
LÔseic twn ask sewn tou FulladÐou 2
Grammik  'Algebra kai Efarmogèc (S.E.M.F.E)

1. (i) EÐnai

V1 ⊆ V1 + V2

V2 ⊆ V1 + V2

}
⇒

(V1 + V2)
⊥ ⊆ V ⊥

1

(V1 + V2)
⊥ ⊆ V ⊥

1

}
⇒ (V1 + V2)

⊥ ⊆ V ⊥
1 ∩ V ⊥

2 (1)

Antistrìfwc, an x ∈ V ⊥
1 ∩ V ⊥

2 ⇒ x ∈ V ⊥
1 , x ∈ V ⊥

2 ⇒ x ⊥ V1, x ⊥ V2 ⇒ x ⊥ (V1 + V2) ⇒
x ∈ (V1 + V2)

⊥ kai �ra V ⊥
1 ∩ V ⊥

2 ⊆ (V1 + V2)
⊥ (2).

Ap;o (1),(2) èpetai (V1 + V2)
⊥ = V ⊥

1 ∩ V ⊥
2 .

(ii) Jètontac sthn (i) ta V ⊥
1 , V ⊥

2 sth jèsh twn V1, V2 antÐstoiqa èqoume:

(V ⊥
1 +V ⊥

2 )⊥ = V ⊥⊥
1 ∩V ⊥⊥

2 = V1∩V2 ⇒ (V ⊥
1 +V ⊥

2 )⊥⊥ = (V1∩V2)
⊥ ⇒ V ⊥

1 +V ⊥
2 = (V1∩V2)

⊥.

2. 'Estw u = {u1, u2, u3} h orjokanonik  b�sh wc proc thn opoÐa eÐnai grammèna ta ε1, ε2, ε3
eÐnai:

ε1 = u1 + 2u2 + u3

ε2 = u1 + u2 + 2u3

ε3 = u1 + u2

 ⇒
u1 = −ε1 +

1
2
ε2 +

3
2
ε3

u2 = −ε1 − 1
2
ε2 − 1

2
ε3

u3 = 1
2
ε2 − 1

2
ε3

 ,

opìte o pÐnakac allag c b�shc apì thn ε sthn u eÐnai o P =

 −1 1 0
1
2

−1
2

1
2

3
2

−1
2

−1
2

 me antÐstrofo

ton P−1 =

 1 1 1

2 1 1

1 2 0

 (pou eÐnai o pÐnakac allag c b�shc apì thn u sthn ε). 'Ara o pÐnakac

tou T wc proc thn u eÐnai o [T ]u = P−1AP =

 2 −3 7

6 −4 6

6 −5 5

, opìte o pÐnakac tou T ∗ wc

proc thn u eÐnai o [T ∗]u = [T ]⊤u =

 2 6 6

−3 −4 −5

7 6 5

. Epomènwc o pÐnakac tou T ∗ wc proc

thn ε ja eÐnai o [T ∗]ε = P [T ∗]uP
−1 =

 −36 −37 −15

30 30 14

26 27 9

.
3. (i) 'Estw y ∈ T ∗(M⊥). tìte up�rqei x ∈ M⊥ tètoio ¸ste y = T ∗x. Gia z ∈ M eÐnai

⟨y, z⟩ = ⟨T ∗x, z⟩ = ⟨x, Tz⟩ = 0 diìti Tz ∈ M (afoÔ apì upìjesh eÐnai T (M) ⊆ M).

Epomènwc y ⊥ M ⇒ y ∈ M⊥ ⇒ T ∗(M⊥) ⊆ M⊥.

(ii) JewroÔme ton pÐnaka A⊤, o opoÐoc èqei idiodi�nusma to (3, −3, 1) kai �ra analloÐwto

upìqwro ton idiìqwro M = [(3, −3, 1)], opìte, sÔmfwna me to (i), o A ja èqei analloÐwto

upìqwro ton M⊥ = {(x, y, z) ∈ R3 : 3x − 3y + z = 0}, dhlad  to epÐpedo (π) me exÐswsh



3x− 3y + z = 0.

4. (i) Gia k�je x, y ∈ V eÐnai

⟨T ∗∗x, y⟩ = ⟨x, T ∗y⟩ = ⟨Tx, y⟩ ⇒ ⟨T ∗∗x− Tx, y⟩ = 0 gia k�je y ∈ V ⇒ T ∗∗x− Tx = 0 gia

k�je x ∈ V ⇒ T ∗∗ = T .

(ii) Gia k�je x, y ∈ V eÐnai ⟨(TS)∗x, y⟩ = ⟨x, (TS)y⟩ = ⟨T ∗x, Sy⟩ = ⟨S∗T ∗x, y⟩ ⇒ (TS)∗ =

S∗T ∗.

