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Abstract

A collector samples coupons with replacement from a pool contain-
ing g uniform groups of coupons, where “uniform group” means that all
coupons in the group are equally likely to occur (while coupons of differ-
ent groups have different probabilities to occur). For each j =1,...,¢ let
T; be the number of trials needed to detect Group j, namely to collect
all M; coupons belonging to it at least once. We first derive formulas for
the probabilities P{T1 < --- < Ty} and P{T1 = Aj_, T;}. After that,
without severe loss of generality, we restrict ourselves to the case g = 2
and compute the asymptotics of P{Th < T2} as the number of coupons
grows to infinity in a certain manner. Then, we focus on T := T V T5,
i.e. the number of trials needed to collect all coupons of the pool (at least
once), and determine the asymptotics of E[T] and V[T], as well as the
limiting distribution of T (appropriately normalized) as the number of
coupons becomes large.

Keywords. Coupon collector problems; urn problems; asymptotics, limiting
distribution, Gumbel distribution.
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1 Introduction of the problem and main results

Coupon collector problems (CCP’s) are a popular class of urn problems due
to their mathematical elegance, as well as their applications in several areas of
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science, from computer science and biology to linguistics and the social sciences.
The original problem dates back to De Moivre’s treatise De Mensura Sortis
(1712) and Laplace’s Theorie Analytique des Probabilités (1812). Nevertheless,
new variants of CCP keep arising.

In this paper we study the following CCP version: Suppose we sample coupons
independently with replacement from a mixture of g groups of coupons. The
first group consists of M7 coupons each of which having probability p; to occur,
the secong group of My coupons each of which having probability ps to occur,
and so on (all numbers M;, p;, j =1,...,g, are assumed strictly positive). We
call “Group j coupons” the coupons of the j-th group. Notice that under our
assumptions we must have

M1p1+"'+Mgpg =1 (1)

Thus, for each j = 1,...,g the j-th group is a uniform family of M; coupons,
where the term “uniform” indicates that all coupons of the group have the same
probability p; to occur. For instance, we can visualize Group 1 as a set of M,
cards of color 1 (say red), numbered from 1 to My, Group 2 as a set of My cards
of color 2 (say green), numbered from 1 to M, and so on, where each card of
color 1 has probability p; to occur, each card of color 2 has probability ps to
occur, and so on.

Suppose we keep drawing coupons one at a time. Naturally, one quantity of
interest is the number T of trials (i.e. draws) needed to detect all My + --- +
M, coupons (at least once). Some “intermediate” quantities having their own
interest are 1) := the number of trials needed to detect all Group j coupons,
j=1,...,g. Clearly, T can be expressed as

T=\/T (2)

namely the maximum of 71, ...,Ty.

It is worth mentioning that if we view the coupon sampling process as a sequence
{Cy}n>1 of independent and identically distributed random variables, where
cach C), takes values in {1,2,..., (M; +---+M,)}, namely the set of all existing
coupons, with P{Cn = Zl} = D1 for il = 1,2, N .,Ml, P{Cn = ZQ} = P2
for io = (My + 1), (M1 + 2),..., (M1 + M), and so on (so that, {C,, = i} is
identified with the event that the type-i coupon is selected at the n-th trial),
then T3, 7 =1,...,g, as well as T" are stopping times of the “coupon filtration”

fn:O—(Claacn)v n21 (3)

Our first quantities of study are the probabilities P{T} < --- < T,} and P{T} =
ﬂllin}? Where

g
Tmin = /\ Tja (4)
Jj=1



namely the minimum of T4, ..., T, (thus P{T} = Tin} is the probability that
the Group 1 is the first group to be detected in its entirety). Notice that the
equality T; = T}, is impossible unless, of course, j = k.

Theorem 1.
P{Ty < <T,} =
] i3
K/ . / e—(pgtg+"'+p2t2) (1 _ e—pgtg)Mg—l . (1 o e—thQ)Mz—l (1 _ e—p1t2>M1 dtg codt
0 0
(5)

gs

where
K:p2p3...ng2M3...Mg' (6)

Also,

P{Ty = Tuin} =

K/Oo . /Oo e~ (Patattmata) (1 efpgtg)Mfl (1 efpztz)MTl {1 _ efm(ltzA--Mg)]M1 dty- - dtg,
0 0 -

Proof. Following a suggestion of Professor Sheldon M. Ross [6] we prove the
formulas by applying the powerful technique of “Poissonization.”

Let Z(t), t > 0, be a Poisson process with rate A = 1. We imagine that each
Poisson event associated to this process is a sampled coupon, so that Z(t) is the
number of sampled coupons at time ¢. Next, for i =1,..., (My +---+ M), let
Z;(t) be the number of type-i coupons collected at time ¢. Then, the processes
{Z;(t)}t>0,1=1,..., (M1 +---+ M,), are independent Poisson processes with
rates py for i = 1,..., My, ps for i = (My + 1),..., (M1 4+ Ms), ..., and, finally,
pg for i = (My+---+Mg_1+1),...,(My+---+ M,) [7]. Of course, Z(t) =
Z1(t) + -+ + Zngy o, (1)

IfX;,,i=1,...,(My+---+M,), denotes the time when the first type-i coupon
is collected, i.e. the time of the first Poisson event of the process Z;(t), then
the variables X1,..., Xas, 4.4, are clearly independent (being associated to
independent processes) and exponentially distributed with parameters p; for
i=1,...,My, pyfori=(My +1),...,(M; + M) and so on. We now set

My My +M, My +--+ M,
T1 = \/ Xi7 T2 = \/ Xi, ey Tg = \/ Xz
i=1 i=Mi+1 i=Mi+-+Mg_1+1

~ (8)
Thus T}, j = 1,..., g, is the time when all Group j coupons have been detected
(at least once) by the process Z(t) and, hence,

P{Ty < - <T,}=P{Th<---<T,} and P{Ty = Twin} = P{T1 = Trnin},
(9)

where, of course, Tiin = ?:1 T;.



From the independence of the exponential random variables X;,i =1, ...

7(M1+

-+ 4 My), it follows that the variables T, Ts, ... 7Tg are also independent and,

furthermore, (8) implies

Fj(t);:P{Tjgt}:(lfe*f’ﬂ)Mj, £>0, j=1,....q
and
fi(t) :== Fi(t) = p;Mje Pt (1 — e st Mjfl, t>0, j=1,...,9
j j
Therefore,

o0 ts to
P{Ty < <T,} = / / Folty) -+ fa(ta) fr(t) dtrdts - - -

/ /fg < fo(ta) Fy(ta) dtg - - - dt,

(10)

(11)

dt,

and, in view of (9), (10), (11), and (6) the above formula is equivalent to (5).

