
Endeiktikèc LÔseic FulladÐou 1

1. i) EÐnai [XX−1]⊤ = I⊤ = I ⇒ (X−1)⊤X⊤ = I ⇒ (X⊤)−1 = (X−1)⊤. ii) EÐnai:

[(XY )−1]⊤ = [Y −1X−1]⊤ = (X−1)⊤(Y −1)⊤
(i)
= (X⊤)−1(Y ⊤)−1.

2. i) EÐnai A2 = I kai A3 = A2A = IA = A, opìte gia k�je ν ∈ N èqoume: A2ν = (A2)ν =
Iν = I kai A2ν+1 = A2νA = IA = A.
ii)I+A+A2+ · · ·+A2ν = (I+A2+A4+ · · ·+A2ν)+(A+A3+ · · ·+A2ν−1) = (ν+1)I+νA.

3. EÐnai A = A⊤, B⊤ = −B, opìte A − B = (A + B)⊤ kai (A − B)−1 = [(A + B)⊤]−1 =
[(A+B)−1]⊤. Epiplèon èqoume:

Γ(A+B)⊤Γ⊤ = (A−B)(A+B)−1(A+B)⊤[(A+B)−1]⊤(A−B)⊤

= (A−B)(A+B)−1(A⊤ +B⊤)[(A+B)⊤]−1(A−B)⊤

= (A−B)(A+B)−1(A−B)[(A⊤ +B⊤)]−1(A⊤ −B⊤)

= (A−B)(A+B)−1(A−B)(A−B)−1(A+B)

= (A−B)(A+B)−1 I (A+B) = A−B.

Γ−1(A−B)2Γ⊤ = (A+B)(A−B)−1(A−B)2[(A+B)−1]⊤(A−B)⊤

= (A+B)(A−B)[(A+B)⊤]−1(A⊤ −B⊤)

= (A+B)(A−B)(A−B)−1(A+B)

= (A+B)2.

4. A orjomonadiaÐoc an kai mìno an
A∗A = I ⇔ (B⊤ − iΓ⊤)(B⊤ + iΓ⊤) = I ⇔ B⊤B + iB⊤Γ− iΓ⊤B + Γ⊤Γ = I ⇔
(B⊤B+Γ⊤Γ)+ i(B⊤Γ−Γ⊤B) = I, apì ìpou èqoume: B⊤B+Γ⊤Γ = I kai B⊤Γ−Γ⊤B = O
isodÔnama B⊤B + Γ⊤Γ = I kai B⊤Γ = Γ⊤B = (B⊤Γ)⊤, opìte B⊤Γ summetrikìc.

5. EÐnai:

A2 =


0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

 , A3 =


0 0 0 −1 0
0 0 0 0 −1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , A4 =


0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


kai A5 = O, opìte Aν = O gia k�je ν ≥ 5.

6. An A = (aij) kai B = (bij) tìte

i) tr(A+B) =

n∑
i=1

(aii + bii) =

n∑
i=1

aii +

n∑
i=1

bii = tr(A) + tr(B).

ii) tr(AB) =
n∑

i=1

n∑
j=1

aijbji =
n∑

j=1

n∑
i=1

bjiaij = tr(BA).

iii) Apì i) kai ii) èqoume n = tr(I) = tr(AB −BA) = tr(AB)− tr(BA) = 0, adÔnato.



iv) 'Estw A = (aij), A
∗ = (bij), opìte bij = aji, kai

tr(AA∗) =

n∑
i=1

n∑
j=1

aijbji =

n∑
j=1

n∑
i=1

aijaij =

n∑
j=1

n∑
i=1

|aij |2 = 0

⇒ aij = 0 gia k�je i, j = 1, 2, ..., n ⇒ A = O.

7. EÐnai: −A−A2 − · · · −Aκ = I ⇒ A(−I −A+ · · ·+Aκ−1) = I
⇒ A−1 = −I −A− · · · −Aκ−1 = Aκ.

8. (A + 3I)2 = O ⇒ A2 + 6A + 9I = O ⇒ A(A + 6I) = −9I ⇒ A(−1
9(A + 6I)) =

(−1
9(A+ 6I))A = I ⇒ A−1 = −1

9(A+ 6I).

O = (A+3I)2 = ((A+ I) + 2I)2 = (A+ I)2 +4(A+ I) + 4I = O ⇒ (A+ I)((A+ I) + 4I) =
((A+ I) + 4I)(A+ I) = −4I ⇒ (A+ I)−1 = −1

4(A+ 5I).

9. (A+ B)2 = A+B ⇒ A2 + AB +BA+B2 = A+B ⇒ A+ AB +BA+ B = A+ B ⇒
AB +BA = O (1).

Apì (1) paÐrnoume:

{
A2B +ABA = O
ABA+BA2 = O

}
⇒

{
AB = −ABA
BA = −ABA

}
⇒ AB = BA (2).

Apì (1),(2) prokÔptei AB = BA = O.
10.

A =


2 0 0 0 0
−1 3 0 0 0

0 0 2 0 0

0 0 0 2 0
0 0 0 1 −1

 ⇒ A3 =


[

2 0
−1 3

]3 [
0
0

] [
0 0
0 0

]
[
0 0

]
[2]3

[
0 0

][
0 0
0 0

] [
0
0

] [
2 0
1 −1

]3
 =


[

8 0
−19 27

] [
0
0

] [
0 0
0 0

]
[
0 0

]
[8]

[
0 0

][
0 0
0 0

] [
0
0

] [
8 0
3 −1

]
 ⇒ A3 =


8 0 0 0 0

−19 27 0 0 0
0 0 8 0 0
0 0 0 8 0
0 0 0 3 −1

 .


