
Endeiktikèc LÔseic FulladÐou 3

1.(i) EÐnai

[A|b] =


1 2 3 −1 1
3 2 1 −1 1
2 3 1 1 1
2 2 2 −1 1
5 5 2 0 2

 ∼ · · · ∼


1 2 3 −1 1
0 1 5 −3 1
0 0 6 −5 1
0 0 0 0 0
0 0 0 0 0


opìte x3 =

5
6x4 +

1
6 , x2 = −7

6x4 +
1
6 , x1 =

5
6x4 +

1
6 , x4 ∈ R

(ii) OmoÐwc

[A|b] =


1 −2 3 −4 2 −2
1 2 −1 0 −1 −3
1 −1 2 −3 0 10
0 1 −1 1 −2 −5
2 3 −1 1 4 1

 ∼ · · · ∼


1 0 1 0 0 0
0 1 −1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ⇒ adÔnato

2. (i) EÐnai D =

∣∣∣∣∣∣
λ 3 4
λ 5 7
1 λ λ

∣∣∣∣∣∣ = 1− λ2. DiakrÐnoume tic peript¸seic:

• D ̸= 0 ⇔ λ ̸= 1, −1. SÔsthma Cramer, �ra monadik  lÔsh h: x = −2+3λ
λ2−1

, y =
3(2λ−3)
λ2−1

, z = −2(2λ−3)
λ2−1

• D = 0 ⇔ λ = 1   λ = −1
⋄ 'Estw λ = 1. Tìte

[A|b] =

 1 3 4 3
1 5 7 3
1 1 1 2

 ∼ · · · ∼

 1 3 4 3
0 2 3 0
0 0 0 1

 ⇒ adÔnato

⋄ 'Estw λ = −1. Tìte

[A|b] =

 −1 3 4 3
−1 5 7 3
1 −1 −1 2

 ∼ · · · ∼

 −1 3 4 3
0 2 3 0
0 0 0 5

 ⇒ adÔnato

(ii) 'Omoia, ìpwc sto prohgoÔmeno sÔsthma, èqoume: D = λ2(λ− 1)

• D ̸= 0 ⇔ λ ̸= 0, 1. SÔsthma Cramer, �ra monadik  lÔsh h: x = 9−15λ+3λ2+λ3

λ2(λ−1)
,

y = −9+12λ+λ3

λ2(λ−1)
, z = −9+12λ+3λ2−4λ3

λ2(λ−1)
.

• D = 0 ⇔ λ = 0   λ = 1. Kai stic dÔo peript¸seic ta antÐstoiqa sust mata eÐnai adÔnata.

3. (i) D = a2(a− b)2

• D ̸= 0 ⇔ a ̸= 0 kai a ̸= b. Tìte x = a2(1−b)
a−b , y = −b+a2b

a2−ab
, z = 1−a

a2−ab
.

• D = 0 ⇔ a = 0, b ∈ R   a = b.
⋄ Gia a = 0 sÔsthma adÔnato.
⋄ Gia a = b, a ̸= 0 èqoume:

[A|B] =

 1 a a2 1
1 a a2 a
a a2 a3 a3

 ∼ · · · ∼

 1 a a2 1
0 0 0 a− 1
0 0 0 a3 − a

 ⇒

• a ̸= 1 sÔsthma adÔnato.



• a = 1 to sÔsthma eÐnai isodÔnamo me thn exÐswsh x+ y + z = 1. 'Ara z = 1− x− y, opìte
genik  lÔsh

(x, y, z) = (x, y, 1− x− y) = (0, 0, 1) + x(1, 0,−1) + y(0, 1,−1), x, y ∈ R.

(ii) D = (a− b)(b− c)(c− a)
• D ̸= 0 ⇒ x = abc, y = −ab− ac− bc, z = a+ b+ c
• D = 0 ⇔ a = b   b = c   c = a

⋄ a = b, b ̸= c ⇒

[A|B] =

 1 a a2 a3

1 a a2 a3

1 c c2 c3

 ∼ · · · ∼

 1 0 −ac −a2c− ac2

0 1 a+ c a2 + ac+ c2

0 0 0 0

 ⇒

x = (ac)z − a2c− ac2, y = −(a+ c)z + a2 + ac+ c2, z ∈ R.
'Omoia antimetwpÐzontai, lìgw summetrÐac, kai oi peript¸seic b = c, c = a.

⋄ a = b = c ⇒ to sÔsthma eÐnai isodÔnamo me thn exÐswsh x + ay + a2z = a3, opìte
x = a3 − ay − a2z kai

(x, y, z) = (a3 − ay − a2z, y, z) = (a3, 0, 0) + y(−a, 1, 0) + z(−a2, 0, 1), y, z ∈ R.

4. EÐnai

[A|B] =

 5 2 −1 −3 a
2 1 1 0 b

−1 0 3 3 c

 ∼ · · · ∼

 1 0 −3 −3 −c
0 1 7 6 b+ 2c
0 0 0 0 a− 2b+ c

 .

'Ara to sÔsthma eÐnai sumbibastì an kai mìno an a − 2b + c = 0. Ta dianÔsmata (a, b, c) ∈ R
gia ta opoÐa to sÔsthma èqei lÔsh, apoteloÔn dianusmatikì q¸ro ton:
V = {(a, b, c) : a − 2b + c = 0} = {(2b − c, b, c) : b, c ∈ R} = {b(2, 1, 0) + c(−1, 0, 1) : b, c ∈
R} = [(2, 1, 0), (−1, 0, 1)] me dimV = 2.

5. EÐnai: D = (a+ 2)(a+ 6−
√
3)(a+ 6 +

√
3), opìte

• D ̸= 0 ⇒ a ̸= −2,−6±
√
3 ⇒ monadik  lÔsh gia k�je b, c ∈ R.

• D = 0 ⇔ a = −2,   a = −6−
√
3,   a = −6 +

√
3

⋄ a = −2 ⇒

[A|B] =

 1 −2 3 4
3 −5 9 b
4 −8 12 c

 ∼ · · · ∼

 1 −2 3 4
0 1 0 b− 12
0 0 0 c− 16

 .

Epomènwc to sÔsthma èqei lÔsh an kai mìno an c−16 = 0 ⇔ c = 16. Ta antÐstoiqa dianÔsmata
(a, b, c) = (−2, b, 16) = (−2, 0, 16) + b(0, 1, 0), b ∈ R den apoteloÔn dianusmatikì q¸ro.