Likewise,

P{lefmm}z/o /0 /0 gfg(tg)-~-f2(t2)f1(t1)dt1dt2-~-

:/OOO'"/Ooofg(tg)"'fz(tz)ﬂ(tz/\"'/\tg)dtz-'- t

which establishes (7).

dt,

Notice that one consequence of formulas (5), (6), and (7) is that the probabilities

P{Ty < --- <T,} and P{T\ = Tyin} depend only on the ratios ps/p1, . ..

Corollary 1. For £ =1,...,g we have
P{Tf = Tmin} =

Z Z k1+-~+kg <M1> (Mg> kepe _
k1 kg kipr + -+ kgpg

kg=1  ki=1

In particular, for ¢ = 2 we have

P{T <T } f % j+lc Mo p1j
e k ) p1j+ pok

k=1j5=1
and

e U M- k
i+k 2 b2
pin <t =33 () ()5

k=1 j=1

Proof. Tt is enough to prove (12) only for the case £ = 1. For j = 2,...,

have
M; M
piMje Pt (L= evata) 0t = 37 (1)l (k?)pjkje"“”t%
k=1 J

,Pg/D1-



while

My

My M

1— 7p1(t2/\-~/\tg):| — -1 k1 1 7k‘1p1(t2/\---/\tg). 16

‘ Sen(y))e (16)
1=

Substituting (15), (16), and (6) in (7) yields
P{Tl = Tmin} =
Mgy My M,
3T S e (1) () an
kg=1  ko=1k;=0 9 1

where

I = /Oo R /Oo kgpg o kopo 67(k?gpyty+-~~+k'2p2t2)e*klpl(t2/\-../\tg)dt2 .. dtg.
0 0
(18)
A quick look at (18) reveals that
[ = E [e hpr¥min] (19)

where Yiin is the minimum of the independent exponential random variables
Ys,...,Y, with parameters (kop2), ..., (kgpy) respectively. Since (as it is well
known) Yiin is exponentially distributed with parameter kops + - - + kgpg, it
follows from (19) that

_ kopa + -+ + kgpg
kip1 + (kapo + - - + kgpg)

(20)

and the substitution of (20) in (17) gives

P{Tl = Tmin} =

M, M> M

(1)t Z i 21: (—1)ktth <M0> <M1) kopa + -+ + kgpgy
kg=1  ka=1ki;=0 kg ky ) kipy + kops + -+ - + kgpg’
9= 2=1 k1=

(21)
or, equivalently,

P{Tl == T’min} =

M, M, M,
M M kip
19 S —1)kt +kg< 9)< 1) !
(=12 3 >0 2 (D) Ky k1 ) kipy + kapa + -+ kgpg

kg=1  ka=1ky=0

kg=1  ko=1ki1=0

In the first multiple sum of the right-hand side of (22), clearly, the value k; = 0
of the dummy variable k; can be omitted since it does not contribute anything



to the sum. Hence we may as well take k; to vary from 1 to M (instead of 0 to
My). As for the second multiple sum of the right-hand side of (22), just notice
that it can be factored as

s ()] oG] e ()

where, obiously, the last factor is equal to 0 (being the binomial expansion of
(1 — 1)), Hence the whole multiple sum vanishes, and (22) reduces to (12)
(for £=1).

Formulas (13) and (14) follow immediately from (12). |
We can number the groups so that p; < ps < --- < py. Then, our CCP problem
is stochastically bounded between two “extreme” cases where we have only two
groups of coupouns: (i) one group consisting of M; coupons each of which having
probability p; to occur and another group consisting of My + - - - 4+ M, coupons
each of which having probability ps to occur and (ii) one group consisting of
M coupons each of which having probability p; to occur and another group
consisting of My + --- + M, coupons each of which having probability p, to
occur. Hence, the case g = 2 is quite important since it can, at least, provide
upper and lower estimates for the more general case of an arbitrary number of
groups. With this in mind, let us spell out an immediate corollary of Theorem
1.

Corollary 2. We have
P{T) < Ty} = ps M, /oo et (1—e )M (1—e )™ g (23)
0
Also (by substitution x = e~* in the above integral),
P{Ty < Ty} = poaM, /1 (1- xpl)Ml (1- xPZ)Mz—l P2~ dr
0

_ _/0 (1= am)™ (1= a7)] o (24)

The observation that P{T; < T} depends only on the ratio

D2
A== 25
P (25)

yields two slightly simplified equivalent versions of (24), namely
1
P{Ty < Ty} = AMQ/ A=) (1— ) e (26)
0

and L
My
P{T) < Ty} = MQ/ (1 - x1/>‘> 1—2)™ g (27)
0



(formula (23) too can be simplified a little by using the fact that P{T} < T»}
depends only on A).

In the sequel, we will assume that g = 2, namely that we have only two groups
of coupons. Our goal is to understand the behavior of certain quantities as
A = po/p1 stays fixed, while M; and Ms become large in such a way that

M1 = l/lM and MQ = I/QM, (28)

where v1 > 1 and v > 1 are fixed integers, while the integer M is allowed to
grow. Notice that, under these assumptions p; and ps depend on M. Then,
recalling (1), namely that M;p; + Maps = 1, the quantities

151

:: M —_ ——
aq 1P1 1+ A\

and ag i =Mopo=—"—=1—a1 (29)
are independent of M too.

In the rest of the paper we study the asymptotic behavior of certain quantities
related to Ty = Th(M), To = To(M), and T = T(M) = Ty V T, as the integer
M grows large. It is notable that our results determine the order of magnitude
of the corresponding quantities for the case of g groups, for any g > 2.

In Section 2 we derive the asymptotic formula (Theorem 2)

V2)\F(/\) 1
v S ML

P{Ty <Ts} ~ M — oo,

under the assumption that A of (25) is > 1 (as usual, the notation f(M) ~ g(M)
means that f(M)/g(M) — 1 as M — o).

Section 3 contains some auxiliary topics including a key example discussed in
Subsection 3.1. These topics are used in Section 4 in order to determine the
asymptotic behavior of the expectation, the variance, as well as the distribution
of Ty, Ty, and T as M — oco. Some indicative results of Section 4 are:

(i) A formula for the asymptotics of the expectation of T'

E[T] = (v1+ o) M In M+(v1+Ave) (y+n v ) M+0 (M*~*In M), M — oo.

This formula follows immediately from Theorem 6.
(ii) A formula for the asymptotics of the variance of T

72 (v + Avg)?

vim~ T

M?, M — o0

(this is Corollary 4).
(iii) The limiting distribution of T (appropriately normalized). We have shown
that the random variable
T— (v1+ )M InM
(1/1 + )\I/Q)M

—Inug

converges in distribution to the standard Gumbel random variable as M — oo
(Theorem 8).



The above three results are presented in of Subsection 4.2 and hold under the
assumption that A > 1.

Finally, for the betterment of the flow of the paper, the derivations of formulas
(63) and (105) are placed in the appendix (Section 5).

