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J E M A T A

1. a) i) Na elegqjeÐ, gia tic di�forec timèc tou α ∈ R, h sunèqeia thc sun�rthshc

f(x, y) =
{

y2 sin x
y , y 6= 0

α, y = 0
. (b: 0.7)

ii) 'Estw h diaforÐsimh sto R2 sun�rthsh f(x, y), gia thn opoÐa gnwrÐzoume ìti∇f(P ) = (−2, 4,−4),
ìpou P shmeÐo tou R2. MetakinoÔmaste se mikr  apìstash a > 0 apì to P sto shmeÐo P1, ètsi
¸ste h gwnÐa tou

−−→
PP1 me to ∇f(P ) na eÐnai π/3. Na deÐxete, me kat�llhlh qr sh tou tÔpou thc

grammik c prosèggishc, ìti f(P1)− f(P ) w 3a. (b: 0.8)
b) 'Estw h sun�rthsh f(x, y, z) = x2 + 8x + y2 − 4y + z2.
i) Na breÐte, an up�rqei, shmeÐo P0 ¸ste h par�gwgoc kat� kateÔjunsh Duf(P0) na eÐnai mhdèn gia
k�je kateÔjunsh u.
ii) Na breÐte thn par�gwgo kat� kateÔjunsh thc f sto shmeÐo (−1, 1, 1), wc proc thn kateÔjunsh
tou dianÔsmatoc ∇f(−1, 1, 1).
iii) Up�rqoun dianÔsmata u = (u1, u2, u3) tètoia ¸ste h par�gwgoc kat� kateÔjunsh Duf(−1, 1, 1)
na eÐnai mhdèn? An nai, pìsa tètoia dianÔsmata, mh par�llhla metaxÔ touc, up�rqoun? Sthn perÐ-
ptwsh aut , an eÐnai perissìtera apì èna, breÐte dÔo apì aut�. An ìqi, exhgeÐste. (b: 1.0)

2. a) i) Na deiqjeÐ ìti h exÐswsh F (x, y, z) = z − y − xez = 0, orÐzei upì peplegmènh morf  mÐa
sun�rthsh z = f(x, y) se mÐa perioq  tou shmeÐou (0, 0). Katìpin na prosdioristeÐ o tÔpoc Taylor
t�xhc 2 sto shmeÐo (0, 0). Na melet sete thn f wc proc ta akrìtata. (b: 0.5)
ii) An g(x, y) = F (x2 + y2, x + y− z(x, y)), ìpou oi sunart seic F, z eÐnai C1-t�xhc kai h F èqei mh
mhdenikèc merikèc parag¸gouc, na deÐxete ìti eÐnai ygx − xgy = 0 ⇔ xzy − yzx = x− y. (b: 0.8)
b) To epÐpedo 9x + 4y + z = 0 tèmnei to elleiptikì paraboloeidèc z = 3x2 + 2y2 kat� mÐa èlleiyh.
BreÐte to uyhlìtero kai qamhlìtero (se sqèsh me to epÐpedo xOy) shmeÐo thc èlleiyhc. (b: 1.2)

3. a) Na upologisteÐ to olokl rwma
∫ ∫
D

e(x+y)2dxdy, ìpou D o tìpoc pou dÐnetai apì tic anis¸seic:

x ≥ 0, y ≥ 0, x + y ≤ 1, an x = u(1− v), y = uv. (b: 0.7)
b) Na upologisteÐ to olokl rwma I =

∫ 0

−2
dx

∫√4−x2

2+x
2xydy kai na epalhjeujeÐ to apotèlesma m'

èna epikampÔlio olokl rwma. (b: 0.8)
g) Na exet�sete an ta parak�tw pedÐa eÐnai sunthrhtik�:
α = (2xy + z3)i + x2j + 3xz2k, β = ∇ ln

√
x2 + y2, γ = ∇(arctan y

x ).
Na upologistoÔn ta oloklhr¸mata:
i)

∫
_

AB
αdr, ìpou

_

AB tmhmatik� leÐa kampÔlh me A(0, 0, 0) kai B(1, 2, 3).

ii)
∫

_
AB

βdr,
∫

_
AB

γdr, ìpou
_

AB to tìxo tou kÔklou x2 + y2 = R2 me A(R, 0) kai B(0, R).
iii)

∮
k
βdr,

∮
k
γdr, ìpou k: (x− 1)2 + y2 = 1/4.

iv)
∮

k
βdr,

∮
k
γdr, ìpou k: |x|+ |y| = a, a > 0.

Se k�je perÐptwsh na aitiologeÐte to apotèlesma thc olokl rwshc. (b: 1.5)

4. 'Estw to pedÐo G = ∇ × α, ìpou α = (x − y)zi − 2xzj − xyk kai ∂Ω h epif�neia tou stereoÔ:
Ω :

√
x2 + y2 ≤ z ≤

√
8− x2 − y2.

i) Na upologisteÐ h ro  dia thc epifaneÐac ε1 ⊂ ∂Ω, ìpou ε1 : z =
√

x2 + y2 me for� antÐjeth proc
ton z-�xona. (b: 1.0)
ii) Na upologisteÐ h ro  dia thc epifaneÐac ε2 ⊂ ∂Ω, ìpou ε2 : z =

√
8− x2 − y2 kai na epalhjeujeÐ

to apotèlesma m' èna epikampÔlio olokl rwma. (b: 1.0)
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