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FULLADIO II-Fragmènoi Telestèc
8o Ex�mhno SEMFE 2013

0.1. 'Estw o q¸roc `2 me th sunhjismènh b�sh (en), h akoloujÐa a = (an) migadik¸n
arijm¸n kai h apeikìnish Ta : `2 → `2 me Ta(x) = (a1x1, a2x2, ...). Na deiqjeÐ ìti
lim
n
‖Tn

a ‖ = 0 ⇔ sup
k
|ak| < 1.

0.2. 'Estw H ènac q¸roc Hilbert kai T ∈ B(H). DeÐxte ìti ta parak�tw eÐnai isodÔnama:
(i) T eÐnai fusiologikìc.
(ii) Tn eÐnai fusiologikìc gia k�je n ∈ N.
(iii) ‖T ∗nx‖ = ‖Tnx‖ gia k�je x ∈ H kai gia k�je n ∈ N.

0.3. 'Estw P, Q orjog¸niec probolèc tou B(H). DeÐxte ìti ta parak�tw eÐnai isodÔnama:
(i) PQ = P .
(ii) QPQ = P .
(iii) Q− P eÐnai orjog¸nia probol .

0.4. 'Estw H ènac q¸roc Hilbert kai T ∈ B(H). To uposÔnolo {T}′ = {S ∈ B(H) :
ST = TS} tou B(H) lègetai metajèthc tou T . DeÐxte ìti an (Ln) eÐnai mia akoloujÐa
tou {T}′, h opoÐa sugklÐnei asjen¸c ston L ∈ B(H), dhlad  isqÔei 〈Lnx, y〉 → 〈Lx, y〉
gia k�je x, y ∈ H, tìte L ∈ {T}′.

0.5. An H, K eÐnai q¸roi Hilbert, (Tn) mia akoloujÐa tou B(H,K) kai T ∈ B(H, K),
deÐxte ìti:

(i) Tn
‖ ‖→ T ⇔ T ∗n

‖ ‖→ T ∗.
(ii) 〈Tnx, y〉 → 〈Tx, y〉 gia k�je x ∈ H, y ∈ K ⇔ 〈T ∗nx, y〉 → 〈T ∗x, y〉 gia k�je x ∈
H, y ∈ K.

0.6. 'Estw M ènac kleistìc upìqwroc tou H kai T ∈ B(H). DeÐxte ìti, wc proc thn
di�spash H = M ⊕M⊥

(i) O T mporeÐ na grafeÐ wc 2× 2 pÐnakac thc morf c T =

[
A B

C D

]
, ìpou A ∈ B(M),

B ∈ B(M⊥,M), C ∈ B(M, M⊥) kai D ∈ B(M⊥).

(ii) H orj  probol  PM tou H epÐ tou M gr�fetai PM =

[
IM 0
0 0

]
.

(iii) Eidikìtera, o M eÐnai analloÐwtoc apì ton T an kai mìno an, T =

[
A B

0 D

]
, ìpou

A = TM ∈ B(M) eÐnai o periorismìc tou T ston M .

0.7. 'Estw X ènac dianusmatikìc q¸roc me nìrma kai T ∈ B(X). 'Enac analloÐwtoc
upìqwroc apì ton T lègetai uperanalloÐwtoc an eÐnai analloÐwtoc kai apì k�je telest 
S ∈ B(X) pou antimetatÐjetai me ton T .
(i) DeÐxte ìti oi upìqwroi N (T ) kai R(T ) eÐnai uperanalloÐwtoi.
(ii) An dimX > 1 kai o T den èqei mh tetrimènouc analloÐwtouc upoq¸rouc (dhlad  oi
mìnoi analloÐwtoi upìqwroi eÐnai o {0} kai o X) tìte N (T ) = {0} kai R(T ) = X.
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