2 Asymptotics of P{T} < T»}

Equation (26) can be written as

1
P{Ty < To} = MwoM Iy, where Ipf = / 21 (1-— x)”lM (1 — xA)UQM_l dx.
0

(30)
Thus, the asymptotic behavior of P{T} < Tb} as M — oo reduces to the
asymptotic behavior of Iy;.
For convenience we will assume from now on, without loss of generality, that

A= (31)
Y4

Formula (30) yields immediately the following upper bound for Iy;:

LN T (1M +1)
FA+viM+1)°

1
Iy < / 21 (1- x)ylde =B\nM+1)= (32)
0

where B(-,-) and I'(-) denote the Beta and Gamma funtion respectively, while
an immediate consequence of Stirling’s formula is that

/1 P (1 )V g - LOT@M 1) T
0

~

- = M- o
T+ M+1) v MY =00 (33)

Next, we need to find a satisfactory lower bound for Ip;. Let 0 < e < 1—(1/)),
so that (1/A) + ¢ < 1. Then, (30) implies
M-/ —e Mt
Iy > Iy = / A1 -2 M (1= 2N da (34)
0

For € [0, M~(1/)~¢] we have

0> (1,M—1)In (1—2*) > (M—1)In <1 - MSHE) = —25+0 (M}HE
(35)
as M — oo (uniformly in x). Hence
A\ v2 M —1 12 1 1
12(1—37) Zexp(—T) [I—FO(W)}:l—FO(W)
(36)



Using (36) in (34) yields

M—A/A)—e M—A/A)—e

_ M 1 _
/0 96’\1(1—x)1 dx>I}’w>[1+O<W>}/O x/\l(l—
(37)
or
M— (/A==
I, ~ / A1 = 2)" M da, M — oo. (38)
0

Finally, we notice that the fact that (1/A) + & < 1 implies

' A1 n M 1 M 1
/Mf(l/)),e x (1 — :1:) dx < <1 — W) =0 (MT) for any r > 0,

(39)
thus, in view of (33), formulas (38) and (39) give
1
— vi M F(A) 1
I]bwfv/oycA Y1 —2)" M de ~ b 2s M — . (40)
Hence, the combination of (32), (33), (34), and (40) yields
INOY !
Therefore, by applying (41) in (30) we obtain the following result.
Theorem 2. If A\ = py/p; > 1, then
A'(A 1 'A+1 1 I'(A+1
P{T, < Tp} ~ 22 W _nlA+D) _r T+ (42)

v M1 v M 1y Al

as M — oo.

Notice that, no matter how big the ratio My/M; = v5/v; is, the probability
P{T} < Ty} approaches 0 as M — oo, as long as A is bigger than 1 (even
slightly).

3 Auxiliary material

Suppose we sample independently with replacement from a pool of N coupons,
where the probability of the j-th coupon to occuris ¢;, j =1,..., N (the ¢,’s are
usually referred as the “coupon probabilities”). Let S = Sy denote the number
of trials needed in order to detect all N coupons. Obviously, the possible values
of Sy are N, N+1,... (it is easy to see that P{Sy < co} =1 aslong as ¢; >0
for all j; actually, from the generating function E [27°~], as computed in [4],
one can easily see that P{Sy = k} deays exponentially as k — c0).

For the purposes of this paper we will need a formula for the expectation £ [SJ(\?)]

for any real r > 0, where
['(s+r)
(.- 4



is the “natural” extension of the so-called Pochhammer function.

If we denote by W; the number of trials needed in order to detect the j-th
coupon, then, it is clear that W; is a geometric random variable with parameter
g; and

N
Sy =\ W;.

j=1
However, the above formula for Sy is not very useful, since the W;’s are not
independent. Instead, we can employ again the “Poissonization technique” (see,
e.g., [7]) in order to get an explicit formulas for E [51(\7,")].
As in the proof of Thorem 1, we take Z(t), t > 0, to be a Poisson process
with rate A = 1. We imagine that each Poisson event associated to Z is a
collected coupon, so that Z(t) is the number of detected coupons at time ¢.
Next, for j = 1,..., N, let Z;(t) be the number of times that the j-th coupon
has been detected up to time ¢. Then, the processes {Z;(t)}i>0, j = 1,..., N,
are independent Poisson processes with rates g; respectively [7] and, of course,
Z(t) = Zi(t)+---+Zn(t). If X;, j =1,..., N, denotes the time of the first event
of the process Z;, then X1, ..., X are obviously independent (being associated
to independent processes), while their maximum

N
xX=\/X (44)

is the time when all different coupons have been detected at least once.
Now, for each j = 1,..., N the random variable X; is exponentially distributed
with parameter g;, i.e.

P{X; <t} =1-e %" t>0. (45)
It follows from (44) and the independence of the X;’s that

N
PiX<t}=J[(1-e"), t>o0. (46)
j=1

Next, we observe that Sy and X are related as

SN
x=3 U (47)
k=1
where U, Us,... are the interarrival times of the process Z. It is common

knowledge that the U;’s are independent and exponentially distributed random
variables with parameter 1. Hence for any integer m > 1 the sum Uy +---+ U,
follows the Erlang distribution with parameters m and 1. Therefore,

(&)

B oo Emfl 675
E = | ot g e (15)

)!

10



where ¢(x) is any (Lebesgue) measurable function on (0, 00) for which the in-
tegral in (48) makes sense (i.e. converges absolutely). Noticing that Sy is

independent of the U;’s, formulas (47) and (48) imply

fsN 1
X1l = [ ote et (49)
(Sy—1)!
and, consequently (by taking expectations)
é‘SN 1
=8| [ 00 gy (50
If we take ¢(x) = 2" for a fixed real number r > 0, then (50) becomes
oo é'SN+T—l e F(SN + 7‘) "
EIX=F|[| c—mea| =F| | =B[s]. 1
= | [ e =B [ vl oY
Finally, by using (46) in (51) we obtain the following result.
Lemma 1. For any real number r > 0 we have
) F(S + r) o0 N
E{ST]_E[N}_T/ A (1—e%t> dt. (52
N F(SN) o 1;[1 ( )
In particular for r = 1 we have
0o N
E[SN] :/ 1-]] (1 - e—qﬂ> dt, (53)
0 =1
while for r = 2 we have
[5(2 ] E[Sy(Sy +1)] = / tl1— H (1 - e—%‘t> dt.  (54)
Remark 1. Let the random variables =1,...,=5 be independent and expo-
nentially distributed with parameters q1, ..., gy respectively. If
N
Emax = \/ Ej7
j=1

then formula (52) tells us that for any real number » > 0 we have

Bl -F F(FS(%;)T)] = E[Zad-

11



Let us also notice that by expanding the product inside the integral in (52) and
integrate the resulting sum term by term we obtain the expression

(50T s ey
[ N} o JC{%E})MN} (ZjGJQj)

N
1
=Tr+1)) )™t > - (55)

m=1 1<j1<<jm <N (5, + -+ 5,.)
where |J| denotes the cardinality of J.

