
LUSEIS ASKHSEWN: FULLADIO 6 (pou  tan gia par�dosh)

Ask. 1. 'Eqoume:

V1 = {(x1, x2, x3, x4) : x1 = −x2, x2 = −x3, x4 = −x3} = {(x1, x2, x3, x4) : x1 = x3, x2 = −x3, x4 = −x3}
= {(x3,−x3, x3,−x3) : x3 ∈ R} = {x3(1,−1, 1,−1) : x3 ∈ R} = [(1,−1, 1,−1)]

Klimakopoi¸ntac touc genn torec tou V2 brÐskoume:V2 = [(1, 2,−2,−4), (0, 1,−1,−1)].
EÐnai: (1,−1, 1,−1) = λ(1, 2,−2,−4) + µ(0, 1,−1,−1) ⇒ λ = 1, µ = −3 ⇒ (1,−1, 1,−1) ∈ V2.
'Ara: V1 ⊆ V2 kai epeid  dimV1 = 1 < 2 = dimV2 ⇒ V1 ⊂ V2

V3 = {(x1, x2, x3, x4) : x2 = −x3} = {((x1,−x3, x3, x4) : x1, x3, x4 ∈ R}
= {x1(1, 0, 0, 0) + x3(0,−1, 1, 0) + x4(0, 0, 0, 1) : x1, x3, x4 ∈ R} = [(1, 0, 0, 0), (0,−1, 1, 0), (0, 0, 0, 1)]

OmoÐwc:
(1, 2,−2,−4) = 1 · (1, 0, 0, 0) + (−2) · (0,−1, 1, 0) + (−4) · (0, 0, 0, 1) ⇒ (1, 2,−2,−4) ∈ V3

(0, 1,−1,−1) = 0 · (1, 0, 0, 0)− 1 · (0,−1, 1, 0)− 1 · (0, 0, 0, 1) ⇒ (0, 1,−1,−1) ∈ V3

Epomènwc: V2 ⊆ V3 kai epeid  dimV2 = 2 < 3 = dimV3 ⇒ V2 ⊂ V3.
'Ara: V1 ⊂ V2 ⊂ V3 (1).

An x = (1,−1, 1,−1) ⇒ {x} b�sh tou V1
(1)⇒ x ∈ V2, opìte an y = (0, 1,−1,−1), tìte {x,y} eÐnai b�sh

tou V2 (afoÔ x,y ∈ V2, grammik¸c anex�rthta kai dimV2 = 2).
Tèloc an z = (0, 0, 0, 1) omoÐwc ⇒ {x,y, z} b�sh tou V3 kai an jèsoume w = (0, 0, 1, 0) (ètsi ¸ste to w

me ta x,y, z na eÐnai se klimakwt  morf , opìte grammik¸c anex�rthta) tìte to sÔnolo {x,y, z,w} eÐnai b�sh
tou R4.

Ask. 4. i) Yeud c giatÐ to (0, 0) 6∈ U.
ii) Yeud c giatÐ an v = λα + µβ + κγ tìte

λ1(v + α) + λ2β + λ3γ = 0 ⇔ λ1(λ + 1)α + (µλ1 + λ2)β + (κλ1 + λ3)γ = 0

⇔





(λ + 1)λ1 = 0
µλ1 + λ2 = 0
κλ1 + λ3 = 0

(Σ)

Ta dianÔsmata v + α, β, γ eÐnai grammik¸c anex�rthta ⇔ (Σ) èqei mìno mhdenik  lÔsh ⇔
∣∣∣∣∣∣∣

λ + 1 0 0
µ 1 0
κ 0 1

∣∣∣∣∣∣∣
6= 0 ⇔ λ + 1 6= 0 ⇔ λ 6= −1.

(p.q. an v = −α tìte (v + α, β, γ) = (0, β, γ) grammik¸c exarthmèna).
iii) Yeud c giatÐ kai gia k�je r > n to sÔnolo {v1, v2, ..., vr} eÐnai grammik¸c exarthmèno.
iv) Alhj c giatÐ to "el�qisto� sÔnolo gennhtìrwn tou Rn èqei plhjikì arijmì n.
v) Alhj c giatÐ

[(1, 2, 1), (2, 2, 1)] = [(2, 2, 1), 2(1, 2, 1)− (2, 2, 1)] = [(2, 2, 1), (0, 2, 1)] = {x(2, 2, 1) + y(0, 2, 1) : x, y ∈ R} = U

Diaforetik�:
(1, 2, 1) ∈ U (ìtan x = y = 1/2), (2, 2, 1) ∈ U (ìtan x = 1, y = 0) opìte
X = [(1, 2, 1), (2, 2, 1)] ⊆ U = {x(2, 2, 1) + y(0, 2, 1) : x, y ∈ R} = [(2, 2, 1), (0, 2, 1)].
Epeid  t¸ra dimX = 2 = dimU èqoume X = U .

Ask. 6. EÐnai ìlec.
i) Gia p.q. λ = 1 ⇒ x + y ∈ U, gia λ = −1 ⇒ 0 ∈ U kai �ra gia y = 0 ⇒ λx ∈ U .
ii) P�rte λ = 1, λ = 0 kai ergasteÐte ìpwc sthn i).



iii) Gia λ = 0 ⇒ 0 ∈ U opìte gia y = 0 ⇒ λx ∈ U kai �ra gia λ = −1 ⇒ −x ∈ U . Epomènwc gia
λ = 1, x, y ∈ U ⇒ x− (−y) = x + y ∈ U .

