èåþñçìá 1:1:10; §ëë¥
âáóßæïíôáé óô� �ôé �ó÷ýåé ô� Èåþñçìá 1:1:1; ô� �ðï�ïí ÷ñçóéìïðïéï�í ó¥í £ìá�ñï êïõôß¤,
÷ùñ�ò í¥ �íäéáöÝñïíôáé äçëáä� ãé¥ ô� ð�ò á�ô� §ðïäåéêíýåôáé êá� ÷ùñ�ò í¥ ÷ñçóéìïðïéï�í
êÜôé ðï� ðñïêýðôåé êáô¥ ô�í §ðüäåéîßí ôïõ (êáëï�í á�ô�í ô�í ôå÷íéê�í §ñ÷�í ìåôáöïñ¦ò).
Ãé¥ ô�í ëüãïí á�ôüí, ôï�ò §ñêï�í ï� íüñìåò Ud êá� ï� äõúêÝò ôïõò.

®ÁíôéèÝôùò, ãé¥ í¥ §ðïäåßîåé ô� Èåþñçìá 1:1:1; � Tao §íáãêÜæåôáé í¥ å�óáãÜãåé ìßáí
©ëëçí ï�êïãÝíåéáí íïñì�í, ô�ò íüñìåò ô�ò �ìïéüìïñöçò ó÷åä�í ðåñéïäéêüôçôïò (uniform
almost periodicity norms)

‖ · ‖UAP 0 ≥ ‖ · ‖UAP 1 ≥ · · · ≥ ‖ · ‖UAPk−2 ≥ · · · ≥ ‖ · ‖L∞ ;

ì« �äéüôçôåò �ó÷õñüôåñåò §ð� á�ô«ò ô�í (Ud)∗: ²Áò äï�ìå ð�ò �ñßæïíôáé ï� UAP d :
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Ï̄ñéóìüò 1.3.1 (°Áëãåâñåò Banach). ±Åíáò �ðü÷ùñïò A ô�í ðñáãìáôéê�í óõíáñôÞóåùí
§ð� ô� ZN ; �öïäéáóìÝíïò ì« ìßáí íüñìá ‖·‖A; ǻéíáé ©ëãåâñá Banach ²áí ãé¥ �ðïéåóäÞðïôå
äýï óõíáñôÞóåéò f; g ∈ A; ô� ãéíüìåíüí ôïõò §íÞêåé �ðßóçò óô�í ÷�ñïí A; êá� �ó÷ýåé
‖fg‖A ≤ ‖f‖A‖g‖A (�äéüôçò ô�ò ©ëãåâñáò). Æçôï�ìå �ðßóçò ãé¥ êÜèå f ∈ A í¥ �ó÷ýåé

(1.17) ‖f‖L∞ ≤ ‖f‖A:

(®Áöï� �îåôÜæïõìå ÷þñïõò ðåðåñáóìÝíçò äéáóôÜóåùò, óôï�ò �ðïßïõò �ëåò ï� íüñìåò ǻéíáé
�óïäýíáìåò, � (1:17) ǻéíáé óõíÝðåéá ô�ò �äéüôçôïò ô�ò ©ëãåâñáò: èåùñ�íôáò a > 0 �óôå
ãé¥ êÜèå f ∈ A í¥ �ó÷ýåé a‖f‖L∞ ≤ ‖f‖A; ðáñáôçñï�ìå �ôé ãé¥ êÜèå öõóéê�í m ≥ 1;

a
(
‖f‖L∞

)m = a‖fm‖L∞ ≤ ‖fm‖A ≤
(
‖f‖A

)m ⇒ a1=m‖f‖L∞ ≤ ‖f‖A;

�ðüôå §ñêå� í¥ §öÞóïõìå ô� m í¥ ôåßíåé óô� +∞:)
ËÝìå �ôé � A ǻéíáé §íáëëïßùôç �ò ðñ�ò ìåôáôïðßóåéò, ²áí ãé¥ êÜèå f ∈ A êá� ãé¥

êÜèå n ∈ ZN ; �ó÷ýåé T
nf ∈ A êá� ‖Tnf‖A = ‖f‖A: ®Áíáëüãùò, ëÝìå �ôé � A ǻéíáé

§íáëëïßùôç �ò ðñ�ò äéáóôïëÝò, ²áí ãé¥ êÜèå f ∈ A êá� êÜèå � ∈ ZN \ {0}; �ó÷ýåé f� ∈ A
êá� ‖f�‖A = ‖f‖A: ÔÝëïò, ìðïñï�ìå í¥ èåùñï�ìå �ôé ‖f‖A = ∞ ²áí f =∈ A:

Ï̄ñéóìüò 1.3.2 (Íüñìåò ô�ò �ìïéüìïñöçò ó÷åä�í ðåñéïäéêüôçôïò). ²Áí �÷ïõìå �ðü÷ùñïí
A ô�í ðñáãìáôéê�í óõíáñôÞóåùí §ð� ô� ZN ; � �ðï�ïò ǻéíáé ©ëãåâñá Banach §íáëëïßùôç
�ò ðñ�ò ìåôáôïðßóåéò, �ñßæïõìå ô�í ÷�ñïí UAP [A] �ëùí ô�í óõíáñôÞóåùí F ãé¥ ô�ò
�ðï�åò � ôñï÷éÜ ôïõò {TnF : n ∈ ZN} �÷åé ìßáí §íáðáñÜóôáóéí ô�ò ìïñö�ò

(1.18) TnF = M ·
∑
h∈H

th(cn;hgh) ãé¥ êÜèå n ∈ ZN

�ðïõ M ≥ 0; ô� H(= HF;N ) ǻéíáé ì� êåíüí, ðåðåñáóìÝíïí óýíïëïí äåéêô�í, ô¥ th
ǻéíáé ì� §ñíçôéêï� ðñáãìáôéêï� ðï� §èñïßæïíôáé óô�í ìïíÜäá (

∑
h∈H th = 1); ï� gh ǻéíáé

öñáãìÝíåò óõíáñôÞóåéò, êá� ï� cn;h ǻéíáé óõíáñôÞóåéò ôï� ÷þñïõ A ì« ‖cn;h‖A ≤ 1 ãé¥
êÜèå n ∈ ZN êá� êÜèå h ∈ H: ¯Ïñßæïõìå ‖F‖UAP [A] í¥ ǻéíáé ô� in�mum ô�í ðñáãìáôéê�í
M ðï� �ìöáíßæïíôáé ó« ôÝôïéåò §íáðáñáóôÜóåéò ô�ò ôñï÷é¦ò ô�ò F:

±Ïðùò êá� óô�í ðñïçãïõìÝíçí �íüôçôá, ä«í ǻéíáé §ðáñáßôçôïí í¥ ðåñéïñéóôï�ìå ó«
ðñáãìáôéê«ò óõíáñôÞóåéò ôï� ZN ; §ëë¥ ìðïñï�ìå í¥ èåùñÞóïõìå �ëåò ô�ò óõíáñôÞóåéò
f : ZN → C (ì« ìüíçí ðñïóèÞêçí óô�í �ñéóì�í ô�ò ©ëãåâñáò Banach, �ôé è¥ ðñÝðåé �
A í¥ ǻéíáé §íáëëïßùôç �ò ðñ�ò óõæõãå�ò óõíáñôÞóåéò). ¯Ç �äÝá ìÜëéóôá ãé¥ ô�ò UAP
©ëãåâñåò ðñïêýðôåé §ð� óõíáñôÞóåéò ô�ò ìïñö�ò

(1.19) F (x) :=
1
J

J∑
j=1

aje(Pj(x)=N) ãé¥ êÜèå x ∈ ZN ;
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�ðïõ J ≥ 1 ǻéíáé öõóéêüò, ô¥ aj ǻéíáé ìéãáäéêï� ì« ìÝôñïí ô� ðïë� 1; êá� ô¥ Pj ǻéíáé
ðïëõþíõìá öñáãìÝíïõ âáèìï� ì« óõíôåëåóô«ò §ð� ô� ZN : ¯Ï Tao �íïìÜæåé á�ô«ò ô�ò
óõíáñôÞóåéò ó÷åä�í ðåñéïäéê«ò óõíáñôÞóåéò ôÜîåùò d (�ôáí � âáèì�ò ô�í ðïëõùíýìùí
Pj ǻéíáé ô� ðïë� d). ¯Ç ðáñáôÞñçóéò ǻéíáé �ôé � ôñï÷é¥ ô�í ìåôáôïðßóåùí ìßáò ôÝôïéáò
óõíáñôÞóåùò ìðïñå� í¥ ãñáöå� �ò

TnF =
J∑
j=1

1
J

(cn;jgj); n ∈ ZN ;

�ðïõ gj è¥ ǻéíáé � öñáãìÝíç óõíÜñôçóéò gj(x) := aje(Pj(x)=N); êá� cn;j � óõíÜñôçóéò
cn;j(x) := e

(
(Pj(x−n)−Pj(x))=N

)
; � �ðïßá ǻéíáé �ðßóçò ô�ò ìïñö�ò (1:19) §ëë¥ ôÜîåùò

d− 1 §íô� ãé¥ d: Äçëáä� ï� ìåôáôïðßóåéò ìßáò ó÷åä�í ðåñéïäéê�ò óõíáñôÞóåùò ôÜîåùò d
ãñÜöïíôáé ó¥í ãñáììéêï� óõíäõáóìï� êÜðïéùí óôáèåñ�í (§íåîáñôÞôùí ôï� n) öñáãìÝíùí
óõíáñôÞóåùí gj ; êá� ï� óõíôåëåóô«ò cn;j ä«í ǻéíáé §ñéèìï� §ëë¥ ó÷åä�í ðåñéïäéê«ò óõíáñ-
ôÞóåéò ìßáò ÷áìçëüôåñçò ôÜîåùò. °Åôóé ãåííéÝôáé � óêÝøéò ãé¥ §íáäñïìéê�í �ñéóì�í ô�í
UAP d; � �ðï�ïò è¥ óôçñé÷èå� óô�í �ðïìÝíçí ðñüôáóéí:

Ðñüôáóéò 1.3.3. ²Áí � A ǻéíáé ©ëãåâñá Banach, §íáëëïßùôç �ò ðñ�ò ìåôáôïðßóåéò, ôüôå
ô� �äéïí �ó÷ýåé ãé¥ ô�í ÷�ñïí UAP [A]: ®ÅðéðëÝïí, � A ǻéíáé �ðïÜëãåâñá ô�ò UAP [A];
êá� ‖f‖UAP [A] ≤ ‖f‖A ãé¥ êÜèå f ∈ A: ÔÝëïò, ²áí � A ǻéíáé §íáëëïßùôç �ò ðñ�ò äéá-
óôïëÝò, ô� �äéïí �ó÷ýåé ãé¥ ô�í UAP [A]:

®Áðüäåéîéò. Å�êïëá âëÝðïõìå �ôé � ÷�ñïò UAP [A] ǻéíáé êëåéóô�ò �ò ðñ�ò ô�í âáèìùô�í
ðïëëáðëáóéáóìüí, �ò ðñ�ò ìåôáôïðßóåéò êá� äéáóôïëÝò, êáß, ²áí � A ǻéíáé ìéãáäéê� ©ëãåâñá
Banach, �ò ðñ�ò ô�í ó÷Ýóéí ô�ò óõæõãßáò. ®Åðßóçò, � ‖ · ‖UAP [A] ǻéíáé ì� §ñíçôéê� êá�
èåôéê�ò �ìïãåíÞò, §íáëëïßùôç �ò ðñ�ò ìåôáôïðßóåéò êá� óõæõãå�ò óõíáñôÞóåéò, �íÿ ǻéíáé
§íáëëïßùôç êá� �ò ðñ�ò äéáóôïëÝò, ²áí � A �÷åé á�ô�í ô�í �äéüôçôá.

ÂëÝðïõìå �ðßóçò �ôé ‖f‖L∞ ≤ ‖f‖UAP [A] : �óôù M > ‖f‖UAP [A]; ôüôå �ðÜñ÷ïõí ðå-
ðåñáóìÝíïí óýíïëïí äåéêô�í H; ì� §ñíçôéêï� ðñáãìáôéêï� (th)h∈H ï� �ðï�ïé �êáíïðïéï�í
ô�í

∑
h∈H th = 1; öñáãìÝíåò óõíáñôÞóåéò (gh)h∈H ; êá� óõíáñôÞóåéò (cn;h)n∈ZN ;h∈H ô�ò

A ì« ‖cn;h‖A ≤ 1 ãé¥ êÜèå n ∈ ZN êá� h ∈ H; �óôå í¥ �÷ïõìå ô�í §íáðáñÜóôáóéí (1:18)
ãé¥ ô�í ôñï÷é¥í ô�ò f: ®Áöï� §ð� ô�í (1:17) �÷ïõìå ‖cn;h‖L∞ ≤ ‖cn;h‖A ≤ 1; �ðåôáé ãé¥
êÜèå óôïé÷å�ïí x ôï� ZN �ôé |cn;h(x)gh(x)| ≤ 1: °Áñá,

|f(x)| = |T 0f(x)| ≤M ·
∑
h∈H

th|c0;h(x)gh(x)| ≤M ·
∑
h∈H

th = M;

äçëáä� �ó÷ýåé ‖f‖L∞ ≤M ãé¥ ô� ôõ÷�í M > ‖f‖UAP [A]: Ðñïêýðôåé ô� æçôïýìåíïí, êá�
�î á�ôï� �ôé � ‖ · ‖UAP [A] ǻéíáé èåôéêÞ, äçëáä� �ôé ìçäåíßæåôáé ìüíïí ãé¥ ô�í ìçäåíéê�í
óõíÜñôçóéí.

Ðáñáôçñï�ìå �ôé � ÷�ñïò UAP [A] ðåñéÝ÷åé ô�í A; êá� �ó÷ýåé ‖f‖UAP [A] ≤ ‖f‖A
ãé¥ êÜèå f ∈ A (§öï� ãé¥ f 6= 0 �÷ïõìå ô�í ðñïöáí� §íáðáñÜóôáóéí ô�ò ôñï÷é¦ò ôçò,
Tnf = ‖f‖A · Tng ãé¥ êÜèå n ∈ ZN ; ì« g := f=‖f‖A; ‖g‖A = 1 = ‖Tng‖A ãé¥ êÜèå n).
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²Áò äåßîïõìå ôþñá �ôé � ÷�ñïò UAP [A] ǻéíáé êëåéóô�ò �ò ðñ�ò ðåðåñáóìÝíá §èñïß-
óìáôá óõíáñôÞóåùí êá� �ôé � ‖ · ‖UAP [A] �êáíïðïéå� ô�í ôñéãùíéê�í §íéóüôçôá. ®Áöï�,
�ðùò å�äáìå, � ‖ · ‖UAP [A] ǻéíáé �ìïãåí�ò êá� èåôéêÞ, §ñêå� í¥ äåßîïõìå �ôé � ìïíáäéáßá
ìðÜëá ǻéíáé êõñôÞ, äçëáä� ²áí F; F ′ ∈ UAP [A] ǻéíáé ôÝôïéåò �óôå ‖F‖UAP [A]; ‖F ′‖UAP [A] ≤
1; ôüôå ãé¥ êÜèå � ∈ [0; 1]; (1− �)F + �F ′ ∈ UAP [A] ì« ‖(1− �)F + �F ′‖UAP [A] ≤ 1:
²Áí äåßîïõìå á�ôü, ôüôå ãé¥ �ðïéåóäÞðïôå ì� ìçäåíéê«ò óõíáñôÞóåéò G;G′ ∈ UAP [A]
è¥ ìðïñï�ìå í¥ èÝóïõìå F := G=‖G‖UAP [A] êá� F

′ := G′=‖G′‖UAP [A]; êá� è¥ �÷ïõìå

ãé¥ � := ‖G′‖UAP [A]

‖G‖UAP [A]+‖G′‖UAP [A]
�ôé

(1− �)F + �F ′ ∈ UAP [A] êá� ‖(1− �)F + �F ′‖UAP [A] ≤ 1 ⇒
G+G′ =

(
‖G‖UAP [A] + ‖G′‖UAP [A]

)
· ((1− �)F + �F ′) ∈ UAP [A]

êá� ‖G+G′‖UAP [A] ≤ ‖G‖UAP [A] + ‖G′‖UAP [A]:

²Áò èåùñÞóïõìå �ðïìÝíùò F; F ′ ∈ UAP [A] ì« ‖F‖UAP [A]; ‖F ′‖UAP [A] ≤ 1: ®Áð� ô�í ¯Ï-
ñéóì�í 1:3:2 �÷ïõìå ì� êåíÜ, ðåðåñáóìÝíá óýíïëá äåéêô�í H;H ′; ì� §ñíçôéêï�ò ðñáãìá-
ôéêï�ò (th)h∈H êá� (t′h′)h′∈H′ �ôóé �óôå

∑
h∈H th =

∑
h′∈H′ t′h′ = 1; öñáãìÝíåò óõíáñôÞ-

óåéò (gh)h∈H êá� (g′h′)h′∈H′ ; êáè�ò êá� óõíáñôÞóåéò (cn;h)n∈ZN ;h∈H êá� (c′n;h′)n∈ZN ;h′∈H′

ô�ò A; �óôå í¥ �ó÷ýïõí ï� §íáðáñáóôÜóåéò

(1.20) TnF =
∑
h∈H

th(cn;hgh) êá� TnF ′ =
∑
h′∈H′

t′h′(c
′
n;h′g

′
h′) ãé¥ êÜèå n ∈ ZN ;

ìáæ� ì« ô�ò �êôéìÞóåéò

‖cn;h‖A; ‖c′n;h′‖A ≤ 1 ãé¥ êÜèå n ∈ ZN ; h ∈ H;h′ ∈ H ′:

¯ÕðïèÝôïõìå ÷ùñ�ò âëÜâçí ô�ò ãåíéêüôçôïò �ôé ô¥ óýíïëá H;H ′ ǻéíáé îÝíá, �ðïìÝíùò
ìðïñï�ìå í¥ ðáñáèÝóïõìå �ëåò ô�ò óõíáñôÞóåéò ìáæß, í¥ èåùñÞóïõìå äçëáä� ô� äéÜíõóìá

(c̃n;h̃)n∈ZN ;h̃∈H∪H′

�ðïõ c̃n;h̃ := cn;h̃ ²áí h̃ ∈ H; c̃n;h̃ := c′
n;h̃

§ëëé�ò,

êá� �ìïßùò ô� äéÜíõóìá (g̃h̃)h̃∈H∪H′ : ÈÝôïõìå sh̃ := (1 − �)th̃ ²áí h̃ ∈ H; sh̃ := �t′
h̃
²áí

h̃ ∈ H ′; êá� âëÝðïõìå �ôé
∑

h̃∈H∪H′ sh̃ = 1 êá� �ôé, �ðùò æçôïýóáìå,

Tn((1− �)F + �F ′) =
∑

h̃∈H∪H′

sh̃(c̃n;h̃g̃h̃) ãé¥ êÜèå n ∈ ZN :

®Áíáëüãùò äåß÷íïõìå ô�í �äéüôçôá ô�ò ©ëãåâñáò: §ð� ô�ò �äéüôçôåò ô�ò ‖·‖UAP [A] ðÜëé,
§ñêå� í¥ äåßîïõìå �ôé � ìïíáäéáßá ìðÜëá ǻéíáé êëåéóô� �ò ðñ�ò ãéíüìåíá óõíáñôÞóåùí.
±Ïðùò êá� ðñßí, îåêéíï�ìå §ð� ô�í (1:20) êá� èåùñï�ìå ô� äéÜíõóìá

(c̃n;h;h′)n∈ZN ;h∈H;h′∈H′

�ðïõ c̃n;h;h′ := cn;hc
′
n;h′ ãé¥ êÜèå n ∈ ZN ; h ∈ H êá� h′ ∈ H ′:
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¯Ïìïßùò ô� äéÜíõóìá (g̃h;h′)h∈H;h′∈H′ ì« g̃h;h′ := ghg
′
h′ : Ôüôå, �ðåéä� � A ǻéíáé ©ëãåâñá,

êÜèå c̃n;h;h′ ∈ A êá� ‖c̃n;h;h′‖A ≤ ‖cn;h‖A · ‖c′n;h′‖A ≤ 1; �íÿ êÜèå g̃h;h′ ǻéíáé öñáãìÝíç
�ò ãéíüìåíïí öñáãìÝíùí óõíáñôÞóåùí. ÈÝôïõìå sh;h′ = tht

′
h′ ãé¥ êÜèå h ∈ H;h′ ∈ H ′;

êá� �÷ïõìå �ôé
∑

(h;h′)∈H×H′ sh;h′ =
(∑

h∈H th
)(∑

h′∈H′ t′h′
)

= 1: Ðñïêýðôåé �ðïìÝíùò
�ôé � §íáðáñÜóôáóéò

Tn(FF ′) =
∑

(h;h′)∈H×H′

sh;h′(c̃n;h;h′ g̃h;h′) ãé¥ êÜèå n ∈ ZN

ô�ò ôñï÷é¦ò ô�ò FF ′ ǻéíáé ô�ò ìïñö�ò (1:18) (ì« ô� M = 1).

Ï̄ñéóìüò 1.3.4. Ï� íüñìåò UAP d ãé¥ d ≥ 0 �ñßæïíôáé §íáäñïìéê�ò, èÝôïíôáò UAP 0 í¥
ǻéíáé � ôåôñéììÝíç ©ëãåâñá Banach ô�í óôáèåñ�í óõíáñôÞóåùí (�öïäéáóìÝíç ì« ô�í L∞

íüñìá), êá� �ðåéôá �ñßæïíôáò UAP d := UAP [UAP d−1] ãé¥ êÜèå d ≥ 1: ®Áð� ô�í Ðñüôáóéí
1:3:3 �÷ïõìå �ôé êÜèå UAP d ǻéíáé ©ëãåâñá Banach, §íáëëïßùôç �ò ðñ�ò ìåôáôïðßóåéò êá�
äéáóôïëÝò.

Óýìöùíá ì« ô�í óýìâáóéí ðï� �÷ïõìå êÜíåé, ãé¥ êÜèå f : ZN → C � �ðïßá ä«í ǻéíáé
óôáèåñÞ, �ó÷ýåé ‖f‖UAP 0 = ∞: Ãé¥ ô¥ �ðüëïéðá d �ìùò, � ‖f‖UAPd ǻéíáé ðåðåñáóìÝíç,
äçëáä� ï� §íùôÝñáò ôÜîåùò ©ëãåâñåò UAP d ðåñéÝ÷ïõí �ëåò ô�ò óõíáñôÞóåéò: §ñêå� §ð�
ô�í Ðñüôáóéí 1:3:3 êá� ô�í ¯Ïñéóì�í 1:3:4; í¥ ô� äåßîïõìå ãé¥ ô�í UAP 1: Èåùñï�ìå
ôõ÷ï�óáí f 6= 0 : ZN → C êá� èÝôïõìå g := f=‖f‖L∞ : Ôüôå � g ǻéíáé öñáãìÝíç, ô� �äéïí
êá� ï� ìåôáôïðßóåéò ôçò. ÃñÜöïõìå

Tnf = N‖f‖L∞ ·
∑
h∈ZN

1
N
�n;h T

hg ãé¥ êÜèå n ∈ ZN ;

�ðïõ �n;h ǻéíáé � óôáèåñ� 1 �ôáí n = h; §ëëé�ò ǻéíáé � óôáèåñ� 0. ÂëÝðïõìå �ðïìÝíùò
�ôé f ∈ UAP 1 êá� ‖f‖UAP 1 ≤ N‖f‖L∞ :

°Áñá ï� UAP d íüñìåò �öïäéÜæïõí ô�í ÷�ñïí �ëùí ô�í óõíáñôÞóåùí ì« äïì�í ©ëãå-
âñáò Banach. ÌÜëéóôá, � Green ðáñåôÞñçóå �ôé � ©ëãåâñá UAP 1 ǻéíáé � ãíùóô� ©ëãåâñá
Wiener, äçëáä� �ôé � UAP 1 íüñìá ǻéíáé �óç ì« ô�í `1 íüñìá ôï� ìåôáó÷çìáôéóìï� Fourier
ô�ò f:

Ë�ììá 1.3.5. Ãé¥ êÜèå f : ZN → C �÷ïõìå �ôé

‖f‖UAP 1 =
∑
�∈ZN

∣∣E(f(x)e(−x�=N)|x ∈ ZN )
∣∣:

®Áðüäåéîéò. Ì« ¨ðëï�ò �ðïëïãéóìï�ò âëÝðïõìå �ôé ï� óõíáñôÞóåéò-÷áñáêô�ñåò e�; ì«
ôýðïí e�(x) := e(x�=N) ãé¥ êÜèå x; � ∈ ZN ; �÷ïõí UAP 1 íüñìá ô� ðïë� 1: §ñêå� í¥
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ãñÜøïõìå ô�í ôñï÷é¥í ô�í ìåôáôïðßóåùí ô�ò e� �ò {cn;�e� : n ∈ ZN} �ðïõ cn;� ∈ UAP 0

ǻéíáé � óôáèåñ� óõíÜñôçóéò e(−n�=N):
ÂÜóåé ôï� ôýðïõ §íôéóôñïö�ò, ãé¥ êÜèå f : ZN → C �÷ïõìå f =

∑
�∈ZN f̂(�) · e�; ©ñá

§ð� ô�í ôñéãùíéê�í §íéóüôçôá óô�í UAP 1;

‖f‖UAP 1 ≤
∑
�∈ZN

|f̂(�)| · ‖e�‖UAP 1 ≤
∑
�∈ZN

|f̂(�)|:

Ãé¥ í¥ äåßîïõìå ô�í §íôßóôñïöçí §íéóüôçôá, §ñêå� í¥ äåßîïõìå �ôé �ôáí ‖f‖UAP 1 < 1
ôüôå ∑

�∈ZN

|f̂(�)| =
∑
�∈ZN

∣∣E(f(x)e(−x�=N)|x ∈ ZN )
∣∣ ≤ 1:

±Ïìùò �ôáí ‖f‖UAP 1 < 1; ìðïñï�ìå §ð� ô�í ¯Ïñéóì�í 1:3:2 í¥ âñï�ìå óýíïëïí H; ì�
§ñíçôéêï�ò §ñéèìï�ò (th)h∈H ì« óõíïëéê�í ©èñïéóìá ô�í ìïíÜäá, öñáãìÝíåò óõíáñôÞóåéò
(gh)h∈H êá� ìéãáäéê«ò óôáèåñ«ò (cn;h)n∈ZN ;h∈H ìÝôñïõ ô� ðïë� 1, �óôå í¥ �÷ïõìå

Tnf(x) =
∑
h∈H

thcn;hgh(x) ãé¥ êÜèå x; n ∈ ZN :

®Áöï�
∫

ZN f · ē� =
∫

ZN T
nf · Tnē� ãé¥ êÜèå n; �÷ïõìå

E(f(x)e(−x�=N)|x ∈ ZN ) = E
(
E(Tnf(x)e(−x�=N)e(n�=N)|x ∈ ZN )| n ∈ ZN

)
;

�ðïìÝíùò, óõíäõÜæïíôáò ì« ô�í ìïñö�í ô�í ìåôáôïðßóåùí ô�ò f; êáôáëÞãïõìå �ôé∑
�∈ZN

∣∣E(f(x)e(−x�=N)|x ∈ ZN )
∣∣

=
∑
�∈ZN

∣∣E(∑
h∈H

(thcn;hgh(x))e(−x�=N)e(n�=N) | x; n ∈ ZN

)∣∣
≤
∑
�∈ZN

∑
h∈H

th ·
∣∣E(cn;hgh(x)e(−x�=N)e(n�=N)| x; n ∈ ZN

)∣∣
=
∑
h∈H

th ·
∑
�∈ZN

∣∣E(cn;he(n�=N)|n ∈ ZN )
∣∣ · ∣∣E(gh(x)e(−x�=N)|x ∈ ZN )

∣∣:
±Ïìùò ãé¥ êÜèå h;∑

�∈ZN

∣∣E(cn;he(n�=N)|n ∈ ZN )
∣∣ · ∣∣E(gh(x)e(−x�=N)|x ∈ ZN )

∣∣
≤
(∑
�∈ZN

∣∣E(cn;he(n�=N)|n ∈ ZN )
∣∣2)1=2(∑

�∈ZN

∣∣E(gh(x)e(−x�=N)|x ∈ ZN )
∣∣2)1=2

= ‖ĉ·;h‖`2 · ‖ĝh‖`2
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§ð� ô�í §íéóüôçôá Cauchy-Schwarz, �ðïõ ï� óõíáñôÞóåéò c·;h(n) := cn;h êá� gh ǻéíáé
öñáãìÝíåò �îáéôßáò ô�í �ðïèÝóåþí ìáò. ±Åðåôáé §ð� ô� èåþñçìá Plancherel �ôé

∑
�∈ZN

∣∣E(f(x)e(−x�=N)|x ∈ ZN )
∣∣ ≤∑

h∈H

th
(
‖ĉ·;h‖`2 · ‖ĝh‖`2

)
=
∑
h∈H

th
(
‖c·;h‖L2 · ‖gh‖L2

)
≤ 1:

Ä«í è¥ §ó÷ïëçèï�ìå ðåñáéôÝñù ì« ìéãáäéê«ò óõíáñôÞóåéò, §ëë¥ ìüíïí ì« ô�ò óõíáñ-
ôÞóåéò §ð� ô� ZN óô� R; §öï� á�ô«ò §ñêï�í ãé¥ ô�í §ðüäåéîéí ô�í ÈåùñçìÜôùí 1:1:1 êá�
1:1:10: Ǻéíáé �ìùò âïëéê� í¥ óêåöôüìáóôå ô�ò óõíáñôÞóåéò ô�í �ðïßùí � UAP k−2 íüñìá
ǻéíáé öñáãìÝíç ó¥í óõíáñôÞóåéò ô�ò ìïñö�ò (1:19): ¯Ç ìåëÝôç ôÝôïéùí óõíáñôÞóåùí ǻéíáé
÷ñÞóéìç §öï� �ìöáíßæïíôáé ó« äéáöüñïõò êëÜäïõò, êá� ìÜëéóôá ôåëåõôá�á ÷ñçóéìïðïéï�-
íôáé ó¥í ãåíéêåýóåéò ô�í ÷áñáêôÞñùí ô�ò êëáóóéê�ò §íáëýóåùò Fourier [16]; [17]; [22]:

×ñÞóéìïí ǻéíáé �ðßóçò í¥ äï�ìå ô�í ó÷Ýóéí ô�í íïñì�í UAP d ì« ô�ò äõúê«ò ô�í Ud :

Ðñüôáóéò 1.3.6. °Åóôù öõóéê�ò k ≥ 2: Ãé¥ �ðïéåóäÞðïôå óõíáñôÞóåéò f; F : ZN → R;
ì« ô�í F ∈ UAP k−2; �÷ïõìå

|〈f; F 〉| ≤ ‖f‖Uk−1‖F‖UAPk−2 :

®Áðüäåéîéò. Ì« �ðáãùã�í óô� k : ãé¥ k = 2 ô� æçôïýìåíïí �ðåôáé §ð� ô�í (1:15) êá�
ô� ãåãïí�ò �ôé � F ǻéíáé §íáãêáóôéê�ò óôáèåñÞ. ²Áò �ðïèÝóïõìå ôþñá �ôé k ≥ 3 êá�
�ôé ô� æçôïýìåíïí �÷åé �äç äåé÷èå� ãé¥ ô� k − 1: ®Áöï� ï� íüñìåò ǻéíáé �ìïãåíå�ò êá�
ô� �óùôåñéê�í ãéíüìåíïí äéãñáììéêüí, §ñêå� í¥ äåßîïõìå ãé¥ êÜèå f; F : ZN → R ì«
‖f‖Uk−1 ; ‖F‖UAPk−2 < 1; �ôé |〈f; F 〉| < 1:

®Áð� ô�í ¯Ïñéóì�í 1:3:2 �ðÜñ÷ïõí ðåðåñáóìÝíïí óýíïëïí äåéêô�í H; ì� §ñíçôé-
êï� ðñáãìáôéêï� §ñéèìï� (th)h∈H ðï� §èñïßæïíôáé óô�í ìïíÜäá, öñáãìÝíåò óõíáñôÞóåéò
(gh)h∈H ; êá� óõíáñôÞóåéò (cn;h)n∈ZN ;h∈H ô�ò ©ëãåâñáò UAP k−3 ì« ‖cn;h‖UAPk−3 ≤ 1
ãé¥ êÜèå n ∈ ZN êá� h ∈ H; �óôå ï� ìåôáôïðßóåéò ô�ò F í¥ ãñÜöïíôáé óô�í ìïñö�í

TnF =
∑
h∈H

th(cn;hgh) ãé¥ êÜèå n ∈ ZN :

®Áöï� ï� ìåôáôïðßóåéò §öÞíïõí §íáëëïßùôá ô¥ �ëïêëçñþìáôá, �÷ïõìå

〈f; F 〉 = 〈Tnf; TnF 〉 =
∫

ZN
Tnf · TnF =

∫
ZN

Tnf ·
∑
h∈H

th(cn;hgh):
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±Åðåôáé �ôé

〈f; F 〉 = E
(
〈Tnf; TnF 〉 |n ∈ ZN

)
= E

(∫
ZN

Tnf ·
∑
h∈H

th(cn;hgh)
∣∣n ∈ ZN

)
=
∑
h∈H

th · E
(
gh(x)E (Tnf(x)cn;h(x) |n ∈ ZN ) |x ∈ ZN

)
�ö' �óïí §ëëÜîïõìå ô�í óåéñ¥í ô�í �ëïêëçñþóåùí. ®Åöáñìüæïõìå ãé¥ êÜèå h ô�í §íé-
óüôçôá Cauchy-Schwarz óô�í �êöñáóéí

E
(
gh(x)E (Tnf(x)cn;h(x) |n ∈ ZN ) |x ∈ ZN

)
;

êá� ëáìâÜíïõìå �ôé

|〈f; F 〉| ≤
∑
h∈H

th ·
[
E
(
|gh(x)|2 | x ∈ ZN

)
E
(∣∣E (Tnf(x)cn;h(x) |n ∈ ZN )

∣∣2 ∣∣x ∈ ZN

)]1=2
≤
∑
h∈H

th ·
[
E
(∣∣E (Tnf(x)cn;h(x) |n ∈ ZN )

∣∣2 ∣∣x ∈ ZN

)]1=2
äåäïìÝíïõ �ôé ï� gh ǻéíáé öñáãìÝíåò óõíáñôÞóåéò.

±Ïìùò §ð� ô� ë�ììá van der Corput �÷ïõìå ãé¥ êÜèå x ∈ ZN ;∣∣E (Tnf(x)cn;h(x) |n ∈ ZN )
∣∣2 = E

(
(Tnf)(x)(Tn+rf)(x)cn;h(x)cn+r;h(x) |n; r ∈ ZN

)
;

�ðïìÝíùò, §ëëÜæïíôáò ðÜëé ô�í óåéñ¥í ô�í �ëïêëçñþóåùí,

|〈f; F 〉| ≤
∑
h∈H

th ·
[
E
(
E
(
(Tnf)(x)(Tn+rf)(x)cn;h(x)cn+r;h(x) |x ∈ ZN

)
|n; r ∈ ZN

)]1=2
=
∑
h∈H

th ·
[
E
(〈
Tn(f T rf); cn;hcn+r;h

〉
|n; r ∈ ZN

)]1=2
≤
∑
h∈H

th ·
[
E
(∣∣〈Tn(f T rf); cn;hcn+r;h

〉∣∣ |n; r ∈ ZN
)]1=2

=
∑
h∈H

th ·
[
E
(∣∣〈f T rf; T−n(cn;hcn+r;h)

〉∣∣ |n; r ∈ ZN

)]1=2
:

®Áöï� � UAP k−3 ǻéíáé ©ëãåâñá Banach §íáëëïßùôç �ò ðñ�ò ìåôáôïðßóåéò, �ó÷ýåé

‖T−n(cn;hcn+r;h)‖UAPk−3 = ‖cn;hcn+r;h‖UAPk−3 ≤ ‖cn;h‖UAPk−3‖cn+r;h‖UAPk−3 ≤ 1

ãé¥ êÜèå n; r ∈ ZN êá� h ∈ H; ©ñá §ð� ô�í �ðáãùãéê�í �ðüèåóéí∣∣〈f T rf; T−n(cn;hcn+r;h)
〉∣∣ ≤ ‖f T rf‖Uk−2
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êá�

|〈f; F 〉| ≤
∑
h∈H

th ·
[
E
(
‖f T rf‖Uk−2 |n; r ∈ ZN

)]1=2
=
[
E
(
‖f T rf‖Uk−2 | r ∈ ZN

)]1=2
:

×ñçóéìïðïé�íôáò ô�í §íéóüôçôá H�older êá� ô�í ¯Ïñéóì�í (1:14); êáôáëÞãïõìå óô� æç-
ôïýìåíïí:

|〈f; F 〉| ≤
[
E
(
‖f T rf‖2

k−2

Uk−2 | r ∈ ZN
)]1=2k−1

= ‖f‖Uk−1 < 1:

®Åîáéôßáò ô�ò ÐñïôÜóåùò 1:3:6; êáôáëÞãïõìå óô� óõìðÝñáóìá �ôé ãé¥ êÜèå f : ZN →
R êá� ãé¥ êÜèå k ≥ 3;

‖f‖(Uk−1)∗ ≤ ‖f‖UAPk−2 ;

ì« ô�í UAP k−2 íüñìá í¥ ǻéíáé ôåëéê�ò ãíçóßùò �ó÷õñüôåñç §ð� ô�í (Uk−1)∗ : å�äáìå,
ëüãïõ ÷Üñéí, óô� Ë�ììá 1:3:5 �ôé ‖f‖UAP 1 = ‖f̂‖`1 ; §ð� ô�í ©ëëçí ‖f‖U2 = ‖f̂‖`4 ëüãÿ

ôï� ËÞììáôïò 1:2:3; ©ñá ‖f‖(U2)∗ = ‖f̂‖`4=3 :

1.4 ÓêéáãñÜöçóéò ô�ò §ðïäåßîåùò ôï� ÈåùñÞìáôïò 1.1.1

×ñåéáæüìáóôå ôñßá âáóéê¥ èåùñÞìáôá, �óôå í¥ ãñÜøïõìå ô�í f ôï� ÈåùñÞìáôïò 1:1:1
�ò ©èñïéóìá äýï óõíéóôùó�í, � ìßá �ê ô�í �ðïßùí è¥ äåßîïõìå �ôé �êáíïðïéå� §íéóüôçôåò
ó¥í ô�í (1:1); �íÿ � ©ëëç è¥ óõìâÜëëåé ëßãï óô� ôåëéê�í §ðïôÝëåóìá.

Èåþñçìá 1.4.1 (ÃåíéêåõìÝíïí èåþñçìá von Neumann). °Åóôù k ≥ 2 öõóéêüò. Èåù-
ñï�ìå �0; : : : ; �k−1 äéáêåêñéìÝíá óôïé÷å�á ôï� ZN : Ôüôå ãé¥ �ðïéåóäÞðïôå öñáãìÝíåò
óõíáñôÞóåéò f0; : : : ; fk−1 : ZN → R; �÷ïõìå

∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

∣∣∣ ≤ min
0≤j≤k−1

‖fj‖Uk−1 :

Èåþñçìá 1.4.2 (Èåþñçìá Ðåñéïäéê�ò Äïì�ò). °Åóôùóáí d ≥ 0; k ≥ 1 öõóéêï� êá�
0 < �;M < ∞ ðñáãìáôéêïß. °Åóôù �ôé ï� fU⊥ ; fUAP : ZN → R ǻéíáé ì� §ñíçôéêÝò,
öñáãìÝíåò óõíáñôÞóåéò ãé¥ ô�ò �ðï�åò

‖fU⊥ − fUAP ‖L2 ≤ �2

1024k
;(1.21) ∫

ZN
fU⊥ ≥ �(1.22)
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êá�

‖fUAP ‖UAPd < M:(1.23)

Ôüôå �÷ïõìå

(1.24) E

E

k−1∏
j=0

T�jrfU⊥(x)
∣∣x ∈ ZN

∣∣∣ 0 ≤ r ≤ N1

�d;k;�;M 1

ãé¥ êÜèå � ∈ ZN êá� N1 ≥ 0:

ÐáñáôÞñçóéò 1.4.3. È¥ �öáñìüóïõìå ô� Èåþñçìá 1:4:2 ãé¥ óõãêåêñéìÝíåò fU⊥ ; fUAP
ðï� ó÷åôßæïíôáé ì« ô�í f ôï� ÈåùñÞìáôïò 1:1:1 êá� ô�ò �ðï�åò è¥ ì¦ò äþóåé �ðüìåíïí
èåþñçìá. Ìðïñï�ìå �ìùò �äç í¥ ÷ñçóéìïðïéÞóïõìå ô� Èåþñçìá Ðåñéïäéê�ò Äïì�ò ãé¥
í¥ âñï�ìå ìßáí ï�êïãÝíåéáí èåôéê�í óôáèåñ�í, §íÜìåóá óô�ò �ðï�åò è¥ ǻéíáé êá� � óôáèåñ¥
c(k; �) ðï� §íáæçôï�ìå óô� Èåþñçìá 1:1:1: ÐñÜãìáôé, ãé¥ êÜèå d ≥ 0; k ≥ 1 êá� 0 <
�;M <∞; âñßóêïõìå (²áí �ðÜñ÷ïõí) ì� §ñíçôéêÝò, öñáãìÝíåò fU⊥ ; fUAP ðï� �êáíïðïéï�í
ô�ò �êôéìÞóåéò (1:21)− (1:23); êá� ðáñáôçñï�ìå �ôé ôüôå

E

E

k−1∏
j=0

T�jrfU⊥(x)
∣∣x ∈ ZN

∣∣∣ 0 ≤ r ≤ N1

 ≥ c > 0

ãé¥ ìßáí óôáèåñ¥í c ðï� ä«í �îáñô¦ôáé §ð� ô� æåõãÜñé (fU⊥ ; fUAP ); ãé¥ êÜèå � ∈ ZN êá�
N1 ≥ 0: Óõìâïëßæïõìå ëïéð�í ì« c(d; k; �;M) ô� in�mum ôï� óõíüëïõE

E

k−1∏
j=0

T�jrfU⊥(x)|x ∈ ZN

∣∣ 0 ≤ r ≤ N1

∣∣∣� ∈ ZN ; N1 ≥ 0; fU⊥ ; fUAP £êáëÝò¤


�ôáí �ðÜñ÷ïõí £êáë«ò¤ fU⊥ ; fUAP ; äçëáä� ì� §ñíçôéêÝò, öñáãìÝíåò, ðï� �êáíïðïéï�í
ô�ò �êôéìÞóåéò (1:21) − (1:23) ãé¥ ô¥ óõãêåêñéìÝíá d; k; �;M; êá� ô� Èåþñçìá 1:4:2 ì¦ò
�îáóöáëßæåé �ôé c(d; k; �;M) > 0:

¯ÕðÜñ÷ïõí âåâáßùò ðåñéðôþóåéò ðï� ä«í �ðÜñ÷ïõí £êáë«ò¤ fU⊥ ; fUAP (êá� óô�ò �ðï�åò
ìðïñï�ìå ¨ðë�ò í¥ èÝóïõìå c(d; k; �;M) = 0); ðáñáäåßãìáôïò ÷Üñéí §ð� ô�í (1:21) êá�
ô�í §íéóüôçôá Cauchy-Schwarz âëÝðïõìå �ôé∫

ZN
|fU⊥ − fUAP | ≤ ‖fU⊥ − fUAP ‖L2 ≤ �2

1024k
;

©ñá §ð� ô�í (1:22) �÷ïõìå
∫

ZN fUAP ≥
�
2 ; êá� á�ô� óçìáßíåé �ôé ðñÝðåé

�

2
≤ ‖fUAP ‖L∞ ≤ ‖fUAP ‖UAPd < M:
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Èåþñçìá 1.4.4 (Èåþñçìá ÄéáóðÜóåùò). °Åóôùóáí k ≥ 3 öõóéê�ò êá� 0 < � ≤ 1
ðñáãìáôéêüò. °Åóôù f : ZN → R ì� §ñíçôéêÞ, öñáãìÝíç óõíÜñôçóéò ãé¥ ô�í �ðïßáí∫

ZN f ≥ �: °Åóôù �ðßóçò F : (0;+∞) → (0;+∞) á�èáßñåôç óõíÜñôçóéò (� �ðïßá ìðïñå�

í¥ �îáñô¦ôáé §ð� ô¥ k; �): Ôüôå �ðÜñ÷ïõí èåôéê�ò §ñéèì�ò M = Ok;�;F (1); öñáãìÝíç
óõíÜñôçóéò fU ; êá� ì� §ñíçôéêÝò, öñáãìÝíåò fU⊥ ; fUAP �ôóé �óôå

f = fU + fU⊥ ;

�ó÷ýïõí ï� �êôéìÞóåéò (1:21); (1:22); (1:23) ì« d = k − 2; êáè�ò êá� � �êôßìçóéò

(1.25) ‖fU‖Uk−1 ≤ F (M):

Ô� ãåíéêåõìÝíïí èåþñçìá von Neumann �÷åé ô�í ðé� å�êïëçí §ðüäåéîéí §ð� ô¥ ôñßá,
êá� è¥ §ðïäåé÷èå� óô�í �íüôçôá 2.1. Ô¥ ©ëëá äýï èåùñÞìáôá è¥ ÷ñåéáóôï�í êÜðïéáí
ðñïåñãáóßáí, êÜðïéá âïçèçôéê¥ ëÞììáôá äçëáäÞ, ô¥ �ðï�á äéáôõðþíïíôáé êá� §ðïäåéêíýï-
íôáé óô�ò �íüôçôåò 2.2 êá� 2.3. Ô� �ðüëïéðïí ôï� Êåöáëáßïõ 2 è¥ ǻéíáé §öéåñùìÝíïí óô�
í¥ äåßîïõìå ð�ò �ëïêëçñþíïíôáé ô¥ ÈåùñÞìáôá ÄéáóðÜóåùò êá� Ðåñéïäéê�ò Äïì�ò, ì«
ô�í §ðüäåéîéí ôï� äåõôÝñïõ í¥ ǻéíáé � ðé� äýóêïëç êá� í¥ �ðéêáëå�ôáé êá� ô� ãíùóô�í §ð�
ô�í èåùñßáí Ramsey èåþñçìá ôï� van der Waerden. ²Áò óçìåéùèå� �ôé � óêåëåô�ò ãé¥
ô�í áðüäåéîéí ôï� ÈåùñÞìáôïò 1:4:4 ǻéíáé �íôåë�ò §íÜëïãïò ì« ô�í §íôßóôïé÷ïí óêåëåô�í
ôï� ÈåùñÞìáôïò ÄéáóðÜóåùò ãé¥ øåõäïôõ÷á�á ìÝôñá.

²Áò äå÷èï�ìå ðñ�ò ô� ðáñ�í �ôé �ó÷ýïõí ô¥ ÈåùñÞìáôá 1:4:1; 1:4:2 êá� 1:4:4; �óôå í¥
äï�ìå ð�ò �ëïêëçñþíåôáé � §ðüäåéîéò ôï� ÈåùñÞìáôïò 1:1:1:

®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1:1:1: ®Áð� ô� Èåþñçìá 1:4:4; ãé¥ êÜèå F : (0;+∞) →
(0;+∞); �ðÜñ÷ïõí èåôéê�ò §ñéèì�ò M = Ok;�;F (1); öñáãìÝíç óõíÜñôçóéò fU ; êá� ì�
§ñíçôéêÝò, öñáãìÝíåò fU⊥ ; fUAP �ôóé �óôå í¥ �ó÷ýïõí ï� �êôéìÞóåéò (1:21) − (1:25) ì«
d = k − 2; êá� í¥ �÷ïõìå ô�í äéÜóðáóéí

(1.26) f = fU + fU⊥ :

²Áò äï�ìå ð�ò âñßóêïõìå êáôÜëëçëçí F : §ð� ô�í (1:26); ìðïñï�ìå í¥ ãñÜøïõìå ô�

E

k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN


�ò ©èñïéóìá 2k �ñùí ô�ò ìïñö�ò

(1.27) E

k−1∏
j=0

T jrgj(x)
∣∣x; r ∈ ZN
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ì« ô�ò gj í¥ ǻéíáé å�ôå � fU å�ôå � fU⊥ : ®Áð� ô� Èåþñçìá 1:4:1 ìðïñï�ìå í¥ öñÜîïõìå
êÜèå �ñïí óô�í �ðï�ïí ôïõëÜ÷éóôïí ìßá gj ǻéíáé �óç ì« ô�í fU §ð� ‖fU‖Uk−1 ; êá� ©ñá,
ëüãÿ ô�ò (1:25); §ð� F (M): Ãé¥ ô�í �íáðïìåßíáíôá �ñïí �ó÷ýåé

E

k−1∏
j=0

T jrfU⊥(x)
∣∣x; r ∈ ZN

 ≥ c(k − 2; k; �;M) =: c(k; �;M)

(§ð� ô�í ÐáñáôÞñçóéí 1:4:3 ì« � = 1; Í1 = Í − 1): Å̄ðïìÝíùò,

(1.28) E

k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN

 ≥ c(k; �;M)− (2k − 1)F (M);

êá� §ñêå� í¥ èåùñÞóïõìå ô�í F0 : (0;+∞) → (0;+∞) ì«

F0(M) =
c(k; �;M)
2(2k − 1)

ãé¥ êÜèå M:

(Ô¥M ãé¥ ô¥ �ðï�á c(k; �;M) = 0 ä«í ì¦ò �íäéáöÝñïõí, ãé¥ ëüãïõò ¨ðë�ò �ñèï� �ñéóìï�
ô�ò F0 èÝôïõìå F0(M) = 1 ãé¥ á�ôÜ.) Óçìåéþíïõìå �ôé � óôáèåñ¥ ðï� è¥ �ìöáíéóôå�
óô� äåîé�í ìÝëïò ô�ò (1:28) �îáñô¦ôáé ìüíïí §ð� ô¥ k; � (êá� �÷é §ð� ô�í �êÜóôïôå
f : ZN → R); §öï� M = Ok;�;F0(1) êá� � óõíÜñôçóéò F0 �ðåëÝãç ìüíïí âÜóåé ô�í
ðáñáìÝôñùí k; �:

Ãé¥ ô�í ðé� ãåíéê�í ðåñßðôùóéí, �ðïõ ô� �ëïêëÞñùìá ô�ò f ǻéíáé �óïí ì« �+o(1); §ëë¥
�÷é §íáãêáóôéê¥ ≥ �; ÷ñçóéìïðïéï�ìå á�ô� ðï� §íáöÝñåôáé óô�í ÐáñáôÞñçóéí 1:1:2 (i),
äçëáä� �ôé ãé¥ êÜèå ì� §ñíçôéêÞí, öñáãìÝíçí óõíÜñôçóéí fN : ZN → R ì«

∫
ZN fÍ < �;

ìðïñï�ìå í¥ âñï�ìå ì� §ñíçôéêÞí fN;err : ZN → R �óôå

fN + fN;err ≤ 1 óô� ZN ;

∫
ZN

(fN + fN;err) = �:

¯Ç óõíÜñôçóéò á�ô� ìðïñå� í¥ �ñéóôå� �ò �î�ò: �óôù m ∈ {0; 1; : : : ; N −1} � �ëÜ÷éóôïò
öõóéê�ò ãé¥ ô�í �ðï�ïí

1
N

∑
n≤m

(1− fN (n)) ≥ � −
∫

ZN
fÍ

(ôÝôïéïò �ðÜñ÷åé äåäïìÝíïõ �ôé 1
N

∑
n≤N−1(1 − fN (n)) +

∫
ZN fÍ = 1): ¯Ç óõíÜñôçóéò

h : [0; 1− fN (m)] → R ì«

h(t) =
t

N
+

1
N

∑
n<m

(1− fN (n))
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ǻéíáé óõíå÷Þò, �ðïìÝíùò §ð� ô� èåþñçìá �íäéáìÝóïõ ôéì�ò ôï� ®Áðåéñïóôéêï� Ëïãéóìï�
�ðÜñ÷åé t0 ∈ [0; 1−fN (m)] �óôå h(t0) = �−

∫
ZN fÍ : ÈÝôïõìå fN;err(n) = 1−fN (n) ãé¥

n < m; fN;err(m) = t0 êá� fN;err(n) = 0 ãé¥ n > m:

ÓõíåðÜãåôáé �ôé ²áí óõìâïëßóïõìå ì« ferr ô�í §íôßóôïé÷çí ï�êïãÝíåéáí óõíáñôÞóåùí (èÝ-
ôïíôáò fN;err ≡ 0 �ôáí

∫
ZN fÍ ≥ �), ôüôå

0 ≤ f + ferr ≤ 1 óô� ZN ;∫
ZN

ferr = o(1) êá�
∫

ZN
(f + ferr) ≥ �:

Ëüãÿ ô�ò ðñïçãïõìÝíçò §ðïäåßîåùò, �ó÷ýåé

E

k−1∏
j=0

T jr(f + ferr)(x)
∣∣x; r ∈ ZN

 ≥ c(k; �):

®Åðßóçò, �ðåéä� ï� f; ferr ǻéíáé öñáãìÝíåò, ãé¥ êÜèå �ñïí ô�ò ìïñö�ò (1:27) �ðïõ êÜèå gj
�óï�ôáé å�ôå ì« ô�í f å�ôå ì« ô�í ferr; êá� ôïõëÜ÷éóôïí ãé¥ êÜðïéï j0 �ó÷ýåé gj0 = ferr;
�÷ïõìå �ôé

E

k−1∏
j=0

T jrgj(x)
∣∣x; r ∈ ZN

 ≤ E
(
ferr(x− j0r) |x; r ∈ ZN

)
= E(ferr) = o(1):

Ô� æçôïýìåíïí ôþñá �ðåôáé:

E

k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN

 ≥ E

k−1∏
j=0

T jr(f + ferr)(x)
∣∣x; r ∈ ZN

− (2k − 1)o(1):

1.5 ÓêéáãñÜöçóéò ô�ò §ðïäåßîåùò ôï� ÈåùñÞìáôïò 1.1.10

¯Ç óôñáôçãéê� ãé¥ ô� Èåþñçìá 1:1:10 ðáñáìÝíåé � �äéá: ÷ñåéáæüìáóôå äýï âáóéê¥
èåùñÞìáôá êá� ô� èåþñçìá 1:1:1 (ô� �ðï�ïí è¥ ÷ñçóéìïðïéçèå� óô�í èÝóéí ôï� ÈåùñÞìáôïò
Ðåñéïäéê�ò Äïì�ò).

Èåþñçìá 1.5.1 (ÃåíéêåõìÝíïí èåþñçìá von Neumann). °Åóôù � k−øåõäïôõ÷á�ïí ìÝ-
ôñïí (k ≥ 3 öõóéêüò). Ãé¥ �ðïéåóäÞðïôå óõíáñôÞóåéò f0; : : : ; fk−1 : ZN → R ãé¥ ô�ò
�ðï�åò

(1.29) |fj(x)| ≤ �(x) + 1 ãé¥ �ëá ô¥ x ∈ ZN ; 0 ≤ j ≤ k − 1;
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êá� ãé¥ êÜèå ìåôÜèåóéí (�0; : : : ; �k−1) ôï� {0; 1; : : : ; k − 1}; �ó÷ýåé

(1.30)
∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

∣∣∣ ≤ 2k−1 ·
(

min
0≤j≤k−1

‖fj‖Uk−1

)
+ o(1):

ÐáñáôÞñçóéò. ®Áñ÷éê�ò, ìðïñå� í¥ öáßíåôáé ðáñÜîåíïí �ôé ï� fj öñÜóóïíôáé §ðïëý-
ôùò §ð� � + 1 êá� �÷é �; äåäïìÝíïõ �ôé êáô¥ ô' ©ëëá ô� èåþñçìá 1:5:1 ǻéíáé � ãåíßêåõóéò
ôï� 1:4:1 ãé¥ øåõäïôõ÷á�á ìÝôñá (ô¥ �j èÝëïõìå í¥ ǻéíáé ìåôáî� 0 êá� k; ãé¥ í¥ ÷ñçóé-
ìïðïéÞóïõìå ô�í (k · 2k−1; 3k − 4; k)−óõíèÞêçí ãñáììéê�í ìïñö�í). ×ñåéáæüìáóôå ô�ò
�êôéìÞóåéò (1:29) �ðåéä� è¥ ÷ñçóéìïðïéÞóïõìå ô� èåþñçìá ãé¥ óõíáñôÞóåéò ô�ò ìïñö�ò
f −E(f |B) �ðïõ � f è¥ öñÜóóåôáé §ð� ô� � êá� � äåóìåõìÝíç ìÝóç ôéìÞ ôçò §ð� 1: Óô�í
ðñáãìáôéêüôçôá, è¥ §ðïäåßîïõìå ô� èåþñçìá ãé¥ ô�ò fj=2 êá� ô� k−øåõäïôõ÷á�ïí ìÝôñïí
(�+1)=2: °Áñá, � §ðüäåéîéò ðï� è¥ äþóïõìå êáëýðôåé êá� ô� èåþñçìá 1:4:1 (ôïõëÜ÷éóôïí
�ôáí �j ∈ {0; : : : ; k − 1}); §öï� �ðùò è¥ äï�ìå ô¥ óöÜëìáôá óô�í (1:30) è¥ �îáñô�íôáé
§ð� ô� �; êá� è¥ ǻéíáé 0 ²áí � = �const:

Èåþñçìá 1.5.2 (ÃåíéêåõìÝíïí Koopman-von Neumann èåþñçìá äéáóðÜóåùò). °Åóôù
� k−øåõäïôõ÷á�ïí ìÝôñïí. °Åóôù f óõíÜñôçóéò ôÝôïéá �óôå ãé¥ êÜèå x ∈ ZN ; 0 ≤
f(x) ≤ �(x); êá� �óôù 0 < "� 1 ðáñÜìåôñïò. Ôüôå �ðÜñ÷ïõí ó-©ëãåâñá B êá� óýíïëïí
Ω ∈ B �ôóé �óôå:

• (ô� Ω ǻéíáé ìéêñüí �ò ðñ�ò ô� ìÝôñïí �)

(1.31) E(�1Ω) = o"(1);

• (ô� � êáôáíÝìåôáé �ìïéüìïñöá �îù §ð� ô� Ω)

(1.32) ‖(1− 1Ω)E(� − 1|B)‖L∞ = o"(1);

• (� �ñèïãþíéá óô�í B óõíéóô�óá ô�ò f ǻéíáé Gowers �ìïéüìïñöç)

ãé¥ êÜèå N > §ð� êÜðïéï N0(");

(1.33) ‖(1− 1Ω)(f − E(f |B))‖Uk−1 ≤ "1=2
k

:

¯Ç §ðüäåéîéò ô�í äýï á�ô�í èåùñçìÜôùí è¥ ãßíåé óô� ÊåöÜëáéïí 3. Ìðïñï�ìå �ìùò
ôþñá, ÷ñçóéìïðïé�íôáò ìüíïí ô�ò äéáôõðþóåéò ôïõò, í¥ §ðïäåßîïõìå ô� Èåþñçìá 1:1:10:

®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1:1:10: Èåùñï�ìå ðáñÜìåôñïí 0 < " � � (� �ðïßá ìðïñå�
í¥ ãßíåé á�èáßñåôá ìéêñÞ). ®Áð� ô� Èåþñçìá 1:5:2; âñßóêïõìå ó-©ëãåâñá B êá� óýíïëïí
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Ω ∈ B �óôå í¥ �ó÷ýïõí ï� (1:31) − (1:33): ÈÝôïõìå fU := (1 − 1Ω)(f − E(f |B)) êá�
fU⊥ := (1− 1Ω)E(f |B): Ôüôå

E(fU⊥) = E [ E(f − 1Ωf |B)] ≥ E(f)− E(�1Ω) ≥ � − o"(1):

®Åðßóçò, � fU⊥ ǻéíáé ì� §ñíçôéêÞ, §öï� ǻéíáé � f; �íÿ öñÜóóåôáé, ëüãÿ ô�ò (1:32); §ð� 1+
o"(1): Ìðïñï�ìå �ðïìÝíùò í¥ �öáñìüóïõìå ô� èåþñçìá Szemer�edi êá� í¥ óõìðåñÜíïõìå
�ôé

(1.34) E

k−1∏
j=0

T jrfU⊥(x)
∣∣x; r ∈ ZN

 ≥ c(k; �)− o"(1):

Óô�í ðñáãìáôéêüôçôá, �öáñìüæïõìå ô� Èåþñçìá 1:1:1 ãé¥ ô�í gU⊥ := min(fU⊥ ; 1): Á�ô�
ǻéíáé öñáãìÝíç §ð� 1; �íÿ �ó÷ýåé ‖fU⊥−gU⊥‖L∞ = o"(1); ©ñá

∫
ZN gU⊥ ≥

∫
ZN fU⊥−o"(1):

®Åðåéä� ðñïöáí�ò 0 ≤ gU⊥ ≤ fU⊥ ; êáôáëÞãïõìå óô�í (1:34):

®Áð� ô�í ©ëëçí, � (1:33) ì¦ò äßíåé ‖fU‖Uk−1 ≤ "1=2
k

; �íÿ ãé¥ êÜèå x ∈ ZN ;

0 ≤ ((1− 1Ω)f)(x) ≤ �(x) êá� 0 ≤ fU⊥(x) ≤ 1 + o"(1);
⇒ |fU (x)| ≤ �(x) + 1 + o"(1):

°Áñá, �öáñìüæïíôáò ô� Èåþñçìá 1:5:1 ãé¥ ô� k−øåõäïôõ÷á�ïí ìÝôñïí � + o"(1) (Ë�ììá
1:1:9), ëáìâÜíïõìå �ôé

(1.35) E

k−1∏
j=0

T jrgj(x)
∣∣x; r ∈ ZN

 ≤ 2k−1"1=2
k

+ o";�(1)

�ðïôå ï� gj ǻéíáé �óåò å�ôå ì« ô�í fU å�ôå ì« ô�í fU⊥ ; êá� ôïõëÜ÷éóôïí ìßá ǻéíáé �óç ì«

ô�í fU : ®Áð� ô�ò (1:34) êá� (1:35); ðñïêýðôåé ãé¥ ô�í f̃ := fU + fU⊥ = (1− 1Ω)f �ôé

E

k−1∏
j=0

T jrf̃(x)
∣∣x; r ∈ ZN

 ≥ c(k; �)−O("1=2
k

)− o";�(1):

®Áëë¥ 0 ≤ (1− 1Ω)f ≤ f; óõíåð�ò �ó÷ýåé �ðßóçò �

(1.36) E

k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN

 ≥ c(k; �)−O("1=2
k

)− o";�(1):

®Áñêå� ðëÝïí í¥ ðáñáôçñÞóïõìå �ôé, èåùñ�íôáò �ëï êá� ìåãáëýôåñá N ãé¥ ô¥ �ðï�á è¥
�ó÷ýåé � (1:33); ìðïñï�ìå í¥ �öáñìüóïõìå ô¥ ðáñáðÜíù ãé¥ �ëï êá� ìéêñüôåñá ": °Áñá,
ðåôõ÷áßíïõìå ô¥ óöÜëìáôá óô�í (1:36) í¥ ôåßíïõí óô� 0, êá� í¥ �îáñô�íôáé ìüíïí §ð� ô¥
k; � êá� ô� ìÝôñïí �:
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±Ïðùò ìüëéò å�äáìå, � ìüíç ï�óéáóôéê� äéáöïñ¥ ì« ô�í §ðüäåéîéí ôï� ÈåùñÞìáôïò
1:1:1 ǻéíáé �ôé �ä� ÷ñåéÜæåôáé í¥ �ðéêáëåóôï�ìå ô� Èåþñçìá ÄéáóðÜóåùò 1:5:2 ðïëë«ò
öïñÝò (êáô' ï�óßáí í¥ ô� �öáñìüóïõìå ãé¥ " = 1; 1

2 ;
1
3 ; : : :), �óôå í¥ äåßîïõìå �ôé ô¥

óöÜëìáôá óô�í (1:36) ôåßíïõí óô� 0. ²Áí âåâáßùò èÝëáìå ô� �ëïêëÞñùìá óô�í (1:36) í¥
öñÜóóåôáé §ð� êÜôù §ð� c(k; �)=2 ðáñáäåßãìáôïò ÷Üñéí, êá� �÷é §ð� ô�í �äéáí óôáèåñ¥í
ôï� ÈåùñÞìáôïò 1:1:1; è¥ ÷ñåéáæüôáí ìßá ìüíïí �öáñìïã� ôï� ÈåùñÞìáôïò 1:5:2 (êá�
öõóéê¥ � �ðüèåóéò �ôé ô� N ǻéíáé §ñêåô¥ ìåãÜëï). È¥ §ñêåóôï�ìå ó« ôÝôïéïõ å�äïõò
êÜôù öñÜãìá óô� ÊåöÜëáéïí 4, �÷ïíôáò óõãêåêñéìÝíïí k−øåõäïôõ÷á�ïí ìÝôñïí ãé¥ ôï�ò
ðñþôïõò, �óôå í¥ ìðïñÝóïõìå í¥ §ðïäåßîïõìå ô� Èåþñçìá 1 ô�ò Å�óáãùã�ò.



ÊåöÜëáéïí 2

®Áðïäåßîåéò ô�í êõñßùí
èåùñçìÜôùí ãé¥ ô� èåþñçìá
Szemer�edi

2.1 Ô� ãåíéêåõìÝíïí èåþñçìá von Neumann

Èõìßæïõìå ðñ�ôá ô�í äéáôýðùóßí ôïõ:

Èåþñçìá 1.4.1: °Åóôù k ≥ 2 öõóéêüò. Èåùñï�ìå �0; : : : ; �k−1 äéáêåêñéìÝíá óôïé÷å�á
ôï� ZN : Ôüôå ãé¥ �ðïéåóäÞðïôå öñáãìÝíåò óõíáñôÞóåéò f0; : : : ; fk−1 : ZN → R; �÷ïõìå

∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

∣∣∣ ≤ min
0≤j≤k−1

‖fj‖Uk−1 :

¯Ç §ðüäåéîéò á�ôï� ôï� èåùñÞìáôïò ǻéíáé óáö�ò � å�êïëüôåñç óô�í ©ñèñïí ôï� Tao.
Ãßíåôáé ì« �ðáãùã�í óô� k; �ðùò êá� ðïëë«ò §ð� ô�ò �ðüëïéðåò §ðïäåßîåéò ðñïôÜóåùí êá�
âïçèçôéê�í ëçììÜôùí ãé¥ ô� Èåþñçìá 1:1:1: Ðñïöáí�ò á�ô� � ìÝèïäïò ǻéíáé � ðé� âïëéêÞ,
§ëë¥ äõóôõ÷�ò ä«í ìðïñå� í¥ ÷ñçóéìïðïéçèå� êá� óô¥ §íôßóôïé÷á óçìå�á ô�ò §ðïäåßîåùò
ôï� ÈåùñÞìáôïò 1:1:10; äçëáä� ôï� èåùñÞìáôïò Szemer�edi ãé¥ øåõäïôõ÷á�á ìÝôñá, §êñé-
â�ò �ðåéä� �êå� �îáñô¦ôáé §ð� ô� k êá� ô� ìÝôñïí � ðï� èåùñï�ìå. ÌÜëéóôá, �ðùò è¥
äï�ìå óô� ÊåöÜëáéïí 4, �ðïõ è¥ �ñßóïõìå óõãêåêñéìÝíïí k−øåõäïôõ÷á�ïí ìÝôñïí ãé¥
ôï�ò ðñþôïõò, � �îÜñôçóéò §ð� ô� ì�êïò ô�í §ñéèìçôéê�í ðñïüäùí ô�ò �ðï�åò øÜ÷íïõìå
í¥ âñï�ìå è¥ ǻéíáé ï�óéáóôéêÞ.

²Áò äï�ìå �ìùò ð�ò §ðïäåéêíýåôáé ô� ðáñáðÜíù èåþñçìá (� §ðüäåéîéò ðï� §êïëïõèå�
ǻéíáé êáô' ï�óßáí á�ô� ðï� äßíåé � Gowers óô� [17]) :
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®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1:4:1: ±Ïðùò å�ðáìå, êÜíïõìå �ðáãùã�í óô� k : ãé¥ k = 2
�÷ïõìå í¥ äåßîïõìå �ôé∣∣E(f0(x− �0r)f1(x− �1r) |x; r ∈ ZN

)∣∣ ≤ min{‖f0‖U1 ; ‖f1‖U1}:

¯ÕðïèÝôïõìå ÷ùñ�ò âëÜâçí ô�ò ãåíéêüôçôïò �ôé �1 6= 0: Ôüôå �ðåéä� � N ǻéíáé ðñ�ôïò,
ìðïñï�ìå í¥ �ñßóïõìå á�ôïìïñöéóì�í ôï� Z2

N ì« ôýðïí (x; r) 7→ (x+ �0�
−1
1 r; �−1

1 r); êá�
í¥ �÷ïõìå∣∣E(f0(x− �0r)f1(x− �1r) |x; r ∈ ZN

)∣∣ = ∣∣E(f0(x)f1(x− r) |x; r ∈ ZN

)∣∣
=
∣∣ ∫

ZN
f0
∣∣ · ∣∣ ∫

ZN
f1
∣∣ = ‖f0‖U1 · ‖f1‖U1

ëüãÿ ô�ò (1:15): Ô� óõìðÝñáóìá �ðåôáé äåäïìÝíïõ �ôé, §öï� ï� f0; f1 ǻéíáé öñáãìÝíåò,
‖f0‖U1 ; ‖f1‖U1 ≤ 1:

Ãé¥ ô� �ðáãùãéê�í â�ìá, �ðïèÝôïõìå �ôé ô� èåþñçìá �÷åé äåé÷èå� ãé¥ êÜðïéï k ≥ 2; êá�
�ôé �÷ïõìå k+1 öñáãìÝíåò óõíáñôÞóåéò f0; : : : ; fk−1; fk : ZN → R; êá� k+1 äéáêåêñéìÝíá
óôïé÷å�á �0; : : : ; �k−1; �k ∈ ZN : ÐñÝðåé í¥ äåßîïõìå �ôé

∣∣∣E
 k∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

∣∣∣ ≤ min
0≤j≤k

‖fj‖Uk :

ÌåôáèÝôïíôáò ô�ò fj êá� ô¥ �j ²áí ÷ñåéÜæåôáé, �ðïèÝôïõìå �ôé min
0≤j≤k

‖fj‖Uk = ‖f0‖Uk :

×ñçóéìïðïé�íôáò ô�í §íôéóôïé÷ßáí (x; r) 7→ (x+ �kr; r); âëÝðïõìå �ôé

E

 k∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

 = E

fk(x) · k−1∏
j=0

T�
′
jrfj(x)

∣∣x; r ∈ ZN


ì« ô¥ �′j = �j−�k 6= 0; �ðïìÝíùò ìðïñï�ìå �îáñ÷�ò í¥ �ðïèÝóïõìå �ôé �k = 0 êá� �ôé ô¥
�0; : : : ; �k−1 ǻéíáé ì� ìçäåíéê¥ óôïé÷å�á ôï� ZN : ×ñçóéìïðïé�íôáò êá� ô�í §íôéóôïé÷ßáí
(x; r) 7→ (x; �−1

0 r); ìðïñï�ìå �ðéðëÝïí í¥ �ðïèÝóïõìå �ôé �0 = 1: È¥ �÷ïõìå ëïéð�í í¥
äåßîïõìå �ôé

∣∣∣E
fk(x) · E

k−1∏
j=0

T�jrfj(x)
∣∣ r ∈ ZN

∣∣x ∈ ZN

∣∣∣ ≤ ‖f0‖Uk :

®Áöï� � fk ǻéíáé öñáãìÝíç, �öáñìüæïíôáò ô�í §íéóüôçôá Cauchy-Schwarz âëÝðïõìå �ôé
§ñêå� í¥ äåé÷èå�

E

∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣ r ∈ ZN

∣∣∣2∣∣x ∈ ZN

 ≤ ‖f0‖2Uk :
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±Ïìùò, §ð� ô� ë�ììá van der Corput ãé¥ ô� �ëïêëÞñùìá �ò ðñ�ò r;

∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣ r ∈ ZN

∣∣∣2 = E

k−1∏
j=0

T�jrfj(x) ·
k−1∏
j=0

T�j(r+h)fj(x)
∣∣ r; h ∈ ZN


ãé¥ êÜèå x ∈ ZN ; ©ñá

E

∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣ r ∈ ZN

∣∣∣2∣∣x ∈ ZN


= E

k−1∏
j=0

T�jrfj(x) ·
k−1∏
j=0

T�j(r+h)fj(x)
∣∣x; r; h ∈ ZN


= E

E

k−1∏
j=0

T�jr
(
fj T

�hfj
)
(x)
∣∣x; r ∈ ZN

∣∣∣h ∈ ZN

 :

×ñçóéìïðïéï�ìå ôþñá ô�í �ðáãùãéê�í �ðüèåóéí: ãé¥ êÜèå h ∈ ZN ;

∣∣∣E
k−1∏
j=0

T�jr
(
fj T

�jhfj
)
(x)
∣∣x; r ∈ ZN

∣∣∣ ≤ ‖f0 T�0hf0‖Uk−1 = ‖f0 Thf0‖Uk−1

(�ö' �óïí ìðïñï�ìå, �ðùò å�ðáìå, í¥ �ðïèÝôïõìå �ôé �0 = 1); ©ñá ôåëéê�ò

E

∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣ r ∈ ZN

∣∣∣2∣∣x ∈ ZN

 ≤ E
(
‖f0 Thf0‖Uk−1

∣∣h ∈ ZN

)
≤
[
E
(
‖f0 Thf0‖2

k−1

Uk−1

∣∣h ∈ ZN

)]21−k

= ‖f0‖2Uk ;

�ðïõ � äåýôåñç §íéóüôçò ǻéíáé �öáñìïã� ô�ò §íéóüôçôïò H�older, êá� � ôåëåõôáßá �óüôçò
ǻéíáé � �ñéóì�ò ô�ò Uk íüñìáò.

ÐáñáôÞñçóéò 2.1.1. ±Åíáò ©ëëïò ôñüðïò í¥ §ðïäåßîïõìå ô� Èåþñçìá 1:4:1 ǻéíáé í¥
äåßîïõìå �ðáãùãéê�ò �ôé � óõíÜñôçóéò

F (x) := E

k−1∏
j=1

T�
′
jrfj(x)

∣∣ r ∈ ZN


§íÞêåé óô�í ìïíáäéáßáí ìðÜëá ô�ò ©ëãåâñáò UAP k−2; �ôáí ï� fj ǻéíáé öñáãìÝíåò êá� ô¥
�′j = �j−�0 ǻéíáé äéáêåêñéìÝíá, ì� ìçäåíéê¥ óôïé÷å�á ôï� ZN : °Åðåéôá, ÷ñçóéìïðïé�íôáò
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êá� ô�í Ðñüôáóéí 1:3:6; óõìðåñáßíïõìå �ôé

∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

∣∣∣ = ∣∣∣E
f0(x) · k−1∏

j=1

T�
′
jrfj(x)

∣∣x; r ∈ ZN

∣∣∣
= |〈f0; F 〉| ≤ ‖f0‖Uk−1‖F‖UAPk−2 ≤ ‖f0‖Uk−1 :

2.2 Ô� Èåþñçìá ÄéáóðÜóåùò 1.4.4

²Áò èõìçèï�ìå �ôé �÷ïõìå í¥ äåßîïõìå ô�

Èåþñçìá 1.4.4: °Åóôùóáí k ≥ 3 öõóéê�ò êá� 0 < � ≤ 1 ðñáãìáôéêüò. °Åóôù ì�
§ñíçôéêÞ, öñáãìÝíç óõíÜñôçóéò f : ZN → R ãé¥ ô�í �ðïßáí �ó÷ýåé

∫
ZN f ≥ �: °Åóôù

�ðßóçò F : (0;+∞) → (0;+∞) á�èáßñåôç óõíÜñôçóéò (� �ðïßá ìðïñå� í¥ �îáñô¦ôáé §ð�
ô¥ k; �): Ôüôå �ðÜñ÷ïõí èåôéê�ò §ñéèì�ò M = Ok;�;F (1); öñáãìÝíç óõíÜñôçóéò fU ; êá�
ì� §ñíçôéêÝò, öñáãìÝíåò fU⊥ ; fUAP �óôå í¥ ìðïñï�ìå í¥ ãñÜøïõìå

f = fU + fU⊥ ;

êá� í¥ �ó÷ýïõí ï� �êôéìÞóåéò

‖fU‖Uk−1 ≤ F (M);(2.1) ∫
ZN

fU⊥ ≥ �;(2.2)

‖fUAP ‖UAPk−2 < M(2.3)

êá�

‖fU⊥ − fUAP ‖L2 ≤ �2

1024k
:(2.4)

2.2.1 ó-°Áëãåâñåò ðï� ðñïêýðôïõí §ð� äïèå�óåò óõíáñôÞóåéò

Óô�í �íüôçôá 1.1 å�äáìå êÜðïéåò âáóéê«ò �äéüôçôåò ô�í ó-§ëãåâñ�í êá� ô�ò äåóìåõ-
ìÝíçò ìÝóçò ôéì�ò ìßáò óõíáñôÞóåùò. Á�ô«ò âåâáßùò ä«í §ñêï�í: ðáñüôé ä«í §íáöÝñåôáé
óô�í äéáôýðùóéí ôï� èåùñÞìáôïò, óô�í §ðüäåéîéí è¥ §íáæçôÞóïõìå êáôÜëëçëçí, �ò ðñ�ò
ô�í äïèå�óáí f; ó-©ëãåâñá, �óôå í¥ ãñÜøïõìå ô�í f �ò ©èñïéóìá ô�ò äåóìåõìÝíçò ìÝóçò
ôéì�ò ôçò êá� ô�ò êÜèåôçò óõíéóôþóáò. ÊáôÜëëçëç, �ò ðñ�ò ô�í äïèå�óáí f; ó-©ëãåâñá
§íáæçôå�ôáé êá� óô� Èåþñçìá ÄéáóðÜóåùò 1:5:2: È¥ ì¦ò ÷ñåéáóôå� ëïéðüí, ôïõëÜ÷éóôïí
ãé¥ óõíáñôÞóåéò ì« êÜðïéåò êáë«ò �äéüôçôåò, í¥ ìðïñï�ìå í¥ êáôáóêåõÜæïõìå ó-©ëãåâñåò
ðï� è¥ ó÷åôßæïíôáé ì« ô�ò óõãêåêñéìÝíåò óõíáñôÞóåéò êá� è¥ §íôáíáêëï�í ô�ò �äéüôçôÝò
ôïõò. È¥ ÷ñåéáóôå� �ðåéôá í¥ óõó÷åôßóïõìå ô�í f ô�í ÈåùñçìÜôùí 1:4:4 êá� 1:5:2 ì«
ôÝôïéåò êáë«ò óõíáñôÞóåéò· è¥ äï�ìå ð�ò ãßíåôáé á�ô� óô�í �ðïåíüôçôá 2.2.3.
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Ðñüôáóéò 2.2.1. °Åóôù d ≥ 0; �óôù G ∈ UAP d ôÝôïéá �óôå ‖G‖UAPd ≤M ãé¥ êÜðïéï
M > 0; êá� �óôù " > 0: Ôüôå �ðÜñ÷åé ó-©ëãåâñá B"(G) = B"(G; d) ì« ô�ò �î�ò ôñå�ò
�äéüôçôåò:

• (� G ǻéíáé ó÷åä�í B"(G)−ìåôñÞóéìç) ãé¥ êÜèå ó-©ëãåâñá B; �ó÷ýåé

(2.5) ‖G− E(G|B"(G) ∨ B)‖L∞ � ";

• (ÖñáãìÝíç ðïëõðëïêüôçò) � B"(G) ðáñÜãåôáé §ð� ô� ðïë� OM;"(1) ©ôïìá,

• (ï� B"(G)−ìåôñÞóéìåò ðñïóåããßæïíôáé §ð� ó÷åä�í ðåñéïäéê«ò óõíáñôÞóåéò) ãé¥
êÜèå ì� §ñíçôéêÞí, öñáãìÝíçí óõíÜñôçóéí f � �ðïßá ǻéíáé B"(G)−ìåôñÞóéìç, êá�
ãé¥ êÜèå � > 0; �ðÜñ÷åé ì� §ñíçôéêÞ, öñáãìÝíç fUAP ∈ UAP d �óôå

(2.6) ‖f − fUAP ‖L2 ≤ �

êá�

(2.7) ‖fUAP ‖UAPd �M;";� 1:

®Áðüäåéîéò. ¯Ç �äÝá, � �ðïßá è¥ ÷ñçóéìïðïéçèå� êá� óô�í §íôßóôïé÷çí ðñüôáóéí ãé¥ ô�
Èåþñçìá 1:5:2; ǻéíáé í¥ êáôáóêåõÜóïõìå ô�í B"(G) �ôóé �óôå ô¥ ©ôïìÜ ôçò í¥ ǻéíáé êá-
ôÜëëçëåò §íôßóôñïöåò å�êüíåò ô�ò G; �ðåéôá í¥ äåßîïõìå �ôé ì« ìåãÜëçí ðéèáíüôçôá ìßá
ôÝôïéá ó-©ëãåâñá �÷åé êá� ô�ò ôñå�ò �ðéèõìçô«ò �äéüôçôåò. °Åóôù � ∈ [0; 1) ðñáãìáôéê�ò
�ðéëåãìÝíïò �ìïéüìïñöá. ¯Ïñßæïõìå B";�(G) í¥ ǻéíáé � ó-©ëãåâñá ô�ò �ðïßáò ô¥ ©ôïìá
ǻéíáé ô¥ óýíïëá G−1

(
["(n+ �); "(n+ 1 + �))

)
ãé¥ n ∈ Z: ®Áñêå� í¥ äåßîïõìå �ôé ì« èåôé-

ê�í ðéèáíüôçôá � B";�(G) �êáíïðïéå� ô� æçôïýìåíïí ô�ò ðñïôÜóåùò (ì« ìßáí �ìïéüìïñöçí,
ãé¥ ô¥ £êáë¥¤ �; �ðéëïã�í ô�í óôáèåñ�í óô�ò ôñå�ò �äéüôçôåò).

Ðñïöáí�ò §ð� ô�í êáôáóêåõÞí ôçò, ãé¥ êÜèå B";�(G); êá� ãé¥ êÜèå ©ôïìïí A ó«
á�ôÞí, �÷ïõìå �ôé ï� ôéì«ò ô�ò G óô¥ x ∈ A âñßóêïíôáé ó« êÜðïéï äéÜóôçìá ôï� R ìÞêïõò
": Ô� �äéïí âåâáßùò óõìâáßíåé êá� ãé¥ êÜèå ©ôïìïí A′ �ðïéáóäÞðïôå ó-©ëãåâñáò B � �ðïßá
ðåñéÝ÷åé ô¥ ©ôïìá ô�ò B";�(G); ©ñá ãé¥ êÜèå x ∈ ZN ;∣∣G(x)− E(G|B)(x)

∣∣ = ∣∣G(x)− E(G(y)| y ∈ B(x))
∣∣ ≤ E

(∣∣G(x)−G(y)
∣∣ | y ∈ B(x)

)
≤ "

(�ðåíèõìßæïõìå �ôé B(x) ǻéíáé ô� ìïíáäéê�í ©ôïìïí ô�ò B ðï� ðåñéÝ÷åé ô� x:)
ÐÜëé §ð� ô�í êáôáóêåõ�í ô�ò B";�(G); êá� �ðåéä� ‖G‖L∞ ≤ ‖G‖UAPd ≤ M (äçëáä�

� óõíÜñôçóéò G ðáßñíåé ôéì«ò óô� äéÜóôçìá [−M;M ]); ðñïêýðôåé �ôé ãé¥ êÜèå � ∈ [0; 1] �
§íôßóôïé÷ç ó-©ëãåâñá ðåñéÝ÷åé ô� ðïë� b 2M

" c+ 2 ©ôïìá. ÂëÝðïõìå �ðïìÝíùò �ôé ô� ðïé¥
� ∈ [0; 1] ǻéíáé £êáë¥¤ è¥ �îáñôçèå� ìüíïí §ð� ô�í ôñßôçí �äéüôçôá ðï� ðñÝðåé í¥ �÷ïõí ï�
B";�(G): Ãé¥ í¥ äåßîïõìå �ôé á�ô� �êáíïðïéå�ôáé ì« èåôéê�í ðéèáíüôçôá, å�óÜãïõìå ìßáí
âïçèçôéê�í ðáñÜìåôñïí � > 0 êá� äåß÷íïõìå ô� �î�ò:

®Éó÷õñéóìüò: Ãé¥ êÜèå � > 0 êá� ãé¥ êÜèå � > 0; ï� B";�(G) �÷ïõí ô�í ôñßôçí
�äéüôçôá ô�ò äéáôõðþóåùò ãé¥ ô� óõãêåêñéìÝíïí � ì« ðéèáíüôçôá > 1 − �; ²áí âåâáßùò
åðéôñÝøïõìå ô� öñÜãìá óô�í (2:7) í¥ �îáñô¦ôáé êá� §ð� ô� �:
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Ìðïñï�ìå �ðåéôá, ãé¥ í¥ �ëïêëçñþóïõìå ô�í §ðüäåéîéí, í¥ èåùñÞóïõìå ô�í ôïì�í ô�í
£êáë�í¤ óõíüëùí ô¥ �ðï�á ðñïêýðôïõí �öáñìüæïíôáò ô�í ®Éó÷õñéóì�í ãé¥ � := 2−n êá�
� := �=2; ãé¥ êÜèå öõóéê�í n ≥ 1: Ô� ìÝôñïí á�ô�ò ô�ò ôïì�ò è¥ ǻéíáé ôïõëÜ÷éóôïí 1=2;
�íÿ ãé¥ êÜèå � ó« á�ô�í � §íôßóôïé÷ç ó-©ëãåâñá è¥ �êáíïðïéå� §êñéâ�ò ô�í äéáôýðùóéí
ô�ò ðñïôÜóåùò.

®Áðüäåéîéò ôï� ®Éó÷õñéóìï�. °Åóôùóáí �; � > 0: Ô� óýíïëïí ô�í ì� §ñíçôéê�í,
öñáãìÝíùí óõíáñôÞóåùí ï� �ðï�åò ǻéíáé B";�(G)−ìåôñÞóéìåò, äçëáä� óôáèåñ«ò ó« êÜèå
©ôïìïí ô�ò ó-©ëãåâñáò B";�(G); ǻéíáé êõñôüí ì« §êñá�á óçìå�á ô�ò ÷áñáêôçñéóôéê«ò óõ-
íáñôÞóåéò ô�í óõíüëùí ô�ò B";�(G): Ǻéíáé �ðßóçò êëåéóô�í êá� öñáãìÝíïí óô�í L∞(ZN );
©ñá óõìðáãÝò. Óõíåð�ò, §ð� ô� èåþñçìá Minkowski êÜèå óõíÜñôçóéò f � �ðïßá ǻéíáé ì�
§ñíçôéêÞ, öñáãìÝíç êá� B";�(G)−ìåôñÞóéìç, ãñÜöåôáé �ò êõñô�ò óõíäõáóì�ò ÷áñáêôçñé-
óôéê�í óõíáñôÞóåùí óõíüëùí ô�ò B";�(G): ®Áñêå� �ðïìÝíùò í¥ äåßîïõìå ô� æçôïýìåíïí
ãé¥ ô�ò ÷áñáêôçñéóôéêÝò, §öï� ²áí f =

∑n
i=1 ti1Ωi ãé¥ êÜðïéï n ∈ N; ãé¥ ti ≥ 0 ì«∑n

i=1 ti = 1; êá� ãé¥ óýíïëá Ωi ∈ B";�(G); êá� ãé¥ êÜèå i �÷ïõìå âñå� ì� §ñíçôéêÞí,
öñáãìÝíçí fUAP;i ∈ UAP d �óôå

‖1Ωi − fUAP;i‖L2 ≤ � êá� ‖fUAP;i‖UAPd �M;";�;� 1;

ôüôå � óõíÜñôçóéò
∑n

i=1 tifUAP;i ∈ UAP d ǻéíáé ì� áñíçôéêÞ, öñáãìÝíç, êá�

∥∥f − n∑
i=1

tifUAP;i
∥∥
L2 ≤

n∑
i=1

ti‖1Ωi − fUAP;i‖L2 ≤
n∑
i=1

ti� = �;

∥∥ n∑
i=1

tifUAP;i
∥∥
UAPd

≤
n∑
i=1

ti‖fUAP;i‖UAPd �M;";�;�

n∑
i=1

ti = 1:

Èåùñï�ìå ëïéð�í óýíïëïí Ω ∈ B";�(G): ®Áð� ô�í ìïñö�í ðï� �÷ïõí ô¥ ©ôïìá ô�ò
B";�(G); ìðïñï�ìå í¥ ãñÜøïõìå

1Ω = 1W ◦ ("−1G− �)

�ðïõ ô� W ⊂ R ǻéíáé �íùóéò äéáóôçìÜôùí, ìåôáöïñ�í ôï� [0; 1) ï� �ðï�åò ôÝìíïõí ô�
äéÜóôçìá [−"−1M − 1; "−1M ]: ¯ÕðÜñ÷ïõí OM;"(1) äéáöïñåôéê«ò ôÝôïéåò ìåôáöïñÝò (�
�äéá óôáèåñ¥ ì« ô�í �ðïßáí öñÜóóïõìå ô� ðë�èïò ô�í §ôüìùí ô�ò B";�(G)); ©ñá êá� ô¥
ðéèáí¥ W ǻéíáé ô� ðïë� 2OM;"(1) = OM;"(1):

°Åóôù 0 < � � 1=2 �íáò ìéêñ�ò §ñéèì�ò ðï� è¥ �ðéëÝîïõìå §ñãüôåñá âÜóåé ô�í
�; �: Óõìâïëßæïõìå ì« @W� ô�í �−ðåñéï÷�í ôï� óõíüñïõ @W ôï� W: ®Áð� ô� ë�ììá
ôï� Urysohn ìðïñï�ìå í¥ âñï�ìå óõíå÷� óõíÜñôçóéí hW;� ì« ðåäßïí ôéì�í ô� [0; 1]; �
�ðïßá ðáßñíåé ô�í ôéì�í 1 óô� óýíïëïí W \ @W� êá� ô�í ôéì�í 0 óô� R \ (W ∪ @W�):
Ðåñéïñéæüìåíïé óô� äéÜóôçìá [−"−1M − 1; "−1M ] (§öï� �êå� ì¦ò �íäéáöÝñïõí ï� ôéì«ò
ô�ò 1W ); êá� ÷ñçóéìïðïé�íôáò ô� èåþñçìá Weierstrass, âñßóêïõìå ðïëõþíõìïí P = PW;�

�óôå ãé¥ êÜèå r ∈ [−"−1M − 1; "−1M ] í¥ �ó÷ýåé |hW;�(r) − P (r)| ≤ �: Ôüôå ãé¥ êÜèå



2.2 Ô� Èåþñçìá ÄéáóðÜóåùò 1:4:4 · 41

x ∈ ZN ;

|1Ω(x)− P ("−1G(x)− �)|(2.8)

≤ |1Ω(x)− hW;�("−1G(x)− �)|+ |hW;�("−1G(x)− �)− P ("−1G(x)− �)|
≤1@W� ("−1G(x)− �) + �:

²Áí èÝóïõìå fUAP := P ("−1G − �) êá� èõìçèï�ìå �ôé � UAP d ǻéíáé ©ëãåâñá Banach,
�ðùò êá� �ôé G ∈ UAP d ì« ‖G‖UAPd ≤M; êáôáëÞãïõìå �ôé

fUAP ∈ UAP d êá� ‖fUAP ‖UAPd = OM;";P (1):

±Ïìùò, �ðùò å�ðáìå, ô¥ ðéèáí¥ W ðï� �îåôÜæïõìå êáèïñßæïíôáé ðëÞñùò §ð� ô�ò ðáñáìÝ-
ôñïõò M êá� "; ©ñá êá� ô¥ ðïëõþíõìá PW;� ðï� ÷ñåéÜæåôáé í¥ âñï�ìå �îáñô�íôáé ìüíïí
§ð� ô¥ M; " êá� �: Ôåëéê�ò, ìðïñï�ìå í¥ öñÜîïõìå ô�í ‖fUAP ‖UAPd §ð� ìßáí óôáèåñ¥í
ðï� �îáñô¦ôáé ìüíïí §ð� á�ô«ò ô�ò ðáñáìÝôñïõò, äçëáä� ‖fUAP ‖UAPd = OM;";�(1):

®ÅîåôÜæïõìå ôþñá ô�í �ñïí 1@W� ("−1G − �) : èõìüìáóôå §ñ÷éê�ò �ôé ãé¥ êÜèå ðñá-
ãìáôéê�í §ñéèì�í r; ∫ 1

0

∑
n∈Z

1r∈[n−�+�;n+�+�]d� = 2�:

ÐñÜãìáôé, ãé¥ í¥ ô� §ðïäåßîïõìå á�ôü, ìðïñï�ìå í¥ èåùñÞóïõìå ðåñéðôþóåéò ãé¥ ô�í
äéáöïñ¥í r−brc; ²áí äçëáä� r−brc ≤ �; ²ç ²áí � < r−brc < 1−�; ²ç ôÝëïò ²áí 1−� ≤ r−brc:
²Áí ðáñáäåßãìáôïò ÷Üñéí r − brc ≤ �; ôüôå

ãé¥ êÜèå 0 ≤ � ≤ r − brc+ �; r ∈ [brc − � + �; brc+ � + �];
ãé¥ êÜèå r − brc+ 1− � ≤ � ≤ 1; r ∈ [brc − 1− � + �; brc − 1 + � + �];

êá� ãé¥ êÜèå ©ëëï � ∈ [0; 1]; r =∈
⋃
n∈Z

[n− � + �; n+ � + �];

©ñá

∫ 1

0

∑
n∈Z

1r∈[n−�+�;n+�+�]d� =
∫ r−brc+�

0

1 +
∫ 1

r−brc+1−�
1 = 2�:

±Åðåôáé ëïéð�í §ð� ô� èåþñçìá Fubini �ôé∫ 1

0

‖1@W� ("−1G− �)‖2L2(ZN )d� = E
(∫ 1

0

1@W� ("−1G(x)− �)d�
∣∣x ∈ ZN

)
= E

(∫ 1

0

∑
n∈@W

1"−1G(x)−�∈(n−�;n+�)d�
∣∣x ∈ ZN

)

≤ E

(∫ 1

0

∑
n∈Z

1"−1G(x)∈[n−�+�;n+�+�]d�
∣∣x ∈ ZN

)
= E(2� | x ∈ ZN ) = 2�:
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ÓõíäõÜæïíôáò ì« ô�í §íéóüôçôá Markov, êáôáëÞãïõìå �ôé

P
(
� ∈ [0; 1) : ‖1@W� ("−1G− �)‖L2 ≥

√
2�=�

)
≤ �;

©ñá ô� óýíïëïí ô�í � ãé¥ ô¥ �ðï�á ‖1@W� ("−1G− �)‖L2 = O�(�1=2) �÷åé ìÝôñïí ôïõëÜ-
÷éóôïí 1− �: Ãé¥ �ëá á�ô¥ ô¥ � �ðåôáé ðëÝïí §ð� ô�í (2:8) �ôé

‖1Ω − fUAP ‖L2 ≤ ‖1@W� ("−1G− �) + �‖L2 ≤
√

2�=� + �;

�ðüôå §ñêå� í¥ �ðéëÝîïõìå ô� � êáôÜëëçëá ìéêñ�í ó« ó÷Ýóéí ì« ô¥ �; �; �óôå í¥ �ó÷ýåé√
2�=� + � ≤ �:

Óô� �î�ò, ãé¥ êÜèå UAP óõíÜñôçóéí G êá� êÜèå "; óôáèåñïðïéï�ìå ìßáí ó-©ëãåâñá
B"(G) ì« ô�ò ðáñáðÜíù �äéüôçôåò. Ìðïñï�ìå ìÜëéóôá óô�í äéáäéêáóßáí á�ô�í í¥ §ðïöý-
ãïõìå ô� ®Áîßùìá ®Åðéëïã�ò, ðáñüôé � ðáñáðÜíù §ðüäåéîéò, ðï� ÷ñçóéìïðïéå� ìåèüäïõò
ô�ò Èåùñßáò ÐéèáíïôÞôùí, ä«í ìðïñå� í¥ �íôïðßóåé óõãêåêñéìÝíçí ó-©ëãåâñá B"(G); §ëë¥
¨ðë�ò äåß÷íåé �ôé �ðÜñ÷ïõí §ñêåô«ò £êáëÝò¤. Ǻéíáé äõíáô�í �ìùò í¥ äéáôÜîïõìå (ì« êá-
èïñéóìÝíïí ôñüðïí) ô�ò ó-©ëãåâñåò óô� ZN (äéáôÜóóïíôáò êáô' ï�óßáí ô�ò äéáìåñßóåéò ôï�
ZN ); êá� �ðåéôá, óôáèåñïðïé�íôáò ô�ò ðïóüôçôåò ðï� �ðïíïï�íôáé óô�í ôñßôçí �äéüôçôá
ô�ò ÐñïôÜóåùò 2:2:1 (êá� ï� �ðï�åò, �ðùò å�äáìå, ä«í �îáñô�íôáé §ð� ô�í �êÜóôïôå G),
í¥ �ðéëÝîïõìå ô�í �ëá÷ßóôçí B";�(G) � �ðïßá ðëçñï� ô�ò ðñïûðïèÝóåéò.