Remark 2. Let us first observe that since Sy is always a positive integer, the

quantity
F(’I‘ + SN)

I(r)T'(Sn)
makes sense for every r € C; actually, it is entire in r (the poles of I'(r + Sn)
are cancelled by the zeros of I'(r)~1). Now, let us look at the function

(56)

H(r):=

1 F(r—!—SN)}_iFF(k‘—l-r)

w7 7 [59) = B [ Fees) = P(Sx = k),

2 1) (b= 1)

(57)
Since (i) T'(k+7r)/(k—1)! ~ k" as k — oo (see, e.g., formula (69) below) and (ii)
P{Sy = k} decays exponentially in k, it follows that the series in (57) converges
uniformly (and absolutely) in r on any compact subset of the complex plane C.
Therefore, H(r) is an entire function and consequently formula (57) implies

that E[SJ(\}")] is meromorphic in r whose poles are located at —N, —(N +1),... .

Although the fact that E [S](\;)] is meromorphic also follows from (55), it is not
obvious from this formula that there are no poles at —1,—2,..., —(N —1).

Now let us consider the “uniform” case, namely the case where all N coupons
are equally likely to occur, i.e.

Qj:N for j=1,...,N. (58)

In this case formula (52) becomes

E [S](VT)} - r/ooot’”—l [1 - (1 - e_t/N) N] dt. (59)

Substituting t = Ns in the above integral gives
E [SJ(\;)] = Nr/ rs" " [1—(1- e_S)N] ds. (60)
0
Next, we integrate by parts and get

E[s{] = N”“/O S (1— e )N Temods. (61)

12



Then, we make the substitution s = In N — Inz (so that z = Ne™*) in the
integral of (61) and obtain

E [sg)} —NT 1nrN/ON (1 - %)N_l <1 - E;)de. (62)

Starting from (62), it can be shown that, for any given r > 0, the asymptotic
behavior of E[SJ(\?)] as N — oo is

E [sﬂ = N"(InN)" kznjzo (;) i;klj):; /OOO e *(Inz)*dz + o (M) (63)

for every n =1,2,.... Here, (;) stands for the generalized binomial coefficient

(in the sense that 7 is not necessarily a positive integer—see formulas (172) and
(173) in Subsection 5.1 of the Appendix).

Intuitively, it is not hard to see why (62) implies (63). However the complete
proof is quite long and for this reason is given in the Subsection 5.1 of the
Appendix.

To further simplify (63), let us first notice that if we differentiate k& times the
Gamma function T'(z) = [;° t*"*e~"dt and then set z = 1, we get

(1) = /‘X’ e *(Inz)*dz. (64)
0

Of course, T'(®)(1) = T'(1) = 1. As for the derivatives I'®)(1), k = 1,2,..., there
are some known expressions and recursions (see, e.g., [2] and the references
therein). For instance,

2 2
rO1) ==, TP =% +97% TO0) =~ [2«3) 5 ﬂ ,ete,

2
(65)
where v = 0.5772... is the Euler (or Euler-Macheroni) constant and {(-) is the
Riemann Zeta function.
Using (64) we can write (63) as

)| _ ar r - r (_1)k F(k)(l) 1
E[SN} = N"(In N) L;)<k> v tolw )| Vo
(66)
for every n = 1,2,.... Formula (66) can be written equivalently as an asymp-

totic series (for the definition of the asymptotic series and the associated usage
of the symbol ~ see, e.g., [1])

] © N"(In i () (CDFT () o
E{SN} NT(l N)]§<> . N = oo, (67)

k In* N

for any r > 0 (of course, if r is an integer, (;) = 0 for k& > r and the series

becomes a finite sum). In particular, the leading behavior of E [S](\;)] is

E [sgp] ~N"(InN), N - . (68)

13



Let us also mention that in the case where r is a positive integer there are more

detailed expressions for E[SJ(\;)] (see, e.g., [4] and the references therein).

Finally, from (68) we can easily obtain an asymptotic formula for E[S}/] as
N — 0. For a fixed r > 0 Stirling’s formula yields

S0 P(lf(;r)” ~sT, 85— oo (69)

Since Sy > N, formula (70) implies that, for any € > 0 there is a Ny = Ny(¢g)
such that

(1—2¢) S](\;) <Sy<(1+¢) SJ(\;) for any N > N, (70)
and consequently,
(1-¢)E [5}@} <ESY<(1+e)E [5}@} for any N >N,  (71)
i.e., in view of (68),
E[Sy]~E [s}ﬂ ~N'(InN), N - oo, (72)

for any r > 0.

3.1 A preliminary example
Suppose our set of coupons is {0,1,..., N} with corresponding probabilities

1-6

q‘]:T’ jzl,...N, (73)

qo =10 and
where 6 € (0,1) is a given number. Let S(8) = S(6; N) be the number of trials
needed until all N + 1 coupons are detected (thus S(0; N) = Sy1 under the
previous notation). Then, (53) gives (in the sequel, the dependence of S() on
N will be suppressed for typographical convenience)

E[5(6)] = /0 h [1 (e (1 euewN)N} "

N E[S(0)] = Ju(N;0) + J2(N; 0), (74)
where
JL(N;0) = /oo {1 - (1 - e<19>t/N)N] dt (75)
0
and
Jo(N;0) := /OO e 0t (1 — ef(lfa)t/N>N dt. (76)
0

14



The integral J;(NV;0) of (75) reminds the expectation of Sy in the case where
all N coupons are equally likely to occur. This is very easy to see via the

substitution y = 1 — e~ (=N which yields
N [T1—gyN N o= N X1
W) =1 | T, w=15 ) ]Zoy y 1_6;].,( )
or
NHy 1
Ji(N30) = T—5,  where HN::Z}. (78)
j=1

The quantity Hy is called the N-th harmonic number and its full asymptotic
expansion, as N — oo, is well known (see, e.g., [1]):

> Bop 1

1
Hy ~InN — . 79
N ~1In +7+2N+k=1 ok N2k’ (79)
where B,,, is the m-th Bernoulli number defined by the formula
(o]
z B,

= m, 80
e —1 = m! * (80)

Since z(e* — 1)~ + 2/2 is an even function of z, we have that Bgj41 = 0 for all
k> 1.

