A PROBABILITY PROBLEM

A big supermarket chain has the following policy: For every m Euros you spend per buy, you
earn one “point” (suppose, e.g., that m = 3; in this case, if you spend 8.45 Euros, you get
two points, if you spend 9.00 Euros, you get three points, while if you spend 2.85 Euros, you
get zero points). After you collect a certain number of points, you can redeem them for a gift
certificate.

What is the actual price 3 of a point?

General Discussion. The amount X spent per buy can be considered a positive random
variable with a distribution function F'(z) and finite mean ux = E[X] > 0. Recall the
well-known formula

iy = / P{X > a}dr — / PLX > a}dr — / 1 — Pa)] d, )
0 0 0
which is valid for any nonnegative random variable X .

If F(m™) := lim, ,,,- F(x) = P{X < m} = 1, then it is impossible to earn points and
we may say that in this case J = oo, which is totally unrealistic and uninteresting. Hence, in
order for our problem to be meaningful we should at least have F'(m~) < 1. Actually, from
now on we will make a slightly stronger assumption, namely

F(m)=P{X <m} < 1. 2)
If one visits a store and spends X Euros, the number of points (s)he earns is
Y = [X/m], 3)

where |z | denotes the greatest integer < x. Thus,

X X
——1l<Y < —. 4)
m m
Since Y > 0, formula (4) can be slightly improved:
X X -m)t X
m m m

where ()" = max{z, 0}. By taking expectations (5) yields

Jr
EX=m)] _ < x
m m

; (6)



where 1y = E[Y]. Since

E[(X-m)] = /Ooo(x —m)TdF(z) = /Oo(aj —m)dF (z) = /OO P{X > z}dx, (7)

m m

we have, in view of (2),
E[(X-=m)"] >0. @)

Let us, also, notice that it follows easily from (7) that
E[(X-m)"] > (ux—m)". 9)
Furthermore, equation (3) implies that
py =Y kP{Y =k} => kP{km< X <(k+1)m}=> P{X>km}, (10)
k=1 k=1 k=1
where the last equality follows by summation by parts (notice, also, that P{X > km} =

1—F(km™)).

Now, let X5, Xo, ..., X, be the amounts spent per buy by a random group of consumers. We
assume that these amounts are independent copies of X, namely that { X }1<x<, is a collection
of independent random variables with common distribution function F'(z). For these n buys,
the total amount spent is

X1 +Xo 4+ X, 11

and the total number of points earned is
Yi+Yo+---+Y,, where Yy, = | X}./m|, k=1,2,...,n. (12)
It is, then, reasonable to infer that the actual value of a point is

ﬁzlimX1+X2+---+Xn
n Yi+Yetoo 4+ Y,

(13)

Dividing the numerator and the denominator of the above fraction by n and invoking the Law
of Large Numbers, we obtain from (13) that

g=Ex (14)
Ky

Remark 1. The limit in (13) exists almost surely. Actually, for the a.s. existence of the limit
it is enough to assume that { X }7° | is a sequence of pairwise independent random variables
with common distribution function F'(x) (this is Etemadi’s version of the Strong Law of Large
Numbers—see, e.g., [1]).



Formulas (6) and (9), applied to (14), give us some bounds for 3, namely

<B< Hx S S | — 15
mEE R ] e (1-=) "

Of course, the lower bound of 5 given in (15), namely m < f, is trivial. An equivalent way to
write (15) is

1
1< < Hx = < T where we have set )\ := ﬁ (16)
E[(X—m)"] (1-2) m

nx

Thus, if p1x is considerably larger that m, then \ is close to 1, i.e. [ is close to m.