®ÅðéëÝãïõìå �ðéðëÝïí ô�í B"(G) ì« ôÝôïéïí ôñüðïí �óôå í¥ óÝâåôáé ô�ò ìåôáôïðßóåéò
ô�ò G; äçëáä� í¥ �ó÷ýåé

(2.9) B"(TnG) = TnB"(G) ãé¥ êÜèå n ∈ Z;

�ðïõ TnB := {TnΩ : Ω ∈ B}: Á�ô� è¥ ì¦ò ÷ñåéáóôå� óô�í §ðüäåéîéí ôï� ÈåùñÞìáôïò
Ðåñéïäéê�ò Äïì�ò, êá� ìðïñå� í¥ ãßíåé �ò �î�ò: ãé¥ êÜèå óõíÜñôçóéí f �ðéëÝãïõìå ìßáí
óõãêåêñéìÝíçí ìåôáôüðéóßí ôçò f0 ì« ôñüðïí êáèïñéóìÝíïí (ôáõôßæïíôáò ëüãïõ ÷Üñéí ô�ò
óõíáñôÞóåéò §ð� ô� ZN óô� R ì« ô¥ äéáíýóìáôá ôï� RN êáô¥ ðñïöáí� ôñüðïí, êá� �ðåéôá
äéáôÜóóïíôáò ô�ò ìåôáôïðßóåéò ô�ò f ëåîéêïãñáöéê�ò). Ãé¥ ô�í f0 �ðéëÝãïõìå B";�(f0)
�ðùò ðÜíù, ãé¥ ô�ò �ðüëïéðåò ìåôáôïðßóåéò ô�ò f (ðï� ǻéíáé êá� ìåôáôïðßóåéò ô�ò f0)
� �ðéëïã� ãßíåôáé ìÝóÿ ô�ò (2:9): °Åôóé, ãé¥ êÜèå Tnf0 óôáèåñïðïéï�ìå ô�í ó-©ëãåâñá
B";�(Tnf0); � �ðïßá §íÞêåé óô�ò �ðéôñåðôÝò, §öï� ô� óýíïëïí ô�í £êáë�í¤ � ∈ [0; 1] ä«í
ìåôáâÜëëåôáé §ð� ô�ò ìåôáôïðßóåéò Tn: ²Áò óçìåéþóïõìå �ôé ä«í �ðéëÝãïõìå � ∈ [0; 1]:
¯ÏðïéïäÞðïôå �′ ãé¥ ô� �ðï�ïí � B";�′(f0) ǻéíáé � �ëá÷ßóôç £êáë�¤ ó-©ëãåâñá ãé¥ ô�í f0;
è¥ äþóåé ô� �äéïí §ðïôÝëåóìá.

Ìðïñï�ìå ôþñá í¥ ãåíéêåýóïõìå ô�í ðáñáðÜíù êáôáóêåõÞí, âñßóêïíôáò ó-©ëãåâñåò
ì« �îßóïõ êáë«ò �äéüôçôåò, ðï� ó÷åôßæïíôáé ì« ðïëë«ò óõíáñôÞóåéò ôáõôï÷ñüíùò.

Ï̄ñéóìüò 2.2.2 (Óõìðáãå�ò ó-©ëãåâñåò). Èåùñï�ìå öõóéêï�ò d ≥ 0 êá� X ≥ 0: Ìßá
ó-©ëãåâñá B è¥ ëÝãåôáé óõìðáã�ò ôÜîåùò d êá� ðïëõðëïêüôçôïò ô� ðïë� X; ²áí
ǻéíáé ô�ò ìïñö�ò

(2.10) B = B"1(G1) ∨ : : : ∨ B"K (GK)
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ãé¥ êÜðïéï 0 ≤ K ≤ X; êÜðïéá "1; : : : ; "K ≥ 1
X+1 ; êá� êÜðïéåò óõíáñôÞóåéò G1; : : : ; GK ∈

UAP d ì« ‖Gj‖UAPd ≤ X ãé¥ êÜèå 1 ≤ j ≤ K:
¯Ïñßæïõìå � d−ðïëõðëïêüôçò ìßáò ó-©ëãåâñáò B í¥ ǻéíáé � �ëÜ÷éóôïò X ãé¥ ô�í

�ðï�ïí �÷ïõìå ìßáí ôÝôïéáí §íáðáñÜóôáóéí ãé¥ ô�í B (êáô¥ óýìâáóéí, èåùñï�ìå ô�í
ðïëõðëïêüôçôá �óçí ì«∞ �ôáí ä«í �ðÜñ÷åé êáììßá ôÝôïéá §íáðáñÜóôáóéò). Ðñïöáí�ò, �
ôåôñéììÝíç ó-©ëãåâñá {∅;ZN} ǻéíáé óõìðáã�ò ôÜîåùò d (ãé¥ êÜèå d) êá� ðïëõðëïêüôçôïò
0:

¯Ç ðáñáðÜíù �ñïëïãßá ðñïÝñ÷åôáé §ð� ô�í �ñãïäéê�í èåùñßáí (âëÝðå ðáñáäåßãìáôïò
÷Üñéí [10]). ¯Ç ðïëõðëïêüôçò X åßíáé ì¦ëëïí ìßá ôå÷íçô� ðïóüôçò, ô�í �ðïßáí ÷ñçóé-
ìïðïéï�ìå ãé¥ í¥ �ëÝãîïõìå �ëåò ô�ò ðïóüôçôåò ðï� �ìöáíßæïíôáé óô�í �ñéóì�í ô�ò B
ôáõôï÷ñüíùò.

Ðñüôáóéò 2.2.3 (Ï� UAP óõíáñôÞóåéò ǻéíáé ðõêí«ò óô�ò óõìðáãå�ò ó-©ëãåâñåò). Èåù-
ñï�ìå d ≥ 0 êá� X ≥ 0: °Åóôù �ôé � B ǻéíáé óõìðáã�ò ó-©ëãåâñá ôÜîåùò d êá� ðïëõ-
ðëïêüôçôïò ô� ðïë� X; êá� �óôù �ôé �÷ïõìå ì� §ñíçôéêÞí, öñáãìÝíçí óõíÜñôçóéí f �
�ðïßá ǻéíáé B−ìåôñÞóéìç, êá� � > 0: Ôüôå ìðïñï�ìå í¥ âñï�ìå ì� §ñíçôéêÞí, öñáãìÝíçí
fUAP ∈ UAP d �óôå

(2.11) ‖f − fUAP ‖L2 ≤ �

êá�

(2.12) ‖fUAP ‖UAPd �d;�;X 1:

®Áðüäåéîéò. ®Áðïäåéêíýïõìå §ñ÷éê�ò ô� æçôïýìåíïí óô�í ðåñßðôùóéí ðï� f ǻéíáé � ÷á-
ñáêôçñéóôéê� �í�ò §ôüìïõ A ô�ò B: ®Áð� ô�í ¯Ïñéóì�í 2:2:2 � B ãñÜöåôáé óô�í ìïñö�í
(2:10); ©ñá ãé¥ êÜèå 1 ≤ j ≤ K; �ðÜñ÷åé ©ôïìïí Aj ∈ B"j (Gj) �óôå A = A1 ∩ · · · ∩AK :
®Áð� ô�í Ðñüôáóéí 2:2:1; ëáìâÜíïíôáò �ð' �øéí êá� ô¥ öñÜãìáôá ãé¥ ô�ò ðáñáìÝôñïõò
"j ; ‖Gj‖UAPd ;K ðï� êáèïñßæïíôáé óô�í ¯Ïñéóì�í 2:2:2; ìðïñï�ìå í¥ âñï�ìå ãé¥ êÜèå j
ì� §ñíçôéêÞí, öñáãìÝíçí fUAP;j ∈ UAP d �óôå

‖1Aj − fUAP;j‖L2 ≤ �=K

êá�
‖fUAP;j‖UAPd = O�=K;"j ;X(1) = O�;X(1):

®Áöï� êá� ï� 1Aj ǻéíáé öñáãìÝíåò óõíáñôÞóåéò, �÷ïõìå êáô¥ óçìå�ïí ô�í ó÷Ýóéí

∣∣ K∏
j=1

1Aj −
K∏
j=1

fUAP;j
∣∣ ≤ K∑

j=1

|1Aj − fUAP;j |:

¯Ç ðáñáðÜíù §íéóüôçò �ó÷ýåé ãåíéê�ò ãé¥ ìéãáäéêï�ò §ñéèìï�ò, äçëáä� ²áí w1; : : : ; wm;
z1; : : : ; zm ∈ C ì« |wi|; |zi| ≤ 1 ãé¥ êÜèå 1 ≤ i ≤ m; ôüôå

|w1 · · ·wm − z1 · · · zm| ≤
m∑
i=1

|wi − zi|:
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Ìðïñå� í¥ §ðïäåé÷èå� ì« �ðáãùãÞí, §öï� ãé¥ m = 1 �ó÷ýåé �ò �óüôçò, êá� ãé¥ m > 1
�÷ïõìå

|w1 · · ·wm − z1 · · · zm|
≤ |w1 · · ·wm−1wm − w1 · · ·wm−1zm|+ |w1 · · ·wm−1zm − z1 · · · zm−1zm|
≤ |wm − zm|+ |w1 · · ·wm−1 − z1 · · · zm−1|

ëüãÿ ô�ò �ðïèÝóåùò ãé¥ ô¥ ìÝôñá ô�í wi; zi:

ÈÝôïíôáò �ðïìÝíùò fUAP :=
∏K
j=1 fUAP;j ; � (2:11) �ðåôáé §ð� ô�í ôñéãùíéê�í §íéóüôçôá,

�íÿ � (2:12) �ðåéä� � UAP d ǻéíáé ©ëãåâñá Banach. Ðñïöáí�ò �ðßóçò � fUAP ǻéíáé ì�
§ñíçôéê� êá� öñáãìÝíç, ©ñá �÷ïõìå ô� æçôïýìåíïí.

¯ÕðïèÝôïõìå ôþñá �ôé f ǻéíáé ìßá ôõ÷ï�óá ì� áñíçôéêÞ, öñáãìÝíç êá� B−ìåôñÞóéìç
óõíÜñôçóéò. Ôüôå � f ǻéíáé óôáèåñ� ó« êÜèå ©ôïìïí A ô�ò B; �ðüôå ìðïñï�ìå í¥ ãñÜøïõìå

f =
∑

A ©ôïìïí

cA1A; �ðïõ 0 ≤ cA ≤ 1 óôáèåñÝò

(ðñïóï÷Þ, åä� ä«í ãñÜöïõìå ô�í f �ò êõñô�í óõíäõáóì�í ÷áñáêôçñéóôéê�í, §ëë¥ ¨ðë�ò
�ò ãñáììéê�í óõíäõáóìüí, �êìåôáëëåõüìåíïé �ôé ô¥ ©ôïìá ô�ò B ó÷çìáôßæïõí ìßáí äéá-
ìÝñéóéí ôï� ZN êá� �ôé � f ǻéíáé óôáèåñ� ó« êÜèå óôïé÷å�ïí ô�ò äéáìåñßóåùò). °Åóôù
� = �(�;X) > 0 �íáò ìéêñ�ò §ñéèì�ò � �ðï�ïò è¥ �ðéëåãå� §ñãüôåñá. ®Áð� ô� ðñ�-
ôïí ìÝñïò ô�ò §ðïäåßîåùò, âñßóêïõìå ãé¥ êÜèå ©ôïìïí A ìßáí ì� §ñíçôéêÞí, öñáãìÝíçí
fUAP;A ∈ UAP d �óôå

‖1A − fUAP;A‖L2 ≤ � êá� ‖fUAP;A‖UAPd �X;� 1:

²Áí ëïéð�í èÝóïõìå f̃UAP :=
∑

A cAfUAP;A; è¥ �÷ïõìå �ôé � f̃UAP ǻéíáé ì� áñíçôéêÞ,
§íÞêåé óô�í UAP d êá�

‖f̃UAP ‖UAPd ≤
∑
A

cA‖fUAP;A‖UAPd �X;� # §ôüìùí ô�ò B

⇒ ‖f̃UAP ‖UAPd = OX;�(1);

§öï� � B ãñÜöåôáé óô�í ìïñö�í (2:10) ì« ô�ò ðáñáìÝôñïõò "j ; ‖Gj‖UAPd ;K í¥ öñÜóóïíôáé
�ðùò óô�í ¯Ïñéóì�í 2:2:2; ©ñá êÜèå B"j (Gj) í¥ ðåñéÝ÷åé ô� ðïë� b 2X

"j
c+2 = O(X2) ©ôïìá.

®ÅðéðëÝïí,

(2.13) ‖f − f̃UAP ‖L2 ≤
∑
A

cA‖1A − fUAP;A‖L2 �X �:

Âåâáßùò, ä«í ǻéíáé §íáãêá�ïí � f̃UAP í¥ ǻéíáé öñáãìÝíç (§êñéâ�ò �ðåéä� ï� óôáèåñ«ò cA
ä«í §èñïßæïíôáé óô�í ìïíÜäá). Á�ô� ðï� �äç �÷ïõìå, ðÜëé �îáéôßáò ôï� öñÜãìáôïò ãé¥ ô�
ðë�èïò ô�í §ôüìùí ô�ò B; ǻéíáé �ôé

‖f̃UAP ‖L∞ ≤
∑
A

cA‖fUAP;A‖L∞ ≤
∑
A

1 ≤ CX
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ãé¥ ìßáí óôáèåñ¥í ðï� �îáñô¦ôáé ìüíïí §ð� ô� X: Ìðïñï�ìå �ðïìÝíùò í¥ ÷ñçóéìïðïéÞ-
óïõìå ô� èåþñçìá Weierstrass �óôå í¥ âñï�ìå ðïëõþíõìïí P = P�;X ì« ðåäßïí �ñéóìï�
ô� óõìðáã«ò äéÜóôçìá [0; CX ]; ô� �ðï�ïí í¥ �êáíïðïéå� ô�ò ó÷Ýóåéò

|P (r)−min(r; 1)| ≤ �=2 êá� 0 ≤ P (r) ≤ 1

ãé¥ êÜèå r óô� ðåäßïí �ñéóìï� ôïõ, ©ñá êá� óô� ðåäßïí ôéì�í ô�ò f̃UAP : ²Áí ôþñá èÝ-
óïõìå fUAP := P (f̃UAP ); � fUAP è¥ ǻéíáé ì� áñíçôéê� êá� öñáãìÝíç. ®Åðßóçò, §öï� �
UAP d ǻéíáé ©ëãåâñá Banach, �íÿ � P (f̃UAP ) ǻéíáé ãñáììéê�ò óõíäõáóì�ò óõíáñôÞóåùí
ô�ò ìïñö�ò (f̃UAP )m; è¥ �÷ïõìå §ð� ô�í �äéüôçôá ô�ò ©ëãåâñáò �ôé fUAP ∈ UAP d êá�
‖fUAP ‖UAPd = OP;‖f̃UAP ‖UAPd

(1) = OX;�;�(1): ÔÝëïò, §ð� ô�í �ðéëïã�í ôï� P; è¥ �ó÷ýåé

‖fUAP −min(f̃UAP ; 1)‖L2 ≤ �=2;

�íÿ, §ð� ô�í (2:13) êá� ô�í �ðüèåóéí �ôé � f ǻéíáé ©íù öñáãìÝíç §ð� 1, è¥ �÷ïõìå

0 ≤ 1− f(x) ≤ f̃UAP (x)− f(x) �ôáí min(f̃UAP (x); 1) = 1

⇒ ‖f −min(f̃UAP ; 1)‖L2 ≤ ‖f − f̃UAP ‖L2 �X �:

°Áñá, � (2:11) è¥ ðñïêýøåé §ð� ô�í ôñéãùíéê�í §íéóüôçôá �ö' �óïí �ðéëÝîïõìå ô� � êá-
ôÜëëçëá ìéêñ�í ó« ó÷Ýóéí ì« ô¥ X êá� �:

2.2.2 ®ÅíÝñãåéá ìßáò ó-©ëãåâñáò { Ô� �ðé÷åßñçìá ô�í óôáèåñ�í ðñïóáõîÞóåùí

±Ïðùò å�ðáìå óô�í ðñïçãïõìÝíçí �ðïåíüôçôá, ãé¥ í¥ §ðïäåßîïõìå ô� Èåþñçìá 1:4:4
è¥ ðñïóðáèÞóïõìå í¥ ãñÜøïõìå ô�í f ô�ò äéáôõðþóåùò �ò ©èñïéóìá ìßáò äåóìåõìÝíçò
ìÝóçò ôéì�ò fU⊥ := E(f |B) �ò ðñ�ò ìßáí êáôÜëëçëçí ó-©ëãåâñá B; ðï� è¥ �ðéëåãå�
ìåôáî� ô�í óõìðáã�í ó-©ëãåâñ�í ôÜîåùò k − 2; êá� ô�ò äéáöïñ¦ò fU := f − E(f |B):
Ôüôå � (2:2) è¥ �ó÷ýåé á�ôïìÜôùò, �íÿ §ð� ô�í Ðñüôáóéí 2:2:3 è¥ ìðïñï�ìå í¥ âñï�ìå ì�
§ñíçôéêÝò, öñáãìÝíåò óõíáñôÞóåéò ∈ UAP k−2 ðï� ðñïóåããßæïõí ô�í B−ìåôñÞóéìçí fU⊥
�ðùò æçôå�ôáé óô�í (2:4); êá� ãé¥ ô�ò �ðï�åò è¥ �ó÷ýåé � (2:3) ãé¥ êÜðïéï M = Ok;�;X(1)
�ðïõ X � ðïëõðëïêüôçò ô�ò B: ²Áí ãé¥ êÜðïéáí §ð� á�ô«ò ô�ò UAP óõíáñôÞóåéò êá� ãé¥
ô� §íôßóôïé÷ïí M �ó÷ýåé êá� � �êôßìçóéò

‖fU‖Uk−1 = ‖f − E(f |B)‖Uk−1 ≤ F (M);

è¥ �÷ïõìå ôåëåéþóåé, §ëëé�ò è¥ ÷ñåéÜæåôáé í¥ îáíáåðé÷åéñÞóïõìå ô¥ ðáñáðÜíù ãé¥ êÜðïéáí
©ëëçí ó-©ëãåâñáí B′ ôÜîåùò k − 2: Âåâáßùò, � äéáäéêáóßá á�ô� ðáñïõóéÜæåé äýï ðñïâëÞ-
ìáôá: ðñ�ôïí, êáíå�ò ä«í ì¦ò �îáóöáëßæåé �ôé, ãé¥ ôïõëÜ÷éóôïí ìßáí óõìðáã� ó-©ëãåâñá
ôÜîåùò k − 2 óô� ZN ; � ðñïáíáöåñèå�óá äéÜóðáóéò ô�ò f è¥ �êáíïðïéå� ô�ò �êôéìÞóåéò
(2:1) − (2:4); êá� äåýôåñïí, §êüìç êá� í¥ ãíùñßæáìå �ôé êÜôé ôÝôïéï �ó÷ýåé óßãïõñá, êá-
è�ò ô� N è¥ á�îáíüôáí, è¥ å�÷áìå í¥ �ëÝãîïõìå �ëï êá� ðåñéóóüôåñåò ó-©ëãåâñåò, ì«
�ëï êá� ìåãáëýôåñåò ðïëõðëïêüôçôåò, ìÝ÷ñé í¥ âñï�ìå ìßáí êáôÜëëçëçí, ì« §ðïôÝëåóìá
ô� M óô�í �êôßìçóéí (2:3) í¥ ì�í ìðïñå� í¥ ðáñáìåßíåé öñáãìÝíïí.
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Ãé¥ í¥ äéïñèþóïõìå á�ô¥ ô¥ äýï ðñïâëÞìáôá, êáôáöåýãïõìå ó« ìßáí �äÝáí � �ðïßá
�ðÜñ÷åé �äç óô�í §ðüäåéîéí ôï� èåùñÞìáôïò ôï� Roth [29]; óô�í ðñþôçí §ðüðåéñáí äç-
ëáä� í¥ §ðïäåé÷èå� � ðé� ¨ðë� (k = 3) §ð� ô�ò ðåñéðôþóåéò ôï� èåùñÞìáôïò Szemer�edi.
Ðáñáëëáã«ò á�ô�ò ô�ò �äÝáò �÷ïõí ÷ñçóéìïðïéçèå� êá� ó« �ëåò ô�ò ìåôÝðåéôá §ðïäåßîåéò
ôï� èåùñÞìáôïò (§êüìç êá� ô�í §ñ÷éê�í ðåñéðôþóåùí k = 3 ²ç 4, âëÝðå ðáñáäåßãìáôïò
÷Üñéí [6]; [16]; [32]): Ô� �ðé÷åßñçìá ôï� Roth äïõëåýåé �ò �î�ò: �óôù óýíïëïí A ⊆ ZN ì«
|A| ≥ �N �ðïõ � �ðïéïóäÞðïôå ðñáãìáôéê�ò ≥ 500= log logN: Ôüôå å�ôå ô� A; �ö' �óïí ô�
äï�ìå ó¥í �ðïóýíïëïí ôï� [1; N ]; ðåñéÝ÷åé ôïõëÜ÷éóôïí ìßáí §ñéèìçôéê�í ðñüïäïí ìÞêïõò
3, å�ôå êÜðïéïò §ð� ôï�ò óõíôåëåóô«ò Fourier ô�ò ÷áñáêôçñéóôéê�ò óõíáñôÞóåùò ôï� A
ǻéíáé §ñêåô¥ ìåãÜëïò êáô' §ðüëõôçí ôéì�í ó« ó÷Ýóéí ì« ô� �: Óô�í äåõôÝñáí ðåñßðôùóéí,
� Roth §ðïäåéêíýåé �ôé è¥ �ðÜñ÷åé §ñéèìçôéê� ðñüïäïò P óô� [1; N ]; �ðïóýíïëïí äçëáä�
ô�ò ìïñö�ò

(2.14) {1 ≤ a < a+ d < · · · < a+ (|P | − 1)d ≤ N};

ì« |P | ≥ c(�)
√
N �óôå í¥ �÷ïõìå |A ∩ P | ≥

(
� + �2

80

)
|P |: Ó« á�ô�í ô�í ðåñßðôùóéí, ²áí

èÝóïõìå

A′ := {i ∈ [1; |P |] : a+ (i− 1)d ∈ A ∩ P} ⊆ Z|P |;

ìðïñï�ìå í¥ �ðáíáëÜâïõìå ô¥ ðáñáðÜíù ãé¥ ô¥ óýíïëá A′;Z|P |; äåäïìÝíïõ �ôé §ð� ô�í
ôñüðïí �ñéóìï� ôï� A′; êÜèå §ñéèìçôéê� ðñüïäïò ó« á�ô� è¥ §íôéóôïé÷å� ó« §ñéèìçôéê�í
ðñüïäïí óô� §ñ÷éê�í óýíïëïí A: ±Ïìùò, �ö' �óïí ó« êÜèå �ðáíÜëçøéí � ðõêíüôçò ôï�
A; äçëáä� � §ñéèì�ò |A∩P |

|P | á�îÜíåôáé ôïõëÜ÷éóôïí êáô¥ �2=80; �íÿ ðñïöáí�ò ä«í ìðïñå�
í¥ �ðåñâå� ô� 1, ä«í è¥ ÷ñåéáóôï�í ðåñéóóüôåñåò §ð� O�(1) �ðáíáëÞøåéò: óô�í ÷åéñüôåñçí
ô�í ðåñéðôþóåùí, � �ëç äéáäéêáóßá è¥ ôåñìáôßóåé �ôáí, ãé¥ êÜðïéï óýíïëïí P ô�ò ìïñö�ò
(2:14); � ðõêíüôçò ôï� A ìÝóá ó' á�ô� è¥ ǻéíáé ôüóï êïíô¥ óô� 1, �óôå í¥ ìðïñï�ìå
êáôåõèåßáí í¥ óõìðåñÜíïõìå �ôé ô� A ∩ P ðåñéÝ÷åé §ñéèìçôéê�í ðñüïäïí ìÞêïõò 3.

®Åðáíåñ÷üìåíïé óô�í §ðüäåéîéí ôï� ÈåùñÞìáôïò ÄéáóðÜóåùò, è¥ ðñïóðáèÞóïõìå êá�
�ä� í¥ óõó÷åôßóïõìå ì« êÜèå óõìðáã� ó-©ëãåâñá B ôÜîåùò k − 2; � �ðïßá ä«í ì¦ò
äßíåé ô�í �ðéèõìçô�í äéÜóðáóéí ô�ò óõíáñôÞóåùò f; ìßáí èåôéê�í ðïóüôçôá ðï� ä«í è¥
ìðïñå� í¥ �ðåñâå� êÜðïéïí óõãêåêñéìÝíïí §ñéèì�í, êá� ôáõôï÷ñüíùò è¥ á�îÜíåôáé êÜèå
öïñ¥í ðï� è¥ §íáãêáæüìáóôå í¥ ðåñÜóïõìå ó« êÜðïéáí ©ëëçí ó-©ëãåâñá ì« ìåãáëýôåñçí
ðïëõðëïêüôçôá. ¯Ç ðïóüôçò á�ô� è¥ �ðéëåãå� âÜóåé ôï� �ðïìÝíïõ �ñéóìï�:

Ï̄ñéóìüò 2.2.4. °Åóôù �ôé äßíïíôáé äéáíõóìáôéê� óõíÜñôçóéò f = (f1; : : : ; fm); ì« óõ-
íôåôáãìÝíåò óõíáñôÞóåéò fj : ZN → R; êá� ó-©ëãåâñá B: ¯Ïñßæïõìå ô�í �íÝñãåéáí ô�ò
B �ò ðñ�ò ô�í f í¥ ǻéíáé � ðïóüôçò

(2.15) Ef (B) :=
m∑
j=1

‖E(fj |B)‖2L2 :
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ÐáñáôçñÞóåéò 2.2.5. Óô�í ðñÜîéí ô� m è¥ ǻéíáé ðïë� ìéêñüí (m = 1 ²ç 2). ®Åîáéôßáò
ôï� Ðõèáãïñåßïõ èåùñÞìáôïò, �÷ïõìå ô¥ ôåôñéììÝíá öñÜãìáôá

(2.16) 0 ≤ Ef (B) ≤
m∑
j=1

‖fj‖2L2 ;

ô¥ �ðï�á è¥ ÷ñçóéìïðïéÞóïõìå ì« ô�í �äéïí ôñüðïí ì« ô�í �ðï�ïí, óô�í §ðüäåéîéí ôï�
èåùñÞìáôïò ôï� Roth, �êìåôáëëåõüìáóôå ô� �ôé � ðõêíüôçò ǻéíáé ©íù öñáãìÝíç §ð� 1:
±Ïôáí B ⊆ B′; �öáñìüæïõìå ðÜëé ô� Ðõèáãüñåéïí èåþñçìá, ÷ñçóéìïðïé�íôáò ô�ò ó÷Ýóåéò
êáèåôüôçôïò 〈

E(fj |B′)− E(fj |B);E(fj |B)
〉

= 0 ãé¥ êÜèå 1 ≤ j ≤ m;

ô�ò �ðï�åò å�äáìå óô� ÊåöÜëáéïí 1; êá� âëÝðïõìå �ôé

(2.17)
m∑
j=1

‖E(fj |B′)− E(fj |B)‖2L2 = Ef (B′)− Ef (B):

Êõñßùò, ðñïêýðôåé �ôé � �íÝñãåéá ô�ò B′ ǻéíáé ≥ ô�ò �íåñãåßáò ô�ò B:

Ð�ò �ìùò è¥ ÷ñçóéìïðïéÞóïõìå ô�í �ííïéáí ô�ò �íåñãåßáò; ²Áò ðï�ìå �ôé èÝëïõìå ì«
äéáäï÷éê«ò äïêéì«ò, îåêéí�íôáò §ð� ô�í ôåôñéììÝíçí ó-©ëãåâñá {∅;ZN}; í¥ âñï�ìå êÜ-
ðïéáí óõìðáã� ó-©ëãåâñá B ôÜîåùò k−2 � �ðïßá è¥ ì¦ò äþóåé ô�í æçôïõìÝíçí äéÜóðáóéí
ô�ò óõíáñôÞóåùò f ó« äýï óõíéóô�óåò, ì« ô�í ôñüðïí ðï� ðåñéãñÜöïõìå óô�í §ñ÷�í á�ô�ò
ô�ò �ðïåíüôçôïò. ²Áí ì« êÜðïéáí ó-©ëãåâñá B ä«í ìðïñï�ìå í¥ ðåôý÷ïõìå ô�í óùóô�í
äéÜóðáóéí, ôüôå è¥ ðñïóðáèï�ìå í¥ äåßîïõìå �ôé �ðÜñ÷åé ó-©ëãåâñá B′ ⊃ B ô�ò �ðïßáò �
�íÝñãåéá (�ò ðñ�ò êÜðïéáí äéáíõóìáôéê�í óõíÜñôçóéí g ðï� è¥ ó÷åôßæåôáé ì« ô�í f) ǻéíáé
ìåãáëýôåñç §ð� ô�í §íôßóôïé÷çí �íÝñãåéáí ô�ò B: Ðñïöáí�ò, è¥ �ó÷õñéóôï�ìå ôåëéê�ò �ôé
á�ô� ä«í ìðïñå� í¥ �ðáíáëçöèå� ðïëë«ò öïñ«ò �îáéôßáò ôï� ©íù öñÜãìáôïò óô�í (2:16):
Âåâáßùò, ô� ðüóï ìåãáëýôåñç è¥ ǻéíáé � �íÝñãåéá ô�ò B′ è¥ �îáñô¦ôáé óô�ò ðåñéóóüôåñåò
ô�í ðåñéðôþóåùí êá� §ð� ô�í ðïëõðëïêüôçôá X ô�ò B (�óï ðé� ðåñßðëïêç � ó-©ëãåâñá
B; ôüóï ðé� ìéêñ�í ðñïóáýîçóéí �íåñãåßáò è¥ ìðïñï�ìå í¥ ðåôý÷ïõìå, êá� ôáõôï÷ñü-
íùò è¥ á�îÜíåôáé §êüìç ðåñéóóüôåñïí � ðïëõðëïêüôçò ô�ò B′), óõíåð�ò ï� äéáäï÷éê«ò
ðñïóáõîÞóåéò �íäÝ÷åôáé í¥ ì�í ðñïóåããßæïõí ô� ©íù öñÜãìá óô�í (2:16):

Ô� ðñüâëçìá äéïñèþíåôáé ²áí §íô� ãé¥ æåýãç ó-§ëãåâñ�í èåùñÞóïõìå ôñéÜäåò ô�ò ìïñ-
ö�ò B ⊂ B′ ⊂ B′′; êá� �ðïèÝóïõìå �ôé êÜèå öïñ¥í ðï� è¥ ÷ñåéÜæåôáé í¥ §íôéêáôáóôÞóïõìå
ô�í B′ §ð� ô�í B′′ ãé¥ í¥ ðåôý÷ïõìå êáëýôåñçí äéÜóðáóéí ô�ò óõíáñôÞóåùò f; è¥ ìðï-
ñï�ìå í¥ �ðéëÝîïõìå �ôóé ô�í B′′ �óôå � ðñïóáýîçóéò ô�ò �íåñãåßáò í¥ �îáñô¦ôáé ìüíïí
§ð� ô�í ðïëõðëïêüôçôá X ô�ò B; êá� �÷é §ð� ô�í ðïëõðëïêüôçôá X ′ ô�ò B′: Ôüôå �íôùò
ï� ðñïóáõîÞóåéò ô�ò �íåñãåßáò è¥ ǻéíáé óôáèåñ«ò êá� è¥ ðñïóåããßæïõí ó« ðåðåñáóìÝíïí
÷ñüíïí ô� ©íù öñÜãìá ô�ò (2:16): ¯Ç ìüíç äõóêïëßá ǻéíáé �ôé ãé¥ í¥ ðåôý÷ïõìå êÜôé
ôÝôïéï, è¥ ðñÝðåé óô�ò ðåñéóóüôåñåò ô�í ðåñéðôþóåùí � äéáöïñ¥ ô�ò �íåñãåßáò ìåôáî� ô�í
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B êá� B′ í¥ öñÜóóåôáé §ð� ðÜíù §ð� ìßáí ðñïêáèïñéóìÝíçí ðïóüôçôá C; §íåîÜñôçôçí ô�ò
ðïëõðëïêüôçôüò ôïõò. Á�ô� ô� ôå÷íéê�í ðñüâëçìá ëýíåôáé §ñêåô¥ å�êïëá, §ñêå� í¥ ðá-
ñáôçñÞóïõìå �ôé (i) ²áí ìåô¥ §ð� äéáäï÷éê«ò §íôéêáôáóôÜóåéò ô�ò B′ ç äéáöïñ¥ �íåñãåßáò
ì« ô�í B îåðåñÜóåé ô�í ðñïêáèïñéóìÝíçí ðïóüôçôá, ìðïñï�ìå ¨ðë�ò í¥ §íôéêáôáóôÞ-
óïõìå ô�í ðñþôçí óõíôåôáãìÝíçí ô�ò ôñéÜäïò B ⊂ B′ ⊂ B′′; êá� (ii) ï�ôùò ²ç ©ëëùò á�ô�
ä«í ìðïñå� í¥ ãßíåé ðÜíù §ð� O(1=C) öïñÝò, §öï� � ðïóüôçò C ä«í �îáñô¦ôáé §ð� ô�í
ðïëõðëïêüôçôá êáììßáò ó-©ëãåâñáò.

Ìåô¥ §ð� �äÝáí ôï� Green ëïéðüí, � Tao äéáôõðþíåé ô� �ðüìåíïí ë�ììá, ÷áñáêôçñßæï-
íôÜò ôï £ðïóïôéê�í¤ §íôßóôïé÷ïí ôï� ËÞììáôïò Zorn, ôüóï ãéáô� ìïéÜæåé ì« §ëãïñéèìéê�í
�êäï÷Þí ôïõ, �óï êá� ãéáô� êáôáëáìâÜíåé óô�í §ðüäåéîéí ôï� Tao §íôßóôïé÷çí èÝóéí ì«
á�ô�í ôï� ËÞììáôïò Zorn óô�í �ñãïäéê�í §ðüäåéîéí ôï� Furstenberg. ®Áíôßóôïé÷ïí óô�
èåþñçìá Roth, �ðùò êá� ó« êÜðïéåò óõíäõáóôéê«ò §ðïäåßîåéò ôï� èåùñÞìáôïò Szemer�edi
(ðáñáäåßãìáôïò ÷Üñéí [17]; [33]), ǻéíáé ô� �ðé÷åßñçìá äéáäï÷éê�í á�îÞóåùí ô�ò ðõêíüôç-
ôïò. Ô� ë�ììá, ô� �ðï�ïí äéáôõðþíåôáé §ñêåô¥ ãåíéêÜ, è¥ ÷ñçóéìåýóåé, å�ôå §ðåõèåßáò
å�ôå �ììÝóùò, óô�í §ðüäåéîéí êá� ô�í äýï ÈåùñçìÜôùí ÄéáóðÜóåùò, êáè�ò êá� ôï� Èåù-
ñÞìáôïò Ðåñéïäéê�ò Äïì�ò.

Ë�ììá 2.2.6 (Ãåíéê�í �ðé÷åßñçìá ô�í óôáèåñ�í ðñïóáõîÞóåùí). ¯ÕðïèÝôïõìå �ôé �÷ïõìå
ìßáí �äéüôçôá P (M) � �ðïßá �îáñô¦ôáé §ð� êÜðïéáí ðáñÜìåôñïí M > 0: °Åóôù d ≥ 0;
êá� �óôù äéáíõóìáôéê� óõíÜñôçóéò f = (f1; : : : ; fm) ì« ô�ò fj : ZN → R öñáãìÝíåò.

¯ÕðïèÝôïõìå �ðéðëÝïí ô�í �ðáñîéí êÜðïéïõ � > 0 ãé¥ ô� �ðï�ïí �ó÷ýåé � �î�ò äé÷ï-
ôïìßá: ²áí X;X ′ > 0; êá� �÷ïõìå óõìðáã� ó-©ëãåâñá B ôÜîåùò d êá� ðïëõðëïêüôçôïò
ô� ðïë� X; êá� �ðßóçò óõìðáã� ó-©ëãåâñá B′ ⊇ B ôÜîåùò d êá� ðïëõðëïêüôçôïò ô� ðïë�
X ′; êá� �ó÷ýåé � óõíèÞêç

(2.18) (Äéáöïñ¥ ô�ò �íåñãåßáò)

Ef (B′)− Ef (B) ≤ �2;

ôüôå å�ôå � P (M) §ëçèåýåé ãé¥ êÜðïéï M = Od;�;X;X′(1); å�ôå ìðïñï�ìå í¥ âñï�ìå
óõìðáã� ó-©ëãåâñá B′′ ôÜîåùò d êá� ðïëõðëïêüôçôïò ô� ðïë� Od;�;X;X′(1); �óôå í¥
�ó÷ýåé � óõíèÞêç

(2.19) (Ðñïóáýîçóéò ô�ò �íåñãåßáò)

Ef (B′′)− Ef (B′) �d;�;X 1

(ǻéíáé óçìáíôéê�í ô� êÜôù öñÜãìá ðï� �ðïíïå�ôáé óô�í (2:19) í¥ ì�í �îáñô¦ôáé §ð� ô�í
ðïëõðëïêüôçôá X ′ ô�ò B′):

²Áí �ó÷ýïõí ô¥ ðáñáðÜíù, ôüôå � P (M) §ëçèåýåé ãé¥ êÜðïéï M = Om;d;� (1):

ÐáñáôçñÞóåéò. Ô� ë�ììá 2:2:6 ì¦ò �ðéôñÝðåé, §íô� í¥ ðñïóðáèï�ìå í¥ §ðïäåßîïõìå å�-
èÝùò ô�í �äéüôçôá P; í¥ §íáæçôÞóïõìå êá� í¥ §ðïäåßîïõìå ìßáí ¨ðëïýóôåñçí äé÷ïôïìßáí,
óýìöùíá ì« ô�í �ðïßáí å�ôå � P (M) è¥ §ëçèåýåé ãé¥ êÜðïéï M > 0; å�ôå è¥ ìðïñï�ìå í¥
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á�îÞóïõìå ô�í �íÝñãåéáí äïèåßóçò ó-©ëãåâñáò �ëÝã÷ïíôáò ôáõôï÷ñüíùò ðüóï è¥ á�îçèå�
� ðïëõðëïêüôçò ôçò. ±Ïðùò ìðïñå� í¥ ìáíôÝøåé êÜðïéïò êá� §ð� ô¥ ó÷üëéá ðï� ðñïçãÞ-
èçóáí, �íåñãïðïéï�ìå �ôóé �íáí §ëãüñéèìïí ãé¥ ô�í å�ñåóéí ôï� êáôáëëÞëïõ M; êá� �íáí
äéðë¥ �ðáíáëçðôéê�í âñüã÷ïí ìÝóá ó« á�ôüí. ¯Ï ôåëåõôá�ïò §íáãêÜæåôáé í¥ ôåñìáôßóåé
§êñéâ�ò �ðåéä� §ðáéôï�ìå � ðïóüôçò � í¥ ì�í �îáñô¦ôáé §ð� ô�ò ðïëõðëïêüôçôåò X;X ′;
êá� � ðñïóáýîçóéò óô�í (2:19) í¥ �îáñô¦ôáé ìüíïí §ð� ô�í ìéêñüôåñçí ðïëõðëïêüôçôá X
êá� �÷é §ð� ô�í X ′: ×ùñ�ò á�ô«ò ô�ò §ðáéôÞóåéò, ô� ë�ììá ä«í äïõëåýåé.

Óçìåéþíïõìå �ôé ãé¥ ô�í §ðüäåéîéí ä«í ÷ñåéÜæåôáé í¥ ãíùñßæïõìå §êñéâ�ò ðüóï á�-
îÜíåôáé � ðïëõðëïêüôçò ô�ò B′′; ï�ôå ðïé� ǻéíáé ô� êÜôù öñÜãìá óô�í (2:19) (¨ðë�ò �ôé
ä«í �îáñô¦ôáé §ð� ô�í ðïëõðëïêüôçôá ô�ò B′). Âåâáßùò ²áí êÜðïéïò èåëÞóåé í¥ �êôéìÞóåé
ô� ôåëéê�í öñÜãìá Om;d;� (1) ãé¥ ô� M (�ðùò óô�ò �ðüìåíåò §ðïäåßîåéò, óô�ò �ðï�åò ï�
óôáèåñ«ò êá� ï� �îáñôÞóåéò ô�í ðïóïôÞôùí è¥ ǻéíáé �ðïëïãßóéìåò), è¥ ÷ñåéáóôå� êá� ìðï-
ñå� í¥ �ðïëïãßóåé ô¥ ðáñáðÜíù öñÜãìáôá. Ô� §ñíçôéê�í ôï� ËÞììáôïò 2:2:6 ǻéíáé �ôé
êáôáöåýãïõìå ó« äéðë�í §íáäñïìÞí, �ðïìÝíùò ô¥ öñÜãìáôá ðï� ðñïêýðôïõí ǻéíáé ôýðïõ
Ackermann ²ç êá� ÷åéñüôåñá.

®Áðüäåéîéò. È¥ ÷ñçóéìïðïéÞóïõìå ô�í ðáñáêÜôù §ëãüñéèìïí ì« äéðë�í �ðáíÜëçøéí:

Â�ìá 1 ®Áñ÷éê�ò èÝôïõìå ô�í B �óçí ì« ô�í ôåôñéììÝíçí ó-©ëãåâñá, B := {∅;ZN}:
Â�ìá 2 ÈÝôïõìå ô�í B′ �óçí ì« ô�í B (�ðïìÝíùò óßãïõñá �êáíïðïéå�ôáé � óõíèÞêç

(2:18)). Ì« X óõìâïëßæïõìå ô�í ðïëõðëïêüôçôá ô�ò B:
Â�ìá 3 Ì« X ′ óõìâïëßæïõìå ô�í ðïëõðëïêüôçôá ô�ò B′: ²Áí � P (M) §ëçèåýåé ãé¥

êÜðïéï M = Od;�;X;X′(1); � §ëãüñéèìïò ôåñìáôßæåé. ®Áëëé�ò, ï� �ðïèÝóåéò
ìáò ì¦ò �îáóöáëßæïõí ô�í �ðáñîéí ó-©ëãåâñáò B′′ � �ðïßá ǻéíáé óõìðáã�ò
ôÜîåùò d êá� ðïëõðëïêüôçôïò ô� ðïë� Od;�;X;X′(1); �ôóé �óôå í¥ �êáíïðïéå�ôáé
� óõíèÞêç (2:19): Óõíå÷ßæïõìå óô� Â�ìá 4.

Â�ìá 4 ²Áí Ef (B′′) − Ef (B) ≤ �2; §íôéêáèéóôï�ìå ô�í B′ ì« ô�í B′′ (�ðüôå óõíå÷ßæåé
í¥ �ó÷ýåé � (2:18)), êá� �ðéóôñÝöïõìå óô� Â�ìá 3. ®Áëëé�ò, §íôéêáèéóôï�ìå
ô�í B ì« ô�í B′′; êá� �ðéóôñÝöïõìå óô� Â�ìá 2.

Ðáñáôçñï�ìå �ôé �÷ïíôáò óõãêåêñéìÝíçí ó-©ëãåâñá B ðïëõðëïêüôçôïò X; è¥ ÷ñåéá-
óôå� í¥ �ðáíáëÜâïõìå ô¥ ðáñáðÜíù âÞìáôá ô� ðïë� Od;�;X(1) öïñ«ò ðñ�í §íôéêáôáóôÞ-
óïõìå ô�í B: Á�ô� ãéáô� êÜèå öïñ¥í ðï� � B′ §ëëÜæåé, � �íÝñãåéÜ ôçò Ef (B′) á�îÜíåôáé
êáô¥ ìßáí ðïóüôçôá�d;�;X 1; §ëë¥ ôáõôï÷ñüíùò ä«í �ðåñâáßíåé ô�í ðïóüôçôá Ef (B)+�2;
§ëëé�ò è¥ §íôéêáèéóôïýóáìå ô�í B: ®Åä� öáßíåôáé ãéáô� � ðñïóáýîçóéò ô�ò �íåñãåßáò óô�í
(2:19) ä«í ðñÝðåé í¥ �îáñô¦ôáé §ð� ô�í ðïëõðëïêüôçôá X ′ ô�ò B′; � �ðïßá ìðïñå� í¥ ìå-
ãáëþíåé á�èáßñåôá êáô¥ ô�ò �ðáíáëÞøåéò. ±Åðåôáé �ôé, ²áí ôåëéê�ò §íôéêáôáóôÞóïõìå ô�í
B; � ðïëõðëïêüôçò ôçò è¥ �÷åé á�îçèå� ô� ðïë� êáô¥ Od;�;X(1):

°Åðåéôá ðáñáôçñï�ìå �ôé � §ëãüñéèìïò ìðïñå� í¥ §ëëÜîåé ô�í ó-©ëãåâñá B ô� ðïë�
Om;� (1) öïñÝò. Á�ô� ãéáô� êÜèå öïñ¥í ðï� � B §ëëÜæåé, � �íÝñãåéÜ ôçò Ef (B) á�îÜíåôáé
ôïõëÜ÷éóôïí êáô¥ �2; §ëë¥ ôáõôï÷ñüíùò ǻéíáé öñáãìÝíç §ð� m ëüãÿ ô�ò (2:16):

ÓõíäõÜæïíôáò ô�ò äýï á�ô«ò ðáñáôçñÞóåéò, âëÝðïõìå �ôé � §ëãüñéèìïò è¥ äéáôñÝîåé
óõíïëéê¥ Om;d;� (1) âÞìáôá êá� ìåô¥ è¥ ôåñìáôßóåé. ®Åðßóçò, �ëåò ï� ó-©ëãåâñåò ðï� è¥
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�÷ïõí êáôáóêåõáóôå� óô�í ðïñåßáí è¥ �÷ïõí ðïëõðëïêüôçôá ô� ðïë� Om;d;� (1): °Å÷ïõìå
�ðïìÝíùò ô� æçôïýìåíïí.

ÐáñáôÞñçóéò 2.2.7. ×ñåéÜæåôáé �óùò í¥ îåêáèáñßóïõìå êÜðïéåò ôå÷íéê«ò ëåðôïìÝñåéåò,
ï� �ðï�åò è¥ ãßíïõí �äéáéôÝñùò �ìöáíå�ò óô� ôåëéê�í â�ìá ô�ò §ðïäåßîåùò ôï� ÈåùñÞìáôïò
Ðåñéïäéê�ò Äïì�ò: äéáôõðþíïíôáò êáô' á�ô�í ô�í ôñüðïí ô�í äé÷ïôïìßáí ôï� ëÞììáôïò,
ä«í �ííïï�ìå �ôé ðñÝðåé ìßá §ð� ô�ò äýï ðåñéðôþóåéò ôçò í¥ �ó÷ýåé ôáõôï÷ñüíùò ãé¥ �ëïõò
ôï�ò ðñþôïõò N: ®ÁíôéèÝôùò, � äé÷ïôïìßá ìðïñå� í¥ äéáôõðùèå� îå÷ùñéóô¥ ãé¥ êÜèå N; §ñ-
êå� ô¥ öñÜãìáôá ðï� �ìöáíßæïíôáé í¥ ì�í �îáñô�íôáé §ð� ô� N (á�ô� �îÜëëïõ �ðïíïå�ôáé
§ð� ô�í óõìâïëéóì�í O): ¯Ç §ðüäåéîéò ôï� ëÞììáôïò è¥ ðáñáìåßíåé � �äéá: � ðáñáðÜíù
§ëãüñéèìïò ìðïñå� í¥ �öáñìïóôå� îå÷ùñéóô¥ ó« êÜèå ZN (�ðïõ ì« B;B′;B′′ è¥ óõìâïëß-
æïõìå ô¥ óôïé÷å�á ô�í §íôéóôïß÷ùí ï�êïãåíåé�í ðï� ǻéíáé ó-©ëãåâñåò óô� ZN ); êá� �ðùò
ðñïêýðôåé §ð� ô�ò ðáñáôçñÞóåéò ðï� §íáöÝñïõìå §ìÝóùò ìåô¥ ô¥ âÞìáôá ôï� §ëãïñßèìïõ,
è¥ ôåñìáôßóåé �ðéôõ÷�ò ìåô¥ §ð� ô� ðïë� Om;d;� (1) �ðáíáëÞøåéò. Ìðïñå� âåâáßùò ãé¥
êÜðïéïí ðñ�ôïí N í¥ ôåñìáôßóåé ðïë� íùñßôåñá §ð� �,ôé ãé¥ êÜðïéïí ©ëëïí.

²Áò óçìåéùèå� �ôé ôÝôïéïõ å�äïõò äé÷ïôïìßåò (îå÷ùñéóô¥ ãé¥ êÜèå ðñ�ôïí N) è¥ äéá-
ôõðþóïõìå ôåëéê�ò ãé¥ ô�ò §ðïäåßîåéò êá� ô�í äýï ÈåùñçìÜôùí ÄéáóðÜóåùò, êáè�ò êá�
ôï� ÈåùñÞìáôïò Ðåñéïäéê�ò Äïì�ò. Ìüíïí �ìùò óô�í äé÷ïôïìßáí ô�ò �íüôçôïò 2.3.2 è¥
÷ñåéáóôå� á�ô� í¥ äéåõêñéíéóôå� îáíÜ, �óôå � §ðüäåéîßò ôçò í¥ ãßíåé óáöÞò.

2.2.3 ®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1.4.4

Óô�í �íüôçôá á�ô�í óôáèåñïðïéï�ìå êÜðïéïí öõóéê�í k ≥ 3 (ô� ì�êïò äçëáä� ô�í
§ñéèìçôéê�í ðñïüäùí ðï� §íáæçôï�ìå). Ãé¥ í¥ ðñï÷ùñÞóïõìå óô�í §ðüäåéîéí ôï� Èåù-
ñÞìáôïò 1:4:4 ÷ñçóéìïðïé�íôáò ô¥ �ñãáëå�á ô�í ðñïçãïõìÝíùí �íïôÞôùí, ÷ñåéÜæåôáé í¥
óõó÷åôßóïõìå ô�í ôõ÷ï�óáí f ô�í ÈåùñçìÜôùí ÄéáóðÜóåùò ì« êáôÜëëçëåò �ìïéüìïñöá
ó÷åä�í ðåñéïäéê«ò óõíáñôÞóåéò: �ðùò êá� óô�í �ñéóì�í ô�í íïñì�í Ud; ìðïñï�ìå í¥
�ñßóïõìå ìßáí äõúê�í óõíÜñôçóéí ãé¥ ô�í f å�ôå �ðáãùãéê�ò å�ôå äßíïíôáò ô�í §êñéâ� ôçò
ôýðïí. ¯Ïñßæïõìå D0(f) := 1; �íÿ ãé¥ êÜèå d ≥ 1;

(2.20) Dd(f) = E
(
(Dd−1(f Thf)) · Thf |h ∈ ZN

)
(� Dd(f) ǻéíáé � äõúê� óõíÜñôçóéò ôÜîåùò d ô�ò f). ®Áðïäåéêíýïõìå �ðåéôá ô� �î�ò:

Ë�ììá 2.2.8. °Åóôù f : ZN → R öñáãìÝíç óõíÜñôçóéò ãé¥ ô�í �ðïßáí ãé¥ êÜðïéï
" > 0 �ó÷ýåé ‖f‖Uk−1 > " (äçëáä� � f ä«í ǻéíáé "−Gowers �ìïéüìïñöç). Ôüôå �ðÜñ÷åé

öñáãìÝíç óõíÜñôçóéò F ∈ UAP k−2 �óôå ‖F‖UAPk−2 ≤ 1 êá� |〈f; F 〉| > "2
k−1

:

®Áðüäåéîéò. È¥ âñï�ìå ô�í F §íÜìåóá óô�ò äõúê«ò óõíáñôÞóåéò ô�ò f: Äåß÷íïõìå �ðáãù-
ãéê�ò ãé¥ d ≥ 0; �ôé ãé¥ êÜèå g : ZN → R �ó÷ýåé

〈g;Dd(g)〉 = ‖g‖2
d

Ud :
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Ãé¥ d = 0; 〈g;Dd(g)〉 = E(g) = ‖g‖U0 : ²Áí �ðïèÝóïõìå �ôé ô� æçôïýìåíïí �ó÷ýåé ãé¥
êÜðïéï d; êá� èåùñÞóïõìå ôõ÷ï�óáí óõíÜñôçóéí g; è¥ �÷ïõìå, ëüãÿ ô�ò (2:20) êá� ôï�
�ñéóìï� ôï� �óùôåñéêï� ãéíïìÝíïõ, �ôé

〈g;Dd+1(g)〉 = E
(〈
Dd(g Thg); g Thg

〉 ∣∣h ∈ ZN

)
:

Ô� æçôïýìåíïí ãé¥ ô� d+1 �ðåôáé ôþñá §ð� ô�í �ðáãùãéê�í �ðüèåóéí êá� ô�í §íáäñïìéê�í
ôýðïí (1:14) ôï� �ñéóìï� ô�í íïñì�í Ud:

ÈÝôïõìå F := Dk−1(f): Å�êïëá ì« �ðáãùãÞí, ðñïêýðôåé �ôé � F ǻéíáé öñáãìÝíç.
ÌÝíåé í¥ äåßîïõìå �ôé ‖F‖UAPk−2 ≤ 1: Ðñ�ò ôï�ôï, äåß÷íïõìå êÜôé ãåíéêüôåñïí:

‖Dd(g)‖UAPd−1 ≤ 1 ãé¥ êÜèå öñáãìÝíçí g êá� ãé¥ êÜèå d ≥ 1:

Á�ô� ðñïöáí�ò �ó÷ýåé �ôáí d = 1; §öï� ôüôå � Dd(g) ǻéíáé � óôáèåñ� óõíÜñôçóéò E(g):
®ÅðéðëÝïí, �ðïèÝôïíôáò �ôé �ó÷ýåé ãé¥ êÜðïéï d ≥ 1; ðáñáôçñï�ìå §ð� ô�í (2:20) �ôé ãé¥
êÜèå g : ZN → R êá� ãé¥ êÜèå n �ó÷ýåé

Tn(Dd+1(g))(x) = (Dd+1(g))(x− n)

= E
(
(Dd(g Thg))(x− n) · Thg(x− n) |h ∈ ZN

)
= E

(
Tn(Dd(g Thg))(x) · Th+ng(x) |h ∈ ZN

)
;

©ñá Tn(Dd+1(g)) = E
(
Tn(Dd(g Thg)) · Th+ng |h ∈ ZN

)
: ÊÜíïíôáò ãé¥ êÜèå n ô�í §ëëá-

ã�í ìåôáâëçô�í h 7→ h− n; ðñïêýðôåé �ôé

E
(
Tn(Dd(g Thg)) · Th+ng |h ∈ ZN

)
= E

(
Tn(Dd(g Th−ng)) · Thg |h ∈ ZN

)
;

©ñá ôåëéê�ò

Tn(Dd+1(g)) =
∑
h∈ZN

1
N
cn;hg

′
h ãé¥ êÜèå n ∈ ZN(2.21)

�ðïõ cn;h := Tn(Dd(g Th−ng)); g′h := Thg:

Óô�í ðåñßðôùóéí ðï� � g ǻéíáé öñáãìÝíç, öñáãìÝíåò è¥ ǻéíáé ðñïöáí�ò êá� ï� ìåôáôïðßóåéò
ôçò (äçëáä� ï� g′h); ©ñá ï� cn;h è¥ �÷ïõí UAP

d−1 íüñìá ≤ 1 §ð� ô�í �ðáãùãéê�í �ðüèåóéí
êá� �ðåéä� � ©ëãåâñá UAP d−1 ǻéíáé §íáëëïßùôç �ò ðñ�ò ìåôáôïðßóåéò. Óõíåð�ò, ²áí �
g ǻéíáé öñáãìÝíç, � (2:21) ǻéíáé §íáðáñÜóôáóéò ô�ò ìïñö�ò (1:18) ãé¥ ô�í ôñï÷é¥í ô�ò
Dd+1(g) ì« ô� M = 1:

ÐáñáôÞñçóéò 2.2.9. ®Åíáëëáêôéê�ò, ìðïñï�ìå í¥ ðáñáôçñÞóïõìå �ôé

Df(x) := Dk−1(f)(x) = E

 ∏
!∈{0;1}k−1

! 6=0k−1

f(x+ ! · h)
∣∣h ∈ Zk−1

N
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ãé¥ êÜèå x ∈ ZN (�ðïõ 0k−1 ǻéíáé ô� äéÜíõóìá ôï� {0; 1}k−1 ì« ìçäåíéê«ò ìüíïí óõí-

ôåôáãìÝíåò), �ðåéôá í¥ §ðïäåßîïõìå §ðåõèåßáò ô�í ôýðïí 〈f;Df〉 = ‖f‖2k−1

Uk−1 ; êáè�ò

êá� ô�í ôýðïí ‖Df‖(Uk−1)∗ = ‖f‖2
k−1−1
Uk−1 (è¥ ðñÝðåé âåâáßùò í¥ äåßîïõìå îå÷ùñéóô¥ �ôé

‖Df‖UAPk−2 ≤ 1):
È¥ �ðáíÝëèïõìå óô�ò óõíáñôÞóåéò á�ô«ò óô�í �íüôçôá 3.2, �ðåéä� ì¦ò ÷ñåéÜæïíôáé

êá� ãé¥ ô�í §ðüäåéîéí ôï� ÈåùñÞìáôïò 1:5:2: ÌÜëéóôá �êå�, è¥ ðåñéïñéóôï�ìå óô�ò äõú-
ê«ò óõíáñôÞóåéò Df �êåßíùí ô�í óõíáñôÞóåùí f ï� �ðï�åò öñÜóóïíôáé êáô¥ óçìå�ïí
§ð� ô� ìÝôñïí � (²ç §ð� � + 1). È¥ äåßîïõìå �ôé ôÝôïéåò Df �êáíïðïéï�í ô�ò �êôéìÞóåéò
‖Df‖(Uk−1)∗ = O(1) êá� ‖Df‖L∞ = O(1); êá� �ôé á�ô«ò ï� �êôéìÞóåéò (ï� �ðï�åò ǻéíáé
§óèåíÝóôåñåò §ð� ô�í �êôßìçóéí ‖Df‖UAPk−2 ≤ 1) §ñêï�í ãé¥ í¥ äåßîïõìå ô� Èåþñçìá
1:5:2: Ãé¥ á�ô�í ô�í ëüãïí, ï� ðñïáíáöåñèå�óåò Df è¥ §ðïôåëï�í ô�ò âáóéê«ò Gowers
§íïìïéüìïñöåò óõíáñôÞóåéò ãé¥ ô� ãåíéêåõìÝíïí èåþñçìá Szemer�edi, äçëáä� ô�ò óõ-
íáñôÞóåéò ðï� è¥ ÷ñçóéìïðïéÞóïõìå ãé¥ í¥ ãñÜøïõìå ô�í f ôï� ÈåùñÞìáôïò 1:1:10 �ò
©èñïéóìá ìßáò "−Gowers �ìïéüìïñöçò óõíéóôþóáò f1 êá� ìßáò £§íïìïéüìïñöçò¤ óõíé-
óôþóáò f2 � �ðïßá è¥ �÷åé §ñêåô«ò §ñéèìçôéê«ò ðñïüäïõò ìÞêïõò k óô�í öïñÝá ôçò.

ÌÝíåé í¥ §ðïäåßîïõìå ô� Èåþñçìá 1:4:4: ®Åîáéôßáò ôï� ËÞììáôïò 2:2:6; §ñêå� í¥
âñï�ìå êáôÜëëçëçí äé÷ïôïìßáí:

Ë�ììá 2.2.10 (Äé÷ïôïìßá ãé¥ ô� Èåþñçìá 1:4:4). °Åóôù f ì� §ñíçôéêÞ, öñáãìÝíç
óõíÜñôçóéò ôÝôïéá �óôå

∫
ZN f ≥ � ãé¥ êÜðïéï � > 0: °Åóôù F : (0;+∞) → (0;+∞)

óõíÜñôçóéò. °Åóôù �ðßóçò �ôé �÷ïõìå óõìðáãå�ò ó-©ëãåâñåò B ⊆ B′ ôÜîåùò k − 2 êá�
ðïëõðëïêüôçôïò ô� ðïë� X;X ′ §íôéóôïß÷ùò, ï� �ðï�åò �êáíïðïéï�í ô�í óõíèÞêçí (2:18)
ì« � := �2

5000k : Ôüôå ôïõëÜ÷éóôïí �í §ð� ô¥ �ðüìåíá äýï �ó÷ýåé:

• (®Åðéôõ÷ßá) Ìðïñï�ìå í¥ âñï�ìå èåôéê�í §ñéèì�í M = Ok;�;X(1); öñáãìÝíçí óõ-
íÜñôçóéí fU ; êá� ì� §ñíçôéêÝò, öñáãìÝíåò óõíáñôÞóåéò fU⊥ ; fUAP �óôå í¥ �÷ïõìå
f = fU + fU⊥ ; êá� í¥ �ó÷ýïõí ï� �êôéìÞóåéò (2:2); (2:3); (2:4); êáè�ò êá� � �êôß-
ìçóéò (2:1) Gowers �ìïéïìïñößáò ô�ò fU :

• (Ðñïóáýîçóéò ô�ò �íåñãåßáò) Ìðïñï�ìå í¥ âñï�ìå óõìðáã� ó-©ëãåâñá B′′ ⊇ B′
ôÜîåùò k − 2 êá� ðïëõðëïêüôçôïò Ok;�;X;X′(1) �óôå í¥ �ó÷ýåé

(2.22) Ef (B′′)− Ef (B′) �k;�;X;F 1:

®Áðüäåéîéò. Óôáèåñïðïéï�ìå ô�ò B;B′: ®Åö' �óïí � E(f |B) ǻéíáé ì� §ñíçôéê� êá� öñá-
ãìÝíç, êá� � B ǻéíáé óõìðáã�ò ôÜîåùò k − 2 êá� ðïëõðëïêüôçôïò O(X); ìðïñï�ìå �öáñ-
ìüæïíôáò ô�í Ðñüôáóéí 2:2:3 í¥ âñï�ìå ì� §ñíçôéêÞí, öñáãìÝíçí óõíÜñôçóéí fUAP �ôóé
�óôå

(2.23) ‖E(f |B)− fUAP ‖L2 ≤ �2

5000k
êá�

‖fUAP ‖UAPk−2 < M
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ãé¥ êÜðïéïí èåôéê�í M = Ok;�;X(1); ô�í �ðï�ïí óô� �î�ò óôáèåñïðïéï�ìå.
ÃñÜöïõìå f = fU + fU⊥ ; ì« fU⊥ := E(f |B′) êá� fU := f − E(f |B′): Ðñïöáí�ò ãé¥

ô�ò fU⊥ ; fUAP ; �ó÷ýïõí ï� �êôéìÞóåéò (2:2); (2:3); �íÿ � (2:4) �ðåôáé §ð� ô�ò (2:17); (2:18)
êá� (2:23); êá� ô�í ôñéãùíéê�í §íéóüôçôá (²áí èõìçèï�ìå �ôé � = �2

5000k ). ²Áí �ðéðëÝïí
�ó÷ýåé � �êôßìçóéò (2:1) Gowers �ìïéïìïñößáò ô�ò fU ; âñéóêüìáóôå óô� ðñ�ôïí ìéóüí ô�ò
äé÷ïôïìßáò, ô�í ðåñßðôùóéí ô�ò �ðéôõ÷ßáò. ²Áí ä«í �ó÷ýåé �ìùò, �÷ïõìå

‖fU‖Uk−1 > F (M);

�ðïìÝíùò §ð� ô� Ë�ììá 2:2:8 ìðïñï�ìå í¥ âñï�ìå G ∈ UAP k−2 ì« ‖G‖UAPk−2 ≤ 1; �ôóé
�óôå

(2.24) |〈fU ; G〉| �k;M;F 1:

¯Ïñßæïõìå B′′ := B′ ∨ B"(G) ãé¥ êÜðïéï " = "(k;M;F ) > 0 ô� �ðï�ïí è¥ �ðéëÝîïõìå
§ñãüôåñá. Ìðïñï�ìå ôþñá í¥ ãñÜøïõìå

fU =
(
f − E(f |B′′)

)
+
(
E(f |B′′)− E(f |B′)

)
êá�

G =
(
G− E(G|B′′)

)
+
(
E(G|B′′)− E(G|B′)

)
+ E(G|B′):

Ï� ðñ�ôïé �ñïé êá� óô¥ äýï §èñïßóìáôá ǻéíáé �ñèïãþíéïé óô�í B′′ (©ñá êá� óô�í B′), �íÿ
ï� äåýôåñïé �ñïé ǻéíáé B′′−ìåôñÞóéìïé êá� �ñèïãþíéïé óô�í B′; ôÝëïò � ôñßôïò �ñïò óô�
©èñïéóìá ô�ò G ǻéíáé B′−ìåôñÞóéìïò. °Å÷ïõìå �ðïìÝíùò �ôé

〈fU ; G〉 =
〈
f − E(f |B′′); G− E(G|B′′)

〉
+
〈
E(f |B′′)− E(f |B′);E(G|B′′)− E(G|B′)

〉
:

®Åîáéôßáò ôï� �ôé � f ǻéíáé öñáãìÝíç, êá� �îáéôßáò ô�ò (2:5); �ó÷ýåé∣∣〈f − E(f |B′′); G− E(G|B′′)
〉∣∣ ≤ 2‖G− E(G|B′′)‖L∞ � ":

°Áñá, ²áí ô� " �ðéëåãå� §ñêåô¥ ìéêñüí, âëÝðïõìå §ð� ô�í (2:24) �ôé∣∣〈E(f |B′′)− E(f |B′);E(G|B′′)− E(G|B′)
〉∣∣�k;M;F 1:

®Áöï� êá� � G ǻéíáé öñáãìÝíç, �öáñìüæïíôáò ô�í §íéóüôçôá Cauchy-Schwarz ðñïêýðôåé

‖E(f |B′′)− E(f |B′)‖L2 �k;M;F 1

(ðñïöáí�ò §öï� ô� M �îáñô¦ôáé §ð� ô¥ k; �;X; �ëåò ï� ðáñáðÜíù ðïóüôçôåò ǻéíáé êáô'
ï�óßáí óõíáñôÞóåéò ô�í k; �;X; F:) ®Áëë¥ ôüôå � æçôïõìÝíç ðñïóáýîçóéò (2:22) �ðåôáé
§ð� ô�í (2:17): ®ÅðéðëÝïí, �îáéôßáò ôï� �ôé B′′ = B′ ∨ B"(G); � ðïëõðëïêüôçò ô�ò B′′;
âÜóåé ôï� ¯Ïñéóìï� 2:2:2; �îáñô¦ôáé ìüíïí §ð� ô�í ðïëõðëïêüôçôá X ′ ô�ò B′; êá� §ð� ô�
" = "(k; �;X; F ): Âñéóêüìáóôå �ðïìÝíùò óô� äåýôåñïí ìéóüí ô�ò äé÷ïôïìßáò, êá� �÷ïõìå
§ðïäåßîåé ô� ë�ììá.

Ô� Èåþñçìá 1:4:4 �ðåôáé §ìÝóùò, ²áí �öáñìüóïõìå ô� Ë�ììá 2:2:10 óô� Ë�ììá 2:2:6
(ãé¥ m = 1; ì« ô�í öñáãìÝíçí óõíÜñôçóéí f; êá� ãé¥ � = �2

5000k ): ÌÝíåé ðëÝïí ãé¥ ô�
èåþñçìá Szemer�edi í¥ §ðïäåßîïõìå ô� Èåþñçìá Ðåñéïäéê�ò Äïì�ò, êÜôé ðï� è¥ ãßíåé
óô�ò äýï �ðüìåíåò �íüôçôåò ÷ñçóéìïðïé�íôáò êá� ô¥ �ñãáëå�á ô�í �íïôÞôùí 2.2.1, 2.2.2.
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2.3 Ô� Èåþñçìá Ðåñéïäéê�ò Äïì�ò

²Áò èõìçèï�ìå �ôé ô� èåþñçìá á�ô� ì¦ò äßíåé �íáí ôñüðïí í¥ �íôïðßæïõìå §ñêåô«ò
§ñéèìçôéê«ò ðñïüäïõò ìÞêïõò k óô�í öïñÝá ìßáò ì� §ñíçôéê�ò, öñáãìÝíçò óõíáñôÞóåùò
� �ðïßá ó÷åôßæåôáé ì« êÜðïéïí ôñüðïí ì« ô�ò ©ëãåâñåò UAP d: ÓõãêåêñéìÝíá, �ó÷ýåé ô�
�î�ò:

Èåþñçìá 1.4.2: °Åóôùóáí d ≥ 0; k ≥ 1 öõóéêï� êá� 0 < �;M < ∞ ðñáãìáôéêïß.
°Åóôù �ôé ï� fU⊥ ; fUAP : ZN → R ǻéíáé ì� §ñíçôéêÝò, öñáãìÝíåò óõíáñôÞóåéò ãé¥ ô�ò
�ðï�åò �ó÷ýïõí

‖fU⊥ − fUAP ‖L2 ≤ �2

1024k
;(2.25) ∫

ZN
fU⊥ ≥ �(2.26)

êá�

‖fUAP ‖UAPd < M:(2.27)

Ôüôå �÷ïõìå �ôé

(2.28) E

E

k−1∏
j=0

T�jrfU⊥(x)
∣∣x ∈ ZN

∣∣∣ 0 ≤ r ≤ N1

�d;k;�;M 1

ãé¥ êÜèå � ∈ ZN êá� N1 ≥ 0:

Ï�óéáóôéêÜ, ô� èåþñçìá ì¦ò ëÝåé �ôé �÷é ìüíïí ï� �ìïéüìïñöá ó÷åä�í ðåñéïäéê«ò óõ-
íáñôÞóåéò �÷ïõí ô�í �äéüôçôá óô�í öïñÝá ôïõò í¥ ðåñéÝ÷ïíôáé §ñêåô«ò §ñéèìçôéê«ò ðñüïäïé
ìÞêïõò k; §ëë¥ êá� �óåò óõíáñôÞóåéò âñßóêïíôáé §ñêåô¥ êïíô¥ (�ò ðñ�ò ô�í L2 íüñìá) ó«
êÜðïéáí �ìïéüìïñöá ó÷åä�í ðåñéïäéê�í óõíÜñôçóéí, ²ç êáëýôåñá �óåò óõíáñôÞóåéò ǻéíáé
�ñéá (óô�í L2(ZN )) �ìïéüìïñöá ó÷åä�í ðåñéïäéê�í óõíáñôÞóåùí.

2.3.1 Ðåñéïäéê«ò �äéüôçôåò êÜðïéùí å�äéê�í UAP óõíáñôÞóåùí:
ìßá �öáñìïã� ôï� èåùñÞìáôïò van der Waerden

Ô� 1927 � van der Waerden äéáôõðþíåé êá� §ðïäåéêíýåé ô� §êüëïõèïí èåþñçìá [38] :
Èåþñçìá 4 (van der Waerden). Ãé¥ êÜèå äýï öõóéêï�ò k;m ≥ 1; �ðÜñ÷åé öõóéê�ò N =
NvdW (k;m) ≥ 1 �óôå ãé¥ êÜèå ÷ñùìáôéóì�í ôï� {1; : : : ; N} ì« m ÷ñþìáôá (äçëáä� ãé¥
êÜèå óõíÜñôçóéí c : {1; : : : ; N} → {1; : : : ;m}); í¥ �ðÜñ÷åé ìïíï÷ñùìáôéê� §ñéèìçôéê�
ðñüïäïò ìÞêïõò k (äçëáä� ðñüïäïò óôï�ò �ñïõò ô�ò �ðïßáò � c ǻéíáé óôáèåñÞ):

¯Ç á�èåíôéê� �êäï÷� ôï� èåùñÞìáôïò Szemer�edi (Èåþñçìá 3) ǻéíáé §êñéâ�ò � ôñü-
ðïò ì« ô�í �ðï�ïí � Szemer�edi ãåíßêåõóå ô� ðáñáðÜíù èåþñçìá, §ðáíô�íôáò ó« �íá
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�ñþôçìá ô�í Erd}os êá� Tur�an. Ǻéíáé ðñïöáí«ò �ôé ô� èåþñçìá 3, ìáæ� ì« ô�í §ñ÷�í
ôï� ðåñéóôåñå�íïò, óõíåðÜãïíôáé ô�í �ó÷�í ôï� èåùñÞìáôïò van der Waerden (äßäïíôáò
NvdW (k;m) := NSZ(k; 1

m )). Ǻéíáé �ìùò � §íôßóôñïöç óõíåðáãùã� ðï� ì¦ò �íäéáöÝñåé,
êá� � �ðïßá ÷ñçóéìïðïéÞèçêå êá� §ð� ô�í �äéïí ô�í Szemer�edi óô�í §ñ÷éê�í óõíäõáóôéê�í
§ðüäåéîéí ôï� èåùñÞìáôüò ôïõ [33]:

®Åîçãï�ìå ð�ò ÷ñçóéìïðïéå�ôáé ô� Èåþñçìá 4 óô�í �ñãïäéê�í §ðüäåéîéí ôï� Tao: �
§ðüäåéîéò ôï� ÈåùñÞìáôïò 1:4:2 è¥ ãßíåé ì« �ðáãùã�í óô� d: Ôüóï � âÜóéò ô�ò �ðáãùã�ò
�óï êá� ô� �ðáãùãéê�í â�ìá è¥ óôçñé÷èï�í ó« ìßáí ðñüôáóéí ðï� äéáôõðþíåôáé ó« á�ô�í
ô�í �íüôçôá, êá� � �ðïßá îåêéíÜåé §ð� ô�í ðáñáôÞñçóéí �ôé ²áí èÝëïõìå í¥ ìåëåôÞóïõìå
óõíáñôÞóåéò f ô�í �ðïßùí ï� ìåôáôïðßóåéò Tnf �÷ïõí ìßáí §íáðáñÜóôáóéí ó¥í ô�í (1:18);
ìðïñï�ìå §ñ÷éê�ò í¥ ðåñéïñßóïõìå ô�ò óõíáñôÞóåéò cn;h ó« êÜðïéï §ñêåô¥ £óõìðáã«ò¤
óýíïëïí ô� �ðï�ïí è¥ £÷ñùìáôßóïõìå¤ ì« ðåðåñáóìÝíá ô� ðë�èïò ÷ñþìáôá. °Åðåéôá è¥
ìðïñï�ìå í¥ �öáñìüóïõìå ô� èåþñçìá van der Waerden �óôå í¥ äåßîïõìå �ôé ôÝôïéïõ
å�äïõò f �êáíïðïéï�í §íéóüôçôåò ó¥í ô�í (2:28):

¯Ï Tao �ìðíÝåôáé ô� �ðé÷åßñçìá á�ô� §ð� �ðé÷åéñÞìáôá ÷ñùìáôéóìï� ðï� ÷ñçóéìï-
ðïéï�íôáé ðáñáäåßãìáôïò ÷Üñéí óô� [5]; êá� �÷é §ð� ô�í �ñãïäéê�í §ðüäåéîéí ôï� Fursten-
berg (óô�í �ðïßáí âáóßæïíôáé ô¥ ðåñéóóüôåñá §ð� ô¥ �ðüëïéðá �ðé÷åéñÞìáôá ðï� å�äáìå).

Ðñüôáóéò 2.3.1. Èåùñï�ìå ðñáãìáôéê�í §ñéèì�í M > 0; ó-©ëãåâñá B óô� ZN ; êá� ì�
êåíüí, ðåðåñáóìÝíïí óýíïëïí äåéêô�í H (ô� �ðï�ïí �ðéôñÝðåôáé í¥ �îáñô¦ôáé §ð� ô� N):
°Åóôù �ôé ãé¥ êÜèå n ∈ ZN êá� h ∈ H; �÷ïõìå öñáãìÝíåò B−ìåôñÞóéìåò óõíáñôÞóåéò
cn;h : ZN → R êá� öñáãìÝíåò gh : ZN → R: °Åóôù �ðßóçò �ôé ï� th; h ∈ H; ǻéíáé ì�
§ñíçôéêï� ðñáãìáôéêï� §ñéèìï� ì« óõíïëéê�í ©èñïéóìá ô�í ìïíÜäá. ¯Ïñßæïõìå ãé¥ êÜèå
n ∈ ZN ìßáí óõíÜñôçóéí Fn : ZN → R èÝôïíôáò

(2.29) Fn := M ·
∑
h∈H

th(cn;hgh)

(óõìâïëßæïõìå ì« F á�ô�í ô�í ï�êïãÝíåéáí óõíáñôÞóåùí): ¯ÕðïèÝôïõìå ôÝëïò �ôé äßäåôáé
ì� §ñíçôéêÞ, öñáãìÝíç óõíÜñôçóéò fU⊥ (ì« ô�í �ííïéáí ðï� §íáöÝñïõìå óô�í ÐáñáôÞ-
ñçóéí 1:1:2 (ii); äçëáä� óô�í ðñáãìáôéêüôçôá ï�êïãÝíåéá óõíáñôÞóåùí fU⊥;N : ZN → R):
Ãé¥ � > 0; n ∈ ZN êá� k ∈ Z+ èÝôïõìå En(k; �;B; F ) ∈ B í¥ ǻéíáé ô� óýíïëïí

En(k; �;B; F ) :=
{
x ∈ ZN : E(TnfU⊥ |B)(x) ≥ �

2
(2.30)

êá� E
(∣∣TnfU⊥ − Fn

∣∣|B)(x) ≤ �

8k

}
:

Ôüôå ãé¥ êÜèå � > 0 êá� k ∈ Z+ �ðÜñ÷åé èåôéê�ò §êÝñáéïò k∗ = k∗(k; �;M); � �ðï�ïò
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ä«í �îáñô¦ôáé §ð� ô�í ó-©ëãåâñá B; ô�í ï�êïãÝíåéáí F ²ç ô�í óõíÜñôçóéí fU⊥ ; �óôå

(2.31) E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 1 ≤ r ≤ N0


�k;�;M E

(
PZN

(
k∗⋂
m=1

E��m(k; �;B; F )

)∣∣ 1 ≤ � ≤ bN0

k∗
c

)

ãé¥ êÜèå � ∈ ZN êá� N0 ≥ k∗ (�ðåíèõìßæïõìå �ôé ãé¥ A ⊆ ZN ; PZN (A) := EZN (1A)):

ÐáñáôçñÞóåéò. ¯Ç Ðñüôáóéò 2:3:1 ì¦ò �ðéôñÝðåé, §íô� í¥ ðñïóðáèï�ìå í¥ öñÜîïõìå
§ð� êÜôù �êöñÜóåéò ðï� ðåñéÝ÷ïõí ãéíüìåíá ìåôáôïðßóåùí ô�ò fU⊥ ; í¥ öñÜóóïõìå §ð�
êÜôù �êöñÜóåéò ðï� ðåñéÝ÷ïõí ôïì«ò ô�í B−ìåôñçóßìùí óõíüëùí E��m(k; �;B; F ): Á�ô�
ǻéíáé óáö�ò å�êïëüôåñïí �ôáí � ó-©ëãåâñá B ǻéíáé ¨ðëïýóôåñç §ð� ô�í óõíÜñôçóéí fU⊥ ;
ǻéíáé ìÜëéóôá � ëüãïò ðï� ìðïñï�ìå í¥ §ðïäåßîïõìå ô� Èåþñçìá 1:4:2 ì« �ðáãùã�í óô� d :
óô�í ðñÜîéí, � fU⊥ è¥ ǻéíáé ðïë� êïíô¥ ó« ìßáí �ìïéüìïñöá ó÷åä�í ðåñéïäéê�í óõíÜñôçóéí
ôÜîåùò d; �íÿ � ó-©ëãåâñá B è¥ ǻéíáé óõìðáã�ò ôÜîåùò d − 1; �ðüôå ï� B−ìåôñÞóéìåò
óõíáñôÞóåéò è¥ ðñïóåããßæïíôáé §ð� �ìïéüìïñöá ó÷åä�í ðåñéïäéê«ò óõíáñôÞóåéò ôÜîåùò
ìéêñüôåñçò ôï� d:

®Áð� ô�í ©ëëçí, �ðåéä� êáô¥ ô�í §ðüäåéîéí ô�ò ðñïôÜóåùò âñßóêïõìå öñÜãìáôá ãé¥
ôï�ò èåôéêï�ò §êåñáßïõò k∗ âáóéæüìåíïé óôï�ò §ñéèìï�ò van der Waerden, � ôåëéê� óôá-
èåñ¥ óô�í §íéóüôçôá (1:24) è¥ ǻéíáé ðÜñá ðïë� ìéêñÞ (©í êá�, �êìåôáëëåõüìåíïé ô¥ §ðï-
ôåëÝóìáôá ôï� Shelah [30] ãé¥ ôï�ò §ñéèìï�ò van der Waerden, ìðïñï�ìå í¥ §ðïöýãïõìå
ôïõëÜ÷éóôïí ó« á�ô�í ô�í ðñüôáóéí öñÜãìáôá ôýðïõ Ackermann).

®Áðüäåéîéò. Ãé¥ ô� æçôïýìåíïí, §ñêå� í¥ äåßîïõìå �ôé �ðÜñ÷åé èåôéê�ò §êÝñáéïò k∗ =
k∗(k; �;M) �óôå í¥ �ó÷ýåé £ôïðéê¥¤ �

(2.32) E

∫
ZN

k−1∏
j=0

T��jsfU⊥
∣∣ 1 ≤ s ≤ bk∗

k
c

��;k;k∗ PZN

(
k∗⋂
m=1

E��m(k; �;B; F )

)

ãé¥ êÜèå � ∈ Z: ÐñÜãìáôé, ²áí äåßîïõìå ô�í (2:32) êá� �ëïêëçñþóïõìå �ðåéôá êá� ô¥ äýï
ìÝëç ôçò �ò ðñ�ò 1 ≤ � ≤ bN0

k∗
c ãé¥ êÜðïéï N0 ≥ k∗; è¥ ëÜâïõìå

(2.33) E

∫
ZN

k−1∏
j=0

T��jsfU⊥
∣∣ 1 ≤ � ≤ bN0

k∗
c; 1 ≤ s ≤ bk∗

k
c


��;k;k∗ E

(
PZN

(
k∗⋂
m=1

E��m(k; �;B; F )

)∣∣ 1 ≤ � ≤ bN0

k∗
c

)
:
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Ðáñáôçñï�ìå �ìùò �ôé ãé¥ êÜèå §êÝñáéïí r ∈ [1; N0] �ðÜñ÷ïõí ô� ðïë� bk∗k c ôñüðïé í¥
ãñÜøïõìå ô�í r �ò ãéíüìåíïí êÜðïéïõ 1 ≤ � ≤ bN0

k∗
c êá� êÜðïéïõ 1 ≤ s ≤ bk∗k c (§ð�

ô�í êáíüíá äéáãñáö�ò óô� Z); �íÿ ðñïöáí�ò êÜèå ôÝôïéï ãéíüìåíïí §íÞêåé óô� äéÜóôçìá
[1; N0]; óõíåð�ò

k∗
k

∑
1≤r≤N0

∫
ZN

k−1∏
j=0

T�jrfU⊥ ≥
∑

1≤�≤bN0
k∗ c

1≤s≤b k∗k c

∫
ZN

k−1∏
j=0

T��jsfU⊥

êá�

E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 1 ≤ r ≤ N0

(2.34)

≥ k

k∗

bN0
k∗
c · bk∗k c
N0

E

∫
ZN

k−1∏
j=0

T��jsfU⊥
∣∣ 1 ≤ � ≤ bN0

k∗
c; 1 ≤ s ≤ bk∗

k
c


�k;k∗ E

∫
ZN

k−1∏
j=0

T��jsfU⊥
∣∣ 1 ≤ � ≤ bN0

k∗
c; 1 ≤ s ≤ bk∗

k
c

 :

®Áð� ô�ò (2:33); (2:34); ðñïêýðôåé §êñéâ�ò � (2:31) (äåäïìÝíïõ �ôé óô� ôÝëïò, �öáñìüæï-
íôáò ô� èåþñçìá van der Waerden, è¥ �ðéëÝîïõìå ô�í k∗ âÜóåé ô�í k; � êá� M; �ðüôå êá�
� �îÜñôçóéò ô�í óôáèåñ�í §ð� ô� k∗ è¥ ǻéíáé êáô' ï�óßáí �îÜñôçóéò §ð� ô¥ k; �;M).

Ðáñáôçñï�ìå óô�í óõíÝ÷åéáí �ôé §íô� ô�ò (2:32); ìðïñï�ìå í¥ äåßîïõìå ô�í
(2.35)

E

∫
ZN

k−1∏
j=0

T��(a+js)fU⊥
∣∣ 1 ≤ a; s ≤ bk∗

k
c

��;k;k∗ PZN

(
k∗⋂
m=1

E��m(k; �;B; F )

)
;

§öï� ãé¥ �ðïéïõóäÞðïôå §êåñáßïõò a; s �ó÷ýåé∫
ZN

k−1∏
j=0

T��(a+js)fU⊥ =
∫

ZN

k−1∏
j=0

T��a
(
T��jsfU⊥

)

=
∫

ZN
T��a

k−1∏
j=0

T��jsfU⊥

 =
∫

ZN

k−1∏
j=0

T��jsfU⊥ ;

©ñá

E

∫
ZN

k−1∏
j=0

T��(a+js)fU⊥
∣∣ 1 ≤ a ≤ bk∗

k
c

 =
∫

ZN

k−1∏
j=0

T��jsfU⊥ :
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¯Ï ëüãïò ãé¥ ô�í �ðï�ïí ðñïôéìï�ìå ô�í (2:35) §íô� ô�ò (2:32) ǻéíáé � �î�ò: ²áí §ëëÜîïõìå
ô�í óåéñ¥í ô�í �ëïêëçñùìÜôùí óô�í (2:35); ô� §ñéóôåñ�í ìÝëïò ôçò ãñÜöåôáé �ò

E

E

k−1∏
j=0

T��(a+js)fU⊥(x)
∣∣ 1 ≤ a; s ≤ bk∗

k
c

∣∣∣x ∈ ZN

 ;

ãßíåôáé �ðïìÝíùò �ëïêëÞñùóéò �ò ðñ�ò x êÜðïéïõ ìÝóïõ �ñïõ ô�ò ðïóüôçôïò

fU⊥(x− ��y0)fU⊥(x− ��y1) · · · fU⊥(x− ��yk−1);

ô�í �ðï�ïí ëáìâÜíïõìå ðÜíù §ð� �ëåò ô�ò §ñéèìçôéê«ò ðñïüäïõò y0 < y1 < · · · < yk−1;
ãé¥ ô�ò �ðï�åò 1 ≤ y0; y1−y0 ≤ k∗=k; êá� �÷é ìüíïí ðÜíù §ð� á�ô«ò ðï� îåêéíï�í §ð� �íáí
óõãêåêñéìÝíïí §êÝñáéïí. °Å÷ïõìå óõíåð�ò ô�í äõíáôüôçôá í¥ �öáñìüóïõìå êáôÜëëçëá
ô� èåþñçìá van der Waerden, ì« óôü÷ïí âåâáßùò í¥ �íôïðßóïõìå, ôïõëÜ÷éóôïí ãé¥ ô¥

x ∈
⋂k∗
m=1E��m(k; �;B; F ); êÜðïéåò §ð� ô�ò ðáñáðÜíù §ñéèìçôéê«ò ðñïüäïõò ãé¥ ô�ò

�ðï�åò ô� ãéíüìåíïí fU⊥(x− ��y0) · · · fU⊥(x− ��yk−1) è¥ ǻéíáé §ñêåô¥ ìåãÜëï.