Next, let us bound the integral Jo(N;8) of (76). For any fixed p > 0 formula
(76) implies

pN N 00
JQ(N;H)g/ (176*<1*9>t/N) dt+/ et dt
0

N
<N (1= e (m00) Ty e 81
<p e 5N € (81)

Hence, there is an €1 > 0 such that for any fixed ¢ € (0,£1) we have
Jo(N;0) =0 (e*V), N - o0 (82)

(e is a symbol we recycle).
Using (78) and (82) in (74) yields
NH

E[S(9)] = ﬁ +0(e*N), N-oox (83)
(let us recall that in the case where all N coupons are equally likely to occur
we have E[Sy] = NHy).
The full asymptotic expansion of F [S(f)] can be obtained immediately by ap-
plying (79) in (83). In particular,
_ NInN YN

1—9 +m+0(1), N — o0. (84)

E[S(9)]

15



In the same way we can get the asymptotics of the second rising moment
E[S(6)?] of S(6). By (54) and (73) we get

E[S(0)®] = Ji(N;6) + Jo(N; 6), (85)
where - N
Ji(N;0) := 2/ t {1 - (1 - e—(1—9>f/N) ] dt (86)
0
and - N
Jo(N:0) := 2/ te—0t (1 - e—<1—9>t/N> dt. (87)
0

The approach we used to bound J2(N;6) applies to jg(N;H) as well and it
implies that there is an 2 > 0 such that for any fixed € € (0,e3) we have

Jo(N;0) =0 (e=V), N — . (88)

To calculate J;(N;6) we substitute s = (1 — 0)t in the integral of (86) and

obtain
jl(N;e):ﬁ/o s{l—(l—e‘s/N)N} ds (89)

The integral in the right-hand side of (89) equals E[SI(\?)}, where Sy is the
number of trials needed to collect all coupons in the uniform case where all N
coupons are equally likely to occur. Since r = 2 is a very special value, we
can get more precise results than the ones coming directly from formula (67).
Indeed, it is not hard to show (see, e.g., [3]) that

N
E[sﬁ)}zm H12\,+;J12 . (90)

Therefore, (89) becomes

. N2 Al
J

-

Using (88) and (91) in (85) we finally get

N? |
(2) — 2 - —eN N 9
E [5(0) } T | A+ ;:1: | o), Lo, (92)
for sufficiently small &€ > 0. The full asymptotic behavior of Zévzl 572 is well
known (see, e.g., [1])
N o)
1 2 1 1 B
-5 T - + — 2k , (93)
Z 276 N ane N2k
i=1 k=1

16



hence we can obtain easily the full asymptotic expansion of F [S (9)(2)] by using
(79) and (93) in (92).
For the variance of S(6) we have

VISO) = E[S06)®] - EIS©)] - EISO), (94)
hence applying (83) and (92) in (94) yields
N NH
VS(0)] = (1_9)2;]12 S0 ™), Now, (99)

for £ > 0 sufficiently small. Again, the full asymptotic expansion of V[S(6)] can
be obtained immediately with the help of (79) and (93). In particular,

V[S(6)] = fi(f—]i)Q [1 +0 (h;\ivﬂ . N oo (96)

In a similar fashion, we can compute the asymptotics of the fractional rising
moments of S(#). For r > 0, in view of (73), formula (52) becomes

E[s(0)"] = r/ooo g1 [1 — (1= ) (1= 0N N} dt

= 7“/00 ¢t [1 — (1 — e_(l_‘g)t/N>N} dt + 7“/00 trle0t (1 — e_(l_‘g)t/N>th,
0 0

(97)

thus, in the same way we got (82), we can now get

E {S(G)(’”)} - T/OOO -t [1 - (1 _ e<19>t/N)N} dt+0 (=), N oo,

(98)
for £ > 0 sufficiently small. Next, as usual, we substitute s = (1 — #)t in the
integral of (98) and obtain

1
(1-0)

E {S(Q)m} = /000 rs" ! {1 - (1 - e_S/N)N] ds+0 (e*"), N — oo,

(99)
In view of (59), the integral in the right-hand side of (99) equals E[S](\;)], where

Sy is the number of trials needed to collect all coupons in the uniform case.
Hence, we can use formula (67) in (99) and conclude that

N'(lnN) < /r) (=1 T®)(1
E[s(6)"] ~ (1(9)) kzzo (k>(3nk]\7() N oo, (100)

for any r > 0. In particular,

N™(In N)"

E[5(0)")] ~ ST

N = co. (101)

17



Furthermore, since S(6) > N + 1, in the same way we obtained (72), we can
now get
NT™(InN)"

BISO)]~ T3 g

N = oo, (102)
for any r > 0.

Finally, we will give the limiting distribution of S(#) as N — oo. The formulas
for the moments and the variance of S(6) suggest that the law of the random
variable (1 — 6).S(0) must be very close to the law of Sy = the number of trials
needed to detect all N coupons in the uniform case where all coupons are equally
likely to occur.

The limiting distribution of Sy as N — oo has been found in 1961 by Erdds
and Rényi [5]:

W&Y as N — oo (103)

(the symbol 2, denotes convergence in distribution) where
Fly) = PY <y} —exp(—c), yeR, (104)

namely Y is a standard Gumbel random variable. Therefore, it is not surprising
that

(1= 9)5(?\)7_ Nin N 2y as N — oo, (105)

where, again, Y is a standard Gumbel random variable.
Our proof of formula (105) is based on characteristic functions. The details are
given in the Subsection 5.2 of the Appendix.

4 The asymptotic behavior of 77, 15, and T

4.1 The random variables 77 and T

If we are only interested in the variable 77 = 77 (M) alone, namely the number
of trials needed to collect all My = v1 M coupons of Group 1, then all the
coupons of Group 2 feel the same to us, and consequently we can assume that
the Group 2 consists of only one coupon having probability Msps = as to occur
(recall (29)). Under this point of view, the number of trials S = Sy, +1 needed
to detect the totality of the M; + 1 existing coupons (i.e. the M; coupons of
Group 1 plus the single coupon of Group 2) can be identified with the variable
S(0) = S(0; N) studied in Subsection 3.1, where § = ay and N = M; = vy M.
Although in our notation we will usually suppress the dependence on M for
typographical convenience, we should always keep in mind that both 77 and S
below depend on the integer M.

Obviously, 77 < S and the event {T} < S} happens if and only if the Group 2
coupon occurs last, namely after detecting all vy M Group 1 coupons. Therefore,

P{T) < S} < P{r;M < S} = (1 — ap)""M = oM (106)
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(the last equality follows from the fact that, in view of (29), a3 + a2 = 1). This
is a rather crude estimate of the probability of {77 < S}, but it will be sufficient
for our purpose.
Next, we will estimate the difference S — T in the L; sense. Let us first notice
that,

S—T = (5 —T1)1{p,<sy- (107)

Then, taking expectations in (107) yields
E[S—T]=E[(S—T) 1] = E[S—Ti|Ty < §] P{Ty < S}. (108)

Now, notice that for k = 1,2,..., we have P{S — Ty = k|T} < S} = " ay.
Thus, the conditional distribution of S — T}, given {1} < S}, is geometric with
parameter «y. Therefore, F[S — T | Ty < S] = 1/as and (108) becomes

E[S| - E[T\] = E[S - T1] = ai P{T} < S}. (109)

which, in view of (106), implies that S and T get very close in the L sense as
M — oo. As for the asymptotics of E[T}], we can use (83) (with § = a5 and
N =11 M) and (106) in (109) and obtain immediately the following result:

Theorem 3. For every sufficiently small € > 0 we have

E [Tl} = oyTll MHulM + 0 (e_EM) = (U1—|—>\1/2)MHV1M +0 (6_6M> , M — oo,

(110)
where Hy is the N-th harmonic number (see (78)).
Likewise,

E[Ty) = 2—22 MH, 0 40 (e7M) = (A vi41n) MH,yynr +0 (€M), M — oo

(111)
For example, in view of (79), formula (110) implies
1
ETh] = 1+ )M In M + (14 Ave) (y+Invy )M + % +0 (M , M — oo,
(112)

where, recalling (29), we have that a3 = v1/(v1 + Ave).

