
LUMENES ASKHSEIS APO FULLADIO 6(upìloipec)

Ask. 2. a. Epeid  to P èqei n + 1 stoiqeÐa, ìsh kai h di�stash tou Pn, gia na eÐnai b�sh, arkeÐ na eÐnai
grammik¸c anex�rthto. EÐnai:

λ1·1+λ2(1+x)+· · ·+λn+1(1+x+x2+· · ·+xn) = 0 ⇔ (λ1+λ2+· · ·+λn+1)+(λ2+· · ·+λn+1)x+· · ·+λn+1x
n = 0 ⇔

λ1 + λ2 + · · ·+ λn+1 = 0
λ2 + · · ·+ λn+1 = 0

...
...

...
λn + λn+1 = 0

λn+1 = 0


⇔ λ1 = λ2 = · · · = λn+1 = 0

'Ara to P eÐnai gram. anex. kai epomènwc b�sh tou Pn

b. Epeid  to Q èqei n-to pl joc stoiqeÐa, den mporeÐ na eÐnai b�sh tou Pn, afoÔ h di�stash tou Pn eÐnai
n+ 1.

Ask. 3. i). EÐnai: sin4 x = (sin2 x)2 =
(
1−cos 2x

2

)2
= 1

4(1−2 cos cos 2x+cos2 2x) = 1
4

(
1− 2 cos 2x+ cos 4x+1

2

)
=

3
8 − 1

2 cos 2x+ 1
8 cos 4x kai �ra sin4 x ∈ [1, cos 2x, cos 4x].

'Omoia: cos4 x = · · · = 3
8 + 1

2 cos 2x+ 1
8 cos 4x kai �ra cos4 x ∈ [1, cos 2x, cos 4x].

ii) EÐnai: λ1e
k1x + λ2e

k2x = 0 ⇔ λ1e
(k1−k2)x + λ2 = 0 ⇔ λ1 = λ2 = 0. (p.q. Gia x = 0 èqoume λ1 = −λ2 kai

gia x = 1 èqoume λ1e
k1−k2 = −λ2 opìte λ1 = −λ2, λ1(e

k1−k2 − 1) = 0 ⇒ λ1 = λ2 = 0, afoÔ k1 ̸= k2.

Ask. 5. Upìqwroi tou R4 eÐnai ta: U,W,Z.
U = {(x,−x, z,−z) : x, z ∈ R} = {x(1,−1, 0, 0) + z(0, 0, 1,−1) : x, z ∈ R} = [(1,−1, 0, 0), (0, 0, 1,−1)],
W = {(0, 0, z, w) : z, w ∈ R} = [(0, 0, 1, 0), (0, 0, 0, 1)],
Z = {(x, 0, 2x, 0) + (2y, 0,−y, y) : x, y ∈ R} = [(1, 0, 2, 0), (2, 0,−1, 1)]

Ask. 8(12/sel. 225). (1,−2, λ) ∈ [(3, 0,−2), (2,−1,−5)] ⇔ ∃λ1, λ2λ ∈ R : (1,−2, λ) = λ1(3, 0,−2) +
λ2(2,−1,−5) ⇔ (1,−2, λ) = (3λ1 + 2λ2,−λ2,−2λ1 − 5λ2) ⇔ 3λ1 + 2λ2 = 1, −λ2 = −2, −2λ1 − 5λ2 = λ ⇔
λ1 = −1, λ2 = 2, λ = −8.

Ask. 23/sel. 226 EÐnai: V1 ∩ V2 ⊆ V1, V2. 'Ara dim(V1 ∩ V2) ≤ dimV1 = 8 (1) kai apì to je¸rhma
diast�sewc èqoume:

dim(V1 ∩ V2) = dimV1 + dimV2 − dim(V1 + V2) = 8 + 9− dim(V1 + V2) ≥ 17− 10 = 7 (2),
afoÔ dim(V1 + V2) ≤ dimV = 10. Apì (1), (2) èqoume: dim(V1 ∩ V2) = 7   8.

Ask. 24/sel. 226 To ìti ta sÔnola A,Π eÐnai upìqwroi tou F (R) prokÔptei apì apl  efarmog  tou
orismoÔ. 'Estw f ∈ A ∩ Π. Tìte eÐnai: f(x) = f(−x) = −f(x), ∀x ∈ R ⇒ 2f(x) = 0∀x ∈ R ⇒ f = 0, opìte
A ∩Π = {0} (1). Epiplèon k�je f ∈ F (R) gr�fetai:

f(x) = f(x)+f(−x)
2 + f(x)−f(−x)

2 . EÐnai f(x)+f(−x)
2 ∈ A kai f(x)−f(−x)

2 ∈ Π. 'Ara F (R) = A+Π
(1)
= A⊕Π

'Askhsh I. 'Estw V pragmatikìc dianusmatikìc q¸roc kai v1, v2, ..., vk grammik¸c anex�rthta dianÔsmata tou
V . An v = λ1v1 + λ2v2 + · · ·+ λkvk, ìpou λ1, λ2, ..., λk ∈ R, tìte ta dianÔsmata v − v1, v − v2, ..., v − vk eÐnai
grammik¸c anex�rthta ⇔ λ1 + λ2 + · · ·+ λk ̸= 1.