Óôáèåñïðïéï�ìå óô� �î�ò êÜðïéá � êá� �: ®Åðåéä� ìÜëéóôá ô� � ìðïñå� í¥ ǻéíáé �ðïéïó-
äÞðïôå §êÝñáéïò, �ðïèÝôïõìå ÷ùñ�ò âëÜâçí ô�ò ãåíéêüôçôïò �ôé � = 1 (¨ðëïðïé�íôáò �ôóé
ôï�ò óõìâïëéóìïýò), êá� äåß÷íïõìå �ôé

E

∫
ZN

k−1∏
j=0

T�(a+js)fU⊥
∣∣ 1 ≤ a; s ≤ bk∗

k
c

��;k;k∗ PZN

(
k∗⋂
m=1

E�m(k; �;B; F )

)
:

Ô�
⋂k∗
m=1E�m(k; �;B; F ) ǻéíáé B−ìåôñÞóéìïí, ©ñá ãñÜöåôáé �ò �íùóéò §ôüìùí ô�ò B:

®Áñêå� �ðïìÝíùò í¥ äåßîïõìå ãé¥ êÜèå ôÝôïéï ©ôïìïí A ô�í £êáô¥ óçìå�ïí¤ �êôßìçóéí

(2.36) E

∫
A

k−1∏
j=0

T�(a+js)fU⊥
∣∣ 1 ≤ a; s ≤ bk∗

k
c

��;k;k∗ 1;

§öï� ìåô¥ � (2:35) è¥ ðñïêýøåé ðïëëáðëáóéÜæïíôáò êá� ô¥ äýï ìÝëç ô�ò (2:36) ì« PZN (A)
êá� §èñïßæïíôáò ðÜíù §ð� �ëá ô¥ ©ôïìá ⊆

⋂k∗
m=1E�m(k; �;B; F ):

Èåùñï�ìå ëïéð�í ôõ÷�í ©ôïìïí A ⊆
⋂k∗
m=1E�m(k; �;B; F ): Ðáñáôçñï�ìå ìÜëéóôá �ôé

§öï� �ëïêëçñþíïõìå ðÜíù §ð� ô¥ æåýãç (a; s) ì« 1 ≤ a; s ≤ bk∗k c; êá� á�ô¥ ǻéíáé (bk∗k c)
2

ô� ðë�èïò, §ñêå� ãé¥ ô�í (2:36) í¥ âñï�ìå �íá êá� ìüíïí (a; s) �óôå í¥ �ó÷ýåé

(2.37)

∫
A

k−1∏
j=0

T�(a+js)fU⊥ ��;k 1:
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ÐëÝïí ìðïñï�ìå í¥ ÷ñçóéìïðïéÞóïõìå ô� ãåãïí�ò �ôé, §öï� ô� A ǻéíáé �ðïóýíïëïí ôï�⋂k∗
m=1E�m(k; �;B; F ); êá� ãé¥ êÜèå 1 ≤ a; s ≤ bk∗k c �ó÷ýåé

1 ≤ a ≤ a+ s ≤ · · · ≤ a+ (k − 1)s ≤ k∗;

ï� ôéì«ò ô�í ìåôáôïðßóåùí T�(a+js)fU⊥ óô¥ x ∈ A è¥ ǻéíáé êáô¥ ìÝóïí �ñïí êïíô¥ óô�ò
§íôßóôïé÷åò ôéì«ò ô�í óõíáñôÞóåùí F�(a+js):

®Éó÷õñéóìüò. ¯Ç (2:37) �ðåôáé ²áí äåßîïõìå �ôé �ó÷ýåé

(2.38) ‖F�(a+js) − F�a‖L2(A) ≤
�

8k
ãé¥ êÜèå 0 ≤ j ≤ k − 1;

�ðïõ L2(A) ǻéíáé � ÷�ñïò Hilbert ô�í óõíáñôÞóåùí §ð� ô� A óô� R ì« íüñìá ô�í
‖f‖L2(A) := (EA(|f |2))1=2: (Ðñïöáí�ò ãé¥ óõíáñôÞóåéò §ð� ô� ZN óô� R; �ðùò ï� ðáñá-
ðÜíù, èåùñï�ìå ôï�ò ðåñéïñéóìïýò ôïõò óô� A:)

®Áðüäåéîéò ôï� ®Éó÷õñéóìï�. ²Áí äå÷èï�ìå ô�í (2:38); �öáñìüæïíôáò ô�í §íéóüôçôá
Cauchy-Schwarz ëáìâÜíïõìå∫

A

|F�(a+js) − F�a| ≤
�

8k
ãé¥ êÜèå 0 ≤ j ≤ k − 1:

®Áëë¥ §ð� ô�í �ñéóì�í (2:30) ô�í óõíüëùí En; êá� ô�í �ðéëïã�í ôï� A êá� ô�í a; s;
�÷ïõìå �ðßóçò ∫

A

|F�(a+js) − T�(a+js)fU⊥ | ≤
�

8k
ãé¥ êÜèå 0 ≤ j ≤ k − 1;

�ðïìÝíùò §ð� ô�í ôñéãùíéê�í §íéóüôçôá∫
A

|T�(a+js)fU⊥ − T�afU⊥ | ≤
3�
8k

ãé¥ êÜèå 0 ≤ j ≤ k − 1:

ÈÝôïíôáò ãé¥ êÜèå 0 ≤ j ≤ k − 1;

Dj :=
{
x ∈ ZN : |T�(a+js)fU⊥(x)− T�afU⊥(x)| > 4

5
T�afU⊥(x)

}
;

óõìðåñáßíïõìå �ôé∫
A

1Dj
T�afU⊥ ≤

∫
A

5
4
|T�(a+js)fU⊥ − T�afU⊥ | ≤

15�
32k

;

©ñá ãé¥ ô�í �íùóéí ô�í Dj �ó÷ýåé∫
A

1Sk−1
j=0 Dj

T�afU⊥ ≤
15�
32

:
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®Áð� ô�í ©ëëçí, ðÜëé §ð� ô�í (2:30) �÷ïõìå∫
A

T�afU⊥ ≥ �=2;

�ðïìÝíùò∫
A

1ZN\(
Sk−1
j=0 Dj)

T�afU⊥ =
∫
A

T�afU⊥ −
∫
A

1Sk−1
j=0 Dj

T�afU⊥ ≥ �=32:

®Åö' �óïí � fU⊥ ǻéíáé ì� §ñíçôéêÞ, ìðïñï�ìå �öáñìüæïíôáò ô�í §íéóüôçôá H�older í¥
êáôáëÞîïõìå �ôé ∫

A

1ZN\(
Sk−1
j=0 Dj)

(T�afU⊥)k ≥
( �
32
)k
:

¯Ç (2:37) ôþñá ðñïêýðôåé ÷ñçóéìïðïé�íôáò ô�í êáô¥ óçìå�ïí §íéóüôçôá

k−1∏
j=0

T�(a+js)fU⊥ ≥
1
5k

1ZN\(
Sk−1
j=0 Dj)

(T�afU⊥)k;

� �ðïßá �ó÷ýåé �ðåéä� ãé¥ x ∈ ZN \ (
⋃k−1
j=0 Dj);

|T�(a+js)fU⊥(x)− T�afU⊥(x)| ≤ 4
5
T�afU⊥(x) ãé¥ êÜèå 0 ≤ j ≤ k − 1:

ÌÝíåé í¥ âñï�ìå �íá æå�ãïò (a; s) ðï� í¥ �êáíïðïéå� ô�í (2:38): ®Áð� ô�í �ñéóì�í
(2:29) ô�í Fn; ðñÝðåé ãé¥ ô� (a; s) í¥ äåßîïõìå �ôé

(2.39)
∥∥ ∑
h∈H

th(c�(a+js);hgh)−
∑
h∈H

th(c�a;hgh)
∥∥
L2(A)

≤ �

8Mk
ãé¥ êÜèå 0 ≤ j ≤ k − 1:

²Áò óçìåéùèå� �ôé §öï� ï� cn;h ǻéíáé B−ìåôñÞóéìåò, ï� ðåñéïñéóìïß ôïõò óô� A ǻéíáé
óôáèåñ«ò óõíáñôÞóåéò, ô�ò �ðï�åò ìðïñï�ìå �ðïìÝíùò í¥ ÷åéñéóôï�ìå ó¥í ðñáãìáôéêï�ò
§ñéèìï�ò óô� äéÜóôçìá [−1; 1] (á�ô�ò ǻéíáé êá� � ëüãïò ðï� äïõëåýïõìå îå÷ùñéóô¥ ðÜíù

ó« êÜèå ©ôïìïí A ⊆
⋂k∗
m=1E�m(k; �;B; F )): ®Áð� ô�í ©ëëçí, ï� gh ä«í ǻéíáé êáô' §íÜãêçí

óôáèåñ«ò óô� A; è¥ ÷ñçóéìåýóåé �ìùò ô� �ôé ǻéíáé öñáãìÝíåò.
Ãé¥ í¥ óõíå÷ßóïõìå, è¥ ÷ñåéáóôå� í¥ äåßîïõìå �ôé ô� óýíïëïí{∑

h∈H

th(c�m;hgh) : 1 ≤ m ≤ k∗

}
ǻéíáé £�ëéê�ò öñáãìÝíïí¤ óô�í L2(A); ì« ô�í �ííïéáí �ôé ìðïñï�ìå í¥ âñï�ìå ãé¥ á�ô�
"−äßêôõïí, �ôóé �óôå � ðëçèÜñéèìïò ôï� äéêôýïõ í¥ ǻéíáé �ëåã÷üìåíïò, §íåîÜñôçôïò ôï�
� êá� êõñßùò, §íåîÜñôçôïò §ð� ô� ðïé� è¥ ǻéíáé ôåëéê�ò ô� k∗:
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Ë�ììá 2.3.2 (Ðïóïôéêïðïßçóéò ô�ò �äéüôçôïò ôï� �ëéê�ò öñáãìÝíïõ). Ìðïñï�ìå ãé¥
êÜðïéï L�k;�;M 1 í¥ âñï�ìå öõóéêï�ò 1 ≤ m1 ≤ · · · ≤ mL ≤ k∗ �ôóé �óôå

min
1≤l≤L

∥∥ ∑
h∈H

th(c�m;hgh)−
∑
h∈H

th(c�ml;hgh)
∥∥
L2(A)

≤ �

16Mk

ãé¥ êÜèå 1 ≤ m ≤ k∗:

®Áðüäåéîéò. Óõìâïëßæïõìå ì« fm ô�í ðåñéïñéóì�í ô�ò óõíáñôÞóåùò
∑

h∈H th(c�m;hgh)
óô� A: È¥ êáôáóêåõÜóïõìå ³åí �ñèïêáíïíéê�í óýóôçìá §ð� óõíáñôÞóåéò v1; v2; : : : ; vJ
óô�í L2(A) ìÝóÿ ìßáò �ðáíáëçðôéê�ò äéáäéêáóßáò, � �ðïßá è¥ óôçñé÷èå� óô�í �î�ò �äéüôçôá
ô�í ÷þñùí Hilbert: ²áí �÷ïõìå ÷�ñïí Hilbert Ç; �íá ì� êåíüí, êëåéóô�í êá� êõñô�í
�ðïóýíïëüí ôïõM (�ð� ðáñáäåßãìáôé, �íáí êëåéóô�í �ðü÷ùñïí), êáè�ò êá� �íá óôïé÷å�ïí
x0 ∈ H; ôüôå �ðÜñ÷åé ìïíáäéê�í y0 ∈M ðï� �êáíïðïéå� ô�í ‖x0− y0‖H = distH(x0;M):
®ÅðéðëÝïí, ²áí ô� M ǻéíáé �ðü÷ùñïò, ô� äéÜíõóìá x0−y0 §íÞêåé óô�í M⊥; ǻéíáé äçëáä�
êÜèåôïí ó« êÜèå äéÜíõóìá ôï� M:

¯Ï §ëãüñéèìïò ðï� è¥ äéáôõðþóïõìå ǻéíáé ìßá �ðïôõðþäçò �êäï÷� ôï� §ëãïñßèìïõ
óô� �ðé÷åßñçìá ô�í óôáèåñ�í ðñïóáõîÞóåùí: �ä� §íô� ãé¥ ó-©ëãåâñåò è¥ �÷ïõìå ðåðåñá-
óìÝíçò äéáóôÜóåùò �ðï÷þñïõò �í�ò ÷þñïõ Hilbert.

Â�ìá 0 ®Áñ÷éê�ò èÝôïõìå J = 0:

Â�ìá 1 °Åóôù V ⊆ L2(A) � �ðü÷ùñïò ðï� ðáñÜãåôáé §ð� ô¥ äéáíýóìáôá v1; : : : ; vJ
(§ñ÷éê�ò á�ô�ò è¥ ǻéíáé � ìçäåíéê�ò �ðü÷ùñïò). Ðáñáôçñï�ìå �ôé §öï� � V
ǻéíáé ðåðåñáóìÝíçò äéáóôÜóåùò, ǻéíáé êëåéóô�ò �ðü÷ùñïò ôï� L2(A):

Â�ìá 2 ²Áí �ðÜñ÷åé äåßêôçò 1 ≤ m ≤ k∗ ãé¥ ô�í �ðï�ïí distL2(A)(fm; V ) ≥ �=(64Mk);
ôüôå ìðïñï�ìå í¥ âñï�ìå ìïíáäéá�ïí äéÜíõóìá vJ+1; ô� �ðï�ïí í¥ ǻéíáé êÜèåôïí
óô�í V (©ñá êá� ó« �ëá ô¥ v1; : : : ; vJ); �óôå í¥ �ó÷ýåé

|〈fm; vJ+1〉L2(A)| ≥
�

64Mk
:

ÐñÜãìáôé, âñßóêïõìå ô� ìïíáäéê�í um ∈ V ì« ô�í �äéüôçôá ‖fm−um‖L2(A) =
distL2(A)(fm; V ); êá� èÝôïõìå vJ+1 := (fm − um)=‖fm − um‖L2(A): Ôüôå ô�
vJ+1 ǻéíáé ìïíáäéá�ïí êá� êÜèåôïí óô�í V; ©ñá �ó÷ýåé 〈um; vJ+1〉L2(A) = 0:
±Åðåôáé �ôé

〈fm; vJ+1〉L2(A) = 〈fm − um; vJ+1〉L2(A) =
〈
fm − um;

fm − um
‖fm − um‖L2(A)

〉
L2(A)

= ‖fm − um‖L2(A) = distL2(A)(fm; V ) ≥ �

64Mk
:

Ó« á�ô�í ô�í ðåñßðôùóéí, �ðéëÝãïõìå ô�í �ëÜ÷éóôïí ôÝôïéïí äåßêôçí m0 êá�
âñßóêïõìå ô� §íôßóôïé÷ïí äéÜíõóìá vJ+1; �ðåéôá á�îÜíïõìå ô� J êáô¥ 1 êá�
�ðéóôñÝöïõìå óô� ðñïçãïýìåíïí â�ìá. ®Áëëé�ò, ôåñìáôßæïõìå ô�í §ëãüñéèìïí.
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®Éó÷õñéæüìáóôå �ôé á�ô�ò � §ëãüñéèìïò ôåñìáôßæåé ó« Ok;M;�(1) âÞìáôá. ÐñÜãìáôé,
ãé¥ êÜèå äéÜíõóìá vj ðï� �ðéëÝãïõìå �ðÜñ÷åé m = m(j) ∈ ZN �óôå∣∣ ∑

h∈H

thc�m;h〈gh; vj〉L2(A)

∣∣ = |〈fm; vj〉L2(A)| ≥
�

64Mk
;

�ðïõ ÷ñçóéìïðïéï�ìå ô�í �ðüèåóéí �ôé ï� cn;h ǻéíáé óôáèåñ«ò óô� A: ®Áöï� ǻéíáé �ðßóçò
öñáãìÝíåò, âëÝðïõìå §ð� ô�í §íéóüôçôá Cauchy-Schwarz �ôé

∑
h∈H

th|〈gh; vj〉L2(A)|2 ≥

(∑
h∈H

th|c�m;h|2
)(∑

h∈H

th|〈gh; vj〉L2(A)|2
)

≥
∣∣ ∑
h∈H

thc�m;h〈gh; vj〉L2(A)

∣∣2 ≥ ( �

64Mk

)2

:

®Áèñïßæïíôáò �ò ðñ�ò 1 ≤ j ≤ J; ëáìâÜíïõìå �ôé

∑
h∈H

(
th ·

J∑
j=1

|〈gh; vj〉L2(A)|2
)
≥
(

�

64Mk

)2

J:

±Ïìùò ô¥ vj ó÷çìáôßæïõí �ñèïêáíïíéê�í óýíïëïí ôï� L2(A); ©ñá §ð� ô�í §íéóüôçôá
Bessel ãé¥ êÜèå h;

J∑
j=1

|〈gh; vj〉L2(A)|2 ≤ ‖gh‖2L2(A) ≤ 1

§öï� � gh ǻéíáé öñáãìÝíç. Ðñïêýðôåé ô� æçôïýìåíïí: J ≤
(

64Mk
�

)2 = Ok;M;�(1):
Ðáñáôçñï�ìå ôþñá �ôé êáô¥ ô�í ôåñìáôéóì�í ôï� §ëãïñßèìïõ �ëåò ï� óõíáñôÞóåéò fm

§ðÝ÷ïõí ëéãüôåñïí §ð� �=(64Mk) §ð� ô�í ôåëéê�í �ðü÷ùñïí V äéáóôÜóåùò J = Ok;M;�(1)
(ì« ô�í ìåôñéê�í ôï� L2(A)): Ù̄ò óõíÝðåéáí á�ôï� è¥ äåßîïõìå ô� �î�ò:

®Éó÷õñéóìüò. ²Áí èåùñÞóïõìå L §ð� ô�ò k∗ óõíáñôÞóåéò ìáò, fm1 ; : : : ; fmL
; ì« ô�í

�äéüôçôá êÜèå äýï §ð� ô�ò fml
í¥ §ðÝ÷ïõí ôïõëÜ÷éóôïí �=(16Mk) óô�í ìåôñéê�í ôï�

L2(A); ôüôå ô� L ä«í è¥ îåðåñí¦ ìßáí óôáèåñ¥í ðï� �îáñô¦ôáé ìüíïí §ð� ô¥ k;M; � êá�
J (©ñá êáô' ï�óßáí §ð� ô¥ k;M; �):

®Áðüäåéîéò ôï� ®Éó÷õñéóìï�. Èåùñï�ìå fm1 ; : : : ; fmL
ì« ô�í ðáñáðÜíù �äéüôçôá, êá�

ãé¥ êÜèå 1 ≤ l ≤ L; âñßóêïõìå wl ∈ V �óôå

‖fml
− wl‖L2(A) = distL2(A)(fml

; V ) <
�

64Mk
:

Äåß÷íïõìå §ñ÷éê�ò �ôé ‖wl‖L2(A) < 1 + �=(64Mk) : á�ô� �ðåôáé §ð� ô�í ôñéãùíéê�í
§íéóüôçôá êá� ô�í �êôßìçóéí ‖fml

‖L2(A) ≤ 1; � �ðïßá ðñïêýðôåé �ðåéä� ï� óõíáñôÞóåéò
cn;h êá� gh ǻéíáé öñáãìÝíåò, ©ñá öñáãìÝíç ǻéíáé êá� �

∑
h∈H th(c�ml;hgh):
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Ðáñáôçñï�ìå �ðåéôá �ôé �ðåéä�

‖fml
− fms

‖L2(A) ≥
�

16Mk
�ôáí l 6= s;

�ó÷ýåé êÜôé §íôßóôïé÷ïí ãé¥ ô�ò wl; äçëáä�

‖wl − ws‖L2(A) ≥
�

32Mk
�ôáí l 6= s:

Á�ô� ãéáô�

‖fml
− fms

‖L2(A) ≤ ‖fml
− wl‖L2(A) + ‖wl − ws‖L2(A) + ‖ws − fms

‖L2(A)

<
�

32Mk
+ ‖wl − ws‖L2(A):

±Åðåôáé �ôé, óô�í �ðü÷ùñïí V ì« ô�í �ðáãïìÝíçí ìåôñéêÞí, ï� L êëåéóô«ò ìðÜëåò

B̄V (wl; �
64Mk ) :=

{
u ∈ V : ‖u− wl‖L2(A) ≤ �

64Mk

}
�÷ïõí îÝíá �óùôåñéê¥ êá� ðåñéÝ÷ïíôáé �ëåò óô�í B̄V (0; 1+ �

32Mk ): ®Áöï� � V �÷åé äéÜóôá-
óéí J; ô� L ä«í ìðïñå� í¥ îåðåñí¦ ìßáí óôáèåñ¥í ðï� �îáñô¦ôáé ìüíïí §ð� ô¥ k;M; � êá� J:
Ãé¥ í¥ ô� äåßîïõìå á�ôü, ìðïñï�ìå í¥ èåùñÞóïõìå ô� J−äéÜóôáôïí ìÝôñïí Lebesgue óô�í
÷�ñïí (V; ‖ · ‖L2(A)) (ðáñáôçñ�íôáò �ôé ǻéíáé �óïìåôñéê�ò �óüìïñöïò ì« ô�í (RJ ; ‖ · ‖2));
êá� �ðåéôá í¥ ÷ñçóéìïðïéÞóïõìå ô�ò �äéüôçôÝò ôïõ: (i) �ôé ǻéíáé §íáëëïßùôïí �ò ðñ�ò
ìåôáöïñÝò, ©ñá

mJ

(
B̄V (wl; �

64Mk )
)

= mJ

(
B̄V (0; �

64Mk )
)
ãé¥ êÜèå 1 ≤ l ≤ L;

êá� (ii) �ôé ãé¥ êÜèå ìåôñÞóéìïí óýíïëïí D ⊆ V êá� êÜèå r ∈ (0;+∞) �ó÷ýåé mJ(rD) =
rJ ·mJ(D); ©ñá mJ

(
B̄V (0; r)

)
= rJ ·mJ

(
B̄V (0; 1)

)
:

ÐëÝïí, ãé¥ í¥ �ëïêëçñþóïõìå ô�í §ðüäåéîéí ôï� ëÞììáôïò, §ñêå� í¥ âñï�ìå �íá ìå-
ãéóôéê�í �ðïóýíïëïí {fm1 ; : : : ; fmL

} ô�í k∗ óõíáñôÞóåùí fm; ì« ô�í �äéüôçôá êÜèå äýï
§ð� ô�ò fml

í¥ §ðÝ÷ïõí ôïõëÜ÷éóôïí �=(16Mk) óô�í L2(A) (�ðùò å�äáìå ðáñáðÜíù, �
ðëçèÜñéèìïò �í�ò ôÝôïéïõ óõíüëïõ è¥ ǻéíáé ï�ôùò ²ç ©ëëùò�k;M;� 1): ×ñçóéìïðïéï�ìå ô�í
óõíÞèç £©ðëçóôïí¤ §ëãüñéèìïí: èÝôïõìå fm1 := f1; êá� �÷ïíôáò �ðéëÝîåé ô�ò fm1 ; : : : ; fml

èÝôïõìå ml+1 í¥ ǻéíáé � �ëÜ÷éóôïò äåßêôçò m ãé¥ ô�í �ðï�ïí � fm §ðÝ÷åé ôïõëÜ÷éóôïí
�=(16Mk) §ð� êáèåìßáí §ð� ô�ò fm1 ; : : : ; fml

(²áí âåâáßùò �ðÜñ÷åé ôÝôïéïò äåßêôçò). Ðñï-
öáí�ò � äéáäéêáóßá ôåñìáôßæåé ó« L ≤ k∗ âÞìáôá, êá� L = Ok;M;�;J(1) = Ok;M;�(1):

×ñçóéìïðïé�íôáò ô� Ë�ììá 2:3:2; ìðïñï�ìå í¥ £÷ñùìáôßóïõìå¤ ôï�ò äå�êôåò m ì« L
ô� ðïë� ÷ñþìáôá, �ñßæïíôáò c : {1; : : : ; k∗} → {1; : : : ; L} �ôóé �óôå

c(m) := min

{
1 ≤ l ≤ L :

∥∥ ∑
h∈H

th(c�m;hgh)−
∑
h∈H

th(c�ml;hgh)
∥∥
L2(A)

≤ �

16Mk

}
:
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®Áð� ô� èåþñçìá van der Waerden, �ö' �óïí ô� k∗ = k∗(k; L) = k∗(k; �;M) �ðéëåãå�
§ñêåô¥ ìåãÜëï (ì¦ò §ñêå� k∗ := kNvdW (k; L)); è¥ ìðïñï�ìå í¥ âñï�ìå 1 ≤ a; s ≤ bk∗k c
�óôå � ðñüïäïò a; a + s; : : : ; a + (k − 1)s í¥ ǻéíáé ìïíï÷ñùìáôéêÞ. ¯Ç (2:39) ðñïêýðôåé
ôþñá §ð� ô�í ôñéãùíéê�í §íéóüôçôá, êá� �ðùò å�äáìå óõíåðÜãåôáé ô� óõìðÝñáóìá ô�ò
ÐñïôÜóåùò 2:3:1:

°Áìåóïí ðüñéóìá ô�ò ÐñïôÜóåùò 2:3:1 ǻéíáé � ðåñßðôùóéò d = 1 ôï� ÈåùñÞìáôïò Ðå-
ñéïäéê�ò Äïì�ò, � �ðïßá è¥ ëåéôïõñãÞóåé �ò âÜóéò ô�ò �ðáãùã�ò ìáò.

®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1:4:2 �ôáí d = 1: °Åóôùóáí óõíáñôÞóåéò fU⊥ ; fUAP êá� ðá-
ñÜìåôñïé k; �;M �ðùò óô�í äéáôýðùóéí ôï� èåùñÞìáôïò. °Åóôù �ðßóçò k∗ = k∗(k; �;M)
� èåôéê�ò §êÝñáéïò ðï� ì¦ò äßíåé � Ðñüôáóéò 2:3:1: ®Áð� ô�í (2:27) êá� ôï�ò ¯Ïñéóìï�ò
1:3:2; 1:3:4; ìðïñï�ìå í¥ âñï�ìå ì� êåí�í óýíïëïí äåéêô�í H; ï�êïãÝíåéåò öñáãìÝíùí
óôáèåñ�í (cn;h)n∈ZN ;h∈H êá� öñáãìÝíùí óõíáñôÞóåùí (gh)h∈H ; êá� ì� §ñíçôéêï�ò ðñá-
ãìáôéêï�ò th; h ∈ H; ï� �ðï�ïé §èñïßæïíôáé óô�í ìïíÜäá, �óôå í¥ �÷ïõìå ô�í §íáðáñÜ-
óôáóéí (2:29) ì« Fn := TnfUAP : Èåùñï�ìå � ∈ ZN ; N1 ≥ 0 êá� �îåôÜæïõìå ô�í �êöñáóéí

E
(
E
(∏k−1

j=0 T
�jrfU⊥(x) |x ∈ ZN

) ∣∣ 0 ≤ r ≤ N1

)
: ãé¥ r = 0 �ó÷ýåé

E

k−1∏
j=0

T�jrfU⊥(x) |x ∈ ZN

 =
∫

ZN
(fU⊥)k ≥

(∫
ZN

fU⊥

)k
≥ �k

§ð� ô�í (2:26) êá� ô�í §íéóüôçôá H�older (äåäïìÝíïõ �ôé � fU⊥ ǻéíáé ì� áñíçôéêÞ). °Áñá,
�ôáí 0 ≤ N1 < k∗;

E

E

k−1∏
j=0

T�jrfU⊥(x)
∣∣x ∈ ZN

∣∣∣ 0 ≤ r ≤ N1

 ≥ �k=k∗:

±Ïôáí N1 ≥ k∗; �öáñìüæïõìå ô�í Ðñüôáóéí 2:3:1 ì« B ô�í ôåôñéììÝíçí ó-©ëãåâñá
{∅;ZN} (�ö' �óïí ï� cn;h ǻéíáé �ìïéüìïñöá ó÷åä�í ðåñéïäéê«ò ôÜîåùò 0, ©ñá {∅;ZN}−ìå-
ôñÞóéìåò), êá� ëáìâÜíïõìå �ôé

E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 0 ≤ r ≤ N1


≥ N1

N1 + 1
E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 1 ≤ r ≤ N1


�k;�;M E

(
PZN

(
k∗⋂
m=1

E��m(k; �;B; F )

) ∣∣ 1 ≤ � ≤ bN1

k∗
c

)
;
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�ðïõ §ð� ô�í (2:30); ô¥ óýíïëá E��m(k; �;B; F ) ǻéíáé å�ôå ô� êåí�í óýíïëïí å�ôå �ëï ô�
ZN : ÌÜëéóôá, ô� äåýôåñïí óõìâáßíåé ²áí

(2.40)

∫
ZN

T��mfU⊥ ≥ �=2 êá�

∫
ZN

∣∣T��mfU⊥ − F��m
∣∣ ≤ �

8k

(§ð� ô�í ôýðïí ô�ò äåóìåõìÝíçò ìÝóçò ôéì�ò �ò ðñ�ò ô�í ó-©ëãåâñá {∅;ZN}). Èõìüìáóôå
�ìùò �ôé ï� ìåôáôïðßóåéò ä«í ìåôáâÜëëïõí ô¥ �ëïêëçñþìáôá, äçëáä�∫

ZN
T��mfU⊥ =

∫
ZN

fU⊥ ;∫
ZN

∣∣T��mfU⊥ − F��m
∣∣ = ∫

ZN
T��m(|fU⊥ − fUAP |) =

∫
ZN
|fU⊥ − fUAP |;

óõíåð�ò ô� ðñ�ôïí �ëïêëÞñùìá óô�í (2:40) ǻéíáé ðÜíôïôå ≥ �; �íÿ ô� äåýôåñïí, ëüãÿ ô�ò

(2:25) êá� ô�ò §íéóüôçôïò Cauchy-Schwarz, ðÜíôïôå ≤ �2

1024k : Äçëáä� ãé¥ ô�ò fU⊥ ; fUAP
ô�ò äéáôõðþóåùò, E��m(k; �;B; F ) = ZN ãé¥ êÜèå � êá� m: Ô� æçôïýìåíïí �ðåôáé.

2.3.2 ®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1.4.2

Ãé¥ í¥ êáôáëÞîïõìå �ôé ô� Èåþñçìá Ðåñéïäéê�ò Äïì�ò �ó÷ýåé ãé¥ êÜèå öõóéê�í d;
ìÝíåé í¥ äéáôõðþóïõìå êá� í¥ §ðïäåßîïõìå ô� â�ìá ô�ò �ðáãùã�ò ìáò. (̄ Ç ðåñßðôùóéò
d = 0 ìðïñå� í¥ §íá÷èå� óô�í ðåñßðôùóéí d = 1; ²ç êá� í¥ §ðïäåé÷èå� §ðåõèåßáò, §öï�
ôüôå � fUAP è¥ ǻéíáé óôáèåñÞ, êá� ìÜëéóôá, �îáéôßáò ô�ò (2:25); ô�ò (2:26) êá� ô�ò
§íéóüôçôïò Cauchy-Schwarz, è¥ ǻéíáé ≥ 3�=4: °Áñá ô¥ óýíïëá óô¥ �ðï�á � fU⊥ êá� ï�
ìåôáôïðßóåéò ôçò è¥ ðáßñíïõí ôéìÝò, ðáñáäåßãìáôïò ÷Üñéí, > �=2; è¥ �÷ïõí, ëüãÿ ô�ò
(2:25) êá� ô�ò §íéóüôçôïò Markov, §ñêåô¥ ìåãÜëïí ðëçèÜñéèìïí, ²áò ðï�ìå > (1− 1

2k )N:
Ðñïêýðôåé �ôé ãé¥ êÜèå r; ô¥ x ∈ ZN ãé¥ ô¥ �ðï�á �ó÷ýåé

∏k−1
j=0 T

�jrfU⊥(x) ≤ ( �2 )k; è¥
§íÞêïõí ó« êÜðïéï óýíïëïí ðëçèáñßèìïõ ≤ N=2; ðñÜãìá ðï� äßíåé ô� æçôïýìåíïí.)

Óôáèåñïðïéï�ìå �ðïìÝíùò óô�í �íüôçôá á�ô�í êÜðïéï d > 1 êá� �ðïèÝôïõìå �ôé ô�
èåþñçìá �÷åé �äç äåé÷èå� ãé¥ d− 1: ¯Õðåíèõìßæïõìå §ð� ô�í ÐáñáôÞñçóéí 1:4:3 �ôé á�ô�
ì¦ò �îáóöáëßæåé ãé¥ êÜèå �ðéëïã�í èåôéêï� §êåñáßïõ k′ êá� ðñáãìáôéê�í 0 < �′;M ′ <∞;
ìßáí óôáèåñ¥í c(d− 1; k′; �′;M ′); � �ðïßá ǻéíáé êÜôù öñÜãìá ô�í �êöñÜóåùí

E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 0 ≤ r ≤ N1

 ; � ∈ ZN ; N1 ≥ 0;

�ðïôå êÜðïéåò ì� áñíçôéêÝò, öñáãìÝíåò óõíáñôÞóåéò fU⊥ ; fUAP �êáíïðïéï�í ô�ò �êôéìÞóåéò
(2:25)− (2:27) ãé¥ ô�ò ðáñáìÝôñïõò d− 1; k′; �′ êá� M ′:

Óôáèåñïðïé�íôáò ëïéð�í èåôéê�í §êÝñáéïí k; êá� ðñáãìáôéêï�ò 0 < �;M < ∞; èÝ-
ëïõìå í¥ äåßîïõìå �ôé �ðÜñ÷åé §íôßóôïé÷ç óôáèåñ¥ c(d; k; �;M): Ìðïñï�ìå ìÜëéóôá í¥
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èåùñÞóïõìå �ôé k ≥ 2 (êá� á�ô� è¥ ÷ñåéáóôå� ó« êÜðïéïõò �ðïëïãéóìïýò), §öï� ãé¥
k = 1;

E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 0 ≤ r ≤ N1

 = E
(∫

ZN
fU⊥

∣∣ 0 ≤ r ≤ N1

)
=
∫

ZN
fU⊥ ;

©ñá §ð� ô�í (2:26); c(d; 1; �;M) = �:

ÐëÝïí, �ðåéä� �÷ïõìå êá� ô� Ë�ììá 2:2:6; §ñêå� í¥ âñï�ìå êáôÜëëçëçí äé÷ïôïìßáí:

Ðñüôáóéò 2.3.3 (Äé÷ïôïìßá ãé¥ ô� Èåþñçìá 1:4:2). °Åóôù �ôé ãé¥ ô�í öõóéê�í d ≥ 2
ðï� �÷ïõìå óôáèåñïðïéÞóåé, êá� ãé¥ öõóéê�í k ≥ 2; ðñáãìáôéêï�ò 0 < �;M <∞; êÜðïéï
æåõãÜñé ì� §ñíçôéê�í, öñáãìÝíùí óõíáñôÞóåùí fU⊥ ; fUAP �êáíïðïéå� ô�ò (2:25)−(2:27):
ÈÝôïõìå

f := (fU⊥ ; |fU⊥ − fUAP |)

(�ðüôå ï� óõíôåôáãìÝíåò óõíáñôÞóåéò ǻéíáé öñáãìÝíåò): °Åóôùóáí B ⊆ B′ óõìðáãå�ò
ó-©ëãåâñåò ôÜîåùò d− 1 êá� ðïëõðëïêüôçôïò ô� ðïë� X;X ′ §íôéóôïß÷ùò, ôÝôïéåò �óôå
í¥ �ó÷ýåé � (2:18) ãé¥ êÜðïéï §ñêåô¥ ìéêñ�í � > 0; §íåîÜñôçôïí ô�í X;X ′ (�ðùò è¥

äï�ìå, ì¦ò §ñêå� � = �3

227kk∗
; �ðïõ k∗ = k∗(k; �;M) ǻéíáé � èåôéê�ò §êÝñáéïò ðï� ì¦ò

äßíåé � Ðñüôáóéò 2:3:1): Ôüôå ãé¥ êÜèå ðñ�ôïí N ôïõëÜ÷éóôïí �í §ð� ô¥ �ðüìåíá äýï
�ó÷ýåé:

• (®Åðéôõ÷ßá) °Å÷ïõìå

(2.41) E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 0 ≤ r ≤ N1

 ≥ c(�;X) > 0

ãé¥ êÜèå � ∈ ZN êá� N1 ≥ 0; ãé¥ ìßáí èåôéê�í óôáèåñ¥í c(�;X) ðï� �îáñô¦ôáé êá�
§ð� ô¥ d; k; �;M; êá� � �ðïßá è¥ ðñïêýøåé êáô¥ ô�í §ðüäåéîéí.

• (Ðñïóáýîçóéò ô�ò �íåñãåßáò) Ìðïñï�ìå í¥ âñï�ìå óõìðáã� ó-©ëãåâñá B′′N ôï�
ZN � �ðïßá ðåñéÝ÷åé ô�í B′N ; ǻéíáé ôÜîåùò d − 1 êá� ðïëõðëïêüôçôïò O�;X;X′(1);
êá� ãé¥ ô�í �ðïßáí �ó÷ýåé

(2.42) Ef (B′′N )− Ef (B′N ) ��;X 1:

(±Ïðùò êá� óô�í äé÷ïôïìßáí ãé¥ ô� Èåþñçìá ÄéáóðÜóåùò, ô� öñÜãìá ãé¥ ô�í
ðñïóáýîçóéí ô�ò �íåñãåßáò ä«í �îáñô¦ôáé §ð� ô�í ðïëõðëïêüôçôá X ′ ô�ò B′: ®Áí-
ôéèÝôùò, ôüóï á�ô� ô� öñÜãìá �óï êá� ô� öñÜãìá ãé¥ ô�í ðïëõðëïêüôçôá ô�ò B′′N
è¥ �îáñô�íôáé �ðùóäÞðïôå êá� §ð� ô¥ d; k; � êá� M; ãé¥ ¨ðëüôçôá �ìùò óôï�ò
óõìâïëéóìï�ò ä«í è¥ ô� ãñÜöïõìå ðÜíôá:)
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Óçìåßùóéò. Ìðïñï�ìå í¥ äéáôõðþóïõìå ìßáí �äéüôçôá P ãé¥ ðñáãìáôéêï�ò §ñéèìï�ò
� �ðïßá è¥ §ëçèåýåé ãé¥ R > 0 ²áí

£E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 0 ≤ r ≤ N1

 ≥ 1
R

ãé¥ êÜèå � ∈ ZN êá� N1 ≥ 0¤:

ÂëÝðïõìå �ôóé �ôé � ðáñáðÜíù äé÷ïôïìßá ǻéíáé á�ô� §êñéâ�ò ðï� æçôå�ôáé §ð� ô� Ë�ììá
2:2:6; óô�í ðé� ëåðôïìåñ� ôçò ìïñö�í �ðùò �îçãå�ôáé óô�í ÐáñáôÞñçóéí 2:2:7: Ðñïêýðôåé
�ðïìÝíùò ô� Èåþñçìá Ðåñéïäéê�ò Äïì�ò ãé¥ ô�í öõóéê�í d ðï� �÷ïõìå óôáèåñïðïéÞóåé,
²áí �öáñìüóïõìå óô� Ë�ììá 2:2:6 (ì« m = 2; f = (fU⊥ ; |fU⊥ − fUAP |)) ô�í Ðñüôáóéí
2:3:3; � �ðïßá âåâáßùò è¥ �ó÷ýåé �ö' �óïí �ðïèÝóïõìå ô� Èåþñçìá 1:4:2 ãé¥ d− 1: Á�ôü,
ìáæ� ì« ô�í ðåñßðôùóéí d = 1; §ñêå� �óôå í¥ êáôáëÞîïõìå §ð� ô�í §ñ÷�í �ðáãùã�ò �ôé
ô� èåþñçìá �ó÷ýåé ãé¥ êÜèå öõóéêüí.

®Áðüäåéîéò. ±Ïðùò �÷åé §íáöåñèå� �äç, è¥ ÷ñçóéìïðïéÞóïõìå ô�í Ðñüôáóéí 2:3:1; §öï�
ðñ�ôá §íôéìåôùðßóïõìå êÜðïéá ðñïâëÞìáôá ðï� �ìöáíßæïíôáé. ®Áð� ô�í (2:27) êá� ôï�ò
¯Ïñéóìï�ò 1:3:2; 1:3:4; ìðïñï�ìå í¥ âñï�ìå ðåðåñáóìÝíïí, ì� êåí�í óýíïëïí äåéêô�í H;
ì� §ñíçôéêï�ò ðñáãìáôéêï�ò th; h ∈ H; ï� �ðï�ïé §èñïßæïíôáé óô�í ìïíÜäá, ï�êïãÝíåéáí
öñáãìÝíùí óõíáñôÞóåùí (gh)h∈H ; êá� ï�êïãÝíåéáí óõíáñôÞóåùí (cn;h)n∈ZN ;h∈H óô�í
UAP d−1 ì« ‖cn;h‖UAPd−1 ≤ 1 ãé¥ êÜèå n ∈ ZN ; h ∈ H; �óôå í¥ ìðïñï�ìå í¥ ãñÜøïõìå

TnfUAP = M ·
∑
h∈H

th(cn;hgh) ãé¥ êÜèå n ∈ ZN :

Ô� ðñ�ôïí ðñüâëçìá ǻéíáé �ôé ä«í �ðÜñ÷åé êáììßá §ðáßôçóéò ï� cn;h í¥ ǻéíáé ìåôñÞóéìåò
ï�ôå êÜí óô�í ìåãáëýôåñçí ó-©ëãåâñá B′: ÌÜëéóôá, ô� ðë�èïò ôïõò ðñïöáí�ò ä«í ǻéíáé
öñáãìÝíïí, §öï� �îáñô¦ôáé §ð� ô� N; �ðüôå ²áí ô�ò ðñïóèÝóïõìå �ëåò óô�í B′ � ðïëõ-
ðëïêüôçò è¥ á�îçèå� ÷ùñ�ò �ëåã÷ïí. È¥ ÷ñåéáóôå� �ðïìÝíùò í¥ óôáèåñïðïéÞóïõìå �íáí
ìåãÜëïí öõóéê�í N0(�;X); � �ðï�ïò è¥ êáèïñßæåé ðüóåò §ð� ô�ò cn;h §ñêå� í¥ ðñïóèÝ-
óïõìå �óôå ô¥ óöÜëìáôá, ô¥ �ðï�á è¥ �îáñô�íôáé �ðßóçò §ð� ô� N0; í¥ ǻéíáé §ìåëçôÝá.

Óôáèåñïðïéï�ìå êÜðïéïí ðñ�ôïí N êá� §ðïäåéêíýïõìå ô� æçôïýìåíïí �ò �î�ò: îå-
÷ùñéóô¥ ãé¥ êÜèå � ∈ ZN ; äåß÷íïõìå å�ôå �ôé �êáíïðïéå�ôáé � (2:41) ãé¥ êÜèå N1 ≥ 0
(ì« ìßáí óôáèåñ¥í âåâáßùò ðï� ä«í è¥ �îáñô¦ôáé §ð� ô� �); å�ôå �ôé ìðïñï�ìå í¥ âñï�ìå
óõìðáã� ó-©ëãåâñá B′′N = B′′N;� ôÜîåùò d êá� ðïëõðëïêüôçôïò O�;X;X′(1); � �ðïßá í¥
ðåñéÝ÷åé ô�í B′N ; �ôóé �óôå í¥ �ó÷ýåé � (2:42) (ðÜëé ô¥ �ðïíïïýìåíá öñÜãìáôá ãé¥ ô�í
(2:42) ²ç ãé¥ ô�í ðïëõðëïêüôçôá ô�ò B′′N ä«í è¥ ðñÝðåé í¥ �îáñô�íôáé §ð� ô� � ï�ôå §ð�
ô� N): Ðáñáäåßãìáôïò ÷Üñéí, ãé¥ � = 0 ä«í �÷ïõìå ðáñ¥ í¥ ðáñáôçñÞóïõìå �ôé

E

E

k−1∏
j=0

T�jrfU⊥(x) |x ∈ ZN

∣∣ 0 ≤ r ≤ N1

 =
∫

ZN
(fU⊥)k ≥

(∫
ZN

fU⊥

)k
≥ �k
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ãé¥ êÜèå N1 ≥ 0; �îáéôßáò ô�ò (2:26) êá� ô�ò §íéóüôçôïò H�older (�ö' �óïí � fU⊥ ǻéíáé ì�
áñíçôéêÞ). °Åôóé, ²áí äåßîïõìå �ôé �êáíïðïéå�ôáé � (2:41) ãé¥ êÜèå � ∈ ZN ; è¥ �÷ïõìå ô�í
ðåñßðôùóéí ô�ò �ðéôõ÷ßáò, §ëëé�ò è¥ �÷ïõìå âñåèå� óô� äåýôåñïí ìéó�í ô�ò äé÷ïôïìßáò.

Óçìåßùóéò. Ãé¥ ¨ðëüôçôá, §öï� �÷ïõìå óôáèåñïðïéÞóåé ô� N; è¥ ðáñáëåßðïõìå ôï�ò
äå�êôåò óô�ò ó-©ëãåâñåò B′N ;B′′N ; ÷ùñ�ò �ìùò í¥ óõã÷Ýïõìå ô�í ï�êïãÝíåéáí ó-©ëãåâñ�í
B′ (âëÝðå ÐáñáôÞñçóéí 1:1:2 (ii)) ì« ô� óôïé÷å�ïí ôçò ðï� ǻéíáé ó-©ëãåâñá óô� ZN :

²Áò èåùñÞóïõìå �ðïìÝíùò êÜðïéï � ∈ ZN êá� êÜðïéïí §êÝñáéïí N1 ≥ 0: Æçôï�ìå
í¥ öñÜîïõìå §ð� êÜôù ô�í �êöñáóéí E

(
E
(∏k−1

j=0 T
�jrfU⊥(x) |x ∈ ZN

) ∣∣ 0 ≤ r ≤ N1

)
:

�ôáí N1 < N0; §ñêå� í¥ èåùñÞóïõìå ô�í �ñïí ãé¥ r = 0 �óôå í¥ óõìðåñÜíïõìå �ôé

E

E

k−1∏
j=0

T�jrfU⊥(x) |x ∈ ZN

∣∣ 0 ≤ r ≤ N1

 ≥ �k=N0:

®Áð� ô�í ©ëëçí, �÷ïíôáò N1 ≥ N0; êá� äåäïìÝíïõ �ôé �ðÜñ÷ïõí ô� ðïë� N0 ôñüðïé í¥
ðáñáóôÞóïõìå êÜðïéïí §êÝñáéïí r ∈ [0; N1] �ò ãéíüìåíïí §êåñáßùí � ∈ [1; bN1

N0
c] êá�

s ∈ [1; N0]; �íÿ êÜèå ôÝôïéï ãéíüìåíïí §íÞêåé óô� äéÜóôçìá [1; N1]; ãñÜöïõìå

E

E

k−1∏
j=0

T�jrfU⊥(x) |x ∈ ZN

∣∣ 0 ≤ r ≤ N1

(2.43)

≥
bN1
N0
c

N1
E

E

k−1∏
j=0

T��jsfU⊥(x) |x ∈ ZN

∣∣ 1 ≤ � ≤ bN1

N0
c; 1 ≤ s ≤ N0


�N0 E

E

k−1∏
j=0

T��jsfU⊥(x) |x ∈ ZN

∣∣ 1 ≤ � ≤ bN1

N0
c; 1 ≤ s ≤ N0

 :

Á�ô� ì¦ò äéåõêïëýíåé, �ðåéä� ôþñá �÷ïõìå ô�í äõíáôüôçôá í¥ óôáèåñïðïéÞóïõìå êÜðïéï
� ∈ [1; bN1

N0
c] êá� í¥ äïõëÝøïõìå ì« ô�í �êöñáóéí

(2.44) E

E

k−1∏
j=0

T��jsfU⊥(x) |x ∈ ZN

∣∣ 1 ≤ s ≤ N0

 ;

�ðïõ ðëÝïí ï� �êèÝôåò ��js óõãêåíôñþíïíôáé ó« �íá ó÷åôéê�ò ìéêñ�í óýíïëïí, ì« ðëçèÜ-
ñéèìïí §íåîÜñôçôïí ôï� N; ô� �� · {0; : : : ; (k − 1)N0}: ÌÜëéóôá, �ö' �óïí ï� ðåñéïñéóìï�
ãé¥ ô� � ä«í ì¦ò ǻéíáé ÷ñÞóéìïé, §öï� óô� äéÜóôçìá [1; bN1

N0
c] ìðïñå� í¥ §íôéðñïóùðåýïíôáé

�ëåò ï� êëÜóåéò �ðïëïßðùí modN; ìðïñï�ìå í¥ §ðïññïöÞóïõìå ô� � êá� í¥ ãñÜöïõìå �
§íô� ôï� ��:

°Å÷ïõìå �ðåéôá í¥ �ëÝãîïõìå êá� ô� ìÝãåèïò ôï� óõíüëïõ äåéêô�í H; ô� �ðï�ïí �ðß-
óçò ìðïñå� í¥ ì�í ǻéíáé öñáãìÝíïí, �ö' �óïí óýìöùíá ì« ôï�ò �ñéóìï�ò �ðéôñÝðåôáé í¥
�îáñô¦ôáé §ð� ô� N; êá� ï�ôùò ²ç ©ëëùò �îáñô¦ôáé êá� §ð� ô�í óõíÜñôçóéí fUAP : Ðñ�ò
ôï�ôï, ÷ñåéáæüìáóôå ô�í �î�ò ðáñáëëáã�í ôï� ËÞììáôïò 2:3:2:
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Ë�ììá 2.3.4. Èåùñï�ìå � ∈ ZN êá� èÝôïõìå ãé¥ óõíôïìßáí D := N100
0 : Ìðïñï�ìå

í¥ âñï�ìå h1; : : : ; hD ∈ H (�÷é §ðáñáéôÞôùò äéáöïñåôéêÜ, êá� ô¥ �ðï�á �ðéôñÝðåôáé í¥
�îáñô�íôáé §ð� ô� �) �óôå∥∥ ∑

h∈H

th(c�m;hgh)−
∑

1≤j≤D

1
D

(c�m;hjghj )
∥∥
L2 � N−40

0

ãé¥ êÜèå 0 ≤ m ≤ (k − 1)N0:

ÐáñáôÞñçóéò 2.3.5. Ãé¥ ô�í §ðüäåéîéí ôï� ëÞììáôïò, ÷ñåéÜæåôáé í¥ §íáöÝñïõìå �íáí
êÜðùò äéáöïñåôéêüí, §ëë¥ �óïäýíáìïí ì« á�ô�í ðï� �÷ïõìå äþóåé, �ñéóì�í ãé¥ ô�ò �ìïéü-
ìïñöá ó÷åä�í ðåñéïäéê«ò óõíáñôÞóåéò, ðï� ǻéíáé � ôñüðïò ì« ô�í �ðï�ïí �ñßæåé � Tao
ô�ò UAP óõíáñôÞóåéò óô� [2]: Ðáñáôçñï�ìå §ñ÷éê�ò �ôé �÷ïíôáò ì� §ñíçôéêï�ò ðñáã-
ìáôéêï�ò th ï� �ðï�ïé §èñïßæïíôáé óô�í ìïíÜäá, ǻéíáé ó¥í í¥ �÷ïõìå ìßáí êáôáíïì�í
ðéèáíüôçôïò óô� óýíïëïí äåéêô�í H; ²ç êáëýôåñá óô�í ÷�ñïí (H;P(H)); �ðïõ èåùñï�ìå
�ôé th = P({h}): ÊÜëëéóôá �ðßóçò ìðïñï�ìå í¥ �ðïèÝóïõìå �ôé ô� óýíïëïí äåéêô�í
ǻéíáé �ðïóýíïëïí ô�í ðñáãìáôéê�í· ó« á�ô�í ô�í ðåñßðôùóéí � êáôáíïì� ðéèáíüôçôïò
{ts : s ∈ H} ìðïñå� í¥ èåùñçèå� �ôé �ðÜãåôáé §ð� êÜðïéáí ôõ÷áßáí ìåôáâëçô�í h: ¯Ç h è¥
�ñßæåôáé ó« êÜðïéïí ÷�ñïí ðéèáíüôçôïò (Ω;A;P); ãé¥ ô�í �ðï�ïí ä«í ÷ñåéÜæåôáé êáôáñ÷¥ò
í¥ �ðïèÝóïõìå ôßðïôå ðÝñáí á�ôï� ðï� �÷ïõìå �äç óô�ò �ðïèÝóåéò ìáò, äçëáä� �ôé ãé¥
êÜèå s ∈ H; P([h = s]) = ts:

°Å÷ïíôáò á�ô¥ �ð' �øéí, ï� (cn;h(x))x∈ZN êá� (gh(x))x∈ZN ; �ðùò êá� ô� ãéíüìåíüí
ôïõò, ìðïñï�í í¥ èåùñçèï�í ï�êïãÝíåéåò óõíáñôÞóåùí ô�ò h; óõíèÝóåéò äçëáä� ô�ò h ì«
ô�ò §íôßóôïé÷åò óõíáñôÞóåéò §ð� ô� H ⊆ R óô� R; ©ñá ôõ÷á�åò ìåôáâëçô«ò �ðßóçò. Ãé¥
á�ô«ò �ñßæåôáé ìÝóç ôéì� ì« ô�í êëáóóéê�í �ííïéáí ô�ò Èåùñßáò ÐéèáíïôÞôùí: �ðåéä�
ìéë¦ìå ãé¥ ¨ðë«ò ôõ÷á�åò ìåôáâëçôÝò, ì« ðåðåñáóìÝíïí äçëáä� ðåäßïí ôéì�í, §óöáë�ò �
ìÝóç ôéìÞ ôïõò �ñßæåôáé êá� ǻéíáé ðåðåñáóìÝíç. ÌÜëéóôá ãé¥ êÜèå x ∈ ZN ;

E(cn;h(x)gh(x)) =
∑
s∈H

ts
(
cn;s(x)gs(x)

)
;

©ñá ²áí �ñßóïõìå ô�ò �ìïéüìïñöá ó÷åä�í ðåñéïäéê«ò óõíáñôÞóåéò í¥ ǻéíáé á�ô«ò ðï� �
ôñï÷éÜ ôïõò �÷åé ìßáí §íáðáñÜóôáóéí ô�ò ìïñö�ò

Tnf = M · E(cn;hgh) ãé¥ êÜèå n ∈ ZN ;

è¥ êáôáëÞîïõìå óô�ò �äéåò óõíáñôÞóåéò ðï� ðñïêýðôïõí §ð� ô�í ¯Ïñéóì�í 1:3:2:
®Áíáëüãùò, � æçôïõìÝíç óô� Ë�ììá 2:3:4 §íéóüôçò ìðïñå� í¥ ãñáöå� ðëÝïí êá� �ò

∥∥E(c�m;hgh)−
∑D

j=1 c�m;hjghj

D

∥∥
L2 � N−40

0 :

ÌÜëéóôá, �ôóé èõìßæåé ðé� ðïë� �êôéìÞóåéò §ð� ô�í Èåùñßáí ÐéèáíïôÞôùí, ì« �ñãáëå�á
ô�ò �ðïßáò �îÜëëïõ è¥ §ðïäåé÷èå� ô� ë�ììá.
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®Áðüäåéîéò. È¥ ÷ñçóéìïðïéÞóïõìå ô�í §íéóüôçôá Markov. Ãíùñßæïõìå �ôé �ðÜñ÷åé ÷�ñïò
ðéèáíüôçôïò (Ω;A;P) óô�í �ðï�ïí ìðïñï�í í¥ �ñéóôï�í D §íåîÜñôçôåò ôõ÷á�åò ìåôáâëç-
ô«ò h1; : : : ; hD; êáèåìßá §ð� ô�ò �ðï�åò è¥ ǻéíáé �óüíïìç ì« ô�í ôõ÷áßáí ìåôáâëçô�í h
ô�ò ðáñáðÜíù ðáñáôçñÞóåùò. Óôáèåñïðïéï�ìå êÜðïéï m ∈ [0; (k − 1)N0]; èÝôïõìå ãé¥
óõíôïìßáí Gh := c�m;hgh êá� F := E(Gh); êá� äåß÷íïõìå �ôé

P
(∥∥F − Gh1 + · · ·+GhD

D

∥∥
L2 >

(kN0)1=2

N50
0

)
≤ 1
kN0

;

�ðïõ ðñïöáí�ò ãé¥ êÜèå x ∈ ZN ; F (x) := E(Gh(x)): È¥ ðñïêýøåé �ðåéôá ô� æçôïýìåíïí

ì« èåôéê�í ðéèáíüôçôá ≥ 1− (k−1)N0+1
kN0

:
®Áð� ô�í §íéóüôçôá Markov, §ñêå� í¥ äåßîïõìå �ôé

E
(∥∥F − Gh1 + · · ·+GhD

D

∥∥2

L2

)
≤ 1=D:

¯Ç �êöñáóéò ìÝóá óô�í ìÝóçí ôéì�í §íáðôýóóåôáé �ò∫
ZN

(
F 2 − 2F

Gh1 + · · ·+GhD

D
+
(
Gh1 + · · ·+GhD

D

)2
)

=
∑
x∈ZN

1
N

(
(F (x))2 − 2F (x)

Gh1(x) + · · ·+GhD (x)
D

+
(
Gh1(x) + · · ·+GhD (x)

D

)2
)
;

�ðüôå §ð� ô�ò âáóéê«ò �äéüôçôåò ô�ò ðéèáíïèåùñçôéê�ò ìÝóçò ôéì�ò,

E
(∥∥F − Gh1 + · · ·+GhD

D

∥∥2

L2

)
= ‖F‖2L2 − 2

D∑
j=1

1
D

(∑
x∈ZN

1
N

(
F (x)E(Ghj (x))

))
(2.45)

+
∑

1≤j;j′≤D

1
D2

(∑
x∈ZN

1
N

E
(
Ghj (x)Ghj′ (x)

))
:

®Åö' �óïí ï� hj ; hj′ ǻéíáé �óüíïìåò ì« ô�í ôõ÷áßáí ìåôáâëçô�í h; êá� §í¥ äýï §íåîÜñôçôåò
�ôáí j 6= j′; �÷ïõìå ãé¥ êÜèå x ∈ ZN ô�ò ôáõôüôçôåò

E(Ghj (x)) = E(Gh(x)) = F (x)

êá�

E
(
Ghj (x)Ghj′ (x)

)
= E(Ghj (x))E(Ghj′ (x)) = (F (x))2 �ôáí j 6= j′:
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Óõíåð�ò, � (2:45) îáíáãñÜöåôáé �ò

‖F‖2L2 − 2‖F‖2L2 + ‖F‖2L2 +
∑

1≤j;j′≤D

�j;j′

D2

∫
ZN

(
E(GhjGhj′ )− F 2

)
;

�ðïõ �j;j′ ǻéíáé ô� äÝëôá ôï� Kronecker. Ãé¥ j = j′ �÷ïõìå

E
(
Ghj (x)Ghj′ (x)

)
− (F (x))2 = E

[
(Gh(x))2

]
−
[
E(Gh(x))

]2 ≤ E
[
(Gh(x))2

]
≤ 1;

�ðåéä� � Gh(x) := c�m;h(x)gh(x) ǻéíáé öñáãìÝíç óõíÜñôçóéò ô�ò h: Ðñïêýðôåé �ðïìÝíùò
ô� æçôïýìåíïí.

Ãé¥ êÜèå � ∈ ZN èåùñï�ìå äå�êôåò h1; : : : ; hN100
0

�ðùò á�ôï� ðï� ì¦ò �îáóöáëßæåé ô�
Ë�ììá 2:3:4: Ôüôå ãé¥ êÜèå 0 ≤ m ≤ (k − 1)N0;

(2.46)
∥∥T�mfUAP −M ·

∑
1≤j≤N100

0

1
N100

0

(c�m;hjghj )
∥∥
L2 �M N−40

0 :

¯Ïñßæïõìå ó-©ëãåâñá B′′� (� �ðïßá è¥ �îáñô¦ôáé êá� §ð� ô�í �ðéëïã�í ô�í h1; : : : ; hN100
0

)
èÝôïíôáò

(2.47) B′′� :=

 ∨
−(k−1)N0≤m≤(k−1)N0

T�mB′
 ∨

 ∨
0≤m≤(k−1)N0

1≤j≤N100
0

BN−100
0

(c�m;hj )

 ;

�ðïõ ãé¥ êÜèå ";G; B"(G) ǻéíáé � ó-©ëãåâñá ðï� �÷ïõìå óôáèåñïðïéÞóåé ÷ñçóéìïðïé�íôáò
ô�í Ðñüôáóéí 2:2:1 (âëÝðå ó÷üëéá ìåô¥ ô�í Ðñüôáóéí). ËáìâÜíïíôáò �ð' �øéí �ôé ï� c�m;hj
âñßóêïíôáé óô�í UAP d−1 ì« íüñìá ô� ðïë� 1, �íÿ � B′ ǻéíáé óõìðáã�ò ôÜîåùò d− 1 êá�
ðïëõðëïêüôçôïò ô� ðïë� X ′; ©ñá §ð� ô�í ¯Ïñéóì�í 2:2:2 êá� ô�í ó÷Ýóéí (2:9) êÜèå T�mB′
ǻéíáé �ðßóçò óõìðáã�ò ôÜîåùò d−1 êá� ðïëõðëïêüôçôïò ô� ðïë� X ′; óõìðåñáßíïõìå �ôé �
B′′� ǻéíáé óõìðáã�ò ôÜîåùò d−1 êá� ðïëõðëïêüôçôïò ON0;X′(1): ®Áð� ô�í ðñþôçí �äéüôçôá
ô�ò ÐñïôÜóåùò 2:2:1 âëÝðïõìå �ðßóçò �ôé

‖c�m;hj − E(c�m;hj |B′′�)‖L∞ � N−100
0 ãé¥ êÜèå 0 ≤ m ≤ (k − 1)N0;

�ðïìÝíùò, �ö' �óïí ï� ghj ǻéíáé öñáãìÝíåò,∥∥M ·
∑

1≤j≤D

1
D

(c�m;hjghj )−M ·
∑

1≤j≤D

1
D

(
E(c�m;hj |B′′�) ghj

)∥∥
L∞

�M N−100
0 :

Ó« óõíäõáóì�í ì« ô�í (2:46) êáôáëÞãïõìå �ôé

(2.48) ‖T�mfUAP − F�m‖L2 �M N−40
0 ãé¥ êÜèå 0 ≤ m ≤ (k − 1)N0;
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�ðïõ � Fn �ñßæåôáé ãé¥ êÜèå n ∈ ZN èÝôïíôáò

Fn := M ·
∑

1≤j≤D

1
D

(
E(c�m;hj |B′′�) ghj

)
;

äçëáä� ǻéíáé ô�ò ìïñö�ò (2:29) ²áí èåùñÞóïõìå ô�í B′′� óô�í èÝóéí ô�ò ó-©ëãåâñáò B
ô�ò ÐñïôÜóåùò 2:3:1: ÓõíåðÜãåôáé �ôé ãé¥ ô�í �êöñáóéí (2:44) ô�í �ðïßáí èÝëïõìå í¥
�îåôÜóïõìå, ìðïñï�ìå �öáñìüæïíôáò ô�í Ðñüôáóéí 2:3:1 ãé¥ ô�í ó-©ëãåâñá B′′�� êá� ô�í
ï�êïãÝíåéáí F ô�í §íôéóôïß÷ùí Fn í¥ ëÜâïõìå

(2.49) (2:44) �k;�;M E

(
PZN

(
k∗⋂
m=1

E���m

)∣∣ 1 ≤ � ≤ bN0

k∗
c

)
;

�ðïõ k∗ = O(1) ǻéíáé � èåôéê�ò §êÝñáéïò ðï� ì¦ò äßíåé � Ðñüôáóéò 2:3:1 âÜóåé ô�í
ðáñáìÝôñùí k; �;M; êá� E���m = E���m(k; �;B′′��; F ) ǻéíáé ô¥ óýíïëá ðï� �ñßæïíôáé §ð�
ô�í (2:30):

Óôü÷ïò ìáò ðëÝïí ǻéíáé í¥ öñÜîïõìå §ð� êÜôù ôï�ò ðëçèáñßèìïõò ô�í óõíüëùí E���m:
Ðñ�ôïí â�ìá ǻéíáé í¥ �ðéóôñÝøïõìå §ð� ô�ò óõíáñôÞóåéò Fn (ï� �ðï�åò êáôåóêåõÜóèçóáí
ãé¥ í¥ ÷ñçóéìïðïéÞóïõìå ô�í Ðñüôáóéí 2:3:1) ðßóù óô�ò §ñ÷éê«ò óõíáñôÞóåéò TnfUAP :
È¥ ìðïñï�ìå í¥ �ëÝãîïõìå, �ðùò è¥ äï�ìå, ô¥ óöÜëìáôá ô¥ �ðï�á ðñïêýðôïõí �ôóé,
�ðéëÝãïíôáò êáôÜëëçëá ìåãÜëï ô� N0: ®Áð� ô�í (2:48) (ãé¥ ô�ò §íôßóôïé÷åò Fn ðï� ǻéíáé
B′′��−ìåôñÞóéìåò âåâáßùò), §ð� ô�í §íéóüôçôá Cauchy-Schwarz êá� §ð� ô�ò �äéüôçôåò ô�ò
äåóìåõìÝíçò ìÝóçò ôéì�ò, ðñïêýðôåé ãé¥ êÜèå 0 ≤ m ≤ (k − 1)N0;∫

ZN
E
(∣∣T��mfUAP − F��m

∣∣|B′′��) =
∫

ZN
|T��mfUAP − F��m| �M N−40

0 ;

©ñá §ð� ô�í §íéóüôçôá Markov

PZN

([
E
(∣∣T��mfUAP − F��m

∣∣|B′′��) > �

16k

])
�k;�;M N−40

0 :

Á�ô� óçìáßíåé �ôé ²áí �ñßóïõìå ô¥ óýíïëá

E′n :=
{
x ∈ ZN : E(TnfU⊥ |B′′��)(x) ≥

�

2

êá� E
(∣∣TnfU⊥ − TnfUAP

∣∣|B′′��)(x) ≤ �

16k

}
;

ôüôå ãé¥ êÜèå 0 ≤ m ≤ (k − 1)N0 è¥ �ó÷ýåé

PZN (E′��m) = PZN

(
E′��m

⋂[
E
(∣∣T��mfUAP − F��m

∣∣|B′′��) ≤ �

16k

])
+ PZN

(
E′��m

⋂[
E
(∣∣T��mfUAP − F��m

∣∣|B′′��) > �

16k

])
≤ PZN (E��m) +O(N−40

0 ):
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Óõíåð�ò, §öï� ãé¥ 1 ≤ � ≤ N0=k∗ êá� ãé¥ êÜèå 1 ≤ m ≤ k∗; ô� ãéíüìåíïí �m §íÞêåé
óô� äéÜóôçìá [1; N0] ⊆ [0; (k − 1)N0] (²áò èõìçèï�ìå �ôé ãé¥ ô�í Ðñüôáóéí 2:3:3 �÷ïõìå
�ðïèÝóåé k ≥ 2); §ð� ô�í ôñéãùíéê�í §íéóüôçôá è¥ ðñïêýøåé

(2.50) PZN

(
k∗⋂
m=1

E���m

)
≥ PZN

(
k∗⋂
m=1

E′���m

)
−O(N−30

0 ):

Ô� �ðüìåíïí â�ìá ǻéíáé í¥ äåßîïõìå �ôé � äåóìåõìÝíç ìÝóç ôéì� �ò ðñ�ò ô�í ó-©ëãåâñá
B′′�� £ìåôáôßèåôáé¤ ì« §ñêåô«ò §ð� ô�ò ìåôáôïðßóåéò ô�í óõíáñôÞóåùí ðï� ì¦ò �íäéáöÝñïõí
(ì« ô�í �ííïéáí ðï� äéáôõðþíåôáé óô� ðáñáêÜôù ë�ììá), êá� óõíåð�ò ìðïñï�ìå í¥ §íôé-
êáôáóôÞóïõìå ô�í ï�êïãÝíåéáí ô�í óõíüëùí E′n ì« êÜðïéáí ðé� ¨ðëÞí.

Ë�ììá 2.3.6. °Åóôù � ∈ ZN êá� �óôù B′′� � ó-©ëãåâñá ðï� �ñßæåôáé óô�í (2:47): ²Áí
�ðïèÝóïõìå �ôé ãé¥ êÜðïéïí §êÝñáéïí m ì« −(k − 1)N0 ≤ m ≤ (k − 1)N0 �ó÷ýåé ôïõëÜ-
÷éóôïí ìßá §ð� ô�ò

‖E(T�mfU⊥ |B′′�)− T�mE(fU⊥ |B′′�)‖L2 ≥ N−100
0 ;∥∥E(T�m∣∣fU⊥ − fUAP

∣∣|B′′�)− T�mE
(∣∣fU⊥ − fUAP

∣∣|B′′�)∥∥L2 ≥ N−100
0 ;

ôüôå å�ôå � B′′� å�ôå êÜðïéá §ð� ô�ò ìåôáôïðßóåéò ôçò �êáíïðïéå� ô� äåýôåñïí ìéó�í ô�ò
äé÷ïôïìßáò ðï� äéåôõðþóáìå, ì« ô�í �ííïéáí �ôé §íÞêåé óô�ò óõìðáãå�ò ó-©ëãåâñåò B′′
(ôÜîåùò d − 1 êá� ðïëõðëïêüôçôïò ON0;X′(1) �ðùò å�äáìå) ï� �ðï�åò ðåñéÝ÷ïõí ô�í B′
êá� �êáíïðïéï�í ô�í

(2.51) Ef (B′′)− Ef (B′) ≥
1
4
N−200

0 :

®Áðüäåéîéò. ®Áñ÷éê�ò �ðïèÝôïõìå �ôé

‖E(T�mfU⊥ |B′′�)− T�mE(fU⊥ |B′′�)‖L2 ≥ N−100
0 :

Ðáñáôçñï�ìå �ôé
E(T�mfU⊥ |B′′�) = T�mE(fU⊥ |T−�mB′′�);

©ñá � �ðüèåóßò ìáò äßíåé

‖E(fU⊥ |T−�mB′′�)− E(fU⊥ |B′′�)‖L2 ≥ N−100
0 :

®Áð� ô�í ôñéãùíéê�í §íéóüôçôá �ðïìÝíùò, �ó÷ýåé ôïõëÜ÷éóôïí ìßá §ð� ô�ò

‖E(fU⊥ |B′′�)− E(fU⊥ |B′)‖L2 ≥ 1
2
N−100

0 ;

‖E(fU⊥ |T−�mB′′�)− E(fU⊥ |B′)‖L2 ≥ 1
2
N−100

0 :
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®Áöï� §ð� ô�í �ñéóì�í (2:47) êá� ôï�ò ðåñéïñéóìï�ò ãé¥ ô� m; ôüóï � B′′� �óï êá� �
T−�mB′′� ðåñéÝ÷ïõí ô�í B′; ìÝíåé í¥ ÷ñçóéìïðïéÞóïõìå ô�í (2:17) �óôå í¥ óõìðåñÜíïõìå
�ôé ôïõëÜ÷éóôïí ìßá §ð� ô�ò B′′�; T−�mB′′� �êáíïðïéå� �ðéðëÝïí ô�í (2:51):

®ÁíÜëïãá óõìðåñÜóìáôá ðñïêýðôïõí ²áí �ðïèÝóïõìå �ôé∥∥E(T�m∣∣fU⊥ − fUAP
∣∣|B′′�)− T�mE

(∣∣fU⊥ − fUAP
∣∣|B′′�)∥∥L2 ≥ N−100

0 ;

÷ñçóéìïðïé�íôáò �ìùò ó« á�ô�í ô�í ðåñßðôùóéí ô�í äåýôåñçí óõíôåôáãìÝíçí ô�ò f =
(fU⊥ ; |fU⊥ − fUAP |) §íô� ô�ò ðñþôçò.

Å̄ìå�ò è¥ �îåôÜóïõìå âåâáßùò ô�í ðåñßðôùóéí ðï� ï�ôå � B′′�� ï�ôå êÜðïéá §ð� ô�ò
ìåôáôïðßóåéò ôçò �êáíïðïéï�í ô� äåýôåñïí ìéó�í ô�ò äé÷ïôïìßáò ì« ô�í ðáñáðÜíù �ííïéáí.
®Åîáéôßáò ôï� ëÞììáôïò, è¥ �÷ïõìå ôüôå

‖E(T��mfU⊥ |B′′��)− T��mE(fU⊥ |B′′��)‖L2 ;∥∥E(T��m∣∣fU⊥ − fUAP
∣∣|B′′��)− T��mE

(∣∣fU⊥ − fUAP
∣∣|B′′��)∥∥L2 ≤ N−100

0

ãé¥ êÜèå 0 ≤ m ≤ (k − 1)N0; êá� ©ñá

PZN
([
|E(T��mfU⊥ |B′′��)− T��mE(fU⊥ |B′′��)| ≥ �=4

])
�� N

−100
0 ;

PZN

([∣∣E(T��m∣∣fU⊥−fUAP ∣∣|B′′��)−T��mE
(∣∣fU⊥−fUAP ∣∣|B′′��)∣∣ ≥ �

32k

])
�k;� N

−100
0

ãé¥ êÜèå 0 ≤ m ≤ (k − 1)N0: Ìðïñï�ìå óõíåð�ò í¥ �ñßóïõìå ãé¥ êÜèå n ∈ ZN ;

E′′n :=
{
x ∈ ZN : Tn E(fU⊥ |B′′��)(x) ≥

3�
4

êá� Tn E
(∣∣fU⊥ − fUAP

∣∣|B′′��)(x) ≤ �

32k

}
;

óõìðåñáßíïíôáò �ðùò êá� ðñïçãïõìÝíùò �ôé

(2.52) PZN

(
k∗⋂
m=1

E′���m

)
≥ PZN

(
k∗⋂
m=1

E′′���m

)
−O(N−50

0 ):

Ôþñá �ìùò ãé¥ ô�í ï�êïãÝíåéáí ô�í E′′n �ó÷ýåé

E′′n = TnE′′0 ãé¥ êÜèå n;

óõíåð�ò

PZN

(
k∗⋂
m=1

E′′���m

)
=
∫

ZN

k∗∏
m=1

T���m1E′′0 ;

êá� ëüãÿ ô�í (2:49); (2:50) êá� (2:52);

(2.53) (2:44) � E

(∫
ZN

k∗∏
m=1

T���m1E′′0
∣∣ 1 ≤ � ≤ bN0

k∗
c

)
−O(N−30

0 ):
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®Åö' �óïí � óõíÜñôçóéò 1E′′0 ǻéíáé B′′��−ìåôñÞóéìç, êá� � ó-©ëãåâñá B′′�� ǻéíáé óõìðá-
ã�ò ôÜîåùò d − 1; � 1E′′0 è¥ ðñïóåããßæåôáé, �ðùò å�äáìå óô�í Ðñüôáóéí 2:2:3; §ð� UAP
óõíáñôÞóåéò ôÜîåùò ìéêñüôåñçò ôï� d: Á�ô� ì¦ò ÷ñçóéìåýåé �ò �î�ò: ²áò �ðïèÝóïõìå �ôé
�÷ïõìå �äç äåßîåé �ôé ô� �ëïêëÞñùìá ô�ò 1E′′0 öñÜóóåôáé §ð� êÜôù §ð� ìßáí èåôéê�í óôá-
èåñ¥í �′ (� �ðïßá è¥ äï�ìå �ôé �îáñô¦ôáé ìüíïí §ð� ô� �): Ìðïñï�ìå ôüôå í¥ âñï�ìå ìßáí
ì� §ñíçôéêÞí, öñáãìÝíçí f̃UAP óô�í UAP d−1 ì«

‖1E′′0 − f̃UAP ‖L2 ≤ (�′)2

1024k∗
êá� ‖f̃UAP ‖UAPd−1 < C ′;

�ðïõ C ′ óôáèåñ¥ §íåîÜñôçôç ôï� N; � �ðïßá �îáñô¦ôáé §ð� ô� L2−óöÜëìá (�′)2

1024k∗
; §ëë¥

êá� §ð� ô�í ðïëõðëïêüôçôá ô�ò B′′��; äçëáä� �îáéôßáò ôï� �ñéóìï� (2:47) §ð� ô�í öõóéê�í
N0(�;X) êá� §ð� ô�í ðïëõðëïêüôçôá X ′ ô�ò B′: Óêåöôüìáóôå �ðåéôá í¥ �ðéêáëåóôï�ìå
ô�í �ðáãùãéêÞí ìáò �ðüèåóéí, äçëáä� ô� Èåþñçìá Ðåñéïäéê�ò Äïì�ò ãé¥ d− 1; �óôå í¥
óõìðåñÜíïõìå �ôé

E

(∫
ZN

k∗∏
m=1

T���m1E′′0
∣∣ 1 ≤ � ≤ bN0

k∗
c

)
�N0 c(d− 1; k∗; �′; C ′);

êá� êáô¥ óõíÝðåéáí �ôé

(2:44) � c(d− 1; k∗; �′; C ′)−O(N−30
0 ):

Ðñïêýðôåé �ìùò ô� �î�ò ðñüâëçìá: � óôáèåñ¥ c(d − 1; k∗; �′; C ′) �îáñô¦ôáé �ðùò å�ðáìå
§ð� ô�í ðïëõðëïêüôçôá ô�ò B′; � �ðïßá ìðïñå� í¥ ǻéíáé á�èáßñåôá ìåãÜëç, �íÿ �ìå�ò
ô� N0 ðñÝðåé í¥ ô� �ðéëÝîïõìå ìüíïí âÜóåé ô�í � êá� X: Ä«í ìðïñï�ìå �ðïìÝíùò í¥
ãíùñßæïõìå ï�ôå êÜí ²áí � ðïóüôçò c(d− 1; k∗; �′; C ′)− O(N−30

0 ) ǻéíáé ì� §ñíçôéêÞ. Ãé¥
í¥ ëýóïõìå á�ô� ô� ðñüâëçìá, ÷ñçóéìïðïéï�ìå §íô� ôï� óõíüëïõ E′′0 ô�í ôïìÞí ôïõ ì«
�íá B−ìåôñÞóéìïí óýíïëïí, ô�

Ẽ :=
{
x ∈ ZN : E(fU⊥ |B)(x) ≥ 7�

8
êá� E

(∣∣fU⊥ − fUAP
∣∣|B)(x) ≤ �

64k

}
:

Ë�ììá 2.3.7. Å�ôå �ó÷ýåé

PZN (Ẽ \ E′′0 ) � �2 êá� PZN (Ẽ ∩ E′′0 ) ≥ �=32;

å�ôå � B′′�� �êáíïðïéå� ô� äåýôåñïí ìéó�í ô�ò äé÷ïôïìßáò.

®Áðüäåéîéò. °Çäç óô� Ë�ììá 2:3:6 �÷ïõìå æçôÞóåé, ãé¥ í¥ �êáíïðïéå�ôáé ô� äåýôåñïí ìéó�í
ô�ò äé÷ïôïìßáò, � ðñïóáýîçóéò ô�ò �íåñãåßáò í¥ ǻéíáé ≥ 1

4N
−200
0 : Ðñïöáí�ò ìðïñï�ìå í¥

�ðïèÝóïõìå �ôé 1
4N

−200
0 ≤ �2 (�ðùò è¥ äï�ìå, á�ô�ò ä«í ǻéíáé ï�óéáóôéê�ò ðåñéïñéóì�ò

ãé¥ ô� N0; ô� �ðï�ïí è¥ �ðéëåãå� êáô¥ ðïë� ìåãáëýôåñïí ô�í 1
� êá� X): Óõíåð�ò, ²áí �

B′′�� ä«í �êáíïðïéå� ô� äåýôåñïí ìéó�í ô�ò äé÷ïôïìßáò, è¥ �ó÷ýåé

Ef (B′′��)− Ef (B′) ≤
1
4
N−200

0 ≤ �2;
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êá� ó« óõíäõáóì�í ì« ô�í (2:18);

Ef (B′′��)− Ef (B) ≤ 2�2:

±Åðåôáé §ð� ô�í (2:17) êá� ô�í �ñéóì�í ô�ò f �ôé∫
ZN
|E(fU⊥ |B′′��)− E(fU⊥ |B)|2 ≤ 2�2

êá� ∫
ZN

∣∣E(∣∣fU⊥ − fUAP
∣∣|B′′��)− E

(∣∣fU⊥ − fUAP
∣∣|B)∣∣2 ≤ 2�2;

©ñá §ð� ô�í §íéóüôçôá Chebyshev

PZN
(
[|E(fU⊥ |B′′��)− E(fU⊥ |B)| ≥ �=8]

)
≤ 128�2

�2
;

PZN

([∣∣E(∣∣fU⊥ − fUAP
∣∣|B′′��)− E

(∣∣fU⊥ − fUAP
∣∣|B)∣∣ ≥ �

64k

])
≤ 8192k2�2

�2
:

Ǻéíáé ©ìåóïí ôþñá §ð� ôï�ò �ñéóìï�ò ô�í óõíüëùí E′′0 êá� Ẽ �ôé

(2.54) PZN (Ẽ \ E′′0 ) ≤ 128�2

�2
+

8192k2�2

�2
≤ 9000k2�2

�2
:

ÈÝëïõìå �ðßóçò í¥ �ó÷ýåé PZN (Ẽ ∩ E′′0 ) ≥ �=32 : §ñêå� í¥ äåßîïõìå �ôé

PZN (Ẽ) ≥ �=16 êá� PZN (Ẽ \ E′′0 ) ≤ �=32:

Ãé¥ í¥ �ó÷ýåé ô� äåýôåñïí, §ñêå� �îáéôßáò ô�ò (2:54) í¥ �ðéëÝîïõìå ô� � §ñêåô¥ ìéêñüí,

�óôå í¥ �÷ïõìå �2 ≤ �3

32·9000k2 ; �íÿ ãé¥ í¥ äåßîïõìå ô�í PZN (Ẽ) ≥ �=16; è¥ ÷ñåéáóôï�ìå
ô�ò �ðïèÝóåéò (2:25); (2:26) ãé¥ ô�ò fU⊥ ; fUAP : ®Áð� ô�í (2:26) êá� ô�ò �äéüôçôåò ô�ò äå-
óìåõìÝíçò ìÝóçò ôéì�ò, �÷ïõìå∫

ZN
E(fU⊥ |B) =

∫
ZN

fU⊥ ≥ �:

±Ïìùò, �ðåéä� � E(fU⊥ |B) ǻéíáé öñáãìÝíç,∫
ZN

E(fU⊥ |B) ≤ PZN
(
[E(fU⊥ |B) ≥ 7�=8]

)
+

7�
8

PZN
(
[E(fU⊥ |B) < 7�=8]

)
≤ PZN

(
[E(fU⊥ |B) ≥ 7�=8]

)
+

7�
8
;
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©ñá PZN
(
[E(fU⊥ |B) ≥ 7�=8]

)
≥ �=8:

®Åðßóçò, §ð� ô�í (2:25); ô�ò �äéüôçôåò ô�ò äåóìåõìÝíçò ìÝóçò ôéì�ò êá� ô�í §íéóüôçôá
Cauchy-Schwarz,∫

ZN
E
(∣∣fU⊥ − fUAP

∣∣|B) =
∫

ZN
|fU⊥ − fUAP | ≤ ‖fU⊥ − fUAP ‖L2 ≤ �2

1024k
;

©ñá §ð� ô�í §íéóüôçôá Markov

PZN

([
E
(∣∣fU⊥ − fUAP

∣∣|B) > �

64k

])
≤ �

16
:

ÓõíäõÜæïíôáò ô¥ ðáñáðÜíù, êáôáëÞãïõìå óô� æçôïýìåíïí:

PZN (ZN \ Ẽ) ≤ 7�
8

+
�

16
=

15�
16

:

Å�ìáóôå ðëÝïí ó« èÝóéí í¥ �öáñìüóïõìå ô�í �ðáãùãéê�í �ðüèåóéí: óô�í ðåñßðôùóéí
ðï� �îåôÜæïõìå, � B′′�� ä«í �êáíïðïéå� ô� äåýôåñïí ìéó�í ô�ò äé÷ïôïìßáò, ©ñá §ð� ô� Ë�ììá
2:3:7 ðñïêýðôåé

‖1E′′0 ∩Ẽ − 1Ẽ‖L2 = ‖1Ẽ\E′′0 ‖L2 =
(
PZN (Ẽ \ E′′0 )

)1=2 ≤ 100k
�

�

êá� ∫
ZN

1E′′0 ∩Ẽ ≥ �=32:

®Åðßóçò ãé¥ ô� Ẽ ∈ B ìðïñï�ìå í¥ âñï�ìå ì� §ñíçôéêÞí, öñáãìÝíçí f̃UAP óô�í UAP d−1

�ôóé �óôå
‖1Ẽ − f̃UAP ‖L2 ≤ � êá� ‖f̃UAP ‖UAPd−1 < C�;X ;

ãé¥ ìßáí óôáèåñ¥í C�;X §íåîÜñôçôçí ôï� N; � �ðïßá �÷åé ðñïêýøåé êáô¥ ô�í §ðüäåéîéí ô�ò
ÐñïôÜóåùò 2:2:3: Ãé¥ í¥ ðåôý÷ïõìå êá� ô�í �êôßìçóéí

‖1E′′0 ∩Ẽ − f̃UAP ‖L2 ≤
(
�
32

)2
1024k∗

=
�2

220k∗

(�óôå í¥ ðëçñï�íôáé �ëåò ï� �ðïèÝóåéò ôï� ÈåùñÞìáôïò Ðåñéïäéê�ò Äïì�ò), §ñêå� §ð� ô�í
ôñéãùíéê�í §íéóüôçôá í¥ èÝóïõìå ô�í �ðéðëÝïí ðåñéïñéóì�í (1 + 100k

� )� ≤ �2

220k∗
: °Åðåéôá,

�öáñìüæïíôáò ô�í �ðáãùãéê�í �ðüèåóéí, óõìðåñáßíïõìå �ôé

E

(∫
ZN

k∗∏
m=1

T���m1E′′0
∣∣ 1 ≤ � ≤ bN0

k∗
c

)
≥ E

(∫
ZN

k∗∏
m=1

T���m1E′′0 ∩Ẽ
∣∣ 1 ≤ � ≤ bN0

k∗
c

)

�N0 c
(
d− 1; k∗;

�

32
; C�;X

)
:
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®Åä� ðëÝïí ãßíåôáé êá� � �ðéëïã� ôï� N0; �óôå ÷ñçóéìïðïé�íôáò ô�í (2:53) í¥ öñÜîïõìå

§ð� êÜôù ô�í (2:44) §ð� c(d−1;k∗;�=32;C�;X)
2 :

°Å÷ïõìå ï�óéáóôéê¥ ôåëåéþóåé: ²áí ôþñá �ðïèÝóïõìå �ôé ä«í �ó÷ýåé ãåíéê�ò ô� äåýôå-
ñïí ìéó�í ô�ò äé÷ïôïìßáò ãé¥ ô� óõãêåêñéìÝíïí æåõãÜñé ô�í ó-©ëãåâñ�í B;B′ ðï� �÷ïõìå
èåùñÞóåé (ì« ô¥ öñÜãìáôá ãé¥ ô�í ðïëõðëïêüôçôá ô�ò B′′ êá� ô�í (2:42) �ðùò ðñïÝêõøáí
§ð� ô�í ðáñáðÜíù §íÜëõóéí), ôüôå á�ô� è¥ ì¦ò äþóåé �ôé ãé¥ êÜèå �; �;

E

E

k−1∏
j=0

T��jsfU⊥(x) |x ∈ ZN

∣∣ 1 ≤ s ≤ N0

 ≥ 1
2
· c
(
d− 1; k∗;

�

32
; C�;X

)
;

�ðüôå ôåëéê�ò, ëüãÿ ô�ò (2:43); ãé¥ êÜèå N1 ≥ N0 è¥ �ó÷ýåé

E

∫
ZN

k−1∏
j=0

T�jrfU⊥
∣∣ 0 ≤ r ≤ N1

� 1
2N0

· c
(
d− 1; k∗;

�

32
; C�;X

)
:

È¥ âñéóêüìáóôå �ðïìÝíùò óô�í ðåñßðôùóéí ô�ò �ðéôõ÷ßáò.