(iii) Profan¸c N (T ) ⊆ N (T ∗T ) (1). 'Estw x ∈ N (T ∗T ) ⇒ T ∗Tx = 0 ⇒ ⟨T ∗Tx, x⟩ =

0 ⇒ ⟨Tx, Tx⟩ = 0 ⇒ ∥Tx∥2 = 0 ⇒ Tx = 0 ⇒ x ∈ N (T ) ⇒ N (T ∗T ) ⊆ N (T ) (2). Apì

(1),(2) prokÔptei to zhtoÔmeno.

(iv) 'Estw y ∈ R(T ∗)⊥ ⇒ y ⊥ T ∗x gia k�je x ∈ V ⇒ 0 = ⟨y, T ∗x⟩ = ⟨Ty, x⟩ gia k�je

x ∈ V ⇒ Ty = 0 ⇒ y ∈ N (T ) ⇒ R(T ∗)⊥ ⊆ N (T ) (3). Gia k�je x ∈ N (T ) eÐnai Tx = 0,

opìte gia k�je y ∈ V ⇒ 0 = ⟨Tx, y⟩ = ⟨x, T ∗y⟩ ⇒ x ⊥ R(T ∗) ⇒ x ∈ R(T ∗)⊥ ⇒ N (T ) ⊆
R(T ∗)⊥ (4). Apì (3),(4) prokÔptei R(T ∗)⊥ = N (T ).

(v)PaÐrnontac orjog¸nia sumplhr¸mata sthn (iv) èqoume: R(T ∗)⊥⊥ = N (T )⊥ ⇒ R(T ∗) =

N (T )⊥.

5. |A− λI| =

∣∣∣∣∣∣∣
1− λ −i√

2
−1

i√
2

−λ i√
2

1 −i√
2

1− λ

∣∣∣∣∣∣∣ = 0 ⇒ · · · (2− λ)(λ− 1)(λ+ 1) = 0 ⇒

λ1 = 2, λ2 = 1, λ3 = −1.

• λ = 2: (A− 2I)X = O ⇒
−x1 − i√

2
x2 − x3 = 0

i√
2
x1 − 2x2 +

i√
2
x3 = 0

−x1 − i√
2
x2 − x3 = 0

 ⇒
−x1 +

i√
2
x2 + x3 = 0

−x1 − 2i
√
2x2 − x3 = 0

}
⇒

x2 = 0

x1 = −x3

}
⇒ X =

 x1

0

−x1

 = x1

 1

0

−1

 ⇒ X1 =

 1

0

−1

.
• λ = 1: (A − I)X = O ⇒

− i√
2
x2 − x3 = 0

i√
2
x1 − x2 +

i√
2
x3 = 0

−x1 − i√
2
x2 = 0

 ⇒
x3 = − i√

2
x2

x1 = − i√
2
x2

}
⇒ X =

 − i√
2
x2

x2

− i√
2
x2

 = x2

 − i√
2

1

− i√
2

 ⇒ X2 =

 1

i
√
2

1

.
• λ = −1: (A + I)X = O ⇒

2x1 − i√
2
x2 − x3 = 0

i√
2
x1 + x2 +

i√
2
x3 = 0

−x1 − i√
2
x2 + 2x3 = 0

 ⇒
3x1 − 3x3 = 0

2 i√
2
x1 + x2 = 0

}
⇒

x1 = x3

x2 = −i
√
2x1

}
⇒ X =

 x1

−i
√
2x1

x1

 = x1

 1

−i
√
2

1

 ⇒ X3 =

 1

−i
√
2

1

. Epeid  oi



idiotimèc eÐnai diaforetikèc ta antÐstoiqa idiodianÔsmata ja eÐnai k�jeta metaxÔ touc. Epo-

mènwc mìno ta kanonikopoioÔme: X̃1 =


1√
2

0

− 1√
2

, X̃2 =

 1/2

i
√
2/2

1/2

, X̃3 =

 1/2

−i
√
2/2

1/2

,
opìte èqoume: Q =

 1/
√
2 1/2 1/2

0 i
√
2/2 −i

√
2/2

−1/
√
2 1/2 1/2

, ∆ =

 2 0 0

0 1 0

0 0 −1

.
6. AfoÔ o pÐnakac A eÐnai pragmatikìc summetrikìc me arnhtikèc ìlec tic idiotimèc tou,

ja up�rqei pragmatikìc orjog¸nioc pÐnakac U (U · UT = UT · U = I) tètoioc ¸ste

A = U ·D · UT = U ·


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λν

 · UT = U ·


− |λ1| 0 · · · 0

0 − |λ2| · · · 0
...

...
. . .

...

0 0 · · · − |λν |

 · UT =

= −U ·


√
|λ1| 0 · · · 0

0
√
|λ2| · · · 0

...
...

. . .
...

0 0 · · ·
√

|λν |

 ·


√
|λ1| 0 · · · 0

0
√
|λ2| · · · 0

...
...

. . .
...

0 0 · · ·
√

|λν |

 · UT =

= −

U ·


√
|λ1| 0 · · · 0

0
√
|λ2| · · · 0

...
...

. . .
...