LÔsh. EÐnai:

m1(v − v1) +m2(v − v2) + · · ·+mk(v − vk) = 0
v=λ1v1+λ2v2+···+λkvk⇐⇒

m1((λ1−1)v1+λ2v2+· · ·+λkvk)+m2(λ1v1+(λ2−1)v2+· · ·+λkvk)+· · ·+mk(λ1v1+λ2v2+· · ·+(λk−1)vk) = 0 ⇔

((λ1− 1)m1+λ2m2+ · · ·+λkmk)v1+(λ1m1+(λ2− 1)m2+ · · ·+λkmk)v2+ · · ·+(λ1m1+λ2m2+ · · ·+(λk −
1)mk)vk = 0

⇔


(λ1 − 1)m1 + λ1m2 + · · ·+ λ1mk = 0
λ2m1 + (λ2 − 1)m2 + · · ·+ λ2mk = 0
...

...
...

λkm1 + λkm2 + · · ·+ (λk − 1)mk = 0

 (S)



'Omwc ta v − v1, v − v2, ..., v − vk eÐnai grammik¸c anex�rthta opìte,

to (S) èqei mìno th mhdenik  lÔsh ⇔

∣∣∣∣∣∣∣∣∣∣
λ1 − 1 λ1 · · · λ1

λ2 λ2 − 1 · · · λ2
...

...
...

...
λk λk · · · λk − 1

∣∣∣∣∣∣∣∣∣∣
̸= 0

Γ1→Γ1+···Γk⇐⇒

∣∣∣∣∣∣∣∣∣∣
λ1 + λ2 + · · ·+ λk − 1 λ1 + λ2 + · · ·+ λk − 1 · · · λ1 + λ2 + · · ·+ λk − 1

λ2 λ2 − 1 · · · λ2
...

...
...

...
λk λk · · · λk − 1

∣∣∣∣∣∣∣∣∣∣
̸= 0 ⇔

(λ1 + λ2 + · · ·+ λk − 1)

∣∣∣∣∣∣∣∣∣∣
1 1 · · · 1
λ2 λ2 − 1 · · · λ2
...

...
...

...
λk λk · · · λk − 1

∣∣∣∣∣∣∣∣∣∣
̸= 0 ⇔ (λ1 + λ2 + · · ·+ λk − 1)

∣∣∣∣∣∣∣∣∣∣
1 0 · · · 0
λ2 −1 · · · 0
...

...
...

...
λk 0 · · · −1

∣∣∣∣∣∣∣∣∣∣
̸= 0

(−1)k−1(λ1 + λ2 + · · ·+ λk − 1) ̸= 0 ⇔ λ1 + λ2 + · · ·+ λk ̸= 1.

'Askhsh II. DÐnontai: V1 = {(x1, x2, x3, x4) : x1 + x2 = 0, x1 − x4 = 0, x2 + x3 + x4 = 0}
V2 = [(2,−1,−3, 5), (3,−2,−3, 6), (3,−1,−6, 9)]

Na deiqjeÐ ìti V1 ⊂ V2, katìpin na epektajeÐ mia b�sh tou V1 se mia b�sh tou V2 kai katìpin se b�sh tou R4.

LÔsh. EÐnai
V1 = {(x1, x2, x3, x4) : x2 = x1, x4 = x1, x3 = x1 − x1 = 0} = {(x1,−x1, 0, x1), x1 ∈ R} =
{x1(1,−1, 0, 1), x1 ∈ R} = [(1,−1, 0, 1)] (1)

'Ara x⃗ = (1,−1, 0, 1) eÐnai b�sh tou V1.
Klimakopoi¸ntac touc genn torec tou V2 brÐskoume ìti

V2 = [(1,−1, 0, 1), (0, 1,−3, 3)] (2).
Apì (1), (2) prokÔptei ìti V1 ⊂ V2. (Genik� gia th sqèsh V1 ⊂ V2 arkeÐ na deiqjeÐ ìti mia b�sh tou V1 an kei sto
V2). An y⃗ = (0, 1,−3, 3) tìte {x⃗, y⃗} eÐnai b�sh tou V2, opìte me sumpl rwsh (¸ste na eÐnai ìla se klimakwt 
morf ) me z⃗ = (0, 0, 1, 0) kai w⃗ = (0, 0, 0, 1) to sÔnolo {x⃗, y⃗, z⃗, w⃗} eÐnai b�sh tou R4.

S. Karan�sioc