ÊåöÜëáéïí 3

®Áðïäåßîåéò ô�í êõñßùí
èåùñçìÜôùí ãé¥ ô� ãåíéêåõìÝíïí
èåþñçìá Szemer�edi

3.1 Ô� ãåíéêåõìÝíïí èåþñçìá von Neumann ãé¥ øåõäïôõ÷á�á
ìÝôñá

¯Ç �äÝá ô�í Green êá� Tao í¥ §ðïäåßîïõí ô� Èåþñçìá 1:1:10 �ðïèÝôïíôáò ô� Èåþ-
ñçìá 1:1:1; ì« ÷ñ�óéí ô�í íïñì�í Ud êá� ô�í äõúê�í ôïõò, �ðéâåâáéþíåôáé �í ìÝñåé
§ð� ô�ò �î�ò äýï ðáñáôçñÞóåéò: (i) �îáéôßáò ô�ò óõíèÞêçò ãñáììéê�í ìïñö�í, ãé¥ êÜèå
k−øåõäïôõ÷á�ïí ìÝôñïí � �ó÷ýåé ‖�‖Ud = 1 + o(1) = ‖�const‖Ud + o(1) (ôïõëÜ÷éóôïí ãé¥
d ≤ k − 1), �íÿ (ii) §ð� ô�í ôýðïí (1:16) ãé¥ ô�ò íüñìåò Ud âëÝðïõìå �ôé, ²áí f; g ǻéíáé
óõíáñôÞóåéò ì« |f | ≤ g; ôüôå ‖f‖Ud ≤ ‖g‖Ud ãé¥ êÜèå d ≥ 1: Ãé¥ ô� (i) ìÜëéóôá ìðïñï�ìå
í¥ ðï�ìå êÜôé ðåñéóóüôåñïí:

Ë�ììá 3.1.1. °Åóôù �ôé ô� ìÝôñïí � ǻéíáé k−øåõäïôõ÷á�ïí (óýìöùíá ì« ô�í ¯Ïñéóì�í
1:1:7): Ôüôå �÷ïõìå �ôé

‖� − �const‖Ud = ‖� − 1‖Ud = o(1)

ãé¥ êÜèå 1 ≤ d ≤ k − 1:

®Áðüäåéîéò. ®Áð� ô�í ó÷Ýóéí ‖ · ‖Ud ≤ ‖ · ‖Ud+1 ðï� �êáíïðïéï�í ï� íüñìåò Ud; d ≥ 1;
§ñêå� í¥ äåßîïõìå ô� ë�ììá ãé¥ d = k− 1: ¯Õøþíïíôáò óô�í äýíáìéí 2k−1; âëÝðïõìå §ð�
ô�í ôýðïí (1:16) �ôé ðñÝðåé í¥ äåßîïõìå

E

 ∏
!∈{0;1}k−1

(
�(x+ ! · h)− 1

) ∣∣x ∈ ZN ; h ∈ Zk−1
N

 = o(1):
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Ô� §ñéóôåñ�í ìÝëïò ãñÜöåôáé êá� �ò

(3.1)
∑

A⊆{0;1}k−1

(−1)|A|E

(∏
!∈A

�(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zk−1

N

)
:

±Ïìùò ãé¥ êÜèå A ⊆ {0; 1}k−1; � �êöñáóéò

(3.2) E

(∏
!∈A

�(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zk−1

N

)

ǻéíáé ô�ò ìïñö�ò
E
(
�( 1(x)) · · · �( |A|(x))

∣∣x ∈ Zk
N

)
;

�ðïõ x := (x; h1; : : : ; hk−1) êá�  1; : : : ;  |A| ǻéíáé ìßá äéÜôáîéò ô�í |A| ãñáììéê�í ìïñö�í
x+! ·h; ! ∈ A: Ðñïöáí�ò êáììßá §ð� á�ô«ò ô�ò ãñáììéê«ò ìïñö«ò ä«í ǻéíáé ðïëëáðëÜóéïí
êÜðïéáò ©ëëçò, �ðïìÝíùò ìðïñï�ìå í¥ �ðéêáëåóôï�ìå ô�í (2k−1; k; 1)−óõíèÞêçí ãñáììé-
ê�í ìïñö�í, ô�í �ðïßáí ô� k−øåõäïôõ÷á�ïí ìÝôñïí � �êáíïðïéå�, êá� í¥ óõìðåñÜíïõìå
�ôé � (3:2) ǻéíáé 1 + o(1):

®ÅðéóôñÝöïíôáò óô�í (3:1); âëÝðïõìå �ôé ôþñá ô� æçôïýìåíïí ðñïêýðôåé §ð� ô� äéù-
íõìéê�í èåþñçìá:

∑
A⊆{0;1}k−1(−1)|A| = (1− 1)k−1 = 0:

Ô� Ë�ììá 3:1:1 ì¦ò �ðéôñÝðåé êáôáñ÷¥ò í¥ óõìðåñÜíïõìå ãé¥ êÜèå f � �ðïßá öñÜóóåôáé
§ðïëýôùò §ð� � (²ç §ð� � + 1) �ôé � Uk−1 íüñìá ôçò ǻéíáé öñáãìÝíç, ‖f‖Uk−1 ≤ 2 + o(1):

Èåùñï�ìå ôþñá f0; : : : ; fk−1 �ðùò óô�í äéáôýðùóéí ôï� ÈåùñÞìáôïò 1:5:1; §ðïëýôùò
öñáãìÝíåò §ð� � + 1; êáè�ò êá� ìßáí ìåôÜèåóéí (�0; : : : ; �k−1) ôï� {0; : : : ; k − 1}; êá�
äåß÷íïõìå �ôé

∣∣∣E(k−1∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

)∣∣∣ ≤ 2k−1 ·
(

min
0≤j≤k−1

‖fj‖Uk−1

)
+ o(1):

®Áñ÷éê�ò êÜíïõìå êÜðïéåò ðáñáôçñÞóåéò ï� �ðï�åò ¨ðëïðïéï�í ô�í æçôïõìÝíçí §íéóüôçôá:
äéáéñ�íôáò ô�ò fj ì« 2 êá� ÷ñçóéìïðïé�íôáò ô� Ë�ììá 1:1:8; âëÝðïõìå �ôé öñÜóóïíôáé
§ðïëýôùò §ð� ô� k−øåõäïôõ÷á�ïí ìÝôñïí (� + 1)=2: Óõìâïëßæïíôáò óô� �î�ò ô�ò fj=2
ì« fj ; êá� ô� (� + 1)=2 ì« �; §ñêå� í¥ îáíáãñÜøïõìå ô¥ êáô¥ óçìå�ïí öñÜãìáôá ô�ò
äéáôõðþóåùò �ò

(3.3) |fj(x)| ≤ �(x) ãé¥ �ëá ô¥ x ∈ ZN ; 0 ≤ j ≤ k − 1;

êá� í¥ äåßîïõìå �ôé

(3.4)
∣∣∣E
k−1∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

∣∣∣ ≤ min
0≤j≤k−1

‖fj‖Uk−1 + o(1):
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ÌåôáèÝôïíôáò ô�ò fj êá� ô¥ �j ²áí ÷ñåéÜæåôáé, �ðïèÝôïõìå �ôé min
0≤j≤k−1

‖fj‖Uk−1 = ‖f0‖Uk−1 :

®Åðßóçò, §öï� ‖f0‖Uk−1 ≤ 2 + o(1) = O(1); §ñêå� í¥ öñÜîïõìå ô� §ñéóôåñ�í ìÝëïò ô�ò
(3:4) §ð� (1 + o(1))‖f0‖Uk−1 :

×ñçóéìïðïé�íôáò ô�í 1-1 êá� �ð� §íôéóôïé÷ßáí (x; r) 7→ (x+ �0r; r); âëÝðïõìå �ôé

E

k−1∏
j=0

T�jrfj(x)
∣∣x; r ∈ ZN

 = E

f0(x) · k−1∏
j=1

T�
′
jrfj(x)

∣∣x; r ∈ ZN

(3.5)

ì« ô¥ �′j := �j − �0 6= 0;

�ðüôå ôåëéê�ò �÷ïõìå í¥ äåßîïõìå �ôé

(3.6)
∣∣∣E
f0(x) · k−1∏

j=1

T�
′
jrfj(x)

∣∣x; r ∈ ZN

∣∣∣ ≤ (1 + o(1))‖f0‖Uk−1 :

¯Ç §ðüäåéîéò è¥ ÷ùñéóôå� ó« äýï ìÝñç: ðñ�ôá �öáñìüæïíôáò ô�í §íéóüôçôá Cauchy-
Schwarz k − 1 öïñÝò êá� ÷ñçóéìïðïé�íôáò ô�í (3:3); è¥ öñÜîïõìå ô� §ñéóôåñ�í ìÝëïò
ô�ò (3:6) §ð� ãéíüìåíá, ðïëëáðëáóéáóìÝíá ì« êÜðïéá âÜñç, ôéì�í ô�ò f0 ðÜíù ó« êýâïõò
äéáóôÜóåùò k − 1: Ô¥ âÜñç á�ô¥ ä«í è¥ ǻéíáé êáô' §íÜãêçí �ìïéüìïñöá, ãé' áõô� êá� ä«í
óõìðåñáßíïõìå §ðåõèåßáò �ôé ô� §ñéóôåñ�í ìÝëïò ô�ò (3:6) öñÜóóåôáé §ð� ô�í Uk−1 íüñìá
ô�ò f0: Ì¦ò ÷ñåéÜæåôáé �ðéðëÝïí í¥ äåßîïõìå, �öáñìüæïíôáò ô�í óõíèÞêçí ãñáììéê�í
ìïñö�í, �ôé ô¥ âÜñç ǻéíáé êáô¥ ìÝóçí ôéì�í ðåñßðïõ 1:

Ãé¥ í¥ ãßíåé óáö�ò � §ðüäåéîéò, è¥ äåé÷èå� ðñ�ôá ó¥í ðáñÜäåéãìá � ¨ðëïýóôåñç äõíáô�
ðåñßðôùóéò (k = 3; �j = j); óô�í �ðïßáí ô¥ âÞìáôá ǻéíáé ô¥ �äéá, §ëë¥ ä«í §ðáéôï�íôáé
ðåñßðëïêïé óõìâïëéóìïß.

®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1:5:1 �ôáí k = 3; �j = j: Èåùñï�ìå f0; f1; f2 : ZN → R
§ðïëýôùò öñáãìÝíåò §ð� �; êá� äåß÷íïõìå �ôé∣∣E(f0(x)f1(x− r)f2(x− 2r) |x; r ∈ ZN

)∣∣ ≤ (1 + o(1))‖f0‖Uk−1 :

®Áöï� � N ǻéíáé êÜðïéïò ìåãÜëïò ðñ�ôïò, �ñßæåôáé §íôéóôïé÷ßá (y1; y2)(≡(x; r)) 7→ (y1 +
y2; y1 + y2

2 ); ìÝóÿ ô�ò �ðïßáò ô� äéÜíõóìá (x; x− r; x− 2r) ãßíåôáé (y1 + y2; y2=2;−y1):
¯Ï óêïð�ò ǻéíáé � äåýôåñç óõíôåôáãìÝíç í¥ ì�í �îáñô¦ôáé §ð� ô� y1 êá� � ôñßôç í¥ ì�í
�îáñô¦ôáé §ð� ô� y2; �óôå ÷ñçóéìïðïé�íôáò ô� èåþñçìá Fubini (óô�í ôåôñéììÝíçí ôïõ
ìïñö�í ãé¥ ðåðåñáóìÝíá óýíïëá) í¥ �öáñìüóïõìå ô�í Cauchy-Schwarz ó« êáôÜëëçëåò
äéáäï÷éê«ò ìÝóåò ôéìÝò. ²Áò äï�ìå ô� óçìáßíåé á�ôü: �÷ïõìå í¥ �êôéìÞóïõìå ô�í ðïóüôçôá

(3.7) J0 := E
(
f0(y1 + y2)f1(y2=2)f2(−y1) | y1; y2 ∈ ZN

)
:

®Áð� ô�í (3:3) ãé¥ ô�í f2;

|J0| =
∣∣E (E (f0(y1 + y2)f1(y2=2) | y2 ∈ ZN ) · f2(−y1)

∣∣ y1 ∈ ZN

) ∣∣
≤ E

(∣∣E (f0(y1 + y2)f1(y2=2) | y2 ∈ ZN )
∣∣ · �(−y1) ∣∣∣ y1 ∈ ZN

)
:
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¯Ç ôåëåõôáßá �êöñáóéò öñÜóóåôáé, ÷ñçóéìïðïé�íôáò ô�í §íéóüôçôá Cauchy-Schwarz êá�
ô�í (1:4); §ð� ô�í ðïóüôçôá

(1 + o(1)) · E
(∣∣E (f0(y1 + y2)f1(y2=2) | y2 ∈ ZN )

∣∣2 · �(−y1) ∣∣∣ y1 ∈ ZN

)1=2

;

ô�í �ðïßáí ãñÜöïõìå �ò (1 + o(1)) · J1=2
1 ; �ðïõ

J1 := E
(
f0(y1 + y2)f0(y1 + y′2)f1(y2=2)f1(y′2=2)�(−y1)

∣∣ y1; y2; y′2 ∈ ZN

)
:

®Áð� ô�í (3:3) ãé¥ ô�í f1; öñÜóóïõìå ô� J1 §ð� ô�í ðïóüôçôá

E
(∣∣E (f0(y1 + y2)f0(y1 + y′2)�(−y1) | y1 ∈ ZN )

∣∣ · �(y2=2)�(y′2=2)
∣∣∣ y2; y′2 ∈ ZN

)
;

êá� á�ô�í ì« ô�í óåéñÜí ôçò §ð� 1 + o(1) �ð�

E
(∣∣E (f0(y1 + y2)f0(y1 + y′2)�(−y1) | y1 ∈ ZN )

∣∣2 · �(y2=2)�(y′2=2)
∣∣∣ y2; y′2 ∈ ZN

)1=2

÷ñçóéìïðïé�íôáò ðÜëé ô�í §íéóüôçôá Cauchy-Schwarz êá� ô�í óõíèÞêçí ãñáììéê�í ìïñ-
ö�í, � �ðïßá ì¦ò �îáóöáëßæåé �ôé E (�(y2=2)�(y′2=2) | y2; y′2 ∈ ZN ) = 1 + o(1): ®Åä� ôå-
ëåéþíåé ô� ðñ�ôïí â�ìá ô�ò §ðïäåßîåùò, ì« ô�í �êôßìçóéí

(3.8) |J0| ≤ (1 + o(1)) · J1=4
2

�ðïõ

J2 := E
(
f0(y1 + y2)f0(y′1 + y2)f0(y1 + y′2)f0(y

′
1 + y′2)�(−y1)�(−y′1)�(y2=2)�(y′2=2)∣∣ y1; y′1; y2; y′2 ∈ ZN

)
:

²Áí ä«í �ð�ñ÷å � ðáñÜãùí �(−y1)�(−y′1)�(y2=2)�(y′2=2); á�ô� è¥ ḉôáí � ‖f0‖4U2 : ÐñÜ-
ãìáôé, ìÝóÿ ô�ò 1-1 êá� �ð� §íôéóôïé÷ßáò

v = (y1; y′1; y2; y
′
2) 7→ (y1; y1 + y2; y

′
1 − y1; y

′
2 − y2) = (y(v); x(v); h1(v); h2(v));

� �ðïßá óôÝëíåé ô� äéÜíõóìá (y1 + y2; y
′
1 + y2; y1 + y′2; y

′
1 + y′2) óô� (x; x+ h1; x+ h2; x+

h1 + h2); âëÝðïõìå �ôé

J2 = E
(
f0(x)f0(x+ h1)f0(x+ h2)f0(x+ h1 + h2)W (x; h1; h2) |x; h1; h2 ∈ ZN

)
�ðïõ

(3.9) W (x; h1; h2) := E
(
�(−y)�(−y − h1)�((x− y)=2)�((x− y + h2)=2)

∣∣ y ∈ ZN
)
:
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Ãé¥ í¥ êáôáëÞîïõìå �ðïìÝíùò óô� æçôïýìåíïí, §ñêå� í¥ äåßîïõìå �ôé

J2 − ‖f0‖4U2

= E
(
(W (x; h1; h2)− 1)f0(x)f0(x+ h1)f0(x+ h2)f0(x+ h1 + h2) |x; h1; h2 ∈ ZN

)
= o(1);

§öï� ôüôå è¥ �÷ïõìå |J0| ≤ (1+o(1)) ·J1=4
2 = (1+o(1))‖f0‖U2 : ±Ïìùò, ÷ñçóéìïðïé�íôáò

ãé¥ ôåëåõôáßáí öïñ¥í ô¥ êáô¥ óçìå�ïí öñÜãìáôá (3:3); êáè�ò êá� ô�í §íéóüôçôá Cauchy-
Schwarz, âëÝðïõìå �ôé

∣∣E((W (x; h1; h2)− 1)f0(x)f0(x+ h1)f0(x+ h2)f0(x+ h1 + h2) |x; h1; h2 ∈ ZN

)∣∣2(3.10)

≤
[
E
(
|W (x; h1; h2)− 1|�(x)�(x+ h1)�(x+ h2)�(x+ h1 + h2) |x; h1; h2 ∈ ZN

)]2
≤ E

(
(W (x; h1; h2)− 1)2D(x; h1; h2) |x; h1; h2 ∈ ZN

)
·E
(
D(x; h1; h2) |x; h1; h2 ∈ ZN

)
�ðïõ D(x; h1; h2) := �(x)�(x+ h1)�(x+ h2)�(x+ h1 + h2) ǻéíáé ô� ãéíüìåíïí ô�í ôéì�í
ôï� � óô�í êýâïí {x+ ! · (h1; h2) : ! ∈ {0; 1}2}; äçëáä�

E
(
D(x; h1; h2) |x; h1; h2 ∈ ZN

)
= ‖�‖4U2 ;

ô� �ðï�ïí å�äáìå �ôé ǻéíáé �óïí ì« 1 + o(1): ®Åîáéôßáò êá� ðÜëé ô�ò óõíèÞêçò ãñáììéê�í
ìïñö�í, ðñïêýðôåé �ôé E

(
(W (x; h1; h2))nD(x; h1; h2) |x; h1; h2 ∈ ZN

)
= 1 + o(1) êá�

�ôáí n = 1 ²ç 2 : ãé¥ í¥ ô� äï�ìå, ÷ñçóéìïðïéï�ìå ãé¥ n = 1 ô�í (8; 4; 2)−óõíèÞêçí
ãñáììéê�í ìïñö�í, �íÿ ãé¥ n = 2 ô�í (12; 5; 2)−óõíèÞêçí ãñáììéê�í ìïñö�í. Á�ô«ò
�êáíïðïéï�íôáé §ð� ô� 3−øåõäïôõ÷á�ïí ìÝôñïí � �îáéôßáò ôï� ¯Ïñéóìï� 1:1:7 ðï� �÷ïõìå
äþóåé· � �êöñáóéò ãé¥ n = 2 ǻéíáé §êñéâ�ò ô� ðáñÜäåéãìá (1:8): ÊáôáëÞãïõìå �ôé

E
(
(W − 1)2 ·D |x; h1; h2 ∈ ZN

)
= E

(
W 2 ·D |x; h1; h2 ∈ ZN

)
− 2E

(
W ·D |x; h1; h2 ∈ ZN

)
+ E

(
D |x; h1; h2 ∈ ZN

)
= o(1);

êá� §ð' á�ô� êá� ô�í (3:10) �ðåôáé ô� æçôïýìåíïí.

²Áò �ðáíÝëèïõìå ôþñá óô�í ãåíéê�í ðåñßðôùóéí: �ðùò ǻéðáìå, è¥ �öáñìüóïõìå ô�í
§íéóüôçôá Cauchy-Schwarz k − 1 öïñ«ò �óôå í¥ §íôéêáôáóôÞóïõìå êáèåìßáí §ð� ô�ò
fi ì« ô� ìÝôñïí �: È¥ óõìðåñéëÜâïõìå �ëåò á�ô«ò ô�ò �öáñìïã«ò óô� �ðüìåíïí ë�ììá,
ô� �ðï�ïí ì¦ò äßíåé ô� ôåëéê�í §ðïôÝëåóìá êáè�ò êá� êÜèå �íäéÜìåóïí â�ìá. Ãé¥ í¥
ìðïñÝóïõìå í¥ ãñÜøïõìå óáö�ò ô�ò �íäéÜìåóåò ìÝóåò ôéì«ò �ìùò ÷ñåéÜæåôáé í¥ å�óá-
ãÜãïõìå êÜðïéïí óõìâïëéóìüí: ²áò �ðïèÝóïõìå �ôé 0 ≤ d ≤ k − 1; êá� �ôé �÷ïõìå
äéáíýóìáôá y = (y1; : : : ; yk−1) ∈ Zk−1

N êá� y′ = (y′k−d; : : : ; y
′
k−1) ∈ Zd

N ìÞêïõò k − 1
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êá� d §íôéóôïß÷ùò. Ãé¥ êÜèå óýíïëïí S ⊆ {k − d; : : : ; k − 1}; �ñßæïõìå ô� äéÜíõóìá

y(S) = (y(S)
1 ; : : : ; y

(S)
k−1) ∈ Zk−1

N èÝôïíôáò

y
(S)
i :=

{
yi ²áí i =∈ S
y′i ²áí i ∈ S :

Äçëáä� ô� óýíïëïí S äåß÷íåé ðïé«ò óõíôåôáãìÝíåò ôï� y(S) ðñïÝñ÷ïíôáé §ð� ô� y′ êá�
�÷é §ð� ô� y:

Ë�ììá 3.1.2. °Åóôù � : ZN → R+ �ðïéïäÞðïôå ìÝôñïí. °Åóôùóáí �0; �1; : : : ; �k−1 :
Zk−1
N → ZN óõíáñôÞóåéò óô�ò k−1 ìåôáâëçô«ò y1; : : : ; yk−1; ôÝôïéåò �óôå � �i ä«í �îáñ-

ô¦ôáé §ð� ô�í ìåôáâëçô�í yi ãé¥ êÜèå 1 ≤ i ≤ k−1: ¯ÕðïèÝôïõìå �ôé ï� f0; f1; : : : ; fk−1 :
ZN → R ǻéíáé óõíáñôÞóåéò ï� �ðï�åò �êáíïðïéï�í ô�ò |fi(x)| ≤ �(x) ãé¥ êÜèå x ∈ ZN

êá� 0 ≤ i ≤ k − 1: ¯Ïñßæïõìå ãé¥ êÜèå 0 ≤ d ≤ k − 1 ô�ò ðïóüôçôåò

Jd := E

( ∏
S⊆{k−d;:::;k−1}

(k−d−1∏
i=0

fi(�i(y(S)))
)( k−1∏
i=k−d

�1=2(�i(y(S)))
) ∣∣∣ y ∈ Zk−1

N ; y′ ∈ Zd
N

)

êá�

Pd := E

( ∏
S⊆{k−d;:::;k−1}

�(�k−d−1(y(S)))
∣∣∣ y ∈ Zk−1

N ; y′ ∈ Zd
N

)
:

Ôüôå ãé¥ êÜèå 0 ≤ d ≤ k − 2 �ó÷ýåé

|Jd|2 ≤ PdJd+1:

ÐáñáôÞñçóéò. Ìðïñå� í¥ öáßíåôáé ðåñßåñãïí �ôé óô�ò ðïóüôçôåò Jd �ìöáíßæïíôáé ï�
ðáñÜãïíôåò �1=2(�i(y(S)): ±Ïìùò, §öï� � �i ä«í �îáñô¦ôáé §ð� ô�í óõíôåôáãìÝíçí óô�í
èÝóéí i; ðáñáôçñï�ìå �ôé êÜèå ôÝôïéïò ðáñÜãùí �ìöáíßæåôáé äýï öïñ«ò óô� ãéíüìåíïí. ²Áí
èåùñÞóïõìå k = 3 êá�

(3.11) �0(y1; y2) = y1 + y2; �1(y1; y2) = y2=2; �2(y1; y2) = −y1;

ôüôå ï� ðáñáðÜíù �ñéóìï� ì¦ò äßíïõí ô�ò �äéåò ðïóüôçôåò J0; J1; J2 ðï� �ñßóáìå óô�í
ðñïçãïõìÝíçí §ðüäåéîéí.

®Áðüäåéîéò. Èåùñï�ìå ô�í ðïóüôçôá Jd: ®Áöï� � �k−d−1 ä«í �îáñô¦ôáé §ð� ô�í ìåôáâëç-
ô�í yk−d−1; ìðïñï�ìå í¥ �îáéñÝóïõìå �ëåò ô�ò ðïóüôçôåò ðï� �îáñô�íôáé §ð� ô�í �k−d−1

§ð� ô�í �ëïêëÞñùóéí �ò ðñ�ò yk−d−1: ÃñÜöïõìå äçëáä�

Jd = E
(
G(ȳ; y′)H(ȳ; y′)| y1; : : : ; yk−d−2; yk−d; : : : ; yk−1; y

′
k−d; : : : ; y

′
k−1 ∈ ZN

)
;



3.1 Ô� ãåíéêåõìÝíïí èåþñçìá von Neumann ãé¥ øåõäïôõ÷á�á ìÝôñá · 85

�ðïõ

G(ȳ; y′) :=
∏

S⊆{k−d;:::;k−1}

fk−d−1(�k−d−1(y(S)))

êá�

H(ȳ; y′) := E

( ∏
S⊆{k−d;:::;k−1}

(k−d−2∏
i=0

fi(�i(y(S)))
)( k−1∏
i=k−d

�1=2(�i(y(S)))
) ∣∣∣ yk−d−1 ∈ ZN

)

ãé¥ ȳ = (y1; : : : ; yk−d−2; yk−d; : : : ; yk−1); �ðïõ ì« y(S) óô�í ðåñßðôùóéí ô�ò H �ííïï�ìå
ô� äéÜíõóìá ðï� ðñïêýðôåé �ðùò ðáñáðÜíù §ð� ô¥ (ȳ; yk−d−1) êá� y′; �íÿ óô�í ðåñßðôù-
óéí ô�ò G ì¦ò §ñêå� �ðïéáäÞðïôå �ðÝêôáóéò ôï� ȳ ãé¥ ô�í êáèïñéóì�í ôï� §íôéóôïß÷ïõ
äéáíýóìáôïò.

Ðñïöáí�ò,

|Jd| ≤ E
(
|G(ȳ; y′)| · |H(ȳ; y′)| | ȳ ∈ Zk−2

N ; y′ ∈ ZdN
)

≤ E
[( ∏

S⊆{k−d;:::;k−1}

�(�k−d−1(y(S)))
)
· |H(ȳ; y′)|

∣∣ ȳ ∈ Zk−2
N ; y′ ∈ ZdN

]
§ð� ô¥ êáô¥ óçìå�ïí öñÜãìáôá ãé¥ ô�í fk−d−1: Óõíåð�ò, èÝôïíôáò

Ḡ(ȳ; y′) :=
∏

S⊆{k−d;:::;k−1}

�1=2(�k−d−1(y(S)))

êá�

H̄(ȳ; y′) :=
( ∏
S⊆{k−d;:::;k−1}

�1=2(�k−d−1(y(S)))
)
· |H(ȳ; y′)|

=
∣∣∣E( ∏

S⊆{k−d;:::;k−1}

(k−d−2∏
i=0

fi(�i(y(S)))
)( k−1∏
i=k−d−1

�1=2(�i(y(S)))
) ∣∣∣ yk−d−1 ∈ ZN

)∣∣∣;
êá� �öáñìüæïíôáò ô�í §íéóüôçôá Cauchy-Schwarz óô�ò Ḡ êá� H̄; êáôáëÞãïõìå �ôé

|Jd|2 ≤ E
[( ∏

S⊆{k−d;:::;k−1}

�(�k−d−1(y(S)))
)
· |H(ȳ; y′)|

∣∣ ȳ ∈ Zk−2
N ; y′ ∈ Zd

N

]2
= E

(
Ḡ(ȳ; y′)H̄(ȳ; y′)| y1; : : : ; yk−d−2; yk−d; : : : ; yk−1; y

′
k−d; : : : ; y

′
k−1 ∈ ZN

)2
≤ E

(
(Ḡ(ȳ; y′))2| y1; : : : ; yk−d−2; yk−d; : : : ; yk−1; y

′
k−d; : : : ; y

′
k−1 ∈ ZN

)
×

× E
(
(H̄(ȳ; y′))2| y1; : : : ; yk−d−2; yk−d; : : : ; yk−1; y

′
k−d; : : : ; y

′
k−1 ∈ ZN

)
:
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±Ïìùò, §öï� � Ḡ(ȳ; y′) ä«í �îáñô¦ôáé §ð� ô�í ìåôáâëçô�í yk−d−1; �÷ïõìå �ôé �

Pd = E
(
(Ḡ(ȳ; y′))2| y ∈ Zk−1

N ; y′ ∈ Zd
N

)
ǻéíáé §êñéâ�ò �óç ì«

E
(
(Ḡ(ȳ; y′))2| y1; : : : ; yk−d−2; yk−d; : : : ; yk−1; y

′
k−d; : : : ; y

′
k−1 ∈ ZN

)
:

®Åðßóçò, §íáðôýóóïíôáò ô� (H̄(ȳ; y′))2 êá� §íôéêáèéóô�íôáò ô�í ìåôáâëçô�í yk−d−1 §ð�
äýï ìåôáâëçô«ò yk−d−1 êá� y′k−d−1; âëÝðïõìå �ôé

E
(
(H̄(ȳ; y′))2| y1; : : : ; yk−d−2; yk−d; : : : ; yk−1; y

′
k−d; : : : ; y

′
k−1 ∈ ZN

)
= Jd+1:

°Å÷ïõìå �ðïìÝíùò ô� æçôïýìåíïí.

Ìåô¥ §ð� k − 1 �öáñìïã«ò ôï� ðáñáðÜíù ëÞììáôïò ðñïêýðôåé ãé¥ ô�í

(3.12) J0 = E

(
k−1∏
i=0

fi(�i(y))
∣∣ y ∈ Zk−1

N

)
�ôé

(3.13) |J0|2
k−1

≤ Jk−1

k−2∏
d=0

P 2k−2−d

d :

®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1:5:1: ²Áò èõìçèï�ìå �ôé �÷ïõìå í¥ äåßîïõìå �ôé

∣∣∣E
f0(x) · k−1∏

j=1

T�
′
jrfj(x)

∣∣x; r ∈ ZN

∣∣∣ ≤ (1 + o(1))‖f0‖Uk−1 ;

�ðïõ ô¥ �′j = �j − �0 ǻéíáé ì� ìçäåíéê¥ êá� êáô' §ðüëõôçí ôéì�í ìéêñüôåñá ôï� k (§öï�
ô¥ �0; �1; : : : ; �k−1 ó÷çìáôßæïõí ìåôÜèåóéí ôï� {0; 1; : : : ; k − 1}): ¯Ç ìÝóç ôéì� óô� §ñé-
óôåñ�í ìÝëïò ìðïñå� í¥ ãñáöå� �ðùò óô�í (3:12) ²áí �ñßóïõìå êáôÜëëçëá ô�ò �i: Ãé¥
y = (y1; : : : ; yk−1); èÝôïõìå

�i(y) :=
k−1∑
j=1

(
1− �′i

�′j

)
yj

ãé¥ êÜèå i = 0; 1; : : : ; k − 1: Ôüôå �0(y) = y1 + · · · + yk−1; ãé¥ êÜèå i 6= 0 ô� �i(y) ä«í
�îáñô¦ôáé §ð� ô� yi; êá� ôÝëïò, ãé¥ êÜèå y �÷ïõìå �i(y) = x− �′ir �ðïõ

x = y1 + · · ·+ yk−1 êá� r =
k−1∑
j=1

yj
�′j
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(� (3:11) ǻéíáé §êñéâ�ò � ðåñßðôùóéò k = 3; �j = j á�ô�ò ô�ò ãåíéê�ò êáôáóêåõ�ò).
®Åðåéä� � óõíÜñôçóéò Φ : Zk−1

N → Z2
N ðï� �ñßæåôáé §ð� ô�ò ðáñáðÜíù ó÷Ýóåéò,

Φ(y) :=
(
y1 + · · ·+ yk−1;

y1
�′1

+
y2
�′2

+ · · ·+ yk−1

�′k−1

)
;

ǻéíáé �ìïéüìïñöïí êÜëõììá (âëÝðå �ñïëïãßáí �íüôçôïò 1.1), êáôáëÞãïõìå �ôé

(3.14) E

(
f0(x) ·

k−1∏
j=1

fj(x− �′jr)
∣∣x; r ∈ ZN

)
= E

(
k−1∏
i=0

fi(�i(y))
∣∣ y ∈ Zk−1

N

)
= J0

(á�ô� ãåíéêåýåé ô�í (3:7)):
®Áð� ô�í ©ëëçí, �÷ïõìå Pd = 1 + o(1) ãé¥ êÜèå 0 ≤ d ≤ k− 2; §öï� � �ðüèåóéò �ôé ô�

� ǻéíáé k−øåõäïôõ÷á�ïí óõíåðÜãåôáé ô�í (2d; k− 1 + d; k)−óõíèÞêçí ãñáììéê�í ìïñö�í
(�ëÝã÷ïõìå âåâáßùò êá� �ôé, �ôóé �ðùò �ñßóáìå ô�ò �i; êáèåìßá åßíáé ãñáììéê� ìïñö� ì«
ñ̄çôï�ò óõíôåëåóô«ò

1− �′i
�′j

=
�′j − �′i
�′j

=
�j − �i
�j − �0

ô�í �ðïßùí ï� §ñéèìçô«ò êá� ï� ðáñïíïìáóô«ò ǻéíáé §ðïëýôùò ìéêñüôåñïé ôï� k): ®Áíôéêá-
èéóô�íôáò óô�í (3:13) âëÝðïõìå �ôé

(3.15) J2k−1

0 ≤ (1 + o(1))Jk−1

(á�ô� ãåíéêåýåé ô�í (3:8)):
Ðáñáôçñï�ìå ôþñá �ôé ãé¥ óôáèåñ�í y ∈ Zk−1

N ï� äéÜöïñåò ôéì«ò ôï� �0(y(S)); êáè�ò
ô� S ìåôáâÜëëåôáé ìåôáî� ô�í �ðïóõíüëùí ôï� {1; : : : ; k − 1}; ó÷çìáôßæïõí �íáí êýâïí
äéáóôÜóåùò k − 1; ô� óýíïëïí {x+ ! · h : ! ∈ {0; 1}k−1} �ðïõ x := y1 + · · ·+ yk−1 êá�
hi := y′i − yi; i = 1; : : : ; k − 1: Ìðïñï�ìå �ðïìÝíùò í¥ ãñÜøïõìå

(3.16) Jk−1 = E

(
W (x; h)

∏
!∈{0;1}k−1

f0(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zk−1

N

)

�ðïõ � ðáñÜãùí W (x; h) äßíåôáé §ð� ô�í ó÷Ýóéí

W (x; h) = E

( ∏
!∈{0;1}k−1

k−1∏
i=1

�1=2(�i(y + !h))
∣∣∣ y1; : : : ; yk−2 ∈ ZN

)

= E

(
k−1∏
i=1

∏
!∈{0;1}k−1

!i=0

�(�i(y + !h))
∣∣∣ y1; : : : ; yk−2 ∈ ZN

)
;
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óô�í �ðïßáí !h ∈ Zk−1
N ǻéíáé ô� äéÜíõóìá ì« óõíôåôáãìÝíåò (!h)j := !jhj ãé¥ 1 ≤

j ≤ k − 1; �íÿ y ∈ Zk−1
N ô� äéÜíõóìá ì« óõíôåôáãìÝíåò yj ãé¥ 1 ≤ j ≤ k − 2 êá�

yk−1 := x − y1 − · · · − yk−2 (�ôóé ãåíéêåýïõìå ô�í (3:9)): Èõìüìáóôå �ìùò §ð� ô�í
�ñéóì�í ô�ò Uk−1 íüñìáò �ôé

E

( ∏
!∈{0;1}k−1

f0(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zk−1

N

)
= ‖f0‖2

k−1

Uk−1 ;

�ðïìÝíùò ô� æçôïýìåíïí è¥ ðñïêýøåé §ð� ô�ò (3:14); (3:15) êá� (3:16) ²áí äåßîïõìå ô�í

E

(
(W (x; h)− 1)

∏
!∈{0;1}k−1

f0(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zk−1

N

)
= o(1):

®Áð� ô¥ êáô¥ óçìå�ïí öñÜãìáôá (3:3) ãé¥ ô�í f0; ì¦ò §ñêå� � �êôßìçóéò

E

(
|W (x; h)− 1|

∏
!∈{0;1}k−1

�(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zk−1

N

)
= o(1);

� �ðïßá ôåëéê�ò �ðåôáé §ð� ô�í §íéóüôçôá Cauchy-Schwarz êá� ô� �ðüìåíïí ë�ììá:

Ë�ììá 3.1.3. Ãé¥ n = 0; 2 �ó÷ýåé

E

(
|W (x; h)− 1|n

∏
!∈{0;1}k−1

�(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zk−1

N

)
= 0n + o(1):

®Áðüäåéîéò. ®Áíáðôýóóïíôáò ô� (W (x; h)−1)2 óô�í ðåñßðôùóéí n = 2; âëÝðïõìå �ôé §ñêå�
í¥ äåé÷èï�í ï� �êôéìÞóåéò

E

(
W q(x; h)

∏
!∈{0;1}k−1

�(x+ ! · h)
∣∣x ∈ ZN ; h ∈ Zk−1

N

)
= 1 + o(1)

ãé¥ q = 0; 1; 2: È¥ ÷ñåéáóôï�ìå ôñå�ò �öáñìïã«ò ô�ò óõíèÞêçò ãñáììéê�í ìïñö�í:

q = 0. ®Åðéêáëïýìáóôå ô�í (2k−1; k; 1)−óõíèÞêçí ãé¥ ô�ò ãñáììéê«ò ìïñö«ò

x+ ! · h; ! ∈ {0; 1}k−1;

óô�ò ìåôáâëçô«ò x; h1; : : : ; hk−1:

q = 1. ®Åðéêáëïýìáóôå ô�í (2k−2(k+ 1); 2k− 2; k)−óõíèÞêçí ãé¥ ô�ò ãñáììéê«ò ìïñö«ò

�i(y + !h) ãé¥ ! ∈ {0; 1}k−1 ì« !i = 0; 1 ≤ i ≤ k − 1;

x+ ! · h ãé¥ ! ∈ {0; 1}k−1;
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óô�ò ìåôáâëçô«ò x; h1; : : : ; hk−1; y1; : : : ; yk−2 (�ðïõ, �ðùò å�ðáìå, ì« y óõìâïëßæïõìå ô�
äéÜíõóìá (y1; : : : ; yk−2; x− y1−· · ·− yk−2) ∈ Zk−1

N ; êá� ì« !h ô� (!1h1; : : : ; !k−1hk−1)):

q = 2. ®Åðéêáëïýìáóôå ô�í (k · 2k−1; 3k − 4; k)−óõíèÞêçí ãé¥ ô�ò ãñáììéê«ò ìïñö«ò

�i(y + !h) ãé¥ ! ∈ {0; 1}k−1 ì« !i = 0; 1 ≤ i ≤ k − 1;

�i(y′ + !h) ãé¥ ! ∈ {0; 1}k−1 ì« !i = 0; 1 ≤ i ≤ k − 1;

x+ ! · h ãé¥ ! ∈ {0; 1}k−1;

óô�ò ìåôáâëçô«ò x; h1; : : : ; hk−1; y1; : : : ; yk−2; y
′
1; : : : ; y

′
k−2 (§íáëüãùò ì« ðñßí, y′ ǻéíáé ô�

äéÜíõóìá (y1; : : : ; yk−2; x− y1 − · · · − yk−2) ∈ Zk−1
N ):

°Åôóé §ðïäåéêíýïõìå ô� ë�ììá, êáè�ò êá� ô� Èåþñçìá 1:5:1:

3.2 Ô� Èåþñçìá ÄéáóðÜóåùò 1.5.2

²Áò èõìçèï�ìå �ôé �÷ïõìå í¥ äåßîïõìå ô�

Èåþñçìá 1.5.2: °Åóôù � k−øåõäïôõ÷á�ïí ìÝôñïí. °Åóôù f óõíÜñôçóéò ôÝôïéá �óôå
ãé¥ êÜèå x ∈ ZN ; 0 ≤ f(x) ≤ �(x); êá� �óôù 0 < " � 1 ðáñÜìåôñïò. Ôüôå �ðÜñ÷ïõí
ó-©ëãåâñá B êá� óýíïëïí Ω ∈ B �ôóé �óôå:

• (ô� Ω ǻéíáé ìéêñüí �ò ðñ�ò ô� ìÝôñïí �)

(3.17) E(�1Ω) = o"(1);

• (ô� � êáôáíÝìåôáé �ìïéüìïñöá �îù §ð� ô� Ω)

(3.18) ‖(1− 1Ω)E(� − 1|B)‖L∞ = o"(1);

• (� �ñèïãþíéá óô�í B óõíéóô�óá ô�ò f ǻéíáé Gowers �ìïéüìïñöç)

ãé¥ êÜèå N > §ð� êÜðïéï N0(");

(3.19) ‖(1− 1Ω)(f − E(f |B))‖Uk−1 ≤ "1=2
k

:

3.2.1 Ï� âáóéê«ò Gowers-§íïìïéüìïñöåò óõíáñôÞóåéò ãé¥ ô� èåþñçìá ô�í
Green êá� Tao

Óô� Ë�ììá 2:2:8 å�äáìå �ôé êÜèå öñáãìÝíç óõíÜñôçóéò f óõó÷åôßæåôáé ì« ìßá öñá-
ãìÝíçí, �ìïéüìïñöá ó÷åä�í ðåñéïäéê�í óõíÜñôçóéí Df; � ïðïßá �÷åé UAP k−2 íüñìá
≤ 1: È¥ äï�ìå ôþñá �ôé � �äéá äõúê� óõíÜñôçóéò ǻéíáé Gowers §íïìïéüìïñöç �ôáí �
f öñÜóóåôáé §ð� êÜðïéï øåõäïôõ÷á�ïí ìÝôñïí �; äçëáä� �ôé �ó÷ýåé ‖Df‖Uk−1 = O(1)
êá� ‖Df‖L∞ = O(1); êÜôé ðï� ì¦ò §ñêå� ãé¥ í¥ äéáôõðþóïõìå ðñïôÜóåéò §íôßóôïé÷åò
ô�í 2:2:1; 2:2:3 ãé¥ ô� Èåþñçìá ÄéáóðÜóåùò 1:5:2: ¯Õðåíèõìßæïõìå §ð� ô�í ÐáñáôÞñçóéí
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2:2:9 �ôé ãé¥ êÜèå óõíÜñôçóéí f : ZN → R; � äõúê� óõíÜñôçóéò ôÜîåùò k−1 ô�ò f äßíåôáé
§ð� ô�í ôýðïí

(3.20) Df(x) := E

 ∏
!∈{0;1}k−1

! 6=0k−1

f(x+ ! · h)
∣∣h ∈ Zk−1

N

 :

Ë�ììá 3.2.1. °Åóôù k−øåõäïôõ÷á�ïí ìÝôñïí �; êá� �óôù F : ZN → R óõíÜñôçóéò.
Ôüôå �ó÷ýïõí ï� ôáõôüôçôåò

(3.21) 〈F;DF 〉 = ‖F‖2
k−1

Uk−1

êá�

(3.22) ‖DF‖(Uk−1)∗ = ‖F‖2
k−1−1
Uk−1 :

²Áí �ðéðëÝïí �ó÷ýåé

|F (x)| ≤ 3
2
(�(x) + 1) ãé¥ êÜèå x ∈ ZN ;

ôüôå ìðïñï�ìå í¥ äåßîïõìå �ôé

(3.23) ‖DF‖L∞ ≤ 32k−1−1 + o(1)

ì« ô¥ óöÜëìáôá óô�í (3:23) í¥ �îáñô�íôáé ìüíïí §ð� ô� ìÝôñïí � êá� �÷é §ð� ô�í
�êÜóôïôå F:

®Áðüäåéîéò. Ô�í ôáõôüôçôá (3:21) ô�í �÷ïõìå �äç äåßîåé óô� Ë�ììá 2:2:8 (§ðïäåéêíýåôáé
êá� §ðåõèåßáò, §ð� ô�í �ñéóì�í ôï� �óùôåñéêï� ãéíïìÝíïõ äýï óõíáñôÞóåùí, ô�í ôýðïí
(3:20) êá� ô�í ôýðïí (1:16) ô�ò Uk−1 íüñìáò). ®Áð� ô�í (3:21) êá� ô�í ðñïöáí� §íéóüôçôá
〈F;DF 〉 ≤ ‖F‖Uk−1‖DF‖(Uk−1)∗ ; �÷ïõìå �ôé

‖DF‖(Uk−1)∗ ≥ ‖F‖2
k−1−1
Uk−1 :

Å̄ðïìÝíùò ãé¥ ô�í (3:22); §ñêå� í¥ äåßîïõìå �ôé ãé¥ êÜèå óõíÜñôçóéí f : ZN → R �ó÷ýåé

|〈f;DF 〉| ≤ ‖f‖Uk−1‖F‖2
k−1−1
Uk−1 :

®Áëë¥ §ð� ô�í ôýðïí (3:20) ãé¥ ô�í äõúê�í óõíÜñôçóéí ô�ò F; ô� �óùôåñéê�í ãéíüìåíïí
〈f;DF 〉 �óï�ôáé ì« ô� �óùôåñéê�í ãéíüìåíïí Gowers ô�ò §êïëïõèßáò (f!)!∈{0;1}k−1 �ðïõ

f! := f �ôáí ! = 0k−1; f! := F §ëëé�ò. °Áñá, ô� æçôïýìåíïí �ðåôáé §ð� ô�í §íéóüôçôá
Gowers-Cauchy-Schwarz.



3.2 Ô� Èåþñçìá ÄéáóðÜóåùò 1:5:2 · 91

¯Ç (3:23); ôÝëïò, ǻéíáé óõíÝðåéá ô�ò óõíèÞêçò ãñáììéê�í ìïñö�í: §öï� � F öñÜóóåôáé
§ð� 3(� + 1)=2 =: 3�1=2; §ñêå� í¥ äåßîïõìå �ôé

D�1=2(x) ≤ 1 + o(1)

�ìïéüìïñöá ãé¥ x óô� ZN : ®Áð� ô�í ôýðïí (3:20); ô� §ñéóôåñ�í ìÝëïò ãñÜöåôáé �ò

E

 ∏
!∈{0;1}k−1

! 6=0k−1

�1=2(x+ ! · h)
∣∣h ∈ Zk−1

N

 ;

�íÿ §ð� ô�í óõíèÞêçí ãñáììéê�í ìïñö�í ãé¥ ô� ìÝôñïí �1=2 (ô� �ðï�ïí ǻéíáé k−øåõäï-
ôõ÷á�ïí §ð� ô� Ë�ììá 1:1:8), �÷ïõìå �ôé � ðáñáðÜíù ìÝóç ôéì� ǻéíáé �óç ì« 1 + o(1):

Óçìåßùóéò. Á�ô� ǻéíáé � ìüíç öïñ¥ ðï� è¥ ÷ñåéáóôå� í¥ �öáñìüóïõìå ô�í óõíèÞêçí
ãñáììéê�í ìïñö�í ì« ôï�ò óôáèåñï�ò �ñïõò bi óô�ò ãñáììéê«ò ìïñö«ò í¥ ì�í ǻéíáé �ëïé
0 (�ä� ô¥ bi ǻéíáé �ëá �óá ì« x). Ô� ðáñÜäåéãìá (1:7) §íôéóôïé÷å� óô�í ðåñßðôùóéí k = 3
ô�ò ðáñáðÜíù �êöñÜóåùò.

ÐáñáôÞñçóéò 3.2.2. Å�äáìå �ôé �îáéôßáò ôï� ËÞììáôïò 3:1:1; ²áí � F öñÜóóåôáé §ðïëýôùò
§ð� 3

2 (� + 1); ôüôå ‖F‖Uk−1 ≤ 3 + o(1): ±Åðåôáé §ð� ô�ò (3:22); (3:23) �ôé � äõúêÞ ôçò DF
ǻéíáé Gowers §íïìïéüìïñöç, äçëáä� ‖DF‖(Uk−1)∗ = O(1) êá� ‖DF‖L∞ = O(1): ±Ïðùò
å�ðáìå êá� óô�í ÐáñáôÞñçóéí 2:2:9; á�ô«ò ï� äõúê«ò óõíáñôÞóåéò è¥ ǻéíáé ï� âáóéê«ò Gowers
§íïìïéüìïñöåò óõíáñôÞóåéò ãé¥ ô� Èåþñçìá 1:1:10; á�ô«ò äçëáä� ðï� è¥ óõó÷åôßóïõìå ì«
êáôÜëëçëåò ó-©ëãåâñåò, §íÜìåóá óô�ò �ðï�åò è¥ âñßóêåôáé êá� � æçôïõìÝíç óô� Èåþñçìá
ÄéáóðÜóåùò 1:5:2 ó-©ëãåâñá. ®Áð� ô�í (3:23) ðñïêýðôåé �ôé ²áí ô� N ǻéíáé §ñêåô¥ ìåãÜëï
(ó« ó÷Ýóéí ì« ô� ìÝôñïí �), ôüôå �ëåò ï� âáóéê«ò Gowers §íïìïéüìïñöåò óõíáñôÞóåéò

ðáßñíïõí ôéì«ò óô� äéÜóôçìá I := [−32k−1
; 32k−1

]:

ÓõíäõÜæïíôáò ô� Ë�ììá 3:1:1 êá� ô�í (3:22); �÷ïõìå �ôé ãé¥ êÜèå âáóéê�í Gowers
§íïìïéüìïñöçí óõíÜñôçóéí DF �ó÷ýåé 〈� − 1;DF 〉 = o(1) (ï� Green êá� Tao ëÝíå ãé¥
á�ô�í ô�í �äéüôçôá �ôé £ô� ìÝôñïí � êáôáíÝìåôáé �ìïéüìïñöá �ò ðñ�ò ô�í óõíÜñôçóéí
DF ¤). È¥ äï�ìå ôþñá �ôé � �äéüôçò ìåôáöÝñåôáé êá� óôï�ò óõíå÷å�ò óõíäõáóìï�ò ô�í
âáóéê�í Gowers §íïìïéïìüñöùí óõíáñôÞóåùí.

Ðñüôáóéò 3.2.3. °Åóôù �ôé ô� � ǻéíáé k−øåõäïôõ÷á�ïí ìÝôñïí. °Åóôù M ≥ 1 öõóéêüò,
�óôù Φ : IM → R óõíå÷�ò óõíÜñôçóéò, êá� �óôùóáí DF1; : : : ;DFM âáóéê«ò Gowers
§íïìïéüìïñöåò óõíáñôÞóåéò. ¯Ïñßæïõìå ô�í óõíÜñôçóéí  : ZN → R èÝôïíôáò

 (x) := Φ(DF1(x); : : : ;DFM (x));

êá� �÷ïõìå �ôé

(3.24) 〈� − 1;  〉 = oΦ(1):
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®ÅðéðëÝïí, ²áí � Φ �ðéëÝãåôáé §ð� êÜðïéï óõìðáã«ò óýíïëïí E ôï� ÷þñïõ C0(IM ) ô�í
ðñáãìáôéê�í óõíå÷�í óõíáñôÞóåùí §ð� ô� IM (ì« ô�í ôïðïëïãßáí ðï� �ðÜãåôáé §ð� ô�í
supremum íüñìá); ôüôå ô¥ öñÜãìáôá óô�í (3:24) ǻéíáé �ìïéüìïñöá �ò ðñ�ò Φ (äçëáä�
ìðïñï�ìå í¥ §íôéêáôáóôÞóïõìå ô� oΦ(1) ì« oE(1)):

®Áðüäåéîéò. È¥ äåßîïõìå ô� æçôïýìåíïí ó« äýï óôÜäéá, ðñ�ôá äåß÷íïíôÜò ôï ãé¥ Φ ðï-
ëõþíõìïí, êá� ìåô¥ ÷ñçóéìïðïé�íôáò ô� èåþñçìá Weierstrass ãé¥ ô�í ãåíéê�í ðåñßðôùóéí.
Èåùñï�ìå ëïéð�í öõóéê�í M ≥ 1; êá� óõíáñôÞóåéò F1; : : : ; FM : ZN → R ôÝôïéåò �óôå
í¥ �ó÷ýåé

(3.25) |Fj(x)| ≤ �(x) + 1 ãé¥ êÜèå x ∈ ZN ; 1 ≤ j ≤M:

Ë�ììá 3.2.4. °Åóôù d ≥ 1: Ãé¥ êÜèå ðïëõþíõìïí P âáèìï� d; ì« M ìåôáâëçô«ò êá� ì«
ðñáãìáôéêï�ò óõíôåëåóô«ò §íåîáñôÞôïõò ôï� N; �÷ïõìå �ôé

‖P (DF1; : : : ;DFM )‖(Uk−1)∗ = OM;d;P (1):

Óçìåßùóéò. Öáßíåôáé �óùò ðåñßåñãïí �ôé ä«í �ðÜñ÷åé êáíÝíáò ðåñéïñéóì�ò óô¥ Ì;d;
äåäïìÝíïõ �ôé ô¥ ìÝóá ðï� �÷ïõìå í¥ ÷ñçóéìïðïéÞóïõìå ǻéíáé ï� óõíè�êåò ãñáììéê�í
ìïñö�í êá� óõó÷åôéóìï�, êá� á�ô«ò �÷ïõí öñáãìÝíåò ðáñáìÝôñïõò. ²Áò èõìçèï�ìå �ìùò
�ôé, �íÿ ô� m óô�í (1:10) ǻéíáé öñáãìÝíïí, ä«í �ðÜñ÷åé ðåñéïñéóì�ò ãé¥ ô� q óô�í (1:9):

Öáßíåôáé �ðßóçò ðëåïíáóì�ò í¥ ãñÜöïõìå OM;d;P (1); �ôáí ô¥ M êá� d ðñïöáí�ò
êáèïñßæïíôáé §ð� ô� ðïëõþíõìïí P: Á�ô� ðï� �ííïï�ìå, �ðùò è¥ öáíå� óô�í §ðüäåéîéí,
ǻéíáé �ôé ìðïñï�ìå í¥ âñï�ìå öñÜãìá ðï� �îáñô¦ôáé (ì« ôñüðïí �ðïëïãßóéìïí) ìüíïí
§ð� ô� ðë�èïò ô�í ìåôáâëçô�í M; ô�í âáèì�í d; êá� ô�í ìÝãéóôïí êáô' §ðüëõôçí ôéì�í
óõíôåëåóô�í ôï� P:

®Áðüäåéîéò ëÞììáôïò. ®Áöï� � (Uk−1)∗ ǻéíáé èåôéê�ò �ìïãåí�ò êá� �êáíïðïéå� ô�í ôñé-
ãùíéê�í §íéóüôçôá, §ñêå� í¥ äåßîïõìå ô� æçôïýìåíïí ãé¥ ìïíþíõìá. ®ÁöÞíïíôáò ìÜëéóôá
ô� M í¥ ìåôáâÜëëåôáé ìåôáî� 1 êá� d; êá� �ðáíáëáìâÜíïíôáò êáôÜëëçëá ²ç ðáñáëåßðï-
íôáò êÜðïéåò §ð� ô�ò Fj (äçëáä� èåùñ�íôáò �ëåò ô�ò äõíáô«ò �ðéëïã«ò ô� ðïë� d óõíáñ-
ôÞóåùí §ð� ô�ò Fj), âëÝðïõìå �ôé §ñêå� í¥ äåßîïõìå ô� æçôïýìåíïí ãé¥ ô� ìïíþíõìïí
P (x1; : : : ; xM ) = x1 : : : xM : ®Áð� ô�í �ñéóì�í ô�ò (Uk−1)∗ íüñìáò, �÷ïõìå �ðïìÝíùò í¥
äåßîïõìå �ôé 〈

f;

M∏
j=1

DFj
〉

= OM (1)

ãé¥ êÜèå f : ZN → R ãé¥ ô�í �ðïßáí ‖f‖Uk−1 ≤ 1: ÌÜëéóôá, �ðùò êá� óô�í §ðüäåéîéí
ôï� ãåíéêåõìÝíïõ èåùñÞìáôïò von Neumann, ìðïñï�ìå í¥ §íôéêáôáóôÞóïõìå ô� � ì« ô�
k−øåõäïôõ÷á�ïí ìÝôñïí (� + 1)=2; í¥ äéáéñÝóïõìå ô�ò Fj ì« 2, êá� í¥ îáíáãñÜøïõìå ô�ò
�êôéìÞóåéò (3:25) �ò

(3.26) |Fj(x)| ≤ �(x) ãé¥ êÜèå x ∈ ZN ; 1 ≤ j ≤M;
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ì« ô� æçôïýìåíïí í¥ ðáñáìÝíåé � ó÷Ýóéò
〈
f;
∏M
j=1DFj

〉
= OM (1):

®Áð� ô�í (3:20) §íáðôýóóïõìå ô� ðáñáðÜíù �óùôåñéê�í ãéíüìåíïí �ò

(3.27) E

f(x)
M∏
j=1

E

 ∏
!∈{0;1}k−1

! 6=0k−1

Fj(x+ ! · h(j))
∣∣h(j) ∈ Zk−1

N

∣∣∣x ∈ ZN

 :

Ãé¥ êÜèå h ∈ Zk−1
N êÜíïõìå ô�í §ëëáã�í ìåôáâëçô�í h(j) = h+H(j); êá� âëÝðïõìå �ôé

M∏
j=1

E

 ∏
!∈{0;1}k−1

! 6=0k−1

Fj(x+ ! · h(j))
∣∣h(j) ∈ Zk−1

N

 =

M∏
j=1

E

 ∏
!∈{0;1}k−1

! 6=0k−1

Fj(x+ ! ·H(j) + ! · h)
∣∣H(j) ∈ Zk−1

N

 ;

©ñá � (3:27) ãñÜöåôáé êá� �ò

E

f(x)
M∏
j=1

E

 ∏
!∈{0;1}k−1

! 6=0k−1

Fj(x+ ! ·H(j) + ! · h)
∣∣H(j) ∈ Zk−1

N

∣∣∣x ∈ ZN ; h ∈ Zk−1
N

 :

®Áíáðôýóóïíôáò ô� ãéíüìåíïí �ò ðñ�ò j êá� �íáëëÜóóïíôáò ô�í óåéñ¥í ô�í �ëïêëç-
ñþóåùí, âëÝðïõìå �ôé, §ð� ô�í �ñéóì�í ôï� �óùôåñéêï� ãéíïìÝíïõ Gowers, ãé¥ êÜèå
H := (H(1); : : : ;H(M)) �

E

f(x)
∏

!∈{0;1}k−1

! 6=0k−1

 M∏
j=1

Fj(x+ ! ·H(j) + ! · h)

∣∣∣x ∈ ZN ; h ∈ Zk−1
N


ǻéíáé §êñéâ�ò ô� �óùôåñéê�í ãéíüìåíïí äéáóôÜóåùò k−1 ô�ò §êïëïõèßáò (f!;H)!∈{0;1}k−1 ;

ì« f0;H := f; êá� f!;H := g!•H ãé¥ ! 6= 0k−1; �ðïõ óõìâïëßæïõìå ì« ! •H ô� äéÜíõóìá
(! ·H(1); : : : ; ! ·H(M)) êá� �ñßæïõìå

(3.28) gu(1);:::;u(M)(x) :=
M∏
j=1

Fj(x+ u(j)) ãé¥ �ëá ô¥ u(1); : : : ; u(M) ∈ ZN :
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±Åðåôáé �ôé � (3:27) ǻéíáé �óç ì« ô�í ìÝóçí ôéì�í �ò ðñ�ò H á�ô�í ô�í �óùôåñéê�í
ãéíïìÝíùí Gowers, äçëáä� ì« ô�í

E
(〈

(f!;H)!∈{0;1}k−1

〉
Uk−1

∣∣H ∈
(
Zk−1
N

)M)
:

Ô� �ðüìåíïí â�ìá ǻéíáé, ÷ñçóéìïðïé�íôáò ô�í §íéóüôçôá Gowers-Cauchy-Schwarz, í¥
öñÜîïõìå §ðïëýôùò ô�í ðáñáðÜíù ìÝóçí ôéì�í §ð�

E

‖f‖Uk−1

∏
!∈{0;1}k−1

! 6=0k−1

‖g!•H‖Uk−1

∣∣H ∈
(
Zk−1
N

)M
 ;

�ðüôå è¥ ÷ñåéÜæåôáé í¥ äåßîïõìå �ôé

E

 ∏
!∈{0;1}k−1

! 6=0k−1

‖g!•H‖Uk−1

∣∣H ∈
(
Zk−1
N

)M
 = OM (1):

ÄåäïìÝíïõ �ôé ãé¥ êÜèå H ∈
(
Zk−1
N

)M
�ó÷ýåé

∏
!∈{0;1}k−1

! 6=0k−1

‖g!•H‖Uk−1 ≤

 max
!∈{0;1}k−1

! 6=0k−1

‖g!•H‖Uk−1


2k−1−1

≤
∑

!∈{0;1}k−1

! 6=0k−1

‖g!•H‖2
k−1−1
Uk−1 ;

§ñêå� í¥ öñÜîïõìå (�ìïéüìïñöá �ò ðñ�ò N) ô�í E
(
‖g!•H‖2

k−1−1
Uk−1

∣∣H ∈
(
Zk−1
N

)M)
ãé¥

êÜèå ! ∈ {0; 1}k−1 \ {0k−1}: ÌÜëéóôá, §öï� êÜèå ‖g!•H‖Uk−1 ìðïñå� í¥ ãñáöå� �ò ìßá
ìÝóç ôéì� �øùìÝíç óô�í äýíáìéí 1=2k−1; âïëåýåé ðåñéóóüôåñïí êá� §ñêå�, ÷ñçóéìïðïé�-
íôáò ô�í §íéóüôçôá H�older, í¥ äåßîïõìå ô�í

(3.29) E
(
‖g!•H‖2

k−1

Uk−1

∣∣H ∈
(
Zk−1
N

)M)
= OM (1):

Ãé¥ êÜèå ! 6= 0k−1; � §ðåéêüíéóéò H 7→ ! • H �ðÜãåé �ìïéüìïñöïí êÜëõììá ôï�

ZM
N §ð� ô�

(
Zk−1
N

)M
(âëÝðå �ñïëïãßáí �íüôçôïò 1.1), ©ñá ô� §ñéóôåñ�í ìÝëïò ô�ò (3:29)

�óï�ôáé ì«

E
(
‖gu(1);:::;u(M)‖2

k−1

Uk−1 |u(1); : : : ; u(M) ∈ ZN

)
:
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®Áíáðôýóóïíôáò ô�í ‖gu(1);:::;u(M)‖2
k−1

Uk−1 ; ì« ÷ñ�óéí ôï� ôýðïõ (1:16) êá� ô�ò (3:28); ìðï-
ñï�ìå í¥ ô� îáíáãñÜøïõìå �ò

E

 ∏
!̃∈{0;1}k−1

M∏
j=1

Fj(x+ u(j) + h · !̃)
∣∣x ∈ ZN ; h ∈ Zk−1

N ; u(1); : : : ; u(M) ∈ ZN


�, �ðåéôá §ð� ðáñáãïíôïðïßçóéí, �ò

E

 M∏
j=1

E

 ∏
!̃∈{0;1}k−1

Fj(x+ u(j) + h · !̃)
∣∣u(j) ∈ ZN

∣∣∣x ∈ ZN ; h ∈ Zk−1
N

 :

×ñçóéìïðïé�íôáò êá� ô�ò �êôéìÞóåéò (3:26); êáôáëÞãïõìå �ôé ãé¥ ô� æçôïýìåíïí §ñêå� í¥
�ó÷ýåé �

E

E

 ∏
!̃∈{0;1}k−1

�(x+ u+ h · !̃)
∣∣u ∈ ZN

M ∣∣∣x ∈ ZN ; h ∈ Zk−1
N

 = OM (1):

ÊÜíïõìå �ðéðëÝïí ô�í §ëëáã�í ìåôáâëçô�í y := x+ u; �ðüôå � �ëïêëÞñùóéò �ò ðñ�ò x
ðáýåé í¥ �÷åé óçìáóßáí, êá� ìÝíåé í¥ äåßîïõìå �ôé

E

E

 ∏
!̃∈{0;1}k−1

�(y + h · !̃)
∣∣ y ∈ ZN

M ∣∣∣h ∈ Zk−1
N

 = OM (1):

®Åä� ðëÝïí ìðïñï�ìå í¥ �öáñìüóïõìå ô�í óõíèÞêçí óõó÷åôéóìï� (ǻéíáé ìÜëéóôá ô�
ìïíáäéê�í óçìå�ïí óô�í §ðüäåéîéí ôï� ÈåùñÞìáôïò 1:1:10 ðï� è¥ ì¦ò ÷ñåéáóôå� á�ô� �
óõíèÞêç), êá� í¥ ëÜâïõìå

E

 ∏
!̃∈{0;1}k−1

�(y + h · !̃)
∣∣ y ∈ ZN

 ≤
∑

!̃;!̃′∈{0;1}k−1: !̃ 6=!̃′
�(h · (!̃ − !̃′));

�ðïõ � ǻéíáé � óõíÜñôçóéò âÜñïõò ôï� ¯Ïñéóìï� 1:1:6 ãé¥ ô�í �ðïßáí �ó÷ýåé E(� q) = Oq(1)
ãé¥ êÜèå q ≥ 1: ®Åöáñìüæïíôáò ô�í ôñéãùíéê�í §íéóüôçôá óô�í LM (Zk−1

N ); âëÝðïõìå �ôé
§ñêå� í¥ äåßîïõìå �ôé

(3.30) E
(
�(h · (!̃ − !̃′))M |h ∈ Zk−1

N

)
= OM (1)

ãé¥ êÜèå æå�ãïò !̃; !̃′ ∈ {0; 1}k−1 ì« !̃ 6= !̃′: ®Áëë¥ ãé¥ êÜèå ôÝôïéï æå�ãïò � §ðåéêüíéóéò
h 7→ h · (!̃ − !̃′) �ðÜãåé �ìïéüìïñöïí êÜëõììá ôï� ZN §ð� ô� Zk−1

N ; ©ñá ô� §ñéóôåñ�í
ìÝëïò ô�ò (3:30) ǻéíáé �óïí ì« E(�M ); êá� ôåëéê�ò �óïí ì« OM (1):
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Óçìåßùóéò: ®Áð� ô�í §íÜëõóéí óô�í §ñ÷�í ô�ò §ðïäåßîåùò, ðñïêýðôåé �ôé ²áí

P (x1; : : : ; xM ) =
∑

i1;:::;iM∈Z+

i1+···+iM≤d

bi1;:::;iMx
i1
1 · · ·x

iM
M

ǻéíáé ô� ðïëõþíõìïí, ôüôå

‖P (DF1; : : : ;DFM )‖(Uk−1)∗ ≤
∑

i1;:::;iM∈Z+

i1+···+iM≤d

|bi1;:::;iM |
∥∥ M∏
j=1

(
DFj

)ij∥∥
(Uk−1)∗

≤
d∑

q=0

∑
i1;:::;iM∈Z+

i1+···+iM=q

(
O(E(� q)) · max

i1+···+iM=q
|bi1;:::;iM |

)

≤

 max
i1;:::;iM∈Z+

i1+···+iM≤d

|bi1;:::;iM |

 ·

(
d∑

q=0

[
M

q

]
O(E(� q))

)
;

�ðïõ óõìâïëßæïõìå ì«
[
M
q

]
ôï�ò óõíäõáóìï�ò ì« �ðáíáëÞøåéò q óôïé÷åßùí §ð� M óôïé-

÷å�á. ¯Ç óôáèåñ¥ ðï� �ðïíïå�ôáé óôï�ò �ñïõò O(E(� q)) ðñïêýðôåé âåâáßùò §ð� ô�í ðá-
ñáðÜíù §ðüäåéîéí êá� ǻéíáé §íåîÜñôçôç ôï� q ²ç ôï� ðïëõùíýìïõ P:

®Áðüäåéîéò ô�ò ÐñïôÜóåùò 3:2:3: °Åóôù �ôé ï� Φ;  ǻéíáé �ðùò óô�í äéáôýðùóéí. È¥ äåß-
îïõìå ô� æçôïýìåíïí ì« ô�í "−�ñéóì�í ô�ò óõãêëßóåùò §êïëïõèßáò: §öï� � Φ �ñßæåôáé
óô� óõìðáã«ò óýíïëïí IM ; ãé¥ ô� ôõ÷�í " > 0 �ðÜñ÷åé, §ð� ô� èåþñçìá Weierstrass,
ðïëõþíõìïí P" ì« M ìåôáâëçô«ò êá� ðñáãìáôéêï�ò óõíôåëåóôÝò (ðï� �îáñô�íôáé ìüíïí
§ð� ô�í óõíÜñôçóéí Φ), �óôå

|Φ(x1; : : : ; xM )− P"(x1; : : : ; xM )| ≤ " ãé¥ êÜèå (x1; : : : ; xM ) ∈ IM :

±Åðåôáé, ÷ñçóéìïðïé�íôáò êá� ô�í (1:4); �ôé∣∣〈� − 1;Φ(DF1; : : : ;DFM )− P"(DF1; : : : ;DFM )
〉∣∣

≤ ‖Φ(DF1; : : : ;DFM )− P"(DF1; : : : ;DFM )‖L∞ · E(� + 1) ≤ (2 + o(1))":

®Áð� ô�í ©ëëçí, óõíäõÜæïíôáò ô¥ ËÞììáôá 3:1:1 êá� 3:2:4; âëÝðïõìå �ôé〈
� − 1; P"(DF1; : : : ;DFM )

〉
= oM;P"(1);

©ñá ôåëéê�ò �ðÜñ÷åé N" = N"(Φ) �óôå ãé¥ êÜèå N > N";

|〈� − 1;  〉| = |EZN ((� − 1) )| ≤ 4":
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®Áöï� ô� " ḉôáí ôõ÷üí, � ðïóüôçò 〈�−1;  〉 ôåßíåé óô� 0 (÷ùñ�ò ô� ðáñáðÜíù �ðé÷åßñçìá í¥
ì¦ò �ðéôñÝðåé í¥ �ðïëïãßóïõìå êá� ô�í ñ̄õèì�í ì« ô�í �ðï�ïí óõãêëßíåé, �ðùò ìðïñïýóáìå
ðñïçãïõìÝíùò í¥ êÜíïõìå ì« ô¥ ðïëõþíõìá).

²Áí ôþñá �÷ïõìå óõìðáã«ò óýíïëïí E ôï� C0(IM ); ãé¥ êÜèå " > 0 ìðïñï�ìå í¥
âñï�ìå ðåðåñáóìÝíá ô� ðë�èïò ðïëõþíõìá P1; : : : ; PK ; �óôå ãé¥ êÜèå Φ ∈ E í¥ �ðÜñ÷åé
Pj ì«

|Φ(x1; : : : ; xM )− Pj(x1; : : : ; xM )| ≤ " ãé¥ êÜèå (x1; : : : ; xM ) ∈ IM :

¯Ç ðáñáðÜíù §ðüäåéîéò äåß÷íåé �ôé ó« á�ô�í ô�í ðåñßðôùóéí ô¥ óöÜëìáôá ìðïñï�í í¥
�îáñô�íôáé ìüíïí §ð� ô� óýíïëïí E:

3.2.2 Ï� §íôßóôïé÷åò ðñïôÜóåéò ãé¥ ó-©ëãåâñåò

Ìðïñï�ìå ðëÝïí í¥ äéáôõðþóïõìå ô�ò §íôßóôïé÷åò ô�í ÐñïôÜóåùí 2:2:1; 2:2:3 ãé¥
øåõäïôõ÷á�á ìÝôñá:

Ðñüôáóéò 3.2.5. °Åóôù k−øåõäïôõ÷á�ïí ìÝôñïí �: °Åóôùóáí ðáñÜìåôñïé 0 < " < 1
êá� 0 < � < 1=2; êá� �óôù G : ZN → R óõíÜñôçóéò ì« ôéì«ò óô� äéÜóôçìá I :=
[−32k−1

; 32k−1
]: Ôüôå �ðÜñ÷åé ó-©ëãåâñá B";�(G) ì« ô�ò �î�ò ôñå�ò �äéüôçôåò:

• (� G ǻéíáé ó÷åä�í B";�(G)−ìåôñÞóéìç) ãé¥ êÜèå ó-©ëãåâñá B; �ó÷ýåé

(3.31) ‖G− E(G|B";�(G) ∨ B)‖L∞ � ";

• (ÖñáãìÝíç ðïëõðëïêüôçò) � B";�(G) ðáñÜãåôáé §ð� ô� ðïë� O(1=") ©ôïìá,

• (ï� B";�(G)−ìåôñÞóéìåò ðñïóåããßæïíôáé §ð� óõíå÷å�ò óõíáñôÞóåéò ô�ò G) ²áí A
ǻéíáé ©ôïìïí ô�ò B";�(G); �ðÜñ÷åé óõíå÷�ò óõíÜñôçóéò ΨA : I → [0; 1] ôÝôïéá �óôå

(3.32) ‖(1A −ΨA(G))(� + 1)‖L1 = O(�):

®ÅðéðëÝïí, � ΨA §íÞêåé ó« óõãêåêñéìÝíïí óõìðáã«ò óýíïëïí E = E";� ôï� ÷þñïõ
C0(I); ô� �ðï�ïí ǻéíáé §íåîÜñôçôïí ôï� ìÝôñïõ �; ô�ò G ²ç ô�í A;N:

®Áðüäåéîéò. Ðáñáôçñï�ìå §ñ÷éê�ò �ôé ãé¥ êÜèå ðñáãìáôéê�í §ñéèì�í r;∫ 1

0

∑
n∈Z

1r∈[n−�+�;n+�+�]d� = 2�:

±Ïðùò å�ðáìå êá� óô�í §ðüäåéîéí ô�ò ÐñïôÜóåùò 2:2:1; ãé¥ í¥ äåßîïõìå á�ô�í ô�í �óü-
ôçôá, ìðïñï�ìå í¥ èåùñÞóïõìå ðåñéðôþóåéò ãé¥ ô�í äéáöïñ¥í r−brc; ²áí äçëáä� r−brc ≤
�; ²ç ²áí � < r − brc < 1 − �; ²ç ôÝëïò ²áí 1 − � ≤ r − brc: ±Åðåôáé §ð� ô¥ èåùñÞìáôá
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Beppo-Levi êá� Fubini �ôé∫ 1

0

∑
n∈Z

E
(
1G(x)∈["(n−�+�);"(n+�+�)](�(x) + 1) |x ∈ ZN

)
d�

=
∫ 1

0

E

(∑
n∈Z

1G(x)
" ∈[n−�+�;n+�+�]

(�(x) + 1)
∣∣x ∈ ZN

)
d�

= E

(∫ 1

0

∑
n∈Z

1G(x)
" ∈[n−�+�;n+�+�]

(�(x) + 1)d�
∣∣x ∈ ZN

)
=2�E(�(x) + 1|x ∈ ZN ) ≤ C�;

ãé¥ ìßáí óôáèåñ¥í C > 0 ðï� �îáñô¦ôáé ìüíïí §ð� ô� ìÝôñïí �: Óõíåð�ò �ðÜñ÷åé 0 ≤
� ≤ 1 �óôå

(3.33)
∑
n∈Z

E(1G(x)∈["(n−�+�);"(n+�+�)](�(x) + 1) |x ∈ ZN ) ≤ C�:

Ãé¥ ³åí ôÝôïéï �; èÝôïõìå B";�(G) í¥ ǻéíáé � ó-©ëãåâñá ô�ò �ðïßáò ô¥ ©ôïìá ǻéíáé ï�
§íôßóôñïöåò å�êüíåò G−1

(
["(n+�); "(n+1+�))

)
; n ∈ Z: ±Ïðùò êá� óô�í Ðñüôáóéí 2:2:1;

ðñïêýðôåé �ôé ãé¥ êÜèå ó-©ëãåâñá B; ‖G−E(G|B";�(G)∨B)‖L∞ ≤ ": ®Åðßóçò, §öï� � G
ðáßñíåé ôéì«ò óô� äéÜóôçìá I; ãé¥ í¥ ǻéíáé ô� óýíïëïí G−1

(
["(n + �); "(n + 1 + �))

)
ì�

êåíüí, ðñÝðåé í¥ �ó÷ýåé

å�ôå − 32k−1
< "(n+ 1 + �); å�ôå "(n+ �) ≤ 32k−1

:

Ðñïöáí�ò á�ô� �êáíïðïéå�ôáé §ð� O(1=") §êåñáßïõò n; �ðüôå ô¥ ©ôïìá ô�ò B";�(G) ǻéíáé
ô� ðïë� ôüóá.

°Åóôù êÜðïéï ôÝôïéï ©ôïìïí A: Óôáèåñïðïéï�ìå ìßáí óõíå÷� óõíÜñôçóéí  � : R →
[0; 1]; � �ðïßá æçôï�ìå í¥ ǻéíáé �óç ì« 1 óô� äéÜóôçìá [�; 1− �]; êá� �óç ì« 0 �îù §ð� ô�
äéÜóôçìá [−�; 1 + �]: Ãé¥ ô� A := G−1

(
["(nA + �); "(nA + 1 + �))

)
; �ñßæïõìå

ΨA(x) :=  �(x" − nA − �) ãé¥ êÜèå x ∈ ZN ;

�ðüôå, äåäïìÝíïõ �ôé nA = O";�(1) êá� 0 ≤ � ≤ 1; � ΨA ðåñéÝ÷åôáé ó« êÜðïéï óõìðáã«ò
�ðïóýíïëïí E";� ôï� C

0(I) ðï� �îáñô¦ôáé ìüíïí §ð� ô�ò ðáñáìÝôñïõò " êá� �: ®ÅðéðëÝïí,
ãé¥ êÜèå x ∈ ZN ;

|1A(x)−ΨA(G(x))| ≤ 1G(x)∈["(nA−�+�);"(nA+�+�)] + 1G(x)∈["(nA+1−�+�);"(nA+1+�+�)];

©ñá � (3:32) �ðåôáé §ð� ô�í (3:33):

²Áò �ðéêåíôñùèï�ìå ôþñá óô�í ðåñßðôùóéí ðï� ï� óõíáñôÞóåéò G ǻéíáé âáóéê«ò Gowers
§íïìïéüìïñöåò, äçëáä� äõúê«ò óõíáñôÞóåùí F ðï� öñÜóóïíôáé §ðïëýôùò §ð� 3

2 (� + 1) :
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Ðñüôáóéò 3.2.6. °Åóôù k−øåõäïôõ÷á�ïí ìÝôñïí �: °Åóôù �ôé, ãé¥ M ≥ 1 öõóéêüí,
�÷ïõìåM âáóéê«ò Gowers §íïìïéüìïñöåò óõíáñôÞóåéò DF1; : : : ;DFM ; êá� �ðßóçò �÷ïõìå
ðáñáìÝôñïõò 0 < " < 1; 0 < � < 1=2: ²Áí B";�(DFj); j = 1; : : : ;M; ǻéíáé ï� ó-©ëãåâñåò
ðï� ðñïêýðôïõí §ð� ô�í Ðñüôáóéí 3:2:5; èÝôïõìå B := B";�(DF1)∨· · ·∨B";�(DFM ): Ôüôå
�÷ïõìå �ôé

(3.34) ‖DFj − E(DFj |B)‖L∞ ≤ " ãé¥ êÜèå 1 ≤ j ≤M;

êáß, �ðïèÝôïíôáò �ôé � < �0(";M) êá� N > N0(";M; �); ìðïñï�ìå í¥ âñï�ìå óýíïëïí
Ω ∈ B ôÝôïéï �óôå

(3.35) E((� + 1)1Ω) = OM;"(�1=2)

êá�

(3.36) ‖(1− 1Ω)E(� − 1|B)‖L∞ = OM;"(�1=2):

ÐáñáôÞñçóéò 3.2.7. Á�ô� ðï� �ííïï�ìå ì« ô�í óõìâïëéóì�í O óô�ò (3:35); (3:36) ǻéíáé
�ôé �ðÜñ÷åé ìßá óôáèåñ¥ C = C(M; "); ðï� �îáñô¦ôáé ìüíïí §ð� ô¥ M; "; êá� ô� ìÝôñïí
� öõóéêÜ, �ôóé �óôå ãé¥ êÜèå � < �0(";M) í¥ �ðÜñ÷åé óýíïëïí Ω óô�í B ðï� �êáíïðïéå�
ô�ò

E((� + 1)1Ω) ≤ C(M; ")�1=2; ‖(1− 1Ω)E(� − 1|B)‖L∞ ≤ C(M; ")�1=2

�ôáí ô� N ǻéíáé ìåãÜëï, N > N0(";M; �): ±Ïðùò è¥ äï�ìå êá� óô�í §ðüäåéîéí, ô� óýíïëïí
Ω §ëëÜæåé, ãßíåôáé �ëï êá� ìéêñüôåñïí, �óï ô� � ôåßíåé óô� 0 (©í êá�, ãé¥ í¥ å�ìáóôå
§êñéâå�ò, ì« ô� � §ëëÜæåé êá� � ó-©ëãåâñá B), á�ô� �ìùò ä«í ÷áëÜåé ô�í (3:36); §öï�
èåùñï�ìå §íôéóôïß÷ùò �ëï êá� ìåãáëýôåñá N:

®Áðüäåéîéò. ¯Ç (3:34) �ðåôáé §ìÝóùò §ð� ô�í ðñþôçí �äéüôçôá ô�í B";�(DFj) ðï� �äåß÷èç
óô�í ðñïçãïõìÝíçí ðñüôáóéí. ±Ïðùò �ðßóçò å�äáìå, êÜèå B";�(DFj) ðáñÜãåôáé §ð�O(1=")
©ôïìá, ©ñá � B ðåñéÝ÷åé ô� ðïë� (O(1="))M = OM;"(1) ©ôïìá. È¥ ëÝìå ìéêñ�í êÜèå
©ôïìïí A ô�ò B ãé¥ ô� �ðï�ïí �ó÷ýåé

E((� + 1)1A) ≤ �1=2:

¯Ïñßæïõìå Ω í¥ ǻéíáé � �íùóéò �ëùí ô�í ìéêñ�í §ôüìùí, �ðüôå §ìÝóùò ðñïêýðôåé �ôé
E((� + 1)1Ω) ≤ CM;"�

1=2; �ðïõ CM;" ǻéíáé ô� ðë�èïò ô�í §ôüìùí ô�ò B:
ÌÝíåé í¥ äåßîïõìå ô�í (3:36); äçëáä� í¥ äåßîïõìå �ôé ãé¥ êÜèå x =∈ Ω �ó÷ýåé

E(� − 1|B)(x) := E(�(y)− 1|y ∈ B(x)) = OM;"(�1=2);

�ðïõ B(x) ǻéíáé ô� ìïíáäéê�í ©ôïìïí ô�ò B ðï� ðåñéÝ÷åé ô� x: Ðñïöáí�ò ô� B(x) §íÞêåé
óô¥ ©ôïìá A ô�ò B ô¥ �ðï�á ä«í ǻéíáé £ìéêñÜ¤. °Áñá, ãé¥ êÜèå ôÝôïéï A èÝëïõìå í¥
äåßîïõìå �ôé

E((� − 1)1A)
E(1A)

= E(�(y)− 1|y ∈ A) = OM;"(�1=2);
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�íÿ �÷ïõìå �ôé �ó÷ýåé

(3.37) E((� − 1)1A) + 2E(1A) = E((� + 1)1A) ≥ �1=2:

®Áñêå� �ðïìÝíùò í¥ äåßîïõìå �ôé

(3.38) E((� − 1)1A) = OM;"(�);

§öï� ôüôå ìðïñï�ìå, èåùñ�íôáò ô� � êáôÜëëçëá ìéêñüí, í¥ êáôáëÞîïõìå §ð� ô�í (3:37)
óô�í

E(1A) ≥ 1
2
(�1=2 −OM;"(�)) =

1
2
(1−OM;"(�1=2))�1=2 ≥ 1

4
�1=2;

� �ðïßá, ó« óõíäõáóì�í ðÜëé ì« ô�í (3:38); ì¦ò äßíåé �ôé

E((� − 1)1A)
E(1A)

≤ 4C ′M;"�
1=2

ì« ô�í �äéáí óôáèåñ¥í C ′M;" > 0 ðï� �ðïíïå�ôáé ðáñáðÜíù.
Äåß÷íïõìå ô�í (3:38) ãé¥ ô� ôõ÷�í ©ôïìïí A ô�ò B (êá� �÷é ìüíïí ãé¥ ô¥ ©ôïìá �êå�íá

ðï� ä«í ǻéíáé £ìéêñÜ¤): §ð� ô�í ôñüðïí �ñéóìï� ô�ò B = B";�(DF1) ∨ · · · ∨ B";�(DFM );
�ðÜñ÷ïõí ©ôïìá Ai ∈ B";�(DFi) �óôå A =

⋂M
i=1Ai: ®Áð� ô�í Ðñüôáóéí 3:2:5; ãé¥ êÜèå

1 ≤ i ≤M �ðÜñ÷åé óõíÜñôçóéò ΨAi : I → [0; 1] �óôå í¥ �ó÷ýåé

‖(1Ai −ΨAi(DFi))(� + 1)‖L1 ≤ C�;

�ðïõ C > 0 óôáèåñ¥ ôÝôïéá �óôå 2E(�(x) + 1|x ∈ ZN ) ≤ C: ÌÜëéóôá ï� ΨAi ðåñéÝ÷ïíôáé
ó« êÜðïéï óõìðáã«ò �ðïóýíïëïí E";� ôï� C

0(I); §íåîÜñôçôïí ôï� N; ô�í Ai êá� ô�í DFi;
²ç ôï� ìÝôñïõ �: Èåùñï�ìå ô�í ΨA : IM → [0; 1] ì« ΨA(x1; : : : ; xM ) :=

∏M
i=1 ΨAi(xi);

êá� �ðùò êá� óô�í Ðñüôáóéí 2:2:3; �÷ïõìå ãé¥ êÜèå x ∈ ZN �ôé

|1A(x)−ΨA(DF1(x); : : : ;DFM (x))| =
∣∣ M∏
i=1

1Ai(x)−
M∏
i=1

ΨAi(DFi(x))
∣∣

≤
M∑
i=1

|1Ai(x)−ΨAi(DFi(x))|:

ÓõíåðÜãåôáé �ôé

‖(� + 1)
(
1A −ΨA(DF1; : : : ;DFM )

)
‖L1 ≤

M∑
i=1

‖(� + 1)(1Ai −ΨAi(DFi))‖L1 ≤MC�;

�ðüôå �ðßóçò
‖(� − 1)

(
1A −ΨA(DF1; : : : ;DFM )

)
‖L1 ≤MC�:
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®ÅðéðëÝïí, ëüãÿ ô�ò §íôßóôïé÷çò �äéüôçôïò ãé¥ ô�ò ΨAi ; � ΨA §íÞêåé ó« óõìðáã«ò �ðïóý-
íïëïí EM;";� ôï� C0(IM ) ðï� �îáñô¦ôáé ìüíïí §ð� ô¥ M; " êá� �; êá� óõíåð�ò §ð� ô�í
Ðñüôáóéí 3:2:3;

|E
(
(� − 1)ΨA(DF1; : : : ;DFM )

)
| = |〈� − 1;ΨA(DF1; : : : ;DFM )〉| = oM;";�(1) ≤MC�;

�ö' �óïí èåùñÞóïõìå ô� N êáôÜëëçëá ìåãÜëï ó« ó÷Ýóéí ì« ô¥ M; " êá� �: Ðñïêýðôåé
ôåëéê�ò ô� æçôïýìåíïí:

|E((� − 1)1A)|
≤ ‖(� − 1)

(
1A −ΨA(DF1; : : : ;DFM )

)
‖L1 + |E

(
(� − 1)ΨA(DF1; : : : ;DFM )

)
|

≤ 2MC�:

3.2.3 ®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1.5.2

¯Ç äéáäéêáóßá ãé¥ ô�í §ðüäåéîéí ôï� ÈåùñÞìáôïò 1:5:2 ǻéíáé ðáñüìïéá ì« á�ô�í ôï�
ÈåùñÞìáôïò 1:4:4 : è¥ îåêéíÞóïõìå ì« ô�í ôåôñéììÝíçí ó-©ëãåâñá {∅;ZN}; êáôáóêåõÜ-
æïíôáò �ëï êá� êáôáëëçëüôåñåò ó-©ëãåâñåò ìÝ÷ñé í¥ âñï�ìå ìßáí � ïðïßá í¥ �êáíïðïéå�
§êñéâ�ò ô� èåþñçìá. È¥ èåùñÞóïõìå �ðïìÝíùò ìßáí äé÷ïôïìßáí ôï� ôýðïõ £²ç � ôÜäå
ó-©ëãåâñá ðëçñï� ô�ò ðñïûðïèÝóåéò, ²ç ìðïñï�ìå í¥ âñï�ìå êáëýôåñçí ì« êÜðïéá �ðéðëÝïí
÷áñáêôçñéóôéêÜ¤, �íåñãïðïé�íôáò �ôóé ìßáí �ðáíáëçðôéê�í äéáäéêáóßáí, � �ðïßá è¥ äåß-
îïõìå �ôé ôåñìáôßæåé �ðéôõ÷�ò ì« ÷ñ�óéí ôï� �ðé÷åéñÞìáôïò ô�í óôáèåñ�í ðñïóáõîÞóåùí.

¯Ç ìüíç äéáöïñ¥ ì« ô� Èåþñçìá 1:4:4 ǻéíáé �ôé ä«í ìðïñï�ìå í¥ ÷ñçóéìïðïéÞóïõìå
§êñéâ�ò ô� Ë�ììá 2:2:6; �ðåéä�, §ð� ô�í äéáôýðùóéí ôï� ÈåùñÞìáôïò 1:5:2; ä«í æçôå�ôáé
¨ðë�ò � êáôáóêåõ� ìßáò ó-©ëãåâñáò, §ëë¥ êá� � å�ñåóéò �í�ò îå÷ùñéóôï� óõíüëïõ Ω
ìÝóá ó« á�ôÞí. Ðïë� ëïãéê¥ �ðïìÝíùò, ï� ðñïóáõîÞóåéò ô�ò �íåñãåßáò è¥ �îáñô�íôáé êá�
§ð� ô¥ îå÷ùñéóô¥ á�ô¥ óýíïëá. ¯Ç ðñüôáóéò ðï� ÷ñçóéìïðïéå�ôáé §íô� ô�ò äé÷ïôïìßáò ôï�
ËÞììáôïò 2:2:6 ǻéíáé � �î�ò:

Ðñüôáóéò 3.2.8. °Åóôù k−øåõäïôõ÷á�ïí ìÝôñïí �; êá� �óôù f : ZN → R ôÝôïéá �óôå
0 ≤ f(x) ≤ �(x) ãé¥ êÜèå x ∈ ZN : °Åóôùóáí 0 < � � " � 1 ìéêñ«ò ðáñÜìåôñïé,
êá� M ≥ 0 öõóéêüò. Óô¥ ðáñáêÜôù è¥ �ðïèÝôïõìå �ôé ô� � ǻéíáé §ñêåô¥ ìéêñüí, � <
�0(";M); êá� �ôé ô� N ǻéíáé §ñêåô¥ ìåãÜëï, N > N0(";M; �): Èåùñï�ìå óõíáñôÞóåéò
F1; : : : ; FM : ZN → R ôÝôïéåò �óôå

(3.39) |Fj(x)| ≤ (1 +OM;"(�1=2))(�(x) + 1) ãé¥ êÜèå x ∈ ZN ; 1 ≤ j ≤M;

êá� èÝôïõìå BM := B";�(DF1) ∨ · · · ∨ B";�(DFM ); �ðïõ êÜèå ó-©ëãåâñá B";�(DFj) ǻéíáé
�ðùò óô�í Ðñüôáóéí 3:2:5 (�ä�, ðáñáäåßãìáôïò ÷Üñéí, ÷ñåéÜæåôáé í¥ ðåñéïñßóïõìå êá-
ôÜëëçëá ô� � êá� í¥ èåùñÞóïõìå §ñêåô¥ ìåãÜëá N; �óôå êÜèå Fj í¥ öñÜóóåôáé §ðïëýôùò
§ð� 3

2 (� + 1)): ¯ÕðïèÝôïõìå �ôé �ðÜñ÷åé óýíïëïí ΩM óô�í BM �ôóé �óôå:



102 · Áðïäåßîåéò ãé¥ ô� ãåíéêåõìÝíïí èåþñçìá Szemer�edi

• (ô� ΩM ǻéíáé ìéêñ�í �ò ðñ�ò ô�í óõíÜñôçóéí � + 1)

(3.40) E((� + 1)1ΩM ) = OM;"(�1=2);

• (ô� � êáôáíÝìåôáé �ìïéüìïñöá �îù §ð� ô� ΩM )

(3.41) ‖(1− 1ΩM )E(� − 1|BM )‖L∞ = OM;"(�1=2):

¯Ïñßæïõìå FM+1 := (1− 1ΩM )(f − E(f |BM )); êá� ðáñáôçñï�ìå �ôé

(3.42) ‖(1− 1ΩM )E(f |BM )‖L∞ ≤ 1 +OM;"(�1=2);

äçëáä� � E(f |BM ) ǻéíáé öñáãìÝíç �êô�ò ôï� óõíüëïõ ΩM ; êá� �ðßóçò

(3.43) |FM+1(x)| ≤ (1 +OM;"(�1=2))(�(x) + 1) ãé¥ êÜèå x ∈ ZN ;

©ñá �ñßæåôáé � BM+1 := BM∨B";�(DFM+1) = B";�(DF1)∨· · ·∨B";�(DFM )∨B";�(DFM+1)
(ðÜëé �ö' �óïí ðåñéïñßóïõìå êáôÜëëçëá ô� � êá� èåùñÞóïõìå §íôéóôïß÷ùò ìåãÜëá N;
�óôå êá� � FM+1 í¥ öñÜóóåôáé §ðïëýôùò §ð� 3

2 (� + 1)):

²Áí �ðéðñïóèÝôùò �ðïèÝóïõìå �ôé � FM+1 ä«í ǻéíáé "
1=2k−Gowers �ìïéüìïñöç, äçëáä�

²áí �ó÷ýåé

‖FM+1‖Uk−1 > "1=2
k

;

ôüôå ìðïñï�ìå í¥ âñï�ìå óýíïëïí ΩM+1 ∈ BM+1; ΩM+1 ⊇ ΩM ; �óôå í¥ �ó÷ýïõí §íôß-
óôïé÷åò �êôéìÞóåéò:

• (ô� ΩM+1 ǻéíáé ìéêñ�í �ò ðñ�ò ô�í óõíÜñôçóéí � + 1)

(3.44) E((� + 1)1ΩM+1) = OM;"(�1=2);

• (ô� � êáôáíÝìåôáé �ìïéüìïñöá �îù §ð� ô� ΩM+1)

(3.45) ‖(1− 1ΩM+1)E(� − 1|BM+1)‖L∞ = OM;"(�1=2);

ôáõôï÷ñüíùò ì« ô�í �êôßìçóéí

• (ðñïóáýîçóéò ô�ò �íåñãåßáò)

(3.46) ‖(1− 1ΩM+1)E(f |BM+1)‖2L2 ≥ ‖(1− 1ΩM )E(f |BM )‖2L2 + 2−2k+1":

ÐáñáôÞñçóéò 3.2.9. Ô� ðüóï ìéêñ«ò ÷ñåéÜæåôáé í¥ ǻéíáé ï� ðáñÜìåôñïé " êá� � è¥ öáíå�
óô�í §ðüäåéîéí ô�ò ðñïôÜóåùò. ÌÜëéóôá, ï� ðåñéïñéóìï� ãé¥ ô� � è¥ åîáñô�íôáé êá� §ð� ô�ò
óôáèåñ«ò ðï� �ìöáíßæïíôáé óô�ò �êôéìÞóåéò (3:39); (3:40) êá� (3:41): Ï� �êôéìÞóåéò á�ô«ò
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§íÞêïõí óô�ò �ðïèÝóåéò ìáò, äçëáä� êÜèå öïñ¥í ðï� �öáñìüæïõìå ô�í Ðñüôáóéí 3:2:8; è¥
ì¦ò äßíïíôáé óôáèåñ«ò C1; C2; C3 �óôå í¥ �ó÷ýåé

|Fj(x)| ≤ (1 + C1 · �1=2)(�(x) + 1) ãé¥ êÜèå x ∈ ZN ; 1 ≤ j ≤M;

E((� + 1)1ΩM ) ≤ C2 · �1=2 êá� ‖(1− 1ΩM )E(� − 1|BM )‖L∞ ≤ C3 · �1=2

§ð� êÜðïéï N0(M; "; �) êá� ðÜíù (ô� ð�ò �îáñô¦ôáé ô� N0 §ð� ô� � è¥ ì¦ò �÷åé äïèå�
�ðßóçò). Ï�óéáóôéê¥ ëïéð�í è¥ �÷ïõìå M óõíáñôÞóåéò §ð� ô� ZN óô� R (ðé� óùóôÜ, M
ï�êïãÝíåéåò óõíáñôÞóåùí), ï� �ðï�åò �êáíïðïéï�í êáô¥ óçìå�ïí öñÜãìáôá ô�ò ìïñö�ò

|Fj(x)| ≤ (1 + o(1))(�(x) + 1) ãé¥ êÜèå x ∈ ZN ; 1 ≤ j ≤M:

Á�ô¥ ô¥ öñÜãìáôá è¥ ô¥ ãñÜöïõìå �ðùò ðáñáðÜíù, ÷ñçóéìïðïé�íôáò ô�í âïçèçôéê�í
ðáñÜìåôñïí �; �óôå í¥ ìðïñï�ìå í¥ �ñßæïõìå ô�ò ó-©ëãåâñåò B";�(DFj): °Åðåéôá, �ðï-
èÝôïíôáò êá� �ôé �ðÜñ÷åé óýíïëïí ΩM ∈ BM :=

∨M
j=1 B";�(DFj) ðï� í¥ �êáíïðïéå� ô�ò

(3:40); (3:41); è¥ äåßîïõìå ô¥ óõìðåñÜóìáôá ô�ò ðñïôÜóåùò âñßóêïíôáò èåôéê«ò óôáèåñ«ò
C ′1; C

′
2; C

′
3 êá� óýíïëïí ΩM+1 ∈ BM ∨ B";�(DFM+1) �óôå í¥ �ó÷ýïõí ï�

|FM+1| ≤ (1 + C ′1 · �1=2)(� + 1); ‖(1− 1ΩM )E(f |BM )‖L∞ ≤ 1 + C ′1 · �1=2;

E((� + 1)1ΩM+1) ≤ C ′2 · �1=2 êá� ‖(1− 1ΩM+1)E(� − 1|BM+1)‖L∞ ≤ C ′3 · �1=2;

êáè�ò êá� � (3:46): Á�ô� âåâáßùò ǻéíáé êÜðùò ðáñáðëáíçôéêüí: ô� óçìáíôéê�í ä«í ǻéíáé
í¥ âñï�ìå ô�ò óôáèåñ«ò C ′i; §ëë¥ §ð� ðïé� N ′

0(M; "; �) êá� ðÜíù �ó÷ýïõí ô¥ æçôïýìåíá ì«
ô�ò óôáèåñ«ò ðï� è¥ �ðéëÝîïõìå.

