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J E M A T A

J 1. i) Na brejoÔn oi isostajmikèc epif�neiec thc sun�rthshc f(x, y, z) = x2 + y2 − z2.
ii) Na exet�sete an up�rqei to ìrio lim

(x,y)→(0,0)

xy
x2+y2 .

iii) To dunamikì hlektrikoÔ pedÐou, ofeilìmeno se shmeiakì fortÐo q, dÐnetai apì th sun�rthsh
Φ(x, y, z) = q

r , ìpou r =
√

x2 + y2 + z2. DeÐxte ìti isqÔei:

∂2Φ
∂x2

+
∂2Φ
∂y2

+
∂2Φ
∂z2

= 0.

iv) To Ôyoc h enìc lìfou dÐnetai apì thn sun�rthsh h = f(x, y) = x2 − xy + 2y2. BreÐte to
efaptìmeno epÐpedo (π) sto shmeÐo (2, 1, 4) thc epif�neiac tou lìfou. Qrhsimopoi¸ntac thn exÐswsh
tou (π)   diaforetik�, breÐte proseggistik� to Ôyoc tou shmeÐou tou lìfou pou brÐsketai katakìrufa
p�nw apì to shmeÐo (2.2, 0.9) tou epipèdou xOy. Poio eÐnai to sf�lma thc prosèggishc?
v) Na brejeÐ h kateujunìmenh par�gwgoc thc sun�rthshc f(x, y, z) = exy+z sto shmeÐo P (1,−1, 1)
wc proc thn kateÔjunsh tou dianÔsmatoc −→u = (1, 1,−2). Poia eÐnai h kateÔjunsh tou el�qistou
rujmoÔ metabol c thc f sto P ?

J 2. a) i) Na melet sete ta akrìtata thc sun�rthshc f(x, y) = 3x− x3 − 3xy2.
ii) Na grafeÐ o tÔpoc Taylor me ìrouc mèqri 2hc t�xhc thc sun�rthshc f(x, y) = yx se mia perioq 
tou shmeÐou (1, 1).
b) Roukèta ektoxeÔetai me stajer  epit�qunsh x mètra/sec2. Jewr¸ntac thn antÐstash tou aèra
amelhtèa to Ôyoc se mètra thc jèshc thc roukètac, met� apì qrìno t sec, dÐnetai apì th sun�rthsh
f(x, t) = 1

2(x−32.25)t2. Ta kaÔsima pou katanal¸nontai se t sec eÐnai an�loga tou x2t kai upìkeintai
ston periorismì x2t = 11094. BreÐte thn tim  tou x ¸ste h roukèta na fj�sei sto mègisto dunatì
Ôyoc kaj¸c kai to Ôyoc autì.

J 3. Na upologisteÐ to olokl rwma I =
∫ 1

0

∫ √
2−x2

x
(x + y)dydx. Na epalhjeujeÐ to apotèlesma:

i) all�zontac th seir� olokl rwshc.
ii) qrhsimopoi¸ntac kat�llhlo metasqhmatismì.
iii) m' èna epikampÔlio olokl rwma epilègontac thn

−→
F (x, y) = [P, Q] ètsi ¸ste P 6= 0 kai Q 6= 0.

J 4. a) 'Estw to dianusmatikì pedÐo
−→
F = (y2 cosx + 1)

−→
i + (2y sinx + 3y2z)

−→
j + y3−→k . Na deiqjeÐ

ìti up�rqei bajmwt  sun�rthsh f C2-t�xhc tètoia ¸ste grad f =
−→
F . Na brejeÐ h f me duì trìpouc

kai katìpin na upologisteÐ to
∫

k

−→
F d−→r epÐ twn parak�tw diadrom¸n:

i) EpÐ tou eujugr�mou tm matoc AB me A(0,0,0) kai B(π/2,1,1).
ii) EpÐ thc tejlasmènhc gramm c AGB me G(π/2,0,1) .
iii) EpÐ thc tejlasmènhc gramm c ADGB me D(π/2,0,0).
iv) EpÐ thc kampÔlhc x2 + y2 = a2, z = b.

b) An −→a = rot
−→
b , ìpou

−→
b = (y, yx, z), na upologisteÐ h ro  tou pedÐou −→a dia thc epifaneÐac tou

paraboloeidoÔc ε1: z = 9− x2 − y2, gia z ≥ 0, kat� th jetik  for� tou z-�xona kai na epalhjeujeÐ
to apotèlesma me èna epikampÔlio olokl rwma.
Poia eÐnai h ro  dia thc epifaneÐac ε2: x2 + y2 ≤ 9, me z = 0 kat� th for� tou z-�xona?
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