Ask. 7. Fèrnoume ta dianÔsmata se klimakwt  morf .

Λ =




2 2 1 3
7 5 5 5
3 2 2 1
2 1 2 1




Γ3→Γ3−Γ1∼




1 0 1 −2
7 5 5 5
2 2 1 3
2 1 2 1


 ∼




1 0 1 −2
0 5 −2 19
0 2 −1 7
0 1 0 5




Γ2↔Γ4∼




1 0 1 −2
0 1 0 5
0 2 −1 7
0 5 −2 19




∼




1 0 1 −2
0 1 0 5
0 0 −1 −3
0 0 −2 −6


 ∼




1 0 1 −2
0 1 0 5
0 0 1 3
0 0 0 0




'Ara V = [(1, 0, 1,−2), (0, 1, 0, 5), (0, 0, 1, 3)] (∗)
Epiplèon x ∈ V ⇔ up�rqoun k1, k2, k3 ∈ R :

(6 + λ, 1 + λ,−1 + λ, 2 + λ) = k1(1, 0, 1,−2) + k2(0, 1, 0, 5) + k3(0, 0, 1, 3) = (k1, k2, k1 + k3,−2k1 + 5k2 + 3k3)

⇒
6 + λ = k1

1 + λ = k2

−1 + λ = k1 + k3

2 + λ = −2k1 + 5k2 + 3k3




⇒

6 + λ = k1

1 + λ = k2

−7 = k3

2λ = 30

⇒ λ = 15, k1 = 21, k2 = 16

kai x = (21, 16, 14, 17) = 21(1, 0, 1,−2) + 16(0, 1, 0, 5)− 7(0, 0, 1, 3)
To sÔsthma: (21, 16, 14, 17) = x1(2, 2, 1, 3) + x2(7, 5, 5, 5) + x3(3, 2, 2, 1) + x4(2, 1, 2, 1) eÐnai sumbibastì,

afoÔ x ∈ [A] kai èqei orÐzousa |Λ| = 0. 'Ara èqei �peirec lÔseic, opìte to x den èqei monadik  graf  wc
grammikìc sunduasmìc twn stoiqeÐwn tou A.

Mia b�sh tou V , apì thn (∗), eÐnai h B = {(1, 0, 1,−2), (0, 1, 0, 5), (0, 0, 1, 3)} opìte, epekteÐnontac thn B,
mia b�sh tou R4 eÐnai h: {(1, 0, 1,−2), (0, 1, 0, 5), (0, 0, 1, 3), (0, 0, 0, 1)}.
Ask. 9 / Sel. 225 Bibl. Ta dianÔsmata α = (2, 1, 0), β = (1, 0,−1) eÐnai grammik¸c anex�rthta,
�ra apoteloÔn b�sh tou S kai epomènwc dimS = 2. EpekteÐnoume th b�sh {α, β} tou S se mia b�sh
{(2, 1, 0), (1, 0,−1), (0, 0, 1)} tou R3. 'Etsi an ξ = (0, 0, 1) tìte S ⊕ [ξ] = R3. Fusik� kai k�je ξ 6∈ S eÐ-
nai epÐshc lÔsh. To S gewmetrik� parist�nei epÐpedo. 'Ara h epilog  tou ξ mporeÐ na eÐnai k�je di�nusma ξ pou
den an kei sto epÐpedo autì.

Ask. 22 / Sel. 226 Bibl.(Genikìc trìpoc). BrÐskoume pr¸ta b�seic gia touc q¸rouc U, V
[

4 −3 2 0
7 0 5 3

]
Γ2→Γ2−Γ1∼

[
4 −3 2 0
3 3 3 3

]
Γ1→Γ1−Γ2∼ · · · ∼

[
1 1 1 1
0 −7 −2 −4

]

opìte U = [(1, 1, 1, 1), (0,−7,−2,−4)] kai




2 −5 3 1
5 −2 6 4
7 −7 9 5


 Γ2→Γ2−Γ1∼




2 −5 3 1
3 3 3 3
7 −7 9 5


 ∼ · · · ∼




1 1 1 1
0 −7 1 −1
0 0 0 0




opìte V = [(1, 1, 1, 1), (0,−7, 1,−1)].
'Ena x ∈ U ∩ V ⇔ ∃λ1, λ2, κ1, κ2 ∈ R : x = λ1(1, 1, 1, 1) + λ2(0, 7, 2, 4) = κ1(1, 1, 1, 1) + κ2(0, 7,−1, 1) ⇔

(λ1, λ1 + 7λ2, λ1 + 2λ2, λ1 + 4λ2) = (κ1, κ1 + 7κ2, κ1 − κ2, κ1 + κ2) ⇔ · · · ⇔ λ1 = κ1, λ2 = κ2 = 0.
'Ara x = λ1(1, 1, 1, 1), λ1 ∈ R, opìte U ∩ V = [(1, 1, 1, 1)]. EÐnai:
U + V = [(1, 1, 1, 1), (0, 7, 2, 4), (0, 7,−1, 1)] = [(1, 1, 1, 1), (0, 7, 2, 4), (0, 0,−3,−3)]
'Ara mia b�sh tou U + V eÐnai h: {(1, 1, 1, 1), (0, 7, 2, 4), (0, 0, 1, 1)}.
'Alwste dim(U + V ) = dimU + dimV − dim(U ∩ V ) = 2 + 2− 1 = 3.

S. Karan�sioc