±Ïðùò è¥ äï�ìå, §ñêå� í¥ èÝóïõìå C ′1 = C3; C
′
2 := C2 + (O(1="))M+1 �ðïõ O(1=")

ǻéíáé ô� ìÝãéóôïí ðë�èïò §ôüìùí ðï� ìðïñå� í¥ ðåñéÝ÷åé ìßá ó-©ëãåâñá B";�(G); êá� ôÝëïò
C ′3 := 8(M + 1)C� ; �ðïõ C� ǻéíáé � óôáèåñ¥ ô�ò ÐñïôÜóåùò 3:2:6 ãé¥ ô�í �ðïßáí �ó÷ýåé

E(�(x) + 1|x ∈ ZN ) ≤ C� ãé¥ êÜèå N:

°Áñá, ǻéíáé äõíáô�í � C ′3 í¥ ì�í �îáñô¦ôáé êáèüëïõ §ð� ô�ò óôáèåñ«ò C1; C2; C3 ðï� ì¦ò
äßíïíôáé, §ëë¥ ìüíïí §ð� ô� ìÝôñïí � êá� ô� ðë�èïò M ô�í óõíáñôÞóåùí Fj : Ï�ôùò ²ç
©ëëùò �ìùò, êá� á�ô� è¥ �ðçñåÜæåé ô� ðüóï ìåãÜëá N ðñÝðåé í¥ èåùñÞóïõìå ôåëéê�ò.

Ðáñáôçñï�ìå ôÝëïò �ôé ï� ðåñéïñéóìï� ðï� è¥ ðñïêýøïõí ãé¥ ô� " è¥ �îáñô�íôáé ìü-
íïí §ð� ô� ìÝôñïí �; êá� ǻéíáé á�ôï� §êñéâ�ò ðï� �ðïíïï�íôáé êá� óô�í äéáôýðùóéí ôï�
ÈåùñÞìáôïò ÄéáóðÜóåùò 1:5:2; óô�í �ðïßáí æçôï�ìå í¥ �ó÷ýåé 0 < "� 1:

®Áðüäåéîéò. °Åóôù �ôé ô¥ �; f;M; "; �; F1; : : : ; FM ; FM+1;BM ;ΩM ;BM+1 ǻéíáé �ðùò óô�í
äéáôýðùóéí. Äåß÷íïõìå êáôáñ÷¥ò �ôé �ó÷ýïõí ï� (3:42); (3:43) : §ð� ô�í (3:41) �÷ïõìå �ôé

‖(1− 1ΩM )E(� − 1|BM )‖L∞ ≤ C3 · �1=2
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§ð� êÜðïéï N0(M; "; �) êá� ðÜíù. Óõíåð�ò, §öï� � f öñÜóóåôáé êáô¥ óçìå�ïí §ð� ô�
ìÝôñïí �; ãé¥ êÜèå x ∈ ZN �ó÷ýåé

|((1− 1ΩM )E(f |BM ))(x)| = ((1− 1ΩM )E(f |BM ))(x)
≤ ((1− 1ΩM )E(�|BM ))(x)

≤ 1 + C3 · �1=2;

êá� ìÜëéóôá §ð� ô� �äéï N0 êá� ðÜíù. ®Åðßóçò,

|FM+1(x)| ≤ f(x) + ((1− 1ΩM )E(f |BM ))(x)

≤ �(x) + (1 + C3 · �1=2)

≤ (1 + C3 · �1=2)(�(x) + 1):

Å̄ðïìÝíùò, �ðùò êá� óô�í §ðüäåéîéí ôï� ËÞììáôïò 3:2:1; ìðïñï�ìå í¥ äåßîïõìå �ôé

‖DFM+1‖L∞ ≤ (2(1 + C3 · �1=2))2
k−1−1(1 + o(1))

�ðïõ o(1) ǻéíáé ô¥ óöÜëìáôá ðï� �ìöáíßæïíôáé óô�í óõíèÞêçí ãñáììéê�í ìïñö�í ãé¥
ô� ìÝôñïí � ðï� �÷ïõìå. ®Áíáðôýóóïíôáò ô� äåîé�í ìÝëïò, âëÝðïõìå �ôé §ð� êÜðïéï
N1(�;M; "; �) êá� ðÜíù ìðïñï�ìå í¥ �÷ïõìå

(3.47) ‖DFM+1‖L∞ ≤ 22k−1−1 + Ck;C3 · �1=2:

®ÅîÜëëïõ, �äç �÷ïõìå §íáöÝñåé �ôé ÷ñåéÜæåôáé í¥ ðåñéïñßóïõìå ô� � ó« ó÷Ýóéí ì« ô�ò
óôáèåñ«ò C1 êá� C3; �óôå êáèåìßá §ð� ô�ò Fj ; 1 ≤ j ≤ M + 1; í¥ öñÜóóåôáé §ðïëýôùò
§ð� 3

2 (� + 1); êá� í¥ �ñßæïíôáé ï� ó-©ëãåâñåò BM êá� BM+1: ®Åöáñìüæïíôáò �ðïìÝíùò
ô�í Ðñüôáóéí 3:2:6 óõìðåñáßíïõìå �ôé ãé¥ êÜèå 1 ≤ j ≤M + 1;

(3.48) ‖DFj − E(DFj |BM+1)‖L∞ ≤ ";

êá� �ôé �ðÜñ÷åé óýíïëïí Ω ∈ BM+1 �óôå

(3.49) E((�+1)1Ω) = (O(1="))M+1�1=2; ‖(1−1Ω)E(�−1|BM+1)‖L∞ ≤ 8(M+1)C� ·�1=2

ãé¥ êÜèå N §ð� êÜðïéï N2(M; "; �) êá� ðÜíù, �ö' �óïí ô� � < �1(M; ") ǻéíáé êáôÜëëçëá
ìéêñüí. ÈÝôïõìå ΩM+1 := ΩM ∪Ω; êá� âëÝðïõìå �ôé � (3:44) ðñïêýðôåé §ð� ô�ò (3:40) êá�
(3:49); �íÿ � (3:45) ðñïêýðôåé §ð� ô�í (3:49) êá� ô�í ó÷Ýóéí |(1−1ΩÌ+1)E(�−1|BM+1)| ≤
|(1− 1Ω)E(� − 1|BM+1)|:

ÌÝíåé í¥ äåßîïõìå �ôé �ó÷ýåé � (3:46); äçëáä� �ôé

‖(1− 1ΩM+1)E(f |BM+1)‖2L2 ≥ ‖(1− 1ΩM )E(f |BM )‖2L2 + 2−2k+1":
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®Åä� è¥ ÷ñçóéìåýóåé � �ðüèåóéò �ôé � FM+1 ä«í ǻéíáé §ñêïýíôùò Gowers �ìïéüìïñöç.
ÃñÜöïõìå ô�í (1− 1ΩM+1)E(f |BM+1) �ò

(1− 1ΩM+1)E(f |BM ) + (1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
;

êá� �÷ïõìå §ð� ô�í êáíüíá ôï� óõíçìéôüíïõ �ôé

‖(1− 1ΩM+1)E(f |BM+1)‖2L2

(3.50)

= ‖(1− 1ΩM+1)E(f |BM )‖2L2

+ ‖(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
‖2L2

+ 2
〈
(1− 1ΩM+1)E(f |BM ); (1− 1ΩM+1)

(
E(f |BM+1)− E(f |BM )

)〉
:

Ðáñáôçñï�ìå �ôé � óõíÜñôçóéò (1−1ΩM+1)E(f |BM ) äéáöÝñåé §ð� ô�í (1−1ΩM )E(f |BM );
ô�í L2 íüñìá ô�ò �ðïßáò èÝëïõìå í¥ åêôéìÞóïõìå, ìüíïí óô¥ x �êå�íá ðï� §íÞêïõí óô�
ΩM êá� �÷é óô� ΩM+1: ®Åðßóçò, ²áí ä«í �ð�ñ÷áí êáèüëïõ ô¥ îå÷ùñéóô¥ óýíïëá ΩM ;ΩM+1;
ô� �óùôåñéê�í ãéíüìåíïí óô� äåîé�í ìÝëïò ô�ò (3:50) è¥ �ôáí 0. È¥ äåßîïõìå �ðïìÝíùò
�ôé �îáéôßáò ô�í �êôéìÞóåþí ìáò ãé¥ ô¥ óýíïëá ΩM ;ΩM+1; ô� äåîé�í ìÝëïò ô�ò (3:50)
ä«í §ðÝ÷åé ðïë� §ð� ô� í¥ �óï�ôáé ì«

‖(1− 1ΩM )E(f |BM )‖2L2 + ‖(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
‖2L2 :

ÌÝíåé �ðåéôá í¥ �êôéìÞóïõìå ô�í ‖(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
‖2L2 :

®Éó÷õñéóì�ò 1. Ãé¥ êÜèå �ðéôñåðô�í �; �÷ïõìå �ôé

‖(1− 1ΩM+1)E(f |BM )‖2L2 ≥ ‖(1− 1ΩM )E(f |BM )‖2L2 −
9
4
C ′2 · �1=2:

®Áðüäåéîéò. Èõìüìáóôå §ð� ô�í (3:42) �ôé � E(f |BM ) ǻéíáé öñáãìÝíç �îù §ð� ô�
óýíïëïí ΩM ; E(f |BM ) ≤ 1+C ′1 · �1=2; êá� �ôé �äç �÷ïõìå ðåñéïñßóåé ô¥ �ðéôñåðô¥ � �óôå
í¥ �ó÷ýåé 1 + C ′1 · �1=2 ≤ 3=2: °Áñá

‖(1ΩM+1−1ΩM )E(f |BM )‖2L2 ≤
9
4
‖1ΩM+1−1ΩM ‖2L2 =

9
4
‖1ΩM+1−1ΩM ‖L1 ≤ 9

4
E(1ΩM+1);

ì« ô�í ôåëåõôáßáí �êöñáóéí í¥ ǻéíáé ≤ 9
4C

′
2 · �1=2 §ð� ô�í (3:44): Ðáñáôçñï�ìå �ðßóçò �ôé

ãé¥ êÜèå x óô� ZN �ó÷ýåé

(1− 1ΩM+1)(x) · (1ΩM+1 − 1ΩM )(x) = 0;

©ñá 〈
(1− 1ΩM+1)E(f |BM ); (1ΩM+1 − 1ΩM )E(f |BM )

〉
= 0;

êá� §ð� ô�í êáíüíá ôï� óõíçìéôüíïõ

‖(1− 1ΩM )E(f |BM )‖2L2 = ‖(1− 1ΩM+1)E(f |BM )‖2L2 + ‖(1ΩM+1 − 1ΩM )E(f |BM )‖2L2 :
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ÓõíäõÜæïíôáò ô¥ ðáñáðÜíù, �÷ïõìå ô� æçôïýìåíïí.

®Éó÷õñéóì�ò 2. Ï� óõíáñôÞóåéò (1−1ΩM+1)E(f |BM ) êá� (1−1ΩM+1)
(
E(f |BM+1)−

E(f |BM )
)
ǻéíáé ó÷åä�í êÜèåôåò � ìßá óô�í ©ëëçí, äçëáä� �ó÷ýåé∣∣〈(1− 1ΩM+1)E(f |BM ); (1− 1ΩM+1)

(
E(f |BM+1)− E(f |BM )

)〉∣∣ ≤ 9
4
C ′2 · �1=2

ãé¥ êÜèå �ðéôñåðô�í �:

®Áðüäåéîéò. Ðáñáôçñï�ìå �ôé ï� (1 − 1ΩM+1) êá� E(f |BM ) ǻéíáé BM+1−ìåôñÞóéìåò,
©ñá ãé¥ ô�í óõíÜñôçóéí

G := (1− 1ΩM+1)
2 E(f |BM ) · (f − E(f |BM ))

�ó÷ýåé
E(G|BM+1) = (1− 1ΩM+1)

2 E(f |BM ) ·
(
E(f |BM+1)− E(f |BM )

)
;

êá� óõíåð�ò〈
(1− 1ΩM+1)E(f |BM ); (1−1ΩM+1)

(
E(f |BM+1)− E(f |BM )

)〉
= E

(
E(G|BM+1)

)
= E(G)

=
〈
(1− 1ΩM+1)E(f |BM ); (1− 1ΩM+1)(f − E(f |BM ))

〉
:

°Áñá §ñêå� í¥ äåßîïõìå �ôé∣∣〈(1− 1ΩM+1)E(f |BM ); (1− 1ΩM+1)(f − E(f |BM ))
〉∣∣ ≤ 9

4
C ′2 · �1=2:

Ðáñïìïßùò, �÷ïõìå �ôé E((1−1ΩM )f |BM ) = (1−1ΩM )E(f |BM ); ©ñá §ð� ô�ò ãíùóô«ò
ó÷Ýóåéò êáèåôüôçôïò,〈

(1− 1ΩM )E(f |BM ); (1− 1ΩM )(f − E(f |BM ))
〉

= 0:

®Áöï�, �ðùò å�äáìå êá� ðñßí, ãé¥ êÜèå x ∈ ZN ;

(1− 1ΩM+1)(x) · (1ΩM+1 − 1ΩM )(x) = 0;

�ó÷ýåé �ðéðëÝïí〈
(1− 1ΩM+1)E(f |BM ); (1ΩM+1 − 1ΩM )(f − E(f |BM ))

〉
= 0;

�ðüôå ôåëéê�ò〈
(1− 1ΩM+1)E(f |BM );(1− 1ΩM+1)(f − E(f |BM ))

〉
=
〈
(1− 1ΩM )E(f |BM ); (1− 1ΩM )(f − E(f |BM ))

〉
−
〈
(1− 1ΩM+1)E(f |BM ); (1ΩM+1 − 1ΩM )(f − E(f |BM ))

〉
−
〈
(1ΩM+1 − 1ΩM )E(f |BM ); (1− 1ΩM )(f − E(f |BM ))

〉
=−

〈
(1ΩM+1 − 1ΩM )E(f |BM ); (1− 1ΩM )(f − E(f |BM ))

〉
:
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®Áñêå� �ðïìÝíùò í¥ öñÜîïõìå ô�í ôåëåõôá�ïí �ñïí: ÷ñçóéìïðïéï�ìå ðÜëé �ôé � E(f |BM )
ǻéíáé öñáãìÝíç �îù §ð� ô� óýíïëïí ΩM ; E(f |BM ) ≤ 1 +C ′1 · �1=2 ≤ 3=2: ®Áíáëüãùò, ðá-
ñáôçñï�ìå �ôé |(1− 1ΩM )(f − E(f |BM ))| = |FM+1| ≤ 3

2 (� + 1); óõíåð�ò∣∣〈(1ΩM+1 − 1ΩM )E(f |BM ); (1− 1ΩM )(f − E(f |BM ))
〉∣∣

≤ E
(
(1ΩM+1 − 1ΩM )E(f |BM )|FM+1|

)
≤ 9

4
E(1ΩM+1(� + 1)) ≤ 9

4
C ′2 · �1=2

�îáéôßáò ô�ò (3:44):

®Éó÷õñéóì�ò 3. ®Áð� ô�í �ðüèåóéí �ôé ‖FM+1‖Uk−1 > "1=2
k

; ðñïêýðôåé �ôé

‖(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
‖L2 ≥ 2−2k−1+1"1=2 − Ck;";C3;C′2

· �1=2 − Ck;� · ":

®Áðüäåéîéò. ®Áð� ô� Ë�ììá 3:2:1 êá� ô�í �ñéóì�í ô�ò FM+1 �÷ïõìå〈
(1− 1ΩM )(f − E(f |BM ));DFM+1

〉
=
〈
FM+1;DFM+1

〉
= ‖FM+1‖2

k−1

Uk−1 ≥ "1=2:

°Å÷ïõìå �äç ðåñéïñßóåé êáôÜëëçëá ô� � �óôå í¥ �ó÷ýåé |FM+1| ≤ 3
2 (� + 1); �íÿ ãé¥ í¥

�ñßóïõìå ô�ò ó-©ëãåâñåò B";�(DFj); �÷ïõìå èåùñÞóåé §ñêåô¥ ìåãÜëá N ó« ó÷Ýóéí ì« ô�

ìÝôñïí �; �óôå êÜèå DFj í¥ ðáßñíåé ôéì«ò óô� äéÜóôçìá [−32k−1
; 32k−1

]: Á�ô¥, ìáæ� ì«
ô�í (3:44); §ñêï�í ãé¥ í¥ äï�ìå �ôé∣∣〈(1ΩM+1− 1ΩM )(f − E(f |BM ));DFM+1

〉∣∣
≤‖DFM+1‖L∞ · E((1ΩM+1 − 1ΩM )|f − E(f |BM )|) ≤ 32k−1

E(1ΩM+1 |FM+1|)

≤32k−1+1

2
E(1ΩM+1(� + 1)) ≤ 32k−1+1

2
C ′2 · �1=2:

Óõíåð�ò, §ð� ôñéãùíéê�í §íéóüôçôá∣∣〈(1− 1ΩM+1)(f − E(f |BM ));DFM+1

〉∣∣ ≥ "1=2 − Ck;C′2 · �
1=2:

®Áð� ô�í ©ëëçí, ÷ñçóéìïðïé�íôáò ô�í (3:48) âëÝðïõìå �ôé∣∣〈(1− 1ΩM+1)(f−E(f |BM ));DFM+1 − E(DFM+1|BM+1)
〉∣∣

≤ ‖DFM+1 − E(DFM+1|BM+1)‖L∞ · E
(
(1− 1ΩM+1)|f − E(f |BM )|

)
≤ "E(|FM+1|) ≤

3
2
"E(� + 1) ≤ 3

2
C� · ":

±Åðåôáé ðÜëé §ð� ôñéãùíéê�í §íéóüôçôá �ôé

(3.51)
∣∣〈(1− 1ΩM+1)(f −E(f |BM ));E(DFM+1|BM+1)

〉∣∣ ≥ "1=2−Ck;C′2 · �
1=2− 3

2
C� · ":
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Ðáñáôçñï�ìå �ìùò �ôé ï� óõíáñôÞóåéò (1 − 1ΩM+1);E(DFM+1|BM+1) êá� E(f |BM )
ǻéíáé �ëåò BM+1−ìåôñÞóéìåò, ©ñá, �ðùò êá� ðñßí, � óõíÜñôçóéò

(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
· E(DFM+1|BM+1)

ǻéíáé � äåóìåõìÝíç ìÝóç ôéì� ô�ò

(1− 1ΩM+1)(f − E(f |BM )) · E(DFM+1|BM+1)

�ò ðñ�ò ô�í ó-©ëãåâñá BM+1; êá� �ó÷ýåé〈
(1− 1ΩM+1)

(
E(f |BM+1)− E(f |BM )

)
;E(DFM+1|BM+1)

〉
=
〈
(1− 1ΩM+1)(f − E(f |BM ));E(DFM+1|BM+1)

〉
:

±Åðåôáé §ð� ô�í (3:51) êá� ô�í §íéóüôçôá Cauchy-Schwarz �ôé∣∣〈(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
;E(DFM+1|BM+1)

〉∣∣
≥ 1
‖DFM+1‖L∞

(
"1=2 − Ck;C′2 · �

1=2 − 3
2
C� · "

)
;

�ðüôå ÷ñçóéìïðïé�íôáò êá� ô�í �êôßìçóéí (3:47) ðï� �÷ïõìå ãé¥ ô�í ‖DFM+1‖L∞ ; êáôá-
ëÞãïõìå óô�ò äéáäï÷éê«ò §íéóüôçôåò

‖(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
‖L2

≥ 2−2k−1+1

1 + Ck;C3 · �1=2

(
"1=2 − Ck;C′2 · �

1=2 − 3
2
C� · "

)
≥ 2−2k−1+1(1− Ck;C3 · �1=2)

(
"1=2 − Ck;C′2 · �

1=2 − 3
2
C� · "

)
≥ 2−2k−1+1"1=2 − Ck;";C3;C′2

· �1=2 − Ck;� · ":

Ìðïñï�ìå ðëÝïí í¥ âñï�ìå êÜôù §ð� ðïéï�ò ðåñéïñéóìï�ò ãé¥ ô¥ " êá� � �ó÷ýåé �
(3:46) : §ð� ô�í äåýôåñïí �ó÷õñéóìüí

‖(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
‖L2 ≥ 2−2k−1+1"1=2 − Ck;";C3;C′2

· �1=2 − Ck;� · ";

�ðüôå �ðïèÝôïíôáò �ôé � �êöñáóéò

2−2k−1+1"1=2 − Ck;";C3;C′2
· �1=2 − Ck;� · "

ǻéíáé èåôéêÞ, ô� �ðï�ïí �ó÷ýåé ²áí ô� " ǻéíáé §ñêåô¥ ìéêñ�í ó« ó÷Ýóéí ì« ô� k êá� ô� ìÝôñïí
�; êá� ô� � §ñêåô¥ ìéêñ�í ó« ó÷Ýóéí ì« ô¥ k; " êá� ô�ò óôáèåñ«ò C3; C

′
2; ìðïñï�ìå í¥

óõìðåñÜíïõìå �ôé

‖(1− 1ΩM+1)
(
E(f |BM+1)− E(f |BM )

)
‖2L2 ≥ 2−2k+2"− C ′k;";C3;C′2

· �1=2 − C ′k;� · "3=2:
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±Åðåôáé §ð� ô�í (3:50) êá� ôï�ò äýï ðñþôïõò �ó÷õñéóìï�ò �ôé

‖(1− 1ΩM+1)E(f |BM+1)‖2L2

≥ ‖(1− 1ΩM )E(f |BM )‖2L2 + 2−2k+2"− C ′k;� · "3=2 − C ′k;";C3;C′2
· �1=2 − 9

2
C ′2 · �1=2

= ‖(1− 1ΩM )E(f |BM )‖2L2 + 2−2k+1"+
(
2−2k+1"− C ′k;� · "3=2 − C ′′k;";C3;C′2

�1=2
)
;

�ðüôå �÷ïõìå ô� æçôïýìåíïí, §öï� � �êöñáóéò

2−2k+1"− C ′k;� · "3=2 − C ′′k;";C3;C′2
�1=2

ãßíåôáé èåôéê� ²áí ðåñéïñßóïõìå §êüìç ìßáí öïñ¥ ô� " ó« ó÷Ýóéí ì« ô� k êá� ô� ìÝôñïí �;
êá� �ðåéôá ô� � ó« ó÷Ýóéí ì« ô¥ k; " êá� ô�ò óôáèåñ«ò C3; C

′
2:

Óçìåßùóéò. ±Ïðùò ôåëéê�ò öáßíåôáé §ð� ô�í §ðüäåéîéí, ä«í ì¦ò �íäéáöÝñåé ðïé«ò §êñé-
â�ò ǻéíáé ï� óõíáñôÞóåéò Fj ; ¨ðë�ò �ôé á�ô«ò �êáíïðïéï�í ô�ò �êôéìÞóåéò (3:39) − (3:41)
ãé¥ êÜðïéåò óôáèåñ«ò C1; C2; C3; ãé¥ êÜèå §ñêåô¥ ìéêñ�í �; ìéêñüôåñïí §ð� êÜðïéï �0
ðï� ì¦ò äßíåôáé, êá� ãé¥ êÜèå N > N0(�): Ôüôå, ìðïñï�ìå í¥ �ñßóïõìå ô�í óõíÜñôçóéí
FM+1; êá� ìÝóÿ á�ô�ò ô�í ó-©ëãåâñá BM+1 ãé¥ êÜèå � ìéêñüôåñïí §ð� êÜðïéï �′0 ≤ �0;
êá� ãé¥ êÜèå N ìåãáëýôåñïí §ð� êÜðïéï N ′

0(�; ";M) ≥ N0(�); êá� í¥ äåßîïõìå �ôé �êá-
íïðïéï�íôáé êá� ï� ôÝóóåñéò �êôéìÞóåéò (3:42)− (3:45) ãé¥ �ëá ô¥ �ðéôñåðô¥ � êá� N (ì«
óôáèåñ«ò C ′1; C

′
2; C

′
3 ðï� �îáñô�íôáé §ð� ô�ò äïèå�óåò Ci); êá� �ôé �ôáí � FM+1 ä«í ǻéíáé

"1=2
k−Gowers �ìïéüìïñöç (ðé� óùóôÜ, �ôáí ãé¥ êÜðïéï §ð� ô¥ �ðéôñåðô¥ N; � FM+1;N

ä«í ǻéíáé Gowers �ìïéüìïñöç), ôüôå �ó÷ýåé êá� � ðñïóáýîçóéò ô�ò �íåñãåßáò (3:46) ãé¥ ô�ò
§íôßóôïé÷åò ó-©ëãåâñåò.

Ï�óéáóôéê¥ ëïéðüí, ìðïñï�ìå í¥ ðï�ìå �ôé ï� �ðïèÝóåéò ìáò, ìáæ� öõóéê¥ ì« ô�ò
ðáñáìÝôñïõò " êá� M; ǻéíáé ï� ôñå�ò èåôéê«ò óôáèåñ«ò C1; C2; C3; ô� �ðéôñåðô�í äéÜóôçìá
(0; �0) ãé¥ ô�í ðáñÜìåôñïí �; êá� ô� êÜôù öñÜãìá N0(�) ãé¥ ôï�ò ðñþôïõò N ãé¥ ôï�ò
�ðïßïõò �ó÷ýïõí ï� �êôéìÞóåéò (3:39)− (3:41): ®Áð� ô�í ©ëëçí, ô¥ æçôïýìåíá ǻéíáé ï� ôñå�ò
êáéíïýñéåò óôáèåñ«ò C ′1; C

′
2; C

′
3; êá� ô� ðüóï ðñÝðåé í¥ ðåñéïñßóïõìå ô� äéÜóôçìá (0; �0);

êá� í¥ ìåãáëþóïõìå ô� N0(�); �óôå í¥ §ëçèåýïõí ô¥ óõìðåñÜóìáôá ô�ò ðñïôÜóåùò.

ÌÝíåé í¥ §ðïäåßîïõìå ô� Èåþñçìá ÄéáóðÜóåùò:

®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1:5:2: Èåùñï�ìå " > 0 (ô� �ðï�ïí �ðáêïýåé óôï�ò ðåñéï-
ñéóìï�ò ðï� å�äáìå óô�í §ðüäåéîéí ô�ò ÐñïôÜóåùò 3:2:8); êá� èÝôïõìå M0 í¥ ǻéíáé �

�ëÜ÷éóôïò öõóéê�ò ≥ 22k=" + 1: Å�óÜãïíôáò ìßáí âïçèçôéê�í ðáñÜìåôñïí �; ô�í �ðïßáí
ìåô¥ è¥ §öÞóïõìå í¥ ôåßíåé óô� 0, �öáñìüæïõìå ô�í Ðñüôáóéí 3:2:8 M0 öïñÝò îåêéí�íôáò
§ð� M = 0; äçëáä� îåêéí�íôáò §ð� ô�í ôåôñéììÝíçí ó-©ëãåâñá B0 := {∅;ZN}; ãé¥ ô�í
�ðïßáí ï� �êôéìÞóåéò (3:39); (3:40) ðñïöáí�ò �ó÷ýïõí (ì« Ω0 := ∅): Ãé¥ í¥ �ó÷ýåé êá� �
(3:41); âñßóêïõìå ãé¥ êÜèå � < 1=2 êáôÜëëçëá ìåãÜëï N0(�) �óôå í¥ �÷ïõìå

1− �1=2 ≤ E(�(x)|x ∈ ZN ) ≤ 1 + �1=2 ⇔ ‖E(� − 1|B0)‖L∞ ≤ �1=2
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ãé¥ êÜèå N > N0(�): Óêïðüò ìáò ǻéíáé í¥ âñï�ìå �ðåéôá §ð� ô�ò M0 �öáñìïã«ò óôáèåñ«ò
C1; C2; C3 ãé¥ ô�ò �ðï�åò �ó÷ýïõí ï� �êôéìÞóåéò (3:42) − (3:45) ãé¥ êÜèå ó-©ëãåâñá BM ;
êÜèå óýíïëïí ΩM+1 êá� óõíÜñôçóéí FM+1; 0 ≤M ≤M0; ðï� è¥ ðñïêýøïõí ó« êÜðïéáí
§ð� ô�ò �íäéÜìåóåò �öáñìïãÝò, ãé¥ êÜèå � ìéêñüôåñïí §ð� êÜðïéï �0(";M0) êá� ãé¥ êÜèå
N > N0(";M0; �): Ôáõôï÷ñüíùò ðáñáôçñï�ìå �ôé è¥ �ó÷ýåé êá� � (3:46); �ðïôå �÷ïõìå
ãé¥ êÜðïéï M < M0; êá� ãé¥ êÜðïéá §ð� ô¥ �ðéôñåðô¥ � êá� N; �ôé � FM+1 := (1 −
1ΩM )(f − E(f |BM )) ä«í ǻéíáé "1=2

k−Gowers �ìïéüìïñöç.
®Éó÷õñéóì�ò. ®Åö' �óïí ðåñéïñßóïõìå ãé¥ ìßáí ôåëåõôáßáí öïñ¥í ô� �0 ó« ó÷Ýóéí ì«

ô¥ k êá� "; è¥ �ðÜñ÷åé ãé¥ êÜèå æå�ãïò (�;N) §ð� ô¥ �ðéôñåðô¥, ôïõëÜ÷éóôïí �íáM < M0

�óôå � §íôßóôïé÷ç óõíÜñôçóéò FM+1 í¥ ǻéíáé "1=2
k−Gowers �ìïéüìïñöç.

®Áðüäåéîéò. ²Áí ô� óõìðÝñáóìá ä«í �ó÷ýåé ãé¥ êÜðïéá �;N; ôüôå §ð� ô�í (3:46) è¥
�÷ïõìå ãé¥ êÜèå M < M0;

‖(1− 1ΩM+1)E(f |BM+1)‖2L2 ≥ ‖(1− 1ΩM )E(f |BM )‖2L2 + 2−2k+1";

�ðïõ BM ;BM+1 êá� ΩM ;ΩM+1 ï� §íôßóôïé÷åò, ãé¥ ô¥ óõãêåêñéìÝíá �;N; ó-©ëãåâñåò êá�
ô¥ îå÷ùñéóô¥ óýíïëá ó' á�ôÝò. Á�ô� è¥ óõíåðÜãåôáé �ôé

‖(1− 1ΩM0
)E(f |BM0)‖2L2 ≥ ‖(1− 1Ω0)E(f |B0)‖2L2 + (Ì0 − 1)2−2k+1" ≥ 2:

Ôáõôï÷ñüíùò �ìùò §ð� ô�í (3:46);

‖(1− 1ΩM0
)E(f |BM0)‖L∞ ≤ 1 + C1 · �1=2;

ô� �ðï�ïí ìðïñå� í¥ óõìâáßíåé ìüíïí ²áí 1 + C1 · �1=2 ≥
√

2:

Æçô�íôáò �ðïìÝíùò í¥ �ó÷ýåé 1+C1 ·�1=2
0 ≤

√
2; ìðïñï�ìå ðëÝïí í¥ ÷ñçóéìïðïéÞóïõìå

ô¥ ðáñáðÜíù �óôå í¥ âñï�ìå ô�í ï�êïãÝíåéáí ó-©ëãåâñ�í B′ êá� ô¥ îå÷ùñéóô¥ óýíïëá
Ω′N ∈ B′N ðï� æçôï�íôáé óô� Èåþñçìá 1:5:2 : ãé¥ êÜèå �m := �0

m+1 êá� ãé¥ êÜèå ðñ�ôïí
N ì« N0(";M0; �m) < N ≤ N0(";M0; �m+1); âñßóêïõìå ô�í �ëÜ÷éóôïí M < M0 �óôå
� §íôßóôïé÷ç óõíÜñôçóéò FM+1 í¥ ǻéíáé "1=2

k−Gowers �ìïéüìïñöç (ôÝôïéïò �ðÜñ÷åé §ð�
ô�í ðñïçãïýìåíïí �ó÷õñéóìüí). ÈÝôïõìå B′N := BM í¥ ǻéíáé � §íôßóôïé÷ç ó-©ëãåâñá,
êá� Ω′N := ΩM ô� îå÷ùñéóô�í óýíïëïí ó' á�ô�í, �ðùò ðñïêýðôïõí §ð� ô�í Ðñüôáóéí
3:2:8:

ÊáôáëÞãïõìå �ôé ãé¥ êÜèå ðñ�ôïí N > N0(";M0; �1) ≡ N0("; k) �êáíïðïéå�ôáé �
(3:19); äçëáä�

‖(1− 1Ω′N
)(fN − E(fN |B′N ))‖Uk−1 ≤ "1=2

k

:

®Åðßóçò, ãé¥ êÜèå N0(";M0; �m) < N ≤ N0(";M0; �m+1) �ó÷ýïõí ï�

E(�1Ω′N
) ≤ C2 · �1=2

m ; ‖(1− 1Ω′N
)E(� − 1|B′N )‖L∞ ≤ C3 · �1=2

m ;

§öï� �÷ïõìå �îáóöáëßóåé, ì« ô�ò äéáäï÷éê«ò �öáñìïã«ò ô�ò ÐñïôÜóåùò 3:2:8; ï� �êôéìÞóåéò
á�ô«ò í¥ �êáíïðïéï�íôáé §ð� �ëåò ô�ò ó-©ëãåâñåò BM êá� ô¥ óýíïëá ΩM ∈ BM ðï�
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êáôåóêåõÜóáìå ãé¥ 0 ≤M ≤M0; ãé¥ ô¥ �ðéôñåðô¥ � êá� N: Ðáñáôçñï�ìå �ðïìÝíùò, �ôóé
�ðùò �ñßóáìå ô�í ï�êïãÝíåéáí ó-§ëãåâñ�í B′ êá� ô¥ îå÷ùñéóô¥ óýíïëá Ω′N ∈ B′Í ; �ôé
�êáíïðïéï�íôáé êá� ï� (3:17); (3:18); äçëáä�

E(�1Ω′) = o"(1) êá� ‖(1− 1Ω′)E(� − 1|B′)‖L∞ = o"(1):

Óõíåð�ò, �÷ïõìå âñå� ô¥ æçôïýìåíá ôï� èåùñÞìáôïò.

®Åä� �ëïêëçñþíåôáé � §ðüäåéîéò êá� ôï� ãåíéêåõìÝíïõ èåùñÞìáôïò Szemer�edi. ÐëÝïí,
ãé¥ í¥ âñï�ìå §ñéèìçôéê«ò ðñïüäïõò ìÞêïõò k óôï�ò ðñþôïõò, §ñêå� í¥ âñï�ìå ìßáí ì�
áñíçôéê�í óõíÜñôçóéí f ì« öïñÝá ôï�ò ðñþôïõò, � �ðïßá è¥ �÷åé èåôéê�í �ëïêëÞñùìá, êá�
� �ðïßá è¥ öñÜóóåôáé §ð� êáôÜëëçëïí k−øåõäïôõ÷á�ïí ìÝôñïí �: Á�ô�ò ǻéíáé � óêïð�ò
ôï� �ðïìÝíïõ êåöáëáßïõ, óô� �ðï�ïí è¥ ÷ñåéáóôå� í¥ èõìçèï�ìå �ðßóçò êÜðïéá §ðáñáßôçôá
�ñãáëå�á êá� §ðïôåëÝóìáôá §ð� ô�í §íáëõôéê�í èåùñßáí §ñéèì�í.





ÊåöÜëáéïí 4

Êáôáóêåõ� øåõäïôõ÷áßïõ ìÝôñïõ
ãé¥ ôï�ò ðñþôïõò

4.1 Ìßá óõíÜñôçóéò ì« £öïñÝá¤ ôï�ò ðñþôïõò

¯Ç ðé� ãíùóô� óõíÜñôçóéò ì« öïñÝá ôï�ò ðñþôïõò êá� ô�ò äõíÜìåéò ôïõò óô�í §íáëõ-
ôéê�í èåùñßáí §ñéèì�í ǻéíáé � óõíÜñôçóéò von Mangoldt, ì« ôýðïí

Λ(n) =
{

log p ²áí n = pm �ðïõ p ðñ�ôïò êá� m ≥ 1
0 §ëëé�ò

:

Ô� äéÜóçìïí Èåþñçìá Ðñþôùí ®Áñéèì�í, ô� �ðï�ïí, �ðùò å�ðáìå óô�í Å�óáãùãÞí, äßíåé
�íáí §óõìðôùôéê�í ôýðïí ãé¥ ô� ðë�èïò �(n) ô�í ðñþôùí ðï� ǻéíáé ìéêñüôåñïé §ð� ²ç �óïé
ì« n; ǻéíáé �óïäýíáìïí ì« ô�í �êôßìçóéí

E(Λ(n)|1 ≤ n ≤ N) = 1 + o(1):

ÌÜëéóôá ï� ìåãáëýôåñåò äõíÜìåéò ǻéíáé ôüóï §ñáé¥ êáôáíåìçìÝíåò, �óôå � �äéá �êôßìçóéò
�ó÷ýåé êá� ãé¥ ô�í óõíÜñôçóéí

�(n) =
{

log n ²áí n ðñ�ôïò
0 §ëëé�ò

;

äçëáä� E(�(n)|1 ≤ n ≤ N) = 1 + o(1): Á�ô� �ìùò ì¦ò ëÝåé �ôé � ï�êïãÝíåéá óõíáñôÞ-
óåùí {�|[1;N ]: N ðñ�ôïò} �÷åé �ëïêëçñþìáôá öñáãìÝíá §ð� êÜôù §ð� èåôéê�í óôáèåñÜí,
§êñéâ�ò �ðùò æçôå�ôáé óô� Èåþñçìá 1:1:10; �ðïõ âåâáßùò ôáõôßæïõìå ô� [1; N ] ì« ô� ZN

êáô¥ ðñïöáí� ôñüðïí. °Å÷åé �ðßóçò öïñÝá ôï�ò ðñþôïõò, óõíåð�ò, ²áí ìðïñïýóáìå í¥
âñï�ìå êÜðïéï k−øåõäïôõ÷á�ïí ìÝôñïí � ô� �ðï�ïí í¥ �öñáóóå êáô¥ óçìå�ïí ô�ò �|[1;N ]

²ç êÜðïéï èåôéê�í ðïëëáðëÜóéüí ôïõò, ìßá ¨ðë� �öáñìïã� ôï� ãåíéêåõìÝíïõ èåùñÞìáôïò
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Szemer�edi è¥ ì¦ò �îçóöÜëéæå ©ðåéñåò §ñéèìçôéê«ò ðñïüäïõò ìÞêïõò k ìÝóá óô� óýíïëïí
ô�í ðñþôùí, ²ç ôïõëÜ÷éóôïí óô�ò å�êüíåò á�ôï� ôï� óõíüëïõ ìÝóá óôï�ò äáêôõëßïõò ZN :

Äõóôõ÷�ò, ôÝôïéï øåõäïôõ÷á�ïí ìÝôñïí ä«í �ðÜñ÷åé, êá� ìÜëéóôá ô� ðñüâëçìá äç-
ìéïõñãå�ôáé §ð� ô�í �äéáí ô�í êáôáíïì�í ô�í ðñþôùí: ðïë� ¨ðëÜ, �ðÜñ÷åé ìüíïí �íáò
ðñ�ôïò � �ðï�ïò äéáéñå�ôáé §ð� ô� 2, ìüíïí äýï ï� �ðï�ïé ä«í ǻéíáé ó÷åôéê�ò ðñ�ôïé ì« ô�
6, êáíÝíáò � �ðï�ïò í¥ ǻéíáé �óïûðüëïéðïò ì« ô� 15 modulo 20, ê.ï.ê. Ðé� á�óôçñÜ, ãé¥
êÜèå öõóéê�í q �ó÷ýåé

(4.1) E(�(n)|1 ≤ n ≤ N) =
1
N
·
∑

1≤�≤q
(�;q)=1

 ∑
1≤n≤N

n≡� mod q

�(n)

+ o(1);

äçëáä� ìðïñï�ìå í¥ ðáñáëåßøïõìå ô�ò êëÜóåéò �ðïëïßðùí � mod q ãé¥ �êå�íá ô¥ � ô¥
�ðï�á ä«í ǻéíáé ó÷åôéê�ò ðñ�ôá ì« ô� q ÷ùñ�ò í¥ ìåôáâÜëïõìå ô� §ñ÷éê�í �ëïêëÞñùìá
óçìáíôéêÜ.

®ÁíôéèÝôùò, ô¥ øåõäïôõ÷á�á ìÝôñá, �ôóé �ðùò ô¥ �÷ïõìå �ñßóåé, êáôáíÝìïíôáé �ìïéü-
ìïñöá óô�ò äéÜöïñåò §ñéèìçôéê«ò ðñïüäïõò ðï� ó÷çìáôßæïõí ï� �óïûðüëïéðïé §ñéèìï� mod-
ulo q; äçëáä� �ó÷ýåé ô� �î�ò:

Ë�ììá 4.1.1. °Åóôù k−øåõäïôõ÷á�ïí ìÝôñïí � (k ≥ 3); êá� �óôù q ≥ 1 öõóéêüò. Ãé¥
êÜèå 1 ≤ � ≤ q óõìâïëßæïõìå ì« QN;� ô� óýíïëïí ô�í öõóéê�í n ∈ [1; N ] ï� �ðï�ïé
ǻéíáé �óïûðüëïéðïé ì« ô� � mod q: Ôüôå �ó÷ýåé

(4.2) E(�1QN;�) = E(1QN;�) + o(1) =
1
q

+ o(1);

�ðïõ ôáõôßæïõìå ô¥ �ðïóýíïëá ôï� [1; N ] ì« ô¥ �ðïóýíïëá ôï� ZN êáô¥ ðñïöáí� ôñüðïí.

Óçìåßùóéò. ²Áò ðñïóÝîïõìå �ôé ô� óöÜëìá óô�í (4:2); �ðùò êá� óô�í (4:1); �îáñô¦ôáé
§ð� ô� ðïé�ò ǻéíáé � öõóéê�ò q:

Ô� ë�ììá ì¦ò ëÝåé ï�óéáóôéê¥ �ôé � §íôßóôïé÷ç ©èñïéóéò ðÜíù §ð� ô�ò êëÜóåéò �ðï-
ëïßðùí � mod q ãé¥ ô¥ � ô¥ �ðï�á ǻéíáé ó÷åôéê�ò ðñ�ôá ì« ô� q ä«í ðñïóåããßæåé êáë¥
ô�í ìÝóçí ôéì�í ôï� �; §ëë¥ �ó÷ýåé

(4.3)
1
N
·
∑

1≤�≤q
(�;q)=1

 ∑
1≤n≤N

n≡� mod q

�(n)

 =
�(q)
q

+ o(1);

�ðïõ � ǻéíáé � óõíÜñôçóéò ôï� Euler, � �ðïßá ó« êÜèå öõóéê�í n §íáèÝôåé ô� ðë�èïò ô�í
öõóéê�í ∈ [1; n] ï� �ðï�ïé ǻéíáé ó÷åôéê�ò ðñ�ôïé ì« ô�í n: ±Ïìùò � ëüãïò �(q)=q ìðïñå�
í¥ ãßíåé �óïäÞðïôå ìéêñüò, ðáñáäåßãìáôïò ÷Üñéí �ôáí q ǻéíáé ô� ãéíüìåíïí ô�í ðñþôùí
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ðï� ǻéíáé ìéêñüôåñïé §ð� êÜðïéïí öõóéê�í m; �ðïõ

�(q)
q

=
∏

p ðñ�ôïò
p<m

(
1− 1

p

)
→ 0 êáè�ò m→ +∞:

Óõíåð�ò, �îáéôßáò ô�í (4:1); (4:3); ä«í ìðïñï�ìå í¥ ðåñéìÝíïõìå í¥ �ó÷ýåé �(n) ≥ c ·�(n)
ãé¥ êÜðïéï c > 0:

Ãé¥ í¥ äéïñèþóïõí á�ô� ô� ðñüâëçìá, ï� Green êá� Tao �ñßæïõí ðñ�ôá ìßáí ðáñáëëá-
ã�í ô�ò óõíáñôÞóåùò � :

Ï̄ñéóìüò 4.1.2. °Åóôù w(N) ìßá óõíÜñôçóéò ôï� N; � �ðïßá è¥ ì¦ò ÷ñåéáóôå� í¥ ôåßíåé
óô� +∞ êáè�ò ô� N á�îÜíåôáé, §ëë¥ ì« §ñêåô¥ §ñã�í ñ̄õèìüí. (±Ïðùò è¥ äï�ìå, ìßá
äõíáô� �ðéëïã� ãé¥ ô�í óõíÜñôçóéí w(N) ǻéíáé � w(N) = log log logN:) Èåùñï�ìå ô�í
ðáñÜìåôñïí

WN :=
∏

p ðñ�ôïò
p≤w(N)

p;

� �ðïßá �îáñô¦ôáé §ð� ô� N êá� ǻéíáé ô� ãéíüìåíïí �ëùí ô�í ìéêñ�í ðñþôùí, ≤ w(N):
¯Ïñßæïõìå ìßáí ï�êïãÝíåéáí §ð� ðáñáëëáã«ò ô�ò óõíáñôÞóåùò � èÝôïíôáò ãé¥ êÜèå

ðñ�ôïí N; �̃N : [1; N ] → R+ í¥ ǻéíáé � óõíÜñôçóéò ì« ôýðïí

�̃N (n) :=
{

�(WN )
WN

log(WNn+ 1) �ôáí WNn+ 1 ǻéíáé ðñ�ôïò

0 §ëëé�ò
:

Êáô¥ ðñïöáí� ôñüðïí �ðßóçò, èåùñï�ìå �ôé � �̃N �÷åé ðåäßïí �ñéóìï� ô� ZN :

ÐëÝïí, ä«í �ðÜñ÷åé �ìöáí�ò ëüãïò ãéáô� ô¥ n ∈ ZN ì« ô�í �äéüôçôá �̃N (n) 6= 0 í¥ óõã-
êåíôñþíïíôáé ó« óõãêåêñéìÝíåò êëÜóåéò �ðïëïßðùí, ôïõëÜ÷éóôïí modulo ôï�ò ìéêñï�ò
ðñþôïõò êá� ô¥ ãéíüìåíÜ ôïõò, äçëáä� ôï�ò äéáéñÝôåò ôï� WN : Âåâáßùò, ä«í ãíùñßæïõìå
§êüìç ²áí �ðÜñ÷åé �óôù êá� �íá n ì« �̃N (n) 6= 0; êá� ìÜëéóôá ÷ñåéáæüìáóôå §ñêåô¥ ôÝôïéá
n �óôå í¥ óõìðåñÜíïõìå �ôé

(4.4) E(�̃N (n)|n ∈ ZN ) � 1:

Á�ô� �îáóöáëßæåôáé §ð� ô� èåþñçìá ôï� Dirichlet, ãíùóô�í êá� �ò Èåþñçìá ô�í Ðñþôùí
®Áñéèì�í ó« ®Áñéèìçôéê«ò Ðñïüäïõò:

Èåþñçìá 5. °Åóôù 0 < " < 1 ìßá ìéêñ� ðïóüôçò. Èåùñï�ìå ãé¥ êÜèå x ≥ 1; �ëá ô¥
æåýãç (q; �) ðï� §ðïôåëï�íôáé §ð� ó÷åôéê�ò ðñþôïõò öõóéêïýò, ì« ô�í q í¥ �êáíïðïéå�
ô�í §íéóüôçôá

q ≤ (log x)1−":
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¯ÕðÜñ÷åé óôáèåñ¥ c" > 0 �óôå (�ìïéüìïñöá ãé¥ êÜèå ôÝôïéï æå�ãïò) í¥ �ó÷ýåé

1
x
·
∑

1≤n≤x
n≡� mod q

�(n) =
1

�(q)
+O"

(
exp(−c"

√
log x)

)
=

1
�(q)

+ o"(1):

Ô� óçìáíôéêüôåñïí ó« á�ô�í ô�í �êäï÷�í ôï� èåùñÞìáôïò Dirichlet ǻéíáé �ôé ô¥
óöÜëìáôá ǻéíáé �ìïéüìïñöá öñáãìÝíá ãé¥ �ëá ô¥ q ≤ (log x)1−": Ãé¥ í¥ âåâáéùèï�ìå
�ôé � (4:4) §ëçèåýåé, §ñêå� ôþñá í¥ ðáñáôçñÞóïõìå �ôé �ó÷ýåé

log(WN ) =
∑

p ðñ�ôïò
p≤w(N)

log p = w(N) + o(w(N)) = O(w(N)) ⇒WN = eO(w(N))

§ð� ô�í �óïäýíáìçí äéáôýðùóéí ôï� ÈåùñÞìáôïò Ðñþôùí ®Áñéèì�í, êá� êáô¥ óõíÝðåéáí,
ì« ô�í �ðéëïã�í w(N) = log log logN; ðñïêýðôåé �ôé

WN = exp(O(log log logN)) = logO(1)(logN) ≤
√

logN

ãé¥ ô¥ ìåãÜëá N: °Åôóé §ð� ô� èåþñçìá Dirichlet,∑
1≤n≤N

�̃N (n) =
∑

1≤n≤N

�(WN )
WN

�(WNn+ 1) =
�(WN )
WN

·
∑

1≤n≤WNN+1
n≡1 mod WN

�(n)

=
�(WN )
WN

(
WNN + 1
�(WN )

+ (WNN + 1)O
(
exp
(
−c1=2

√
log(WNN)

)))
= N +

1
WN

+O(N) · �(WN ) exp
(
−c1=2

√
logN

)
(4.5)

⇒ E(�̃N (n)|n ∈ ZN ) = 1 +
1

WNN
+O

(
logO(1)(logN) · exp

(
−c1=2

√
logN

))
= 1 + o(1):

®ÅðéðëÝïí, ðáñüôé ǻéíáé §êüìç ðïë� äýóêïëïí, ì« ô¥ �ñãáëå�á ðï� äéáèÝôïõìå, í¥
�îåôÜóïõìå ²áí � �äéá � óõíÜñôçóéò �̃ ì¦ò äßíåé �íá k−øåõäïôõ÷á�ïí ìÝôñïí, ḉôáí ðëÝïí
äõíáô�í ãé¥ ôï�ò Green êá� Tao í¥ âñï�í k−øåõäïôõ÷á�ïí ìÝôñïí ðï� í¥ öñÜóóåé êáô¥
óçìå�ïí êáôÜëëçëïí ðïëëáðëÜóéïí ô�ò �̃:

Ðñüôáóéò 4.1.3. Ãé¥ êÜèå k ≥ 3; èåùñï�ìå ô�í âïçèçôéê�í ðáñÜìåôñïí �k := 1
2k(k+4)!

:

¯ÕðÜñ÷åé k−øåõäïôõ÷á�ïí ìÝôñïí � : ZN → R+ �óôå ãé¥ êÜèå §ñêåô¥ ìåãÜëïí ðñ�ôïí
N > N0(k) í¥ �ó÷ýåé

�N (n) ≥ k−12−k−5�̃N (n) ãé¥ êÜèå �kN ≤ n ≤ 2�kN:
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ÐáñáôÞñçóéò 4.1.4. ¯Ï êýñéïò ëüãïò ðï� å�óÜãïõìå ô�í âïçèçôéê�í ðáñÜìåôñïí �k êá�
æçôï�ìå ô� � í¥ öñÜóóåé �íáí ðåñéïñéóì�í ô�ò óõíáñôÞóåùò �̃ ó« êÜðïéï �ðïäéÜóôçìá
ôï� [1; N ] ≡ ZN ìÞêïõò �kN; ǻéíáé ãé¥ í¥ ìðïñÝóïõìå í¥ §íôéóôïé÷ßóïõìå ô�ò §ñéèìçôéê«ò
ðñïüäïõò ðï� è¥ âñï�ìå ìÝóÿ ôï� ÈåùñÞìáôïò 1:1:10; êá� ï� �ðï�åò è¥ ǻéíáé ðñüïäïé óô�
ZN (óõãêåêñéìÝíá ìÝóá óô� äéÜóôçìá [�kN; 2�kN ]); ó« ãíÞóéåò §ñéèìçôéê«ò ðñïüäïõò
óô� Z: Á�ô� §êñéâ�ò êÜíáìå êá� óô�í �íüôçôá 1.1, �ôáí §ðåäåßîáìå �ôé � óõíáñôçóéáê�
�êäï÷� ôï� èåùñÞìáôïò Szemer�edi, ðï� §ó÷ïëå�ôáé ì« óõíáñôÞóåéò óô� ZN ; óõíåðÜãåôáé
ô�í óõíïëïèåùñçôéê�í �êäï÷Þí ôïõ, ðï� ìåëåô¦ �ðïóýíïëá ô�í öõóéê�í.

Óô� ôÝëïò ôï� êåöáëáßïõ è¥ ãßíåé óáö«ò �ôé ìðïñï�ìå, êá� ìÜëéóôá ÷ñåéÜæåôáé óô�ò
§ðïäåßîåéò ô�í ÈåùñçìÜôùí 1 êá� 2, í¥ èåùñÞóïõìå ô�í óõíÜñôçóéí w(N) ôåëéê�ò óôá-
èåñÞí. Ðñ�ò ô� ðáñüí, æçôï�ìå � óõíÜñôçóéò w(N) í¥ á�îÜíåôáé §ðåñéüñéóôá �ðåéäÞ,
�ðùò è¥ äï�ìå, � ðáñÜìåôñïò WN è¥ �ìöáíßæåôáé êá� óô�í �ñéóì�í ôï� ìÝôñïõ � ðï� è¥
äþóïõìå, �ðçñåÜæïíôáò ô�ò �êôéìÞóåéò ðï� ÷ñåéáæüìáóôå ãé¥ í¥ óõìðåñÜíïõìå �ôé ô� �
�êáíïðïéå� ô�ò óõíè�êåò ãñáììéê�í ìïñö�í êá� óõó÷åôéóìï�. °Åôóé, ãé¥ ðáñÜäåéãìá, è¥
ìðïñÝóïõìå í¥ äåßîïõìå �ôé E(�) = 1 + o(1); §êñéâ�ò �ðåéä� ô� WN á�îÜíåôáé §ðåñéü-
ñéóôá §ëë¥ §ñã¥ ó« ó÷Ýóéí ì« ô� N: ±Ïðùò �ìùò è¥ �îçãÞóïõìå óô�í �íüôçôá 4.5, �
§ðüäåéîéò ôï� ãåíéêåõìÝíïõ èåùñÞìáôïò Szemer�edi, ì« óôáèåñïðïéçìÝíåò êÜèå öïñ¥í ô�ò
ðáñáìÝôñïõò k êá� �; ìðïñå� í¥ ãßíåé §êüìç êá� ²áí �÷ïõìå ðñïóåããßóåéò ô�ò ìïñö�ò

|E(�N (x)|x ∈ ZN )− 1| ≤ " ãé¥ êÜèå ðñ�ôïí N ≥ N0(k; �)

(êá� §íáëüãùò ãé¥ ô�ò �ðüëïéðåò �êôéìÞóåéò óô�í óõíèÞêçí ãñáììéê�í ìïñö�í) ãé¥ êÜ-
ðïéï óôáèåñ�í " > 0; �ðïõ âåâáßùò ô� ðüóï ìéêñ�í ðñÝðåé í¥ ǻéíáé ô� "; �óôå í¥ äïõëåýïõí
ô¥ �ðé÷åéñÞìáôá ôï� Êåöáëáßïõ 3, �îáñô¦ôáé §ð� ô¥ �êÜóôïôå k êá� �: Ðñïöáí�ò ãé¥ á�-
ô�í ô�í ëüãïí, ô� ðïé¥ è¥ ǻéíáé � ôåëéê� ôéì� ô�ò óõíáñôÞóåùò w(N); ©ñá êá� ô� ðüóï
ìåãÜëç è¥ ǻéíáé � ðáñÜìåôñïò W; è¥ ðñïêýðôåé §ð� ô� �êÜóôïôå ðñüâëçìá êáß, �ðùò è¥
äï�ìå, è¥ äéáöÝñåé óô¥ ÈåùñÞìáôá 1 êá� 2.

Ìåñéê� §ðüäåéîéò ôï� ÈåùñÞìáôïò 1 �ðïèÝôïíôáò ô�í Ðñüôáóéí 4:1:3: ±Ïðùò �÷ïõìå �äç
§íáöÝñåé, è¥ ÷ñçóéìïðïéÞóïõìå ô� Èåþñçìá 1:1:10: Èåùñï�ìå ô�í ï�êïãÝíåéáí óõíáñôÞ-
óåùí f : ZN → R+ èÝôïíôáò ãé¥ êÜèå N;

fN (n) :=
{
k−12−k−5�̃N (n) �ôáí �kN ≤ n ≤ 2�kN

0 §ëëé�ò
:

±Ïðùò �äåß÷èç � (4:5); ìðïñï�ìå §ð� ô� èåþñçìá ôï� Dirichlet í¥ äåßîïõìå êá� ô�ò∑
1≤n≤�kN

�̃N (n) = �kN + o(N);
∑

1≤n≤2�kN

�̃N (n) = 2�kN + o(N);

©ñá ðñïêýðôåé �ôé

E(fN (n)|n ∈ ZN ) =
k−12−k−5

N

∑
�kN≤n≤2�kN

�̃N (n) = k−12−k−5�k(1 + ï(1)):
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Ìðïñï�ìå �ðïìÝíùò, �îáéôßáò êá� ô�ò ÐñïôÜóåùò 4:1:3; í¥ �öáñìüóïõìå ô� Èåþñçìá
1:1:10 êá� í¥ êáôáëÞîïõìå óô� óõìðÝñáóìá �ôé

(4.6) E

k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN

 ≥ c(k; k−12−k−5�k)− o(1):

Ðáñáôçñï�ìå ôþñá �ôé §ð� ô�í �ñéóì�í ô�í f êá� �̃; ãé¥ �ðïéáäÞðïôå x; r ∈ ZN ãé¥

ô¥ �ðï�á �ó÷ýåé
∏k−1
j=0 T

jrf(x) 6= 0; �ðÜñ÷ïõí öõóéêï� n0; n1; : : : ; nk−1 ∈ [�kN; 2�kN ] ì«
ô�ò �î�ò �äéüôçôåò: (i) ãé¥ êÜèå 0 ≤ j ≤ k − 1 ô� nj ǻéíáé §íôéðñüóùðïò ô�ò êëÜóåùò
�ðïëïßðùí x− jr (mod N); êá� (ii) ô� WNnj +1 ǻéíáé ðñ�ôïò §ñéèìüò. ÌÜëéóôá, �÷ïõìå
ôüôå �ôé

k−1∏
j=0

T jrf(x) ≤
k−1∏
j=0

log(WNnj + 1) = Ok

(
logk(WNN)

)
:

Ðáñáôçñï�ìå �ðßóçò �ôé ô¥ æåýãç (x; r) ì« r = 0 óõíåéóöÝñïõí óô� §ñéóôåñ�í ìÝëïò ô�ò
(4:6) ô� ðïë� 1

N ‖f‖
k
L∞ = O( 1

N logk(WNN)) = o(1); äåäïìÝíïõ �ôé WN = logÏ(1)(logN):
°Áñá §ð� êÜðïéï N0(k) êá� ðÜíù,

(4.7) E

1r 6=0 ·
k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN

 ≥ c(k; k−12−k−5�k)=2:

È¥ äåßîïõìå ãé¥ êÜèå æå�ãïò (x; r) ∈ Z2
N ; r 6= 0; ì« ô�í �äéüôçôá

∏k−1
j=0 T

jrf(x) 6=
0; �ôé ï� §íôßóôïé÷ïé öõóéêï� n0; n1; : : : ; nk−1 ∈ [�kN; 2�kN ] ó÷çìáôßæïõí §ñéèìçôéê�í
ðñüïäïí óô� N (ðñïöáí�ò ôüôå, ô� �äéïí è¥ �ó÷ýåé êá� ãé¥ ôï�ò ðñþôïõò WNnj + 1; 0 ≤
j ≤ k−1): ®Áöï� 2�k ≤ 1=k; ìðïñï�ìå í¥ ìéìçèï�ìå ô�í §ðüäåéîéí ô�ò óõíïëïèåùñçôéê�ò
�êäï÷�ò ôï� èåùñÞìáôïò Szemer�edi ðï� äþóáìå óô�í �íüôçôá 1.1: óõìâïëßæïíôáò ì«
r0 ô�í §íôéðñüóùðïí ô�ò êëÜóåùò �ðïëïßðùí r ∈ ZN \ {0} óô� äéÜóôçìá [1; N − 1];
êáôáëÞãïõìå �ôé ðñÝðåé å�ôå í¥ �ó÷ýåé r0 ∈ [1; �kN ] å�ôå r0 ∈ [(1 − �k)N;N − 1]: Óô�í
ðåñßðôùóéí ðï� r0 ∈ [1; �kN ]; ô¥ n0 > n1 > · · · > nk−1 ó÷çìáôßæïõí §ñéèìçôéê�í ðñüïäïí
öõóéê�í ì« §ñ÷éê�í �ñïí ô� nk−1 = n0−(k−1)r0 êá� êïéí�í äéáöïñ¥í r0: Óô�í ðåñßðôùóéí
ðï� r0 ∈ [(1− �k)N;N − 1]; ô¥ n0 < n1 < · · · < nk−1 ó÷çìáôßæïõí §ñéèìçôéê�í ðñüïäïí
ì« §ñ÷éê�í �ñïí ô� n0 êá� êïéí�í äéáöïñ¥í N − r0:

Ôåëéê�ò, ì« ô�í ôñüðïí ðï� ðåñéãñÜöïõìå, � �äéá §ñéèìçôéê� ðñüïäïò WNnj + 1; 0 ≤
j ≤ k−1; §ð� ðñþôïõò §ñéèìï�ò < WNN ǻéíáé äõíáô�í í¥ ðñïêýøåé §ð� äýï äéáöïñåôéê¥
æåýãç ∈ Z2

N (ô�ò ìïñö�ò (x; r); (x;N − r); r 6= 0); �íÿ ìðïñå� êá� í¥ ì�í ðñïóìåôñ¦ôáé
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êáèüëïõ óô� �ëïêëÞñùìá ô�ò (4:7): Óõìðåñáßíïõìå �ðïìÝíùò �ôé

2app(WNN; k)Ok(logk(WNN))
N2

≥ 2app(WNN; k)‖f‖kL∞
N2

≥ E

1r 6=0 ·
k−1∏
j=0

T jrf(x)
∣∣x; r ∈ ZN

 ≥ c(k; k−12−k−5�k)=2

ãé¥ êÜèå N > N0(k); ðï� óçìáßíåé �ôé �ðÜñ÷åé óôáèåñ¥ 0(k); ðï� �îáñô¦ôáé ìüíïí §ð�
ô�í ðáñÜìåôñïí k; �óôå ãé¥ �ëïõò ôï�ò ìåãÜëïõò ðñþôïõò í¥ �ó÷ýåé � §íéóüôçò

app(WNN; k) ≥ 0(k)
N2

logk(WNN)
:

Ãé¥ í¥ �ñßóïõí ï� Green êá� Tao ô� k−øåõäïôõ÷á�ïí ìÝôñïí ðï� §íáöÝñåôáé óô�í Ðñü-
ôáóéí 4:1:3 (ô� �ðï�ïí, �ðùò ìüëéò å�äáìå, ǻéíáé ô� ìüíïí ðï� ëåßðåé ãé¥ í¥ óõìðåñÜíïõìå
�ôé ï� ðñ�ôïé ðåñéÝ÷ïõí ©ðåéñåò §ñéèìçôéê«ò ðñïüäïõò ìÞêïõò k); èåþñçóáí §êüìç ìßáí
ðáñáëëáã�í ô�ò óõíáñôÞóåùò von Mangoldt �, êáëýôåñá, ìßáí ðñïóÝããéóßí ôçò, � �ðïßá
�ìùò ðáßñíåé ì� ìçäåíéê«ò ôéì«ò êá� ó« öõóéêï�ò ðï� ä«í ǻéíáé ðñ�ôïé ²ç äõíÜìåéò ðñþôùí.
®Éäéüôçôåò á�ô�ò ô�ò óõíáñôÞóåùò, ó¥í á�ô«ò ðï� ÷ñåéáæüìáóôå ãé¥ í¥ äåßîïõìå ô�ò óõí-
è�êåò ãñáììéê�í ìïñö�í êá� óõó÷åôéóìï�, ǻé÷áí �äç ìåëåôÞóåé ó« äéÜöïñá ©ñèñá ôïõò
äýï ©ëëïé ìáèçìáôéêïß, ï� Dan Goldston êá� Cem Yildirim, óô�í äéêéÜí ôïõò ðñïóðÜèåéáí
í¥ äåßîïõí ìßáí óçìáíôéê�í å�êáóßáí óô�í §íáëõôéê�í èåùñßáí §ñéèì�í. Óýìöùíá ì« ô�í
å�êáóßáí á�ôÞí, � äéáöïñ¥ ìåôáî� äéáäï÷éê�í ðñþôùí ǻéíáé ðïë� ìéêñÞ, êá� óßãïõñá ðïë�
ìéêñüôåñç ô�ò §íáìåíïìÝíçò, ©ðåéñåò öïñÝò, äçëáä� �ó÷ýåé

lim inf
n→∞

(pn+1 − pn) < +∞

�ðïõ pn � n−ïóô�ò ðñ�ôïò (ô� �ðï�ïí ǻéíáé ðñ�ò ô�í êáôåýèõíóéí ô�ò å�ñýôåñá ãíùóô�ò
å�êáóßáò ô�í äéäýìùí ðñþôùí), ²ç ôïõëÜ÷éóôïí �ó÷ýåé ô� §óèåíÝóôåñïí

lim inf
n→∞

pn+1 − pn
log pn

= 0:

²Áò èõìçèï�ìå �ôé §ð� ô� Èåþñçìá ô�í Ðñþôùí ®Áñéèì�í, � n−ïóô�ò ðñ�ôïò ǻéíáé §óõì-
ðôùôéê¥ �óïò ì« n log n; ©ñá � ìÝóç ôéì� ôï� ðüóï §ðÝ÷åé êáèÝíáò §ð� ôï�ò p1; p2; : : : ; pn
§ð� ô�í �ðüìåíüí ôïõ ǻéíáé �óç ì«

1
n
·

n∑
j=1

(pj+1 − pj) =
pn+1 − p1

n
= (1 + o(1))

(n+ 1) log n
n

= (1 + o(1)) log pn:
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Ï� Goldston êá� Yildirim ǻé÷áí îåêéíÞóåé ô� ðñüãñáììÜ ôïõò á�ôü, ì« óêïð�í í¥
äåßîïõí �ôé �ðÜñ÷ïõí ðïë� ìéêñÜ, ²ç êá� öñáãìÝíá, êåí¥ ìåôáî� ðñþôùí §ñéèì�í, §ð�
ô� 1999 ðñï÷ùñ�íôáò ó« �ëï êá� êáëýôåñåò ðñïóåããßóåéò ôï� ðñïâëÞìáôïò. ÌÜëéóôá, �
ìÝèïäüò ôïõò ǻé÷å §ðïóáöçíéóôå� êá� ¨ðëïõóôåõôå� êáô¥ ðïë� §ð� ôï�ò Andrew Granville
êá� Kannan Soundararajan [31]: ±Ïìùò, á�ô«ò êáèáõô«ò ï� �êôéìÞóåéò ðï� ǻé÷áí äåßîåé
ãé¥ äéÜöïñåò ðáñáëëáã«ò ô�ò óõíáñôÞóåùò von Mangoldt ḉôáí äõíáô�í í¥ ÷ñçóéìïðïéç-
èï�í êá� ó« ©ëëåò �öáñìïãÝò, êá� �÷é ìüíïí óô�í å�ñåóéí ìéêñ�í êåí�í ìåôáî� ðñþôùí
§ñéèì�í. Ìßá §ð� á�ô«ò ô�ò �êôéìÞóåéò, � �ðïßá �ðÜñ÷åé óô� ©ñèñïí [15] ðï� �ôïßìáæáí
ô� 2004, êá� ô� �ðï�ïí ǻé÷áí äþóåé êá� óôï�ò Green êá� Tao í¥ äéáâÜóïõí, §ñêï�óå
ãé¥ í¥ �ñßóïõí ï� ôåëåõôá�ïé ô� ìÝôñïí ðï� æçôå�ôáé óô�í Ðñüôáóéí 4:1:3: ¯Ç �í ëüãÿ
ðñüôáóéò ôï� ©ñèñïõ ô�í Goldston êá� Yildirim �îçóöÜëéæå ï�óéáóôéê¥ ô�í óõíèÞêçí
óõó÷åôéóìï� ãé¥ ô� �: Ï� Green êá� Tao äáíåßóôçêáí êÜðïéá §ð� ô¥ âÞìáôá óô�í §ðü-
äåéîßí ôçò, óô¥ �ðï�á ÷ñçóéìïðïéï�íôáé âáóéê¥ �ñãáëå�á ô�ò §íáëõôéê�ò èåùñßáò §ñéèì�í,
êá� ðñïóÞñìïóáí ô¥ �ðüëïéðá �ðé÷åéñÞìáôá ãé¥ í¥ äåßîïõí êá� ô�í óõíèÞêçí ãñáììéê�í
ìïñö�í.

Ãé¥ í¥ ãßíïõí ðé� êáôáíïçô¥ á�ôÜ, ðåñéãñÜöïõìå êáôáñ÷¥ò óô�í �ðïìÝíçí �íüôçôá ô�í
ìÝèïäïí ô�í Goldston êá� Yildirim êá� ô� ãéáô� å�óÜãïõí êá� ìåëåôï�í ô�í ðáñáëëáã�í
ô�ò óõíáñôÞóåùò von Mangoldt ðï� è¥ ÷ñåéáóôï�ìå:

4.2 Ô� ðñüãñáììá ô�í Goldston êá� Yildirim

4.2.1 ÐåñéêåêïììÝíá §èñïßóìáôá ô�ò óõíáñôÞóåùò von Mangoldt

±Åíáò ôñüðïò í¥ äåé÷èå� �ôé lim infn→∞(pn+1 − pn) < +∞ ǻéíáé í¥ èåùñÞóïõìå, ãé¥
êÜðïéïí öõóéê�í r ≥ 1 êá� ãé¥ êÜèå n ∈ N; ô� æå�ãïò

(n; n+ 2r)

êá� í¥ ðñïóðáèÞóïõìå í¥ äåßîïõìå ãé¥ ©ðåéñá n �ôé êá� ï� äýï óõíôåôáãìÝíåò ôï� §íôé-
óôïß÷ïõ äéáíýóìáôïò ǻéíáé ðñ�ôïé §ñéèìïß. (Ôüôå ðñïöáí�ò è¥ �ó÷ýåé lim infn→∞(pn+1−
pn) ≤ 2r:) Ðüóï ðéèáí�í ǻéíáé í¥ óõìâáßíåé á�ôü; ±Ïðùò �÷ïõìå ðå�, ô� Èåþñçìá Ðñþôùí
®Áñéèì�í ì¦ò äßíåé �ôé ô� ðë�èïò ô�í ðñþôùí ðï� ǻéíáé ìéêñüôåñïé §ð� ²ç �óïé ì« êÜðïéï
x ≥ 2 ǻéíáé ðåñßðïõ x= log x: Á�ô� �äÞãçóå ôï�ò §ñéèìïèåùñçôéêï�ò óô�í å�óáãùã�í �í�ò
ôõ÷áßïõ ìïíôÝëïõ ãé¥ ôï�ò ðñþôïõò, ôï� ìïíôÝëïõ Cram�er, ô� �ðï�ïí è¥ �ðÝôñåðå í¥
ðñïâëÝøïõìå ôïõëÜ÷éóôïí ô�í §ðÜíôçóéí ó« �ñùôÞìáôá �ðùò ô� ðáñáðÜíù. Óýìöùíá ì«
ô� ìïíôÝëï Cram�er, êÜèå öõóéê�ò n §ð� á�ôï�ò ðï� âñßóêïíôáé ìåôáî� ôï� 1 êá� ôï�
x �÷åé ðéèáíüôçôá ðåñßðïõ 1= log x í¥ ǻéíáé ðñ�ôïò, �íÿ ãé¥ äýï äéáöïñåôéêï�ò öõóéêï�ò
n1; n2 ≤ x ô¥ §íôßóôïé÷á �íäå÷üìåíá ǻéíáé §íåîÜñôçôá, ì« ©ëëá ëüãéá ô� �íäå÷üìåíïí
ï� n1 êá� n2 í¥ ǻéíáé ôáõôï÷ñüíùò ðñ�ôïé �÷åé ðéèáíüôçôá ðåñßðïõ 1= log2 x: ±Åðåôáé ì«
á�ô� ô� óêåðôéê�í �ôé êá� ãé¥ êÜèå n ≤ x; ô� �íäå÷üìåíïí í¥ ǻéíáé ðñ�ôïé §ñéèìï� êá� ï�
äýï óõíôåôáãìÝíåò ôï� äéáíýóìáôïò (n; n+ 2r) �÷åé ðéèáíüôçôá ðåñßðïõ 1= log2 x; ªñá è¥
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ðåñéìÝíáìå í¥ �ó÷ýåé

#{n ≤ x : ï� óõíôåôáãìÝíåò ôï� (n; n+ 2r) ǻéíáé ðñ�ôïé} ∼ x

log2 x
:

Äõóôõ÷�ò, ô�í �äéáí �êôßìçóéí ì¦ò äßíåé ô� ìïíôÝëï Cram�er êá� ãé¥ ô�í ðëçèÜñéèìïí ôï�
óõíüëïõ

{n ≤ x : ï� óõíôåôáãìÝíåò ôï� (n; n+ 1) ǻéíáé ðñ�ôïé};

ðáñüôé �ò ãíùóôüí, ²áí êÜðïéïò öõóéê�ò n > 2 ǻéíáé ðñ�ôïò, ôüôå � n + 1 óßãïõñá ä«í
ǻéíáé. Ô� ðñüâëçìá âåâáßùò ðñïêýðôåé �ðåéä� ó« êÜèå ðåñßðôùóéí å�ôå � n å�ôå � n+ 1 è¥
äéáéñå�ôáé §ð� ô� 2, êÜôé ðï� ô� ìïíôÝëï Cram�er ä«í óõíõðïëïãßæåé. Ãé¥ ô�í �äéïí ëüãïí
�ðßóçò, ²áí � öõóéê�ò n > 2 ǻéíáé ðñ�ôïò, ôüôå ô� �íäå÷üìåíïí í¥ ǻéíáé êá� � n+2r ðñ�ôïò
�÷åé äéðëÜóéáí ðéèáíüôçôá §ð' á�ô�í ðï� äßíåé ô� ìïíôÝëï Cram�er, §öï� ãíùñßæïõìå �äç
�ôé � n+ 2r ǻéíáé ðåñéôôüò.

Ï� Hardy êá� Littlewood ðñ�ôïé äéåôýðùóáí ô�í å�êáóßáí [24] �ôé ²áí óõíõðïëïãßóïõìå
êá� á�ôï� ôï� å�äïõò ô�ò �îáñôÞóåéò ìåôáî� äýï öõóéê�í n; n + h; á�ô� §ñêå� �óôå í¥
�êôéìÞóïõìå óùóô¥ ô�í ðëçèÜñéèìïí ôï� óõíüëïõ

{n ≤ x : ï� óõíôåôáãìÝíåò ôï� (n; n+ h) ǻéíáé ðñ�ôïé}:

Äçëáä� óô�í ðåñßðôùóéí ðï� h = 2r; §íáãêáßá óõíèÞêç ãé¥ í¥ ǻéíáé ðñ�ôïé §ñéèìï� êá� ï�
äýï óõíôåôáãìÝíåò êÜðïéïõ æåýãïõò (n; n+2r) ǻéíáé êáíÝíáò §ð� ôï�ò ðñþôïõò p < n í¥
ì�í äéáéñå� ô� n ²ç ô� n+ 2r: Á�ô� �ìùò óçìáßíåé �ôé n 6≡ 0 êá� n 6≡ −2r modulo á�ôï�ò
ôï�ò ðñþôïõò. °Áñá, ²áí óõìâïëßóïõìå ì« �p({0; 2r}) ô� ðë�èïò ô�í äéáöïñåôéê�í êëÜóåùí
�ðïëïßðùí óô�ò �ðï�åò §íÞêïõí ï� §ñéèìï� 0; 2r (mod p) (ðñïöáí�ò �p({0; 2r}) = 2 ²áí
p > 2r); ôüôå è¥ ðñÝðåé ãé¥ êÜèå p < n; ô� n í¥ §íÞêåé ó« ìßáí §ð� ô�ò �ðüëïéðåò êëÜóåéò
(mod p); êá� êáô¥ óõíÝðåéáí � ðéèáíüôçò ô� p í¥ ì�í äéáéñå� ï�ôå ô� n ï�ôå ô� n+ 2r è¥
ǻéíáé (§óõìðôùôéê¥ �óç ì«) 1− �p({0; 2r})=p; äçëáä� è¥ �ó÷ýåé

#{n ≤ x : p6 |n êá� p6 |n+ 2r} ∼ x ·
(

1− �p({0; 2r})
p

)
:

Á�ô� � ðéèáíüôçò ðñïöáí�ò äéáöÝñåé §ð� ô�í ðéèáíüôçôá (1−1=p)2 ðï� �÷åé ô� �íäå÷üìå-
íïí äýï ôõ÷á�á �ðéëåãìÝíïé öõóéêï� n1; n2 ≤ x í¥ ì�í äéáéñï�íôáé §ð� ô� p: Ï� Hardy êá�
Littlewood �ðïìÝíùò �ó÷õñßóôçêáí �ôé ãé¥ í¥ âåëôéþóïõìå ô�í ëáíèáóìÝíçí �êôßìçóéí
ôï� ìïíôÝëïõ Cram�er ãé¥ ô�í ðëçèÜñéèìïí ôï� óõíüëïõ

{n ≤ x : ï� óõíôåôáãìÝíåò ôï� (n; n+ 2r) ǻéíáé ðñ�ôïé};

§ñêå� í¥ ô�í ðïëëáðëáóéÜóïõìå ì« ô�í £äéïñèùôéê�í¤ ðáñÜãïíôá(
1− �p({0; 2r})

p

)(
1− 1

p

)−2
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ãé¥ êÜèå ðñ�ôïí p ≤ x: ²Áí èåùñÞóïõìå ô� ãéíüìåíïí �ëùí á�ô�í ô�í £äéïñèùôéê�í¤
ðáñáãüíôùí, ëáìâÜíïõìå ô� §ðåéñïãéíüìåíïí

∏
p ðñ�ôïò

(
1− �p({0; 2r})

p

)(
1− 1

p

)−2

ô� �ðï�ïí óõãêëßíåé §öï� ãé¥ p > 2r;(
1− �p({0; 2r})

p

)(
1− 1

p

)−2

=
(

1− 2
p

)(
1− 1

p

)−2

< 1:

Óõíåð�ò, � å�êáóßá ì¦ò äßíåé �ôé

#{n ≤ x : ï� óõíôåôáãìÝíåò ôï� (n; n+ 2r) ǻéíáé ðñ�ôïé}

∼ x

log2 x
·
∏

p ðñ�ôïò

(
1− �p({0; 2r})

p

)(
1− 1

p

)−2

:

Á�ô� ãåíéêåýåôáé å�êïëá �ôáí èåùñï�ìå äéáíýóìáôá ì« k óõíôåôáãìÝíåò, äçëáä� �ôáí
�÷ïõìå êÜðïéï óýíïëïí H = {h1 < h2 < · · · < hk} §ð� ì� §ñíçôéêï�ò §êåñáßïõò, êá�
èÝëïõìå í¥ äï�ìå ãé¥ ðüóá n ≤ x ô� äéÜíõóìá

(n+ h1; n+ h2; : : : ; n+ hk)

�÷åé ó« �ëåò ô�ò óõíôåôáãìÝíåò ôïõ ðñþôïõò. (Ðñïöáí�ò, ²áí á�ô� óõìâáßíåé ãé¥ ©ðåéñá
n; ôüôå lim infn→∞(pn+1 − pn) ≤ hk − h1:) ¯Ç å�êáóßá ó« á�ô�í ô�í ðåñßðôùóéí ì¦ò ëÝåé
�ôé ô� ðë�èïò á�ô�í ô�í n ≤ x ǻéíáé §óõìðôùôéê¥ �óïí ì«

x

logk x
·
∏

p ðñ�ôïò

(
1− �p(H)

p

)(
1− 1

p

)−k
�ðïõ �p(H) ǻéíáé ô� ðë�èïò ô�í êëÜóåùí �ðïëïßðùí ðï� êáôáëáìâÜíïõí ï� §êÝñáéïé
h1; : : : ; hk (mod p): ÌÜëéóôá, ²áí ãé¥ êÜèå ðñ�ôïí p �ó÷ýåé �p(H) < p; ôüôå ô� §ðåéñïãé-
íüìåíïí

S(H) :=
∏

p ðñ�ôïò

(
1− �p(H)

p

)(
1− 1

p

)−k
;

ãíùóô�í êá� �ò �äéÜæïõóá óåéñ¥ ô�í Hardy êá� Littlewood, óõãêëßíåé ó« �íáí èåôéê�í
§ñéèìüí, äåäïìÝíïõ �ôé ãé¥ p > hk = maxH;(

1− �p(H)
p

)(
1− 1

p

)−k
=
(

1− k

p

)(
1− 1

p

)−k
= 1− ap(k)

êá� � óåéñ¥ á�ô�í ô�í ap(k) óõãêëßíåé §ðïëýôùò.



4.2 Ô� ðñüãñáììá ô�í Goldston êá� Yildirim · 123

Ìðïñï�ìå ôþñá í¥ äéáôõðþóïõìå ðëÞñùò ô�í å�êáóßáí ô�í Hardy êá� Littlewood: ²áí
ãé¥ êÜðïéï óýíïëïí H = {h1 < h2 < · · · < hk} ì� §ñíçôéê�í §êåñáßùí �ó÷ýåé

(4.8) �p(H) < p ãé¥ êÜèå ðñ�ôïí p;

ôüôå ãé¥ êÜèå x ≥ 2; ô� ðë�èïò ô�í öõóéê�í n ≤ x ãé¥ ôï�ò �ðïßïõò ô� äéÜíõóìá

(n+ h1; n+ h2; : : : ; n+ hk)

�÷åé ó« �ëåò ô�ò óõíôåôáãìÝíåò ôïõ ðñþôïõò §ñéèìï�ò, ǻéíáé §óõìðôùôéê¥ �óïí ì«

S(H)
x

logk x
:

®ÅðéðëÝïí, ²áí èåùñÞóïõìå ô�í óõíÜñôçóéí

Λ(n+ h1)Λ(n+ h2) · · ·Λ(n+ hk);

� �ðïßá �íôïðßæåé ô¥ n ãé¥ ô¥ �ðï�á ô� §íôßóôïé÷ïí äéÜíõóìá �÷åé ó« �ëåò ô�ò óõíôåôá-
ãìÝíåò ôïõ ðñþôïõò ²ç äõíÜìåéò ðñþôùí, ôüôå �ó÷ýåé � �êôßìçóéò

(4.9)
∑
n≤x

Λ(n+ h1)Λ(n+ h2) · · ·Λ(n+ hk) = (S(H) + o(1))x:

Ô¥ ðáñáðÜíù �ó÷ýïõí âåâáßùò êá� �ôáí ô� H ä«í �êáíïðïéå� ô�í (4:8); §öï� ôüôå
S(H) = 0; êá� �ðéðëÝïí

#{n ≤ x : ï� óõíôåôáãìÝíåò ôï� (n+h1; : : : ; n+hk) ǻéíáé ðñ�ôïé} = O(1) = o(x= logk x):

®Áîßæåé í¥ óçìåéùèå� �ôé ìßá å�äéê� ðåñßðôùóéò ô�ò ðáñáðÜíù å�êáóßáò ðáñÝ÷åé êé �íáí
§óõìðôùôéê�í ôýðïí ãé¥ ô�í §ñéèì�í app(n; k) ôï� ÈåùñÞìáôïò 1, ô� ðë�èïò äçëáä� ô�í
§ñéèìçôéê�í ðñïüäùí ìÞêïõò k ô�í �ðïßùí �ëïé ï� �ñïé ǻéíáé ðñ�ôïé §ñéèìï� ìéêñüôåñïé
ôï� n: ÓõãêåêñéìÝíá, óôçñéæüìåíïé óô�í ìÝèïäïí ô�í Hardy êá� Littlewood ìðïñï�ìå í¥
�ðïèÝóïõìå �ôé è¥ �ó÷ýåé � �êôßìçóéò

#{m; d ∈ {1; : : : ; n} : ï�m;m+d; : : : ;m+(k−1)d ǻéíáé �ëïé ðñ�ôïé} =(′(k)+o(1))
n2

logk n

�ðïõ

(4.10) ′(k) :=
∏

p ðñ�ôïò

�p(k)



124 · Êáôáóêåõ� øåõäïôõ÷áßïõ ìÝôñïõ ãé¥ ôï�ò ðñþôïõò

ǻéíáé ô� ãéíüìåíïí ô�í £äéïñèùôéê�í¤ ðáñáãüíôùí ó« á�ô�í ô�í ðåñßðôùóéí, ì« ô¥

�p(k) :=


1
p

(
1− 1

p

)−(k−1)

²áí p ≤ k(
1− k−1

p

)(
1− 1

p

)−(k−1)

²áí p > k
:

±Ïðùò å�ðáìå óô�í Å�óáãùãÞí, � van der Corput [37] ô� 1939, êá� � Chowla [7] ô�
1944, §ðÝäåéîáí �ôé �ðÜñ÷ïõí ©ðåéñåò §ñéèìçôéê«ò ðñüïäïé ìÞêïõò 3 §ð� ðñþôïõò, êáôá-
öÝñíïíôáò ìÜëéóôá í¥ �ðéâåâáéþóïõí ô�í ðáñáðÜíù §óõìðôùôéê�í �êôßìçóéí, ì« ìüíçí
äéáöïñ¥í �ôé � óôáèåñ¥ ðï� âñ�êáí ḉôáí ô� 1=4 ô�ò ðáñáðÜíù óôáèåñ¦ò ′3: ±Ïðùò è¥ �îç-
ãÞóïõìå óô�í �íüôçôá 4.5, ôåëéê�ò ô�í ÓåðôÝìâñéïí ôï� 2010 ï� Green, Tao êá� Ziegler
�ðéâåâáßùóáí ô�í ðáñáðÜíù �êôßìçóéí êá� ãé¥ ô¥ ìåãáëýôåñá k (ì« ëßãï äéáöïñåôéê«ò
óôáèåñÝò), îåðåñí�íôáò �ðïìÝíùò ô� §ðïôÝëåóìá ôï� ÈåùñÞìáôïò 1. Äõóôõ÷�ò, ì« ô¥
�ñãáëå�á ðï� ðáñïõóéÜæïõìå ó« á�ô�í ô�í �ñãáóßáí, äçëáä� ô¥ �ñãáëå�á ðï� ÷ñçóéìï-
ðïßçóáí ï� Green êá� Tao óô� [1]; � óôáèåñ¥ ðï� ìðïñï�ìå í¥ âñï�ìå ãé¥ ô� Èåþñçìá
1 ǻéíáé ðïë� ìéêñüôåñç ô�ò óôáèåñ¦ò ô�í Hardy êá� Littlewood, å�äéê¥ ãé¥ ô¥ ìåãÜëá k;
êá� öõóéê¥ ä«í ìðïñï�ìå í¥ ðåôý÷ïõìå §óõìðôùôéê�í �êôßìçóéí. Ðáñáôá�ôá, ḉôáí �äç
ãíùóô�í ô� 2004 �ôé ô� èåþñçìá ô�í Green êá� Tao ì¦ò äßíåé ô�í óùóô�í ôÜîéí ìåãÝèïõò
ãé¥ ô�í §ñéèì�í app(n; k) ²áí ô� óõíäõÜóïõìå ì« §ðïôåëÝóìáôá §ð� ô�í èåùñßáí êïóêßíïõ
(ðñïãåíÝóôåñá ôï� [1]), ô¥ �ðï�á ì¦ò �îáóöáëßæïõí �ôé ãé¥ êÜèå k;

app(n; k) = Ok

(
n2

logk n

)
:

®ÅðéóôñÝöïíôáò óô¥ äéáíýóìáôá ì« óõíôåôáãìÝíåò ðñþôïõò, � ðñ�ôïò óôü÷ïò ô�í
Goldston êá� Yildirim ḉôáí í¥ äåßîïõí �êôéìÞóåéò ó¥í ô�í (4:9); �÷é âåâáßùò §ðåõèåßáò
ãé¥ ô�í óõíÜñôçóéí von Mangoldt, §ëë¥ ãé¥ êáôÜëëçëåò ðñïóåããßóåéò ôçò. Îåêéí�íôáò
§ð� ô�í ôáõôüôçôá

Λ(n) =
∑
d|n

�(d) log(n=d)

ðï� �ó÷ýåé ãé¥ êÜèå öõóéê�í n; �ðïõ � : N → {−1; 0; 1} ǻéíáé � óõíÜñôçóéò M�obius
ì« ôýðïí �(m) := 1 ²áí m = 1; �(m) := (−1)s ²áí ô� m ãñÜöåôáé �ò ãéíüìåíïí s
äéáêåêñéìÝíùí ðñþôùí (m = p1 · · · ps ì« ôï�ò pi äéáöïñåôéêï�ò §í¥ äýï ðñþôïõò), êá�
�(m) = 0 ó« êÜèå ©ëëçí ðåñßðôùóéí, óêÝöôçêáí í¥ ÷ñçóéìïðïéÞóïõí �íá ðáñüìïéïí
©èñïéóìá, ðÜíù �ìùò §ð� ôï�ò §ñ÷éêï�ò äéáéñÝôåò ôï� n: ±Ïñéóáí ëïéð�í ô�í óõíÜñôçóéí

(4.11) ΛR(n) :=
∑
d|n
d≤R

�(d) log(R=d) =
∑
d|n

�(d) log(R=d)+

�ðïõ R ìßá ðáñÜìåôñïò � �ðïßá �í ãÝíåé �îáñô¦ôáé §ð� ô� äéÜóôçìá [1; x] óô� �ðï�ïí
èåùñï�ìå ôï�ò öõóéêï�ò n (óô�ò �öáñìïã«ò ô� R è¥ ǻéíáé ìßá ìéêñ� äýíáìéò ôï� x; �óôå
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í¥ ôåßíåé óô� ©ðåéñïí ìáæ� ì« ô� x): ²Áò óçìåéþóïõìå �ôé èÝëïõìå ô� R í¥ ìåãáëþíåé
§ðåñéüñéóôá, �ðåéä� �ôóé � ΛR ãßíåôáé �ëï êá� êáëýôåñç ðñïóÝããéóéò ô�ò Λ: ÐñÜãìáôé,
äåäïìÝíïõ �ôé ãé¥ ô�í óõíÜñôçóéí M�obius �ó÷ýåé � ôáõôüôçò∑

d|m

�(d) =
{

1 ²áí m = 1
0 §ëëé�ò

;

è¥ �÷ïõìå ãé¥ êÜèå öõóéê�í n > 1 ðï� ǻéíáé ìéêñüôåñïò §ð� ²ç �óïò ì« ô� R;

ΛR(n) =
∑
d|n
d≤R

�(d) log(R=d) =
∑
d|n

�(d) log(R=d)

= logR
∑
d|n

�(d)−
∑
d|n

�(d) log(d) = 0−
∑
d|n

�(d) log(d)

= log n
∑
d|n

�(d)−
∑
d|n

�(d) log(d) = Λ(n):

±Ïìùò, èÝëïõìå ôáõôï÷ñüíùò ô� R í¥ ìåãáëþíåé §ñã¥ ó« ó÷Ýóéí ì« ô� x; �óôå ô� ðñü-
âëçìá ôï� í¥ âñï�ìå �êôéìÞóåéò ó¥í ô�í (4:9) ãé¥ ô�í ΛR í¥ ì�í ǻéíáé ôüóï äýóêïëïí �óï
� �äéá � å�êáóßá ô�í Hardy êá� Littlewood. Ðáñáôçñï�ìå �ðßóçò �ôé ãé¥ ôï�ò öõóéêï�ò
n ï� ïðï�ïé ǻéíáé ðñ�ôïé §ñéèìï� ìåãáëýôåñïé ôï� R; �ó÷ýåé

ΛR(n) =
∑
d|n
d≤R

�(d) log(R=d) = logR < Λ(n);

�ðåéä� ó« á�ô�í ô�í ðåñßðôùóéí ï� ìüíïé äéáéñÝôåò ôï� n ǻéíáé ô� 1 êá� � �áõôüò ôïõ, êá�
� äéáéñÝôçò n > R §ðïêëåßåôáé óô� ðáñáðÜíù ©èñïéóìá.