Remark 2. (a) Suppose we have a whole family (or a sequence) {Fx(z)} of distribution
functions satisfying our basic assumptions (i) F(0) = 0, (ii)) Fx(m) < 1, and (iii) the
expectation associated to Fx () is finite, i.e. [~ [l — Fx(z)]dx < oo. Under this setup,
formula (16) implies that

if I(I'I—I}(I)OMX = 00, then I}l_rgo)\ =1. 17
(b) In the case where our family { Fx ()} is such that limg o F(m™) = limg o P{X <
m} = 1, one might expect that A — oo (i.e. 5 — o0). However, it is easy to find examples
where A stays finite. Actually, we can even have limg ., ux = oo, which by (17) will imply
that A\ — 1. For example, for each K choose Fx(x) so that P{X < m} =1— (2/K) and
P{X > K?} = 1/K. Then, it is obvious that limy_,,, P{X < m} = 1, while ux > K and
hence limg ., ptx = oo (thus, (17) implies limg_,,, A = 1). In fact, even if, limg o ux =0
(which is, clearly, stronger than limg_,,, P{X < m} = 1), we have that the limit of ), if it
exists, can take any value > 1 (including oo). To see an example let us for convenience take
m = 1:

If FK(ZL’) = (1 - K_l)].[K7271+K72)(:L‘) + 1[1+K*2,oo)(x)7 then lim A=1

K—oo

(where 1;(z) denotes the indicator function of the interval ), while

if FK(ZE) = (1 — K_2)1[K*1,1+K*1)($) + 1[1+K*1,oo)(x)7 then lim A\ = oo.

K—oo

The Gamma Case. In order to get a more precise estimate for 3, we need to have more
information regarding the distribution of X. For instance, a plausible assumption is that X
follows a Gamma distribution with parameters a > 0 and p > 0, namely that its probability
density function is

flz) = ﬁ(ax)plae”, x>0 (18)



(of course, f(z) = 0 for z < 0), where I['(-) is the Gamma function. Recall that, since p > 0,

we have
/ Ertemtde (19)
and that if X has the Gamma density f(x) given by (18), then
ux =2, (20)
a

Therefore, in view of (14), in order to determine the price 5 we have to calculate yy. Using
(18) in (10) yields

1 oo k+1 1 oo (k—l—l)(zm
fy = —— Zk/ (az)? tae”dr = — Zk/ gle7dde  (21)
F F( ) k=1 kam
or
I & /°° L
— EPle8de. (22)
F(p) ; kam
By substituting (20) and (22) in (14) we obtain
5o pL'(p) _ I(p+1) 23)
a Zzozl fk,’am gpileiédg a 22021 fkam gpileifdf,
which in terms of the ratio A introduce in (16) becomes
s I'(p+1)
Aa,p) == — = ~— 55 . 24
(@) moam Y7 [ Errlemtdg .
Observe that (17) tells us that
fx — 00 implies AMa,p) = 1 (25)
and, in particular, in view of (20),
lim A(a,p) =1 and lim A(a,p) = 1. (26)

a—0+ pP—00

It is remarkable that the above limits are not so obvious from (24).

Looking at formula (24) it seems that, unless we have specific numerical values for the param-
eters m, a, and p, it is not clear how to extract a precise estimate for the ratio A\(a, p). For this
reason, the qualitative behavior of \(a, p) has some interest.

Conjecture. The function A(a, p) of (24) is (i) strictly increasing in @ and (ii) strictly decreas-
ing in p. Furthermore,

lim A(a,p) = oo and lim A(a,p) = (27)

a—ro0 p—0t+



In an attempt to obtain a formula for A(a, p) which is more explicit than (24), let us suppose
that X follows an Erlang distribution, namely

p=neN:={1,2,...}. (28)
Then (24) becomes
n! n
A = 50 = o0 ) 29
(@) am 2?:1 fkam {nle=tde  am Y 2, Fu(kam) %
where we have set . -
E = o8
o) g | e (30)
We claim that .
n—1
Fu(z) = Su(e)e™™,  where  Su(z):=Y % 31)
=0

For n = 1 formula (31) is clearly true. To justify (31) for n > 2 we first observe that the
definition (30) of F},(x) implies

‘,L.nfl

F!(z) = ~ T e and  F,(0)=1. (32)

Now, from the definition (31) of S,,(z) we have
S (x) = Sp_1(x) and  S,(0) =1 (33)