We continue by noticing that in a similar way we can also get easily the asymp-
totics of the second rising moment of T7. With the help of Schwarz’s inequality
(and the fact that S > T;) we have

E[S?]|-E[T?]=E[S*-T} =E[(S+T) (S~ T)]

1

<E [(5 + T1)2] 'p [(s - Tl)ﬂ *<op[$?PE [(s . Tlﬂ

Now, (107) implies that

(S—T1)* = (S —T1)* 1ir, <5y (114)
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and hence, in the spirit of (108) and (109) we can get

B((s-1)*] = B[(S—T)* |7y < S| P{Ty < 5} = * M pim<s).
’ (115)
Using (115) in (113) yields
E[$?] - E[1?] < 27”@“‘1 E[$%)? P{T; < S} (116)

Thus, by (92) (with § = as and N = 11 M) and (106) we get that the quantity
in the left-hand side of (116) satisfies

E[S?]-E[Tf]=0(eM), M — oo, (117)

for € > 0 sufficiently small.
Therefore, by applying (92) (with § = as and N = vy M) in (117) together with
Theorem 3 and (83) (with # = as and N = 11 M) we obtain the following result:

Theorem 4. For every sufficiently small € > 0 we have

2 lllM

1% 1

B+ = (2) 32 (Ht Y | +0()
=1

l/lM
1 _
= (1 + Ap)2 M2 H31M+Zj7 +0(eM)  (118)
j=1

as M — oo. Likewise,

2 l/2M

1% 1

E[Ty (T2 +1)] = <a22> M? | H. \+ Z 7 +0 (e=M)
j=1

VQM
= (Nl ) M2 HZ D %2 +0 (e=M)  (119)
j=1

as M — oo.

From Theorems 3 and 4 we get immediately the following

Corollary 3. For every sufficiently small € > 0 we have

2 v M
1
V] = (”1) S| M2 %MHWM + 0 (eM)

a1 =7
V1M 1
=+’ | > = M? — (v1 + M)MH, p + O (e7M) (120
j=1
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as M — oo. Likewise,

2 vo M
1
V(D] = (”2) Yoo | M2 Z—ZMHDQM + 0 (eM)

a2 =7
9 l/zM 1
=\l dm) (DD 5 | M2 = (N v+ ) MHy,p + O (e°M)
j=1
(121)
as M — oo.
In particular,
2 Avg)? In M
V[Tl]:WW [1+0<I§w>}, M — co. (122)

Let us, also, mention that a similar approach can be use to determine the

asymptotics of E[Tl(r)] and E[T7]. Indeed, formulas (101) and (102) (for 6 = ao

and N = v; M, as usual) imply

E[TT] ~E [Tf”} ~E [S“)] ~ (1 + M) MT(In M), M — o0, >0
(123)

Likewise,

B3~ E [Té’")} ~ (A ) M T(In M), M oo, r>0. (124)

Finally, for § = ay and N = v1 M formula (105) becomes

S— w1+ )M (InM+1Invy) p
(on + o) —Y as M — oo (125)

where Y follows the standard Gumbel distribution displayed in (104). We can
rewrite (125) as

T — (Vl + /\Z/Q)M (th + hlVl) S -1 D
(1 + ) M (1 + ) M —Y as M — oo.

(126)

However, from (106) and (109) we have that S — T} — 0 in Ly and, therefore in

probability (actually it is easy to see by using (106) and (109) and Chebyshev’s

inequality that, for any § > 0 we have > 5,_, P{S —T1 > §} < oo, hence

P{S — Ty > ¢ i.0.} = 0 and the convergence is almost surely). It follows that
S —T1 — 0 in distribution as M — oo. Therefore,

S-Ti b
2T Dy as Moo 127
(1 + M) M s ’ (127)

hence by combining (126) and (127) we obtain the following theorem regarding
the limiting distribution of T (and T5):
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Theorem 5.

T1 - (Vl + )\VQ)M In M D
—1 Y M 128
(r £ dwa)M ny, — as — 00 (128)
where
Fy)=P{Y <y} =exp(—e7¥), yeR, (129)

namely Y is a standard Gumbel random variable.
Likewise,

T — (A_ll/l + Z/Q)M In M

—lnw -5Y as M — oo. (130)
(A‘lul + VQ)M

4.2 The random variable T

We are now ready to determine the asymptotic behavior of the variable T' =
Ty V15 as M — oo. Without loss of generality, as in Section 2, we will assume

for convenience that

A=2251 (131)
P

Let us first observe that we can write
T-Th'=T1VTh-T=(T,—T)) 1{T1<T2}. (132)
Taking expectations in (132) yields

E [T - Tl] =F [(TQ — Tl) 1{T1<T2}] =F [Tg - 1T |T1 < TQ] P{Tl < TQ}
(133)
From the fact that 77 and Ty are stopping times of the coupon filtration (recall
(3)) we get
ET,—T|T) < Tx) < ET], (134)

thus, using (134) in (133) gives

Therefore, by invoking Theorems 2 and 3 we obtain

Theorem 6.
E[T] = (v + Avo)MH,, p + O (M *InM), M — oo, (136)

where, as usual, Hy denotes the N-th harmonic number.
Since A > 1, formula (136) together with (79) imply

E[T] = (1+ )M In M+(vi+Ave)(y+In v )M+0 (M* *In M), M — oo.
(137)
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From Theorem 6 we see that the larger the A\, the more accurate the asymptotic
formula for E[T] becomes. The value A\ = 2 is somehow critical, since if A\ > 2,
then (136) yields

%1 + )\VQ

ET)= i+ o) MInM + (v + Ava)(y + Invy )M + 50
1

+o0(1) (138)
as M — oo.