¯Ç ðñüôáóéò ãé¥ ô�í ΛR ðï� äéáôõðþíïõí êá� §ðïäåéêíýïõí óô� [15] ï� Goldston êá�
Yildirim ǻéíáé � �î�ò:

Ðñüôáóéò 4.2.1. °Åóôù �ôé ãé¥ êÜèå öõóéê�í N; �÷ïõìå èåùñÞóåé êÜðïéï óýíïëïí H =
{h1; : : : ; hk} ì� §ñíçôéê�í §êåñáßùí, ìáæ� ì« £ðïëëáðëüôçôåò¤ ji ∈ {1; 2}; 1 ≤ i ≤ k;
ãé¥ ô¥ hi; êáè�ò êá� ìßáí ðáñÜìåôñïí R = o(N1=(2k)): ¯ÕðïèÝôïõìå �ðßóçò �ôé �ó÷ýåé
maxH ≤ RA ãé¥ êÜðïéáí èåôéê�í óôáèåñ¥í A §íåîÜñôçôçí ôï� N: Óõìâïëßæïõìå ì« r
ô� ðë�èïò ô�í äåéêô�í i ∈ {1; : : : ; k} ãé¥ ôï�ò �ðïßïõò ji = 2: Ôüôå, �ö' �óïí ô� N êá�
ô� R ôåßíïõí óô� ©ðåéñïí, �÷ïõìå ô�í �êôßìçóéí∑

n≤N

Λj1
R (n+ h1) · · ·Λjk

R (n+ hk) = (S(H) + ok;A(1))N(logR)r:

²Áò ðáñáôçñÞóïõìå §ñ÷éê�ò �ôé óô�í ðåñßðôùóéí ðï� �ëá ô¥ ji ǻéíáé �óá ì« 1, �
ðñüôáóéò ô�í Goldston êá� Yildirim äßíåé∑

n≤N

ΛR(n+ h1) · · ·ΛR(n+ hk) = (S(H) + ok(1))N;
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ô� �ðï�ïí ǻéíáé óõíåð«ò ì« ô�í å�êáóßáí (4:9) ô�í Hardy êá� Littlewood. Ǻéíáé �ìùò �
ðåñßðôùóéò ðï� ô¥ ji ǻéíáé �ëá �óá ì« 2 � �ðïßá �íäéÝöåñå ðåñéóóüôåñïí ôüóï ôï�ò Goldston
êá� Yildirim, ãé¥ ô�í �öáñìïãÞí ôçò óô¥ êåí¥ ìåôáî� äéáäï÷éê�í ðñþôùí, �óï êá� ôï�ò
Green êá� Tao. ±Ïðùò å�ðáìå êá� ðñïçãïõìÝíùò, ãé¥ �ëïõò ôï�ò ðñþôïõò n ï� ïðï�ïé ǻéíáé
ìåãáëýôåñïé ô�ò ðáñáìÝôñïõ R �ó÷ýåé ΛR(n) = logR; ©ñá � óõíÜñôçóéò Λ2

R(n)= log2R; �
�ðïßá ðñïöáí�ò ǻéíáé ì� §ñíçôéêÞ, öñÜóóåé êáô¥ óçìå�ïí ô�í ÷áñáêôçñéóôéê�í óõíÜñôçóéí
1P (n) ô�í ðñþôùí §ñéèì�í óô� äéÜóôçìá {n ∈ N : n > R}: Êáô¥ óõíÝðåéáí, �ó÷ýåé �
ó÷Ýóéò

(4.12)
∑

N<n≤2N

1P (n+ h1) · · ·1P (n+ hk) ≤
∑

N<n≤2N

Λ2
R(n+ h1)
log2R

· · · Λ
2
R(n+ hk)
log2R

�ôáí ô� R ǻéíáé ìßá ìéêñ� äýíáìéò ôï� N �ðùò óô�í ðñüôáóéí ô�í Goldston êá� Yildirim.
±Ïìùò, ô� §ñéóôåñ�í ìÝëïò ô�ò (4:12) ǻéíáé §êñéâ�ò ô� ðë�èïò �((N; 2N ];H) ô�í öõóéê�í
n ìåôáî� N êá� 2N ðï� �÷ïõí ô�í �äéüôçôá �ëåò ï� óõíôåôáãìÝíåò ôï� äéáíýóìáôïò
(n+ h1; : : : ; n+ hk) í¥ ǻéíáé ðñ�ôïé, �íÿ ô� äåîé�í ìÝëïò ìðïñå� í¥ �ðïëïãéóôå� §ð� ô�í
Ðñüôáóéí 4:2:1 :

∑
N<n≤2N

Λ2
R(n+ h1)
log2R

· · · Λ
2
R(n+ hk)
log2R

= (S(H) + ok(1))
N

(logR)k
:

ËáìâÜíïõìå �ôóé �íá ©íù öñÜãìá ãé¥ ô� �((N; 2N ];H) ô�ò �äßáò ôÜîåùò ìåãÝèïõò ì«
á�ô�í ðï� ðñïÝâëåøáí ï� Hardy êá� Littlewood.

Á�ô�ò ǻéíáé êá� � êýñéïò ëüãïò ãé¥ ô�í �ðï�ïí ï� Goldston êá� Yildirim �ðéëÝãïõí
ô�í ΛR; ²ç êá� §êüìç ðé� §ðïôåëåóìáôéê«ò �êäï÷Ýò ôçò, ãé¥ í¥ ðñïóåããßóïõí ô�í óõíÜñ-
ôçóéí von Mangoldt. Ï�óéáóôéêÜ, � �äÝá ãé¥ ðåñéêåêïììÝíá §èñïßóìáôá ðÜíù §ð� ôï�ò
äéáéñÝôåò êÜðïéïõ öõóéêï� n ðñïÝñ÷åôáé §ð� ô�í èåùñßáí ôï� êïóêßíïõ ôï� Selberg, �
�ðïßá ðñïóðáèå� í¥ �ðïëïãßæåé ô� ðë�èïò ô�í ðñþôùí §ñéèì�í ó« êÜðïéï óýíïëïí öñÜó-
óïíôáò ô�í ÷áñáêôçñéóôéêÞí ôïõò §ð� óõíáñôÞóåéò ðï� §íáèÝôïõí ìåãÜëåò ôéì«ò ìüíïí ó«
§ñéèìï�ò ì« �÷é êá� ðïëëï�ò ðñþôïõò äéáéñÝôåò. Ðáñáäåßãìáôïò ÷Üñéí, ãé¥ �ðïéáíäÞðïôå
�ðéëïã�í � = (�d)Rd=1 ðñáãìáôéê�í §ñéèì�í ì« �1 := 1; è¥ ìðïñïýóáìå í¥ �ñßóïõìå ô�í
óõíÜñôçóéí

��(n) :=

(∑
d|n
d≤R

�d

)2

;

êá� ôüôå å�ôå ô� ©èñïéóìá ∑
N<n≤2N

��(n+ h1) · · ·��(n+ hk);
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å�ôå ô�

∑
N<n≤2N

��
(
(n+ h1) · · · (n+ hk)

)
=

∑
N<n≤2N

 ∑
d|(n+h1)···(n+hk)

d≤R

�d


2

è¥ �äéíáí ©íù öñÜãìáôá ãé¥ ô� §ñéóôåñ�í ìÝëïò ô�ò (4:12): ®Åö' �óïí �ìùò ìðïñï�ìå í¥
èåùñÞóïõìå �ðïéïõóäÞðïôå ðñáãìáôéêï�ò §ñéèìï�ò �d; ëïãéê�í ǻéíáé í¥ ðñïóðáèÞóïõìå
í¥ âåëôéóôïðïéÞóïõìå ô�í �ðéëïãÞí ìáò �ò ðñ�ò êÜðïéá êñéôÞñéá ðï� è¥ äéáëÝîïõìå.

Ãé¥ ðáñÜäåéãìá, ìðïñå� í¥ ÷ñåéÜæåôáé í¥ �ëá÷éóôïðïéÞóïõìå ô�í ìÝóçí ôéì�í ô�ò óõ-
íáñôÞóåùò �� ó« êÜðïéï äéÜóôçìá, �ðùò �ôáí �ðé÷åéñï�ìå í¥ êáôáóêåõÜóïõìå �íá øåõ-
äïôõ÷á�ïí ìÝôñïí ãé¥ ôï�ò ðñþôïõò. ÈÝëïíôáò ëïéð�í í¥ �ëá÷éóôïðïéÞóïõìå ô�í

E(��(n)|N < n ≤ 2N);

§íáëýïõìå §ñ÷éê�ò §ð� ô�í ôýðïí ô�ò �� ô� ©èñïéóìá

∑
N<n≤2N

��(n) =
∑

N<n≤2N

(∑
d|n
d≤R

�d

)2

=
∑

N<n≤2N

(∑
d1|n
d1≤R

∑
d2|n
d2≤R

�d1�d2

)

=
∑
d1≤R

∑
d2≤R

�d1�d2 ·
∑

n<N≤2N

1d1|n& d2|n


=
∑
d1≤R

∑
d2≤R

�d1�d2 ·
∑

N<n≤2N

1[d1;d2]|n


=
∑
d1≤R

∑
d2≤R

�d1�d2

(
N

[d1; d2]
+O(1)

)
;

�ðïõ ì« [d1; d2] óõìâïëßæïõìå ô� �ëÜ÷éóôïí êïéí�í ðïëëáðëÜóéïí ô�í d1; d2; êá� �ðåéôá
ðáñáôçñï�ìå �ôé ²áí R� N1=2−" ãé¥ êÜðïéï ìéêñ�í " > 0; êá� ï� §ñéèìï� �d �÷ïõí �ðéëåãå�
§ð� ô� äéÜóôçìá [−N"=2; N"=2]; �ðùò ǻéíáé äõíáô�í óô�ò ðåñéóóüôåñåò �öáñìïãÝò, ôüôå ï�
�ñïé O(1) · �d1�d2 è¥ óõíåéóöÝñïõí ô� ðïë�∑

d1≤R

∑
d2≤R

Ï(1)max
d≤R

�2
d = O(R2 N") = O(N1−") = o(N):

Êáô¥ óõíÝðåéáí, è¥ §ñêå� í¥ �ëá÷éóôïðïéÞóïõìå ô�í ôåôñáãùíéê�í ìïñö�í∑
d1≤R

∑
d2≤R

�d1�d2

[d1; d2]
:
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Á�ô� ìðïñå� í¥ ãßíåé ì« äéÜöïñåò ôå÷íéêÝò (âëÝðå ðáñáäåßãìáôïò ÷Üñéí [15]); êá� äßíåé
ôåëéê�ò ô�í âÝëôéóôçí �ðéëïã�í

�SELd ≈ �(d)
log(R=d)

logR
;

ðï� óçìáßíåé �ôé êáô' ï�óßáí � óõíÜñôçóéò �SEL� ðï� æçôïýóáìå óô�í óõãêåêñéìÝíçí
ðåñßðôùóéí, ì« ô�í �äéüôçôá í¥ �ëá÷éóôïðïéå� ô�í ìÝóçí ôéì�í E(��(n)|N < n ≤ 2N);
ǻéíáé � óõíÜñôçóéò Λ2

R= log2R ô�í Goldston êá� Yildirim.

4.2.2 Ìéêñ¥ êåí¥ ìåôáî� ðñþôùí §ñéèì�í

È¥ êëåßóïõìå á�ô�í ô�í �íüôçôá ãé¥ ôï�ò Goldston êá� Yildirim ðåñéãñÜöïíôáò ô� ð�ò
�öáñìüæïõí ô�ò �êôéìÞóåéò ôïõò ãé¥ ô�í ΛR óô�í å�ñåóéí ìéêñ�í êåí�í ìåôáî� äéáäï÷éê�í
ðñþôùí. Ô� §ñêåô¥ ¨ðë�í �ðé÷åßñçìá ðï� §êïëïõèå� ôïýò ô� �ðÝäåéîáí ï� Granville êá�
Soundararajan: �ðùò å�ðáìå, èÝëïõìå, ãé¥ êÜðïéáí èåôéê�í ðáñÜìåôñïí H; í¥ äåßîïõìå
�ôé ãé¥ ©ðåéñá n ô� äéÜóôçìá [n; n+H] ðåñéÝ÷åé ôïõëÜ÷éóôïí äýï ðñþôïõò. ®Áñ÷éê�ò, ä«í
�ðïèÝôïõìå ô�í H óôáèåñÞí, §ëë¥ �ðéôñÝðïõìå í¥ ǻéíáé êá� êÜðïéï ìéêñ�í ðïëëáðëÜóéïí
ô�ò §íáìåíïìÝíçò äéáöïñ¦ò ìåôáî� äéáäï÷éê�í ðñþôùí. Ðáñáôçñï�ìå �ôé è¥ ì¦ò §ñêï�óå
� �êöñáóéò

(4.13)
2N∑

n=N+1

 ∑
0≤h≤H

�(n+ h)− log(3N)


í¥ ǻéíáé ãíçóßùò èåôéê� ãé¥ ô¥ ìåãÜëá N; �ðïõ �ðåíèõìßæïõìå �ôé �(n) = log n ²áí ô� n
ǻéíáé ðñ�ôïò, §ëëé�ò �(n) = 0: Äõóôõ÷�ò �ìùò, §ð� ô� Èåþñçìá Ðñþôùí ®Áñéèì�í, êá�
äåäïìÝíïõ �ôé H � logN; ðñïêýðôåé �ôé

(4:13) =
∑

0≤h≤H

2N∑
n=N+1

�(n+ h)−
2N∑

n=N+1

log(3N)

=
∑

0≤h≤H

2N+h∑
n=N+h+1

�(n)−N log(3N) = (1 + o(1))NH −N log(3N) ≤ 0:

¯Ç óõíÞèçò ôå÷íéê� ãé¥ á�ô� ô� ðñüâëçìá ǻéíáé í¥ ðïëëáðëáóéÜóïõìå ô�í �êöñáóéí
ðï� ì¦ò �íäéáöÝñåé ì« êáôÜëëçëá ì� §ñíçôéê¥ âÜñç (§ñêåô¥ ¨ðë¥ �óôå í¥ ìðïñï�ìå í¥
�ðïëïãßóïõìå ô�í êáéíïýñéáí �êöñáóéí, §ëë¥ êá� ôÝôïéá �óôå ô� §ðïôÝëåóìá í¥ âãå�
èåôéêüí). Ãé¥ êÜèå óýíïëïí {h1; : : : ; hk} §ð� k ì� §ñíçôéêï�ò §êåñáßïõò ≤ H; èåùñï�ìå
ô�í �êöñáóéí

(4.14)
2N∑

n=N+1

 ∑
0≤h≤H

�(n+ h)− log(3N)

Λ2
R(n+ h1) · · ·Λ2

R(n+ hk);
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�ðïõ ô� R = o(N1=(2k)) è¥ ǻéíáé ìßá ìéêñ� äýíáìéò ôï� N � �ðïßá è¥ �ðéëåãå� ðáñáêÜôù.
®Áð� ô�í Ðñüôáóéí 4:2:1 �÷ïõìå �ôé

log(3N)·
2N∑

n=N+1

Λ2
R(n+h1) · · ·Λ2

R(n+hk) =
(
S({h1; : : : ; hk})+ok(1)

)
N log(3N)(logR)k;

�íÿ ãé¥ ôï�ò ©ëëïõò ðñïóèåôÝïõò ô�ò (4:14); ï� Goldston êá� Yildirim äéáôõðþíïõí êá�
§ðïäåéêíýïõí ìßáí §êüìç ðñüôáóéí:

Ðñüôáóéò 4.2.2. [15] °Åóôù �ôé ãé¥ êÜèå öõóéê�í N; �÷ïõìå óýíïëïí H = {h1; : : : ; hk}
ì� §ñíçôéê�í §êåñáßùí, ìáæ� ì« £ðïëëáðëüôçôåò¤ ji ∈ {1; 2}; 1 ≤ i ≤ k; ãé¥ ô¥ hi; êáè�ò
êá� ìßáí ðáñÜìåôñïí R = o(N1=(4k)): Óõìâïëßæïõìå ì« r ô� ðë�èïò ô�í äåéêô�í i ∈
{1; : : : ; k} ãé¥ ôï�ò �ðïßïõò ji = 2: ¯ÕðïèÝôïõìå �ôé ô¥ hi §íÞêïõí ó« êÜðïéï äéÜóôçìá
[0; H] ì« H ≤ R1=(4k); êá� èåùñï�ìå �ðéðëÝïí êÜðïéïí §êÝñáéïí h0 ∈ [0; H]: Ôüôå, �ö'
�óïí ô� N êá� ô� R ôåßíïõí óô� ©ðåéñïí, �÷ïõìå ô�í �êôßìçóéí

∑
n≤N

Λj1
R (n+ h1) · · ·Λjk

R (n+ hk)�(n+ h0)

=


(
S(H ∪ {h0}) + ok(1)

)
N(logR)r ²áí h0 =∈ H(

S(H ∪ {h0}) + ok(1)
)
N(logR)r+1 ²áí h0 ∈ H

:

±Åðåôáé �ôé ²áí óô�í (4:14) �ðéëÝîïõìå R = N
1
4k−" ãé¥ êÜðïéï (á�èáßñåôá ìéêñüí)

" > 0; è¥ �÷ïõìå §ð� ô�í ðáñáðÜíù ðñüôáóéí �ôé

2N∑
n=N+1

 ∑
0≤h≤H

�(n+ h)

Λ2
R(n+ h1) · · ·Λ2

R(n+ hk)

=
2N∑

n=N+1

 k∑
j=1

�(n+ hj)

Λ2
R(n+ h1) · · ·Λ2

R(n+ hk)

+
2N∑

n=N+1

 ∑
0≤h≤H

h6=hj ;1≤j≤k

�(n+ h)

Λ2
R(n+ h1) · · ·Λ2

R(n+ hk)

= k
(
S({h1; : : : ; hk}) + ok(1)

)
N(logR)k+1

+
∑

0≤h≤H
h6=hj ;1≤j≤k

((
S({h; h1; : : : ; hk}) + ok(1)

)
N(logR)k

)
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ÐëÝïí, �êìåôáëëåõüìåíïé �íáí ðïë� ÷ñÞóéìïí �ðïëïãéóì�í ôï� Patrick Gallagher [11]
ãé¥ ô�í �äéÜæïõóáí óåéñ¥í ô�í Hardy êá� Littlewood, � �ðï�ïò ì¦ò �îáóöáëßæåé �ôé∑

h1;:::;hk∈[0;H]
äéáêåêñéìÝíá

S({h1; : : : ; hk}) ∼
∑

h1;:::;hk∈[0;H]
äéáêåêñéìÝíá

1 ∼ Hk

êáè�ò ô� H ôåßíåé óô� ©ðåéñïí, §ñêå� í¥ §èñïßóïõìå ô�í (4:14) ãé¥ �ëá ô¥ óýíïëá
{h1; : : : ; hk} §ð� k ì� §ñíçôéêï�ò §êåñáßïõò ≤ H; �óôå í¥ âñï�ìå ô¥ êáôÜëëçëá âÜñç
ãé¥ ô�í (4:13): Äçëáä�

2N∑
n=N+1

 ∑
0≤h≤H

�(n+ h)− log(3N)

 ∑
h1;:::;hk∈[0;H]
äéáêåêñéìÝíá

Λ2
R(n+ h1) · · ·Λ2

R(n+ hk)

=
∑

h1;:::;hk∈[0;H]
äéáêåêñéìÝíá

(
k
(
S({h1; : : : ; hk}) + ok(1)

)
N(logR)k+1

)

+
∑

h1;:::;hk∈[0;H]
äéáêåêñéìÝíá

∑
0≤h≤H

h6=hj ;1≤j≤k

((
S({h; h1; : : : ; hk}) + ok(1)

)
N(logR)k

)

−
∑

h1;:::;hk∈[0;H]
äéáêåêñéìÝíá

((
S({h1; : : : ; hk}) + ok(1)

)
N log(3N)(logR)k

)

=
(
Hk + ok(Hk)

)
kN(logR)k+1 +

(
Hk+1 + ok(Hk+1)

)
N(logR)k

−
(
Hk + ok(Hk)

)
N log(3N)(logR)k

=
(
k logR+H − log(3N)

)
·
(
Hk + ok(Hk)

)
N(logR)k;

êá� ìðïñï�ìå í¥ óõìðåñÜíïõìå �ôé � ðáñáðÜíù �êöñáóéò ǻéíáé èåôéê� ãé¥ êÜèå §ñêåô¥
ìåãÜëï N; §ñêå� í¥ �ó÷ýåé

k logR+H − log(3N) = k log
(
N

1
4k−"

)
+H − log(3N) > 0

⇔H >

(
3
4

+ "′
)

logN:

²Áí ëïéð�í �ðéëÝîïõìå ô�í ðáñÜìåôñïí H ' 3 logN=4; ôüôå, �îáéôßáò ô�í ðáñáðÜíù,
è¥ �ðÜñ÷åé ôïõëÜ÷éóôïí �íáò öõóéê�ò n ∈ (N; 2N ] (ãé¥ êÜèå §ñêåô¥ ìåãÜëï N) ì« ô�í
�äéüôçôá óô� äéÜóôçìá [n; n+H] í¥ âñßóêïíôáé ôïõëÜ÷éóôïí äýï ðñ�ôïé pm1 < pm2 : Ãé¥
á�ôï�ò ôï�ò ðñþôïõò è¥ �ó÷ýåé

pm1+1 − pm1

log pm1

≤ pm2 − pm1

logN
≤ H

logN
≤ 3

4
+ "′′;
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�ðüôå ôåëéê�ò è¥ óõìðåñÜíïõìå �ôé

lim inf
n→∞

pn+1 − pn
log pn

≤ 3
4
:

Ì« ô� ðáñáðÜíù �ðé÷åßñçìá ï�óéáóôéêÜ, §ëë¥ èåùñ�íôáò ðé� ðåñßðëïêá âÜñç ðï�
ðñïÝêõðôáí §ð� ãñáììéêï�ò óõíäõáóìï�ò ô�í óõíáñôÞóåùí ΛR(n+h1) · · ·ΛR(n+hj); 1 ≤
j ≤ k; ï� Goldston êá� Yildirim �äåéîáí óô� [15] �ôé ô� ðáñáðÜíù lim inf ǻéíáé ìéêñüôåñïí
§ð� ²ç �óïí ì« 1=4: Ôåëéê�ò ô� 2005, ìáæ� ì« ô�í J�anos Pintz [13]; �ëõóáí ô�í å�êáóßáí
§ðïäåéêíýïíôáò �ôé

lim inf
n→∞

pn+1 − pn
log pn

= 0:

Ãé¥ á�ôü, §íáãêÜóôçêáí í¥ �ñßóïõí §êüìç êáëýôåñåò ðñïóåããßóåéò ô�ò óõíáñôÞóåùò von
Mangoldt, ²ç ì¦ëëïí ðáñáëëáãÝò ôçò, ï� �ðï�åò �íôïðßæïõí ô¥ äéáíýóìáôá (n+h1; : : : ; n+
hk) ì« óõíôåôáãìÝíåò ðñþôïõò ìåôñ�íôáò ôï�ò äéáöïñåôéêï�ò §í¥ äýï, ðñþôïõò äéáéñÝôåò
ôï� ðïëõùíýìïõ PH(n) := (n + h1) · · · (n + hk) (ï� �ðï�ïé èÝëïõìå í¥ ǻéíáé ô� ðïë� k):
ÂëÝðå �ðßóçò [12] ãé¥ ìßáí ¨ðëïõóôåõìÝíçí §ðüäåéîéí ô�ò å�êáóßáò, ÷ùñ�ò ô¥ �ðüëïéðá
êáô¥ óõíèÞêçí óõìðåñÜóìáôá óô� [13]:

4.3 Ï� ðñïôÜóåéò ô�í Green êá� Tao ãé¥ ô�í ΛR

®ÅðéóôñÝöïíôáò óô�í êáôáóêåõ�í ôï� øåõäïôõ÷áßïõ ìÝôñïõ ãé¥ ôï�ò ðñþôïõò, ²áò
äï�ìå ð�ò ÷ñçóéìïðïéï�í ï� Green êá� Tao ô�í ΛR ôï� ¯Ïñéóìï� (4:11) ãé¥ í¥ �ñßóïõí
ô� ìÝôñïí � :

Ï̄ñéóìüò 4.3.1. °Åóôù ðáñÜìåôñïò RN := Nk−12−k−4
; êáß, �ðùò óô�í Ðñüôáóéí 4:1:3;

�óôù �k := 1
2k(k+4)!

: ¯Ïñßæïõìå ô�í ï�êïãÝíåéáí óõíáñôÞóåùí � : ZN → R èÝôïíôáò

�N (n) :=

{
�(WN )

WN logRN
Λ2
RN

(WNn+ 1) �ôáí �kN ≤ n ≤ 2�kN
1 §ëëé�ò

ãé¥ êÜèå 1 ≤ n ≤ N; �ðïõ ôáõôßæïõìå ô� [1; N ] ì« ô� ZN êáô¥ ðñïöáí� ôñüðïí.
×Üñéí ¨ðëüôçôïò, óô� �î�ò ä«í è¥ ãñÜöïõìå ô�í �îÜñôçóé ô�í ðáñáìÝôñùí W êá� R

§ð� ô� N; §ëë¥ ²áò ðñïóÝîïõìå �ôé ǻéíáé �äéáéôÝñùò óçìáíôéê� ãé¥ ô�ò §ðïäåßîåéò.

Ë�ììá 4.3.2. Ãé¥ êÜèå n ∈ ZN ; �(n) ≥ 0: ®Åðßóçò, �ö' �óïí èåùñÞóïõìå §ñêïýíôùò
ìåãÜëá N ó« ó÷Ýóéí ì« ô� k; è¥ �÷ïõìå �(n) ≥ k−12−k−5�̃(n) ãé¥ êÜèå �kN ≤ n ≤ 2�kN
�ðùò æçôå�ôáé óô�í Ðñüôáóéí 4:1:3:

®Áðüäåéîéò. Ô� �ôé � óõíÜñôçóéò � ôï� ¯Ïñéóìï� 4:3:1 ǻéíáé ì� §ñíçôéê� ǻéíáé ðñïöáíÝò.
®Åðßóçò, �îçãÞóáìå óô�í �ðïåíüôçôá 4.2.1 �ôé ãé¥ êÜèå ðñ�ôïí §ñéèì�í n ìåãáëýôåñïí
ô�ò ðáñáìÝôñïõ R �ó÷ýåé ΛR(n) = logR: Å̄ðïìÝíùò, ²áí èåùñÞóïõìå §ñêåô¥ ìåãÜëá N
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�óôå í¥ �÷ïõìå �kN > RN = Nk−12−k−4
; ôüôå ãé¥ êÜèå öõóéê�í n ∈ [�kN; 2�kN ]; ì« ô�í

�äéüôçôá � Wn+ 1 í¥ ǻéíáé ðñ�ôïò, è¥ ðñïêýøåé �ôé

�N (n) =
�(W )

W logRN
Λ2
RN (Wn+ 1) =

�(W )
W

logRN = k−12−k−4 logN
�(W )
W

:

Ôáõôï÷ñüíùò è¥ �ó÷ýåé

�̃N (n) =
�(W )
W

log(Wn+ 1) ≤ �(W )
W

log(2�kWN + 1) ≤ �(W )
W

log(WN);

�ðüôå è¥ óõìðåñÜíïõìå ô� æçôïýìåíïí �ö' �óïí �ðéëÝîïõìå ô�í óõíÜñôçóéí w(N) í¥
ìåãáëþíåé §ñã¥ ó« ó÷Ýóéí ì« ô� N : ðáñáäåßãìáôïò ÷Üñéí, ²áí w(N) = log log logN; ôüôå
å�äáìå �ôé W = logO(1)(logN); êá� ©ñá log(WN) = logW + logN ≤ 2 logN ãé¥ ô¥
ìåãÜëá N:

Ãé¥ í¥ äåßîïõìå �ðéðëÝïí �ôé � óõíÜñôçóéò � ôï� ¯Ïñéóìï� 4:3:1 ǻéíáé k−øåõäïôõ÷á�ïí
ìÝôñïí, ÷ñåéáæüìáóôå �êôéìÞóåéò ãé¥ ô�í Λ2

R(Wn+1) �ðùò óô�í Ðñüôáóéí 4:2:1: Ï� Green
êá� Tao äéáôõðþíïõí ìßáí ðñüôáóéí ãé¥ ô�í óõíèÞêçí ãñáììéê�í ìïñö�í êá� ìßáí ãé¥
ô�í óõíèÞêçí óõó÷åôéóìï�:

Ðñüôáóéò 4.3.3. °Åóôùóáí m; t èåôéêï� §êÝñáéïé. Ãé¥ êÜèå ðñ�ôïí N ì¦ò äßíïíôáé m
ãñáììéê«ò ìïñö«ò  i : Zt → Z;  i(x) :=

∑t
j=1 Lijxj + bi; êá� ³åí �ñèïãþíéïí B =∏t

j=1 Ij ⊂ Zt �óôå

• êÜèå äéÜóôçìá Ij �÷åé ì�êïò ôïõëÜ÷éóôïí R10m;

• ï� óõíôåëåóô«ò Lij ǻéíáé §êÝñáéïé §ðïëýôùò ≤
√
w(N)=2; êáíÝíá äéÜíõóìá (Lij)tj=1

ä«í ǻéíáé ñ̄çô�í ðïëëáðëÜóéïí êÜðïéïõ §ð� ô¥ �ðüëïéðá, êá� êáíÝíá ä«í ǻéíáé ôáõ-
ôïôéê¥ ìçäÝí,

• ï� óôáèåñï� �ñïé bi; ôÝëïò, ǻéíáé �ðïéïéäÞðïôå §êÝñáéïé ôÝôïéïé �óôå í¥ �ó÷ýåé

 i(x) =
t∑

j=1

Lijxj + bi > 0

ãé¥ êÜèå x ∈ B; ãé¥ êÜèå i = 1; : : : ;m:

Èåùñï�ìå ô�ò ðáñçëëáãìÝíåò ãñáììéê«ò ìïñö«ò �i := W i + 1: Ôüôå, ²áí �ðéëÝîïõìå ô�í
óõíÜñôçóéí w(N) í¥ á�îÜíåôáé §ðåñéüñéóôá §ëë¥ §ñêåô¥ §ñã¥ ó« ó÷Ýóéí ì« ô� N; è¥
�÷ïõìå

(4.15) E
(
Λ2
R(�1(x)) · · ·Λ2

R(�m(x))|x ∈ B
)

= (1 + om;t(1))
(
W logR
�(W )

)m
:
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Ðñüôáóéò 4.3.4. °Åóôù m ≥ 1 §êÝñáéïò. Ãé¥ êÜèå ðñ�ôïí N ì¦ò äßíïíôáé äéÜóôçìá
B ⊂ Z ìÞêïõò ôïõëÜ÷éóôïí R10m; êá� äéáöïñåôéêï� §í¥ äýï §êÝñáéïé h1; : : : ; hm ðï�
�êáíïðïéï�í ô�ò |hi| ≤ N2 êá� x+ hi > 0 ãé¥ êÜèå x ∈ B êá� 1 ≤ i ≤ m: Óõìâïëßæïõìå
ì« ∆ ≡ ∆(N) ô�í §êÝñáéïí

∆ :=
∏

1≤i<j≤m

|hi − hj |:

Ôüôå, �ö' �óïí êá� ðÜëé �ðéëÝîïõìå ô�í óõíÜñôçóéí w(N) í¥ á�îÜíåôáé §ðåñéüñéóôá §ëë¥
§ñã¥ ó« ó÷Ýóéí ì« ô� N; è¥ �ðÜñ÷åé óôáèåñ¥ Cm > 0; ðï� �îáñô¦ôáé ìüíïí §ð� ô� m;
�óôå ãé¥ §ñêåô¥ ìåãÜëá N > N0(m) í¥ �ó÷ýåé

(4.16) E
(
Λ2
R(W (x+ h1) + 1) · · ·Λ2

R(W (x+ hm) + 1)|x ∈ B
)

≤ Om(1)
(
W logR
�(W )

)m∏
p|∆

(
1 +

Cm√
p

)
(�ä�, �ðùò êá� óô¥ �ðüìåíá, ì« ô�í äåßêôçí p è¥ �ííïï�ìå ðñþôïõò):

Óçìåßùóéò. ¯Ç ôåëåõôáßá ðñüôáóéò ǻéíáé � ðé� êïíôéí� óô�í Ðñüôáóéí 4:2:1 ô�í Gold-
ston êá� Yildirim. Âåâáßùò, �ðåéä� óô�ò ðïóüôçôåò ìÝóá óô¥ �ëïêëçñþìáôá �ìöáíßæïíôáé
ìüíïí ï� ôéì«ò ô�ò ΛR óôï�ò öõóéêï�ò ðï� ǻéíáé �óïûðüëïéðïé ì« ô� 1 (mod W ); êá�
�÷ïõìå �ðéëÝîåé ô� W í¥ á�îÜíåôáé §ðåñéüñéóôá (�, �ðùò è¥ äï�ìå �ôáí ôåëéê�ò ô� óôá-
èåñïðïéÞóïõìå, � ôéìÞ ôïõ í¥ ǻéíáé ðïë� ìåãÜëç), ãé' á�ô� êá� óô�ò ôåëéêÝò ìáò �êôéìÞóåéò
ä«í �ìöáíßæåôáé � �äéÜæïõóá óåéñ¥ ô�í Hardy êá� Littlewood §ëë¥ � óáö�ò ¨ðëïýóôåñïò
�ñïò (�(W )=W )m: ®Áð� ô�í ©ëëçí, óô�í §ðüäåéîéí ô�ò ÐñïôÜóåùò 4:3:3 ÷ñåéÜæåôáé �íá
�ðéðëÝïí �ðé÷åßñçìá äßðëá ó« á�ô¥ ô�í Goldston êá� Yildirim �óôå í¥ ÷åéñéóôï�ìå ô�ò
ãñáììéê«ò ìïñö«ò ðïëë�í ìåôáâëçô�í. ÐÜíôùò, �öåßëïõìå í¥ óçìåéþóïõìå �ôé, ²áí êÜ-
ðïéïò êáôáíïÞóåé ô¥ �ðé÷åéñÞìáôá ðï� §êïëïõèï�í óô�ò �ðüìåíåò ôñå�ò �ðïåíüôçôåò, è¥
ìðïñå� å�êïëá í¥ äéáâÜóåé êá� ô�í §ðüäåéîéí ô�ò ðñïôÜóåùò 4:2:1 óô� [15]:

4.3.1 ÌåôáôñÝðïíôáò óåéñ«ò ðÜíù §ð� ôï�ò öõóéêï�ò ó« ãéíüìåíá Euler

Îåêéíï�ìå ì« ô�í ðåñéãñáö�í ô�ò §ðïäåßîåùò ô�ò ÐñïôÜóåùò 4:3:3: ²Áò �ðåíèõìßóïõìå
�ôé ãé¥ êÜèå 1 ≤ i ≤ m ì¦ò äßíåôáé ìßá ãñáììéê� ìïñö�  i(x) =

∑t
j=1 Lijxj + bi

ì« §êåñáßïõò óõíôåëåóô«ò ï� �ðï�ïé �êáíïðïéï�í ô�í |Lij | ≤
√
w(N)=2; �ðïõ w(N) �

óõíÜñôçóéò ôï� ¯Ïñéóìï� 4:1:2: Ô¥ bi �ðßóçò §íÞêïõí óô� Z êá� ǻéíáé ôÝôïéá �óôå ãé¥
êÜèå (x1; : : : ; xt) ∈ B =

∏t
j=1 Ij í¥ �ó÷ýåé  i(x) > 0; �ðïõ B ⊂ Zt ô� �ñèïãþíéïí óô�

�ðï�ïí èåùñï�ìå ô�ò ãñáììéê«ò ìïñöÝò, ì« ô�í �äéüôçôá êÜèå £ðëåõñÜ¤ ôïõ Ij í¥ �÷åé
ì�êïò ≥ R10m: °Å÷ïõìå �ðéðëÝïí óô�ò �ðïèÝóåéò ìáò �ôé êáíÝíá äéÜíõóìá óõíôåëåóô�í
(Lij)tj=1 ä«í ǻéíáé ìçä«í ²ç ñ̄çô�í ðïëëáðëÜóéïí êÜðïéïõ §ð� ô¥ �ðüëïéðá äéáíýóìáôá.

ÈÝôïõìå �i := W i + 1 ãé¥ êÜèå i; êá� �ðéäéþêïõìå í¥ äåßîïõìå ô�í �êôßìçóéí

E
(
Λ2
R(�1(x)) · · ·Λ2

R(�m(x))|x ∈ B
)

= (1 + om;t(1))
(
W logR
�(W )

)m
:
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®Áð� ô�í ¯Ïñéóì�í (4:11); � ðáñáðÜíù ìÝóç ôéì� ãñÜöåôáé �ò

E

(
m∏
i=1

∑
di;d

′
i≤R

di;d
′
i|�i(x)

�(di)�(d′i) log
R

di
log

R

d′i

∣∣x ∈ B);

êá� ìðïñï�ìå, §ëëÜæïíôáò ô�í óåéñ¥í ô�ò �ëïêëçñþóåùò êá� ô�ò §èñïßóåùò, í¥ ô�í ãñÜ-
øïõìå êá� �ò

(4.17)
∑

d1;:::;dm;d′1;:::;d
′
m≤R

(
m∏
i=1

�(di)�(d′i) log
R

di
log

R

d′i

)
· E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ B) :
®Áöï� �ìöáíßæåôáé � óõíÜñôçóéò M�obius, ìðïñï�ìå í¥ �ðïèÝóïõìå �ôé §èñïßæïõìå ðÜíù
§ð� ô¥ di; d

′
i ô¥ �ðï�á ǻéíáé �ëåýèåñá ôåôñáãþíùí. ®Áñ÷éê�ò óôü÷ïò ìáò ǻéíáé í¥ §íôéêáôá-

óôÞóïõìå ô� ôõ÷�í �ñèïãþíéïí B ðÜíù óô� �ðï�ïí �ëïêëçñþíïõìå §ð� ðé� óõãêåêñéìÝíá
ðåäßá �ëïêëçñþóåùò (ìðïñï�ìå í¥ �ðé÷åéñÞóïõìå êÜôé ôÝôïéï �ðåéä� §ð� ô�í �ñéóì�í ô�ò
ΛR ä«í öáßíåôáé í¥ �÷åé �äéáßôåñçí óçìáóßáí ðüóï ìåãÜëïõò öõóéêï�ò ðåñéÝ÷ïõí ô¥ äéá-
óôÞìáôá Ij ; ô� ãéíüìåíïí ô�í �ðïßùí ó÷çìáôßæåé ô� B; ì« ©ëëá ëüãéá ΛR(n1) = ΛR(n2);
�óï ìåãáëýôåñïí êá� í¥ ǻéíáé ô� n2 §ð� ô� n1; �ôáí ï� ðñ�ôïé äéáéñÝôåò ôï� n1 ðï� ǻéíáé
≤ R ǻéíáé �äéïé ì« ôï�ò ðñþôïõò äéáéñÝôåò ôï� n2 ðï� ǻéíáé ≤ R): Óôáèåñïðïéï�ìå êÜðïéá
d1; : : : ; dm; d

′
1; : : : ; d

′
m êá� èÝôïõìå D := [d1; : : : ; dm; d

′
1; : : : ; d

′
m] í¥ ǻéíáé ô� �ëÜ÷éóôïí

êïéí�í ðïëëáðëÜóéüí ôïõò· �ôóé �÷ïõìå �ôé D ≤ R2m êá� �ðßóçò �ôé ô� D ǻéíáé �ëåýèåñïí
ôåôñáãþíùí. Ðáñáôçñï�ìå ôþñá �ôé � �êöñáóéò

∏m
i=1 1di;d′i|�i(x) ǻéíáé ðåñéïäéê� �ò ðñ�ò

êáèåìßáí §ð� ô�ò óõíôåôáãìÝíåò ôï� x ì« êïéí�í ðåñßïäïí D; �ðïìÝíùò, ãé¥ �ðïéáäÞðïôå
�ðïäéáóôÞìáôá I ′j ô�í Ij ãé¥ ô¥ �ðï�á �ó÷ýåé |I ′j | = D ãé¥ êÜèå j; è¥ ìðïñïýóáìå í¥
ãñÜøïõìå ô�í �óüôçôá

E

 m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ t∏
j=1

I ′j

 = E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

)
:

®Åêìåôáëëåõüìåíïé á�ô�í ô�í ðáñáôÞñçóéí, ãñÜöïõìå ãé¥ êÜèå j; |Ij | = kjD + rj ì«
0 ≤ rj < D êá� kj ≥ R8m − 1 (äåäïìÝíïõ �ôé |Ij | ≥ R10m; D ≤ R2m); �ðåéôá ÷ùñßæïõìå
êáèÝíá §ð� ô¥ äéáóôÞìáôá Ij ó« kj + 1 äéáäï÷éê¥ �ðïäéáóôÞìáôá Ij;l; 1 ≤ l ≤ kj + 1; ì«
ô¥ ðñ�ôá kj §ð� á�ô¥ í¥ �÷ïõí ì�êïò D; �íÿ ô� �íáðïìå�íáí ì�êïò rj (äçëáä� ²áí rj = 0;
èåùñï�ìå ìüíïí kj �óïìÞêç �ðïäéáóôÞìáôá). Ðñïöáí�ò ô� �ñèïãþíéïí B ǻéíáé � �íùóéò
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�ëùí ô�í ðéèáí�í ãéíïìÝíùí
∏t
j=1 Ij;lj ; ©ñá

E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ B)

=
1∏t

j=1 |Ij |
·
∑
x∈B

m∏
i=1

1di;d′i|�i(x) =
t∏

j=1

1
kjD + rj

·
∑
x∈B

m∏
i=1

1di;d′i|�i(x)

≥
t∏

j=1

1
(kj + 1)D

·
∑

1≤l1≤k1

· · ·
∑

1≤lt≤kt

 ∑
x∈

Q
t
j=1 Ij;lj

m∏
i=1

1di;d′i|�i(x)


=

t∏
j=1

1
(kj + 1)D

·
∑

1≤l1≤k1

· · ·
∑

1≤lt≤kt

DtE

 m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ t∏
j=1

Ij;lj


=

t∏
j=1

1
kj + 1

· E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

) ∑
1≤l1≤k1

· · ·
∑

1≤lt≤kt

1

=
t∏

j=1

kj
kj + 1

· E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

)

êá� � ôåëåõôáßá �êöñáóéò ǻéíáé �óç ì«

E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ ZtD

)
−Ot

( 1
R8m

)
§öï� ãé¥ êÜèå j; kj+1 ≥ R8m: ®Áíáëüãùò, �ðåêôåßíïíôáò ô¥ Ij ó« äéáóôÞìáôá I

′
j êáèÝíá ì«

ì�êïò §êñéâ�ò (kj +1)D; êá� ìåô¥ ÷ùñßæïíôáò ô¥ I ′j ó« �óïìÞêç �ðïäéáóôÞìáôá I
′
j;lj
; 1 ≤

lj ≤ kj + 1; âëÝðïõìå �ôé

E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ B)

≤
t∏

j=1

1
kjD

·
∑

1≤l1≤k1+1

· · ·
∑

1≤lt≤kt+1

DtE

 m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ t∏
j=1

I ′j;lj


=

t∏
j=1

kj + 1
kj

· E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

)

= E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

)
+Ot

( 1
R8m− 1

)
;
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©ñá ôåëéê�ò (ãé¥ ô¥ ôõ÷üíôá d1; : : : ; dm; d
′
1; : : : ; d

′
m ðï� �÷ïõìå óôáèåñïðïéÞóåé) �ó÷ýåé

E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ B) = E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

)
+Ot(R−8m):

®ÅðéóôñÝöïíôáò óô�í �êöñáóéí (4:17); âëÝðïõìå ì« ÷ïíäñïåéäå�ò �ðïëïãéóìï�ò �ôé
ǻéíáé �óç ì«

∑
d1;:::;dm;d′1;:::;d

′
m≤R

(
m∏
i=1

�(di)�(d′i) log
R

di
log

R

d′i

)
· E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

)
+Ot

(
R−6m log2mR

)
;

óõíåð�ò ìðïñï�ìå óô� �î�ò í¥ §ãíïï�ìå ô�í �ñïí Ot

(
R−6m log2mR

)
§öï� ô� R ôåßíåé

óô� ©ðåéñïí, êá� í¥ �ðéêåíôñùèï�ìå óô� í¥ äåßîïõìå �ôé

(4.18)
∑

d1;:::;dm;d′1;:::;d
′
m≤R

(
m∏
i=1

�(di)�(d′i) log
R

di
log

R

d′i

)
· E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

)

= (1 + om;t(1))
(
W logR
�(W )

)m
:

ÐëÝïí � ðïóüôçò ðï� §èñïßæïõìå ǻéíáé ðïë� óõãêåêñéìÝíç êáß, �ðùò è¥ äï�ìå, ìðï-
ñå� í¥ �êöñáóôå� ìÝóÿ ðïëëáðëáóéáóôéê�í óõíáñôÞóåùí ô�í di; d

′
i; äçëáä� óõíáñôÞóåùí

f : Z+ → C ì« ô�í �äéüôçôá f(mn) = f(m)f(n) �ôáí ô¥ m;n ǻéíáé ó÷åôéê�ò ðñ�ôá
(ìßá ôÝôïéá óõíÜñôçóéò ǻéíáé � óõíÜñôçóéò M�obius �): °Çäç §ð� ô� Êéíåæéê�í èåþñçìá
�ðïëïßðùí êá� �ðåéä� ô¥ di; d

′
i ǻéíáé �ëåýèåñá ôåôñáãþíùí, �÷ïõìå ô�í �óüôçôá

(4.19) E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ ZtD

)
=
∏
p|D

E

 ∏
i:p|did′i

1p|�i(x)

∣∣x ∈ Zt
p

 :

ÐñÜãìáôé, êá� óô¥ äýï ìÝëç äéáéñï�ìå ì« ôï�ò ðëçèáñßèìïõò ô�í ðåäßùí �ëïêëçñþóåùò,
©ñá §öï� ô� D ǻéíáé �ëåýèåñïí ôåôñáãþíùí, �ó÷ýåé D =

∏
p|D p êá� |ZtD| =

∏
p|D |Zt

p|:
®Áð� ô�í ©ëëçí, §ð� ô� Êéíåæéê�í èåþñçìá �ðïëïßðùí îÝñïõìå �ôé, ²áí D = p1p2 · · · ps;
ôüôå � §ðåéêüíéóéò

x mod D 7→ h(x) := (x mod p1; x mod p2; : : : ; x mod ps)

§ð� ô� ZD óô� Zp1×· · ·×Zps ǻéíáé 1-1 êá� �ðß. Óõíåð�ò ãé¥ êÜèå x1 ∈ Zt
p1 ; : : : ;xs ∈ Zt

ps
êá� ãé¥ êÜèå 1 ≤ j ≤ t; ìðïñï�ìå í¥ âñï�ìå ìïíáäéê¥ xj ∈ ZD �óôå í¥ �ó÷ýåé

h(xj) = (x1;j mod p1; x2;j mod p2; : : : ; xs;j mod ps)
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�ðïõ xl;j � j óõíôåôáãìÝíç ôï� äéáíýóìáôïò xl ∈ Zt
pl : ±Ïìùò ôüôå, ²áí x := (x1; : : : ; xt)

ǻéíáé ô� §íôßóôïé÷ïí äéÜíõóìá óô� Zt
D; ðáñáôçñï�ìå �ôé

m∏
i=1

1di;d′i|�i(x) =
s∏
l=1

 ∏
i:pl|did′i

1pl|�i(xl)

 ;

©ñá ôåëéê�ò ï� §ñéèìçô«ò ô�í äýï ìåë�í ô�ò (4:19) ǻéíáé �óïé:

∑
x∈ZtD

m∏
i=1

1di;d′i|�i(x) =
s∏
l=1

 ∑
xl∈Ztpl

∏
i:pl|did′i

1pl|�i(xl)

 :

Äå÷üìáóôå âåâáßùò ô�í óýìâáóéí �ôé
∏
i:p|did′i

ci = 1 �ôáí ä«í �ðÜñ÷åé êáíÝíá i �óôå

ô� p í¥ äéáéñå� ô� did
′
i (�ðïéïé êá� í¥ ǻéíáé ï� §ñéèìï� ci); ìðïñï�ìå �ðïìÝíùò í¥ ãñÜøïõìå

∏
p|D

E

 ∏
i:p|did′i

1p|�i(x)

∣∣x ∈ Zt
p

 =
∏
p

E

 ∏
i:p|did′i

1p|�i(x)

∣∣x ∈ Ztp

 ;

§öï� �ôáí p6 |D; � §íôßóôïé÷ç ìÝóç ôéì� ǻéíáé §êñéâ�ò 1. ÈÝôïõìå ìÜëéóôá

Xd1;:::;dm(p) := {1 ≤ i ≤ m : p|di};

êá� ãé¥ êÜèå �ðïóýíïëïí X ⊆ {1; : : : ;m};

!X(p) := E

(∏
i∈X

1p|�i(x)

∣∣x ∈ Zt
p

)
;

�ðüôå ì« ô�í íÝïí óõìâïëéóì�í

E

(
m∏
i=1

1di;d′i|�i(x)

∣∣x ∈ Zt
D

)
=
∏
p

!Xd1;:::;dm (p)∪Xd′1;:::;d
′
m

(p)(p);

�íÿ ô� §ñéóôåñ�í ìÝëïò ô�ò (4:18) ãßíåôáé
(4.20) ∑
d1;:::;dm;d′1;:::;d

′
m∈Z+

(
m∏
i=1

�(di)�(d′i)(log
R

di
)+(log

R

d′i
)+

)∏
p

!Xd1;:::;dm (p)∪Xd′1;:::;d
′
m

(p)(p):

°Åôóé, �íá ìÝñïò ô�ò ðïóüôçôïò ðï� èÝëïõìå í¥ §èñïßóïõìå �÷åé �äç ãñáöå� �ò ðïëëáðëá-
óéáóôéê� óõíÜñôçóéò ô�í di; d

′
i: Ãé¥ í¥ ãñÜøïõìå êá� ôï�ò ëïãáñßèìïõò ðï� �ìöáíßæïíôáé

å�óÜãïíôáò ðïëëáðëáóéáóôéê«ò óõíáñôÞóåéò ô�í di; d
′
i; êáôáöåýãïõìå ó« ìßáí óõíÞèç ôå-

÷íéê�í ô�ò §íáëõôéê�ò èåùñßáò §ñéèì�í ðï� ÷ñçóéìïðïéå� ô�í èåùñßáí ô�í ìéãáäéê�í
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�ðéêáìðõëßùí �ëïêëçñùìÜôùí êá� ô� èåþñçìá Fubini: èåùñï�ìå ô�í êáìðýëçí ΓR ðï�
äßíåôáé §ð� ô�í ðáñáìÝôñçóéí

(4.21) ΓR(t) :=
1

logR
+ it; −∞ < t < +∞

êá� èõìüìáóôå ô�í ôáõôüôçôá

(4.22)
1

2�i

∫
ΓR

xz

z2
dz = (log x)+

� �ðïßá �ó÷ýåé ãé¥ êÜèå ðñáãìáôéê�í x > 0: (̄ Ç ôáõôüôçò ìðïñå� í¥ §ðïäåé÷èå� ì« ô�í ìÝ-
èïäï ô�í �ëïêëçñùôéê�í �ðïëïßðùí· è¥ ðáñáèÝóïõìå á�ô�í ô�í §ðüäåéîéí óô�í �ðïìÝíçí
�ðïåíüôçôá §öï� �ðåíèõìßóïõìå êÜðïéåò �äéüôçôåò ô�í �ðéêáìðõëßùí �ëïêëçñùìÜôùí ðï�
ì¦ò ÷ñåéÜæïíôáé. Óô�í ðñáãìáôéêüôçôá, � ôáõôüôçò �ó÷ýåé ²áí ΓR ǻéíáé �ðïéáäÞðïôå §ð� ô�ò
êáìðýëåò ì« ðáñáìÝôñçóéí a+ it; −∞ < t < +∞; ãé¥ a > 0: Å̄ðïìÝíùò, ðñ�ò ô� ðáñüí,
� �ðéëïã� ôï� 1

logR ãé¥ ô� ðñáãìáôéê�í ìÝñïò ô�ò ΓR ä«í ìðïñå� í¥ äéêáéïëïãçèå�, è¥ ì¦ò
äéåõêïëýíåé �ìùò §ñãüôåñá, �ôáí è¥ ÷ñåéáóôå� í¥ �êôéìÞóïõìå ô¥ �ðéêáìðýëéá �ëïêëç-
ñþìáôá ðï� è¥ �ìöáíéóôï�í óô�í (4:20): °Çäç ðáñáôçñï�ìå �ôé ô� Rz ǻéíáé öñáãìÝíïí
óô�í ΓR; �íÿ ô� 1=z2 ä«í ǻéíáé ðïë� ìåãÜëï.) ×ñçóéìïðïé�íôáò á�ô�í ô�í ôáõôüôçôá,
ìðïñï�ìå í¥ ãñÜøïõìå ô�í (4:20) �ò ìßáí óåéñ¥í äéáäï÷éê�í �ëïêëçñùìÜôùí

(4.23) (2�i)−2m

∫
ΓR

· · ·
∫

ΓR

F (z; z′)
m∏
j=1

Rzj+z
′
j

z2
j z
′2
j

dzjdz
′
j

�ðïõ �ìöáíßæïíôáé 2m ìéãáäéê¥ �ðéêáìðýëéá �ëïêëçñþìáôá ðÜíù óô�í êáìðýëçí ΓR; �íá
ãé¥ êáèåìßáí §ð� ô�ò ìåôáâëçô«ò z1; : : : ; zm; z

′
1; : : : ; z

′
m; êá� �÷ïõìå èÝóåé z := (z1 : : : ; zm);

z′ := (z′1; : : : ; z
′
m); êá�

(4.24) F (z; z′) :=
∑

d1;:::;dm;d′1;:::;d
′
m∈Z+

 m∏
j=1

�(dj)�(d′j)

d
zj
j d

′z′j
j

∏
p

!Xd1;:::;dm (p)∪Xd′1;:::;d
′
m

(p)(p)

(÷ñçóéìïðïéï�ìå ðëÝïí ô� óýìâïëïí j óôï�ò äå�êôåò �óôå í¥ ì�í �ðÜñ÷åé óýã÷õóéò ì«
ô�í ìéãáäéê�í ìïíÜäá). ±Ïðùò è¥ äï�ìå, � ðïóüôçò ìÝóá óô¥ �ëïêëçñþìáôá ǻéíáé §ðï-
ëýôùò �ëïêëçñþóéìç, ©ñá �îáéôßáò ôï� èåùñÞìáôïò Fubini ä«í �÷åé óçìáóßáí � óåéñ¥ ô�í
�ëïêëçñùìÜôùí. ®Åðßóçò, � ðïóüôçò ðï� §èñïßæïõìå óô�í (4:24) ǻéíáé ðïëëáðëáóéáóôéê�
óõíÜñôçóéò ô�í dj ; d

′
j ; ©ñá (ôõðéê�ò ôïõëÜ÷éóôïí) ìðïñå� í¥ ãñáöå� �ò �íá ãéíüìåíïí

Euler, äçëáä� F (z; z′) =
∏
pEp(z; z

′) �ðïõ

(4.25) Ep(z; z′) :=
∑

X;X′⊆{1;:::;m}

(−1)|X|+|X
′|!X∪X′(p)

p
P
j∈X zj+

P
j∈X′ z

′
j

:

®Áð� ô�í ôýðïí ô�í !X(p) �÷ïõìå �ôé !∅(p) = 1 êá� !X(p) ≤ 1 ãé¥ �ëá ô¥ �ðïóýíïëá
X; ©ñá Ep(z; z′) = 1 + O�(1=p�) �ôáí <(zj);<(z′j) > � ãé¥ êÜðïéïí èåôéê�í §ñéèì�í �:
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±Åðåôáé �ôé �íôùò ô¥ ìåñéê¥ ãéíüìåíá
∏
p≤nEp(z; z

′); n ∈ N; óõãêëßíïõí óô�í F (z; z′)
ôïõëÜ÷éóôïí óô�í ðåñéï÷�í {<(zj);<(z′j) > 1}; ìÜëéóôá ô� §ðåéñïãéíüìåíïí

∏
pEp(z; z

′)
óõãêëßíåé §ðïëýôùò ó« á�ô�í ô�í ðåñéï÷Þí.

Ãé¥ í¥ óõíå÷ßóïõìå, ÷ñåéÜæåôáé í¥ âñï�ìå §êñéâÝóôåñåò �êôéìÞóåéò ãé¥ ô¥ !X(p) : è¥
÷ñçóéìïðïéÞóïõìå ãé' á�ô� ô�ò �ðïèÝóåéò ìáò ãé¥ ô�ò ãñáììéê«ò ìïñö«ò  1; : : : ;  m:

Ë�ììá 4.3.5. ²Áí p ≤ w(N); ôüôå !X(p) = 0 ãé¥ êÜèå ì� êåí�í óýíïëïí X: Óõíåð�ò
Ep = 1 �ôáí p ≤ w(N): ®ÁíôéèÝôùò, ²áí p > w(N); ôüôå !X(p) = p−1 �ôáí |X| = 1; êá�
!X(p) ≤ p−2 �ôáí |X| ≥ 2:

®Áðüäåéîéò. ÄåäïìÝíïõ �ôé ï� §ðåéêïíßóåéò �i : Zt
p → Zp ǻéíáé ôáõôïôéê�ò 1 �ôáí p ≤

w(N) (§öï� ôüôå p|W ⇒ W i(x) = 0 (mod p) ãé¥ êÜèå x ∈ Ztp); � ðñþôç ðñüôáóéò
�ðåôáé §ìÝóùò.

Ãé¥ ô�í ðåñßðôùóéí p > w(N) êá� |X| = 1; ðáñáôçñï�ìå �ôé � §íôßóôïé÷ç §ðåéêüíéóéò
�i : Ztp → Zp êáëýðôåé �ìïéüìïñöá ô� Zp; äçëáä� ǻéíáé pt−1 ðñ�ò 1, §öï� ô� äéÜíõóìá
ô�í óõíôåëåóô�í (WLij)tj=1 ǻéíáé ì� ìçäåíéê�í óô� Zt

p: Ãé¥ í¥ ô� äï�ìå á�ôü, §ñêå�
í¥ ðáñáôçñÞóïõìå �ôé ²áí � p äéáéñå� ô�í j óõíôåôáãìÝíçí WLij ; ôüôå è¥ äéáéñå� ô� Lij
(�ðåéä� p > w(N) ⇒ p 6 |W ): ±Ïìùò óýìöùíá ì« ô�í äéáôýðùóéí ô�ò ÐñïôÜóåùò 4:3:3;
ô� Lij ǻéíáé §êÝñáéïò §ðïëýôùò ≤

√
w(N)=2 ≤ w(N) < p; ©ñá ãé¥ í¥ äéáéñå�ôáé §ð� ô�

p; è¥ ðñÝðåé í¥ ǻéíáé �óïò ì« ìçäÝí, êá� á�ô� �î' �ðïèÝóåùò ä«í óõìâáßíåé ãé¥ �ëåò ô�ò
óõíôåôáãìÝíåò ôï� äéáíýóìáôïò (Lij)tj=1: Óõìðåñáßíïõìå �ôé

!X(p) = E(1�j(x)=0 (mod p) |x ∈ Zt
p) =

1
pt

∑
x∈Ztp

1�j(x)=0 (mod p) =
pt−1

pt
:

²Áò äï�ìå ôþñá ô�í ðåñßðôùóéí ðï� p > w(N) êá� |X| = s ≥ 2 : �ó÷õñéæüìáóôå �ôé
êáììßá §ð� ô�ò s �ìïãåíå�ò ãñáììéê«ò ìïñö«ò W ( i − bi); i ∈ X; ä«í ǻéíáé ðïëëáðëÜóéïí
(mod p) êÜðïéáò §ð� ô�ò �ðüëïéðåò. ²Áí á�ô� ä«í �ó÷õå, è¥ �ð�ñ÷áí i; i′ ∈ X; i 6= i′; êá�
� ∈ Z �óôå í¥ �÷ïõìå Lij ≡ �Li′j (mod p) ãé¥ êÜèå 1 ≤ j ≤ t: ®Áð� ô�í ðñïçãïõìÝíçí
ðáñÜãñáöïí, ô¥ äéáíýóìáôá (Lij)tj=1; (Li′j)

t
j=1 ä«í ǻéíáé ìçäåíéê¥ óô� Ztp; ©ñá ô� � ä«í

ìðïñå� í¥ ǻéíáé 0 mod p: Á�ô� �ìùò óçìáßíåé �ôé ²áí ãé¥ êÜðïéï j � p äéáéñå� ô�í Li′j ; ôüôå
è¥ äéáéñå� êá� ô�í Lij ; êá� §íôéóôñüöùò. ±Ïðùò å�äáìå ðñïçãïõìÝíùò, �ðåéä� |Lij |; |Li′j | <
p ãé¥ êÜèå j; á�ô� ǻéíáé �óïäýíáìïí ì« ô� �ôé ²áí � §êÝñáéïò Li′j ǻéíáé ìçäÝí, ôüôå êá� �
Lij ǻéíáé ìçäÝí, êá� §íôéóôñüöùò. ±Ïìùò ô¥ äéáíýóìáôá §êåñáßùí (Lij)tj=1; (Li′j)

t
j=1 ä«í

ǻéíáé ô� �íá ñ̄çô�í ðïëëáðëÜóéïí ôï� ©ëëïõ, ©ñá è¥ ðñÝðåé í¥ �÷ïõí ôïõëÜ÷éóôïí äýï ì�
ìçäåíéê«ò óõíôåôáãìÝíåò, äçëáä� í¥ �ðÜñ÷ïõí 1 ≤ j < j′ ≤ t ì« LijLij′Li′jLi′j′ 6= 0;
êá� ôáõôï÷ñüíùò í¥ �ó÷ýåé Lij

Lij′
6= Li′j

Li′j′
óô� Q: Ðáñáôçñï�ìå êá� ðÜëé �ôé ôüôå �ó÷ýåé

LijLij′Li′jLi′j′ 6= 0 (mod p); ©ñá ìðïñï�ìå í¥ ãñÜøïõìå

LijL
−1
i′j ≡ � ≡ Lij′L

−1
i′j′ (mod p) ⇒ LijLi′j′ ≡ Lij′Li′j (mod p) ⇒ p|LijLi′j′ − Lij′Li′j ;

©ôïðïí �ðåéä� 0 < |LijLi′j′ −Lij′Li′j | ≤ |LijLi′j′ |+ |Lij′Li′j | ≤ 2
(√

w(N)=2
)2
: Å̄ðïìÝ-

íùò � �ó÷õñéóìüò ìáò §ëçèåýåé.
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²Áò èåùñÞóïõìå ôþñá äýï �ðïéïõóäÞðïôå äå�êôåò i1; i2 ∈ X; i1 6= i2: Ôüôå ô� óýíïëïí
ô�í x ∈ Zt

p ãé¥ ô¥ �ðï�á �i(x) := W i(x)+1 ≡ 0 (mod p) ãé¥ êÜèå i ∈ X ǻéíáé ðñïöáí�ò
�ðïóýíïëïí ô�ò ôïì�ò ô�í óõíüëùí

{W ( i1(x)− bi1) ≡ −Wbi1 − 1 (mod p)}; {W ( i2(x)− bi2) ≡ −Wbi2 − 1 (mod p)}:

®Áöï� �ìùò ï� �ìïãåíå�ò ãñáììéê«ò ìïñö«ò W ( i1 − bi1);W ( i2 − bi2) ä«í ǻéíáé � ìßá
ðïëëáðëÜóéïí ô�ò ©ëëçò, ô¥ ðáñáðÜíù óýíïëá ä«í ìðïñï�í í¥ ôáõôßæïíôáé, ©ñá � ôïìÞ
ôïõò ðåñéÝ÷åé §êñéâ�ò pt−2 óôïé÷å�á ôï� Zt

p: Óõíåð�ò !X(p) ≤ pt−2=pt = p−2:

®Åîáéôßáò ôï� ðáñáðÜíù ëÞììáôïò êá� ôï� ôýðïõ (4:25) ãé¥ ô�í Ep(z; z′); ìðïñï�ìå
í¥ ãñÜøïõìå ðé� §íáëõôéê¥

Ep(z; z′) = 1− 1p>w(N)

m∑
j=1

(p−1−zj + p−1−z′j − p−1−zj−z′j )(4.26)

+ 1p>w(N)

∑
X;X′⊆{1;:::;m}
|X∪X′|≥2

O(1=p2)

p
P
j∈X zj+

P
j∈X′ z

′
j

;

�ðïõ � §ñéèìçô�ò O(1=p2) ä«í �îáñô¦ôáé §ð� ô�í ôéì�í ô�í ìåôáâëçô�í z; z′: Ãé¥ í¥
�êôéìÞóïõí ô�í (4:23) ï� Green êá� Tao (§êïëïõè�íôáò ô� �ðé÷åßñçìá óô� ©ñèñïí [15]
ô�í Goldston êá� Yildirim), ÷ñåéÜóôçêå í¥ �ðåêôåßíïõí ô� ðåäßïí �ñéóìï� ô�í Ep(z; z′)
êá� ôï� ãéíïìÝíïõ ôïõò F (z; z′): Ãé¥ í¥ ô� ðåôý÷ïõí á�ôü, �êìåôáëëåýôçêáí ô� ðáñáðÜíù
§íÜðôõãìá ô�ò Ep(z; z′) ðáñáãïíôïðïé�íôáò ôçí �ò �î�ò: Ep = E

(1)
p E

(2)
p E

(3)
p �ðïõ

E(1)
p (z; z′) := Ep(z; z′)

m∏
j=1

(1− 1p>w(N)p
−1−zj−z′j )

(1− 1p>w(N)p−1−zj )(1− 1p>w(N)p
−1−z′j )

(4.27)

E(2)
p (z; z′) :=

m∏
j=1

(1− 1p≤w(N)p
−1−zj )−1(1− 1p≤w(N)p

−1−z′j )−1(1− 1p≤w(N)p
−1−zj−z′j )

E(3)
p (z; z′) :=

m∏
j=1

(1− p−1−zj )(1− p−1−z′j )(1− p−1−zj−z′j )−1:

Ìðïñï�ìå ôþñá í¥ ãñÜøïõìå Gl :=
∏
pE

(l)
p ãé¥ l = 1; 2; 3; �ðüôå �÷ïõìå, ãé¥ §ñêåô¥ ìå-

ãÜëá <(zj);<(z′j) �ðùò êá� ðñßí, �ôé F = G1G2G3: ²Áí èõìçèï�ìå �ìùò ô�í � óõíÜñôçóéí
ôï� Riemann ì« ôýðïí �(s) :=

∏
p(1−

1
ps )

−1 ãé¥ <(s) > 1; ôüôå âëÝðïõìå �ôé

(4.28) G3(z; z′) =
m∏
j=1

�(1 + zj + z′j)
�(1 + zj)�(1 + z′j)
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ãé¥ �ëá ô¥ z; z′ ì« <(zj);<(z′j) > 0; �ðïìÝíùò � G3 ìðïñå� í¥ óõíå÷éóôå� ìåñïìïñöéê�ò

ó« �ëïí ô� C2m: ®ÅðéðëÝïí, ôþñá ìðïñï�ìå í¥ óõíå÷ßóïõìå §íáëõôéê�ò ôï�ò ©ëëïõò äýï
ðáñÜãïíôåò ô�ò F êá� ëßãï §ñéóôåñ¥ ô�í öáíôáóôéê�í §îüíùí, �ðùò §ðáéôå� ô� �ðé÷åßñçìá
ô�í Goldston êá� Yildirim, êá� ìÜëéóôá �ôóé �óôå í¥ �îáêïëïõèï�í í¥ ǻéíáé öñáãìÝíïé.

Ï̄ñéóìüò 4.3.6. Ãé¥ êÜèå � > 0; óõìâïëßæïõìå ì« Dm
� ⊆ C2m ô� êáñôåóéáí� ãéíüìåíïí

ëùñßäùí
Dm
� := {zj ; z′j : −� < <(zj);<(z′j) < 100; j = 1; : : : ;m}:

²Áí G = G(z; z′) ǻéíáé ìßá §íáëõôéê� óõíÜñôçóéò 2m ìéãáäéê�í ìåôáâëçô�í ðï� �ñßæåôáé
óô� Dm

� ; �ñßæïõìå ãé¥ êÜèå öõóéê�í k ≥ 0 ô�í íüñìá Ck(Dm
� ) ô�ò G èÝôïíôáò

‖G‖Ck(Dm� ) := sup
a1;:::;am;a

′
1;:::;a

′
m∈Z+P

aj+
P

a′j≤k

∥∥( @

@z1

)a1· · ·
( @

@zm

)am( @

@z′1

)a′1· · · ( @

@z′m

)a′mG∥∥
L∞(Dm� )

;

�ôáí ô� supremum á�ô� �ðÜñ÷åé, äçëáä� �ôáí ï� ðáñÜãùãïé ôÜîåùò ô� ðïë� k ô�ò G ǻéíáé
öñáãìÝíåò óô�í ðåñéï÷�í Dm

� :

Ë�ììá 4.3.7. Ô¥ §ðåéñïãéíüìåíá
∏
pE

(l)
p ãé¥ l = 1; 2 óõãêëßíïõí §ðïëýôùò óô�í ðå-

ñéï÷�í Dm
1=(6m): ÓõãêåêñéìÝíá, ï� G1; G2 ìðïñï�í í¥ óõíå÷éóôï�í §íáëõôéê�ò ó« á�ô�í

ô�í ðåñéï÷Þí. ®ÅðéðëÝïí, �÷ïõìå ô�ò �êôéìÞóåéò

‖G1‖Cm(Dm1=(6m))
≤ Om(1)

‖G2‖Cm(Dm1=(6m))
≤ Om;w(N)(1)

G1(0; 0) = 1 + om(1)
G2(0; 0) = (W=�(W ))m:

ÐáñáôÞñçóéò. ¯Ç �ðéëïã� � = 1=(6m) ä«í ǻéíáé � êáëýôåñç äõíáôÞ, äçëáä� ï� G1; G2

è¥ ìðïñïýóáí í¥ óõíå÷éóôï�í êá� ó« ìåãáëýôåñçí ðåñéï÷�í ôï� C2m; §ëë¥ ãé¥ ô� �ðé-
÷åßñçìá ô�í Goldston êá� Yildirim §ñêå� �ðïéáäÞðïôå §ñêåô¥ ìéêñ� ðïóüôçò � ðï� �îáñ-
ô¦ôáé ìüíïí §ð� ô� m: È¥ §ðïäåßîïõìå á�ô� ô� ë�ììá óô�í �ðïìÝíçí �ðïåíüôçôá, §öï�
�ðåíèõìßóïõìå ô�ò âáóéê«ò �äéüôçôåò ô�í §íáëõôéê�í óõíáñôÞóåùí ðïëë�í ìåôáâëçô�í.
Ä«í ǻéíáé âåâáßùò §ðáñáßôçôïí ãé¥ ô� �ðüëïéðïí ô�ò §ðïäåßîåùò í¥ ãíùñßæïõìå ô�í ôÜ-
îéí ôï� öñÜãìáôïò Om;w(N)(1) ãé¥ ô�í ‖G2‖Cm(Dm1=(6m))

; è¥ äï�ìå �ìùò �ôé ìðïñï�ìå

í¥ ðåôý÷ïõìå öñÜãìá ô�ò ìïñö�ò w(N)Om(w(N)): (Ï�ôùò ²ç ©ëëùò, ó« ó÷åä�í �ëåò ô�ò
ðåñéðôþóåéò ìÝ÷ñé ôþñá, �ó÷õñéæüìáóôå �ôé �ðÜñ÷ïõí ï� óôáèåñ«ò ðï� ì¦ò ÷ñåéÜæïíôáé
÷ùñ�ò í¥ ô�ò �ðïëïãßæïõìå §êñéâ�ò, ðáñüôé, èåùñçôéê¥ ôïõëÜ÷éóôïí, ô¥ �ðé÷åéñÞìáôá ô�í
Green êá� Tao è¥ �ðÝôñåðáí ôÝôïéïõò �ðïëïãéóìïýò: ìßá §ðüðåéñá §ð� ôï�ò �äßïõò í¥
�êôéìÞóïõí ô� ìÝãåèïò ô�í äéáöüñùí óôáèåñ�í êá� ô� ðüóï á�ô«ò �ðçñåÜæïõí ô� ôåëéê�í
óõìðÝñáóìá, äçëáä� ô� ðüóï ìåãÜëïõò öõóéêï�ò ðñÝðåé í¥ èåùñÞóïõìå �óôå í¥ âñï�ìå
ìßáí §ñéèìçôéê�í ðñüïäïí ìÞêïõò k §ð� ðñþôïõò, ãßíåôáé óô� [21]:)
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°Å÷ïíôáò ðëÝïí �êôéìÞóåéò ãé¥ ô�ò ðïóüôçôåò ìÝóá óô¥ �ëïêëçñþìáôá (4:23); ì¦ò
§ñêå� ô� �ðüìåíïí ë�ììá ãé¥ ìéãáäéê¥ �ðéêáìðýëéá �ëïêëçñþìáôá ðï� äéáôõðþíïõí êá�
§ðïäåéêíýïõí ï� Goldston êá� Yildirim óô� [15]; êá� §íáðáñÜãïõí ï� Green êá� Tao óô�
©ñèñïí ôïõò. ¯Ç §ðüäåéîéò ôï� ëÞììáôïò è¥ ãßíåé óô�í �ðïåíüôçôá 4.3.3.

Ë�ììá 4.3.8. °Åóôù R0 �íáò §ñêåô¥ ìåãÜëïò èåôéê�ò ðñáãìáôéêüò. ¯ÕðïèÝôïõìå �ôé
G = G(z; z′) ǻéíáé §íáëõôéê� óõíÜñôçóéò 2m ìéãáäéê�í ìåôáâëçô�í ðï� �ñßæåôáé óô�í
ðåñéï÷�í Dm

� ãé¥ êÜðïéï � > 0; ãé¥ ô�í �ðïßáí �ó÷ýåé

(4.29) ‖G‖Cm(Dm� ) = exp(Om;�(log1=3R0)):

Ôüôå

1
(2�i)2m

∫
ΓR0

· · ·
∫

ΓR0

G(z; z′)
m∏
j=1

�(1 + zj + z′j)
�(1 + zj)�(1 + z′j)

R
zj+z

′
j

0

z2
j z
′2
j

dzjdz
′
j(4.30)

=G(0; : : : ; 0) logmR0 +
m∑
j=1

Om;�

(
‖G‖Cj(Dm� ) logm−jR0

)
+Om;�

(
e−�

√
logR0

)
ãé¥ êÜðïéï � = �(m;�) > 0:

ÐáñáôÞñçóéò. ±Ïðùò ìðïñå� í¥ ìáíôÝøåé êáíåßò, è¥ �öáñìüóïõìå á�ô� ô� ë�ììá ì«
ô�í ðáñÜìåôñïí R ≡ RN óô�í èÝóéí ôï� R0; ÷ñçóéìïðïéï�ìå �ìùò �ä� ô� óýìâïëïí R0

ãé¥ í¥ ãßíåé óáö«ò �ôé ô� ë�ììá äéáôõðþíåôáé ãé¥ �íáí óôáèåñ�í ðñáãìáôéê�í §ñéèì�í (êá�
�÷é ìßáí §êïëïõèßáí ðáñáìÝôñùí). Âåâáßùò, � ðáñáðÜíù �êôßìçóéò ãßíåôáé §êñéâÝóôåñç
�óï ðé� ìåãÜëï ǻéíáé ô� R0: È¥ äï�ìå �ôé ðñÝðåé, §íáëüãùò ðïé¥ ǻéíáé ô¥ m êá� �; í¥
èåùñÞóïõìå êáôÜëëçëïí êÜôù öñÜãìá ãé¥ ô� R0; äçëáä� ãé¥ í¥ �ó÷ýåé ô� óõìðÝñáóìá
ôï� ëÞììáôïò è¥ ðñÝðåé, �êô�ò ô�í �ðïëïßðùí �ðïèÝóåùí, í¥ �ó÷ýåé êá� � R0 �m;� 1:
Á�ô� �ìùò ä«í è¥ ì¦ò �íï÷ëÞóåé �ôáí è¥ �ðéêáëåóôï�ìå ô� ë�ììá ãé¥ í¥ �êôéìÞóïõìå
ô�í (4:23); §öï� � ðáñÜìåôñïò RN ôåßíåé óô� ©ðåéñïí êáè�ò ô� N á�îÜíåôáé.

