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J E M A T A

1. a) Na upologÐsete ton tÔpo Taylor 3hc t�xhc, gia thn sun�rthsh f(x, y) = ex sin y, sto shmeÐo
(0, 0). (b: 1.0)

b) (i) To shmeÐo P (1,−1, 2) an kei sthn kampÔlh (c), pou orÐzetai wc tom  tou paraboloeidoÔc
F (x, y, z) = x2 + y2 − z = 0 kai tou elleiyoeidoÔc G(x, y, z) = 2x2 + 3y2 + z2 − 9 = 0. Na breÐte
ta k�jeta dianÔsmata twn epifanei¸n aut¸n sto shmeÐo P kai katìpin to efaptìmeno di�nusma
n = ∇F (P )×∇G(P ) thc kampÔlhc (c) sto shmeÐo P . (b: 0.7)

(ii) DÐnetai h sun�rthsh f(x, y, z) =
√

xy2z3. Na breÐte, dikaiolog¸ntac tic enèrgeièc sac, ton
mègisto rujmì metabol c thc f sto shmeÐo P (2, 2, 2) kai thn kateÔjunsh wc proc thn opoÐa autì
sumbaÐnei. (b: 0.8)

2. a) (i) Na exet�sete an h sun�rthsh f(x, y, z) = xy + yz − xz èqei topik� akrìtata. (b: 0.7)
(ii) Na deÐxete ìti h exÐswsh F (x, y, z) = z3 + xz − y2 − 1 = 0 orÐzei, upì plegmènh morf ,

sun�rthsh z = z(x, y) se mia perioq  tou shmeÐou (1, 3) me z(1, 3) = 2. BreÐte to efaptìmeno epÐpedo
thc grafik c par�stashc thc z(x, y) sto shmeÐo (1, 3, 2). (b: 0.8)

b) Na melet sete ta akrìtata thc sun�rthshc f(x, y, z) = x2 − yz sta shmeÐa thc sfaÐrac
x2 + y2 + z2 = 1. (b: 1.0)

3. Na upologisteÐ to olokl rwma I =
∫ 1

0
dy

∫ 1−y2

y2−1
(y + x)dx.

Na epalhjeujeÐ to apotèlesma:
(i) All�zontac th seir� olokl rwshc.
(ii) Me èna epikampÔlio olokl rwma

∮
k P (x, y)dx + Q(x, y)dy, an Qx = y. (b: 2.5)

4. a) 'Estw to pedÐo F = ∇f , ìpou f ∈ C2 sto R3. Na deiqteÐ ìti kat� m koc thc èlikac
k1 : r = (cos t, sin t, αt) kai tou ejugr�mmou tm matoc k2 : r = (1, 0, αt), 0 ≤ t ≤ 2π isqÔei h
sqèsh:

∫
k1

Fdr =
∫
k2

Fdr. An F = (xy + z2

α , yz + x2

β , zx + y2

γ , na prosdioristoÔn oi arijmoÐ α, β, γ

ètsi ¸ste na eÐnai F = ∇f kai katìpin na upologisteÐ to olokl rwma
∫
k1

Fdr (b: 1.3)
b) 'Estw to dianusmatikì pedÐo a = (x2 − 3x + 1, y, c(x)z). Na prosdioristeÐ h sun�rthsh c(x)
ètsi ¸ste na isqÔei h sqèsh a = rotβ. Na brejeÐ mia merik  lÔsh thc exÐswshc aut c, thc morf c
β = (y, p(x, y, z), q(x, y, z)) kai katìpin na upologisteÐ to olokl rwma

∫ ∫
ε

ads, ìpou ε eÐnai mia leÐa,

jetik� prosanatolismènh epif�neia pou periorÐzetai apo thn kleist  kampÔlh r = (cos t, sin t, 1),
0 ≤ t ≤ 2π. (b: 1.2)
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