We continue with the asymptotics of the second rising moment of 7. We will
follow the approach used in the previous subsection for E[Tl(Q)]. For better
estimates, instead of the Schwarz’s inequality we use here the more general
Holder inequality (and the fact that T < T + T») to get

E[1?] - EB[T?] = B[T? = T}] = B[(T+ T1) (T - T)]

< B[en + 1)) E(T- 1)), (139)

|-

where
r

r—1
An immediate upper bound of the first factor of the right-hand side of the
inequality in (139) is given by the Minkowski inequality:

r>1 and s =

(140)

E[2T + )] < 2E[TT)" + E[I3] . (141)

Now, (132) implies
(T-T1)" =(T—T1)" 11, <1} (142)

and hence, in the spirit of (134)

E [(T — Tl)s] =F [(TQ — Tl)s |T1 < TQ] P{Tl < TQ} <F [T;] P{Tl < T?} )
143
Using (141) and (143) in (139) yields

2 2 r 1 r i S i 1
(1% - B (T3] < (2B[T7) + ET3)") E[T3)* P{Ty < To}*. (144)
Thus, by using (123), (124), and the result of Theorem 2 in (144) we obtain
ET?) - E[17] =0 (M* O 0w’ M), Moo (145)

If we had used the Schwarz’s inequality, then we would have been forced to take
r = s = 2. By using Holder inequality, we are free to choose r as large as we
wish and, consequently, in view of (140), we can take s arbitrarily close to 1.
Thus, formula (145) is valid for any s > 1 and we can write it as

E[T?| =E [T} +O0 (M), M — oo, (146)
for any € > 0. Hence, by Theorems 3 and 6 formula (146) becomes

E[r®] = B[1P] +0 (M), M- (147)

23



Therefore, by using Theorem 4 in (147) we obtain the following result:
Theorem 7. For every € > 0 we have

V1M
1 _
E[T(Q)} :(V1+>\V2)2M2 H31M+ZF +O(M3 )\+8)7 M — .
Jj=1

(148)

Notice that, since A > 1 and ¢ can be taken arbitrarily close to 0, the exponent
3 — A + € in the error term can be always assumed to be less than 2 (hence
formula (147) is meaningful for any A > 1). In particular, from (148) we can
immediately deduce that

E[T?] ~E {T(Q)} ~ (1 + M) 2M2I® M, M — oo (149)
and, furthermore, in a similar manner we can show that for any r > 0 we have
BT~ E[T0] ~ (i + Ap) M7 0" M, M — . (150)

From Theorems 6 and 7 we get the following corollary.

Corollary 4.

72 (vy + Avg)?
6

Finally, let us determine the limiting distribution of T" as M — oco. Formula
(128) can be written as

[T — (1 + )M In M
(v1 + )M

VI[T] ~ M?, M — <. (151)

T-T D
—1 - Y, M 152
nyl} CESYSIi —Y, — 00, (152)

where Y is a standard Gumbel random variable. Moreover, by using (42) and
(110) in (135) we get

T-1T In M
EFEl————| =0 —— M . 153
)~ () Mo 153
Since A > 1, formula (153) implies that, as M — oo,
T-T
— =0 in the L . 154
o v — in the L; sense (154)

Hence the above convergence is also in probability and, consequently, in distri-
bution. Therefore, by using (154) in (152) we obtain immediately the limiting
distribution of the random variable T" as M — oc:

Theorem 8. Let T be the number of trials required to detect all Group 1 and
Group 2 coupons. Then,

T—(v1+ )M InM

(1 T a)M 1nu1£>Y as M — oo,
141 V2

where Y is a standard Gumbel random variable.
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5 APPENDIX
5.1 Proof of formula (63)

Let a € (0,1). For typographical convenience we set
U(N;a) =™ N (155)

(so that for any constant 3 > 0 we have In® N << U(N;a) << N? as N — c0)
and then we write (62) as

E [S}J)} = N"In" N[I,(N) + L(N)], (156)
h
where UV v e\ "
L(N) = 1- 2 el 1
1(V) /0 ( N) ( lnN) d (157)
d
b I(N) = /N (1—3)%1 TP (158)
2 e VN mN)

We will first estimate I5(N) as N — oo.

U(N;a) N=L N Inz\"
L(N) < (1 285 I
0 < I )<< N > /U(N;a) my)

U(N UI(VA?l) U(N;a)
<N [(1 - (NO‘)> ’ ] ~ Ne~ U, (159)
In particular (159) implies
1
IL(N)=o (N"”") for any s > 0. (160)

To estimate I;(N) we first notice that for 0 < 2 < U(N;a) = ™ ¥ we have

(N-1)In (1 - %) = —(N-1) L@ +0 (;f;ﬂ = —z+0 (1\%) for any 6 € (0,1).

(161)
Exponentiating (161) yields

(1 - %)Nfl — {1 +o (;oﬂ for any 6 € (0,1). (162)

We, then, substitute (162) in (157) and obtain

U(N;a) Inz\" 1 U(N;a) Inz\"
Ii(N) = T1l—-— d — 1l - —— ) d=x.
= e may) () [ Ry

(163)
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Now,

U(N;a) lnz T 1 Inx T U(N;a)
-z (1 _ < e - -z — 1
[ (o) = [ (i) e ewemon
(164)

as N — oo. Thus, by using (164) in (163) we arrive at

UNe) Inz \" 1 . 0
Il(N)—/O e (1_111N) dx—i—o(NQ) or any 6 € (0,1).

(165)
Since Inz — —oo as © — 0T, we need to estimate the “bottom tail” of the
integral in (165). We have

U(N;e)™* Inz \" or or U(N;e)™*
0 Tl1l-—= d —— et — —Inz)"d
</0 e ( lnN> x < (IHTN—FBIHC,N)/O (—Inz)"dz

(166)
(recall that U(N;a)~' = e~ "N where 0 < a < 1). Integration by parts gives

U(N;a)~?t N
/ (—Inz)'de=e " N(InN)"[1 + o(1)], (167)
0
hence, by using (167) in (166) we obtain
UNse) ™" Inz\"
—z _ _ —In®* N
/0 e (1 lnN> dx =o0 (e ) . (168)
In view of (168), formula (165) implies
U(Nsa) Inz\" o
Ii(N) = 1 —) d —hEN 1
1(N) iyt e ( th) x + o(e ) (169)
Finally, by substituting (160) and (169) in (156) we get
E [Sm = N"(In N)"J(N; ), (170)
where U
@ Inz \" o
N;a) = Tl1-—=) d TN 171
J(N;a) /U(N;a)_le ( lnN> x+o(e ) (171)
as N — oo.