²Áò ðñïóÝîïõìå �ôé � óôáèåñ¥ � ðï� �ìöáíßæåôáé óô�í �ñïí-óöÜëìá Om;�

(
e−�

√
logR0

)
ä«í �÷åé êáììßáí ó÷Ýóéí ì« ô� óýìâïëïí � ðï� ÷ñçóéìïðïéïýóáìå �ò êÜôù öñÜãìá ô�ò
ìÝóçò ôéì�ò ìßáò óõíáñôÞóåùò f : ZN → R+: ÌÝ÷ñé êá� ô�í �ðïåíüôçôá 4.3.3 ô� � è¥
ǻéíáé ¨ðë�ò ìßá óôáèåñ¥ ðï� �îáñô¦ôáé §ð� ô¥ m êá� �:

ÐëÝïí, ãé¥ í¥ �êôéìÞóïõìå ô�í (4:23) §ñêå�, �ö' �óïí � ðïóüôçò ìÝóá óô¥ �ëïêëçñþ-
ìáôá ǻéíáé �óç ì«

F (z; z′)
m∏
j=1

Rzj+z
′
j

z2
j z
′2
j

= G1(z; z′)G2(z; z′)
m∏
j=1

�(1 + zj + z′j)
�(1 + zj)�(1 + z′j)

Rzj+z
′
j

z2
j z
′2
j

;

í¥ �öáñìüóïõìå ô� ôåëåõôá�ïí ë�ììá ãé¥ G := G1G2 êá� � := 1=(6m): ®Áð� ô� Ë�ììá
4:3:7 êá� ô�í êáíüíá ôï� Leibniz �÷ïõìå �ôé

‖G‖Cj(Dm1=(6m))
≤ Oj;m;w(N)(1) ãé¥ êÜèå 0 ≤ j ≤ m;
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êá� å�äéê�ò ãé¥ j = m ìðïñï�ìå í¥ ðåôý÷ïõìå ô�í (4:29) �ðéëÝãïíôáò ô� w(N) í¥ ìå-
ãáëþíåé ðïë� §ñã¥ ó« ó÷Ýóéí ì« ô� N: ®Åðßóçò, §ð� ô� �äéïí ë�ììá �÷ïõìå G(0; 0) =
(1+ om(1))

(
W

�(W )

)m
: ÊáôáëÞãïõìå �ôé � (4:23) ǻéíáé �óç ì« (1+ om(1))

(
W logR
�(W )

)m
; §ñêå�

í¥ �ðéëÝîïõìå êá� ðÜëé ô� w(N) í¥ ìåãáëþíåé ðïë� §ñã¥ ó« ó÷Ýóéí ì« ô� N (©ñá êá� ó«
ó÷Ýóéí ì« ô� R); �óôå ï� �ñïé ô�ò ìïñö�ò Om;�

(
‖G‖Cj(Dm1=(6m))

logm−jR
)
; 1 ≤ j ≤ m; í¥

ǻéíáé om(logmR): Ì« á�ô� �ëïêëçñþíåôáé � §ðüäåéîéò ô�ò ÐñïôÜóåùò 4:3:3:

È¥ ðåñéãñÜøïõìå ôþñá ô�í §ðüäåéîéí ô�ò ÐñïôÜóåùò 4:3:4 : � âáóéê� äéáöïñ¥ ì« ô¥
ðñïçãïýìåíá ǻéíáé �ôé ô� ðë�èïò ô�í ìåôáâëçô�í t ǻéíáé �óïí ì« 1, ©ñá êáô' ï�óßáí �ìöá-
íßæåôáé ìüíïí ìßá ãñáììéê� ìïñöÞ, �  (x1) := x1; êá� §ëëÜæåé ìüíïí � óôáèåñ�ò �ñïò ðï�
ðñïóèÝôïõìå. ±Åðåôáé âåâáßùò �ôé ô¥ äéáíýóìáôá ô�í óõíôåëåóô�í ô�í ãñáììéê�í ìïñ-
ö�í ǻéíáé ô� �íá ñ̄çô�í ðïëëáðëÜóéïí ôï� ©ëëïõ, óõíåð�ò ä«í ìðïñï�ìå í¥ �öáñìüóïõìå
ô� Ë�ììá 4:3:5: Ô¥ �ðé÷åéñÞìáôá �ìùò ìÝ÷ñé á�ô� ô� ë�ììá �ó÷ýïõí §êüìç, �ðïìÝíùò
ìðïñï�ìå í¥ ãñÜøïõìå ô� §ñéóôåñ�í ìÝëïò ô�ò (4:16) �ò ìßáí �êöñáóéí ô�ò ìïñö�ò (4:23)
ó�í �íá §ðïäåêô�í óöÜëìá. ¯Ç óõíÜñôçóéò F ìÝóá óô¥ �ëïêëçñþìáôá è¥ äßíåôáé ðÜëé
§ð� ô�í (4:24) êá� ï� Ep è¥ �ñßæïíôáé âÜóåé ô�ò (4:25) ì« ìüíçí äéáöïñ¥í �ôé ôþñá �
ðïóüôçò !X(p); ðï� �ñßæåôáé ãé¥ êÜèå ðñ�ôïí p êá� êÜèå �ðïóýíïëïí X ôï� {1; : : : ;m};
è¥ ǻéíáé �óç ì«

!X(p) := E

(∏
i∈X

1p|W (x+hi)+1

∣∣x ∈ Zp

)
:

±Ïðùò êá� ðñßí, !∅(p) = 1 ãé¥ êÜèå p: Ô� §íÜëïãïí ôï� ËÞììáôïò 4:3:5 ǻéíáé ô� �î�ò:

Ë�ììá 4.3.9. ²Áí p ≤ w(N); ôüôå !X(p) = 0 ãé¥ êÜèå ì� êåí�í óýíïëïí X: Óõíåð�ò
Ep = 1 �ôáí p ≤ w(N): ®ÁíôéèÝôùò, ²áí p > w(N); ôüôå !X(p) = p−1 �ôáí |X| = 1; êá�
!X(p) ≤ p−1 �ôáí |X| ≥ 2: ®ÅðéðëÝïí, óô�í ðåñßðôùóéí ðï� |X| ≥ 2 êá� !X(p) 6= 0;
ôüôå §íáãêáóôéê�ò � p äéáéñå� ô�í §êÝñáéïí ∆ :=

∏
1≤i<j≤m |hi − hj |:

®Áðüäåéîéò. ±Ïôáí p ≤ w(N); ôüôå W (x+hi)+1 ≡ 1 (mod p) êá� ô� æçôïýìåíïí �ðåôáé.
®Áð� ô�í ©ëëçí, �ôáí p > w(N) êá� |X| ≥ 1; ôüôå å�ôå !X(p) = 1=p óô�í ðåñßðôùóéí ðï�
ï� êëÜóåéò �ðïëïßðùí hi (mod p); i ∈ X; ǻéíáé �ëåò �óåò, å�ôå !X(p) = 0 óô�í §íôßèåôçí
ðåñßðôùóéí. Âåâáßùò á�ô� óçìáßíåé �ôé ²áí ãé¥ êÜðïéï �ðïóýíïëïí X ì« |X| ≥ 2 �ó÷ýåé
!X(p) 6= 0; è¥ �ðÜñ÷ïõí ôïõëÜ÷éóôïí äýï äéáöïñåôéêï� äå�êôåò i; j ∈ X ãé¥ ôï�ò �ðïßïõò
ï� §íôßóôïé÷åò êëÜóåéò hi (mod p); hj (mod p) ôáõôßæïíôáé, �óïäõíÜìùò p|hi − hj :

®Åîáéôßáò á�ôï� ôï� ëÞììáôïò, �÷ïõìå ô� §íÜëïãïí ô�ò (4:26) :

Ep(z; z′) = 1− 1p>w(N)

m∑
j=1

(p−1−zj + p−1−z′j − p−1−zj−z′j ) + 1p>w(N);p|∆�p(z; z′)
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�ðïõ �p(z; z′) ǻéíáé ìßá �êöñáóéò ô�ò ìïñö�ò

(4.31) �p(z; z′) :=
∑

X;X′⊆{1;:::;m}
|X∪X′|≥2

O(1=p)

p
P
j∈X zj+

P
j∈X′ z

′
j

ì« ô�ò ðïóüôçôåò O(1=p) í¥ ì�í �îáñô�íôáé §ð� ô�ò ôéì«ò ô�í z; z′: Ìðïñï�ìå �ðïìÝíùò,

�ðùò ðñßí, í¥ èåùñÞóïõìå ðáñáãïíôïðïßçóéí Ep = E
(0)
p E

(1)
p E

(2)
p E

(3)
p �ðïõ

E(0)
p (z; z′) = 1 + 1p>w(N);p|∆�p(z; z′)

(4.32)

E(1)
p (z; z′) =

Ep(z; z′)

E
(0)
p (z; z′)

m∏
j=1

(1− 1p>w(N)p
−1−zj−z′j )

(1− 1p>w(N)p−1−zj )(1− 1p>w(N)p
−1−z′j )

E(2)
p (z; z′) =

m∏
j=1

(1− 1p≤w(N)p
−1−zj )−1(1− 1p≤w(N)p

−1−z′j )−1(1− 1p≤w(N)p
−1−zj−z′j )

E(3)
p (z; z′) =

m∏
j=1

(1− p−1−zj )(1− p−1−z′j )(1− p−1−zj−z′j )−1

ì« ô�í ðñïûðüèåóéí �ôé � E
(0)
p (z; z′) ä«í ìçäåíßæåôáé, êÜôé ðï� ìðïñï�ìå í¥ �îáóöáëßóïõìå

óô�í ðåñéï÷�í Dm
� ²áí èåùñÞóïõìå ô� w(N) §ñêåô¥ ìåãÜëï �óôå ãé¥ p > w(N) í¥ �ó÷ýåé

|�p(z; z′)| ≤
∑

X;X′⊆{1;:::;m}
|X∪X′|≥2

O(1=p)

|p
P
j∈X zj+

P
j∈X′ z

′
j |

=
∑

X;X′⊆{1;:::;m}
|X∪X′|≥2

O(1=p)

p
P
j∈X <(zj)+

P
j∈X′ <(z′j)

= Om

(
p−1+

2m
6m
)
< 1:

ÃñÜöïõìå Gl :=
∏
pE

(l)
p ; �ðüôå F = G0G1G2G3 êá� � G3 äßíåôáé ðÜëé §ð� ô�í (4:28);

�íÿ ãé¥ ô�ò G0; G1; G2 �÷ïõìå ô� �î�ò §íÜëïãïí ôï� ËÞììáôïò 4:3:7 :

Ë�ììá 4.3.10. °Åóôù 0 < � < 1=(6m): Ô¥ §ðåéñïãéíüìåíá
∏
pE

(l)
p ãé¥ l = 0; 1; 2

óõãêëßíïõí §ðïëýôùò óô�í ðåñéï÷�í Dm
� : ÌÜëéóôá ï� G0; G1; G2 ìðïñï�í í¥ óõíå÷éóôï�í
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§íáëõôéê�ò ó« �ëçí ô�í ðåñéï÷�í Dm
1=(6m): ®ÅðéðëÝïí, �÷ïõìå ô�ò �êôéìÞóåéò

‖G0‖Cr(Dm� ) ≤ Om

(
logR

log logR

)r ∏
p>w(N);p|∆

(1 +Om(p2m�−1)) ãé¥ 0 ≤ r ≤ m(4.33)

‖G0‖Cm(Dm1=(6m))
≤ exp(Om(log1=3R))

(4.34)

‖G1‖Cm(Dm1=(6m))
≤ Om(1)

‖G2‖Cm(Dm1=(6m))
≤ Om;w(N)(1)

G0(0; 0) =
∏

p>w(N);p|∆

(1 +Om(p−1=2))(4.35)

G1(0; 0) = 1 + om(1)
G2(0; 0) = (W=�(W ))m:

ÐëÝïí, ìðïñï�ìå í¥ �öáñìüóïõìå ô� Ë�ììá 4:3:8 ì« � := 1=(6m) êá� G := G0G1G2:
®Áð� ô�í êáíüíá ôï� Leibniz �÷ïõìå ãé¥ êÜèå 0 ≤ r ≤ m;

‖G‖Cr(Dm1=(6m))
≤ Om(1)Om;w(N)(1)

(
logR

log logR

)r
;

�íÿ, �ðéëÝãïíôáò ðÜëé êáôÜëëçëá ô� ðüóï ãñÞãïñá á�îÜíåôáé � w(N); ðåôõ÷áßíïõìå êá�
ô� öñÜãìá (4:29): ÂëÝðïõìå �ðïìÝíùò §ð� ô� Ë�ììá 4:3:8 �ôé � (4:23) ǻéíáé

≤ Om

(
W

�(W )

)m
logmR

∏
p|∆

(
1 +Om(p−1=2)

)
+Om;w(N)

(
logmR

log logR

)
+Om

(
e−�

√
logR

)
:

Ô� æçôïýìåíïí ô�ò ÐñïôÜóåùò 4:3:4 �ðåôáé ôþñá �ö' �óïí �ðéëÝîïõìå ô� w(N) í¥ ìåãá-
ëþíåé §ñêåô¥ §ñã¥ ó« ó÷Ýóéí ì« ô� N (©ñá êá� ó« ó÷Ýóéí ì« ô� R); �óôå �ëïé ï� �ñïé
�êô�ò ôï� ðñþôïõ óô�í ðáñáðÜíù �êöñáóéí í¥ ǻéíáé Om(logmR):

Óçìåßùóéò. È¥ ðñÝðåé í¥ ǻéíáé óáö«ò �ôé ô� ðáñáðÜíù �ðé÷åßñçìá ä«í äßíåé ¨ðë�ò �íá
©íù öñÜãìá ãé¥ ô� §ñéóôåñ�í ìÝëïò ô�ò (4:16); §ëë¥ ìßáí §óõìðôùôéê�í �êôßìçóéí, §ñêå�
í¥ ðñïóäéïñßóïõìå §êñéâÝóôåñá ô�í ôéì�í G0(0; 0): Á�ô� §êñéâ�ò êÜíïõí ï� Goldston êá�
Yildirim óô� [15] (èåùñ�íôáò âåâáßùò ô�í ðåñßðôùóéí W = 1):

Ãé¥ í¥ ǻéíáé ðëÞñåéò ï� §ðïäåßîåéò ô�í ÐñïôÜóåùí 4:3:3; 4:3:4 ÷ñåéÜæåôáé §êüìç í¥
§ðïäåßîïõìå ô¥ ËÞììáôá 4:3:7; 4:3:10 ì« ô�ò �êôéìÞóåéò ãé¥ ô�ò óõíáñôÞóåéò Gj ; êáè�ò
êá� ô� Ë�ììá 4:3:8: Á�ô� è¥ ãßíåé óô�ò �ðüìåíåò äýï �ðïåíüôçôåò.
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4.3.2 ®Áíáëõôéê«ò óõíáñôÞóåéò, ìéãáäéê¥ �ðéêáìðýëéá �ëïêëçñþìáôá êá� � �
óõíÜñôçóéò ôï� Riemann

®Áíáëõôéê«ò óõíáñôÞóåéò ðïëë�í ìåôáâëçô�í

²Áò èõìçèï�ìå �ôé ìßá óõíÜñôçóéò f ì« ôéì«ò óô� R (²ç ô� C); �ñéóìÝíç ó« êÜðïéï
§íïéêô�í �ðïóýíïëïí D ôï� Rn (²ç ôï� Cn); ëÝãåôáé §íáëõôéê� ó« êÜðïéï óçìå�ïí x =
(x1; x2; : : : ; xn) ôï� ðåäßïõ �ñéóìï� ôçò ²áí �ðÜñ÷åé §íïéêô� ðåñéï÷� U ⊂ D ôï� x; êá�
ãé¥ êÜèå äéÜíõóìá (a1; a2; : : : ; an) ì� §ñíçôéê�í §êåñáßùí �ðÜñ÷ïõí óõíôåëåóô«ò ca1;:::;an

óô� R (²ç ô� C); �óôå í¥ ìðïñï�ìå í¥ ãñÜøïõìå

f(y) =
∑

a1;:::;an∈Z+

ca1;:::;an(y1 − x1)a1 · · · (yn − xn)an

ãé¥ êÜèå y = (y1; y2; : : : ; yn) ∈ U: ¯Ç f ëÝãåôáé §íáëõôéê� ²áí ǻéíáé §íáëõôéê� ó« êÜèå
óçìå�ïí ôï� ðåäßïõ �ñéóìï� ôçò. Óô�í ðåñßðôùóéí ô�í ìéãáäéê�í §íáëõôéê�í óõíáñôÞ-
óåùí, á�ô� ǻéíáé �óïäýíáìïí ì« ô� í¥ ǻéíáé � f �ëüìïñöç ó« êáèåìßáí §ð� ô�ò ìåôáâëçôÝò
ôçò, äçëáä� ãé¥ êÜèå óçìå�ïí z = (z1; z2; : : : ; zn) ôï� ðåäßïõ �ñéóìï� ôçò, êá� ãé¥ êÜèå
1 ≤ j ≤ n; í¥ �ðÜñ÷åé §íïéêô� ðåñéï÷� V ⊂ C ô�ò j óõíôåôáãìÝíçò zj �óôå � ðåñéïñéóì�ò

f : D ∩ {(z1; : : : ; zj−1; w; zj+1; : : : ; zn) : w ∈ V } → C

í¥ ǻéíáé �ëüìïñöç óõíÜñôçóéò ì« ô�í êëáóóéê�í �ííïéáí. ±Åðåôáé ôþñá å�êïëá �ôé ô�
©èñïéóìá, ô� ãéíüìåíïí êá� ô� ðçë�êïí ìéãáäéê�í §íáëõôéê�í óõíáñôÞóåùí (�êå� ðï�
�ñßæïíôáé) ǻéíáé ìéãáäéê«ò §íáëõôéê«ò óõíáñôÞóåéò, êá� ô� �äéïí �ó÷ýåé ãé¥ ô�í óýíèåóéí
g◦f ìßáò §íáëõôéê�ò óõíáñôÞóåùò f : D ⊂ Cn →W ⊂ C ì« ìßáí �ëüìïñöçí g : W → C:

Ǻéíáé ©ìåóïí ðëÝïí �ôé ï� óõíáñôÞóåéò ô�í ËçììÜôùí 4:3:7; 4:3:10 ǻéíáé §íáëõôéê«ò
óô�ò ðåñéï÷«ò óô�ò �ðï�åò �ñßæïíôáé, êá� §ñêå� í¥ äåßîïõìå �ôé ï� ðáñÜãùãïß ôïõò ôÜîåùò
ô� ðïë� m �êáíïðïéï�í óô�í ðåñéï÷�í Dm

1=(6m) ô¥ öñÜãìáôá ðï� ÷ñåéáæüìáóôå:

®Áðüäåéîéò ôï� ËÞììáôïò 4:3:7: Óô�í �ñéóì�í (4:27) ô�ò E(1)
p (z; z′) �ìöáíßæåôáé ãé¥ p >

w(N) êá� ô� ãéíüìåíïí ô�í m ðáñáãüíôùí

m∏
j=1

(1− p−1−zj−z′j )
(1− p−1−zj )(1− p−1−z′j )

;

êáèÝíáò §ð� ôï�ò �ðïßïõò §íáëýåôáé ó« óåéñ¥í �ò

(
1− p−1−zj−z′j

)( ∞∑
n=0

p−n(1+zj)

)( ∞∑
n=0

p−n(1+z′j)

)
= 1 + p−1−zj + p−1−z′j − p−1−zj−z′j

+
∞∑
n=2

1
pn

(
n∑
l=0

p−lzj−(n−l)z′j −
n−1∑
l=0

p−(l+1)zj−(n−l)z′j

)
;
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ëüãÿ ô�ò ãíùóô�ò ôáõôüôçôïò 1+x+ · · ·+xn + · · · = (1−x)−1 ãé¥ x ∈ C; |x| < 1; §ñêå�
í¥ �ó÷ýåé <(zj);<(z′j) > −1: Óõìðåñáßíïõìå �ôé

m∏
j=1

(1− p−1−zj−z′j )
(1− p−1−zj )(1− p−1−z′j )

(4.36)

= 1 +
m∑
j=1

(p−1−zj + p−1−z′j − p−1−zj−z′j )

+
∞∑
n=2

1
pn

∑
aj∈Z+

a1+···+am=n

m∏
j=1

 aj∑
lj=0

p−ljzj−(aj−lj)z′j −
aj−1∑
lj=0

p−(lj+1)zj−(aj−lj)z′j



= 1 +
m∑
j=1

(p−1−zj + p−1−z′j − p−1−zj−z′j ) +O(1) ·
∞∑
n=2

(n+ 1)mp
n+m
6m

pn

ãé¥ <(zj);<(z′j) > −1=(6m); �ðïõ � óôáèåñ¥ ðï� �ðïíïå�ôáé §ð� ô�í óõìâïëéóì�í O
ä«í �îáñô¦ôáé §ð� ô� p; êá� �ðïõ, êáô¥ óýìâáóéí, ãé¥ aj = 0 óõìâïëßæïõìå ì«

∑aj−1
lj=0

ô� êåí�í ©èñïéóìá. Ðáñáôçñï�ìå �ôé � óåéñ¥ ì« ô�í �ðïßáí §èñïßæïõìå ôï�ò �ñïõò ðï�
ðñïêýðôïõí §ð� ô� ãéíüìåíïí ä«í �÷åé óçìáóßáí, §öï�, �ðùò ìüëéò ǻéäáìå, óô�í ðåñéï÷�í
Dm

1=(6m) á�ôï� ǻéíáé §ðïëýôùò §èñïßóéìïé. ÓõíäõÜæïíôáò ì« ô�í (4:26); ëáìâÜíïõìå ãé¥
p > w(N) �ôé

E(1)
p (z; z′) = 1 +

∑
X;X′⊆{1;:::;m}
|X∪X′|≥2

O(1=p2)

p
P
j∈X zj+

P
j∈X′ z

′
j

+O(1) ·
∞∑
n=2

(n+ 1)mp
n+m
6m

pn

+
(
Ep(z; z′)− 1

)
O(1) ·

∞∑
n=1

(n+ 1)mp
n+m
6m

pn

= 1 +
∑

X;X′⊆{1;:::;m}
|X∪X′|≥2

O(1=p2)

p
P
j∈X zj+

P
j∈X′ z

′
j

+O(1) ·
∞∑
n=2

(n+ 1)mp
n+m
6m

pn

+O(1) ·
∑

X;X′⊆{1;:::;m}
|X∪X′|≥1

O(1=p)

p
P
j∈X zj+

P
j∈X′ z

′
j

∞∑
n=1

(n+ 1)mp
n+m
6m

pn

= 1 +Om

(
p−2+

3m+2
6m

)
·
∞∑
n=0

(n+ 3)mp−n+
n

6m

= 1 +Om

(
p−2+

3m+2
6m

)
;
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êá� §ð� �ä� äéêáéïëïãå�ôáé � §ðüëõôç óýãêëéóéò ôï� §ðåéñïãéíïìÝíïõ
∏
pE

(1)
p (z; z′); êá-

è�ò êá� ô� öñÜãìá ãé¥ ô�ò ðáñáãþãïõò ôÜîåùò ô� ðïë� m ô�ò G1; §ñêå� âåâáßùò í¥
ðáñáôçñÞóïõìå �ôé � ðáñáãþãéóéò s öïñ«ò êÜèå �ñïõ ô�ò ìïñö�ò

p−a1z1−···−amzm−a′1z
′
1−···−a

′
mz

′
m

pn
; 0 ≤ aj ; a

′
j ≤ n+ 2 ãé¥ êÜèå j;

2 ≤ n ≤ a1 + · · ·+ am + a′1 + · · ·+ a′m ≤ n+ 3m;

�ò ðñ�ò ô�í ìåôáâëçô�í zj ëüãïõ ÷Üñéí, ðïëëáðëáóéÜæåé á�ô�í ô�í �ñïí ì« (−aj log p)s:
¯Ç �êôßìçóéò G1(0; 0) = 1 + om(1) �ðåôáé �ðßóçò §ð� ô¥ ðáñáðÜíù, §öï� ãé¥ êÜèå

ðñ�ôïí N;

G1;N (0; 0) =
∏

p>w(N)

E(1)
p (0; 0) =

∏
p>w(N)

(
1 +Om(p−2+

3m+2
6m )

)
→ 1

êáè�ò ô� w(N) ôåßíåé óô� ©ðåéñïí (á�ô�ò ǻéíáé êá� � ëüãïò ãé¥ ô�í �ðï�ïí æçôï�ìå � óõ-
íÜñôçóéò w(N) í¥ á�îÜíåôáé §ðåñéüñéóôá, �óôå ìÝóÿ ôï� ËÞììáôïò 4:3:8 í¥ êáôáëÞîïõìå
óô�í �êôßìçóéí (4:15)):

¯Ç ãñáö� (4:36) �ó÷ýåé óô�í ðåñéï÷�í Dm
1=(6m) êá� ãé¥ ô�í E

(2)
p (z; z′); p ≤ w(N);

ëüãÿ ôï� �ñéóìï� (4:27): Óõìðåñáßíïõìå ó« á�ô�í ô�í ðåñßðôùóéí �ôé

|E(2)
p (z; z′)| = 1 +Om

(
p−1+

2
6m
)
;

©ñá ì« ÷ïíäñïåéäå�ò �ðïëïãéóìï�ò âëÝðïõìå �ôé

|G2(z; z′)| =
∏

p≤w(N)

|E(2)
p (z; z′)| ≤ exp

 ∑
p≤w(N)

Om

(
p−1+

2
6m
) ≤ eOm(w(N)):

Ðáñüìïéá öñÜãìáôá ìðïñï�ìå í¥ ðåôý÷ïõìå êá� ãé¥ ô�ò �ðüëïéðåò ðáñáãþãïõò ôÜîåùò
ô� ðïë� m ô�ò G2 §ð� ô�í êáíüíá ôï� Leibniz (§öï� � G2 ǻéíáé êáô' ï�óßáí ãéíüìåíïí ô�
ðïë� w(N) ðáñáãüíôùí). ®Åðßóçò, ì« §ðåõèåßáò �ðïëïãéóì�í ðñïêýðôåé �ôé G2(0; 0) =
(W=�(W ))m (§öï�

∏
p≤w(N)

(
1− 1

p

)
= �(W )

W ):

®Áðüäåéîéò ôï� ËÞììáôïò 4:3:10: Ï� �êôéìÞóåéò ãé¥ ô�ò G1 êá� G2 á�ôï� ôï� ëÞììáôïò
äåß÷íïíôáé §êñéâ�ò �ðùò óô�í §ðüäåéîéí ôï� ËÞììáôïò 4:3:7: ¯Ç ìüíç äéáöïñ¥ ǻéíáé ï�
�ñïé �p(z; z′) ðï� �ìöáíßæïíôáé êá� óô�í §ñéèìçô�í êá� óô�í ðáñïíïìáóô�í ô�ò E

(1)
p (z; z′)
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(�ñéóì�ò (4:32)) ãé¥ p > w(N); p|∆: Ìðïñï�ìå �ðïìÝíùò í¥ ãñÜøïõìå ãé¥ á�ô¥ ô¥ p;

E(1)
p (z; z′) =

Ep(z; z′)

E
(0)
p (z; z′)

m∏
j=1

(1− p−1−zj−z′j )
(1− p−1−zj )(1− p−1−z′j )

=
1

1 + �p(z; z′)
(
1 +Om(1) ·

∞∑
n=2

(n+ 1)mp
n+3m

6m

pn
+ �p(z; z′)

)
= 1 +

Om(1)
1 + �p(z; z′)

∞∑
n=2

(n+ 1)mp
n+3m

6m

pn
;

§ð' �ðïõ �ðåôáé ô� Cm(Dm
1=(6m)) öñÜãìá ãé¥ ô�í G1:

Óôñåöüìáóôå ôþñá óô�ò �êôéìÞóåéò (4:33)−(4:35) ãé¥ ô�íG0: Óôáèåñïðïéï�ìå §ñ÷éê�ò
êÜðïéï r ∈ {0; 1; : : : ;m} êá� öñÜóóïõìå ô�ò ðáñáãþãïõò ôÜîåùò ô� ðïë� r ô�ò G0 óô�í
ðåñéï÷�í Dm

1=(6m): ²Áò ðáñáôçñÞóïõìå �ôé G0 =
∏
p|∆E

(0)
p ; ì« ô� ðë�èïò ô�í ðñþôùí ðï�

äéáéñï�í ô� ∆ í¥ ǻéíáé §ð� ô� Èåþñçìá Ðñþôùí ®Áñéèì�í ô� ðïë� O(log ∆= log log ∆):
¯Õðïëïãßæïõìå �ðßóçò �ôé

(4.37) ∆ =
∏

1≤i<j≤m

|hi − hj | ≤ (2N2)(
m
2 ) ≤ ROm(1)

�îáéôßáò ôï� �ñéóìï� ô�ò ðáñáìÝôñïõ RN := Nk−12−k−4
êá� ô�ò �ðïèÝóåùò |hi| ≤ N2 ðï�

êÜíïõìå óô�í Ðñüôáóéí 4:3:4: ÂëÝðïõìå �ðïìÝíùò �ôé ô� ãéíüìåíïí Euler ãé¥ ô�í G0 �÷åé
ô� ðïë� Om( logR

log logR ) ðáñÜãïíôåò. °Áñá, ðáñáãùãßæïíôÜò ôï r öïñ«ò, ëáìâÜíïõìå §ð� ô�í
êáíüíá ôï� Leibniz �íá ©èñïéóìá §ð� Om((logR= log logR)r) �ñïõò, êáèÝíáò §ð� ôï�ò
�ðïßïõò ãñÜöåôáé �ò ãéíüìåíïí Euler Om(logR= log logR) ðáñáãüíôùí ô�ò ìïñö�ò

( @

@z1

)a1· · ·
( @

@zm

)am( @

@z′1

)a′1· · · ( @

@z′m

)a′m(1 + �p(z; z′));

a1; : : : ; am; a
′
1; : : : ; a

′
m ∈ Z+;

m∑
j=1

(aj + a′j) ≤ r:

±Ïìùò óô�í ðåñéï÷�í Dm
� ; êÜèå ôÝôïéïò ðáñÜãùí öñÜóóåôáé §ð� 1 + Om(p2m�−1) �ðùò

öáßíåôáé §ð� ô�í ôýðïí (4:31) ô�ò �p(z; z′); êá� ìÜëéóôá ï� ì� ìçäåíéê«ò ðáñÜãùãïé ǻéíáé
§êüìç ìéêñüôåñåò, §öï� �îáöáíßæåôáé � óôáèåñ�ò �ñïò 1 êá� ô� ©èñïéóìá ô�í �ðïëïßðùí
�ñùí öñÜóóåôáé §ð� Om(p2m�−1 logrp): °Åôóé �ðåôáé � (4:33); êá� ©ñá óô�í ìåãáëýôåñçí
äõíáô�í ðåñéï÷�í ðï� �îåôÜæïõìå �ó÷ýåé

‖G0‖Cr(Dm1=(6m))
≤ Om

(
logR

log logR

)r ∏
p>w(N);p|∆

(1 +Om(p−2=3)) ãé¥ 0 ≤ r ≤ m:
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®Åîáéôßáò á�ôï�, ãé¥ ô�í �êôßìçóéí (4:34) §ñêå� í¥ äåßîïõìå �ôé

(4.38)
∏

p>w(N);p|∆

(1 +Om(p−2=3)) ≤ exp(Om(log1=3R)):

Ìðïñï�ìå ìÜëéóôá í¥ äåßîïõìå �ôé∑
p>w(N);p|∆

p−2=3 ≤ O(log1=3∆);

ô� �ðï�ïí è¥ óõíåðÜãåôáé ô�í (4:38) �ðåéä� ãé¥ êÜèå p �ó÷ýåé 1+Om(p−2=3) ≤ exp(p−2=3);
�íÿ §ð� ô�í (4:37) ðñïêýðôåé �ôé log1=3∆ ≤ Om(log1=3R): Ãé¥ ô� æçôïýìåíïí ÷ñçóéìï-
ðïéï�ìå ðÜëé �ôé ï� ðñ�ôïé ðï� äéáéñï�í ô� ∆ ǻéíáé ô� ðïë� O(log ∆= log log ∆); ©ñá∑

p>w(N);p|∆

p−2=3 ≤
∑

2≤n≤O(log ∆= log log ∆)

n−2=3

≤
∫ O(log ∆= log log ∆)

1

x−2=3dx ≤ O(log1=3∆):

ÔÝëïò, � �êôßìçóéò (4:35) �ó÷ýåé �ðåéä� E(0)
p (0; 0) = 1 +Om(1=p):

®Eðéêáìðýëéá �ëïêëçñþìáôá

°Åóôù �ôé  ǻéíáé ìßá êáô¥ ôìÞìáôá C1 êáìðýëç óô� C ì« ðáñáìÝôñçóéí (t) : I → C;
�ðïõ I ǻéíáé �ðïäéÜóôçìá ôï� R (öñáãìÝíïí ²ç ìÞ), êá� �óôù óõíå÷�ò óõíÜñôçóéò f : D ⊂
C → C ì« ô� ðåäßïí �ñéóìï� ôçò D í¥ ðåñéÝ÷åé ô�í ; äçëáä� D ⊃ [I]: ¯Õðåíèõìßæïõìå
�ôé ô� �ðéêáìðýëéïí �ëïêëÞñùìá ô�ò f ðÜíù óô�í ; ðï� óõìâïëßæåôáé ì«

∫

f(z)dz; ǻéíáé

�î �ñéóìï� �óïí ì« ô� �ëïêëÞñùìá Riemann∫
I

f((t))·′(t)dt;

�ö' �óïí âåâáßùò á�ô� ô� �ëïêëÞñùìá �ðÜñ÷åé (�ôáí ô� äéÜóôçìá I ǻéíáé öñáãìÝíïí, îÝ-
ñïõìå �ôé �ðÜñ÷åé óßãïõñá, óô�ò §ðïäåßîåéò ìáò �ìùò �÷ïõí �äç ðñïêýøåé êá� ðåñéðôþóåéò
ðï� I = R): È¥ ãñÜöïõìå

∫

|f(z)dz|; äçëáä� ì« ô�í ìåôáâëçô�í �ëïêëçñþóåùò ìÝóá

óô�í §ðüëõôçí ôéìÞí, �ííï�íôáò ô� �ëïêëÞñùìá∫
I

|f((t))·′(t)|dt

êá� äéáêñßíïíôÜò ôï §ð� ô� �ðéêáìðýëéïí �ëïêëÞñùìá
∫

|f(z)|dz :=

∫
I
|f((t))| ·′(t)dt:

Ì« á�ô�í ô�í óõìâïëéóì�í ôþñá, �ó÷ýåé ðñïöáí�ò � §íéóüôçò

(4.39)
∣∣ ∫



f(z)dz
∣∣ ≤ ∫



|f(z)dz|
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ëüãÿ ô�ò §íôßóôïé÷çò, âáóéê�ò §íéóüôçôïò ãé¥ ô¥ �ëïêëçñþìáôá Riemann.
Ãé¥ í¥ §ðïäåßîïõìå ô�í (4:22); è¥ ÷ñåéáóôå� í¥ èõìçèï�ìå ô� ðïë� ÷ñÞóéìïí èåþñçìá

ô�í �ëïêëçñùôéê�í �ðïëïßðùí. ¯Õðåíèõìßæïõìå êáôáñ÷¥ò �ôé ²áí f ǻéíáé ìßá �ëüìïñöç
óõíÜñôçóéò ì« ìåìïíùìÝíçí §íùìáëßáí ó« êÜðïéï óçìå�ïí a ∈ C; äçëáä� ²áí �ðÜñ÷åé
r > 0 �óôå � f í¥ ǻéíáé �ëüìïñöç ó« ðåñéï÷�í ôï� óõíüëïõ D̄(a; r) \ {a} := {z ∈ C : 0 <
|z − a| ≤ r}; ôüôå � f è¥ �÷åé ìßáí §íáðáñÜóôáóéí ô�ò ìïñö�ò

f(z) =
+∞∑

n=−∞
cn(z − a)n :=

+∞∑
n=0

cn(z − a)n +
+∞∑
n=1

c−n
(z − a)n

ãé¥ z óô� óýíïëïíD(a; r)\{a} = {z ∈ C : 0 < |z−a| < r} (á�ô� � §íáðáñÜóôáóéò ëÝãåôáé
ô� §íÜðôõãìá Laurent ô�ò f óô�í äáêôýëéïí {z ∈ C : 0 < |z − a| < r}): Ô� �ëïêëç-
ñùôéê�í �ðüëïéðïí ô�ò f óô� óçìå�ïí a; ô� �ðï�ïí óõìâïëßæïõìå ì« Res(f; a); ǻéíáé
� óõíôåëåóô�ò c−1 ôï� ðáñáðÜíù §íáðôýãìáôïò. Âåâáßùò, ó« êÜðïéïõò �ðïëïãéóìï�ò
ìðïñå� í¥ ǻéíáé ðé� å�êïëïí í¥ ðñïóäéïñßóïõìå ô� Res(f; a) ìÝóÿ ôï� �ðéêáìðõëßïõ �ëï-
êëçñþìáôïò ô�ò f ðÜíù óô�í êáìðýëçí C(a; r) ≡ {|z−a| = r} := {a+reit : 0 ≤ t ≤ 2�};
§öï� �ó÷ýåé

Res(f; a) := c−1 =
1

2�i

∫
C(a;r)

f(z)dz =
1
2�

∫ 2�

0

f(a+ reit)reitdt:

Äéáôõðþíïõìå ôþñá ô� èåþñçìá ô�í �ëïêëçñùôéê�í �ðïëïßðùí ðï� ì¦ò äßíåé �íáí
ôñüðïí í¥ �ðïëïãßæïõìå �ðéêáìðýëéá �ëïêëçñþìáôá �ëïìüñöùí óõíáñôÞóåùí ì« ìåìï-
íùìÝíåò §íùìáëßåò:

Èåþñçìá 6. °Åóôù D ⊂ C �íá êõñô�í (²ç §óôñüìïñöïí) §íïéêô�í óýíïëïí, êá� �óôù
�ôé �÷ïõìå s äéáöïñåôéê¥ óçìå�á a1; : : : ; as óô� D êá� ìßáí �ëüìïñöçí óõíÜñôçóéí f :
D \{a1; : : : ; as} → C: Ôüôå ãé¥ êÜèå êëåéóô�í êáìðýëçí  ðï� ðåñéÝ÷åôáé óô� D êá� ä«í
ðåñí¦ §ð� ô¥ a1; : : : ; as; �ó÷ýåé∫



f(z)dz = 2�i
s∑

j=1

Res(f; aj) �(aj)

(�ðïõ �(z) ǻéíáé � äåßêôçò óôñïö�ò ô�ò êáìðýëçò  ãýñù §ð' ô� óçìå�ïí z ∈ C \ ):

®Áðüäåéîéò ô�ò (4:22): È¥ äåßîïõìå ô�í ôáõôüôçôá ãåíéêÜ, óõìâïëßæïíôáò ì« (a) ô�í êá-
ìðýëçí ì« ðáñáìÝôñçóéí a+it;−∞ < t < +∞; �ðïõ a �ðïéïóäÞðïôå èåôéê�ò ðñáãìáôéêüò,
êá� §ðïäåéêíýïíôáò �ôé 1

2�i

∫
(a)

xz

z2 dz = (log x)+ ãé¥ êÜèå x > 0: ®Áð� ô¥ ðáñáðÜíù �÷ïõìå∫
(a)

xz

z2
dz =

∫ +∞

−∞
i
xa+it

(a+ it)2
dt = lim

L→∞

∫ L

−L
iea log x eit log x

(a+ it)2
dt;

�ðïõ ô� ôåëåõôá�ïí �ëïêëÞñùìá ìðïñï�ìå í¥ ô� äï�ìå êá� ó¥í �ðéêáìðýëéïí �ëïêëÞñùìá

ô�ò óõíáñôÞóåùò g(z) := iea log x eiz log x

(a+iz)2 ; z 6= ai; ðÜíù óô�í êáìðýëçí [−L;L]:
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¯ÕðïèÝôïõìå §ñ÷éê�ò �ôé log x ≥ 0; äçëáä� �ôé x ≥ 1; êá� èåùñï�ìå �ðéðëÝïí ô�í
êáìðýëçí-�ìéêýêëéïí L ì« ðáñáìÝôñçóéí L(t) := Leit; 0 ≤ t ≤ �; �ðùò êá� ô�í �íùóéí
cL := [−L;L] ∪ L � �ðïßá ǻéíáé êëåéóô� êáìðýëç. ®Áð� ô� èåþñçìá �ëïêëçñùôéê�í
�ðïëïßðùí ëáìâÜíïõìå �ôé∫

[−L;L]

g(z)dz +
∫
L

g(z)dz =
∫
cL

g(z)dz = 2�i ·Res(g; ai) �cL(ai)

ãé¥ êÜèå L ∈ (0;+∞) \ {a}; §öï� � ìïíáäéê� §íùìáëßá ô�ò g ǻéíáé óô� óçìå�ïí ai ðï�
ìçäåíßæåôáé � ðáñïíïìáóô�ò (a+ iz)2: ¯Ï äåßêôçò óôñïö�ò �cL(ai) ǻéíáé 0 �ôáí ô� óçìå�ïí
ai ä«í ðåñéêëåßåôáé §ð� ô�í êáìðýëçí cL; êá� ǻéíáé 1 §ëëé�ò, ©ñá ãé¥ ô¥ ìåãÜëá L;L > a;
�ó÷ýåé ∫

[−L;L]

g(z)dz = 2�i ·Res(g; ai)−
∫
L

g(z)dz:

±Ïìùò

∣∣ ∫
L

g(z)dz
∣∣ = ∣∣ ∫ �

0

g(Leit)iLeitdt
∣∣ ≤ L

∫ �

0

|ea log x| ·
∣∣∣ eiLeit log x

(a+ iLeit)2

∣∣∣dt
= Lea log x

∫ �

0

e−L log x sin t

L2|eit − ai=L|2
dt ≤ L−1ea log x

∫ �

0

1
(1− a=L)2

dt→ 0

êáè�ò ô� L ôåßíåé óô� ©ðåéñïí, §öï� eit = cos t + i sin t; êá� óõíåð�ò |eiLeit log x| =
e−L log x sin t ≤ 1 �ðåéä� log x sin t ≥ 0 ãé¥ t ∈ [0; �]: °Áñá∫

(a)

xz

z2
dz = lim

L→∞

∫ L

−L
iea log x eit log x

(a+ it)2
dt = lim

L→∞

∫
[−L;L]

g(z)dz = 2�i ·Res(g; ai);

êá� ìðïñï�ìå, §íáðôýóóïíôáò ô�í óõíÜñôçóéí h(z) := eiz log x ó« äõíáìïóåéñ¥í ì« êÝíôñïí
ô� óçìå�ïí ai; í¥ äï�ìå �ôé Res(g; ai) = log x: ÐñÜãìáôé, ²áí h(z) =

∑+∞
n=0 cn(z− ai)n =∑+∞

n=0
h(n)(ai)

n! (z − ai)n; ôüôå

g(z) = iea log x h(z)
−(z − ai)2

= −iea log x
+∞∑
n=−2

cn+2(z − ai)n

ǻéíáé ô� §íÜðôõãìá Laurent ô�ò g ãýñù §ð' ô� óçìå�ïí ai:

Óô�í ðåñßðôùóéí ðï� log x < 0; èåùñï�ìå §íáëüãùò ô�ò êáìðýëåò-�ìéêýêëéá −L ì«
ðáñáìåôñÞóåéò −L(t) = Le−it; 0 ≤ t ≤ �; êá� ô�ò êáìðýëåò c−L := [−L;L] ∪ −L: °Åôóé
�÷ïõìå ðÜëé �ôé

∣∣ ∫
−L

g(z)dz
∣∣ ≤ Lea log x

∫ �

0

e−L log x sin(−t)

L2|e−it − ai=L|2
dt→ 0
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êáè�ò ô� L ôåßíåé óô� ©ðåéñïí, §öï� e−L log x sin(−t)

|e−it−ai=L|2 ≤ 1 ãé¥ 0 ≤ t ≤ �; �íÿ §ð� ô� èåþñçìá

ô�í �ëïêëçñùôéê�í �ðïëïßðùí �ó÷ýåé∫
[−L;L]

g(z)dz +
∫
−L

g(z)dz =
∫
c−L

g(z)dz = 2�i ·Res(g; ai) �c−L(ai) = 0:

°Áñá ðñïêýðôåé ô� æçôïýìåíïí.

²Áò äï�ìå ôþñá ð�ò ÷ñçóéìïðïéå�ôáé ô� èåþñçìá �ëïêëçñùôéê�í �ðïëïßðùí �ôáí èÝ-
ëïõìå í¥ �êôéìÞóïõìå �ðéêáìðýëéá �ëïêëçñþìáôá �ðùò óô� Ë�ììá 4:3:8 : ²áò ðï�ìå �ôé
�÷ïõìå ìßáí �ëüìïñöçí (�, �óïäýíáìá, §íáëõôéêÞí) óõíÜñôçóéí f � �ðïßá �ñßæåôáé ó«
êÜðïéï §íïéêô�í óýíïëïí D ⊂ C; êá� �ôé á�ô� ô� óýíïëïí ðåñéÝ÷åé ìßáí ëùñßäá ôï� ìé-
ãáäéêï� �ðéðÝäïõ, ô�ò ìïñö�ò {�1 < <(z) < �2};−∞ < �1 < �2 < +∞; �êô�ò §ð�
ðåðåñáóìÝíá ô� ðë�èïò óçìå�á ôçò. ¯ÕðïèÝôïõìå �ôé � f öèßíåé ó÷åôéê¥ ãñÞãïñá óô�í
ëùñßäá á�ô�í êáè�ò êéíïýìáóôå êáô¥ ì�êïò ô�í êáôáêïñýöùí ãñáìì�í ôï� �ðéðÝäïõ,
äçëáä� �ôé �ó÷ýåé |f(z)| = o|=(z)|→∞(1) (²ç §ëëé�ò, �ôé �÷ïõìå |f(z)| ≤ h(|=(z)|) ãé¥
êÜðïéáí ðñáãìáôéê�í óõíÜñôçóéí h : [0;+∞) → [0;+∞) ì« limr→∞ h(r) = 0): ²Áò ðï�ìå
�ðßóçò �ôé �îáéôßáò á�ôï� �ñßæåôáé ô� �ëïêëÞñùìá ô�ò f ðÜíù ó« ìßáí (ì� öñáãìÝíçí)
êáìðýëçí 1 ðï� ðåñéÝ÷åôáé óô�í ëùñßäá êá� ä«í ðåñí¦ §ð' ô¥ óçìå�á óô¥ �ðï�á � f
ðáñïõóéÜæåé §íùìáëßáí, äçëáä� �ôé �ó÷ýåé

∫
1
|f(z)dz| < +∞: (®Åí ðñïêåéìÝíÿ, ì¦ò �í-

äéáöÝñïõí êáìðýëåò ì« ô�í �äéüôçôá ô� |=(1(t))| í¥ ôåßíåé óô� ©ðåéñïí êáè�ò ô� |t| ôåßíåé
óô� ©ðåéñïí, êá� ìÜëéóôá, ãé¥ í¥ ¨ðëïõóôåýóïõìå ô¥ ðñÜãìáôá, èåùñï�ìå êáìðýëåò ì«
ðáñáìÝôñçóéí <1(t)+it;−∞ < t < +∞): Ãé¥ í¥ �êôéìÞóïõìå ô� �ëïêëÞñùìá

∫
1
f(z)dz;

óô�í ðåñßðôùóéí ðï� � �ðïëïãéóìüò ôïõ ä«í ǻéíáé ©ìåóïò, ìðïñï�ìå í¥ äïêéìÜóïõìå í¥
ìåôáêéíÞóïõìå ô�í êáìðýëçí �ëïêëçñþóåùò.

Ìåôáêéíï�ìå ëïéð�í ô�í 1 ó« ìßáí êáìðýëçí 2 ì« ðáñüìïéåò �äéüôçôåò: èÝëïõìå
� 2 í¥ ǻéíáé ô�ò ìïñö�ò <2(t) + it;−∞ < t < +∞; í¥ âñßóêåôáé ìÝóá óô�í ëùñßäá
{�1 < <(z) < �2} êá� í¥ ì�í ðåñí¦ §ð' ô¥ óçìå�á óô¥ �ðï�á � f ðáñïõóéÜæåé §íùìáëßáí.
®ÅðéðëÝïí æçôï�ìå � 2 í¥ ì�í ôÝìíåé ô�í 1 ðïõèåíÜ. Ðáñáôçñï�ìå �ðåéôá ô¥ �î�ò: ²áí
�ó÷ýåé êá� �

∫
2
|f(z)dz| < +∞; ôüôå ãé¥ êÜèå " > 0 ìðïñï�ìå í¥ âñï�ìå êÜðïéï §ñêåô¥

ìåãÜëï M ì« ô�í �äéüôçôá∣∣ ∫
1

f(z)dz −
∫

[|=1|≤M ]

f(z)dz
∣∣; ∣∣ ∫

2

f(z)dz −
∫

[|=2|≤M ]

f(z)dz
∣∣ < ";

�ðïõ [|=1| ≤M ]; [|=2| ≤M ] ǻéíáé ï� êáìðýëåò-ðåñéïñéóìï� ô�í 1; 2 óô� �ðïäéÜóôçìá
[−M;M ]: ®Áð� ô�ò �ðïèÝóåéò ìáò ãé¥ ô�í f �÷ïõìå �ôé, ²áí I� ǻéíáé ô� å�èýãñáììïí
ôì�ìá ðï� óõíäÝåé ô¥ óçìå�á 1(�); 2(�); êá� ô� |� | ǻéíáé §ñêåô¥ ìåãÜëï �óôå á�ô� ô�
å�èýãñáììïí ôì�ìá í¥ ì�í ðåñí¦ §ð� ô�ò ìåìïíùìÝíåò §íùìáëßåò ô�ò f; ôüôå �ñßæåôáé ô�∫
I�
f(z)dz êá�∫

I�

|f(z)dz| ≤ sup
z∈I�

|f(z)| · ì�êïò(I� ) ≤ sup
�1<<(z)<�2
=(z)=�

|f(z)| · (�2 − �1) → 0
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êáè�ò ô� |� | ôåßíåé óô� ©ðåéñïí. ±Åðåôáé §ð� ô¥ ðáñáðÜíù �ôé ãé¥ ìåãÜëá M; � äéáöïñ¥∫
1
f(z)dz −

∫
2
f(z)dz ǻéíáé "−êïíô¥ óô� �ðéêáìðýëéïí �ëïêëÞñùìá ô�ò f ðÜíù óô�í

êáìðýëçí
cM := [|=1| ≤M ] + IM − [|=2| ≤M ]− I−M

(�ðïõ ì« − óõìâïëßæïõìå ô�í êáìðýëçí ì« ô�í §íôßèåôçí öïñÜí), §öï� �ó÷ýåé∫
cM

f(z)dz =
∫

[|=1|≤M ]

f(z)dz +
∫
IM

f(z)dz −
∫

[|=2|≤M ]

f(z)dz −
∫
I−M

f(z)dz:

±Ïìùò � cM ǻéíáé êëåéóô� êá� ¨ðë� êáìðýëç � �ðïßá ðåñéêëåßåé êÜðïéåò §ð� ô�ò ìåìïíù-
ìÝíåò §íùìáëßåò ô�ò f óô�í ëùñßäá {�1 < <(z) < �2}; ²áò ðï�ìå ô¥ óçìå�á a1; : : : ; as;
�ðïìÝíùò §ð� ô� èåþñçìá �ëïêëçñùôéê�í �ðïëïßðùí,∫

cM

f(z)dz = 2�i
s∑

j=1

Res(f; aj) �cM (aj) = ±2�i
s∑

j=1

Res(f; aj);

§íáëüãùò ²áí � êáìðýëç 2 âñßóêåôáé §ñéóôåñ¥ ²ç äåîé¥ ô�ò 1 óô� ìéãáäéê�í �ðßðåäïí.
Óõìðåñáßíïõìå ôåëéê�ò �ôé∫
1

f(z)dz = lim
M→∞

∫
[|=1|≤M ]

f(z)dz

= lim
M→∞

(∫
cM

f(z)dz −
∫
IM

f(z)dz +
∫

[|=2|≤M ]

f(z)dz +
∫
I−M

f(z)dz

)

= ±2�i
s∑

j=1

Res(f; aj) +
∫
2

f(z)dz;

�ðïõ, óô�í ôåëåõôáßáí �óüôçôá, a1; : : : ; as ǻéíáé �ëåò ï� ìåìïíùìÝíåò §íùìáëßåò ô�ò f ï�
�ðï�åò âñßóêïíôáé §íÜìåóá óô�ò êáìðýëåò 1; 2; �íÿ ô� ðñüóçìïí ìðñïóô¥ §ð� ô¥ �ëï-
êëçñùôéê¥ �ðüëïéðá ǻéíáé èåôéê�í ²áí � êáìðýëç 2 âñßóêåôáé §ñéóôåñ¥ ô�ò 1; §ñíçôéê�í
§ëëé�ò. Ðñïöáí�ò, � ôå÷íéê� á�ô� ì¦ò äéåõêïëýíåé í¥ �ðïëïãßóïõìå ô� �ëïêëÞñùìá∫
1
f(z)dz ó« ðåñéðôþóåéò ðï� � §ðåõèåßáò �ðïëïãéóìüò ôïõ ǻéíáé ðé� äýóêïëïò §ð� ô�í

�ðïëïãéóì�í ôï�
∫
2
f(z)dz êá� ô�í �ëïêëçñùôéê�í �ðïëïßðùí Res(f; aj); êá� ǻéíáé ðé-

èáí�í á�ô� í¥ óõìâáßíåé ²áí �ðéëÝîïõìå óùóô¥ ô�í êáìðýëçí 2:

Ãé¥ í¥ �îáóöáëßóïõí ï� Goldston êá� Yildirim �ôé � ðïóüôçò ðï� èÝëïõìå í¥ �ëïêëç-
ñþóïõìå óô�í (4:30) öèßíåé §ñêåô¥ ãñÞãïñá �óôå í¥ �öáñìüóïõí ô�í ðáñáðÜíù ôå÷íéêÞí,
êáôÝöõãáí óô� ðáñáêÜôù ë�ììá ô� �ðï�ïí ìåëåô¦ ô�í óõìðåñéöïñ¥í ô�ò óõíáñôÞóåùò �
ôï� Riemann ó« ìßáí ðåñéï÷�í � �ðïßá ä«í ðåñéÝ÷åé ñ̄ßæåò ô�ò óõíáñôÞóåùò §ëë¥ ðåñéÝ-
÷åé ô�í ìïíáäéêüí ôçò ðüëïí. ¯Ç §ðüäåéîéò ôï� ëÞììáôïò ä«í ǻéíáé óôïé÷åéþäçò, §ðáéôå�
óïâáñ�í ìåëÝôçí ô�ò � óõíáñôÞóåùò, êá� ãé' á�ô� îåöåýãåé §ð� ôï�ò óôü÷ïõò á�ô�ò ô�ò
�ñãáóßáò.
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Ë�ììá 4.3.11. Ìßá §ð� ô�ò êëáóóéê«ò ðåñéï÷«ò ôï� ìéãáäéêï� �ðéðÝäïõ ðï� ä«í ðåñéÝ-
÷ïõí ñ̄ßæåò ô�ò � óõíáñôÞóåùò ǻéíáé � êëåéóô� ðåñéï÷�

Z :=
{
s ∈ C : 10 ≥ <s ≥ 1− �

log(|=s|+ 2)
}
;

�ðïõ � ǻéíáé êÜðïéá ìéêñ� óôáèåñ¥ ∈ (0; 1) : ìðïñï�ìå í¥ §ðïäåßîïõìå �ôé ²áí ô� � ǻéíáé
§ñêåô¥ ìéêñüí, � � óõíÜñôçóéò ä«í ìçäåíßæåôáé êá� ǻéíáé ìåñüìïñöç óô�í Z; ì' �íáí
¨ðë�í ðüëïí óô� 1 êá� êáììßáí ©ëëçí §íùìáëßáí. ®ÅðéðëÝïí, �ó÷ýïõí ô¥ öñÜãìáôá

�(s)− 1
s− 1

= O(log(|=s|+ 2)) êá�
1
�(s)

= O(log(|=s|+ 2))

ãé¥ êÜèå s ∈ Z:

®Áðüäåéîéò. ÐáñáðÝìðïõìå óô� âéâëßïí ôï� Titchmarsh ([36];ÊåöÜëáéïí 3):

4.3.3 ®Áðüäåéîéò ôï� ëÞììáôïò ô�í Goldston êá� Yildirim

Èåùñï�ìå R0 ≥ 2;m ≥ 1 êá� � > 0 �ðùò óô�í äéáôýðùóéí ôï� ËÞììáôïò 4:3:8 (è¥
äï�ìå óô�í óõíÝ÷åéáí ðüóï ìåãÜëï ðñÝðåé í¥ ǻéíáé ô� R0 ó« ó÷Ýóéí ì« ô¥ m êá� �):
Óôáèåñïðïéï�ìå �ðßóçò êÜðïéï � > 0 �óôå í¥ �ó÷ýïõí ô¥ óõìðåñÜóìáôá ôï� ËÞììáôïò
4:3:11: Ìðïñï�ìå í¥ �ðïèÝóïõìå �ôé ô� � ǻéíáé §ñêåô¥ ìéêñ�í �óôå � ðåñéï÷� Z ðï�
�ñßæåôáé óô� ë�ììá í¥ ðåñéÝ÷åôáé óô�í {1−� < <(s) < 101}: Óô� �î�ò, �ëåò ï� óôáèåñ«ò
ðï� è¥ ðñïêýøïõí è¥ ìðïñï�í í¥ �îáñô�íôáé §ð� ô¥ � êá� � ÷ùñ�ò á�ô� í¥ §íáöÝñåôáé.

®Åêô�ò ô�í �ëïêëçñùìÜôùí ðÜíù óô�í êáìðýëçí ΓR0 ðï� �ìöáíßæïíôáé óô� §ñéóôåñ�í
ìÝëïò ô�ò (4:30); è¥ ÷ñåéáóôå� í¥ èåùñÞóïõìå êá� �ëïêëçñþìáôá ðÜíù ó« äýï §êüìç
êáìðýëåò ìÝóá óô�í ðåñéï÷�í D� := {s ∈ C : −� < <(s) < 100}; ô�ò Γ0 êá� Γ1 ì«
ðáñáìåôñÞóåéò

Γ0(t) := − �

log(|t|+ 2)
+ it; −∞ < t < +∞

Γ1(t) := 1 + it; −∞ < t < +∞:

(4.40)

(Ì¦ò �íäéáöÝñåé ï� êáìðýëåò í¥ ðåñéÝ÷ïíôáé óô�í D�; �ðåéä� óýìöùíá ì« ô�í ¯Ïñéóì�í
4:3:6 êá� ô�í äéáôýðùóéí ôï� ËÞììáôïò 4:3:8; � óõíÜñôçóéò G ôï� ëÞììáôïò �ñßæåôáé óô�í

ðåñéï÷�í Dm
� :=

∏2m
j=1D�:) ²Áò óçìåéþóïõìå �ôé � Γ0 ǻéíáé ô� §ñéóôåñ�í óýíïñïí ô�ò

Z − 1 (êá� âñßóêåôáé �ðïìÝíùò óô¥ §ñéóôåñ¥ ô�ò §ñ÷�ò ô�í §îüíùí), �íÿ ï� ΓR0 ;Γ1 ǻéíáé
êáôáêüñõöåò ãñáìì«ò óô¥ äåîé¥ ô�ò §ñ÷�ò ô�í §îüíùí. ¯Ç ÷ñçóéìüôçò ô�ò êáìðýëçò
Γ1 �ãêåéôáé óô�í ðáñáôÞñçóéí �ôé � �(1 + z + z′) ä«í �÷åé ðüëïõò �ôáí z ∈ Z − 1 êá�
z′ ∈ Γ1: Ä«í è¥ �ðïëïãßóïõìå �ìùò êáíÝíá �ëïêëÞñùìá ðÜíù óô�í Γ1: ®ÁíôéèÝôùò, è¥
÷ñçóéìïðïéÞóïõìå ô¥ �î�ò óôïé÷åéþäç öñÜãìáôá:
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Ë�ììá 4.3.12. °Åóôù B ì� §ñíçôéê� óôáèåñÜ. ®Éó÷ýïõí ï� �êôéìÞóåéò∫
Γ0

logB(|z|+ 2)
∣∣∣Rz

0dz

z2

∣∣∣ ≤ OB

(
e−�

√
logR0

)
;(4.41) ∫

ΓR0

logB(|z|+ 2)
∣∣∣Rz

0dz

z2

∣∣∣ ≤ OB(logR0);(4.42)

�ö' �óïí ô� R0 ǻéíáé §ñêåô¥ ìåãÜëï ó« ó÷Ýóéí ì« ô� B: ®Åä� � = �(B; �) > 0 ǻéíáé ìßá
óôáèåñ¥ §íåîÜñôçôç ôï� R0:

®Áðüäåéîéò. Ãé¥ ô�í (4:41) ãñÜöïõìå∫
Γ0

logB(|z|+ 2)
∣∣∣Rz

0dz

z2

∣∣∣ = ∫ +∞

−∞
logB(|Γ0(t)|+ 2)R<(Γ0(t))

0 |Γ0(t)|−2|Γ′0(t)|dt:

®Áð� ô�í ôýðïí (4:40) ô�ò Γ0 �ðåôáé �ôé Γ′0(t) = O(1) êá� |t| + � � |Γ0(t)| � |t|; ©ñá
�÷ïõìå ãé¥ êÜèå §ñêåô¥ ìåãÜëï T ≥ 2;∫

Γ0

logB(|z|+ 2)
∣∣∣Rz

0dz

z2

∣∣∣ ≤ OB(1)
∫ +∞

0

R
−�=(log(t+2))
0

logB(t+ 2)
(t+ �)2

dt

≤ OB(1)
(
logB T

∫ T

0

R
−�=(log(t+2))
0 dt+

∫ +∞

T

logB t
t2

dt
)

≤ OB(1)
(
logB T

∫ T

0

R
−�= log T
0 dt+

[
−t−1 logB t

]+∞
T

)
= OB(1)

(
T logB T exp(−� logR0= log T ) + T−1 logB T

)
:(4.43)

Ãé¥ í¥ öñÜîïõìå ô� �ëïêëÞñùìá
∫ +∞
T

logB t
t2 dt �ôáí B > 0; ÷ñçóéìïðïéï�ìå �ëïêëÞñùóéí

êáô¥ ðáñÜãïíôåò, äçëáä� ãñÜöïõìå∫ +∞

T

logB t
t2

dt =
∫ +∞

T

(−t−1)′ logB tdt =
[
−t−1 logB t

]+∞
T

+
∫ +∞

T

B logB−1 t

t2
dt;

êá� �ðåéôá ðáñáôçñï�ìå �ôé ãé¥ êáôÜëëçëá ìåãÜëá t ≥ T �B 1 �ó÷ýåé B= log t ≤ 1=2;
©ñá B logB−1 t

t2 ≤ logB t
2t2 êá�

1
2

∫ +∞

T

logB t
t2

dt ≤
∫ +∞

T

logB t
t2

dt−
∫ +∞

T

B logB−1 t

t2
dt =

[
−t−1 logB t

]+∞
T

:

®ÅðéëÝãïíôáò ôþñá T := exp
(√

� logR0=2
)
; �óôå ï� äýï ðñïóèåôÝïé óô�í (4:43) í¥

ǻéíáé �óïé, âëÝðïõìå �ôé ô� ©èñïéóìÜ ôïõò öñÜóóåôáé §ð�

(� logR0)B=2 exp
(
−
√
� logR0=2

)
= OB

(
e−�

√
logR0

)
:
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Óçìåßùóéò. ÂëÝðïõìå §ð� ô¥ ðáñáðÜíù �ôé ô� R0 ðñÝðåé í¥ ǻéíáé §ñêåô¥ ìåãÜëï ó«
ó÷Ýóéí ì« ô� B �óôå �ôáí �ðéëÝãïõìå T = exp

(√
� logR0=2

)
; ô� T á�ô� í¥ ǻéíáé ìåôáî�

ô�í �ðéôñåðô�í. ÄåäïìÝíïõ �ôé óô¥ �ðüìåíá ëÞììáôá è¥ �ðéêáëåóôï�ìå ô�í (4:41) ìüíïí
ãé¥ B = 0 ²ç B = 2; ô� ðüóï ìåãÜëï è¥ ðñÝðåé í¥ ǻéíáé ô� R0 è¥ �îáñô¦ôáé ôåëéê�ò §ð�
ô¥ m;� êá� �; ©ñá §ð� ô¥ m êá� �:

Ãé¥ ô�í (4:42); ðáñáôçñï�ìå �ôé ô� |Rz
0| ǻéíáé óôáèåñ�í ðÜíù óô�í ΓR0 ; |Rz

0| = e; êá�
�ôé |t|+ 1= logR0 � |ΓR0(t)| � |t|; �ðïìÝíùò∫

ΓR0

logB(|z|+ 2)
∣∣∣Rz

0dz

z2

∣∣∣ ≤ OB(1)
∫ +∞

0

logB(t+ 2)
(t+ 1= logR0)2

dt

≤OB(1)
(
logB

(
2 + 1= logR0

) ∫ 1
logR0

0

1
(t+ 1= logR0)2

dt+
∫ +∞

1
logR0

logB(t+ 2)
t2

dt
)

≤OB(1)
(
logB

(
2 + 1= log 2

)
logR0 +

∫ TB

1
logR0

logB(t+ 2)
t2

dt+
∫ +∞

TB

logB t
t2

dt
)
;

(4.44)

�ðïõ TB ǻéíáé � �ëÜ÷éóôïò ðñáãìáôéê�ò ≥ 2 ãé¥ ô�í �ðï�ïí �ó÷ýåé B= log(TB) ≤ 1=2; êá�
êáô¥ óõíÝðåéáí, �ðùò å�äáìå ðñïçãïõìÝíùò,

∫ +∞
TB

logB t
t2 dt ≤ 2T−1

B logB(TB): ±Åðåôáé �ôé
� (4:44) ǻéíáé

≤ OB(1)
(
logB

(
2 + 1= log 2

)
logR0 + logB(TB + 2)

∫ TB

1
logR0

t−2dt+ 2T−1
B logB(TB)

)
≤ OB(1)

(
logB

(
2 + 1= log 2

)
logR0 + logB(TB + 2) logR0 +OB(1)

)
= OB(logR0):

Ô� �ðüìåíïí ë�ììá ǻéíáé êáô' ï�óßáí � ðåñßðôùóéò m = 1 ôï� ËÞììáôïò 4:3:8:

Ë�ììá 4.3.13. °Åóôù f(z; z′) §íáëõôéê� óõíÜñôçóéò óô�í ðåñéï÷�í D1
�: ¯ÕðïèÝôïõìå

�ôé �ðÜñ÷åé óôáèåñ¥ C > 0 �óôå í¥ �ó÷ýåé

|f(z; z′)| ≤ exp(C log1=3R0)

�ìïéüìïñöá ó« á�ô�í ô�í ðåñéï÷Þí. Ôüôå ô� �ëïêëÞñùìá

I :=
1

(2�i)2

∫
ΓR0

∫
ΓR0

f(z; z′)
�(1 + z + z′)

�(1 + z)�(1 + z′)
Rz+z′

0

z2z′2
dzdz′

�êáíïðïéå� ô�í �êôßìçóéí

I = f(0; 0) logR0 +
@f

@z′
(0; 0) +

1
2�i

∫
Γ0

f(z;−z) dz

�(1 + z)�(1− z)z4
+O(e−�

√
logR0)
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ãé¥ êÜðïéáí � = �(�) > 0 §íåîÜñôçôçí ôï� R0; �ö' �óïí ô� R0 ǻéíáé §ñêåô¥ ìåãÜëï ó«
ó÷Ýóéí ì« ô� � êá� ô�í óôáèåñ¥í C:

®Áðüäåéîéò. Ðáñáôçñï�ìå êáôáñ÷¥ò �ôé, �îáéôßáò ôï� ËÞììáôïò 4:3:11; � ðïóüôçò ìÝóá
óô� �ëïêëÞñùìá I öèßíåé §ñêåô¥ ãñÞãïñá óô�í ðåñéï÷�í D1

� êáè�ò |=(z)|; |=(z′)| →
∞; �óôå í¥ �ðéôñÝðåôáé í¥ §ëëÜîïõìå ô�í óåéñ¥í ô�í �ðéêáìðõëßùí �ëïêëçñùìÜôùí, ²ç
í¥ ìåôáêéíÞóïõìå ô�í êáìðýëçí �ëïêëçñþóåùò �ò ðñ�ò êáèåìßáí §ð� ô�ò ìåôáâëçô«ò
z; z′ �íÿ êñáôï�ìå óôáèåñ�í ô�í ôéì�í ô�ò ©ëëçò ìåôáâëçô�ò. Ô� ìüíïí ðï� ðñÝðåé í¥
ðñïóÝîïõìå ǻéíáé ²áí §íÜìåóá óô�í §ñ÷éê�í êáìðýëçí ΓR0 êá� ô�í êáìðýëçí óô�í �ðïßáí
ìåôáêéíïýìáóôå âñßóêåôáé êÜðïéïò §ð� ôï�ò ðüëïõò ô�ò óõíáñôÞóåùò

h(z; z′) :=
�(1 + z + z′)

�(1 + z)�(1 + z′)
Rz+z′

0

z2z′2
:

ÓõãêåêñéìÝíá ìðïñï�ìå í¥ ãñÜøïõìå

∫
ΓR0

∫
ΓR0

f(z; z′)
�(1 + z + z′)

�(1 + z)�(1 + z′)
Rz+z′

0

z2z′2
dzdz′

=
∫

Γ1

∫
ΓR0

f(z; z′)
�(1 + z + z′)

�(1 + z)�(1 + z′)
Rz+z′

0

z2z′2
dzdz′;

äçëáä� í¥ ìåôáêéíçèï�ìå §ð� ô�í êáìðýëçí ΓR0 �ò ðñ�ò ô�í ìåôáâëçô�í z
′ óô�í êáìðýëçí

Γ1; §öï� �ôóé ä«í óõíáíôï�ìå êáíÝíáí §ð� ôï�ò ðüëïõò ô�ò ðïóüôçôïò ðï� �ëïêëçñþ-
íïõìå.

²Áò óôáèåñïðïéÞóïõìå ôþñá êÜðïéï z′0 ∈ Γ1; êá� ²áò èåùñÞóïõìå ô�í ðïóüôçôá f(z; z′0)·
h(z; z′0); � �ðïßá ǻéíáé ìåñüìïñöç óõíÜñôçóéò ô�ò ìåôáâëçô�ò z ∈ {−� < <(s) < 100}:
ÈÝëïõìå í¥ ìåôáêéíÞóïõìå ô�í êáìðýëçí �ëïêëçñþóåùò ΓR0 �ò ðñ�ò ô�í ìåôáâëçô�í z
óô�í êáìðýëçí Γ0; êá� êÜíïíôÜò ôï á�ô� óõíáíôï�ìå ìüíïí �íáí ¨ðë�í ðüëïí ô�ò óõíáñ-
ôÞóåùò h(z; z′0) óô� óçìå�ïí z = 0 (á�ô�ò ðñïêýðôåé �ðåéä� � óõíÜñôçóéò 1=z2 �÷åé äéðë�í
ðüëïí óô� z = 0; �íÿ � 1=�(1 + z) �÷åé ñ̄ßæáí ðïëëáðëüôçôïò 1). Ï� �ðüëïéðïé ðáñÜãï-
íôåò ô�ò h(z; z′0) ä«í �÷ïõí §íùìáëßåò óô�í ðåñéï÷�í ðï� �ñéïèåôï�í ï� äýï êáìðýëåò, ãé¥
ðáñÜäåéãìá, �ðùò �äç �÷ïõìå ðáñáôçñÞóåé, � óõíÜñôçóéò �(1 + z + z′) ä«í �÷åé ðüëïõò
�ôáí z ∈ Z − 1 êá� z′ ∈ Γ1: Ô� �ëïêëçñùôéê�í �ðüëïéðïí ô�ò óõíáñôÞóåùò (fh)(z; z′0)

óô� óçìå�ïí z = 0 ǻéíáé �óïí ì« f(0; z′0)
R
z′0
0
z′20

; ©ñá, �ðùò �îçãÞóáìå óô�í ðñïçãïõìÝíçí

�ðïåíüôçôá, �ó÷ýåé I = I1 + I2 �ðïõ

I1 :=
1

(2�i)2

∫
Γ1

2�i ·Res
(
(fh)(·; z′); 0

)
dz′ =

1
2�i

∫
Γ1

f(0; z′)
Rz′

0

z′2
dz′

I2 :=
1

(2�i)2

∫
Γ1

∫
Γ0

f(z; z′)
�(1 + z + z′)

�(1 + z)�(1 + z′)
Rz+z′

0

z2z′2
dzdz′:
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Ãé¥ í¥ �êôéìÞóïõìå ô� �ëïêëÞñùìá I1; ìåôáêéíï�ìå ô�í êáìðýëçí �ëïêëçñþóåùò óô�í

Γ0: ÐÜëé óõíáíôï�ìå §êñéâ�ò �íáí ðüëïí ô�ò óõíáñôÞóåùò Rz
′

0
z′2 ; �íáí äéðë�í ãé¥ z′ = 0:

Ô� �ëïêëçñùôéê�í �ðüëïéðïí �êå� ǻéíáé �óïí ì« f(0; 0) logR0 + @f
@z′ (0; 0); êá� óõíåð�ò

I1 = f(0; 0) logR0 +
@f

@z′
(0; 0) +

1
2�i

∫
Γ0

f(0; z′)
Rz′

0

z′2
dz′

= f(0; 0) logR0 +
@f

@z′
(0; 0) +O

(
e−�

√
logR0

)
;

�ðïõ � ôåëåõôá�ïò �ñïò ðñïêýðôåé �îáéôßáò ôï� öñÜãìáôïò ãé¥ ô�í f êá� ô�ò §íéóüôçôïò
(4:41) (óô�í ðåñßðôùóéí B = 0): ÐñÜãìáôé, �÷ïõìå �ôé∣∣ ∫

Γ0

f(0; z′)
Rz′

0

z′2
dz′
∣∣ ≤ sup

z′∈Γ0

|f(0; z′)| ·
∫

Γ0

∣∣∣Rz′

0

z′2
dz′
∣∣∣ ≤ exp(C log1=3R0) ·O

(
e−�

′√logR0
)

�ðïõ �′ > 0 óôáèåñ¥ ðï� �îáñô¦ôáé ìüíïí §ð� ô� �; �ðüôå ìðïñï�ìå í¥ èåùñÞóïõìå �ôé
ô� R0 ǻéíáé §ñêåô¥ ìåãÜëï ó« ó÷Ýóéí ì« ô� �′(�) êá� ô� C �óôå í¥ �ó÷ýåé

exp(C log1=3R0) ·O
(
e−�

′√logR0
)
≤ O

(
e−

�′

2
√

logR0
)
:

Ãé¥ í¥ �êôéìÞóïõìå ô� �ëïêëÞñùìá I2; §ëëÜæïõìå ô�í óåéñ¥í ô�í äéáäï÷éê�í �ðéêá-
ìðõëßùí �ëïêëçñùìÜôùí êáß, óôáèåñïðïé�íôáò ô�í ìåôáâëçô�í z; èåùñï�ìå ô�í ðïóüôçôá
ðï� �ëïêëçñþíïõìå �ò ìåñüìïñöçí óõíÜñôçóéí ô�ò ìåôáâëçô�ò z′: ÓõãêåêñéìÝíá ãé¥ êÜèå
óôáèåñïðïéçìÝíïí z0 ∈ Γ0; ðáñáôçñï�ìå �ôé � óõíÜñôçóéò f(z0; z′) · h(z0; z′); z′ ∈ {−� <
<(s) < 100}; öèßíåé §ñêåô¥ ãñÞãïñá êáè�ò |=(z′)| → ∞; ©ñá ìðïñï�ìå í¥ ìåôáêéíÞóïõìå
ô�í êáìðýëçí Γ1 óô�í êáìðýëçí Γ0: ÊÜíïíôÜò ôï á�ôü, óõíáíôï�ìå äýï ¨ðëï�ò ðüëïõò
ô�ò óõíáñôÞóåùò h(z0; z′); �íáí óô� óçìå�ïí z′ = −z0 êá� �íáí óô� z′ = 0: Ô� �ëïêëç-

ñùôéê�í �ðüëïéðïí óô�í ðñ�ôïí ðüëïí ǻéíáé �óïí ì« f(z0;−z0)
(
�(1 + z0)�(1− z0)z4

0

)−1
;

�ðüôå óô�í �ðïëïãéóìüí ìáò ãé¥ ô� I2 è¥ ì¦ò äþóåé ô�í �ñïí

1
2�i

∫
Γ0

f(z;−z) dz

�(1 + z)�(1− z)z4
;

� �ðï�ïò ǻéíáé �íáò §ð� ôï�ò �ñïõò óô�í æçôïõìÝíçí �êôßìçóéí ãé¥ ô� I:
Ì« �ìïéïí ôñüðïí, ô� �ëïêëçñùôéê�í �ðüëïéðïí ô�ò (fh)(z0; z′) óô� óçìå�ïí z′ = 0

è¥ ì¦ò äþóåé ô�í �ñïí
1

2�i

∫
Γ0

f(z; 0)
Rz

0

z2
dz:

®Áêñéâ�ò �ðùò óôï�ò �ðïëïãéóìï�ò ãé¥ ô� I1; ìðïñï�ìå í¥ äåßîïõìå �ôé á�ô�ò ǻéíáé

O
(
e−�

√
logR0

)
ãé¥ êÜðïéï � ðï� �îáñô¦ôáé ìüíïí §ð� ô� � êá� ãé¥ §ñêåô¥ ìåãÜëá R0: Ô�

I2 �óï�ôáé ì« ô� ©èñïéóìá ô�í äýï ðáñáðÜíù �ñùí êá� ôï� �ñïõ

(4.45)
1

(2�i)2

∫
Γ0

∫
Γ0

f(z; z′)
�(1 + z + z′)

�(1 + z)�(1 + z′)
Rz+z′

0

z2z′2
dzdz′:
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Ãé¥ í¥ �êôéìÞóïõìå ô�í ôåëåõôá�ïí �ñïí, ðáñáôçñï�ìå �ôé §ð� ô�ò �ðïèÝóåéò ìáò |f | ≤
exp(C log1=3R0); �íÿ

�(1+z+z′)
�(1+z)�(1+z′) = O(1) log2(|=(z)|+2) log2(|=(z′)|+2) §ð� ô� Ë�ììá

4:3:11: °Áñá, �öáñìüæïíôáò ô�í §íéóüôçôá (4:41) äéáäï÷éê¥ ãé¥ ô�ò ìåôáâëçô«ò z êá� z′

(óô�í ðåñßðôùóéí ðï� B = 2); óõìðåñáßíïõìå �ôé

(4:45) = O
(
e−�

√
logR0

)
ãé¥ êÜðïéï � ðï� �îáñô¦ôáé ìüíïí §ð� ô� � êá� ãé¥ §ñêåô¥ ìåãÜëá R0:

ÐëÝïí, �÷ïõìå �îéóþóåé ô¥ I1; I2 ì« ðïóüôçôåò ðï� äéáöÝñïõí §ð� á�ô¥ ìüíïí êáô¥

�íáí �ñïí-óöÜëìá ô�ò ôÜîåùò O
(
e−�

√
logR0

)
: ®Áèñïßæïíôáò á�ô«ò ô�ò ðïóüôçôåò, �÷ïõìå

ô�í æçôïõìÝíçí �êôßìçóéí ãé¥ ô� I:

®Áðüäåéîéò ôï� ËÞììáôïò 4:3:8: °Åóôù G = G(z; z′) §íáëõôéê� óõíÜñôçóéò 2m ìéãáäéê�í
ìåôáâëçô�í ðï� �ñßæåôáé óô�í ðåñéï÷�í Dm

� êá� �êáíïðïéå� ô� öñÜãìá (4:29): ÈÝëïõìå í¥
�êôéìÞóïõìå ô¥ äéáäï÷éê¥ �ëïêëçñþìáôá

I(G;m) :=
1

(2�i)m

∫
ΓR0

· · ·
∫

ΓR0

G(z; z′)
m∏
j=1

�(1 + zj + z′j)
�(1 + zj)�(1 + z′j)

R
zj+z

′
j

0

z2
j z
′2
j

dzjdz
′
j

äåß÷íïíôáò �ôé

I(G;m) = G(0; : : : ; 0) logmR0 +
m∑
j=1

O
(
‖G‖Cj(Dm� ) logm−jR0

)
+O

(
e−�

√
logR0

)
(�ëåò ï� óôáèåñ«ò ðï� �ðïíïï�íôáé §ð� ô�í óõìâïëéóì�í O è¥ �ðéôñÝðåôáé í¥ �îáñô�íôáé
§ð� ô¥ m;� êá� � ÷ùñ�ò á�ô� í¥ §íáöÝñåôáé).

¯Ç §ðüäåéîéò è¥ ãßíåé ì« �ðáãùã�í óô� m : � ðåñßðôùóéò m = 1 ǻéíáé óõíÝðåéá ôï�
ðñïçãïõìÝíïõ ëÞììáôïò, §ñêå� í¥ �êôéìÞóïõìå ô�í �ñïí

1
2�i

∫
Γ0

G(z1;−z1)
dz1

�(1 + z1)�(1− z1)z4
1

:

±Ïìùò §ð� ô�ò �êôéìÞóåéò óô� Ë�ììá 4:3:11 êá� ô�í �ñéóì�í (4:40) ô�ò êáìðýëçò Γ0;
âëÝðïõìå �ôé

(4.46)

∫
Γ0

∣∣∣ dz1
�(1 + z1)�(1− z1)z4

1

∣∣∣ = O(1);

êá� �ôóé � ðáñáðÜíù �ñïò ǻéíáé O(sup(z;z′)∈D1
�
|G(z; z′)|) = O(‖G‖C1(D1

�)):

²Áò �ðïèÝóïõìå ôþñá �ôé �÷ïõìå äåßîåé ô� æçôïýìåíïí ãé¥ êÜðïéï m ≥ 1: ®Åöáñìü-
æïíôáò ô� Ë�ììá 4:3:13 óô�ò ìåôáâëçô«ò zm+1; z

′
m+1; âñßóêïõìå �ôé ô� I(G;m+ 1) ǻéíáé
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�óïí ì«

logR0

(2�i)2m

∫
ΓR0

· · ·
∫

ΓR0

G(z1; : : : ; zm; 0; z′1; : : : ; z
′
m; 0)

m∏
j=1

�(1 + zj + z′j)
�(1 + zj)�(1 + z′j)

R
zj+z

′
j

0

z2
j z
′2
j

dzjdz
′
j

+
1

(2�i)2m

∫
ΓR0

· · ·
∫

ΓR0

H(z1; : : : ; zm; z′1; : : : ; z
′
m)

m∏
j=1

�(1 + zj + z′j)
�(1 + zj)�(1 + z′j)

R
zj+z

′
j

0

z2
j z
′2
j

dzjdz
′
j

+O
(
e−�

√
logR0

)
= I
(
G(z1; : : : ; zm; 0; z′1; : : : ; z

′
m; 0);m

)
logR0 + I(H;m) +O

(
e−�

√
logR0

)
;

�ðïõ � > 0 êá� H : Dm
� → C ǻéíáé � §íáëõôéê� óõíÜñôçóéò

(4.47) H(z1; : : : ; zm; z′1; : : : ; z
′
m) :=

@G

@z′m+1

(z1; : : : ; zm; 0; z′1; : : : ; z
′
m; 0)

+
1

2�i

∫
Γ0

G(z1; : : : ; zm; zm+1; z
′
1; : : : ; z

′
m;−zm+1)

dzm+1

�(1 + zm+1)�(1− zm+1)z4
m+1

:

¯Ï �ñïò-óöÜëìá O
(
e−�

√
logR0

)
ðñïêýðôåé §ð� ô�í §íôßóôïé÷ïí �ñïí óô� Ë�ììá 4:3:13

êá� 2m �öáñìïã«ò ô�ò §íéóüôçôïò (4:42): ÐñÜãìáôé, ãé¥ í¥ öñÜîïõìå ô� �ëïêëÞñùìá

(4.48)
1

(2�i)2m

∫
ΓR0

· · ·
∫

ΓR0

O
(
e−�0

√
logR0

) m∏
j=1

�(1 + zj + z′j)
�(1 + zj)�(1 + z′j)

R
zj+z

′
j

0

z2
j z
′2
j

dzjdz
′
j

ðï� �ìöáíßæåôáé óô�í �êôßìçóéí ãé¥ ô� I(G;m + 1) ìåô¥ ô�í �öáñìïã�í ôï� ËÞììáôïò
4:3:13 óô�ò ìåôáâëçô«ò zm+1; z

′
m+1; §ñêå� í¥ ðáñáôçñÞóïõìå �ôé §ð� ô�ò �êôéìÞóåéò óô�

Ë�ììá 4:3:11; ãé¥ êÜèå 1 ≤ j ≤ m êá� ãé¥ êÜèå zj ; z
′
j ∈ ΓR0 �ó÷ýåé

∣∣∣ �(1 + zj + z′j)
�(1 + zj)�(1 + z′j)

∣∣∣
≤O(log(|=(zj)|+ 2))O(log(|=(z′j)|+ 2))

(
1

|zj + z′j |
+O(log(|=(zj + z′j)|+ 2))

)
≤O(log(|zj |+ 2))O(log(|z′j |+ 2))

(
logR0=2 +O(log(|zj |+ 2) log(|z′j |+ 2))

)
;
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äåäïìÝíïõ �ôé |zj + z′j | ≥ |<(zj + z′j)| = 2= logR0: Å̄ðïìÝíùò,

∣∣∣ 1
(2�i)2

∫
ΓR0

∫
ΓR0

�(1 + zj + z′j)
�(1 + zj)�(1 + z′j)

R
zj+z

′
j

0

z2
j z
′2
j

dzjdz
′
j

∣∣∣
≤ logR0

(∫
ΓR0

O(log(|zj |+ 2))
∣∣∣Rzj

0 dzj
z2
j

∣∣∣)
∫

ΓR0

O(log(|z′j |+ 2))
∣∣∣Rz′j

0 dz
′
j

z′2j

∣∣∣


+

(∫
ΓR0

O(log2(|zj |+ 2))
∣∣∣Rzj

0 dzj
z2
j

∣∣∣)
∫

ΓR0

O(log2(|z′j |+ 2))
∣∣∣Rz′j

0 dz
′
j

z′2j

∣∣∣


=O(log3R0) +O(log2R0)

÷ñçóéìïðïé�íôáò ô�í §íéóüôçôá (4:42) óô�ò ðåñéðôþóåéò B = 1 ²ç 2, êá� ôåëéê�ò

(4:48) = O
(
e−�0

√
logR0

)
Om(log3mR0) = O

(
e−

�0
2
√

logR0
)

ãé¥ §ñêåô¥ ìåãÜëá R0 ó« ó÷Ýóéí ì« ô� m:

ÌÝíåé í¥ �êôéìÞóïõìå ô¥ I
(
G(z1; : : : ; zm; 0; z′1; : : : ; z

′
m; 0);m

)
êá� I(H;m) : êá� ï�

äýï óõíáñôÞóåéò ǻéíáé §íáëõôéê«ò 2m ìåôáâëçô�í óô�í ðåñéï÷�í Dm
� : ÓõíäõÜæïíôáò ô�í

�êôßìçóéí (4:46) ì« ô�í �ñéóì�í (4:47) ô�ò H; âëÝðïõìå �ôé

‖H‖Cj(Dm� ) = Om

(
‖G‖Cj+1(Dm+1

� )

)
ãé¥ êÜèå 0 ≤ j ≤ m:

°Áñá, �ðéêáëïýìåíïé ô�í �ðáãùãéê�í �ðüèåóéí, ìðïñï�ìå í¥ êáôáëÞîïõìå óô� óõìðÝñá-
óìá �ôé I(G;m+ 1) =

G(0; : : : ; 0)(logR0)m+1+
m∑
j=1

Om

(
‖G(·; 0; ·; 0)‖Cj(Dm� )(logR0)m+1−j)

+H(0; : : : ; 0)(logR0)m+
m∑
j=1

Om

(
‖H‖Cj(Dm� )(logR0)m−j

)
+O

(
e−�

√
logR0

)
= G(0; : : : ; 0)(logR0)m+1+

m∑
j=1

Om

(
‖G‖Cj(Dm+1

� )(logR0)m+1−j)
+H(0; : : : ; 0)(logR0)m+

m∑
j=1

Om

(
‖G‖Cj+1(Dm+1

� )(logR0)m−j
)

+O
(
e−�

√
logR0

)
= G(0; : : : ; 0)(logR0)m+1+

m+1∑
j=1

Om

(
‖G‖Cj(Dm+1

� )(logR0)m+1−j)+O
(
e−�

√
logR0

)
;

ðï� ǻéíáé ô� æçôïýìåíïí.
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4.4 Ï� óõíè�êåò ãñáììéê�í ìïñö�í êá� óõó÷åôéóìï� ãé¥ ô� �

±Ïðùò å�ðáìå óô�í ÐáñáôÞñçóéí 1:1:5 ìåô¥ ô�í äéáôýðùóéí ô�ò óõíèÞêçò ãñáììéê�í
ìïñö�í, ô� �ôé � óõíÜñôçóéò � : ZN → R+ �êáíïðïéå� ô�í �êôßìçóéí E(�) = 1 + o(1); äç-
ëáä� ô� �ôé � � ǻéíáé ìÝôñïí óýìöùíá ì« ô�í ¯Ïñéóì�í 1:1:3 ðï� �÷ïõìå äþóåé, ǻéíáé ¨ðë�ò
ìßá �ðïðåñßðôùóéò ô�ò (k·2k−1; 3k−4; k)−óõíèÞêçò ãñáììéê�í ìïñö�í, ô�í �ðïßáí ðñÝðåé
í¥ äåßîïõìå �ôé �êáíïðïéå� � �: Ðñ�ôá �ìùò è¥ äï�ìå ô�í âáóéê�í á�ô�í �ðïðåñßðôùóéí
ãé¥ í¥ êáôáëÜâïõìå ð�ò è¥ ÷ñçóéìïðïéçèå� � Ðñüôáóéò 4:3:3:

Ë�ììá 4.4.1. ¯Ç óõíÜñôçóéò � : ZN → R+ ôï� ¯Ïñéóìï� 4:3:1 ǻéíáé ìÝôñïí.

®Áðüäåéîéò. ÐñÝðåé í¥ äåßîïõìå �ôé E(�(x)|x ∈ ZN ) = 1+o(1): Ëüãÿ ôï� äéðëï� �ñéóìï�
ãé¥ ô�í �; ÷ñåéÜæåôáé í¥ óðÜóïõìå ô� �ëïêëÞñùìá óô¥ äýï. ²Áí BN := {n ∈ Z : �kN ≤
n ≤ 2�kN}; ôüôå ãé¥ §ñêåô¥ ìåãÜëá N ó« ó÷Ýóéí ì« ô� k è¥ �ó÷ýåé |BN | ≥ R10: ®Åöáñìü-
æïõìå ëïéð�í ô�í Ðñüôáóéí 4:3:3 ãé¥ ô¥ äéáóôÞìáôá BN ; ãé¥ m = t = 1 êá�  1(x1) = x1 :
ëáìâÜíïõìå �ôé

E
(

�(W )
W logR

Λ2
R(Wn+ 1)

∣∣n ∈ BN

)
= 1 + o(1):

ÄçëáäÞ, �îáéôßáò ôï� ¯Ïñéóìï� 4:3:1; óõìðåñáßíïõìå �ôé

E
(
�(x)|x ∈ [�kN; 2�kN ]

)
= 1 + o(1):

Ðñïöáí�ò, ðÜëé §ð� ô�í �ñéóì�í ô�ò �;

E
(
�(x)|x ∈ ZN \ [�kN; 2�kN ]

)
= 1:

°Áñá

E(�(x)|x ∈ ZN ) =
|[�kN; 2�kN ]|

N
E
(
�(x)|x ∈ [�kN; 2�kN ]

)
+
Í − |[�kN; 2�kN ]|

N
E
(
�(x)|x ∈ ZN \ [�kN; 2�kN ]

)
= 1 + o(1):

ÂëÝðïõìå �ðïìÝíùò, ó« á�ô�í ô�í ðïë� ¨ðë�í �öáñìïã�í ô�ò ÐñïôÜóåùò 4:3:3; �ôé
ãé¥ í¥ ô�í �ðéêáëåóôï�ìå �óôå í¥ äåßîïõìå ô�í óõíèÞêçí ãñáììéê�í ìïñö�í ãé¥ ô�í
óõíÜñôçóéí �; è¥ ÷ñåéÜæåôáé ó« êÜèå ðåñßðôùóéí í¥ äéáéñÝóïõìå ô� ðåäßïí �ëïêëçñþóåùò
Zm
N ó« ìéêñ¥ �ñèïãþíéá óô¥ �ðï�á ï� ôéì«ò ô�ò � è¥ äßíïíôáé §ð� �íáí ôýðïí, ðñïóÝ÷ïíôáò

�ìùò � �ãêïò ô�í �ñèïãùíßùí í¥ ǻéíáé §ñêåô¥ ìåãÜëïò ó« ó÷Ýóéí ì« ô�í ðáñÜìåôñïí R:
Á�ô� §êñéâ�ò �ðé÷åéñï�ìå óô�í �ðïìÝíçí §ðüäåéîéí:

Ðñüôáóéò 4.4.2. Ô� ìÝôñïí � ôï� ¯Ïñéóìï� 4:3:1 �êáíïðïéå� ô�í (k·2k−1; 3k−4; k)−óõí-
èÞêçí ãñáììéê�í ìïñö�í.
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®Áðüäåéîéò. °Åóôù �ôé �÷ïõìå m ãñáììéê«ò ìïñö«ò  i(x) :=
∑t

j=1 Lijxj + bi �ðùò óô�í
�ñéóì�í ô�ò §íôéóôïß÷ïõ óõíèÞêçò, äçëáä� �÷ïõìå m ≤ k · 2k−1; t ≤ 3k − 4; ï� Lij ǻéíáé
ñ̄çôï� §ñéèìï� ì« §ñéèìçô«ò êá� ðáñïíïìáóô«ò §ðïëýôùò ≤ k; ô¥ bi ôõ÷üíôåò §êÝñáéïé, �íÿ
êáíÝíá §ð� ô¥ äéáíýóìáôá (Lij)tj=1 ä«í ǻéíáé ìçä«í ²ç ñ̄çô�í ðïëëáðëÜóéïí êÜðïéïõ §ð�
ô¥ �ðüëïéðá. ÈÝëïõìå í¥ äåßîïõìå �ôé

E(�( 1(x)) · · · �( m(x)) | x ∈ Zt
N ) = 1 + o(1)

ì« ô� óöÜëìá í¥ �îáñô¦ôáé ìüíïí §ð� ô�ò ðáñáìÝôñïõò m; t êá� k; äçëáä� êáô' ï�óßáí §ð�
ô� k §öï� m ≤ k ·2k−1; t ≤ 3k−4: Ãé¥ ô�í ðïóüôçôá ìÝóá óô�í ìÝóçí ôéìÞí, �ñìçíåýïõìå
öõóéê¥ ô¥ Lij êá� bi �ò óôïé÷å�á ôï� ZN èåùñ�íôáò ðñþôïõò N > k: Ðáñáôçñï�ìå �ìùò
ôüôå �ôé � §íôéóôïé÷ßá x 7→ k!x ≡ (k!x1; : : : ; k!xt); §ð� ô� Zt

N óô�í �áõôüí ôïõ, ǻéíáé 1-1
êá� �ðß, ©ñá

E(�( 1(x)) · · · �( m(x)) | x ∈ Zt
N ) = E(�( 1(k!x)) · · · �( m(k!x)) | x ∈ Zt

N )

�ðïõ  i(k!x) =
∑t

j=1 L
′
ijxj + bi ì« ô¥ L′ij = k!Lij í¥ ǻéíáé §êÝñáéïé §ðïëýôùò ≤ (k +

1)!: Ìðïñï�ìå �ðïìÝíùò í¥ �ðïèÝóïõìå �îáñ÷�ò �ôé ï� óõíôåëåóô«ò Lij ô�í ãñáììéê�í
ìïñö�í ìáò ǻéíáé §êÝñáéïé ì« |Lij | ≤ (k + 1)!; êá� �ðåéôá, §öï� � óõíÜñôçóéò w(N) ðï�
�ñßóáìå ôåßíåé óô� ©ðåéñïí, í¥ �ðïèÝóïõìå, èåùñ�íôáò §ñêåô¥ ìåãÜëá N ó« ó÷Ýóéí ì«
ô� k; �ôé �ó÷ýåé (k+ 1)! <

√
w(N)=2; �óôå í¥ ìðïñï�ìå í¥ �ðéêáëåóôï�ìå ô�í Ðñüôáóéí

4:3:3 �ôóé �ðùò äéåôõðþèç.

