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J E M A T A

J 1. a) 'Estw h sun�rthsh f(x, y, z) = x2 + 4xy − y2 + 10y + z2.

i) BreÐte, an up�rqei, shmeÐo a tètoio ¸ste h kateujunìmenh par�gwgoc thc sun�rthshc f sto shmeÐo a na
eÐnai mhdèn wc proc k�je kateÔjunsh. (0.40m)

ii) BreÐte thn kateujunìmenh par�gwgo thc sun�rthshc f sto shmeÐo b = (1,−1, 1) wc proc ekeÐnh thn
kateÔjunsh pou h f parousi�zei sto c = (2, 1,−2) ton mègisto rujmì aÔxhshc. (0.60m)

b) BreÐte to efaptìmeno epÐpedo sto shmeÐo (x0, y0, z0) tou k¸nou z2 = x2 + y2. Dikaiolog ste ìti to
efaptìmeno epÐpedo perièqei thn arq  twn axìnwn. (0.70m)

g) 'Estw oi C1 sunart seic u = u(x, y) kai v = v(x, y) : R2 → R gia tic opoÐec isqÔoun ∂u
∂x = ∂v

∂y kai
∂v
∂x = −∂u

∂y . Efarmìzontac to metasqhmatismì x = r cos θ kai y = r sin θ (ìpou r > 0), apodeÐxte ìti isqÔoun
∂u
∂r = 1

r
∂v
∂θ kai ∂v

∂r = − 1
r

∂u
∂θ . (0.80m)

J 2. a)UpologÐste to polu¸numo Taylor 2hc t�xhc gia th sun�rthsh f(x, y) = ex2+y2
se mia perioq  tou

shmeÐou (0, 1). 'Epeita sqedi�ste prìqeira thn epif�neia z = f(x, y) se mia perioq  tou shmeÐou (0, 1, f(0, 1)).
(1.20m)

b) i) BreÐte ta topik� akrìtata kai ta sagmatik� shmeÐa thc sun�rthshc f(x, y, z) = x3 +xy2 +x2 +y2 +3z2.
(0.60m)

ii) H jermokrasÐa se k�je shmeÐo (x, y) tou dÐskou D = {(x, y) : x2 +y2 ≤ 9} perigr�fetai apì th sun�rthsh
T (x, y) = 9− x2− y2, (x, y) ∈ D. 'Ena sÔrma C elleiptikoÔ sq matoc me exÐswsh C = {(x, y) : x2

9 + y2

4 = 1}
topojeteÐtai p�nw sto dÐsko D. Na breÐte ta shmeÐa tou sÔrmatoc ìpou h jermokrasÐa T eÐnai mègisth.

(0.70m)

J 3. a) JewroÔme to stereì S, (sfairikìc daktÔlioc) pou perigr�fetai se kartesianèc suntetagmènec apì
th sqèsh:

S : 3 ≤
√

x2 + y2 + z2 ≤ 4

H sun�rthsh puknìthtac tou S, s' èna shmeÐo tou, dÐnetai apì ton tÔpo: ρ = 0.12 · d2, ìpou d sumbolÐzei thn
apìstash tou shmeÐou autoÔ apì to kèntro twn axìnwn (3 ≤ d ≤ 4).
BreÐte th sunolik  m�za tou S, kai exet�ste an epiplèei. (DÐnetai ìti h puknìthta tou neroÔ eÐnai 1 gr/cm3.)

(1,5m)
b) QrhsimopoieÐste to Je¸rhma tou Green, gia na breÐte to èrgo enìc dianusmatikoÔ pedÐou

F = x2yi + (x + y)yj,

to opoÐo epidr� s' èna shmeÐo pou kineÐtai apì thn arq  twn axìnwn sto shmeÐo (0, 1), èpeita kat� m koc tou
eujÔgrammou tm matoc apì to (0, 1) sto (1, 0) kai met� xan� sthn arq  twn axìnwn kat� m koc tou �xona
twn x. (1m)

J 4. a) UpologÐste th m�za elleiyoeidoÔc epif�neiac

S :
x2

a2
+

y2

b2
+

z2

c2
= 1,

an h epifaneiak  puknìtht� thc eÐnai

ρ(x, y, z) =

√
x2

a4
+

y2

b4
+

z2

c4
.

(Se perÐptwsh pou qreiasteÐ, mporeÐte na qrhsimopoi sete wc gnwstì ìti o ìgkoc tou antÐstoiqou elleiyoei-
doÔc, dÐnetai apì ton tÔpo V = 4

3πabc.) (1,3m)

b) Na epalhjeujeÐ to Je¸rhma tou Stokes gia to dianusmatikì pedÐo F(x, y, z) = (z, xz, y) sto tetr�gwno S
me kèntro to shmeÐo (0, 0, 1) kai pleurèc m kouc 3, par�llhlec proc touc �xonec xx′ kai yy′.

(1.2m)
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