0 0 · · ·
√

|λν |


 ·

U ·


√
|λ1| 0 · · · 0

0
√

|λ2| · · · 0
...

...
. . .

...

0 0 · · ·
√

|λν |




T

= −M ·MT ,

ìpou o pÐnakac M = U · diag
{√

|λ1|,
√
|λ2|, . . . ,

√
|λν |

}
eÐnai profan¸c antistrèyimoc.

7. Arqik� upologÐzoume to qarakthristikì polu¸numo

χA(λ) = |Iλ− A| =

∣∣∣∣∣∣∣
λ+ 1 −a+ 4 −4 + a

3 λ− 1 + a −1− a

3 2 λ− 4

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
λ+ 1 −a+ 4 0

3 λ− 1 + a λ− 2

3 2 λ− 2

∣∣∣∣∣∣∣
= (λ− 2)

∣∣∣∣∣∣∣
λ+ 1 −a+ 4 0

3 λ− 1 + a 1

3 2 1

∣∣∣∣∣∣∣ = (λ− 2)

∣∣∣∣∣∣∣
λ+ 1 −a+ 4 0

0 λ− 3 + a 0

3 2 1

∣∣∣∣∣∣∣
= (λ− 2)(λ− (3− a))(λ+ 1).

'Ara èqoume tic idiotimèc λ1 = −1,λ2 = 2 kai λ3 = 3 − a. Prokeimènou na mhn diagw-

nopoieÐtai o pÐnakac A arkeÐ na exet�soume tic dÔo peript¸seic 3 − a = −1 ⇔ α = 4 kai

3− a = 2 ⇔ α = 1. Gia α = 4, èqoume χA(λ) = (λ− 2)(λ+ 1)2 kai (prokeimènou na mhn dia-

gwnopoieÐtai o pÐnakac A) ja jèlame to el�qisto polu¸numo na eÐnaimA(λ) = (λ−2)(λ+ 1)2

  isodÔnama, na isqÔei




 −1 0 0

−3 −3 5

−3 −2 4

− 2I



 −1 0 0

−3 −3 5

−3 −2 4

+ I

 ̸= O to opoÐo epalhjeÔetai me aplèc pr�-

xeic ìti den isqÔei.

Gia α = 1, èqoume χA(λ) = (λ− 2)2(λ + 1) kai (prokeimènou na mhn diagwnopoieÐtai o

pÐnakac A) ja jèlame to el�qisto polu¸numo na eÐnai mA(λ) = (λ− 2)2(λ+ 1)   isodÔnama

na isqÔei
 −1 −3 3

−3 0 2

−3 −2 4

− 2I



 −1 −3 3

−3 0 2

−3 −2 4

+ I

 ̸= O to opoÐo epalhjeÔetai me aplèc pr�-

xeic ìti isqÔei. 'Ara o pÐnakac A den diagwnopoieÐtai mìno gia thn tim  α = 1.

Gia thn tim  aut , kataskeu�zoume sth sunèqeia thn kanonik  morf  Jordan tou A kai

ton antÐstoiqo pÐnaka omoiìthtac. 'Eqoume ton pÐnaka A =

 −1 −3 3

−3 0 2

−3 −2 4

 me idiotimèc

λ1 = λ2 = 2 (dipl ) kai λ3 = −1 (apl ).

Gia λ1 = λ2 = 2, (A−2I)X = O ⇒

 −3 −3 3

−3 −2 2

−3 −2 2


 x

y

z

 =

 0

0

0

 ⇒

−x− y + z = 0

−3

2
x− y + z = 0

⇒

{
x = 0

y = z
kai epilègoume wc idiodi�nusma to x1 = [0, 1, 1]T . Gia na broÔme to èna genikeumèno

idiodi�nusma pou qreiazìmaste, lÔnoume to sÔsthma (A−2I)X = x1 ⇒

 −3 −3 3

−3 −2 2

−3 −2 2


 x

y

z

 =

 0

1

1

 ⇒

−x− y + z = 0

−3

2
x− y + z =

1

2

⇒


x = −1

y = −1/3

z = −4/3

. Epomènwc, to genikeumèno idiodi�nusma eÐnai

x̂2 = [−1, − 1/3, − 4/3]T . Gia λ3 = −1, (A + I)X = O ⇒

 0 −3 3

−3 1 2

−3 −2 5


 x

y

z

 =

 0

0

0

 ⇒

{
y = z

−3x+ 3y = 0
⇒ x = y = z kai epilègoume wc idiodi�nusma to x3 = [1, 1, 1]T .

Telik� h kanonik  morf  Jordan tou pÐnaka A eÐnai A =

 −1 −3 3

−3 0 2

−3 −2 4

 = M · JA ·M−1 =

 0 −1 1

1 −1/3 1

1 −4/3 1

 ·

 2 1 0

0 2 0

0 0 −1

 ·

 0 −1 1

1 −1/3 1

1 −4/3 1


−1

.

S. Karan�sioc - P. Yarr�koc