±Ïðùò å�ðáìå, ÷ñåéÜæåôáé, ðñïôï� �öáñìüóïõìå ô�í Ðñüôáóéí 4:3:3; í¥ £êüøïõìå¤ ô�
ðåäßïí �ëïêëçñþóåùò ó« êáôÜëëçëá ìéêñ¥ �ñèïãþíéá. Ðñ�ò ôï�ôï, è¥ èåùñÞóïõìå �íáí
öõóéê�í Q ≡ Q(N) < N êá� è¥ äéáéñÝóïõìå ô� Zt

N ó« Qt �ñèïãþíéá ó÷åä�í �óïõ �ãêïõ
èÝôïíôáò

Bu1;:::;ut :=
{
x ∈ Zt

N : xj ∈
[
bujN=Qc; b(uj + 1)N=Qc

)
; j = 1; : : : ; t

}
ãé¥ êÜèå (u1; : : : ; ut) ∈ Zt

Q: ±Ïðùò è¥ äï�ìå, è¥ ÷ñåéáóôå� ô� Q í¥ ǻéíáé ðñ�ôïò, êá�
�ðéðëÝïí � óõíÜñôçóéò Q(N) í¥ ôåßíåé óô� ©ðåéñïí �ôáí ô� N ôåßíåé óô� ©ðåéñïí, §ëë¥
êÜðùò §ñãÜ: �ðåéä� ô� ©íù öñÜãìá Q(N) ≤

√
N è¥ ì¦ò ǻéíáé §ñêåôüí, ìðïñï�ìå í¥

�ðéëÝîïõìå ô�Q í¥ ǻéíáé � ìÝãéóôïò ðñ�ôïò ≤
√
N: Ãé¥ êáèÝíá §ð� ô¥ �ñèïãþíéá Bu1;:::;ut

�÷ïõìå �ôé

t∏
j=1

[(
(uj + 1)N=Q− 1

)
− ujN=Q

]
= (N=Q− 1)t ≤ |Bu1;:::;ut |

≤
t∏

j=1

[
(uj + 1)N=Q−

(
ujN=Q− 1

)]
= (N=Q+ 1)t:
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°Áñá, §öï� Q(N) ≤
√
N;

E
(
E
(
�( 1(x)) · · · �( m(x))|x ∈ Bu1;:::;ut

)
|u1; : : : ; ut ∈ ZQ

)
=

1
Qt

∑
u1;:::;ut∈ZQ

∑
x∈Bu1;:::;ut

�( 1(x)) · · · �( m(x))
|Bu1;:::;ut |

≥ 1
Qt(N=Q+ 1)t

∑
u1;:::;ut∈ZQ

∑
x∈Bu1;:::;ut

�( 1(x)) · · · �( m(x))

≥

(
1

1 + 1√
N

)t
1
N t

∑
x∈ZtN

�( 1(x)) · · · �( m(x))

= (1− ot(1))E
(
�( 1(x)) · · · �( m(x)) | x ∈ Zt

N

)
;

êá� §íáëüãùò

E
(
E
(
�( 1(x)) · · · �( m(x))|x ∈ Bu1;:::;ut

)
|u1; : : : ; ut ∈ ZQ

)
≤ (1 + ot(1))E

(
�( 1(x)) · · · �( m(x)) | x ∈ Zt

N

)
:

Óõíåð�ò, �ðé÷åéñï�ìå í¥ �êôéìÞóïõìå ãé¥ êáèÝíá äéÜíõóìá (u1; : : : ; ut) ∈ Zt
Q ô�í ðïóü-

ôçôá E(�( 1(x)) · · · �( m(x))|x ∈ Bu1;:::;ut):
±Åíá ôÝôïéï äéÜíõóìá è¥ êáëå�ôáé êáë�í �ôáí �÷ïõìå ãé¥ êÜèå 1 ≤ i ≤ m; ô� óýíïëïí

 i(Bu1;:::;ut); �ö' �óïí ô� äï�ìå ó¥í �ðïóýíïëïí ôï� ZN ; í¥ ðåñéÝ÷åôáé �ëüêëçñïí óô�
äéÜóôçìá [�kN; 2�kN ] ²ç í¥ ǻéíáé ôåëåßùò îÝíïí ðñ�ò á�ôü. ÈÝëïõìå äçëáä� ãé¥ êÜèå i ô�í
�î�ò äé÷ïôïìßáí: å�ôå ãé¥ êÜèå x ∈ Bu1;:::;ut í¥ �ðÜñ÷åé §êÝñáéïò l ≡ l(x) �óôå

�kN ≤  i(x) + lN =
t∑

j=1

Lijxj + bi + lN ≤ 2�kN;

å�ôå � ðáñáðÜíù äéðë� §íéóüôçò í¥ ì�í �ó÷ýåé ãé¥ êáíÝíá x ∈ Bu1;:::;ut êá� l ∈ Z:
Ìßá óçìáíôéê� ðáñáôÞñçóéò ǻéíáé � �î�ò: �ðåéä� ô¥ �ñèïãþíéá Bu1;:::;ut ǻéíáé ãéíü-

ìåíá §ñêåô¥ ìéêñ�í �ðïäéáóôçìÜôùí ôï� ZN (äåäïìÝíïõ �ôé �÷ïõìå èÝóåé Q í¥ ǻéíáé �
ìÝãéóôïò ðñ�ôïò ≤

√
N; �ðïìÝíùò Q ≥

√
N=2 §ð� ô� èåþñçìá Bertrand-Chebyshev), êá�

�ðßóçò �ðåéä� ï� óõíôåëåóô«ò Lij ǻéíáé �ìïéüìïñöá öñáãìÝíïé �ò ðñ�ò N; ðñïêýðôåé �ôé �
§êÝñáéïò l(x) ãé¥ ô�í �ðï�ïí �ó÷ýåé � ðáñáðÜíù äéðë� §íéóüôçò ãé¥ êÜðïéï x ∈ Bu1;:::;ut

ǻéíáé êïéí�ò ãé¥ �ëá ô¥ x′ ∈ Bu1;:::;ut : ÌÜëéóôá á�ô� §ëçèåýåé ãé¥ �ëá ô¥ �ñèïãþíéá, �÷é
¨ðë�ò ãé¥ á�ô¥ ðï� §íôéóôïé÷ï�í óô¥ £êáë¥¤ äéáíýóìáôá: �ííïï�ìå äçëáä� �ôé ²áí ãé¥
êÜðïéï äéÜíõóìá (u1; : : : ; ut) ìðïñï�ìå í¥ âñï�ìå x ∈ Bu1;:::;ut ; 1 ≤ i ≤ m êá� §êÝñáéïí
l ∈ Z �óôå í¥ �ó÷ýåé

�kN ≤  i(x) + lN =
t∑

j=1

Lijxj + bi + lN ≤ 2�kN;
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ôüôå ãé¥ êÜèå x′ ∈ Bu1;:::;ut è¥ �ó÷ýåé

1 ≤  i(x′) + lN =
t∑

j=1

Lijx
′
j + bi + lN ≤ N

ì« ô�í �äéïí §êÝñáéïí l; �ö' �óïí èåùñÞóïõìå §ñêåô¥ ìåãÜëá N ó« ó÷Ýóéí ì« ô� k êá�
ô� t: Åé́íáé äõíáô�í �ðïìÝíùò, êá� è¥ ÷ñåéáóôå� �ðùò è¥ äï�ìå, í¥ óêåöôüìáóôå ô� lN
ó¥í ìÝñïò ôï� óôáèåñï� �ñïõ ô�ò ãñáììéê�ò ìïñö�ò  i �ôáí �îåôÜæïõìå ô�í ðåñéïñéóìüí
ôçò óô� óõãêåêñéìÝíïí �ñèïãþíéïí Bu1;:::;ut :

ÐëÝïí, ìðïñï�ìå í¥ �ðéêáëåóôï�ìå ô�í Ðñüôáóéí 4:3:3 �óôå í¥ �êôéìÞóïõìå ô�ò ðï-
óüôçôåò E(�( 1(x)) · · · �( m(x))|x ∈ Bu1;:::;ut) ãé¥ ô¥ äéÜöïñá äéáíýóìáôá ∈ Zt

Q : �ôáí
ô� äéÜíõóìá ǻéíáé êáëüí, §íôéêáèéóôï�ìå êÜèå ðáñÜãïíôá �( i(x)) å�ôå §ð� ô�í óôáèå-

ñ�í óõíÜñôçóéí 1 å�ôå §ð� �(W )
W logRΛ2

R(�i(x)) �ðïõ �i(x) := W ( i(x) + lN) + 1 ãé¥ êÜèå

x ∈ Bu1;:::;ut (�ðùò å�ðáìå, lN ǻéíáé ô� êïéí�í ðïëëáðëÜóéïí ôï� N ðï� ðñÝðåé í¥ ðñï-
óèÝóïõìå ó« êÜèå §êÝñáéïí  i(x) ãé¥ x ∈ Bu1;:::;ut �óôå í¥ âñï�ìå ô�í �óïûðüëïéðïí
(mod N) §êÝñáéïí ∈ [�kN; 2�kN ]): ®Åðåéä� ô� Bu1;:::;ut ǻéíáé ãéíüìåíïí äéáóôçìÜôùí ì«
ì�êïò N=Q ðï� îåðåñí¦ ô� R10m �îáéôßáò ôï� ¯Ïñéóìï� 4:3:1 êá� ôï� ©íù öñÜãìáôïò
ãé¥ ô� m; �êáíïðïéï�íôáé �ëåò ï� �ðïèÝóåéò ô�ò ÐñïôÜóåùò 4:3:3 êá� ©ñá �ðåôáé ô� óõ-
ìðÝñáóìá:

E(�( 1(x)) · · · �( m(x))|x ∈ Bu1;:::;ut) = 1 + om;t(1):

±Ïôáí ô� äéÜíõóìá (u1; : : : ; ut) ä«í ǻéíáé êáëüí, ãñÜöïõìå ôï�ò ðáñÜãïíôåò �( i(x))
�ðùò êá� ðñïçãïõìÝíùò ²áí ô�  i(Bu1;:::;ut) ðåñéÝ÷åôáé �ëüêëçñïí (mod N) óô� äéÜóôçìá
[�kN; 2�kN ] ²ç ǻéíáé îÝíïí ðñ�ò á�ôü, �íÿ ãé¥ ô¥ �ðüëïéðá i öñÜóóïõìå §ð� ðÜíù ô�í

ðáñÜãïíôá �( i(x)) ì« ô�í ðïóüôçôá 1 + �(W )
W logRΛ2

R

(
W ( i(x) + lN) + 1

)
(�ðïõ lN êá�

ðÜëé ô� êïéí�í ðïëëáðëÜóéïí ôï� N ðï� ðñÝðåé í¥ ðñïóèÝóïõìå óô�í ôéì�í  i(x) ôï� x ∈
Bu1;:::;ut �óôå í¥ âñï�ìå ô�í �óïûðüëïéðïí (mod N) §êÝñáéïí ∈ [1; N ]): ®Áíáðôýóóïíôáò
ô� ãéíüìåíïí ðï� ó÷çìáôßæåôáé �ôóé, �÷ïõìå í¥ �êôéìÞóïõìå ô� ðïë� 2m ìÝóåò ôéì«ò ô�ò
ìïñö�ò ðï� ðåñéãñÜöåôáé óô�í Ðñüôáóéí 4:3:3: Ðñïêýðôåé �ôé

E(�( 1(x)) · · · �( m(x))|x ∈ Bu1;:::;ut) ≤ 2m(1 + om;t(1)) = Om;t(1)

óô�í ðåñßðôùóéí ðï� ô� (u1; : : : ; ut) ä«í ǻéíáé êáëüí.
Ãé¥ í¥ ôåëåéþóïõìå, §ñêå� í¥ äåßîïõìå �ôé ô� ðë�èïò ô�í ì� êáë�í äéáíõóìÜôùí ∈ Zt

Q

ǻéíáé ô� ðïë� Om;t(Qt−1): Ôüôå §ð� ô¥ ðáñáðÜíù è¥ �ó÷ýåé

E(�( 1(x)) · · · �( m(x)) | x ∈ Zt
N )

= (1 + ot(1))
1
Qt

∑
u1;:::;ut∈ZtQ

E(�( 1(x)) · · · �( m(x))|x ∈ Bu1;:::;ut)

= (1 + ot(1))
1
Qt

[(
Qt −Om;t(Qt−1)

)(
1 + om;t(1)

)
+Om;t(Qt−1)

]
=(1 + ot(1))

[(
1−Om;t(1=Q)

)(
1 + om;t(1)

)
+Om;t(1=Q)

]
;
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ô� �ðï�ïí ǻéíáé §êñéâ�ò 1 + om;t(1) �ö' �óïí � Q(N) →∞:
²Áò äï�ìå ô� ðñÝðåé í¥ óõìâáßíåé �óôå ô� (u1; : : : ; ut) í¥ ì�í ǻéíáé êáëüí: è¥ ðñÝðåé

í¥ �ðÜñ÷ïõí 1 ≤ i ≤ m êá� x;x′ ∈ Bu1;:::;ut �óôå ô�  i(x) í¥ âñßóêåôáé �íô�ò ôï� äéá-
óôÞìáôïò [�kN; 2�kN ] mod N; �íÿ ô�  i(x′) �÷é. ÄçëáäÞ, �ðùò �÷ïõìå ðå�, è¥ ìðïñï�ìå
í¥ âñï�ìå §êÝñáéïí l �óôå í¥ �ó÷ýåé å�ôå �

1 ≤  i(x′) + lN < �kN ≤  i(x) + lN ≤ 2�kN

å�ôå �
�kN ≤  i(x) + lN ≤ 2�kN <  i(x′) + lN ≤ N:

±Ïìùò §ð� ô�í �ñéóì�í ôï� Bu1;:::;ut ; êá� �ðåéä� ô¥ Lij ǻéíáé �ìïéüìïñöá öñáãìÝíá �ò
ðñ�ò N; �÷ïõìå �ôé

 i(x);  i(x′) =
t∑

j=1

LijbujN=Qc+ bi +Ot(N=Q);

êáô¥ óõíÝðåéáí �ó÷ýåé

��kN =
t∑

j=1

LijbujN=Qc+ bi + lN +Ot(N=Q)

å�ôå ãé¥ � = 1 å�ôå ãé¥ � = 2: ®Áöï� ðñïöáí�ò �ó÷ýåé bujN=Qc = ujN=Q+O(1); §ñêå�
í¥ äéáéñÝóïõìå ì« N=Q (÷ñçóéìïðïé�íôáò êá� ðÜëé �ôé ô¥ Lij ǻéíáé �ìïéüìïñöá öñáãìÝíá,
|Lij | ≤ (k + 1)! ãé¥ êÜèå i; j); ãé¥ í¥ óõìðåñÜíïõìå �ôé

t∑
j=1

Lijuj = ��kQ− biQ=N − lQ+Ot(1)

(äçëáä� �ôé
∑t

j=1 Lijuj = ��kQ − biQ=N + Ot(1) mod Q): ®Åðåéä� �ìùò ô� äéÜíõóìá

ô�í óõíôåëåóô�í (Lij)tj=1 ǻéíáé ì� ìçäåíéê�í óô� Zt
Q; ô�ò Ot(1) �îéóþóåéò á�ô«ò (óô�

ZQ) ìðïñï�í í¥ ô�ò �êáíïðïéï�í ô� ðïë� Ot(Qt−1) äéáíýóìáôá (u1; : : : ; ut): Å̄ðïìÝíùò,
§öÞíïíôáò êá� ô¥ �; i í¥ ìåôáâÜëëïíôáé, óõìðåñáßíïõìå �ôé ô¥ ì� £êáë¥¤ äéáíýóìáôá ǻéíáé
ô� ðïë� 2mOt(Qt−1) = Om;t(Qt−1) �ðùò æçôïýóáìå.

Óôñåöüìáóôå ôþñá óô�í óõíèÞêçí óõó÷åôéóìï�:

Ë�ììá 4.4.3. °Åóôùóáí öõóéê�ò m ≥ 1 êá� Cm èåôéê� óôáèåñÜ (ðï� ìðïñå� í¥ �îáñ-
ô¦ôáé §ð� ô� m): ¯ÕðÜñ÷åé óõíÜñôçóéò � = �m : Z → R; ì« �(n) ≥ 1 ãé¥ êÜèå n 6= 0;
�óôå ãé¥ êÜèå �ðéëïã�í h1; : : : ; hm äéáöïñåôéê�í §í¥ äýï §êåñáßùí í¥ �÷ïõìå∏

p|∆

(
1 +

Cm√
p

)
≤

∑
1≤i<j≤m

�(hi − hj)
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(�ðïõ ∆ ǻéíáé � ðïóüôçò ðï� �ñßóôçêå óô�í Ðñüôáóéí 4:3:4); êá� �ðéðëÝïí í¥ �ó÷ýåé
E(�q(n)|0 < |n| ≤ N) = Om;q(1) ãé¥ �ëá ô¥ q ∈ (0;+∞):

ÐáñáôÞñçóéò. ®Åä� ä«í ìéë¦ìå ãé¥ ï�êïãÝíåéáí óõíáñôÞóåùí, §ëë¥ ãé¥ ìßáí óõíÜñ-
ôçóéí ì« ô�í êëáóóéê�í �ííïéáí, ì« ðåäßïí �ñéóìï� �ëïõò ôï�ò §êåñáßïõò (óô�í ðñáãìá-
ôéêüôçôá, � ôéìÞ ôçò óô� 0 ä«í ì¦ò �íäéáöÝñåé ó« á�ô� ô� ë�ììá). ®Áñãüôåñá, �ôáí è¥
÷ñåéáóôå� í¥ �ñßóïõìå ô�ò óõíáñôÞóåéò âÜñïõò ðï� §íáöÝñïíôáé óô�í óõíèÞêçí óõó÷åôé-
óìï�, êáèåìßáí ì« ðåäßïí �ñéóìï� êÜðïéï ZN ; è¥ ÷ñçóéìïðïéÞóïõìå ô¥ §ñ÷éê¥ ôìÞìáôá
á�ô�ò ô�ò �:

®Áðüäåéîéò. Ìåëåô�íôáò ô�ò óõíáñôÞóåéò ga(x) := (1 + x)a − (1 + ax); x ∈ [0;+∞); ãé¥
�ëá ô¥ a > 1; ìðïñï�ìå í¥ äï�ìå �ôé ǻéíáé ãíçóßùò á�îïõóåò. Óõíåð�ò ãé¥ êÜèå ðñ�ôïí
p �ó÷ýåé � §íéóüôçò

1 +
Cm√
p
<
(
1 + p−1=2

)Cm+1
:

±Ïìùò êÜèå ðñ�ôïò ðï� äéáéñå� ô�í ðïóüôçôá ∆ :=
∏

1≤i<j≤m |hi − hj | ðñÝðåé í¥ äéáéñå�
êÜðïéáí §ð� ô�ò äéáöïñ«ò hi − hj ; ©ñá∏

p|∆

(
1 +

Cm√
p

)
≤

∏
1≤i<j≤m

∏
p|hi−hj

(
1 +

Cm√
p

)
≤

∏
1≤i<j≤m

( ∏
p|hi−hj

(
1 + p−1=2

))Cm+1

:

®ÅðéðëÝïí, §ð� ô�í §íéóüôçôá §ñéèìçôéêï�-ãåùìåôñéêï� ìÝóïõ �÷ïõìå

∏
1≤i<j≤m

( ∏
p|hi−hj

(
1 + p−1=2

))Cm+1

=
∏

1≤i<j≤m

( ∏
p|hi−hj

(
1 + p−1=2

)(m2 )(Cm+1)
) 1

(m2 )

≤
∑

1≤i<j≤m

1(
m
2

)( ∏
p|hi−hj

(
1 + p−1=2

)(m2 )(Cm+1)
)
;

�ðïìÝíùò ìðïñï�ìå í¥ èÝóïõìå ãé¥ êÜèå n 6= 0;

�m(n) :=
1(
m
2

) ∏
p|n

(
1 + p−1=2

)(m2 )(Cm+1)
:

Ãé¥ í¥ �ëïêëçñþóïõìå ô�í §ðüäåéîéí, ðñÝðåé í¥ äåßîïõìå �ôé

E
(∏
p|n

(
1 + p−1=2

)Om(q)∣∣ 0 < |n| ≤ N
)

= Om;q(1)

ãé¥ êÜèå q ∈ (0;+∞): ±Ïìùò, §öï� � §íéóüôçò(
1 + p−1=2

)Om(q) ≤ 1 + p−1=4
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�ó÷ýåé ãé¥ �ëïõò �êô�ò §ð� ô� ðïë� Om;q(1) ðñþôïõò, ìðïñï�ìå í¥ ãñÜøïõìå

E
(∏
p|n

(
1 + p−1=2

)Om(q)∣∣ 0 < |n| ≤ N
)
≤ Om;q(1)E

(∏
p|n

(
1 + p−1=4

) ∣∣ 0 < |n| ≤ N
)
:

®Áíáðôýóóïíôáò ãé¥ êÜðïéïí §êÝñáéïí n ô� ãéíüìåíïí
∏
p|n
(
1 + p−1=4

)
; âëÝðïõìå �ôé

§èñïßæïõìå ôï�ò §íôéóôñüöïõò ô�í ôåôÜñôùí ñ̄éæ�í �êåßíùí ô�í äéáéñåô�í ôï� n ï� �ðïßïé
ǻéíáé ãéíüìåíá äéáêåêñéìÝíùí ðñþôùí, ©ñá ðñïöáí�ò �ó÷ýåé

∏
p|n
(
1+p−1=4

)
≤
∑

d|n;d≥1 d
−1=4:

±Åðåôáé ôåëéê�ò �ôé

E
(∏
p|n

(
1 + p−1=2

)Om(q)∣∣ 0 < |n| ≤ N
)
≤ Om;q(1)

1
2N

∑
1≤|n|≤N

∑
d|n;d≥1

d−1=4

= Om;q(1)
1

2N

N∑
d=1

∑
d|n

1≤|n|≤N

d−1=4 ≤ Om;q(1)
1

2N

N∑
d=1

2N
d
d−1=4;

ô� �ðï�ïí öñÜóóåôáé �ðùò èÝëïõìå §ð� Om;q(1)
∑∞

d=1 d
−5=4:

ÐëÝïí, ÷ñçóéìïðïé�íôáò ô�í Ðñüôáóéí 4:3:4 êá� ô� Ë�ììá 4:4:3; ìðïñï�ìå í¥ öñÜ-
îïõìå ô�í ðïóüôçôá E(�(x + h1) · · · �(x + hm)|x ∈ ZN ); �ôáí ô¥ hi ǻéíáé äéáêåêñéìÝíá
óôïé÷å�á ôï� ZN ; §ð� ô�ò ôéì«ò êáôÜëëçëçò óõíáñôÞóåùò âÜñïõò �ðùò æçôå�ôáé óô�í óõí-
èÞêçí óõó÷åôéóìï�. Ô� ãßíåôáé �ìùò �ôáí ôïõëÜ÷éóôïí äýï §ð� ô¥ hi ǻéíáé �óá; Ôüôå
óô� ©èñïéóìá

∑
1≤i<j≤m �(hi − hj) è¥ �ìöáíéóôå� êá� � ôéì� �(0) ô�ò óõíáñôÞóåùò âÜ-

ñïõò, � �ðïßá óô�ò ©ëëåò ðåñéðôþóåéò ä«í ì¦ò �íäéáöÝñåé. È¥ ìðïñïýóáìå �ðïìÝíùò í¥
�ðéêáëåóôï�ìå ô� ðñïöáí«ò öñÜãìá

E(�(x+ h1) · · · �(x+ hm)|x ∈ ZN ) ≤ ‖�‖mL∞

êá� í¥ èÝóïõìå �m(0) := ‖�‖mL∞ ; §ñêå� á�ô� í¥ ì�í ÷áëÜóåé ô�ò �êôéìÞóåéò E(� qm) =
Om;q(1) ðï� èÝëïõìå ãé¥ ô�ò ñ̄ïð«ò ô�ò óõíáñôÞóåùò âÜñïõò.

Ì« ÷ïíäñïåéäå�ò �ðïëïãéóìï�ò âëÝðïõìå �ôé, �îáéôßáò ô�í ¯Ïñéóì�í 4:3:1 êá� (4:11);
ãé¥ êÜèå x ∈ ZN ;

�(x) ≤ max
{
1;

�(W )
W logR

Λ2
R(Wn+ 1)

}
≤

 ∑
d|Wn+1
d≤R

log(R=d)


2

≤ log2R

( ∑
d|Wn+1

1
)2

≤ log2N ·d2(Wn+ 1);

�ðïõ ô� n ǻéíáé � ìïíáäéê�ò §íôéðñüóùðïò ∈ {1; : : : ; N} ô�ò êëÜóåùò x ∈ ZN ; êá� d(n)
ǻéíáé � óõíÜñôçóéò ðï� ìåôñ¦ ôï�ò äéáéñÝôåò ôï� n: Ðñ�ò á�ô�í ô�í êáôåýèõíóéí �ðïìÝíùò,
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è¥ ìðïñïýóáìå í¥ §íáæçôÞóïõìå ìßáí £êáë�í¤ �êôßìçóéí ô�ò ðïóüôçôïò max{d(Wn+1) :
1 ≤ n ≤ N}: Êá� �íôùò ôÝôïéá �ðÜñ÷åé: ô� 1906 � Óïõçä�ò ìáèçìáôéê�ò Severin Wigert
�äåéîå, ÷ñçóéìïðïé�íôáò ô� Èåþñçìá Ðñþôùí ®Áñéèì�í, �ôé ãé¥ êÜèå öõóéê�í n;

d(n) ≤ n(log 2+o(1))= log logn;

�íÿ ô� 1914 � Ramanujan ðáñåôÞñçóå �ôé ì¦ò §ñêï�í óôïé÷åéþäåéò ìÝèïäïé ãé¥ ô�í �êôß-
ìçóéí d(n) = exp

(
O
(

logn
log logn

))
: ²Áò äï�ìå ìßáí §ðüäåéîéí á�ô�ò:

°Áíù öñÜãìá ãé¥ ô�í óõíÜñôçóéí d(n): Èåùñï�ìå �ðïéïíäÞðïôå öõóéê�í n ≥ 2 êá� �ðïéï-
äÞðïôå " > 0; êá� äåß÷íïõìå �ôé �ðÜñ÷åé óôáèåñ¥ C" > 0 (ðï� �îáñô¦ôáé ì« �ðïëïãßóéìïí
ôñüðïí §ð� ô� ") �óôå í¥ �ó÷ýåé d(n)=n" ≤ C": ²Áí óô�í ðáñáãïíôïðïßçóßí ôïõ �ò ðñ�ò
ðñþôïõò �÷ïõìå n = pa1

1 · · · pass ; ì« ô¥ pi äéáöïñåôéê¥ §í¥ äýï, ô¥ ai ≥ 1; ôüôå èÝëïõìå
§êñéâ�ò í¥ äåßîïõìå �ôé

d(n)
n"

:=
(1 + a1) · · · (1 + as)

p"a1
1 · · · p"ass

=
s∏
i=1

1 + ai
p"aii

≤ C":

ÃñÜöïíôáò p"aii = exp("ai log pi); âëÝðïõìå �ôé �ôáí �ó÷ýåé " log pi ≥ 1 ⇔ pi ≥ e1="; ôüôå

exp("ai log pi) ≥ exp(ai) =
∞∑
j=0

aji
j!
≥ 1 + ai;

óõíåð�ò �óïé ðñ�ôïé ≥ e1=" êá� í¥ �ìöáíßæïíôáé óô�í ðáñáãïíôïðïßçóéí ôï� n; ï� §íôß-
óôïé÷ïé ðáñÜãïíôåò 1+ai

p
"ai
i

ä«í á�îÜíïõí ô� ðçë�êïí d(n)=n": °Å÷ïõìå �ðïìÝíùò í¥ öñÜ-

îïõìå ô� ∏
1≤i≤s
pi<e

1="

1 + ai
p"aii

:

ÃñÜöïõìå ðÜëé p"aii = exp("ai log pi) ≥ "ai log pi; êá� �÷ïõìå �ôé

1 + ai
p"aii

≤ 2
" log pi

;

©ñá

∏
1≤i≤s
pi<e

1="

1 + ai
p"aii

≤
∏
p<e1="

2
" log p

≤
(

2
" log 2

)e1="

= exp
(

log
(

2
" log 2

)
exp(1=")

)
≤ exp(exp(C0="))
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ãé¥ ìßáí óôáèåñ¥í C0 §íåîÜñôçôçí ôï� " (êÜðïéï §ñêåô¥ ìåãÜëï ©íù öñÜãìá ô�ò óõíáñ-

ôÞóåùò g(x) := log(2x= log 2)
ex ; x ∈ [0;+∞)):

²Áí ôþñá óôáèåñïðïéÞóïõìå êÜðïéïí öõóéê�í n > 2 êá� èÝóïõìå " := C ′0= log log n
ãé¥ êÜðïéáí êáôÜëëçëçí óôáèåñÜí, ìåãáëýôåñçí ô�ò C0; ôüôå �îáéôßáò ô�í ðáñáðÜíù è¥
ðñïêýøåé

d(n) ≤ n"exp(exp(C0=")) = exp (C ′0 log n= log log n) exp
(
exp
(
C0
C′0

log log n
))

ì« ô�í ôåëåõôáßáí �êöñáóéí í¥ ǻéíáé ≤ exp (2C ′0 log n= log log n) ; §ñêå� í¥ �ðéëÝîïõìå ô�í
C ′0 �óôå í¥ �ó÷ýåé

logC ′0 + log log n− log log log n ≥ C0

C ′0
log log n

ãé¥ êÜèå n ≥ 3:

®Åðéêáëïýìåíïé ô� Èåþñçìá Ðñþôùí ®Áñéèì�í, è¥ ìðïñïýóáìå í¥ äåßîïõìå êá� �ôé �
ðáñáðÜíù �êôßìçóéò ǻéíáé � êáëýôåñç äõíáôÞ (�ôáí ä«í ì¦ò �íäéáöÝñåé ðïé¥ §êñéâ�ò ǻéíáé
� óôáèåñ¥ ðï� �ðïíïå�ôáé §ð� ô�í óõìâïëéóì�í O):

Óõãêåíôñþíïõìå ôþñá ô¥ ðáñáðÜíù ó« �íá ôåëéê�í óõìðÝñáóìá ãé¥ ô� ìÝôñïí � :

Ðñüôáóéò 4.4.4. Ô� ìÝôñïí � ôï� ¯Ïñéóìï� 4:3:1 �êáíïðïéå� ô�í 2k−1−óõíèÞêçí óõ-
ó÷åôéóìï�.

®Áðüäåéîéò. ØÜ÷íïõìå í¥ âñï�ìå ï�êïãÝíåéáí óõíáñôÞóåùí �N : ZN → R+ �óôå ãé¥ êÜèå
�ðéëïã�í m óôïé÷åßùí h1; : : : ; hm ∈ ZN ; ì« 1 < m ≤ 2k−1; í¥ �÷ïõìå

E(�N (x+ h1) · · · �N (x+ hm) | x ∈ ZN ) ≤
∑

1≤i<j≤m

�N (hi − hj);

êá� �ðéðëÝïí í¥ �ó÷ýåé E(� qN ) = Oq(1) ãé¥ êÜèå 1 ≤ q <∞:

®ÅîåôÜæïõìå ðñ�ôá ô�í ðé� äýóêïëçí ðåñßðôùóéí, ðï� ô¥ h1; : : : ; hm ǻéíáé äéáêåêñéìÝíá
óôïé÷å�á ôï� ZN : ®Åö' �óïí � �ñéóì�ò ôï� � ǻéíáé äßêëáäïò, ÷ñåéÜæåôáé êá� ðÜëé í¥
£êüøïõìå¤ ô� ZN ó« ìéêñ¥ �ðïäéáóôÞìáôá. ±Ïìùò, �ðåéä� �ä� æçôï�ìå ¨ðë�ò �íá ©íù
öñÜãìá êá� �÷é ìßáí �êôßìçóéí, �íÿ êá� ï� ãñáììéê«ò ìïñö«ò ǻéíáé ï� ¨ðëïýóôåñåò äõíáôÝò,
x 7→ x+hi; ǻéíáé äõíáô�í ô� ðë�èïò ô�í �ðïäéáóôçìÜôùí í¥ ǻéíáé óôáèåñ�í êá� ô� ì�êïò
ôïõò ðïëëáðëÜóéïí ôï� N : ãé¥ êÜèå 1 ≤ s ≤ 2=�k �ñßæïõìå

Bs :=
[
b(s− 1)�kN=2c; bs�kN=2c

)
:
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Ôüôå

E(�(x+ h1) · · · �(x+ hm) | x ∈ ZN )

=
1
N

∑
1≤s≤2=�k

∑
x∈Bs

�(x+ h1) · · · �(x+ hm)

≤
�k
2 N + 1
N

∑
1≤s≤2=�k

E(�(x+ h1) · · · �(x+ hm) | x ∈ Bs)

=
2
�k

(�k
2

+
1
N

)
E
(
E(�(x+ h1) · · · �(x+ hm) | x ∈ Bs)| 1 ≤ s ≤ 2=�k

)
;

êá� §ñêå� í¥ öñÜîïõìå ô�ò ðïóüôçôåò E(�(x+ h1) · · · �(x+ hm) | x ∈ Bs):
Ãé¥ óôáèåñ�í s; ãñÜöïõìå §íáëõôéê�ò êÜèå ðáñÜãïíôá �(x + hi) óýìöùíá ì« ô�í

¯Ïñéóì�í 4:3:1 : ðáñáôçñï�ìå §ñ÷éê�ò, �ðùò êá� óô�í Ðñüôáóéí 4:3:3; �ôé ²áí ãé¥ êÜðïéï
x ∈ Bs �ðÜñ÷åé §êÝñáéïò l �óôå ô� x+hi+lN í¥ ǻéíáé ìåôáî� ô�í �kN êá� 2�kN; ôüôå ãé¥
êÜèå x′ ∈ Bs êá� ãé¥ ô�í �äéïí §êÝñáéïí l è¥ �ó÷ýåé x′ +hi + lN ∈ {1; : : : ; N}: Ìðïñï�ìå
�ðïìÝíùò, �ôáí ô� Bs + hi ðåñéÝ÷åôáé �ëüêëçñïí óô� äéÜóôçìá [�kN; 2�kN ] mod N; í¥
§íôéêáôáóôÞóïõìå ô�ò ôéì«ò �(x+hi) §ð�

�(W )
W logRΛ2

R

(
W (x+hi + liN)+1

)
; �íÿ �ôáí ä«í

ðåñéÝ÷åôáé �ëüêëçñïí §ëë¥ �÷åé ì� êåí�í ôïì�í ì« ô� [�kN; 2�kN ] mod N; í¥ öñÜîïõìå

§ð� ðÜíù ô�ò ôéì«ò �(x+hi) §ð� 1+ �(W )
W logRΛ2

R

(
W (x+hi+ liN)+1

)
(ï� ðáñÜãïíôåò ðï�

§ðïìÝíïõí è¥ ǻéíáé ôáõôïôéê¥ 1 óô� Bs): ®Áíáðôýóóïíôáò ô� ãéíüìåíïí ðï� ó÷çìáôßæåôáé
�ôóé, è¥ �÷ïõìå í¥ �êôéìÞóïõìå ô� ðïë� 2m ìÝóåò ôéì«ò ô�ò ìïñö�ò(

�(W )
W logR

)t
E
(
Λ2
R

(
W (x+ h′1 + l′1N) + 1

)
· · ·Λ2

R

(
W (x+ h′t + l′tN) + 1

)
| x ∈ Bs

)
�ðïõ ô¥ h′1; : : : ; h

′
t ∈ {0; 1; : : : ; N−1} ǻéíáé t §ð� ôï�ò §ñ÷éêï�ò §êåñáßïõò h1; : : : ; hm; êá�

ãé¥ êÜèå i; l′iN ǻéíáé ô� êïéí�í ðïëëáðëÜóéïí ôï� N ô� �ðï�ïí §ðáéôå�ôáé �óôå í¥ �÷ïõìå
x+ h′i + l′iN ∈ {1; : : : ; N} ãé¥ êÜèå x ∈ Bs (�ä� âëÝðïõìå ô� Bs ó¥í äéÜóôçìá öõóéê�í,
Bs ⊂ {0; 1; : : : ; N − 1}; êá� ô¥ h′i ǻéíáé êáô' ï�óßáí ï� §íôéðñüóùðïé ô�í §íôéóôïß÷ùí
êëÜóåùí ôï� ZN óô� {0; 1; : : : ; N − 1}; ©ñá ãé¥ êÜèå i; l′i = 0 ²ç l′i = −1): ®Áöï� �ðéðëÝïí
ô� ì�êïò ôï� Bs ǻéíáé �k

2 N ≥ R10·2k−1 ≥ R10m ãé¥ ôï�ò ìåãÜëïõò, ó« ó÷Ýóéí ì« ô�
k; ðñþôïõò N; �êáíïðïéï�íôáé �ëåò ï� �ðïèÝóåéò ô�ò ÐñïôÜóåùò 4:3:4 êá� ©ñá �ðåôáé ô�
óõìðÝñáóìÜ ôçò: êÜèå ôÝôïéá ìÝóç ôéì� ǻéíáé ≤ Ot(1)

∏
p|∆
(
1 + Ct√

p

)
�ðïõ

∆ ≡ ∆(h′1; : : : ; h
′
t) =

∏
1≤i<j≤t

|(h′i + l′iN)− (h′j + l′jN)|:

®Áð� ô� Ë�ììá 4:4:3 ìðïñï�ìå í¥ âñï�ìå ãé¥ êÜèå t ≤ m; óõíÜñôçóéí �t : Z → R+

�óôå í¥ �ó÷ýåé

Ot(1)
∏

p|∆(h′1;:::;h
′
t)

(
1 +

Ct√
p

)
≤

∑
1≤i<j≤t

�t
(
(h′i + l′iN)− (h′j + l′jN)

)
:
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®ÅðéðëÝïí, ï� �t; 1 < t ≤ m; è¥ �êáíïðïéï�í ô�ò

E(�qt (n) | 0 < |n| ≤ N) = Ot;q(1) ãé¥ êÜèå q ≥ 1:

Êáô¥ óõíÝðåéáí, ²áí èÝóïõìå � := max1<t≤2k−1 �t; è¥ �÷ïõìå ðñïöáí�ò �ôé

E(�qt (n) | 0 < |n| ≤ N) = Ok;q(1) ãé¥ êÜèå q ≥ 1;

�ðùò �ðßóçò êá� �ôé

E(�(x+ h1) · · · �(x+ hm) | x ∈ Bs) ≤ 2m
∑

1≤i<j≤ms

�
(
(h′i + l′iN)− (h′j + l′jN)

)
ì« ô¥ h′1; : : : ; h

′
ms

í¥ ǻéíáé §êñéâ�ò �êå�íá ô¥ hi ãé¥ ô¥ �ðï�á �ó÷ýåé

(Bs + hi) ∩ [�kN; 2�kN ] (mod N) 6= ∅:

²Áò äï�ìå ô� óçìáßíåé á�ô� ãé¥ ô�ò äéáöïñ«ò (h′i+l
′
iN)−(h′j+l

′
jN) : ²áí �ðÜñ÷ïõí x; y ∈ Bs

�óôå í¥ �ó÷ýåé
�kN ≤ x+ h′i + l′iN; y + h′j + l′jN ≤ 2�kN;

ôüôå §ð� ô�í ôñéãùíéê�í §íéóüôçôá è¥ �÷ïõìå

|(h′i+ l′iN)−(h′j+ l
′
jN)| ≤ |(x+h′i+ l

′
iN)−(y+h′j+ l

′
jN)|+ |x−y| ≤ �kN+ |Bs| ≤

3
2
�kN:

Ðáñáôçñï�ìå �ðïìÝíùò �ôé ãé¥ êÜèå ðñ�ôïí N ÷ñçóéìïðïéï�ìå ìüíïí ô�ò §ñ÷éê«ò ôéì«ò
ô�ò óõíáñôÞóåùò � �óôå í¥ öñÜîïõìå ô� �ëïêëÞñùìá E(�N (x+h1) · · · �N (x+hm)|x ∈ Bs)
ðÜíù óô� �ðïäéÜóôçìáBs ôï� ZN ; ÷ñçóéìïðïéï�ìå äçëáä� ô�ò ôéì«ò ô�ò � óôï�ò §êåñáßïõò
n ì« 0 < |n| ≤ 3

2�kN ≤ (N − 1)=2; �íÿ ï� �ðüëïéðåò, �ðùò êá� � ôéìÞ ôçò óô� 0, ä«í
�ìöáíßæïíôáé êáèüëïõ óô� ©íù öñÜãìá.

Ǻéíáé ðñïöáí«ò ðëÝïí ð�ò �ñßæïíôáé ï� �N : ZN → R+ ãé¥ êÜèå ðñ�ôïí: ôáõôßæïõìå
ô� ZN ì« ô� óýíïëïí {−(N − 1)=2; : : : ;−1; 0; 1; : : : ; (N − 1)=2} êáô¥ ðñïöáí� ôñüðïí,
êá� èÝôïõìå ãé¥ êÜèå n ì« 0 < |n| ≤ (N − 1)=2;

�N (n) := (1 + 2=�k)22k−1
�(n):

°Åðåéôá ðáñáôçñï�ìå �ôé, �îáéôßáò �ëùí ô�í ðñïçãïõìÝíùí,

E(�N (x+ h1) · · · �N (x+ hm) | x ∈ ZN )
≤ (1 + 2=�k)E(E(�N (x+ h1) · · · �N (x+ hm) | x ∈ Bs)| 1 ≤ s ≤ 2=�k)

≤ (1 + 2=�k)E
(
2m

∑
1≤i<j≤ms

�
(
(h′i + l′iN)− (h′j + l′jN)

) ∣∣ 1 ≤ s ≤ 2=�k
)

≤E
( ∑

1≤i<j≤ms

�N (h′i − h′j)
∣∣ 1 ≤ s ≤ 2=�k

)
≤

∑
1≤i<j≤m

�N (hi − hj):
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Ãé¥ í¥ êáëýøïõìå êá� ô�í ðåñßðôùóéí ðï� ô¥ h1; : : : ; hm ä«í ǻéíáé äéáêåêñéìÝíá, èÝôïõìå
�N (0) := exp

(
2k−1C logÍ

log logÍ

)
ãé¥ ìßáí §ñêåô¥ ìåãÜëçí óôáèåñÜí, §íåîÜñôçôçí ðÜíôùò

ôï� N; �ôóé �óôå í¥ §ëçèåýïõí ï� äéáäï÷éê«ò §íéóüôçôåò

E(�N (x+ h1) · · · �N (x+ hm) | x ∈ ZN )

≤‖�N‖mL∞ ≤ log2mN
(
max{d(Wn+ 1) : 1 ≤ n ≤ N}

)2m
≤ exp

(
Cm

logÍ
log logÍ

)
≤ �N (0) ≤

∑
1≤i<j≤m

�N (hi − hj):

Ôåëéê�ò, �ðïëïãßæïõìå ãé¥ êÜèå 1 ≤ q <∞ �ôé

E(� qÍ ) =
� qÍ (0)
N

+
N − 1
N

E(� qÍ (x) | x ∈ ZN \ {0})

= exp
(
2k−1Cq

logÍ
log logÍ

− logN
)

+
N − 1
N

E
(
�q(n) | 0 < |n| ≤ (N − 1)=2

)
= oq(1) +Oq(1);

ðï� óçìáßíåé �ôé � ï�êïãÝíåéá ô�í óõíáñôÞóåùí �Í ǻéíáé � æçôïõìÝíç.

¯Ç §ðüäåéîéò ô�ò ÐñïôÜóåùò 4:1:3 �ðåôáé ôþñá §ìÝóùò §ð� ô¥ ËÞììáôá 4:3:2; 4:4:1;
êá� ô�ò ÐñïôÜóåéò 4:4:2 êá� 4:4:4; ²áí èõìçèï�ìå ô�í ¯Ïñéóì�í 1:1:7 ôï� k−øåõäïôõ÷áßïõ
ìÝôñïõ ðï� �÷ïõìå äþóåé.

4.5 ®Áðüäåéîéò ô�í ÈåùñçìÜôùí 1 êá� 2 {®ÅöáñìïãÝò

®Áíáêåöáëáéþíïíôáò ìðïñï�ìå í¥ ðï�ìå ô¥ �î�ò: ãé¥ í¥ §ðïäåßîïõí ï� Green êá�
Tao �ôé ï� ðñ�ôïé ðåñéÝ÷ïõí á�èáßñåôá ìåãÜëåò §ñéèìçôéê«ò ðñïüäïõò, §íáãêÜóôçêáí í¥
ãåíéêåýóïõí ô� èåþñçìá Szemer�edi (�ôóé �ðùò á�ô� äéáôõðþíåôáé ãé¥ óõíáñôÞóåéò óô� ZN

ì« L∞ íüñìá ô� ðïë� 1, Èåþñçìá 1:1:1) äéáôõðþíïíôáò ìßáí �êäï÷Þí ôïõ ãé¥ óõíáñôÞóåéò
ðï� öñÜóóïíôáé êáô¥ óçìå�ïí §ð� øåõäïôõ÷á�á ìÝôñá:

Èåþñçìá 1.1.10: °Åóôùóáí k ≥ 3 öõóéê�ò êá� 0 < � ≤ 1 ðñáãìáôéêüò. °Åóôù �ðßóçò
k−øåõäïôõ÷á�ïí ìÝôñïí � : ZN → R+: Ãé¥ êÜèå f : ZN → R ãé¥ ô�í �ðïßáí �ó÷ýåé

0 ≤ f(x) ≤ �(x) ãé¥ êÜèå x ∈ ZN

êá� ∫
ZN

f ≥ �;

�÷ïõìå

(4.49) E

k−1∏
j=0

T jrf(x)|x; r ∈ ZN

 ≥ c(k; �)− ok;�(1)
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�ðïõ c(k; �) > 0 ǻéíáé � óôáèåñ¥ ðï� ðñïêýðôåé §ð� ô� èåþñçìá 1:1:1:
±Ïðùò å�äáìå ìÜëéóôá (êá� �ðùò ìðïñå� í¥ ìáíôÝøåé êÜðïéïò êá� §ð� ô�í óôáèåñ¥í

c(k; �) óô�í (4:49); � �ðïßá ǻéíáé � �äéá ì« á�ô�í ôï� ÈåùñÞìáôïò 1:1:1); � óôñáôçãéê� ãé¥
í¥ §ðïäåßîïõí ô� Èåþñçìá 1:1:10 ḉôáí í¥ §íáãÜãïõí ô� ðñüâëçìá ó« êÜðïéï �óïäýíá-
ìïí ô� �ðï�ïí è¥ ëõíüôáí ì« ìßáí ¨ðë�í �ðßêëçóéí ôï� ÈåùñÞìáôïò 1:1:1: ÐñÜãìáôé, ô�
ìåãáëýôåñïí ìÝñïò ô�í �ðé÷åéñçìÜôùí ôïõò óô� ÊåöÜëáéïí 3 §ðïóêïðå� óô� í¥ äéáóðÜ-
óïõìå ô�í óõíÜñôçóéí f ô�ò äéáôõðþóåùò ó« ìßáí óõíÜñôçóéí fU ðï� ä«í è¥ óõìâÜëëåé
ðïë� ó« �ëïêëçñþìáôá �ðùò á�ô� óô� §ñéóôåñ�í ìÝëïò ô�ò (4:49); êá� ó« ìßáí öñáãìÝ-
íçí óõíÜñôçóéí fU⊥ ãé¥ ô�í �ðïßáí ô� èåþñçìá Szemer�edi è¥ �ó÷ýåé á�ôïìÜôùò (á�ô�
ǻéíáé � ëåãïìÝíç §ñ÷� ìåôáöïñ¦ò óô� ©ñèñïí ô�í Green êá� Tao). ®Åðßóçò, �ðùò å�äáìå,
ô¥ óöÜëìáôá óô�í (4:49) �öåßëïíôáé êáô¥ âÜóéí óô¥ óöÜëìáôá ô�ò óõíèÞêçò ãñáììéê�í
ìïñö�í ðï� �êáíïðïéå� ô� k−øåõäïôõ÷á�ïí ìÝôñïí �; êá� ô¥ �ðï�á óõóóùñåýïíôáé �îáé-
ôßáò ô�í äéáäï÷éê�í öïñ�í ðï� §íáãêáæüìáóôå óô¥ �ðé÷åéñÞìáôá ôï� Êåöáëáßïõ 3 í¥
�ðéêáëåóôï�ìå á�ô�í ô�í óõíèÞêçí. (Âåâáßùò, óô¥ ôåëéê¥ óöÜëìáôá óõìâÜëëïõí êá� ï�
ñ̄ïð«ò ô�ò óõíáñôÞóåùò âÜñïõò óô�í óõíèÞêçí óõó÷åôéóìï�.)

²Áí îáíáêïéôÜîïõìå �ìùò ôþñá ô�í §ðüäåéîéí ôï� ÈåùñÞìáôïò 1:1:10 ðï� äþóáìå óô�í
�íüôçôá 1.5, äéáðéóôþíïõìå �ôé è¥ ìðïñïýóáìå í¥ ðåôý÷ïõìå ìßáí §íéóüôçôá ô�ò ìïñö�ò

(4.50) E

k−1∏
j=0

T jrf(x)|x; r ∈ ZN

 ≥ c(k; �)
2

§êüìç êá� ²áí æçôïýóáìå §óèåíÝóôåñá óõìðÝñáóìáôá §ð� ô¥ äýï âáóéê¥ èåùñÞìáôá, ô�
ãåíéêåõìÝíïí èåþñçìá von Neumann 1:5:1 êá� ô� ãåíéêåõìÝíïí Koopman-von Neumann
èåþñçìá äéáóðÜóåùò: ðáñáäåßãìáôïò ÷Üñéí, è¥ ì¦ò §ñêï�óå � ó-©ëãåâñá B êá� ô� óýíïëïí
Ω óô� Èåþñçìá ÄéáóðÜóåùò 1:5:2 í¥ �êáíïðïéï�í ô�ò §óèåíÝóôåñåò ó÷Ýóåéò

E(�1Ω) ≤ ";(4.51)

‖(1− 1Ω)E(� − 1|B)‖L∞ ≤ ";(4.52)

‖(1− 1Ω)(f − E(f |B))‖Uk−1 ≤ "1=2
k

(4.53)

ãé¥ êÜèå §ñêåô¥ ìåãÜëï N > N0("); êá� ãé¥ ìßáí §ñêåô¥ ìéêñ�í ðïóüôçôá " > 0 ðï�
è¥ �ðéëÝîïõìå ï�óéáóôéê¥ âÜóåé ô�í ðáñáìÝôñùí k êá� � ôï� ÈåùñÞìáôïò 1:1:10: °Åôóé,
èÝôïíôáò fU⊥ := (1− 1Ω)E(f |B) è¥ å�÷áìå (ãé¥ �ðïéïíäÞðïôå ðñ�ôïí N > N0(")) �ôé∫

ZN
fU⊥ ≥

∫
ZN

f −
∫

ZN
�1Ω ≥ � − "

êá� 0 ≤ fU⊥(x) ≤
(
(1− 1Ω)E(�|B)

)
(x) ≤ 1 + " ãé¥ êÜèå x ∈ ZN :

Ó« á�ô�í ô�í ðåñßðôùóéí, è¥ ìðïñïýóáìå êá� ðÜëé í¥ �ðéêáëåóôï�ìå ô� èåþñçìá Szemer�edi
(Èåþñçìá 1:1:1), êá� í¥ óõìðåñÜíïõìå ãé¥ ô�í fU⊥ �ôé

(4.54) E

k−1∏
j=0

T jrfU⊥(x)|x; r ∈ ZN

 ≥ c(k; �)− "′



176 · Êáôáóêåõ� øåõäïôõ÷áßïõ ìÝôñïõ ãé¥ ôï�ò ðñþôïõò

ãé¥ êÜðïéï §ñêåô¥ ìéêñ�í "′ (ðï� �îáñô¦ôáé ì« ôñüðïí �ðïëïãßóéìïí §ð� ô�í ðïóüôçôá "
ðï� �÷ïõìå èåùñÞóåé âÜóåé ô�í ðáñáìÝôñùí k êá� �), ãé¥ êÜèå ðñ�ôïí N > N0("):

È¥ ì¦ò §ñêï�óå �ðßóçò ãé¥ ô�í ©ëëçí óõíéóô�óá ô�ò (1−1Ω)f; ô�í fU := (1−1Ω)(f−
E(f |B)); ãé¥ ô�í �ðïßáí âÜóåé ô�ò (4:52) �÷ïõìå ô¥ êáô¥ óçìå�ïí öñÜãìáôá

|fU (x)| ≤ �(x) + 1 + " ãé¥ êÜèå x ∈ ZN ;

í¥ �ó÷ýïõí §íéóüôçôåò ôï� ôýðïõ

(4.55)
∣∣E
k−1∏
j=0

T jrgj(x)|x; r ∈ ZN

∣∣ ≤ 2k−1‖fU‖Uk−1 + "′′ ≤ 2k−1"1=2
k

+ "′′

(ãé¥ êÜðïéï "′′ > 0 ðï� �ðßóçò �îáñô¦ôáé §ð� ô�í ðïóüôçôá ") �ðïôå êáèåìßá §ð� ô�ò
gj ǻéíáé �óç å�ôå ì« ô�í fU å�ôå ì« ô�í fU⊥ (©ñá öñÜóóåôáé §ðïëýôùò, �ðùò å�äáìå, §ð�
�+1+"), êá� �ö' �óïí ôïõëÜ÷éóôïí ìßá §ð� ô�ò gj ǻéíáé �óç ì« ô�í fU : ÂëÝðïõìå �ðïìÝíùò
�ôé �ðïéáí ôéì�í êá� í¥ ëÜâïõí ï� ðáñÜìåôñïé k êá� � (�óï ìåãÜëïò êá� í¥ ǻéíáé � öõóéê�ò
k êá� �óï ìéêñ�í ô� �), ìðïñï�ìå í¥ �ðéëÝîïõìå êáôÜëëçëá ô�í ðïóüôçôá " �óôå �ö' �óïí
�ó÷ýïõí ï� (4:51)− (4:53); í¥ óõìðåñÜíïõìå ìÝóÿ ô�í (4:54) êá� (4:55) �ôé �ó÷ýåé êá� �
(4:50):

Ì« ô� �äéïí óêåðôéêüí, §ñêå� í¥ îáíáêïéôÜîïõìå ô�ò §ðïäåßîåéò ô�í �ðé÷åéñçìÜôùí
óô� ÊåöÜëáéïí 3 ãé¥ í¥ óõíåéäçôïðïéÞóïõìå �ôé è¥ ìðïñïýóáìå í¥ äåßîïõìå ô�ò ó÷Ýóåéò
(4:51) − (4:53); êáè�ò êá� §íéóüôçôåò ô�ò ìïñö�ò (4:55) §êüìç êá� ²áí ô� ìÝôñïí � ä«í
ḉôáí k−øåõäïôõ÷á�ïí, äçëáä� §êüìç êá� ²áí ä«í �êáíïðïéï�óå ô�í óõíèÞêçí ãñáììéê�í
ìïñö�í, §ëë¥ ¨ðë�ò ðñïóåããßóåéò ô�ò ìïñö�ò

|E(�( 1(x)) · · · �( m(x))|x ∈ Zt
N )− 1| ≤ c�("; k; �) ≡ c�(k; �)

ãé¥ ìßáí §ñêåô¥ ìéêñ�í óôáèåñ¥í ó« ó÷Ýóéí ì« ô¥ "; k êá� � (�ðïõ ô¥ m; t êá� ï� ãñáììé-
ê«ò ìïñö«ò  i ǻéíáé �ðùò óô�í äéáôýðùóéí ô�ò (k · 2k−1; 3k − 4; k)−óõíèÞêçò ãñáììéê�í
ìïñö�í). ®Åîáéôßáò �ìùò á�ô�ò §êñéâ�ò ô�ò ðáñáôçñÞóåùò, ãßíåôáé ðëÝïí óáö«ò �ôé óô�í
¯Ïñéóì�í 4:3:1 ôï� ìÝôñïõ � ðï� êáôåóêåõÜóáìå ãé¥ ôï�ò ðñþôïõò ìðïñï�ìå í¥ èåùñÞ-
óïõìå ô�í ðáñÜìåôñïí W óôáèåñÞí (óôáèåñïðïé�íôáò äçëáä� ô�í óõíÜñôçóéí w(N) ≡ w
ìÝóÿ ô�ò �ðïßáò �ñßæåôáé � ðáñÜìåôñïò), êá� ôüôå, �ðùò ðñïêýðôåé §ð� ô�ò §ðïäåßîåéò ô�í
ÐñïôÜóåùí 4:3:3; 4:4:2; è¥ �ó÷ýåé

|E(�( 1(x)) · · · �( m(x))|x ∈ Zt
N )− 1| ≤ (1 + o(1))

(
G1(0; 0)− 1)

≤ O(1)

(∏
p>w

E(1)
p (0; 0)− 1

)
= Ow(1);

(�ðåíèõìßæïõìå �ôé ï� E
(1)
p (z; z′) äßíïíôáé §ð� ô�í ôýðïí (4:27)). ²Áò óçìåéþóïõìå �ôé

ô¥ óöÜëìáôá óô�í ðñþôçí §íéóüôçôá ðñïêýðôïõí §ð� ô�ò ©ëëåò �ðïèÝóåéò óô�í �ñéóì�í



4.5 ®Áðüäåéîéò ô�í ÈåùñçìÜôùí 1 êá� 2 {®ÅöáñìïãÝò · 177

ôï� ìÝôñïõ � (ðáñáäåßãìáôïò ÷Üñéí ô� �ôé � ðáñÜìåôñïò R ôåßíåé óô� ©ðåéñïí), ²ç §ð� ô�í
äéáßñåóéí ôï� ðåäßïõ �ëïêëçñþóåùò Zt

N ó« ìéêñÜ, �÷é §êñéâ�ò �óïõ �ãêïõ, �ñèïãþíéá
óô�í Ðñüôáóéí 4:4:2; ô�í �ðïßáí ÷ñåéáæüìáóôå ãé¥ í¥ äåßîïõìå ô�í óõíèÞêçí ãñáììéê�í
ìïñö�í, êá� ô�í �ðïßáí ìðïñï�ìå í¥ êÜíïõìå §íåîáñôÞôùò ôï� ²áí � ðáñÜìåôñïò W ǻéíáé
óôáèåñ� ²ç �÷é.

Ãåíéêüôåñá, � ðáñáðÜíù ðáñáôÞñçóéò ì¦ò �ðéôñÝðåé í¥ âåëôéþóïõìå ëßãï §êüìç ô�
èåþñçìá Szemer�edi ãé¥ ãåíéêÝò, �÷é §ðáñáéôÞôùò öñáãìÝíåò §ð� 1, óõíáñôÞóåéò:

ÐáñáôÞñçóéò 4.5.1. È¥ óõìâïëßæïõìå ì« c�(k; �) �ðïéáíäÞðïôå óôáèåñ¥í ì¦ò §ñêå�
ãé¥ í¥ ðåôý÷ïõìå §íéóüôçôåò �ðùò � (4:50) �ðïôåäÞðïôå �öáñìüæïõìå ô� ãåíéêåõìÝíïí
èåþñçìá Szemer�edi ì« ô�ò ðáñáìÝôñïõò k êá� �; êáè�ò êá� ô�í §óèåíÝóôåñçí �ðüèåóéí �ôé
� óõíÜñôçóéò � : ZN → R+ (ô�í �ðïßáí ÷ñçóéìïðïéï�ìå �ò £L∞−öñÜãìá¤ óô�í èÝóéí
ô�ò óôáèåñ�ò óõíáñôÞóåùò 1) �êáíïðïéå� ðñïóåããßóåéò ô�ò ìïñö�ò

(4.56) |E(�( 1(x)) · · · �( m(x))|x ∈ Zt
N )− 1| ≤ c�(k; �)

(ì« ô� m ≤ k ·2k−1; ô� t ≤ 3k−4; êá� ô�ò ãñáììéê«ò ìïñö«ò  i �ðùò óô�í äéáôýðùóéí ô�ò
(k ·2k−1; 3k−4; k)−óõíèÞêçò ãñáììéê�í ìïñö�í). Âåâáßùò, � �ðüèåóéò �ôé � óõíÜñôçóéò
� �êáíïðïéå� ô�í 2k−1−óõíèÞêçí óõó÷åôéóìï� (§êñéâ�ò �ðùò äéáôõðþíåôáé óô�í ¯Ïñé-
óì�í 1:1:6) óõíå÷ßæåé í¥ ǻéíáé §ðáñáßôçôç. ÌÜëéóôá ãßíåôáé óáöÝò, ²áí äï�ìå ðñïóåêôéê¥
ô�í §ðüäåéîéí ôï� ËÞììáôïò 3:2:4 (ðï� ǻéíáé ô� ìïíáäéê�í óçìå�ïí �ðïõ ÷ñçóéìïðïéå�ôáé
� óõíèÞêç óõó÷åôéóìï�), êáè�ò êá� ô�ò ìåôÝðåéôá �öáñìïã«ò ôï� ëÞììáôïò óô¥ �ðé÷åé-
ñÞìáôá ô�ò �íüôçôïò 3.2, �ôé ô� ðüóï ìåãÜëåò ǻéíáé ï� ñ̄ïð«ò ô�ò óõíáñôÞóåùò âÜñïõò
ô�ò óõíèÞêçò è¥ �ðçñåÜæåé ô� ðüóï ìéêñ�í ðñÝðåé í¥ èåùñÞóïõìå ô�í óôáèåñ¥í c�(k; �)
(²ç §êüìç êá� ô� ²áí �ðÜñ÷åé ôÝôïéá óôáèåñÜ). Ì« ©ëëá ëüãéá, �ðïèÝôïíôáò �ôé �÷ïõìå
óõãêåêñéìÝíåò ðáñáìÝôñïõò k êá� �; êá� �ôé ãíùñßæïõìå ô�ò ñ̄ïð«ò ô�ò óõíáñôÞóåùò âÜ-
ñïõò ãé¥ ô� ìÝôñïí �; è¥ ìðïñï�ìå �ðåéôá í¥ âñï�ìå ô�í óôáèåñ¥í c�(k; �) � �ðïßá è¥ ì¦ò
�îáóöáëßæåé ô� �î�ò: �ôé ìðïñï�ìå í¥ �öáñìüóïõìå ô� Èåþñçìá 1:1:10; êá� í¥ �÷ïõìå
�ò óõìðÝñáóìá ô�í §íéóüôçôá (4:50); �ö' �óïí � óõíÜñôçóéò � �êáíïðïéå� ô�ò §íéóüôçôåò
(4:56):

®Åîåéäéêåýïíôáò ô¥ ðáñáðÜíù óô� ìÝôñïí � ôï� ¯Ïñéóìï� 4:3:1; ðáñáôçñï�ìå §ñ÷é-
ê�ò �ôé ï� ñ̄ïð«ò ô�ò óõíáñôÞóåùò âÜñïõò óô�í óõíèÞêçí óõó÷åôéóìï� öñÜóóïíôáé §ð�
óôáèåñ«ò ðï� ǻéíáé §íåîÜñôçôåò ôï� ðüóï ìåãÜëç ǻéíáé � ðáñÜìåôñïò W; �ðùò ìðïñï�ìå
í¥ äéáðéóôþóïõìå §ð� ô�ò §ðïäåßîåéò ô�í ÐñïôÜóåùí 4:3:4 êá� 4:4:4: °Áñá ó« á�ô�í ô�í
ðåñßðôùóéí, êÜèå öïñ¥í ðï� è¥ ì¦ò äßíïíôáé ðáñÜìåôñïé k êá� �; è¥ ìðïñï�ìå í¥ âñï�ìå
óôáèåñ¥í c�(k; �) �ðùò ðáñáðÜíù, êá� á�ô� � óôáèåñ¥ ï�óéáóôéê¥ è¥ §íôéóôïé÷å� ó« óõ-
ãêåêñéìÝíçí ôéì�í ô�ò ðáñáìÝôñïõ W: Ì« ©ëëá ëüãéá, êÜèå öïñ¥í ðï� è¥ ì¦ò äßíïíôáé ô¥
k êá� �; è¥ ìðïñï�ìå í¥ óôáèåñïðïéÞóïõìå ô�í ðáñÜìåôñïí W ó« êÜðïéáí óõãêåêñéìÝíçí
ôéì�í (ðï� è¥ �îáñô¦ôáé ìüíïí §ð� ô¥ k êá� �), �óôå ô� Èåþñçìá 1:1:10 í¥ óõíå÷ßæåé í¥
�ó÷ýåé ãé¥ ô�ò ðáñáìÝôñïõò k êá� � êá� ô� ìÝôñïí � ôï� ¯Ïñéóìï� 4:3:1 ðï� §íôéóôïé÷å�
óô�í óõãêåêñéìÝíçí ôéì�í ô�ò W:

Âáóéæüìåíïé ó« á�ô�í ô�í ðïë� óçìáíôéê�í ðáñáôÞñçóéí ãé¥ ô� Èåþñçìá 1:1:10; êá�
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óô� ô� óõíåðÜãåôáé ãé¥ ô� ìÝôñïí � ôï� ¯Ïñéóìï� 4:3:1; ìðïñï�ìå ðëÝïí í¥ §ðïäåßîïõìå
ô¥ ÈåùñÞìáôá 1 êá� 2 ô�ò Å�óáãùã�ò:

®Áðüäåéîéò ôï� ÈåùñÞìáôïò 1: Ì« ôï�ò óõìâïëéóìï�ò ô�ò ðñïçãïõìÝíçò ðáñáôçñÞóåùò,
âñßóêïõìå ô�í óôáèåñ¥í c�(k; k−12−k−5�k) ãé¥ ô� ìÝôñïí � ôï� ¯Ïñéóìï� 4:3:1; êáè�ò
êá� ô�í ôéì�í ô�ò ðáñáìÝôñïõ W ðï� §íôéóôïé÷å� ó« á�ôÞí. °Åðåéôá �ðáíáëáìâÜíïõìå
ô�í §ðüäåéîéí ðï� äþóáìå óô�í �íüôçôá 4.1 (ðñïóáñìüæïíôáò âåâáßùò ô�ò óôáèåñ«ò §öï�
ôþñá ô� óõìðÝñáóìá ôï� ãåíéêåõìÝíïõ èåùñÞìáôïò Szemer�edi ǻéíáé � §íéóüôçò (4:50); êá�
�÷é � (4:49)). ÖôÜíïõìå �ôóé óô� óõìðÝñáóìá �ôé �ðÜñ÷åé óôáèåñ¥ 0(k) (ðï� �îáñô¦ôáé
ìüíïí §ð� ô� k) �óôå ãé¥ �ëïõò ôï�ò §ñêåô¥ ìåãÜëïõò ðñþôïõò N í¥ �ó÷ýåé

(4.57) app(WN; k) ≥ 0(k)
N2

logk(WN)
=
0(k)
W 2

(WN)2

logk(WN)
;

�ðïõ ôþñá âåâáßùò êá� � 0(k)=W 2 ǻéíáé óôáèåñÜ.
¯Ç §ðüäåéîéò ðëÝïí �ëïêëçñþíåôáé ó« äýï ðïë� ¨ðë¥ âÞìáôá:

1. ®Áð� ô� èåþñçìá Bertrand-Chebyshev, ãé¥ êÜèå öõóéê�í M ≥ 2 �ðÜñ÷åé ðñ�ôïò
§ñéèì�ò N ðï� âñßóêåôáé ìåôáî� ô�í M êá� bM2 c: Ôüôå, ðñïöáí�ò �ó÷ýïõí ï�
äéáäï÷éê«ò §íéóüôçôåò

app(WM;k) ≥ app(WN; k) ≥ 0(k)
W 2

(WN)2

logk(WN)

≥ 0(k)
W 2

(WM=2)2

logk(WM=2)
≥ 0(k)

4W 2

(WM)2

logk(WM)
;

§ñêå� � ðñ�ôïò N; ©ñá êá� � öõóéê�ò M; í¥ ǻéíáé §ñêåô¥ ìåãÜëïé ó« ó÷Ýóéí ì« ô�
k; �óôå í¥ �ó÷ýåé � (4:57):

2. Ì« ðáñüìïéïí ôñüðïí, ãé¥ êÜèå öõóéê�í n � �ðï�ïò ǻéíáé §ñêåô¥ ìåãÜëïò, ãñÜöïõìå
n = Wm+ r �ðïõ 0 ≤ r < W; êá� �÷ïõìå äéáäï÷éê¥

app(n; k) ≥ app(Wm;k) ≥ 0(k)
4W 2

(Wm)2

logk(Wm)

≥ O(1)
0(k)
4W 2

(W (m+ 1))2

logk(W (m+ 1))
≥ O(1)

0(k)
4W 2

n2

logk n
:

´Çôáí âåâáßùò ãíùóô�í §ð� ô�ò �ñãáóßåò ô�í van der Corput [37] êá� Chowla [7] �ôé
ìðïñï�ìå í¥ äþóïõìå �íáí §óõìðôùôéê�í ôýðïí, êá� �÷é ¨ðë�ò �íá êÜôù öñÜãìá, ãé¥ ô�í
§ñéèì�í app(n; 3) ÷ñçóéìïðïé�íôáò ô�í ìÝèïäïí ô�í Hardy êá� Littlewood ìáæ� ì« ô�ò
âåëôéþóåéò ðï� å�óÞãáãå ó« á�ô�í � Vinogradov ãé¥ í¥ §ðïäåßîåé ô� äéêüí ôïõ èåþñçìá.
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ÓõãêåêñéìÝíá, �ðùò å�ðáìå êá� óô�í �ðïåíüôçôá 4.2.1, ï� van der Corput êá� Chowla
�äåéîáí �ôé

app(n; 3) = (1 + o(1))
′(3)

4
n2

log3 n
= (1 + o(1))

1
2

∏
p≥3

(
1− 1

(p− 1)2

)
n2

log3 n

�ðïõ ′(k) ǻéíáé ï� óôáèåñ«ò ðï� äßíåé � ìÝèïäïò ô�í Hardy êá� Littlewood óô�í ðåñßðôù-
óéí ô�í §ñéèìçôéê�í ðñïüäùí óôï�ò ðñþôïõò (ôýðïò (4:10)).

Ô� 2006 ï� Green êá� Tao §ðÝäåéîáí, �ò �ðïðåñßðôùóéí ôï� âáóéêï� §ðïôåëÝóìáôïò
ôï� ©ñèñïõ [23]; �íáí §óõìðôùôéê�í ôýðïí êá� ãé¥ ô�í §ñéèì�í app(n; 4); �äåéîáí äçëáä�
�ôé �ó÷ýåé

app(n; 4) = (1 + o(1))
′(4)

6
n2

log4 n
= (1 + o(1))

3
4

∏
p≥5

(
1− 3p− 1

(p− 1)3

)
n2

log4 n

(óô� [23] ìÜëéóôá ÷ñçóéìïðïéï�íôáé ðïëë¥ §ð� ô¥ �ñãáëå�á ðï� ðåñéãñÜöïõìå �ä�, �ðùò
ô¥ øåõäïôõ÷á�á ìÝôñá ²ç ï� ðáñáëëáã«ò ô�ò óõíáñôÞóåùò von Mangoldt êá� ï� �êôéìÞóåéò
ô�í Goldston êá� Yildirim). Ôåëéê�ò, ô�í ÓåðôÝìâñéïí ôï� 2010, §íåêïßíùóáí ìáæ�
ì« ô�í Tamar Ziegler �ôé �÷ïõí §ðïäåßîåé êáß ô�ò äýï âáóéê«ò ï�êïãÝíåéåò å�êáóé�í ðï�
äéáôõðþíïõí óô� [23]: Ù̄ò ðüñéóìá á�ô�í ðñïêýðôåé ðëÝïí �ôé ãé¥ êÜèå öõóéê�í k ≥ 3;

app(n; k) = (1 + o(1))
′(k)

2(k − 1)
n2

logk n
:

²Áò äï�ìå ôþñá ð�ò §ðïäåéêíýåôáé ô� Èåþñçìá 2. ×ñåéáæüìáóôå §êüìç ìßáí âáóéê�í
ðáñáôÞñçóéí ãé¥ ô¥ ìÝôñá ðï� ì¦ò äßíåé � ¯Ïñéóì�ò 4:3:1 ãé¥ ô�ò äéÜöïñåò ôéì«ò ô�ò
ðáñáìÝôñïõ W:

ÐáñáôÞñçóéò 4.5.2. ²Áò èõìçèï�ìå �ôé êáô' �ðéëïãÞí ìáò ô� ìÝôñïí � ôï� ¯Ïñéóìï�

4:3:1 §íáèÝôåé ó« êÜèå n ∈ [�kN; 2�kN ] ô�í ôéì�í �(WN )
WN logRN

Λ2
RN

(WNn + 1); êá� �ôé ãé¥
á�ô�í ô�í ëüãïí ÷ñåéÜæåôáé óô�ò ÐñïôÜóåéò 4:3:3; 4:3:4 í¥ �êôéìÞóïõìå äéÜöïñåò ìÝóåò
ôéì«ò ðïóïôÞôùí ô�ò ìïñö�ò

Λ2
RN

(
WN 1(x) + 1

)
· · ·Λ2

RN

(
WN m(x) + 1

)
; x ∈ Zt

Λ2
RN

(
WN (x+ h1) + 1

)
· · ·Λ2

RN

(
WN (x+ hm) + 1

)
; x ∈ Z;

äçëáä� ìÝóåò ôéì«ò óô�ò �ðï�åò �ìöáíßæïíôáé ìüíïí ï� ôéì«ò ô�ò óõíáñôÞóåùò ΛR óôï�ò
öõóéêï�ò ðï� ǻéíáé �óïûðüëïéðïé ì« ô� 1 (mod W ): Êïéô�íôáò �ìùò ðÜëé ô�ò §ðïäåßîåéò
ô�í ÐñïôÜóåùí 4:3:3; 4:3:4; óõíåéäçôïðïéï�ìå �ôé ä«í ì¦ò �÷åé ÷ñçóéìåýóåé ðïõèåí¥ ô�
�ôé �ìöáíßæïíôáé ìüíïí á�ô«ò ï� ôéì«ò ô�ò óõíáñôÞóåùò ΛR ðÜñá ìüíïí �ðåéä� ô� 1 ǻéíáé
ó÷åôéê�ò ðñ�ôïí ì« ô�í W: È¥ ìðïñïýóáìå �ðïìÝíùò, ãé¥ êÜèå ðñ�ôïí N; í¥ �÷ïõìå
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èåùñÞóåé �íáí �ðïéïíäÞðïôå öõóéê�í bN ì« 1 ≤ bN ≤WN ; (bN ;WN ) = 1; êá� �ðáíáëáì-
âÜíïíôáò ô�ò §ðïäåßîåéò ãé¥ ô�ò ìÝóåò ôéì«ò

E
(
Λ2
RN

(
WN 1(x) + bN

)
· · ·Λ2

RN

(
WN m(x) + bN

)
|x ∈ BN

)
; BN ⊂ Zt;

E
(
Λ2
RN

(
WN (x+ h1) + bN

)
· · ·Λ2

RN

(
WN (x+ hm) + bN

)
|x ∈ B′N

)
; B′N ⊂ Z

(�ðïõ ô¥ m; t; ï� ãñáììéê«ò ìïñö«ò  i; ï� §êÝñáéïé h1; : : : ; hm; êá� ô¥ �ñèïãþíéá BN ; B
′
N

ǻéíáé §êñéâ�ò �ðùò óô�í äéáôýðùóéí ô�í ðñïôÜóåùí), í¥ ëÜâïõìå ôåëéê�ò ô�ò �äéåò �êôéìÞ-
óåéò ì« §íÜëïãá óöÜëìáôá (ô¥ �ðï�á, �ðùò å�äáìå, öèßíïõí óô� 0 ì« ñ̄õèì�í ðï� �îáñô¦ôáé
ìüíïí §ð� ô¥ m êá� t), êá� ì« ô�ò �äéåò óôáèåñÝò.

Ǻéíáé ðïë� å�êïëïí ðëÝïí í¥ äï�ìå �ôé ìðïñï�ìå í¥ �ðáíáëÜâïõìå ì« §íÜëïãïí ôñüðïí
ô�ò §ðïäåßîåéò ô�í ÐñïôÜóåùí 4:4:2; 4:4:4 �óôå í¥ äåßîïõìå �ôé êá� � óõíÜñôçóéò �b :
ZN → R+; ðï� �ñßæåôáé èÝôïíôáò

�N;b(n) :=

{
�(WN )

WN logRN
Λ2
RN

(WNn+ bN ) �ôáí �kN ≤ n ≤ 2�kN
1 §ëëé�ò

(�ðïõ b := (bN )N ðñ�ôïò �ðïéáäÞðïôå �ðéëïã� öõóéê�í ì« 1 ≤ bN ≤ WN ; (bN ;WN ) = 1)
ǻéíáé k−øåõäïôõ÷á�ïí ìÝôñïí, ì« ô¥ �äéá ìÜëéóôá óöÜëìáôá óô�í óõíèÞêçí ãñáììéê�í
ìïñö�í êá� ô¥ �äéá ©íù öñÜãìáôá ãé¥ ô�ò ñ̄ïð«ò ô�ò óõíáñôÞóåùò âÜñïõò óô�í óõíèÞêçí
óõó÷åôéóìï�. Á�ô� ô� ôåëåõôá�ïí âåâáßùò óçìáßíåé �ôé, ãé¥ ô� ìÝôñïí �b; � óôáèåñ¥
c�b

(k; �) ðï� �ñßóáìå óô�í ÐáñáôÞñçóéí 4:5:1 è¥ ǻéíáé �óç ì« ô�í §íôßóôïé÷çí óôáèåñ¥í
c�(k; �) ãé¥ ô� ìÝôñïí � ôï� ¯Ïñéóìï� 4:3:1; �ðïéåò êá� ²áí ǻéíáé ï� ðáñÜìåôñïé k êá� �;
êá� öõóéê¥ ô� �äéïí è¥ �ó÷ýåé ãé¥ ô�í ôéì�í óô�í �ðïßáí ðñÝðåé í¥ óôáèåñïðïéÞóïõìå ô�í
ðáñÜìåôñïí W �óôå í¥ ðåôý÷ïõìå ô�í �í ëüãÿ óôáèåñÜí.

Ëéãüôåñï ©ìåóïí ǻéíáé í¥ äåßîïõìå �ôé êá� � óõíÜñôçóéò �′b ðï� �ñßæåôáé èÝôïíôáò

(4.58) �′N;b(n) :=

{
�(WN )

WN logRN
Λ2
RN

(WNn+ bN ) �ôáí 1 ≤ n ≤ �kN

1 §ëëé�ò

ǻéíáé k−øåõäïôõ÷á�ïí ìÝôñïí (ì« §íÜëïãá óöÜëìáôá óô�í óõíèÞêçí ãñáììéê�í ìïñ-
ö�í). Ô� ðñüâëçìá âåâáßùò �ìöáíßæåôáé �ôáí ð¦ìå í¥ §ðïäåßîïõìå ô�ò §íôßóôïé÷åò ô�í
ÐñïôÜóåùí 4:4:2 êá� 4:4:4 êá� êüâïõìå ô� ðåäßïí �ëïêëçñþóåùò ó« ìéêñ¥ �ñèïãþíéá: ²áò
èõìçèï�ìå �ôé ãé¥ ô¥ ì� £êáë¥¤ �ñèïãþíéá Bu1;:::;ut ; óýìöùíá ì« ô�í �ñéóì�í ôï� £êáëï�¤
ðï� äþóáìå, è¥ �ðÜñ÷åé ãñáììéê� ìïñö�  i; 1 ≤ i ≤ m; êá� äéáíýóìáôá x;y ∈ Bu1;:::;ut

�óôå í¥ �ó÷ýïõí ãé¥ êÜðïéïí §êÝñáéïí li ∈ Z ô¥ �î�ò:

1 ≤  i(x) + liN ≤ �kN êá� å�ôå N − �kN <  i(y) + liN ≤ 0
å�ôå �kN <  i(y) + liN ≤ 2�kN:

(4.59)

±Ïìùò, � ôáêôéê� ãé¥ ô¥ ì� êáë¥ �ñèïãþíéá Bu1;:::;ut ǻéíáé í¥ öñÜîïõìå §ð� ðÜíù ô�í
ðïóüôçôá �′b( 1(x)) · · · �′b( m(x)); x ∈ Bu1;:::;ut ; §ð� ô�í ðïóüôçôá

m∏
i=1

(
1 +

�(W )
W logR

Λ2
R

(
W ( i(x) + liN) + bN

))
;
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êá� �ðåéôá í¥ �ðïëïãßóïõìå âÜóåé ô�ò ÐñïôÜóåùò 4:3:3 ô� �ëïêëÞñùìá ô�ò ôåëåõôáßáò
óô� �ñèïãþíéïí Bu1;:::;ut �óôå í¥ äþóïõìå �íá ©íù öñÜãìá êá� ãé¥ ô� �ëïêëÞñùìá

E(�′b( 1(x)) · · · �′b( m(x)) |x ∈ Bu1;:::;ut):

Á�ô� óçìáßíåé �ôé ²áí ãé¥ êÜðïéïí äåßêôçí i �ó÷ýåé � ðñþôç ãñáìì� ô�ò (4:59); è¥ ÷ñåéÜæåôáé
í¥ �÷ïõìå �ñßóåé ô�í ΛR êá� ãé¥ §ñíçôéêï�ò §êåñáßïõò. Á�ô� �ìùò ìðïñå� í¥ ãßíåé ðïë�
¨ðë¥ èÝôïíôáò, §êñéâ�ò �ðùò óô�í ¯Ïñéóì�í 4:11;

ΛR(n) :=
∑
d|n

1≤d≤R

�(d) log(R=d)

ãé¥ êÜèå n ∈ Z (ðñïöáí�ò ä«í �ðÜñ÷åé ðñüâëçìá í¥ �ñßóïõìå ìÝóÿ á�ôï� ôï� ôýðïõ êá�
ô�í ôéì�í óô� 0: ΛR(0) =

∑
1≤d≤R �(d) log(R=d)). Ä«í ǻéíáé äýóêïëïí í¥ �ëÝãîïõìå �ôé

ï� §ðïäåßîåéò ô�í ÐñïôÜóåùí 4:3:3; 4:3:4 ìðïñï�í ôþñá í¥ ãßíïõí êá� ÷ùñ�ò ô�ò �ðïèÝóåéò

 i(x) > 0 ãé¥ êÜèå x ∈ B ⊂ Zt; ãé¥ êÜèå 1 ≤ i ≤ m;

²ç x+ hi > 0 ãé¥ êÜèå x ∈ B ⊂ Z; ãé¥ êÜèå §êÝñáéïí hi;

êá� �ôé ì¦ò äßíïõí ô�ò �äéåò §êñéâ�ò �êôéìÞóåéò. °Åôóé, óõìðåñáßíïõìå �ôé � óõíÜñôçóéò
�′b; ðï� �ñßæåôáé §ð� ô�í ôýðïí (4:58); ǻéíáé k−øåõäïôõ÷á�ïí ìÝôñïí ãé¥ êÜèå �ðéëïã�í
b := (bN )N ðñ�ôïò öõóéê�í ì« 1 ≤ bN ≤ WN ; (bN ;WN ) = 1; �ðùò êá� �ôé ô¥ óöÜëìáôá
óô�í óõíèÞêçí ãñáììéê�í ìïñö�í êá� ô¥ ©íù öñÜãìáôá ãé¥ ô�ò ñ̄ïð«ò ô�ò óõíáñôÞóåùò
âÜñïõò óô�í óõíèÞêçí óõó÷åôéóìï� ǻéíáé ô¥ �äéá ì« á�ô¥ ðï� �÷ïõìå ãé¥ ô� ìÝôñïí � ôï�
¯Ïñéóìï� 4:3:1:

ÐëÝïí, ô� Èåþñçìá 2 ðñïêýðôåé §ñêåô¥ å�êïëá:

®Áðüäåéîéò ôï� ÈåùñÞìáôïò 2: °Åóôù A �ðïóýíïëïí ô�í ðñþôùí ãé¥ ô� �ðï�ïí �ó÷ýåé

lim sup
n→∞

�(n)−1|A ∩ [1; n]| > 0:

±Ïðùò å�ðáìå óô�í Å�óáãùãÞí, á�ô� óçìáßíåé �ôé �ðÜñ÷åé ðñáãìáôéê�ò � > 0 êá� ìßá §êï-
ëïõèßá öõóéê�í n1 < n2 < · · · < nj < · · · ; �óôå ãé¥ êÜèå j í¥ �ó÷ýåé |A∩[1; nj ]| ≥ ��(nj):
Ðáñáôçñï�ìå �ìùò �ôé ãé¥ §ñêåô¥ ìåãÜëá j è¥ �ó÷ýåé �ðßóçò, §ð� ô�í §óõìðôùôéê�í ôý-
ðïí ðï� ì¦ò äßíåé ô� Èåþñçìá Ðñþôùí ®Áñéèì�í ãé¥ ô�í §ñéèì�í �(n); �ôé √nj < �

2�(nj);
äçëáä� ô¥ ðåñéóóüôåñá óôïé÷å�á ô�ò ôïì�ò A ∩ [1; nj ] è¥ ǻéíáé ìåãáëýôåñá ôï�

√
nj ; ©ñá

è¥ �÷ïõìå �ôé ∑
n∈A∩[

√
nj ;nj ]

log n >
�

2
�(nj) log(

√
nj) ≥ �nj=4:

®Åîáéôßáò ôï� ôåëåõôáßïõ, ²áí ãé¥ êÜðïéïí öõóéê�í k ≥ 3 èÝëïõìå í¥ äåßîïõìå �ôé ô� A
ðåñéÝ÷åé ©ðåéñåò §ñéèìçôéê«ò ðñïüäïõò ìÞêïõò k; è¥ ì¦ò §ñêå� í¥ óôáèåñïðïéÞóïõìå ô�í
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ðáñÜìåôñïíW óô�í ¯Ïñéóì�í 4:3:1 ôï� ìÝôñïõ � �ôóé �óôå í¥ ðåôõ÷áßíïõìå ðñïóåããßóåéò
ô�ò ìïñö�ò

|E(�( 1(x)) · · · �( m(x))|x ∈ Zt
N )− 1| ≤ c�(k; k−12−k−8�k�):

ÐñÜãìáôé, ãé¥ í¥ ô� äï�ìå á�ôü, §ñêå� í¥ ðáñáôçñÞóïõìå �ôé ãé¥ êÜèå §ñêåô¥ ìåãÜëï j;
êá� ãé¥ êÜðïéáí §ð� ô�ò �óïûðüëïéðåò êëÜóåéò �ðïëïßðùí bj (mod W ) è¥ �ó÷ýåé

(4.60)
∑

m<nj=W

1A∩[
√
nj ;nj ](Wm+ bj) · log(Wm+ bj) =

max
b:(b;W )=1

∑
m<nj=W

1A∩[
√
nj ;nj ](Wm+ b) · log(Wm+ b)

§ð� ô�í §ñ÷�í ôï� ðåñéóôåñå�íïò (÷ùñ�ò §íáãêáóôéê¥ á�ô� ô� bj í¥ ǻéíáé �óïí ì« 1), ©ñá

è¥ �÷ïõìå ãé¥ ô�í óõíÜñôçóéí �̃nj : [1; bnjW c] → R+ ðï� �ñßæåôáé èÝôïíôáò

�̃nj (m) :=
{

�(W )
W log(Wm+ bj) ²áí Wm+ bj ∈ A ∩ [√nj ; nj ]

0 §ëëé�ò
;

�ôé E(�̃nj (m) : 1 ≤ m ≤ bnjW c) ≥ �=4: ×ñçóéìïðïé�íôáò �ðåéôá ô� èåþñçìá Bertrand-
Chebyshev, è¥ ìðïñï�ìå í¥ âñï�ìå ðñ�ôïí §ñéèì�í Nj ìåôáî� ô�í bnjW c=�k êá� 2bnjW c=�k;
�óôå �ðåêôåßíïíôáò ô�í �̃nj ì« ô�í ¨ðëïýóôåñïí äõíáô�í ôñüðïí óô� [1; Nj ]; èÝôïíôáò
äçëáä�

�̃Nj (m) :=
{
�̃nj (m) ²áí m ≤ bnjW c

0 §ëëé�ò
;

í¥ �÷ïõìå E(�̃Nj (m) : 1 ≤ m ≤ Nj) ≥ �k�=8 = 2−3�k�:
ÐëÝïí �ìùò, ìðïñï�ìå í¥ èåùñÞóïõìå êá� ô� ìÝôñïí �′b : ZNj → R+; �ðïõ b :=

(bj)∞j=1 ǻéíáé ï� öõóéêï� ðï� �êáíïðïéï�í ô�í (4:60) ãé¥ êÜèå j; èÝôïíôáò

�′Nj ;b(n) :=

{
�(W )

W logRNj
Λ2
RNj

(Wn+ bj) �ôáí 1 ≤ n ≤ �kNj

1 §ëëé�ò
;

ô� �ðï�ïí öñÜóóåé êáô¥ óçìå�ïí ô�í k−12−k−5�̃Nj ãé¥ §ñêåô¥ ìåãÜëá Nj ó« ó÷Ýóéí
ì« ô� k; êá� ôáõôï÷ñüíùò �êáíïðïéå� ô�ò �êôéìÞóåéò ðï� ÷ñåéáæüìáóôå óýìöùíá ì« ô�í
ÐáñáôÞñçóéí 4:5:1 ãé¥ í¥ �öáñìüóïõìå ô� ãåíéêåõìÝíïí èåþñçìá Szemer�edi. ®ÅðéðëÝïí,
�ðåéä� � �̃Nj ìçäåíßæåôáé �îù §ð� ô� �ðïäéÜóôçìá [1; �kNj ] ôï� ZNj ; ï� §ñéèìçôéê«ò ðñüïäïé
ìÞêïõò k ðï� è¥ âñï�ìå óô�í öïñÝá ôçò è¥ §íôéóôïé÷ï�í ó« ãíÞóéåò §ñéèìçôéê«ò ðñïüäïõò
óô� Z; êá� ©ñá ó« ãíÞóéåò §ñéèìçôéê«ò ðñïüäïõò ìÝóá óô�í ôïì�í A ∩ [√nj ; nj ]:

×ñçóéìïðïé�íôáò ô� Èåþñçìá 2 ìðïñï�ìå, ãé¥ ðáñÜäåéãìá, í¥ óõìðåñÜíïõìå �ôé �ðÜñ-
÷ïõí á�èáßñåôá ìåãÜëåò §ñéèìçôéê«ò ðñüïäïé óô� óýíïëïí ô�í ðñþôùí p ≡ 1 (mod 4):
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±Ïìùò, §ð� ô� èåþñçìá ôï� Fermat ãé¥ §èñïßóìáôá äýï ôåôñáãþíùí (� ðñþôç §ðüäåéîéò
ôï� �ðïßïõ äüèçêå §ð� ô�í Euler) ãíùñßæïõìå �ôé ãé¥ êÜèå ðåñéôô�í ðñ�ôïí p �ó÷ýåé �
�óïäõíáìßá

p ≡ 1 (mod 4) ⇔ p = x2 + y2 ãé¥ êÜðïéá x; y ∈ Z:

Å̄ðïìÝíùò, ²áí óõìâïëßóïõìå ì« S ô� óýíïëïí ô�í öõóéê�í ðï� ãñÜöïíôáé �ò ©èñïéóìá
äýï ôåôñáãþíùí, ëáìâÜíïõìå �ò ðüñéóìá ôï� ÈåùñÞìáôïò 2 �ôé ô� óýíïëïí S ðåñéÝ÷åé
©ðåéñåò §ñéèìçôéê«ò ðñïüäïõò ìÞêïõò k ãé¥ êÜèå k: Á�ô� ðáñÝìåíå §íáðÜíôçôïí ìÝ÷ñé ô�
2004, ²áí êá� ãé¥ ô¥ ìéêñ¥ k ãíùñßæáìå ðåñéóóüôåñá §ð' �,ôé ãé¥ ô�ò §íôßóôïé÷åò ðñïüäïõò ì«
ðñþôïõò (âëÝðå §ðïôåëÝóìáôá ðñïãåíÝóôåñá ôï� [1] óô�í Å�óáãùãÞí): ä«í ǻéíáé äýóêïëïí,
ëüãïõ ÷Üñéí, í¥ ðåéóôï�ìå �ôé �ðÜñ÷ïõí ©ðåéñåò §ñéèìçôéê«ò ðñüïäïé ìÞêïõò 4 óô� S §öï�,
�ðùò ðáñåôÞñçóå � Heath-Brown [26]; ãé¥ êÜèå öõóéê�í n ï� §ñéèìï� (n−1)2+(n−8)2; (n−
7)2+(n+4)2; (n+7)2+(n−4)2 êá� (n+1)2+(n+8)2 ó÷çìáôßæïõí ìßáí ôÝôïéáí ðñüïäïí.
(ÌÜëéóôá, � Heath-Brown ǻé÷å äþóåé êá� �íáí §óõìðôùôéê�í ôýðïí ãé¥ ô� ðë�èïò ô�í
ðñïüäùí ìÞêïõò 4 óô� S ô�í �ðïßùí �ëïé ï� �ñïé ǻéíáé ìéêñüôåñïé êÜðïéïõ öõóéêï� N; ²ç
óùóôüôåñá ãé¥ ô� ðë�èïò ô�í äéáöïñåôéê�í §íáðáñáóôÜóåùí ôÝôïéùí ðñïüäùí, äåäïìÝíïõ
�ôé �í ãÝíåé êÜðïéïò öõóéê�ò n ãñÜöåôáé ì« ðáñáðÜíù §ð� �íáí ôñüðïõò �ò ©èñïéóìá äýï
ôåôñáãþíùí.)

Ãé¥ ô� ôÝëïò, ²áò ðáñáôçñÞóïõìå �ôé � §ñ÷� ìåôáöïñ¦ò ðï� ÷ñçóéìïðïßçóáí ï� Green
êá� Tao ãé¥ ô�ò §ñéèìçôéê«ò ðñïüäïõò óôï�ò ðñþôïõò è¥ ìðïñï�óå, ì« êáôÜëëçëåò ðñï-
óáñìïãÝò, í¥ �öáñìïóôå� êá� ó« ©ëëá §ðïôåëÝóìáôá ô�ò ðñïóèåôéê�ò óõíäõáóôéê�ò ²ç ô�ò
§íáëõôéê�ò èåùñßáò §ñéèì�í, ô¥ �ðï�á �÷ïõí �ò óõìðÝñáóìÜ ôïõò �ôé êÜðïéï £ó÷�ìá¤
(�ðùò ìßá §ñéèìçôéê� ðñüïäïò) �ìöáíßæåôáé ©ðåéñåò öïñ«ò ó« �ðïóýíïëá ô�í öõóéê�í ì«
èåôéê�í ðõêíüôçôá, ì« óêïð�í âåâáßùò í¥ ðåôý÷ïõìå §íôßóôïé÷á §ðïôåëÝóìáôá ãé¥ ðñþ-
ôïõò §ñéèìïýò. Á�ô� §êñéâ�ò êáôÜöåñáí í¥ êÜíïõí � Tao ìáæ� ì« ô�í Tamar Ziegler
ô� 2006 [35]; �ôáí §ðÝäåéîáí ìßáí �êäï÷�í ôï� ðïëõùíõìéêï� èåùñÞìáôïò Szemer�edi ô�í
Bergelson êá� Leibman [5] ãé¥ ôï�ò ðñþôïõò: ô� óõìðÝñáóìá ó« á�ô�í ô�í ðåñßðôùóéí
ǻéíáé �ôé ²áí �÷ïõìå k ðïëõþíõìá Fi : N → N ì« Fi(0) = 0 ãé¥ êÜèå 1 ≤ i ≤ k; ôüôå è¥
�ðÜñ÷ïõí ©ðåéñïé öõóéêï� a; d ãé¥ ôï�ò �ðïßïõò ô� äéÜíõóìá

(a+ F1(d); : : : ; a+ Fk(d))

è¥ �÷åé ó« �ëåò ô�ò óõíôåôáãìÝíåò ôïõ ðñþôïõò (öõóéêÜ, � �ðéëïã� Fi(n) := (i− 1)n ì¦ò
äßíåé ðÜëé §ñéèìçôéê«ò ðñïüäïõò ìÞêïõò k óôï�ò ðñþôïõò). ×ùñ�ò í¥ ì¦ò ðñïêáëå� �êðëç-
îéí, � §ðüäåéîßò ôïõò ðñïÝêõøå ì« êáôÜëëçëåò ðñïóáñìïã«ò ô�í âçìÜôùí óô� ©ñèñïí ô�í
Green êá� Tao, §ðáéôï�óå �ìùò §ñêåô¥ �ðé÷åéñÞìáôá í¥ äéáôõðùèï�í ðé� ðñïóåêôéêÜ, êá�
�äÞãçóå �ôóé êá� óô�í êáëýôåñçí êáôáíüçóéí ô�í ìåèüäùí ô�í Green êá� Tao (âëÝðå
ðáñáäåßãìáôïò ÷Üñéí [18] ²ç [28] ãé¥ ìßáí ¨ðëïõóôåõìÝíçí §ðüäåéîéí ôï� ÈåùñÞìáôïò Äéá-
óðÜóåùò ô�í Green êá� Tao � �ðïßá ÷ñçóéìïðïéå� ô� èåþñçìá Hahn-Banach).
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