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J E M A T A

J 1. a) Na upologÐsete to olokl rwma
∫

D

∫
(x2 − y)dxdy,

ìpou D to fragmèno qwrÐo pou brÐsketai sto pr¸to tetarthmìrio kai perikleÐetai apì touc
�xonec Ox, Oy kai tic eujeÐec y = 5− x kai y = 8− 4x. (1.5m)

b) EpalhjeÔste to je¸rhma tou Green gia to dianusmatikì pedÐo F(x, y) = (x2y, xy) kai
to jetik� prosanatolismèno qwrÐo tou a) erwt matoc. (1m)

J 2. a) DeÐxte ìti h dÔnamh F(x, y, z) = (cos y, sin z − x sin y, y cos z) orÐzei èna astrìbilo
dianusmatikì pedÐo. (0.5m)

b) Na prosdiorÐsete èna bajmwtì dunamikì thc. (1m)

g) Na breÐte to èrgo pou par�gei h dÔnamh F, ìtan metakineÐ to shmeÐo efarmog c thc apì
to shmeÐo O(0, 0, 0) wc to shmeÐo A(π, 0, π), kat� m koc tou eujugr�mmou tm matoc OA.(1m)

J 3. EpalhjeÔste to je¸rhma tou Gauss gia to dianusmatikì pedÐo F(x, y, z) = (x, y, z)
kai to hmisfairikì qwrÐo G = {(x, y, z) : x2 + y2 + z2 ≤ 1, z ≤ 0}.(JewreÐtai gnwstì ìti o
ìgkoc sfaÐrac aktÐnoc r eÐnai V = 4

3
πr3). (2.5m)

J 4. 'Estw S h epÐpedh epif�neia thc opoÐac to sÔnoro C eÐnai to trÐgwno me korufèc
(1, 0, 0), (0, 1, 0) kai (0, 0, 1), dhlad  to tm ma tou epipèdou x + y + z = 1 pou brÐsketai sto
pr¸to ogdohmìrio. UpologÐste, me th bo jeia kat�llhlou epifaneiakoÔ oloklhr¸matoc, thn
kukloforÐa

∫
C

Fdr tou dianusmatikoÔ pedÐou F(x, y, z) = (−y, x, z) kat� m koc thc kampÔlhc

C, afoÔ pr¸ta epilèxete th for� diagraf c thc C. (2.5m)
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