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Na parad¸sete lumènec, wc ergasÐa, tic ask seic: 1, 2, 4, 6, 8, 11.

1. 'Estw S o upìqwroc tou R3 pou par�getai apì ta dianÔsmata α = (2, 1, 0) kai β = (1, 0,−1).
BreÐte èna di�nusma ξ ∈ R3: R3 = S ⊕ [ξ], ìpou [ξ] =< ξ > h grammik  j kh tou {ξ}. D¸ste mia
gewmetrik  ex ghsh gia thn eklog  tou ξ.

2. Gia poiec timèc tou λ to di�nusma (1,−2, λ) tou R3 eÐnai stoiqeÐo tou upoq¸rou pou par�getai
apì ta dianÔsmata (3, 0,−2) kai (2,−1,−5)?

3. Na breÐte mia b�sh kai th di�stash tou d.q. pou par�getai apì ta dianÔsmata x1 = (1, 1, 1, 1, 0), x2 =
(1, 1,−1,−1,−1), x3 = (2, 2, 0, 0− 1), x4 = (1, 1, 5, 5, 2), x5 = (1,−1,−1, 0, 0) tou R5.

4. An U, V eÐnai upìqwroi tou R4 pou par�gontai apì ta sÔnola A = {(4,−3, 2, 0), (7, 0, 5, 3)} kai
B = {(2,−5, 3, 1), (5,−2, 6, 4), (7,−7, 4, 5)}
antÐstoiqa, breÐte ton q¸ro U ∩ V kai katìpin mia b�sh tou U + V .

5. Ston Dianusmatikì q¸ro R4, jewroÔme touc upoq¸rouc:
V1 = {(x1, x2, x3, x4) : x1 + x2 = x2 + x3 = x3 + x4 = 0},
V2 = [(2,−2, 2,−2), (1, 2,−2,−4), (4, 0, 0,−8)],
V3 = {(x1, x2, x3, x4) : x2 + x3 = 0}.

Na deÐxete ìti eÐnai V1 ⊂ V2 ⊂ V3 kai ìti up�rqei b�sh {x,y, z,w} tou R4 tètoia, ¸ste {x} eÐnai
b�sh tou V1, {x,y} eÐnai b�sh tou V2, {x,y, z} eÐnai b�sh tou V3.

6. Na exet�sete an ta sÔnola:
P = {1, 1 + x, 1 + x + x2, · · · , 1 + x + x2 + · · ·+ xν},
Q = {1 + x, x + x2, x2 + x3, · · · , xν−1 + xν}

eÐnai b�seic tou d.q. Pν twn poluwnumik¸n sunart sewn bajmoÔ ≤ ν.

7. DÐnetai o d.q. FR twn pragmatik¸n sunart sewn me pedÐo orismoÔ to R.
i) Na deÐxete ìti oi sunart seic sin4 x, cos4 x an koun ston upìqwro pou par�getai apì to

sÔnolo {1, cos 2x, cos 4x}.
ii) Gia opoiad pote k1, k2 ∈ R me k1 6= k2, |k1|+|k2| 6= 0, oi sunart seic ek1x, ek2x eÐnai grammik¸c

anex�rthta stoiqeÐa tou FR.

8. QarakthrÐste k�je mia apì tic parak�tw prot�seic wc alhj    yeud  dikaiolog¸ntac thn
ap�nths  sac.

i) U = {(x, y) ∈ R2 : x < y} eÐnai upìqwroc tou R2.
ii) An {α, β, γ} eÐnai b�sh tou R3 kai v ∈ R3 \ {0, 0, 0}, tìte kai to sÔnolo {v + α, β, γ} eÐnai

epÐshc b�sh tou R3.
iii) An {v1, v2, ..., vk} eÐnai grammik¸c exarthmèna dianÔsmata tou Rn, tìte k < n.
iv) An {v1, v2, ..., vk} eÐnai èna sÔnolo gennhtìrwn tou Rn, tìte k ≥ n.
v) O upìqwroc [(1, 2, 1), (2, 2, 1)] tou R3 eÐnai Ðsoc me ton upìqwro U = {(2x, 2x + 2y, x + y) :

x, y ∈ R}.
9. Poia apì ta parak�tw sÔnola eÐnai upìqwroi tou R4?

a) U = {(x, y, z, w) : x + y = z + w}
b) V = {(x, y, z, w) : x + y = 1}
c) W = {(x, y, z, w) : x2 + y2 = 0}

gurÐste selÐda



d) Z = {(x + 2y, 0, 2x− y, y) : x, y ∈ R}
10. 'Estw V d.q. p�nw sto s¸ma K = R   C kai U ⊆ V, U 6= ∅. Poiec apì tic parak�tw prot�seic
apoteloÔn ikanèc kai anagkaÐec sunj kec, ¸ste to sÔnolo U na eÐnai upìqwroc tou V

i) Gia k�je x, y ∈ U kai gia k�je λ ∈ R, isqÔei: λx + y ∈ U
ii) Gia k�je x, y ∈ U kai gia k�je λ ∈ R, isqÔei: λx + λy ∈ U
iii) Gia k�je x, y ∈ U kai gia k�je λ ∈ R, isqÔei: λx− λy ∈ U

11. 'Estw V o upìqwroc tou R4 pou par�getai apì to sÔnolo
A = {(2, 2, 1, 3), (7, 5, 5, 5), (3, 2, 2, 1), (2, 1, 2, 1)}.

An to x = (6 + λ, 1 + λ,−1 + λ, 2 + λ)} ∈ V , na breÐte to λ. Gia thn tim  tou λ pou ja breÐte, to
antÐstoiqo x èqei monadik  graf  wc grammikìc sunduasmìc twn stoiqeÐwn tou A? Na breÐte mia
b�sh tou V kai na thn epekteÐnete se mia b�sh tou R4.
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