Therefore, F,(x) and S, (x)e " agree at x = 0 and by applying (33) and the definition of
Sn(z) we get

xn—l

[Su(x)e™] = Si(2)e™™ — Sp(x)e™™ = Spor(x)e™ — Sp(x)e™ = — T e " (34)

By comparing (34) with (32) we get the validity of (31). Using now (31) in (29) yields

n n
AMa,n) = — = (35)
am Y~y Sn(kam)e=kem g S S (ka;!n)l g kam

or, by interchanging the order of summation in the denominator of the last expression

n
Ma,n) = — , (36)
am Zl*()l (mz?)l Ti(am)
where we have set
Ti(x) =) ke, >0, [=01,2,... (37)
k=1



(incidentally, T;(x) of (37) makes sense for any complex number [, actually it is entire in /;
also, for any real [, Tj(x) is strictly decreasing in x on (0, 00), with Tj(c0) = 0; finally, if
[ > —1, then T;(0") = oo, while if I < —1, then 7;(0) = ¢(—1)). From (37) we have

o0

To(x) = et = ¢’ = L 38
olz) ; I—e™ e*—1 (38)
and
T (x) = =T/(2). (39)
Therefore,
Ty(z) = (~1)'Ty" (x) (40)
and equation (36) can be written as
n
Aa,n) = ] (—c;;n)l To(l)(am)' 41)

However, from (41), unless we specify n it is still not clear how A varies with m, a, and n.

There is something peculiar in formula (41). If we consider the Taylor polynomial

—_

n—

Qn(@; 20) 1=

l

(x — g

[
r L 70 (2) (42)

I
=)

associated to Tj(x), then the sum appearing in the denominator of (41) is @, (0; am), while
To(oi) = +o0.

Finally, let us notice that by straightforward induction we can show

TV (z) = (~1)" (efl_(% [=0,1,..., 43)

where ¢o(z) = 1 and
ai(2) = 1+ Dzal=) - 22— V() 1=0,1,.... (44)

It is easy to see that ¢;(z) is a monic polynomial of degree [ with ¢;(0) = 0 and ¢;(0) = 1
for all [ > 1. Furthermore, the coefficients of ¢;(z)/z are strictly positive for all [ > 1 (also,
q(1) =1'and ¢/(1) = (I + 1)!/2 for all [ > 1). In particular, we have

@(z) =z, @(z) = 22+ 2, g3(z) = 2° +42% + 2, qu(z) = 2* + 13234922 + 2.
45)

Example 1. Suppose n = 1, so that X is exponentially distributed with parameter a. Then
(41) yields

am

Ma1) = =1 :1+amzw. (46)



Notice that A(a, 1) is an increasing function of a. Furthermore, A\(a,1) — oo as a — oo
(equivalently as pux — 0), while A\(a,1) — 1 as a — 0 (equivalently as pux — o0), as
expected.

Example 2. Suppose n = 2, so that X is Erlang with parameters a and 2. Then (41) yields
2 e —1  2XMa,1)

14— gm 14 —9m

l—e—am l—e—am

Aa,2) = 47)

T

Since — = is strictly increasing for x > 0 (and, hence, > 1), it follows from (47) that
A(a,2) < A(a, 1) and, furthermore, that A(a, 2) is strictly increasing in a and approaches co
as a — oo (equivalently as ux — 0), while A(a,2) — 1 as a — 0 (equivalently as ux — 00),
as expected.

Example 3. Suppose n = 3, so that X is Erlang with parameters a and 3. Then (41) yields

Ma, 3) 3 e’ —1 3A(a,1)
a, - am am Ife—am] - am am l4e—am] "’
L+ == [1 a = + 2 } am L+ = [1 R = + 2 ]
(43)
Since 2= - £ is strictly increasing for # > 0 (and, hence, > 1), it follows from (47)

and (48) that \(a,3) < A(a,2) and, furthermore, that A(a, 3) is strictly increasing in a and
approaches co as a — oo (equivalently as uy — 0), while A(a, 3) — 1 as a — 0 (equivalently
as ux — 00), as expected.
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