
UPOLOGISMOS TOU ANTISTROFOU PINAKA
'Askhsh 1. Na breje� o sumplhrwmatik�c p�nakac (adjoint) kai h or�zousa tou p�naka:

A =




3 −4 5
2 −3 1
3 −5 −1




E�nai o A antistr�yimoc? An nai na breje� kai o A−1.
L�sh. X�roume �ti: adj(A) = (Aij)

T = (Aji), �pou Aij = (−1)i+jDij kai Dij h or�zousa tou
p�naka pou prok�ptei ap� ton p�naka A an diagr�youme thn i-gramm� kai j-st�lh. 'Eqoume:

A11 =

∣∣∣∣∣
−3 1
−5 −1

∣∣∣∣∣ = 8, A12 = −
∣∣∣∣∣

2 1
3 −1

∣∣∣∣∣ = 5, A13 =

∣∣∣∣∣
2 −3
3 −5

∣∣∣∣∣ = −1,

A21 = −
∣∣∣∣∣
−4 5
−5 −1

∣∣∣∣∣ = −29, A22 =

∣∣∣∣∣
3 5
3 −1

∣∣∣∣∣ = −18, A23 = −
∣∣∣∣∣

3 −4
3 −5

∣∣∣∣∣ = 3,

A31 =

∣∣∣∣∣
−4 5
−3 1

∣∣∣∣∣ = 11, A32 = −
∣∣∣∣∣

2 5
2 1

∣∣∣∣∣ = 7, A33 =

∣∣∣∣∣
3 −4
2 −3

∣∣∣∣∣ = −1.

'Ara

adj(A) =




8 −29 11
5 −18 7

−1 3 −1




kai

det A = α11A11 + α12A12 + α13A13 = 3 · 8 + (−4) · 5 + 5 · (−1) = −1

= α12A12 + α22A22 + α32A32 = (−4) · 5 + (−3) · (−18) + (−5) · 7 = −1

k.l.p., �pou h pr�th �kfrash thc det A e�nai to an�ptugm� thc wc proc ta stoiqe�a thc 1hc gramm�c
thc kai h de�terh wc proc ta stoiqe�a thc 2hc st�lhc thc. Epeid� D(A) = −1 6= 0 o p�nakac A e�nai
antistr�yimoc me

A−1 =
1

D(A)
adj(A) =

1

D(A)




8 −29 11
5 −18 7

−1 3 −1


 =



−8 29 −11
−5 18 −7

1 −3 1




'Askhsh 2. Na breje� o ant�strofoc tou p�naka

A =




3 −1 2
0 1 −5
6 7 4




L�sh. E�nai:

A−1 =
1

D(A)




A11 A21 A31

A12 A22 A32

A13 A23 A33


 =

1

D(A)




∣∣∣∣∣
1 −5
7 4

∣∣∣∣∣ −
∣∣∣∣∣
−1 2

7 4

∣∣∣∣∣

∣∣∣∣∣
−1 2

1 −5

∣∣∣∣∣

−
∣∣∣∣∣

0 −5
6 4

∣∣∣∣∣

∣∣∣∣∣
3 2
6 4

∣∣∣∣∣ −
∣∣∣∣∣

3 2
0 −5

∣∣∣∣∣
∣∣∣∣∣

0 1
6 7

∣∣∣∣∣ −
∣∣∣∣∣

3 −1
6 7

∣∣∣∣∣

∣∣∣∣∣
3 −1
0 1

∣∣∣∣∣






=
1

D(A)




39 18 3
−30 0 15
−6 −27 3




kai D(A) = α11A11 + α21A21 + α31A31 = 135, op�te:

A−1 =
1

135




39 18 3
−30 0 15
−6 −27 3


 =

1

135
· 3




13 6 1
−10 0 5
−2 −9 1


 =

1

45




13 6 1
−10 0 5
−2 −9 1




'Askhsh 3. Na breje� me stoiqei�deic pr�xeic o ant�strofoc tou p�naka:

A =




1 1 −1
0 −1 2
1 2 1




L�sh. Me stoiqei�deic pr�xeic (Grammopr�xeic) stic gramm�c tou p�naka [A|I] metatr�poume ton
A se monadia�o (aut� mpore� na g�nei m�no an o A antistr�fetai), op�te, sugqr�nwc, o monadia�oc
p�nakac I metasqhmat�zetai ston ant�strofo tou A.

'Eqoume:

[A|I] =




1 1 −1 1 0 0
0 −1 2 0 1 0
1 2 1 0 0 1


 γ3→γ3−γ1∼




1 1 −1 1 0 0
0 −1 2 0 1 0
0 1 2 −1 0 1




γ3→γ3+γ2

∼
γ2→−γ2




1 1 −1 1 0 0
0 1 −2 0 −1 0
0 0 4 −1 1 1


 γ3→1/4γ3∼




1 1 −1 1 0 0
0 1 −2 0 −1 0
0 0 1 −1

4
1
4

1
4




γ2→γ2+2γ3

∼
γ1→γ1+γ3




1 1 0 3
4

1
4

1
4

0 1 0 −1
2
−1

2
1
2

0 0 1 −1
2

1
4

1
4


 γ1→γ1−γ2∼




1 0 0 5
4

3
4
−1

4

0 1 0 −1
2
−1

2
1
2

0 0 1 −1
4

1
4

1
4




'Ara o ant�strofoc tou p�naka A e�nai o:

A−1 =




5/4 3/4 −1/4
−1/2 −1/2 1/2
−1/4 1/4 1/4


 = −1/4



−5 −3 1

2 2 −2
1 −1 −1





