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J E M A T A

1. a) To hlektrostatikì pedÐo E pou proèrqetai apì dunamikì φ(x, y, z), dÐnetai apì ton tÔpo
E = −∇φ. Gia èna dÐpolo rop c m, topojethmèno sthn arq  twn axìnwn kai kat� m koc tou �xona
y′y eÐnai φ(x, y, z) =

m

4πε

y

(x2 + y2 + z2)
3
2

, ìpou ε stajer�. Na breÐte to E sto shmeÐo P (1, 1, 1).

(b: 0.5)
b) Na deÐxete ìti h exÐswsh F (x, y, z) = x2z+y2−z4 +1 = 0 orÐzei, upì plegmènh morf , sun�rthsh
z = z(x, y) se mia perioq  tou shmeÐou (0, 0) me z(0, 0) = 1.
i) Na qarakthrÐsete ta krÐsima shmeÐa thc z. (b: 1.0)
ii) Na grafteÐ o tÔpoc Taylor 2hc t�xhc gia thn z(x, y) sto shmeÐo (0, 0). (b: 0.5)
g) DÐnetai h sun�rthsh f(x, y, z) = x3y− eyz +xz2 kai h kampÔlh r(t) = t2i+(t− 1)j+ t2k. DeÐxte
ìti eÐnai r′(1) = (2, 1, 2) kai upologÐste thn kateujunìmenh par�gwgo thc f sto shmeÐo (2, 1, 0) wc
proc thn kateÔjunsh tou dianÔsmatoc u = r′(1). (b: 0.5)

2. a) Na exet�sete ta akrìtata thc sun�rthshc f = divF, ìpou F = 1
4x4i + 1

3y3j, sto qwrÐo
D = {(x, y) ∈ R2 : x2 + y2 ≤ 1}. (b: 1.2)

b) An f = g

(
y − x

xy
,
z − x

xz

)
deÐxte ìti isqÔei x2 ∂f

∂x + y2 ∂f
∂y + z2 ∂f

∂z = 0. (b: 0.5)

g) DÐnetai h sun�rthsh f(x, y) =

{
x|y|k

x2+y2 , (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

gia k�poio k ∈ {0, 1, 2, ...}.
i) BreÐte thn el�qisth tim  tou k ¸ste h f na eÐnai suneq c.
ii) BreÐte to efaptìmeno epÐpedo thc grafik c par�stashc thc f sto shmeÐo (2, 1), ìtan k = 3.

(b: 0.8)
3. a) 'Estw ∂Ω to sÔnoro tou qwrÐou Ω pou perikleÐetai apì tic grammèc

√
3 y = x, x2+y2 = 4, y = x

(x > 0). Na upologisteÐ to olokl rwma I =
∮

∂Ω
xydy − xydx kai na epalhjeujeÐ to apotèlesma m'

èna diplì olokl rwma. (b: 1.2)

b) Na upologisteÐ to olokl rwma I =
∫∫

Ω

x(x + y)−2ex+ydxdy, ìpou Ω to qwrÐo pou perigr�fetai

me tic anisìthtec x ≥ 0, y ≥ 0, x + y ≤ 2, jètontac x + y = v, 2y = uv. (b: 1.3)

4. a) 'Estw to pedÐo F = (yz + 2x)i + xzj + (xy + 2z)k. Na upologisteÐ to olokl rwma
∫

[ABC

Fdr,

ìtan h diadrom  ÂBC apoteleÐtai apì to tìxo AB thc parabol c x2 = 1−y, z = 1 me �kra ta shmeÐa
A(0, 1, 1), B(1, 0, 1) kai apì to eujÔgrammo tm ma BC me �kra ta shmeÐa B(1, 0, 1) kai C(0, 0, 2).
Na exetasteÐ an h exÐswsh ∇f = F, ìpou f eÐnai C2-t�xhc, èqei lÔsh. QwrÐc na brejeÐ h f na
upologistoÔn oi timèc f(1, 0, 1) kai f(0, 0, 2), an f(0, 1, 1) = 2. Na epalhjeujoÔn ta apotelèsmata
upologÐzontac thn f . (b: 1.8)
b) 'Estw to pedÐo a = (x,−y, 1). Na exetasteÐ an h exÐswsh ∇×b = a, ìpou b eÐnai C2-t�xhc, èqei

lÔsh. QwrÐc na brejeÐ h b na upologisteÐ h tim  tou oloklhr¸matoc
∮

∂ε+

(b + ∇f)dr, ìpou f eÐnai

C2-t�xhc aujaÐreth bajmwt  sun�rthsh kai ε : x2 + y2 ≤ 1, z = 1. (b: 0.7)
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