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J E M A T A

J 1. a) H jermokrasÐa twn shmeÐwn tou q¸rou R3 perigr�fetai apì th diaforÐsimh sun�rthsh
T : R3 → R. DÐnontai oi ex c timèc thc kateujunomènhc parag¸gou thc T sto shmeÐo a ∈ R3:
Du1T (a) = 3, Du2T (a) = 2, Du3T (a) = 1, ìpou u1 = (1, 0, 0), u2 = (0, 1, 0), u3 = (0, 0, 1).

i) BreÐte thn kateujunomènh par�gwgo thc sun�rthshc T sto shmeÐo a wc proc thn kateÔjunsh tou
dianÔsmatoc v = (1, 1, 1). (0.50m)

ii) Poi� eÐnai h kateÔjunsh tou mègistou rujmoÔ el�ttwshc thc T sto shmeÐo a (0.40m)

b) BreÐte mÐa proseggistik  tim  thc par�stashc
√

4.02 + 3
√

7.97 + 4
√

16.02, qrhsimopoi¸ntac th
grammik  prosèggish kat�llhlhc sun�rthshc. (0.60m)

g) 'Estw h C2 sun�rthsh f = f(x, y) : R2 → R. Jètontac u = x + y kai v = x− 3y, apodeÐxte ìti
h exÐswsh 3∂2f

∂x2 − 2 ∂2f
∂x∂y − ∂2f

∂y2 = 0 metasqhmatÐzetai sthn ∂2f
∂u∂v = 0 (1m)

J 2. a) Na apodeÐxete ìti h exÐswsh F (x, y, z) = x2ey+z +y2ex+z +z2ex+y−e2 = 0, z ≥ 0 orÐzei mia
sun�rthsh z = f(x, y) upì pepelegmènh morf . Katìpin na breÐte to polu¸numo Taylor 2hc t�xhc
gia thn f(x, y), me kèntro to (0,0). (1.20m)

b) i) BreÐte ta topik� akrìtata kai ta sagmatik� shmeÐa thc sun�rthshc

f(x, y) = (x2 + y2)2 + 8(x2 − y2).

(0.60m)

ii) BreÐte ta desmeumèna topik� akrìtata thc sun�rthshc f(x, y, z) = 2x+y2−z2 upì tic desmeÔseic
g1(x, y, z) = x− 2y = 0 kai g2(x, y, z) = x + z = 0. (0.70m)

J 3. a) DÐnetai to dianusmatikì pedÐo F =
( −y

(x− 2)2 + y2
,

x− 2
(x− 2)2 + y2

)
. Na upologisteÐ to

epikampÔlio olokl rwma kat� m koc thc tejlasmènhc gramm c BGA, ìpou A(1,0), B(3,0) kai G tuqìn
shmeÐo tou hmÐkuklou (x− 2)2 + y2 = 1, y ≥ 0. (1.5m)

b) Me th bo jeia tou jewr matoc Green na upologÐsete to epikampÔlio olokl rwma tou dianusmati-
koÔ pedÐou F = {2xy− x2, x + y2} sto sÔnoro tou qwrÐou pou perikleÐetai apì thn kampÔlh y = x2

kai thn eujeÐa y = x. (1m)

J 4. a) 'Estw S h epif�neia tou trig¸nou me korufèc ta shmeÐa (1,0,0), (0,1,0), (0,0,1). Na
upologisteÐ h m�za thc epif�neiac S, an h epifaneiak  puknìthta thc eÐnai ρ(x, y, z) =

y

x + 1
. (1m)

b) DÐnetai h kampÔlh γ h opoÐa orÐzetai wc tom  thc sfaÐrac x2 +y2 +z2 = 4 kai tou epipèdou z = 1.
Me th qr sh epifaneiakoÔ oloklhr¸matoc na upologÐsete to epikampÔlio olokl rwma

I =
∮

γ

y2dx + z2dy + x2dz,

jewr¸ntac wc prosanatolismì thc γ, ekeÐnon pou eÐnai sumbatìc me ton prosanatolismì thc prosa-
natolismènhc epif�neiac pou ja epilèxete. (1.5m)
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