Before we continue let us recall that, for any given r > 0, the function h(y) :=
(1 —y)" has the Taylor series expansion

hy)=(1—-y)" = ,i(_l)k (;) y", y€[-1,1], (172)
where
(g): and (;)=T<T_1)"l;fr_k+1) for k=1,2,... . (173)
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Thus, if n > 1 is a fixed integer, then

- r R (g
hy)=1—y)"=> (1) P ———ooyntl 174
W=y =S () + Tt 0
where £ lies between 0 and y.
Going back to formula (171) we see that due to the limits of integration the
dummy variable x satisfies

In®* N Inz In® N
< <

_ . 175
InN " InN ™~ InN (175)
Hence, if we set y = 11:11]“\”, in (174), then the quantity hzz:i)(,f) is bounded and
we get
Inz \" - T Inz\" I+ N
1- —— ) =S (-1)* — - 1

uniformly in z, as long as the range of values of x is given by (175).
It follows from (176) that if (for our given n) we choose an « so that

1
— 1
0<ac< peEE (1rr)
then
1— Inz ' — i(_l)k ™ ( lnz ’ +o L (178)
In N _k:O k) \In N In" N

again uniformly in z, within the range of values given by (175). Thus, we can
substitute (178) in (171) and get

J(N;a) = En: (2) G A e *(Inz)fdz + o <1nnl N) (179)

k=0 In* N U(N;a)~?

as N — oo.
Next, we observe that in the same way we derived (168) we can also get

U(N;a)~?t N
/ e *(Inz)fde = o (e* ™ N pk N) . (180)
0
Also, it is easy to see that
/ e *(Inz)kdr =0 (e_U(N;O‘) (lnN)‘““) (181)
U(N;a)

(recall that U(N;a) = ™" V). Therefore, by using (180) and (181) in (179) we
obtain

) —(r\ (=DF o k 1
J(N,a):é(k) lnkN/o e “(Inz)*dx+o ) N — oo, (182)
and, finally, by substituting (182) in (170) we arrive at (63). |
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5.2 Proof of formula (105)

We start by introducing the generating functions

G(z):=F {275(0)} =1-—(z—1) /OO o~ (==t [1 _ (1 _ e,gt) (1 B e(le)t/Nyq "

0
(183)
Notice that if 1o

the integral appearing in (183) is absolutely convergent.
We will derive formula (105) via characteristic functions. Let us fix a £ € R and
set

¢i=e%, (185)

Then, in view of (183), the characteristic function of [(1 — 0)S(8) — NIn N]/N

1S

¢n(€) =E C*%} =¢me [(waﬂ =G (C(T))

(186)
Now,

a-9 _ia-ex i(1—0)¢ 1
(R =e¢ W :1_T+O ~z ) N — oc. (187)

In particular z = ¢(1=9/N gsatisfies (184) for all N sufficiently large.
Next, by using (183) and (187) in (186) we get

M Von(e) =1+ {’“‘ﬁ +0 (jéz)] Pa) +x2(N)], - (188)

where
e 7(((11;9)71)75 N
Y1 (N) ;:/ e {1 - (17641*9””) }dt (189)
0

and
(1-9)
N

(¢ -1t N
x2(N) = / e <C > e 0 (1 - e_(l_‘g)t/N) dt. (190)
0
Regarding x2(NN), in the same way we got formula (82) from (81) we can obtain
x2(N) =0 (e V), N — oo, (191)

for any sufficiently small € > 0.
Now, using (187) in (189) yields

oo B N
x1(IV) :/ eli1=0E+ O] t/N {1— (1—e—<1—9>t/N) ]dt (192)
0
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or, after the substitution s = (1 — #)t/N in the above integral
N oo _
x1(N) = 7/ eli€ +O(N Dls {1 _ (1 _ e—s)N} ds. (193)
1-6 Jy
Therefore, by substituting (191) and (193) in (188) we obtain
1 < —1
(VN () =1+ [z{ +0 <N>} / elie +ON s {1 - (1- efs)N] ds
0

:1+i§/0melfs [1-(=e)7] ds—&—O(;[) (194)

as N — oo.
Let Ax be a (real) quantity which grows to co with N so that

N 1
Ax =0 (N) as N — o0 (195)

(we do not need to be more specific about Ay). Noticing that by (185) we have
¢~IN = N we rewrite (194) as

Non(©) =1+ K1 () + Kol +0 7). (196)
where
Ki(N) = /OAN i€ it [1 ~(1- e_S)N] ds (197)
and
Ky(N) = /A ige' [1— (1-e)"] as. (198)

Applying integration by parts in (197) yields
; N Av N—1
K (N) = ei¢4n [1 +(1- e_AN) } -1+ N/ e'ts (1—e™®)" e ’ds,
0
which, in view of (195), implies

i€A AN s S N-1 1
Ki(N)=¢€"Y —1+ N e (1—e) e *ds+o v/ (200)
0

Next, by substituting s = In N —In z in the integral appearing in the right-hand
side of (200) we obtain

N N-1 1
_ JEAN _ 73 —ig (1 _ T L
Ki(N)=e 1+ N /Ne_ANa: (1 N) d;c—l—o(N). (201)

We, then, use (201) in (196) and get

—ie (1 2\ 1
v (1 N) dx+K2(N)+O<N.

(202)

N
Ni€gn(€) = cidne +N¢£/

Ne AN
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Let us, now, turn our attention to the integral Ks(N) of formula (198).
Assume first that & > 0. We complexify the dummy variable s by setting
z = s+ ir and for N (temporarily) fixed we choose R > Ay and consider the
close contour Cr formed by (i) the interval [Ay, R] of the (real) s-axis, (ii) the
circular arc Re?®, 0 < 0 < arccos(An/R), and (iii) the line segment Ay + i,
0<7<+/R%— A?V . Then, Cauchy’s Theorem implies

7{ i€ et* {1 - (1- e*Z)N} dz=0  forevery R> An. (203)
Cr

Next (keeping N fixed), we take limits in (203) as R — oo. It is a standard
exercise in contour integration to show that the integral on the circular piece of
CRr, namely on the arc Re?®, 0 < 6 < arccos(Ax/R), vanishes. Hence, in view
of (198), formula (203) implies

Ko (N) = —eiéAn /OO gt {1 —(1- e*ANe*”)N] dr. (204)
0

Now, we can allow N to grow large. Thus, in view of (195), formula (204) yields

Ky(N) = —e*4v 4 ¢ <Jb) (205)

and, hence, by substituting (205) in (202) we obtain

on(8) = /NJ:_AN z (1 - %)N_l dz 4+ O (117> . (206)

Formula (206) was obtained under the assumption that £ > 0. However, if £ < 0,
then the same approach works if we choose the contour C'i to be the symmetric
of the previous one with respect to the (real) s-axis. Therefore, formula (206)
is valid for all £ € R\ {0}, while for £ = 0 formulas (185) and (186) imply
immediately that

on(0) =1 for all N. (207)

Finally, as in the previous subsection (see, e.g., (157) and (162)), formulas (206)
and (207) imply

lim ¢y (&) = / r~%e %dr = T(1 — if) pointwise for £ € R,  (208)
0

N—oc0

where I'(1 — i€) is recognized as the characteristic function of the standard
Gumbel distribution. [ |
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